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Preface

A finitely presented group is called a Kähler group if it can be realized as the fundamental
group of a compact Kähler manifold. The study of Kähler groups consists in establish-
ing restrictions on this family inside the class of finitely presented groups, in building
interesting examples, and in relating geometric properties of a compact Kähler manifold
to algebraic properties of its fundamental group. This is a rich topic, mixing tools com-
ing notably from algebraic geometry, differential geometry, PDEs, algebraic topology and
geometric group theory. The standard reference on this topic is the book [5], published
in 1996. A 2010 exposition of the state of the art can be found in Burger’s Bourbaki
seminar [73]. This book grew out of the desire to give a more recent survey of this topic.
Beyond describing the state of the art, its aim is above all to give detailed proofs of a few
central theorems of the subject. These theorems vary in importance and should not all be
put on an equal footing. Yet, here is an incomplete and disordered list of such results: we
discuss the fact that if a compact Kähler manifold admits an infinite covering space fiber-
ing properly over a Riemann surface, then this fibration must descend to a finite cover, we
provide a proof of Gromov and Schoen’s factorization theorem for actions of Kähler groups
on trees, we give an exposition of a theorem due to Napier and Ramachandran characteri-
zing infinite covering spaces of compact Kähler manifolds having at least three ends, as
well as an exposition of Corlette and Simpson’s theorem about representations of Kähler
groups in PSL2(C), we give a detailed introduction to the theory of the Bieri–Neumann–
Strebel invariant of a group and prove Delzant’s theorem which describes this invariant
for Kähler groups, we also study solvable quotients of Kähler groups following work of
Campana, Arapura–Nori and Delzant. The reader will find a more complete account of
the topics that we tackle by browsing the table of contents or the introduction. Of course
the choice of these topics has been dictated by our own taste and skills. For instance we
do not discuss recent developments on the Shafarevich conjecture, the Kodaira problem,
or the classification of Kähler groups which are also 3-manifolds groups. We partly make
up for this by giving a brief survey of the topics that we do not discuss at the end of the
introduction. Let us also mention that we mostly look at Kähler groups through the eyes
of a geometric group theorist. For this reason, this text sits at the interface between two
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4

fields (complex differential geometry and geometric group theory) and we tried to help the
reader build a “double culture” to look at Kähler groups. We hope that this book will be
helpful for the graduate student or researcher willing to enter this field and that it will
complement the fantastic [5].
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CHAPTER 1

Introduction

We define Kähler groups in Section 1.1 and give a brief introduction to their study. In
Section 1.2, we give a detailed description of the content of each chapter of the book.
Section 1.3 lists a few topics related to the study of Kähler groups that we will not discuss
here. Finally, a very short list of open problems is presented in Section 1.4.

1.1 Kähler groups

Let M be a complex manifold and let h be a Hermitian metric on M . The real part of h is
a Riemannian metric on M and its imaginary part is a 2-form. We always write g = Re(h)
and ω = −Im(h). The metric h is said to be Kähler if the imaginary part of h is closed
i.e. if:

dω = 0.

There are many characterizations of this property [447, §3.2]. Let us mention only one of
them: the metric h is Kähler if and only if the complex structure J : TM → TM is parallel
with respect to the Levi-Civita connection of g. A Kähler manifold is a complex manifold
which admits a Kähler metric. We refer to [264] for the original article introducing these
metrics, to [265] for a historical account and to [25, 250, 447, 449] for various more modern
introductions. The Fubini–Study metric on the complex projective space Pn is Kähler.
Indeed, if h0 is the standard Hermitian scalar product of Cn+1, one can define the (1, 1)-
form ω associated to the Fubini–Study metric as follows. We pick a point p ∈ Pn and a
local holomorphic section s of the projection Cn+1 − {0} → Pn, defined near p. One then
has:

ω =
i

2
∂∂ log h0(s, s),
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10 CHAPTER 1. INTRODUCTION

near p. This shows that ω is closed. In a standard affine chart

Cn → Pn
z 7→ [1 : z]

the corresponding Hermitian metric reads:

h[1:z](u, v) =
(1 + |z|2)h0(u, v)− h0(u, z)h0(z, v)

(1 + |z|2)2

where z ∈ Cn and u, v ∈ Cn are tangent vectors at z. Since the restriction of a Kähler
metric to a complex submanifold is again a Kähler metric it follows that any smooth
projective variety (i.e. any complex submanifold of a complex projective space) is Kähler.
This provides plenty of examples of Kähler manifolds.

We are now ready to introduce the main characters of this book:

Definition 1.1 A Kähler group is a group that can be realized as the fundamental group
of a closed Kähler manifold.

Let us describe a small assemblage of Kähler groups.

Example 1.2 Free Abelian groups of even rank are Kähler; indeed any complex torus
Cn/Λ (where Λ < Cn is a lattice) admits a Kähler metric and its fundamental group Λ is
isomorphic to Z2n.

Example 1.3 Fundamental groups of closed Riemann surfaces are Kähler groups.

Example 1.4 All finite groups are fundamental groups of smooth projective varieties, as
was proved by Serre [393]. In particular, they are Kähler groups. See also [5] for an
exposition of the proof.

Before introducing the next example, and since this notion will appear several times in
the text, we recall that a lattice Γ in a Lie group G is a discrete subgroup such that the
homogeneous space G/Γ has finite Haar measure1. We then say that Γ is cocompact or
uniform if G/Γ is compact and nonuniform otherwise.

Example 1.5 Let Z be a Hermitian symmetric space of nonpositive curvature. As ex-
amples, one can think of the unit ball of Cn, this is one model for the complex hyperbolic
space, or the Siegel space

Sg := {S ∈Mg(C), tM = M, ImM >> 0}

of symmetric g × g complex matrices with positive definite imaginary part. Then any
discrete cocompact subgroup Γ of the group of holomorphic isometries of Z is Kähler.
This is clear if Γ is torsion-free. In general this follows from a trick due to Kollár, see [5,
p. 7]. Many nonuniform lattices are also known to be Kähler thanks to a theorem of
Toledo [435].

1A right-invariant Haar measure on G induces naturally a measure on G/Γ.
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Example 1.6 There are examples of 2-steps nilpotent (non-virtually Abelian) Kähler
groups, discovered by Campana [80] and Carlson and Toledo [96]. Let us describe one
family of examples. Consider the real Heisenberg group Hk of dimension 2k+ 1. A model
for it is the following. If ω0 is the standard symplectic form of R2k, Hk identifies with
R2k × R with the product given by:

(u, t) · (v, s) = (u+ v, s+ t+ ω0(u, v)).

Thus it fits into a central extension

0 // R // Hk
// R2k // 0 .

One can prove that a lattice Γ < Hk is Kähler if and only if k ≥ 4, see for instance [5,
Ch. 8].

Example 1.7 Stover and Toledo [421] recently constructed (in all complex dimensions
≥ 2) a wealth of examples of compact Kähler manifolds admitting Kähler metrics of neg-
ative sectional curvature and which do not have the homotopy type of locally symmetric
spaces. They are obtained by taking branched coverings of certain ball quotients. The
fundamental groups of the corresponding manifolds are Kähler. Moreover they are Gro-
mov hyperbolic groups2 and are not isomorphic to lattices in PU(n, 1). Yet many of their
group theoretical properties remain unclear. For instance, it is not known whether these
groups are residually finite. Prior to [421], such examples of negatively curved Kähler
manifolds were only known in complex dimension 2 and 3, thanks to the work of Mostow
and Siu [345], Zheng [457, 458] and Deraux [148, 149].

Example 1.8 Toledo [436] has discovered the first examples of nonresidually finite Kähler
groups. See [5, Ch. 8] for further examples.

