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Unjustified answers will be automatically excluded. No document nor electronic device
authorized.

Results and conclusions should be framed or underlined, otherwise they will not be
considered.

Exercise 1. Basic notions

Let (un)n∈N be a sequence of complex numbers.

1. Course question: Recall the definition of convergence for the series
∑
n

un.

2. Assume in this question, that (un) is a sequence of positive reals. Prove that the series
∑

un

converges if and only if the sequence (Sn) of its partial sums Sn =
n∑

k=0

uk is upper-bounded.

Exercise 2. Determine if the following series are convergent or divergent; justify your answer.

1.
∑
n

6n2 + 7n

5n2 + 1
,

2.
∑
n

5nn!

nn
,

3.
∑
n

1

n1/3
ln

(
1 +

1

n2/3

)
,

4.
∑
n

(n+ 1)e−n

3 + sinn
.

Exercise 3. Let (un)n∈N∗ be the sequence defined by

∀n ∈ N∗, un =
1√
n
− 2(

√
n−

√
n− 1).

1. Course question: Let α be a real number. Give the Taylor expansion up to order 2 of (1 + x)α

at x = 0.

2. Show that un ∼
n→+∞

c

n3/2
for a constant c to be determined.

3. What is the nature of the series
∑

un?

4. Simplify the expression of the partial sums Un =

n∑
k=1

uk. Show that

n∑
k=1

1√
k
− 2

√
n has a finite

limit as n −→ +∞.

5. Give an equivalent of

n∑
k=1

1√
k
as n −→ +∞.


