MAT332 UNIVERSITE
L2 MIN-Int 2024-2025 % Grenoble
2 Alpes

Middle term examination
Duration: 2h

Unjustified answers will be automatically excluded. No document or electronic device
authorized.

Results and conclusions should be or underlined, otherwise they will not be
considered.

Exercise 1. Course questions (= 5 pts)

1. Let (uy,) be a sequence of complex numbers such that the series Zun converges.

Prove that lim wu, = 0.
n—-+4oo

1
2. Show that the harmonic series Z z diverges.

3. Show that an absolutely convergent series is also convergent. Give the definition of a conditionally
convergent series, together with a carefully justified example.

Correction :
1. For all n € N*,
+oo

n n—1 +o0
un:Sn—Sn,lzg uk—g up ——— uk—g ug, = 0.
n—-+o0o
k=0 k=0 k=0 k=0

1
2. The harmonic series Z % does not satisfy the Cauchy criterion and is thus divergent. Indeed,

foralln e N
2n 2n
1 1 1 1
—_ > _— = _— = =,
Z A Z m n2n 9
k=n+1 k=n-+1

1
You can also use an integral test for convergence with the decreasing function x v+ —:
T

n
1
ln(n+1)—ln2+1§2%§lnn—ln1+1
k=1
n

1
from which we deduce Z ™ Inn.
k=1

3. Let Zun be a series such that Z |un| converges. In particular, the sequence of remainders

R, = Z |ug| tends to 0.
k>n+1
Let € > 0; there exists N € N such that for allm > N, R, < €. Consequently, for allm >n > N,

m
> w
k=n+1

m

< D luwl< Y lwl=Ra<e

k=n+1 k>n+1
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So the series Zun satisfies the Cauchy criterion and thus converges.
A conditinally convergent series is a series which is convergent but not absolutely convergent.

_1)"
The series E (=1) satisfies the alternating test :
n

1

e the positive sequence v, = — decreases and tends to 0
n

o u, = (—1)"v, is alternating.

(="

n

1 the harmonic series, which diverges. Thus

Thus this series converges. However g ‘

this series is conditionally convergent.

Exercise 2. (= 5 pts)

In each of the following cases, give the nature of the series with positive general term wu,,.

1. up =e V7 3. up = (In(n +1))% — (In(n))? (with n € N*)
n? +3n+4\" (n!)?
" ( 3n? + 1 > U= on)!
Correction :

1
1. u, = e V=9 (2) (growth comparison). By comparison to a converging p-series, the series
n

E Up CONVETGES.

Uy, = (In(n +1))? — (Inn)?
=(In(n+1) —Inn)(In(n +1) +1nn)

=Inn(n+1) In (1 + 1)

n
1
~ Inn®=
n—-4o00 n
Inn
~ 92—

Inn 1 ) , . , Inn .

As — > — forn > 3, by comparison to the harmonic series, the series E —— diverges, so
n n n

does E Up.

2 n 2
3 4 n®+3n+4
3. up = (%) = e"ln< 3n2 41 ) — en(-n3+0(3)) — O(e™™3). Thus by comparison to

the geometric series with ratio e~ 3 = = < 1, the series E Uy, CONVETGES.

3

1
Another proof can be obtained directly from the root test by showing that /u, — 3 < 1.

1HH?2 (2n)! 1)2 1
4. ko ((n+ 117 (2n) = (n+1) — — < 1. From the ratio test, we conclude that
Un, (2n+2)! (n!)2  (2n+2)(2n+1) 4

the series is convergent.
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Exercise 3. (= 5 pts)

In each of the following cases, give the nature of the series with general term u,,. Precise if the series
is absolutely convergent, conditionally convergent or divergent.

sin(3n)
1. =
Un =2 +1
(=" -
2. u, = - Compute the sum Z Uy,
n!
n=0
_1)»
3w, = 2D
n%+1
—+00
2n +1
4. = (-1 (neN*). C te th )
up = (—1) P (n ). Compute esumnz_:lun

2.

4.

2 1 b
Hint: find real numbers a and b such that for allm > 1, ntl e + —
nn+1) n n+l1

Correction :
sin(3n) 1 1 . . : :
1. < —. By comparison to a convergent p-series, the series Uy, 18 absolutel
n2+1| S n2l 2 YemP Jentp Z " Y
convergent.