Example 1.9 Let Γ < PU(n, 1) be a torsion-free nonuniform lattice, acting on the unit
ball Bn of Cn. If the parabolic subgroups of Γ are purely unipotent, the ends of the space
Bn/Γ are biholomorphic to the unit disk bundle minus the zero section in the total space of
a line bundle over an Abelian variety. More precisely, there exists a compact set K such
that for each connected component O of

Bn/Γ−K

there is an Abelian variety A of dimension n− 1 and a line bundle L→ A endowed with
a metric h such that O is biholomorphic to the open set

{v ∈ L, 0 < h(v, v) < 1}. (1.1)

Hence such a quotient Bn/Γ can be naturally compactified into a manifold XΓ by adding
finitely many Abelian varieties: the open set O is “closed” by adding the zero section
to it, in the identification of O with (1.1), see [249, 333]. Hummel and Schroeder [249]
have proved that after possibly replacing Γ by a deep enough finite index subgroup, the

2The reader will find in [60] a definition and an introduction to this notion as well as to the notion of
a CAT(0) group which will appear in Section 1.3.3.
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manifold XΓ is Kähler and carries a Riemannian metric of nonpositive curvature. This
provides interesting examples of nonpositively curved Kähler groups. We observe that the
manifolds XΓ, called toroidal compactifications of the quotients Bn/Γ, have been studied
by many authors, from many different points of view. See for instance [23, 48, 76, 156,
158, 186, 333, 376, 386] for various works related to these compactifications.

We will mention a few additional constructions of examples in Section 1.3.3.

As the fundamental group of a closed manifold, any Kähler group is finitely presented.
A proof of this classical fact can be found in [60, I.8.10]. A natural problem is then to
obtain restrictions on this class of groups among finitely presented groups and to build
interesting examples. There are many results establishing restrictions on Kähler groups
i.e. stating that certain finitely presented groups are not Kähler. On the other hand
new constructions of Kähler groups with interesting properties remain scarce and difficult.
Building new examples is an arduous task, see e.g. [412] for a discussion of this problem.
Looking at the list of examples above, the reader can convince themselves that besides in
the case of Examples 1.2 and 1.3, all the constructions that we have mentioned rely on
nontrivial tools, either to construct the groups under consideration or to prove that they
are Kähler. In Example 1.4 one makes a subtle use of Lefschetz’s hyperplane theorem [5,
p. 6], the statement in Example 1.5 is easy but relies on the construction of lattices in Lie
groups, Example 1.6 relies on some nontrivial results of complex Morse theory, etc.

What makes this topic interesting is the wide mix of techniques that it involves: classical
Hodge theory, analytic techniques via L2 methods or harmonic maps, topology, geometric
group theory... Among the many authors who have worked on this topic, let us mention for
now Campana, Carlson and Toledo, Delzant, Gromov, Simpson. Many other names will
appear along the text and notably in Section 1.3. Before going further in this introduction,
we mention one elementary restriction on Kähler groups which follows from classical Hodge
theory.

Proposition 1.10 If Γ is a Kähler group, the space H1(Γ,R) is even-dimensional. In
particular a free group is never Kähler.

Proof. Assume that Γ is realized as the fundamental group of a closed Kähler manifold
X. Then the space H1(Γ,R) identifies with H1(X,R). The latter space can be thought
of as a de Rham cohomology group. By Hodge theory, any class a ∈ H1(X,R) can be
represented in a unique way as a sum

a = [α+ α]

where α is a holomorphic 1-form on X. This identifies H1(X,R) with the complex vector
space Ω1(X) of holomorphic 1-forms on X, which obviously has even real dimension.

For the second assertion of the proposition, we consider a free group Fk of rank k. If
k is odd, the previous discussion implies that Fk is not Kähler. If it is even, we pick an
index 2 subgroup H < Fk. The Euler-characteristic3 of H is then equal to

χ(H) = 2χ(Fk) = 2(1− k). (1.2)

3The Euler-characteristic of a group G is defined as the Euler-characteristic of any K(G, 1), i.e. of any
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Since H is free, its rank is equal to 1 − χ(H) which is odd according to (1.2). Hence
H cannot be Kähler. Since finite index subgroups of Kähler groups are Kähler too, this
proves that Γ cannot be Kähler. 2

We now summarize a number of the results on Kähler groups which are contained in
the book [5] before turning in Section 1.2 to a description of the material treated in this
book.

• There exist many criteria which ensure the existence of a fibration onto a hyperbolic
Riemann surface for a given closed Kähler manifold [5, Ch. 2]. Some of these criteria are
purely topological and sometimes depend only on the fundamental group.

• There are many restrictions on nilpotent quotients of Kähler groups, and in particular
on nilpotent Kähler groups [5, Ch. 3].

• Gromov [223] introduced the use of L2 methods in the study of Kähler groups and proved
that an infinite Kähler group has only one end; these methods are discussed in [5, Ch. 4].

• Several chapters of [5] deal with the study of harmonic maps from Kähler manifolds to
locally symmetric spaces and their applications to the study of linear representations of
Kähler groups, see [5, Ch. 5-7]. This includes a presentation of Corlette and Simpson’s
nonabelian Hodge theory.

• Finally, the last chapter of [5] contains the description of many examples of Kähler
groups.

1.2 What is to be found in this book?

As was already mentioned in the preface, this text should be considered as a place to find
proofs of a few key theorems for people willing to enter the field of Kähler groups. Of
course our exposition is biased by our personal taste and expertise. We are mostly guided
by four principles:

1. Study the actions of Kähler groups on spaces of nonpositive curvature. Among these,
trees and symmetric spaces (possibly infinite dimensional) play the most important
role.

2. Study the connectivity properties at infinity of infinite covering spaces of closed
Kähler manifolds (in other words, study their ends) and the connectivity properties
of level sets of pluriharmonic functions defined on these covering spaces.

We follow the philosophy developed by Delzant and Gromov [141], which consists in ap-
plying ideas from large scale geometry or geometric group theory to the field of Kähler
groups. We quote them, as in [73]. According to [141], a central problem in the study of
Kähler groups is to

CW-complex whose fundamental group is isomorphic to G and whose higher homotopy groups vanish.
When there is a K(G, 1) which is a finite complex, this is well-defined, i.e. independent from the choice of
the finite K(G, 1).
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“identify the constraints imposed by the Kähler nature of the space on the asymptotic
invariants of its fundamental group and then express these invariants in terms of

algebraic properties.”

The works [138, 139, 141, 223, 350] are representative of this philosophy.

3. Kähler manifolds are complex manifolds whose geometry reduces to linear algebra.
This sentence is taken from [5, p. 2]. It refers to the following characterization of
Kähler metrics. A Hermitian metric h on a complex manifold M is Kähler if and
only if for each point p of M one can find holomorphic coordinates centered at p
such that the coefficients (hij(z)) of h in these coordinates are of the form:

hij(z) = hij(0) +O(|z|2).

It is easy to see that a Hermitian metric with this property is Kähler and a proof of
this characterization can be found in [447, Prop. 3.14]. It implies that any identity
involving only the metric and its first order derivatives is true on a Kähler manifold
if and only if it is true in Cn with its flat metric. Illustrations of this principle can
be found in the study of the formality of closed Kähler manifolds [5, Ch. 3] or in
the classical Castelnuovo–de Franchis theorem that we present in Chapter 4. We
will not discuss this principle at length here but refer instead to [5] for more on this
philosophy.

4. Establish factorization theorems! This refers to the following idea. Let G be a
“target” group. Suppose that we want to study representations of Kähler groups
into G. One tries to associate to G a model space B (in general a projective or a
Kähler manifold), or a family of model spaces, with the following property.

If X is a closed Kähler manifold and if φ : π1(X)→ G is a homomorphism, then
there exists a holomorphic map f : X → B to (one of) the model space(s) such that

φ can be decomposed as φ = θ ◦ f∗ where θ is a homomorphism from the
fundamental group of B to G.

Definition 1.11 In the situation above, one says that the representation φ factors through
the holomorphic map f .

