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Exercise 1. Course questions

1. Give the definition of the order n (left) Riemann sum of a continuous function f over [a; b] then
state, without proof, a convergence theorem concerning Riemann sums.

2. Under which condition on α ∈ R does the improper integral

∫ +∞

1

1

xα
dx converge?

Give a rigorous proof.

Exercise 2. Study the nature of the following series and integrals.

1.
∑
n≥1

ln

(
1 +

(−1)n−1

√
n

)

2.

∫ 1

0

dt

et − 1

3.

∫ +∞

0
cos(5t) e−3t2+1 dt

4.
∑
n>1

1

n ln(n)
(without invoking Bertrand series)

Exercise 3. Justify the convergences and compute the values of

1. S =

+∞∑
n=1

n+ 1

n!

2. I1 =

∫ 1

0

t− 1

(t+ 1)2
dt

3. I2 =

∫ 1

0
t ln(t) dt

4. I3 =

∫ +∞

0

ln(t)

1 + t2
dt (do the substitution x = 1/t)

Exercise 4. Let α > 1 be a fixed real number. For all n ∈ N∗, let

un =

∫ +∞

0

dt

(1 + tα)n
.

1. (a) Prove that for all n ∈ N∗, the integral defining un converges and that un > 0.

(b) Show that the sequence (un) is monotone and that it converges.

2. (a) Using an integration by parts, show that for all n ∈ N∗: un = nα(un − un+1).

Hint: write
1

(1 + tα)n
as 1× 1

(1 + tα)n
.
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(b) Deduce that, for all integers n ≥ 2,

un = u1

n−1∏
k=1

(
1− 1

kα

)

3. Express ln(un) as the partial sum of a series, then shows that un −−−−−→
n→+∞

0.

4. The goal of this question is to show that un ∼
n→+∞

c n−1/α for some real number c > 0, by

studying the telescoping series associated to the sequence
(
ln(n1/αun)

)
n∈N∗

.

(a) Show that for all n ≥ 2,

lnu1 +

n−1∑
k=1

(
ln

(
1− 1

kα

)
+

1

α
ln

(
1 +

1

k

))
= lnun +

1

α
lnn

(b) Give a simple equivalent, as k → +∞, of ln

(
1− 1

kα

)
+

1

α
ln

(
1 +

1

k

)
, then prove the

convergence of the series ∑
k≥1

(
ln

(
1− 1

kα

)
+

1

α
ln

(
1 +

1

k

))

(c) Deduce that the sequence
(
n1/αun

)
n∈N∗

converges to a positive real number c.

5. Determine finally the nature of the series
∑

un.
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