D

=€ 50 the series is absolutely convergent and Z '
n! e
n>0

n>0 n=0

1) 1 Xy 1
(nl)‘zz (=n" _

1) 1

(-1 = ~ —, and by comparison to the harmonic series, we deduce that E Uy 18
vn? +1 Vn24+1 n

not absolutely convergent. Applying the alternating test:

1
— (_—_1\" — .
o v, = (—1)"u, = 1 > 0;
o (vy) is decreasing;

o v, — 0;
thus Zun 1s conditionally convergent.

2 1 2
nt ~ —, the series is not absolutely convergent by comparison to the har-
n(n+ 1) ns+oon

monic series. Using partial fraction decomposition:

2n+1 1 1
= (=1 nt1_ < T 4 = (=1 n+l [ & .
un = (=1) n(n+1) (=1) n +1

As |uy| =
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Thus for all N > 1,

N N
_ N G Vi
S = (ST

_|._
n=1 n n=2 n
N N
_ (=" ()" (=)' (=N
_;n+<;nl+]\f—l—l>
= 1+40(1)

N;roo

“+o00
Thus Zun =1.
n=1
_1)n+1 (_1)n
n+1 n ’

Another method is to write Zun as the telescoping series Z ( —

Exercise 4. (= 3 pts)

1. Show that for all n > 1,

2. Deduce an equivalent of Z — as n — +o00.

\f

Correction :

1
1. The function f :x — —= 1is continuous, positive and decreasing over R’,. Thus for all k € N*,
x

for allt € [k;k + 1], it holds that f(t) < f(k). Integrating this inequality yields

k+1 k+1
/ fwwg/ F(k)dt = f(k).
k k

Summing these inequalities for k from 1 to n where n € N*, we obtain

n+1 n
JRCEE oIl
1 k=1

Similarly, for all k > 1, for allt € [k;k+ 1], f(k+1) < f(t), and thus

fE+1) = /kk+1 b+ 1)d /k+1

and thus for allm > 2, by summing k from 1 ton — 1

1 n
ﬂmﬂézf@&
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n—1 n

As Zf(k +1) =) f(k)=) f(k)— f(1), we have that for alln > 1
k=1 k=2 k=1

3

Thus for all n > 1

n
1
2. As / —dt ~ 2y/n, we conclude from the squeeze theorem that
1

t n—-+o0o

Exercise 5. (= 4 pts)
Let (un)n>1 be a decreasing sequence that tends to 0 as n tends to +oc.

n n
For all n > 1, let v,, = n(uy, — upy1) and S, = Zuk and T,, = ka.
k=1 k=1

The goal of this exercise is to prove that the series Z U, and Z vy, have the same nature, with equal
sums when they converge.

1. Show that for all n > 1, T,, — S;, = —nupy1.

2. For this question, we assume that Zun converges. Deduce from the previous question that

E v, also converges.

3. We assume now that E Uy, cOnverges.

(a) Prove that for all n > 1,

—+o00
Uk
Uy = —
" k
k=n
o0
and then deduce that 0 < nu,41 < Z Vk.
k=n

(b) Deduce from the previous questions that the series Zun converges and that

Correction :
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1. Foralln>1,

T, = Zk(uk — Ugy1)
k=1

n n
= Z kuy — Z kug11
k=1 k=1
n

= Z kuy, — Z(k + Dugyr + Z Uk+1
k=1

k=1 k=1
n+1
=u; — (n+ Dupt1 + Zuk
k=2

= Sp + Upt1 — (n =+ 1)un+1a
thus Ty, — Sp = —NUpy1.

2. Ifz u, converges, then (Sy) converges to some limit £ € R. In particular, as u, > 0, we deduce
from the previous question that for alln > 1, T, < S, < {. Now, as (uy,) is a decreasing sequence,
vp > 0 for alln € N. So (T),) is an increasing upper-bounded sequence, thus it converges. In

particular, E vp, converges.

3. (a) For allmn>1 and all N > n,

“+oo

which tends to u, as N — +oo (since uy — 0 by hypothesis). Thus Z nv—éC = nu, and
k=n

n

p <1 for any k > n, we have

since

+oo +oo v

k
ka > Zn? = NUp 2 NUpt1 > 0
k=n k=n

by monotony and positivity of (uy,).

+o0

(b) Since Zvn converges, ka tends to 0 as n — +o00, thus from 3.(a) and the squeeze
k=n

theorem, nu,+1 — 0 as well. From question 1., we conclude that (T,) and (Sy) both

converges to the same limit.