One should thus try to identify some model Kähler manifolds whose fundamental group
admits natural representations into G and such that any representation of a Kähler group
into G factors through a holomorphic map to one of these model spaces. Of course there
are many variations on this principle: one can restrict to certain classes of homomorphisms
(e.g. reductive, Zariski dense if G is an algebraic group), one can consider the orbifold
fundamental group if B is an orbifold, etc. An elementary illustration of this principle is
given by the case where G is torsion-free Abelian. In this case one can take the family
of model spaces to be the family of all complex tori. The factorization is then realized
by the Albanese map (see Section 11.4 or [447, Ch. 12] for the definition of this map).
Further illustrations can be found in Chapters 6, 8 and 9. Earlier descriptions of this
general principle can be found in [5, Ch. 2] and in [228].
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Finally, the reader will certainly notice that fibrations onto Riemann surfaces play a
prominent role in these notes. They appear in every single chapter, with the exception of
Chapter 10. Indeed surface groups4 are very flexible; for instance they surject onto free
groups and so can be represented into any group. Many structure theorems on Kähler
groups take the form of a factorization theorem in the sense of the last principle above, with
the family of model spaces being the family of hyperbolic Riemann surfaces or hyperbolic
2-dimensional orbifolds and the holomorphic map f being a fibration. This can be seen
as a manifestation of the rigidity of Kähler groups. There are many spaces on which they
do not act, unless it is through a fibration onto an (orbi-)Riemann surface.

We now turn to a detailed description of the content of each chapter of these notes.

• Chapter 2 introduces the notion of orbifold strucure on a real surface or on a Riemann
surface. It describes the orbifold structure induced by a fibration and proves a
finiteness result for fibrations onto 2-dimensional hyperbolic orbifolds.

• Chapter 3 proves that if an infinite covering space of a closed Kähler manifold admits
a proper fibration onto an open Riemann surface, then the fibration necessarily
descends to a finite cover of the original closed manifold. This is a classical result,
which appears in several places in the literature, and which can be proved by various
methods.

• Chapter 4 studies the classical Castelnuovo–de Franchis theorem. In a nutshell,
this theorem states that the existence of two independent holomorphic 1-forms with
vanishing exterior product on a closed Kähler manifold implies the existence of a
fibration of the given manifold onto a Riemann surface. We also present several
classical variants of this statement: when one of the differential forms takes values
in a flat holomorphic line bundle, or when the closed Kähler manifold is replaced
by an open complete Kähler manifold with bounded geometry and one considers L2

differential forms.

• Chapter 5 presents a few other criteria which give sufficient conditions for the exis-
tence of a fibration of a Kähler manifold onto a Riemann surface.

• Chapter 6 gives a complete proof of Gromov and Schoen’s theorem [230] describing
non-elementary actions of Kähler groups on simplicial trees: any such action factors
through a fibration onto a Riemann surface. This proof, inspired by [143], does not
rely on the theory of harmonic maps to trees.

• Chapter 7 gives a complete proof of a theorem due to Napier and Ramachandran [350]
stating that if an infinite covering space Y of a closed Kähler manifold has at least 3-
ends, then Y admits a proper fibration onto an open Riemann surface. The proof in
general relies on sone nontrivial potential theoretic notions (notably the hyperbolici-
ty/parabolicity of Riemannian manifolds). We have tried to be as self-contained as
possible and have included a brief exposition of some of the necessary prerequisites
in the appendices.

4See Definition 2.25.
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• Chapter 8 is devoted to Corlette and Simpson’s description of irreducible represen-
tations of Kähler groups in PSL2(C). We do not treat the case of quasi-projective
manifolds as in [118]. Our approach in the closed case differs slightly from the
one in [118]. Equipped with our simpler proof of Gromov and Schoen’s theorem on
Kähler group actions on trees, also valid in the nonlocally finite case, we can consider
the Bruhat–Tits tree of SL2 for arbitrary fields endowed with a discrete valuation.
This makes the approach more direct. We also replace the original use of variations
of Hodge structure by an argument taken from [142].

• Chapter 9 constitutes an introduction to the theory of harmonic maps from Kähler
manifolds to locally symmetric spaces. We expose in details two theorems: firstly a
factorization result for harmonic maps of low rank, which was established in [142],
and secondly we give a proof of a classical theorem of Carlson and Toledo [94] saying
that a harmonic map from a Kähler manifold5 to complex hyperbolic space which
is of real rank 3 at a point must be holomorphic or anti-holomorphic. Note that the
latter result can also be deduced from the work of Siu [413]. We give a down-to-earth
proof which uses less Lie theory than in the original article and mainly relies on the
structure of the curvature tensor of complex hyperbolic space. This can serve as an
introduction to the article [94].

• In Chapter 10, we build on the theory of harmonic maps studied in the previous
chapter and prove a theorem due to Simpson [406], stating that if a lattice in a
semisimple Lie group G is a Kähler group, then G must be of Hodge type. The
latter notion, involving the structure theory of semisimple Lie groups, is defined and
studied along the way.

• Chapter 11 contains an exposition of Delzant’s result about the Bieri–Neumann–
Strebel invariant of a Kähler group [139]. We have followed closely the original
article as well as [73], but have added a detailed introduction to the theory of the BNS
invariant. This takes roughly one half of the chapter and is completely independent
of the world of Kähler groups. We follow mostly [47] for this exposition. We believe
that this can be useful for the reader who has no previous knowledge of the BNS
invariant but who is interested in understanding Delzant’s result.

• Chapter 12 describes results of Beauville and Delzant around the Green–Lazarsfeld
set of Kähler groups [33, 138]. We give a complete description of this set, which was
first obtained by combining the work of Beauville, Campana and Simpson. Delzant’s
contribution allows to simplify the proofs and to state the results elegantly in terms
of fibrations onto orbifolds. We conclude the chapter with a proof of Delzant’s
theorem stating that solvable Kähler groups are virtually nilpotent [139].

• Chapter 13 proves a factorization result for Kähler group actions on real trees. Here
again, the statement of the theorem is not new. The theorem was already known
to hold, thanks to the theory of harmonic maps to real trees. However we give

5We abuse notation and what we really mean is either a harmonic map from a closed Kähler manifold
to a locally symmetric space or an equivariant harmonic map from the universal cover of a closed Kähler
manifold to a symmetric space.
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again a proof which is “free of harmonic maps to singular spaces”. Note that the
theory of harmonic maps to CAT(0) spaces is only briefly alluded to in Section 9.1.3.

Next come the appendices!

• Appendix A and B introduce basic notions concerning ends of groups and spaces and
groups acting on trees that are needed in the text. Appendix C introduces classical
facts about unitary representations and amenability.

• Appendix D, E, and F all deal with the construction of harmonic functions on
Riemannian manifolds. The first two appendices explain how to build harmonic
functions with prescribed behavior along the ends of a Riemannian manifold, first
in the case where the manifold satisfies a linear isoperimetric inequality, then in a
more general setting. In the Kähler case, we also explain how to prove that these
functions are pluriharmonic if they are of finite energy, or at least of energy not
growing too fast. Appendix F explains how to build proper harmonic functions on
parabolic ends of Riemannian manifolds, following Nakai’s work [348].

• Appendix G explains the proof of a theorem due to Diederich and Mazzilli dealing
with complex analytic sets contained in a real analytic set of Cn. This result is
needed in the proof of one of the factorization results established in Chapter 9.

• Finally, the short Appendix H gives a detailed proof of a curvature identity related to
the so-called Bochner–Siu–Sampson formula which shows that harmonic maps from
Kähler manifolds to Riemannian manifolds satisfying a certain curvature condition
are automatically pluriharmonic. This is needed in Chapter 9 but we have made the
choice of presenting the proof separately to avoid making that chapter too lengthy.
The proof only involves linear algebra computations and is independent of the other
techniques presented in Chapter 9.

Although we discuss many developments which have appeared after the book [5], there
is unavoidably some overlap between this book and [5]. This concerns mainly the chapters
on the Castelnuovo–de Franchis theorem and on harmonic maps as well as the various
sections dealing with L2 methods. We hope that this will help to make these notes slightly
more self-contained. However we strongly advise the reader to read [5] in parallel to this
book, for a more thorough introduction to the world of Kähler groups.

