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Results and conclusions should be framed or underlined, otherwise they will not be
considered.

Exercise 1. Course question (≈ 3 pts)

Let f : R → R be a continuous T -periodic function. Prove that for all a ∈ R,∫ a+T

a
f =

∫ T

0
f.

Hint: use the equality

∫ a+T

0
f(t) dt =

∫ a

0
f(t) dt+

∫ a+T

a
f(t) dt and the substitution u = t+ T .

Correction : If f is a T -periodic continuous function, then∫ a+T

a
f(t) dt =

∫ a+T

0
f(t) dt−

∫ a

0
f(t) dt =

∫ a+T

0
f(t) dt−

∫ a+T

T
f(u− T ) du

=

∫ a+T

0
f(t) dt−

∫ a+T

T
f(u) du =

∫ T

0
f(t) dt

Exercise 2. (≈ 6 pts)

1. Give the nature of the series
∑
n≥0

(−1)n

n+ 1
.

2. Show that for all n ∈ N and t > 0,

2n+1∑
k=0

(−1)ktk ≤ 1

1 + t
≤

2n∑
k=0

(−1)ktk.

3. Integrating these inequalities over [0; 1], prove that for all n ∈ N

2n+1∑
k=0

(−1)k

k + 1
≤ ln 2 ≤

2n∑
k=0

(−1)k

k + 1
.

4. Compute the sum S =
+∞∑
n=0

(−1)n

n+ 1
.

Correction :
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1. We apply the alternating series test to
∑

un where un =
(−1)n

n+ 1
:

• (un) is alternating, since (−1)nun =
1

n+ 1
has constant sign;

• (|un|) is decreasing;

• |un| −→ 0.

Thus
∑ (−1)n

n+ 1
converges but it is not abolutely convergent since

∣∣∣∣(−1)n

n+ 1

∣∣∣∣ ∼ 1

n
which is the

general term of a divergent p-series.

2. For all n ∈ N and t > 0, computing both the geometric sum of ratio (−t) ̸= 1, we obtain

2n+1∑
k=0

(−1)ktk =
1− t2n+2

1 + t
≤ 1

1 + t
≤ 1 + t2n+1

1 + t
=

2n∑
k=0

(−1)ktk.

3. We get the result by integrating these inequalities over [0; 1]:

2n+1∑
k=0

[
(−1)ktk+1

k + 1

]1
0

≤
[
ln |1 + t|

]1
0
≤

2n∑
k=0

[
(−1)ktk+1

k + 1

]1
0

.

4. Taking the limit as n → +∞ yields S ≤ ln 2 ≤ S.

Exercise 3. (≈ 5 pts)

Let f : R \ {−2; 2} → R, x 7→ x

x2 − 4
.

1. Prove that f admits an antiderivative over each of the intervals ]−∞;−2[, ]−2; 2[ and ]2;+∞[
and compute it.

2. Show that the sequence

Rn =
n∑

k=1

k

4n2 − k2

converges and compute its limit.

Correction :

1. As f is continuous over R \ {−2; 2}, f admits an antiderivative over each of the intervals

]−∞;−2[, ]−2; 2[ and ]2; +∞[. An antiderivative is given by F (x) =
1

2
ln |x2 − 4|.

2. The n-th Riemann sum for the continuous function g : x ∈ [0; 1] 7→ x

4− x2
is

1

n

n∑
k=1

g(k/n) =
1

n

n∑
k=1

k
n

4− k2

n2

=
1

n

n∑
k=1

nk

4n2 − k2
= Rn

thus we have

Rn −−−−−→
n→+∞

∫ 1

0
g(t) dt =

[
−1

2
ln(4− x2)

]1
0

=
ln 4− ln 3

2
.

2
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Exercise 4. (≈ 6 pts)

Compute the integrals

1. I1 =

∫ 1

0

x+ 1

x2 − 5x+ 6
dx.

2. I2 =

∫ 2

1
(lnx)2 dx.

Hint: use integration by parts and an antiderivative of ln.

3. I3 =

∫ 1

0

2

ex + e−x
dx.

Hint: use integration by substitution with y = ex.

Correction :

1. I1 =

∫ 1

0

x+ 1

x2 − 5x+ 6
dx =

∫ 1

0

(
4

x− 3
− 3

x− 2

)
dx =

[
4 ln |x−3|−3 ln |x−2|

]1
0
= 4 ln 2−4 ln 3+

3 ln 2 = ln
128

81
.

2. Recall first that

∫ t

lnx dx = t ln t− t+ cst for all t > 0. Then

I2 =

∫ 2

1
lnx lnx dx =

[
(x lnx−x) lnx

]2
1
−
∫ 2

1
(x lnx−x)

1

x
dx = (2 ln 2−2) ln 2−

[
x lnx−2x

]2
1

= (2 ln 2− 2) ln 2− (2 ln 2− 4 + 2) = 2(ln 2)2 − 4 ln 2 + 2.

3. Let y = ex so x = ln y and dx =
dy

y
. Then

I3 =

∫ e

1

2

y + y−1

dy

y
=

∫ e

1

2

y2 + 1
dy = 2arctan(e)− π

2
.
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