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Unjustified answers will be automatically excluded. No document or electronic device
authorized.

Results and conclusions should be or underlined, otherwise they will not be
considered.

Exercise 1. Course question (=~ 3 pts)

Let f: R — R be a continuous T-periodic function. Prove that for all a € R,
a+T T
L)
a 0
a+T a a+T
Hint: use the equality / f(t)dt = / f(t)dt +/ f(t)dt and the substitution u=1t+T.
0 0 a

Correction : If f is a T-periodic continuous function, then

/anrTf(t)dt:/Oa+Tf(t)dt—/Oaf(t)dt:/0a+Tf(t)dt—/a+Tf(u_T)du

T
a+T a+T T
— [ s [ wdu= [ s
0 T 0
Exercise 2. (= 6 pts)
_1)n
1. Give the nature of the series Z (=1) .
n+1
n>0
2. Show that for all n € N and ¢ > 0,
2n+1 1 2n
Dt < — < —1)ktk,
Yt < < 3
k=0 k=0

3. Integrating these inequalities over [0; 1], prove that for all n € N

g <In2< E
P E+1 Pt k+1
—+00 (_1)n
4. C te th S = E .
ompute € sSuim P n+1

Correction :
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: : (—1)"
1. We apply the alternating series test to u, where u, = ——:
pply g > un n=
e (uy) is alternating, since (—1)"u, = 1 has constant sign;
n
o (|uy|) is decreasing;
o |u,| — 0.
(=" i o=y o
Thus Z converges but it is not abolutely convergent since ~ — which is the
n+1 n+1 n

general term of a divergent p-series.

2. For allm € N and t > 0, computing both the geometric sum of ratio (—t) # 1, we obtain

t2n+2 1 1 + t2n+1

D R S e =S (1)

1+t — 1+t 1+¢

3. We get the result by integrating these inequalities over [0;1]:

275[(—;)??1]0 [ln|1—|—tq <Z[ kjtfﬂ]o.

k=0

4. Taking the limit as n — 400 yields S <In2 < §.

Exercise 3. (= 5 pts)

2 _ g’
1. Prove that f admits an antiderivative over each of the intervals |—oo; —2[, |—2;2[ and ]2; 00|

and compute it.

2. Show that the sequence

n

k
Fn = Z 4n? — k2
k=1

converges and compute its limit.
Correction :

1. As f is continuous over R\ {—2;2}, f admits an antiderivative over each of the intervals

1
|—o0; =2, ]-2;2[ and |2;+o00[. An antiderivative is given by F(x) = B In |2 — 4|.

2. The n-th Riemann sum for the continuous function g : x € [0;1] — 1 x 5 1S
—x
k n
= 1 nk
*ng/” Z%Zmean
k=1 n? k=1
thus we have . .
1 9 In4 —1n3
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Exercise 4. (= 6 pts)

Compute the integrals
1
z+1
1. I = ——dux.
! A 22— 52 +6

2

2. I :/ (Inz)? de.
1

Hint: use integration by parts and an antiderivative of In.

L2
o et +e "

Hint: use integration by substitution with y = e*.

Correction :
1 1
1 4 3 1
1. 11:/ 2$+d:p:/ - dz = [41n]m—3|—3ln|:p—2| =4In2—-4In3+
0 T¢—54+6 o \z—3 z-—2 0
3ln2:ln%.
81

t
2. Recall first that / Inxdx =tlnt —t + cst for allt > 0. Then

2 2 2 1 2
P :/ Inzlnzxdr = [(:z:lnx—x)lnm] —/ (xlnzx—z)—dz = (2In2-2)In2— [wlnx—Qaj}
1 1 1 X 1

=(2In2-2)In2 - (2In2 -4 +2) =2(In2)* —4In2 + 2.

d
3. Lety=¢€" sox=1Iny and dx = Y Then
Yy

¢ 2 d ¢ 2
I3 = / — Y / 5—dy = 2arctan(e) — T
LYty oy oyt 2