We close this section with one important note for the reader: we do believe that the
construction of examples is a fundamental task in this field. However, we have not devoted
any chapter to this topic. This is mainly because the techniques involved are essentially
disjoint from the ones used to establish constraints on Kähler groups. Besides the exam-
ples mentioned so far, we discuss in Section 1.3.3 some of the new examples which have
appeared since [5]. Progress is slow but some new examples have appeared!
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1.3 What is not to be found in this book?

We give in this section a short survey of some developments in the field of Kähler groups
which occured after the publication of the book [5] and that we will not discuss in details.

1.3.1 3-manifolds groups and Kähler groups

Carlson and Toledo [94] proved in the 80’s that the fundamental group of a closed hyper-
bolic n-manifold is not isomorphic to a Kähler group if n ≥ 3. Their result is actually
more general and will be discussed in Chapter 9. Since many closed 3-manifolds carry
hyperbolic structures, this result motivated Reznikov [380] and Donaldson and Goldman
(unpublished) to ask, in the years following [94], the following question: which groups are
at the same time Kähler and the fundamental group of a closed 3-manifold? See [300, 380]
for an extensive historical discussion. This question was completely answered in [165] by
Dimca and Suciu: a group sharing these two properties must be finite. Different proofs
of their result were later given by Kotschick [300] and by Biswas, Mj and Seshadri [51].
Later on, generalizations of this result (obtained by dealing with fundamental groups
of quasi-projective manifolds or quasi-Kähler manifolds or open 3-manifolds) were ob-
tained [192, 301].

1.3.2 The Kodaira problem

The following question is a well-known open problem in the field:

Is is true that any Kähler group is also the fundamental group of a smooth projective
variety?

It already appears implicitly in [5, p. 5] and a positive answer seems to be expected by
many people and is conjectured e.g. in [114]. It is sometime called the Kodaira problem for
the fundamental group. This refers to the (general) Kodaira problem which asked whether
a compact Kähler manifold could always be deformed to a smooth projective manifold,
see e.g. [145, 251] for a discussion. Kodaira had proved that the answer was positive for
compact Kähler surfaces [291]. Voisin proved in 2004 [445] that the answer was negative in
complex dimension at least 4. She achieved this by building examples of compact Kähler
manifolds which do not have the homotopy type of smooth projective varieties, in any
complex dimension ≥ 4. In dimension 3, the answer to the Kodaira problem is positive
by the work of Lin [319]. For further work related to the Kodaira problem, see [318, 446].
Further references can be found in the bibliography of [318]. As for the Kodaira problem
for the fundamental group, it is open in full generality but known in some particular
cases [87, 88, 113, 114], for instance for groups which are linear over C, thanks to the work
of Campana, Claudon and Eyssidieux.
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1.3.3 Examples of Kähler groups

As already mentioned above, constructions of new examples of Kähler groups are rare
and difficult! We mention below some of the recent works giving new examples of Kähler
groups. Note that all the examples mentioned at the beginning of the introduction are
quite old, except for Example 1.7 which highlights the recent work [421].

The articles [8, 187] by Aramayona–Funar and Eyssidieux–Funar prove that certain
quotients of the mapping class group of a closed surface are (possibly virtually) funda-
mental groups of smooth projective varieties and study some of their properties. It would
be interesting to study further these groups. It is an open question whether the mapping
class group of a closed oriented surface of genus at least 3 has vanishing virtual first Betti
number, i.e. whether the first Betti number of all its finite index subgroups vanishes [253].
If this vanishing was confirmed, the constructions in [8, 187] would provide examples of
Kähler groups with vanishing virtual first Betti number. In particular the corresponding
projective varieties would not fiber onto hyperbolic 2-orbifolds and would have certain
rigidity properties.

Besides the construction of negatively curved Kähler manifolds mentioned in Exam-
ple 1.7, there are other constructions in the literature which yield aspherical smooth pro-
jective surfaces: Panov [366] introduced the notion of a polyhedral Kähler metric on a
complex surface and built examples of such metrics on P2. He used this construction to
show the asphericity of certain (desingularized) ramified covers of P2 [367], see also [430].
It would be interesting to study whether one can build new examples of Kähler groups
which are hyperbolic using these constructions (and which are not complex hyperbolic
lattices). This is a subtle problem. Gromov had suggested a long time ago [222, §4.4] a
way to build spaces with hyperbolic fundamental group by considering ramified covers of
tori (instead of P2). The idea is to take a ramification locus which is totally geodesic, so
that the new space will carry a locally CAT(0) metric, and which is complicated enough
so as to kill all flats. A delicate problem is that new flats can appear in this construction,
see [57, §2.6.3] for a discussion of this issue.

In the same vein Stadler [418] studied ramified covers of the product Σ × Σ where Σ
is a Riemann surface of genus at least 2, and the ramification locus is the diagonal. Such
complex surfaces carry a CAT(0) metric. Stadler proved that they do not carry any smooth
Riemannian metric of nonpositive curvature (answering an exercise raised by Gromov [26,
p. 2]). These ramified covers are examples of Kodaira fibrations. The arguments certainly
apply to other constructions of Kodaira fibrations, such as the classical ones in [20, 292].
This provides interesting examples of Kähler groups which are CAT(0).

Finally let us mention another line of research, concerning Kähler groups with exotic
finiteness properties. We first recall a definition due to C.T.C. Wall [448].

Definition 1.12 A group G is of type Fn if it admits a classifying space (i.e. a K(G, 1))
which is a CW-complex with finite n-skeleton.

Conditions F1 and F2 are equivalent respectively to being finitely generated and being
finitely presented. The study of the finiteness conditions Fn is a classical topic in geometric
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group theory, see for instance [43] and the references therein for an introduction. Note
that if G is of type Fn, all its homology groups Hi(G,Q) are finite dimensional for i ≤ n.
In general one says that a group has exotic finiteness properties if it violates the condition
Fn for some n.

In [164], Dimca, Papadima and Suciu constructed the first examples of smooth pro-
jective varieties whose fundamental group has exotic finiteness properties. Actually they
prove that the homology of the groups under consideration is infinite dimensional in a
certain degree. These groups are subgroups of direct products of surface groups. Later
on, further examples of Kähler groups with exotic finiteness properties were constructed:
first by Llosa Isenrich [320, 321], these examples are again subgroups of direct products
of surfaces groups, and then by Bridson–Llosa Isenrich [62] and by Nicolás–Py [362]. The
examples from [62, 362] are not subgroups of direct products of surface groups. We also
refer the reader to [268] for earlier related work. For the study of the finiteness properties
of certain subgroups of complex hyperbolic lattices, we refer the reader to [322].

1.3.4 Lattices in PU(n, 1)

This is a very active topic. We mention the classification of fake projective planes [281,
374, 379], the study of deformations of linear representations of complex hyperbolic lat-
tices [282, 283], and the recent discovery of a new arithmeticity criterion for these lat-
tices [22, 24]. There is also some activity around the construction of new examples of
non-arithmetic lattices in low dimension [121, 151, 152, 153], after the discovery of the
first such examples in the 80s by Mostow and Deligne–Mostow [136, 137, 342, 343, 344].

1.3.5 Simpson’s integrality conjecture

Let Γ be a finitely generated group and let % : Γ → GLn(C) be a linear representation.
Recall that % is said to be rigid if any close enough representation is conjugate to %. Note
that this property is sometimes called local rigidity. The representation % is said to be
integral if it is conjugate to a representation with values in

GLn(A)

where A ⊂ C is the ring of algebraic integers. Simpson [406] conjectured that rigid
representations of Kähler groups should be integral (this is actually a particular case of
a more general conjecture that we shall not state here). The case where n = 2 has
been settled by Corlette and Simpson [118], see Chapter 8. Very recently, Esnault and
Groechenig proved this conjecture (under a slightly stronger assumption) [181]; see [182,
280, 309] for related work.

1.3.6 Open or singular varieties

Note that the class of fundamental groups of quasi-projective varieties is bigger than
that of projective varieties. This is already apparent by looking at Riemann surfaces: free
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groups appear as fundamental groups of punctured Riemann surfaces whereas they cannot
appear as fundamental group of any closed Kähler manifold. Yet there are restrictions on
fundamental groups of smooth quasi-projective varieties, although we will not deal with
this topic at all here. We instead refer the reader to [10, 17, 18, 63, 77, 118, 163, 167, 273].

As for the study of fundamental groups of singular varieties, it is known that many
restrictions which hold for smooth projective varieties still hold for normal projective
varieties, see for instance [15]. This topic is also briefly discuseed in [5, p. 9].

1.3.7 The Shafarevich conjecture

Recall that a complex manifold M is said to be holomorphically convex if for any sequence
(xn)n≥0 of points of M which tends to infinity, there exists a holomorphic function f : M →
C such that

|f(xn)| −→
n→+∞

+∞.

The Shafarevich conjecture6 predicts that the universal cover of a smooth projective mani-
fold (or more generally of a compact Kähler manifold) should be holomorphically convex.
The only general results concerning this conjecture use harmonic maps and linear repre-
sentations. Indeed, the conjecture holds true for projective manifolds whose fundamental
group is linear over C, see [188] as well as [88] for the Kähler case and [184] for earlier
results. We refer the reader to [185] for a survey on this question. See also [186, 189, 386]
for a proof in some particular cases as well as [68, 147] for further developments. For
arbitrary Kähler (or projective) manifolds a “meromorphic” version of the conjecture was
established by Campana [79] and Kollár [293].

1.3.8 Rational homotopy theory

In algebraic topology, Sullivan’s theory of minimal models [426] has strong consequences
concerning the homotopy type of compact Kähler manifolds, as shown by Deligne, Grif-
fiths, Morgan and Sullivan [135]. In particular, this theory yields restrictions on nilpotent
quotients of Kähler groups. We shall not discuss this here but refer instead to [9, §4] and
to [5, Ch.3]. See also [239, 340] in the same vein. For non-Abelian aspects of this theory,
see [207] as well as [190, 310, 311] for more recent developments.

1.3.9 Miscellaneous

We refer the reader to [11, 12, 13, 50, 97, 124, 220, 240, 260, 274, 275, 284, 285, 299, 303,
311, 330, 332, 353, 361, 408, 438, 460, 461] for a few more recent results around Kähler
groups, harmonic maps and linear representations. For older surveys adopting a different
perspective, more centered around algebraic geometry and the Shafarevich conjecture, we
refer the reader to [81, 294]. For a survey of results concerning discrete groups of isometries
of complex hyperbolic spaces, see [272].

6Actually, this only appears as a question in [396].
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1.4 Problems

It is difficult to single out a coherent list of open problems about Kähler groups. Yet, here
is a short and slightly arbitrary list of such problems.

Of course, the study of examples seems to be the key to better understand the world of
Kähler groups. (Although we have decided not to deal with examples here!) As already
mentioned in Section 1.3.3, it would be interesting to construct further examples of Gromov
hyperbolic Kähler groups, or to study the properties of the fundamental groups of the
negatively curved Kähler manifolds built by Stover and Toledo, see Example 1.7. Let us
also mention some curious examples. Bogomolov and Tschinkel [53] as well as Schoen [387]
have studied some examples of surfaces in some 4-dimensional Abelian varieties which
are Lagrangian with respect to a holomorphic symplectic form on the Abelian variety.
Using Sullivan’s theory of minimal models [5, Ch. 3] or some more elementary algebraic
topology [35], one can show that such surfaces admit non-virtually Abelian 2-step nilpotent
quotients. It would be interesting to study further these examples.

On the side of restrictions, it is apparently still unknown whether a cocompact lattice
in the group Sp(n, 1) is Kähler. This is related to a conjecture of Carlson and Toledo [94,
p. 178] that we will state in Chapter 10. This conjecture, together with partial results, is
also discussed in [437, p. 524]. In another direction, it seems to be unknown whether there
exists a single example of a Kähler group which does not admit any linear representation
over C with infinite image. This is discussed for instance in [69].

The study of nilpotent Kähler groups is quite interesting. Although it was believed at
first that nilpotent Kähler groups should be virtually Abelian [226, p. 114], some truly
2-step nilpotent examples were built almost 30 years ago (see Example 1.6). It seems
to be still unknown whether there can exist 3-step nilpotent examples (not virtually 2-
step nilpotent). There are many constraints on these groups coming from (mixed) Hodge
theory [5, Ch. 3]. Classifying nilpotent Kähler groups is essentially the same thing as clas-
sifying solvable Kähler groups according to Delzant’s theorem stating that the latter are
virtually nilpotent (see Chapter 12). It would also be interesting to establish restrictions
on general amenable Kähler groups. We refer the reader to Definition C.18 for the notion
of amenable group.

Another question concerns the study of subgroups of Kähler groups. Are there finitely
generated groups which cannot be embedded in a Kähler group? What can be said about
subgroups of Kähler groups? Kapovich conjectured that any finitely presented group can
be embedded in a Kähler group, see [302]. For restrictions on normal subgroups of Kähler
groups, see [361]. For the study of some examples, see [322].

Finally, as already discussed, many theorems in these notes give sufficient conditions for
the existence of a fibration of a closed Kähler manifold onto a Riemann surface. This gives
many restrictions on Kähler groups. But it is also interesting to try to establish positive
results in this direction, i.e. to prove that some concrete known examples of closed Kähler
manifolds admit fibrations onto Riemann surfaces. In this spirit, the following question
is well-known among people working on Kähler groups and is still widely open. Let
Γ < PU(n, 1) be a torsion-free cocompact lattice. Let X = Bn/Γ be the quotient of the
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unit ball of Cn by the action of Γ. Is it true that X has a finite cover which admits a
fibration onto a Riemann surface? Note that examples of ball quotients admitting such
fibrations are known to exist only when n ≤ 3, see [150] and [272, §8]. It seems natural to
investigate first this question for arithmetic lattices of the simplest type, which are known
to have infinite virtual first Betti number [56, 276, 399]. See Section 11.4.2 in Chapter 11
for further discussion.

We have included a few more open problems in the text, and the reader will find many
more in the literature.

1.5 Some conventions

We close this introduction by introducing a few notions and definitions which will be used
in several chapters of this book.

Definition 1.13 Let (X,h) be a Hermitian manifold. We say that (X,h) has bounded
geometry if there exist positive constants C1 and C2 such that for every point x ∈ X
there exists an open neighborhood Ux of x and a holomorphic diffeomorphism fx : Ux →
B(0, 1) ⊂ Cn such that

C1f
∗
xh0 ≤ h ≤ C2f

∗
xh0,

where h0 is the standard Hermitian metric on Cn and B(0, 1) ⊂ Cn is the open unit ball.

Note that there exist other definitions of a Hermitian (or Riemannian) manifold of
bounded geometry in the literature, but we will use this one all along the text. This is
also the definition used in [5]. Any covering space (with the induced metric) of a compact
Hermitian manifold has bounded geometry, and this is the type of examples that we will
consider here in almost all situations. Some rare exceptions will appear in Chapter 7.

Similarly, we shall make use of the following convention.

Convention 1.14 Unless otherwise stated, all the manifolds and the covering spaces that
we shall deal with will be connected. If p : Y → X is a covering space of the manifold
X, we identify the group π1(Y ) to a subgroup of π1(X) via the map p∗. This means that
we have implicitly chosen base points y ∈ Y and x ∈ X such that p(y) = x. In such a
situation, we shall write π1(Y ) < π1(X) without further notice.

We also say a word about Stein factorization. Let us consider a proper non-constant
holomorphic map f : X → S from a connected complex manifold to a Riemann surface.
Then such a map f can always be written as a composition of holomorphic maps

X
f //

g

  

S

Σ

π

??

where Σ is another Riemann surface, π has finite fibers, and g is surjective, proper and has
connected fibers. This decomposition is called the Stein factorization of f . It is a special
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case of a much more general result dealing with holomorphic maps between arbitrary
complex spaces, see [210, Ch. 10]. We shall only use it in the special case above, which is
much simpler to establish.

We are possibly being slightly demanding with the reader, expecting a good knowledge
in complex differential geometry, classical Hodge theory and complex analytic geometry,
as well as in topology and (geometric) group theory. We have tried to be more or less
coherent and to introduce notions in the order in which they are used. This principle
suffers some exceptions. For instance harmonic maps are defined in Chapter 9, although
they are alluded to plenty of times before. Similarly, Theorem 9.31 is used in Chapters 2
and 8, prior to its proof. Hopefully, the reader will survive these inconsistencies.



CHAPTER 2

Riemann surfaces and orbifolds

In this chapter we discuss the notion of orbifold structures on (real) surfaces and on Rie-
mann surfaces. The main reason to study this notion here is that these structures appear
naturally when considering holomorphic fibrations onto Riemann surfaces. We introduce
basic definitions in Section 2.1 before discussing the link with fibrations in Section 2.2.
Section 2.3 presents a finiteness results for fibrations onto hyperbolic orbifolds. Finally
Section 2.4 is devoted to a group theoretical criterion detecting when a homomorphism
from a Kähler group to a cocompact discrete subgroup of PSL2(R) comes from a fibration.

The material presented here is discussed in many places in the literature, see for in-
stance [104, 118, 138, 139]. For the study of orbifold structures on higher dimensional
Kähler manifolds, that we will not discuss here, we refer the reader to [84, 85, 86]. For a
much more thorough discussion of orbifolds in geometry and topology, we refer the reader
to [60].

2.1 Orbifold structures on surfaces

Let S be a real surface. An orbifold structure on S is the data of a discrete subset P ⊂ S
and a map m from P to the set of integers greater than 1. The triple Σ := (S, P,m) is
called an orbifold. For p ∈ P , the integer m(p) is called the multiplicity of p and P is the
set of orbifold points of Σ. Informally speaking, one should think of a neighborhood of
an orbifold point of multiplicity k as a quotient of the unit disk in C by the action of the
group of k-th roots of unity.

One defines the orbifold fundamental group of Σ as follows. We fix a base point q
in S − P . For each p ∈ P , let γp be a small loop enclosing p in S (and contained in a
topological disc containing p). The loop γp defines a conjugacy class in π1(S − P, q). We
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will abuse notation in what follows and will sometime write γp to denote a representative
of this conjugacy class. The orbifold fundamental group of Σ is defined as:

πorb1 (Σ, q) := π1(S − P, q)/〈〈γm(p)
p , p ∈ P 〉〉.

We often write πorb1 (Σ) when no base point is specified. Natural examples of orbifolds
arise from discrete subgroups of PSL2(R) containing torsion. Indeed if Λ < PSL2(R) is a
discrete subgroup and if ∆ is the unit disc in C, one can consider the surface S = ∆/Λ.
Let P ⊂ S be the projection of the set P̃ of points of ∆ whose stabilizer in Λ is nontrivial.
This is a discrete subset of S. For p ∈ P , one defines m(p) to be the cardinality of the
stabilizer of any lift p̃ of p in ∆. Then (S, P,m) is an orbifold. In what follows, we will
often refer to ∆/Λ as an orbifold, by which we mean the orbifold (S, P,m) that we just
defined. One can obtain other examples by considering discrete subgroups of the group of
isometries of the complex plane or of the Riemann sphere.

Proposition 2.1 If Λ < PSL2(R) is a discrete subgroup, the orbifold fundamental group
of ∆/Λ identifies naturally with Λ.

Proof. Consider the covering map

i : ∆− P̃ → S − P.

This is a Galois covering with Galois group Λ. We thus have a surjective morphism
φ : π1(S−P )→ Λ. Its kernel N identifies with the fundamental group of ∆− P̃ embedded
in π1(S − P ) via the morphism i∗. But the fundamental group of ∆ − P̃ is generated
by the conjugacy classes of the elements represented by small loops enclosing each of the

punctures p̃ ∈ P̃ . If γp̃ is such a loop and if p = i(p̃), we have i∗(γp̃) = γ
m(p)
p . This gives

the desired result. 2

The orbifold Euler characteristic of an orbifold Σ = (S, P,m) whose underlying surface
S is compact is defined by:

χ(Σ) := χ(S)−
∑
p∈P

(1− 1

m(p)
) (2.1)

where χ(S) is the usual Euler characteristic of S. We now have the following theorem
(see [432, §13.3] for a proof).

Theorem 2.2 Let Σ = (S, P,m) be a compact orbifold of negative Euler characteristic.
Then, there exists a cocompact discrete subgroup Λ < PSL2(R) such that the orbifolds Σ
and ∆/Λ are isomorphic.

In the following, we will use the following definition.

Definition 2.3 A compact orbifold Σ = (S, P,m) is said to be hyperbolic if χ(Σ) < 0.

Before closing this section, we state another theorem related to the notion of orbifold
structure on Riemann surfaces. So we consider a compact orbifold Σ = (S, P,m) and
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assume moreover that S carries the structure of a Riemann surface (in this case, we say
that Σ is an orbifold Riemann surface or simply orbi-Riemann surface). We then have the
following theorem, which is more precise than Theorem 2.2.

Theorem 2.4 If χ(Σ) < 0, there exists a cocompact discrete subgroup Λ < PSL2(R) and
a biholomorphism f : Σ→ ∆/Λ which is also an isomorphism of orbifolds.

In the above statement, we implicitly use that if Λ is a discrete subgroup of PSL2(R),
the quotient ∆/Λ naturally carries a structure of Riemann surface even if the action of
Λ on the disc is not free. This can be seen by elementary means, although it is also a
particular case of a much more general theorem, see [99].

In what follows we will use the expression hyperbolic orbifold as a synonym for compact
orbifold Riemann surface with negative Euler characteristic.

Proof of Theorem 2.4. We give a proof based on Theorem 2.2 together with the uniformiza-
tion theorem for Riemann surfaces. According to Theorem 2.2, there exists a cocompact
discrete subgroup Λ < PSL2(R) such that Σ identifies with ∆/Λ as topological orbifolds.
We denote by i : ∆/Λ → Σ the corresponding homeomorphism and by p : ∆ → ∆/Λ the
projection. Observe now that the complex structure on Σ determines a unique complex
strucure on ∆ which makes the map i ◦ p holomorphic. Indeed, this is clear on ∆ \ P̃
where P̃ is the set of points of ∆ whose stabilizer in Λ is nontrivial. Near a point of P̃ this
follows from the classification of finite covering spaces of a punctured disc in the complex
plane.

We must now argue that ∆, endowed with the complex structure making i◦p holomor-
phic, is isomorphic to the “standard” unit disk. For convenience, we call V the Riemannn
surface isomorphic to ∆ endowed with the complex structure making i ◦ p holomorphic.
By the uniformization theorem, V is biholomorphic to ∆ or to the complex plane. If V
was biholomorphic to the plane then Λ would embed into the automorphism group of C,
which is

Co C∗.
But this is impossible as Λ is not solvable. Hence V is biholomorphic to ∆ with its usual
complex structure. This completes the proof. 2

We close this section by introducing a last notion. If Σ = (S, P,m) is an orbifold
Riemann surface and if f : X → S is a map from a complex manifold X to S, we say
that f is holomorphic in the orbifold sense if f is holomorphic in the usual sense and for
each point x0 ∈ f−1(P ) ⊂ X, one can find a small ball B around x0 in X and a local
coordinate chart D ' ∆ centered at p := f(x0) in S such that f(B) is contained in D ' ∆
and f(x) = g(x)m(p) for x ∈ B and for some holomorphic function g : B → ∆.

Proposition 2.5 Let Λ be a discrete subgroup of PSL2(R) and let ∆/Λ be endowed with its
natural orbifold and Riemann surface structures. If a map f : X → ∆/Λ from a connected
complex manifold X to ∆/Λ is holomorphic in the orbifold sense, then there exists a
holomorphic lift F : X̃ → ∆, where X̃ is the universal cover of X, which is equivariant
with respect to a homomorphism π1(X)→ Λ.

We will use the following classical lemma, whose proof is left to the reader.
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Lemma 2.6 Let A be an analytic hypersurface in a complex manifold Y . Let (Ai)i∈I
be the family of irreducible components of A. Let q ∈ Y − A. For each i ∈ I, let γi
be a small loop going around a smooth point of Ai. Note that γi defines an element of
π1(Y − A, q) which is well-defined up to conjugacy. Then the kernel of the natural map
π1(Y −A, q)→ π1(Y, q) is normally generated by the elements (γi)i∈I .

Proof of Proposition 2.5. We denote by u : X̃ → X the universal covering map. Let
D ⊂ X be the preimage of the set P of orbifold points of ∆/Λ. Let D̃ be the preimage
of D in the universal cover X̃ and P̃ be the preimage of P in ∆. Consider the following
diagram:

X̃ \ D̃ //

u

��

∆ \ P̃

��
X \D f // ∆/Λ \ P.

By Lemma 2.6, the fundamental group of X̃ \ D̃ is generated by small loops enclosing
a smooth point of an irreducible component of D̃. If γ is such a loop, which encloses
a component of D̃ mapped onto a point p ∈ P , then (f ◦ u)∗ maps the class of γ to a

conjugate of the class of the loop γ
km(p)
p for some integer k. Hence the class of f ◦ u ◦ γ

lies in the image of the map

π1(∆ \ P̃ )→ π1(∆/Λ \ P ).

This proves that

(f ◦ u)∗(π1(X̃ \ D̃)) ⊂ Im
(
π1(∆ \ P̃ )→ π1(∆/Λ \ P )

)
.

Hence the map f ◦ u lifts to a holomorphic map F : X̃ \ D̃ → ∆ \ P̃ . By the Riemann
extension theorem, F extends to X̃ and one checks easily that the extension still takes
values in the unit disk. Finally, the map F is equivariant with respect to a morphism
π1(X)→ Λ since Λ is the Galois group of the covering space ∆ \ P̃ → ∆/Λ \ P . 2

2.2 The orbifold structure induced by a fibration

In this section we explain how to associate an orbifold structure to a Riemann surface
which arises as the base of a proper fibration. This construction is well-known, see e.g. [104,
138, 405]. There is a related construction for higher dimensional bases, which appears in
Campana’s theory [84] of orbifold structures on higher dimensional varieties. We will not
discuss it here.

Let X be a complex manifold and S be a Riemann surface1 .

Definition 2.7 A fibration of X onto S is a proper nonconstant holomorphic map f : X →
S with connected fibers.

1Riemann surfaces are always connected for us.
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If Σ is an orbifold, one defines similarly a fibration of X onto Σ. The only difference is
that the map X → Σ is required to be holomorphic in the orbifold sense.

We now return to the case of a fibration onto a Riemann surface. Let f : X → S be
a fibration. Note that such a map is always surjective. Indeed the image is closed (since
f is proper) and open (since f is nonconstant and holomorphic) hence equal to all of S.
Let V (f) be the set of critical values of f . This is a discrete subset of S. A fiber of f is
a singular fiber if it is the preimage of a point in V (f). Let F be a singular fiber of f .
This is a compact analytic set of X. Let F1, . . . , Fs be the irreducible components of F .
For each irreducible component Fi and each smooth point q of F contained in Fi, one can
pick holomorphic coordinates near q and f(q) such that f locally looks like

(z1, . . . , zn) 7→ zkn.

(We assume that q and f(q) correspond to 0 in these coordinates.) The integer k is
independent of the coordinate system we have chosen and also independent of the point
q. It is called the multiplicity of the irreducible component Fi. We can now state the
following definition.

Definition 2.8 The multiplicity of F , denoted by m(F ), is defined as the greatest common
divisor of the multiplicities of the Fi’s.

This definition allows us to endow S with an orbifold structure induced by the map
f . The set P of orbifold points is the set of critical values such that the corresponding
fiber has mutiplicity greater than 1, the multiplicity of a point being the multiplicity of
the corresponding fiber.

Remark 2.9 In the following we will not use a specific notation to denote this orbifold,
but every time we will talk about the orbifold structure on the base of a fibration, we will
refer to the structure just defined.

We fix a base point p ∈ X lying in a smooth fiber and call p = f(p). We consider the

fundamental groups π1(X, p), π1(S, p) and πorb1 (S, p).

Theorem 2.10 1. The natural morphism f∗ : π1(X, p) → π1(S, p) can be factorized

as f∗ = u ◦ v where u : π1(S, p)orb → π1(S, p) is the canonical epimorphism and

v : π1(X, p) → π1(S, p)orb is a natural homomorphism induced by f . Moreover, the
kernel of v coincides with the image of the group π1(f−1(p), p) in π1(X, p). In
particular it is finitely generated.

2. The map f : X → S is holomorphic as an orbifold map.

In what follows we will sometime abuse notations and use the symbol f∗ to denote the
morphism v appearing in Theorem 2.10. Before starting the proof, we make the following
observation.

Remark 2.11 Let S∗ be the set of regular values of f and X∗ = f−1(S∗). Let c be a
critical value of f , m(c) be the multiplicity of f−1(c) and γc be a small loop enclosing c in S.
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Then γ
m(c)
c is the image under f∗ : π1(X∗)→ π1(S∗) of a product of conjugates of powers of

the loops going around each irreducible component of f−1(c). Indeed if f−1(c) = F1∪· · ·∪Fs
is the decomposition of f−1(c) into irreducible components and if Fi has multiplicity mi

then γmic is the image of a small loop going once around a smooth point of Fi. By definition
of m(c) there exist integers a1, . . . as, such that

s∑
i=1

aimi = m(c).

This implies the result.

Proof of Theorem 2.10. For the first point, we follow the arguments given in [104]. Let
again S∗ = S − V (f). Note that here we remove all critical values of f , even those
corresponding to some fiber of multiplicity 1. Let X∗ = f−1(S∗). The map f : X∗ → S∗

is a locally trivial fibration since it is a smooth proper submersion. We thus have an exact
sequence

1 // π1(f−1(p), p) // π1(X∗, p) // π1(S∗, p) // 1. (2.2)

We apply Lemma 2.6 to the case where Y = X and A is the union of the singular fibers
of f . If γ is a small loop going once around an irreducible component of a singular fiber
of f , its image under the homomorphism π1(X∗, p)→ π1(S∗, p) is contained in the kernel

of the natural map π1(S∗, p) → πorb1 (S, p). Hence the map f∗ induces a homomorphism

v : π1(X, p)→ πorb1 (S, p) which makes the following diagram commutative:

1 // π1(f−1(p), p) //

��

π1(X∗, p)
f∗ //

��

π1(S∗, p) //

w

��

1

π1(f−1(p), p) // π1(X, p)
v // πorb1 (S, p) // 1.

(2.3)

The only thing left to establish the first point of Theorem 2.10 is to prove that the bottom
row of the above diagram is exact. It is clear that the homomorphism v is onto. So let
g ∈ π1(X, p) be in the kernel of v. Let g′ be a lift of g to π1(X∗, p). Hence f∗(g

′) lies in the
kernel of the homomorphism w. This kernel is normally generated by loops of the form

γ
m(c)
c where γc is a small loop enclosing a critical value c of f . Remark 2.11 implies that

one can replace g′ by another lift of g, say g̃ which lies in the kernel of f∗. But since (2.2)
is exact, g̃ must be in the image of the group π1(f−1(p), p). Hence g is also in the image
of the group π1(f−1(p), p); this completes the proof.

We now turn to the proof of the second point. Observe that the statement we need to
prove is obvious in a neighborhood of a smooth point of a singular fiber, by the definition
of the multiplicity of a fiber. We thus consider a point q which lies on a singular fiber
F = f−1(c) and which is not smooth. We fix a disk centered at c in S, that we identify
with the unit disk ∆ in C. Let B be a small enough ball centered at q. Consider the
restriction of f to B \ F :

f : B \ F → ∆∗.
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Let π : ∆∗ → ∆∗ be the covering map given by z 7→ zm(c). Thanks to Lemma 2.6, one
sees that the image of the fundamental group of B \ F by f∗ is contained in the image
of π∗. Hence there exists a holomorphic map f̃ : B \ F → ∆∗ such that π ◦ f̃ = f . By
Riemann’s extension theorem, f̃ extends to a holomorphic map from B to ∆ and this
gives the desired result. 2

2.3 A finiteness result

In this section, we prove a finiteness result established independently by Corlette and
Simpson [118] and Delzant [138]. This theorem is actually a theorem about all compact
complex manifolds, not about Kähler manifolds in particular. Before stating it, we intro-
duce a notion of equivalence for fibrations over hyperbolic orbifolds. We follow Delzant’s
definition [138].

Definition 2.12 Let Σi = (Si, Pi,mi) (i = 1, 2) be two hyperbolic orbifolds. An isomor-
phism between Σ1 and Σ2 is a holomorphic isomorphism s : S1 → S2 which maps P1 onto
P2 and such that m1(p) = m2(s(p)) for p ∈ P1.

Definition 2.13 Let X be a compact complex manifold, and let fi : X → Σi be two fibra-
tions onto some hyperbolic 2-orbifolds. We say that (Σ1, f1) and (Σ2, f2) are equivalent if
there exists an isomorphism s : Σ1 → Σ2 such that f2 = s ◦ f1.

We recall once more that the orbifold structures that we consider here are the ones
defined by the fibrations under consideration (Remark 2.9). The following lemma gives a
concrete way to check that two fibrations are equivalent.

Lemma 2.14 Two fibrations fi : X → Σi from a compact complex manifold to some
hyperbolic orbifolds are equivalent if and only if they have the same fibers, the same singular
fibers and if singular fibers correspond to orbifold points of the same multiplicity in Σ1 and
Σ2.

Proof. We assume that f1 and f2 have the same fibers, the same singular fibers and that
singular fibers give rise to points of the same multiplicity in Σ1 and Σ2. From this we
will build and isomorphism s : Σ1 → Σ2 such that f2 = s ◦ f1, the other implication being
obvious. Note that since the fibers of f1 and f2 are the same, the map s is uniquely defined
by the condition f2 = s◦f1. We have to check that s is biholomorphic and that it preserves
the orbifold points together with their multiplicities. Over the open set of regular values
of f1, one can pick, in a neighborhood of any point, a local holomorphic section t of f1.
Hence locally s = f2 ◦ t, which shows that s is holomorphic on the set of regular values.
Since s is continuous, this implies that s is holomorphic on all of Σ1. One proves similarly
that s−1 is holomorphic. The fact that s maps the set of orbifold points of Σ1 onto that
of Σ2 and preserves the multiplicities follows directly from the hypothesis. 2

Here is another way to check that two fibrations coincide (or not).
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Proposition 2.15 Let fi : X → Σi (i = 1, 2) be two fibrations onto some hyperbolic
orbifolds. The kernels of the homomorphisms (f1)∗ and (f2)∗ coincide if and only if f1

and f2 are equivalent.

We warn the reader that here (fi)∗ stands for the natural morphism π1(X)→ πorb1 (Σi)
associated to fi.

Proof. It is clear that Ker((f1)∗) = Ker((f2)∗) if f1 and f2 are equivalent. Thus, we
prove the other implication. Let F be a smooth fiber of f1. The image of π1(F ) in π1(X)
coincides with the kernel of (f1)∗. If Ker((f1)∗) = Ker((f2)∗), f2(F ) must be equal to a
point. Hence any smooth fiber of f1 is contained in a fiber of f2. This implies that the
same property holds for all fibers of f1. Furthermore, reversing the roles of f1 and f2 one
sees that f1 and f2 have exactly the same fibers (in particular they have the same singular
fibers2). This produces a natural identification h : Σ1 → Σ2 which maps regular (resp.
singular) values of f1 onto regular (resp. singular) values of f2. To prove that f1 and f2

are equivalent, one must finally check that the multiplicities of the orbifold points of Σ1

and Σ2 coincide. According to Remark 2.11, these multiplicities can be recovered from
the morphism induced on fundamental groups by the map

X∗i → Σ∗i

where Σ∗i is the set of regular values of fi and X∗i its preimage under fi. Since X∗1 = X∗2
and h identifies Σ∗1 and Σ∗2, the multiplicities coincide and Lemma 2.14 gives the desired
conclusion. 2

We can now state the finiteness result alluded to above.

Theorem 2.16 Let X be a compact complex manifold. Then the set of equivalence classes
of pairs (Σ, f) where Σ is a hyperbolic 2-orbifold and f : X → Σ is a fibration is finite.

In the course of the proof of Theorem 2.16, we will use the following definitions and
proposition.

Definition 2.17 Let G be any group. A sequence of representations %i : G → PSL2(R)
algebraically converges to a representation %∞ : G → PSL2(R) if for each g ∈ G, the
sequence

(%i(g))i≥0

converges to %∞(g) in PSL2(R).

We state the next definition in the general context of groups of isometries of the real
hyperbolic space Hn

R of dimension n. We will only use it in the case n = 2 in the present
chapter, but the definition will reappear later in the book. In the definition below ∂Hn

R
stands for the visual boundary of Hn

R and Isom(Hn
R) for its group of isometries.

Definition 2.18 A group G < Isom(Hn
R) is elementary if it fixes a point of Hn

R ∪ ∂Hn
R or

if it preserves a geodesic of Hn
R. It is nonelementary otherwise.

2The case of multiple fibers with smooth reduction is a nice exercise left to the reader.
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Remark 2.19 One can check that a subgroup G < Isom(Hn
R) is elementary if and only if

it has a finite orbit in Hn
R ∪ ∂Hn

R.

When n = 2 and the group G is contained in PSL2(R) (which is an index 2 subgroup
of Isom(H2

R)), it is easy to see that G is non-elementary if and only if G is Zariski dense
in PSL2(R).

To prove Theorem 2.16, we will need the following proposition about sequences of
representations with discrete image into PSL2(R).

Proposition 2.20 Let G be a finitely generated group. Let (%i)i≥0 be a sequence of rep-
resentations from G to PSL2(R) such that for every i the group %i(G) is discrete and
nonelementary. Assume that (%i) is algebraically convergent to a representation

%∞ : G→ PSL2(R).

Then %∞ has discrete and nonelementary image.

We refer the reader to [257] for a proof of this proposition or to [270] for much more
general statements concerning representations of finitely generated groups into rank 1 Lie
groups as well as for more references concerning the study of sequences of representations
of discrete groups into isometry groups of negatively curved spaces.

Besides the above proposition, the key idea to prove Theorem 2.16 is to use that
holomorphic maps between complex manifolds are 1-Lipschitz for the respective Kobayashi
pseudo-distances, together with compactness results for holomorphic maps and with the
fact that the unit disc in C is Kobayashi hyperbolic (i.e. has a non-degenerate Kobayashi
pseudo-distance). We start by collecting some definitions and facts about the Kobayashi
pseudo-distance on complex manifolds. Let ∆ be the unit disc in C with its hyperbolic
distance d∆. Let M be a complex manifold. The Kobayashi pseudo-distance dK,M on M
is defined as follows. If x, y ∈M we define

dK,M (x, y) = inf
n∑
j=0

d∆(aj , bj)

where the infimum is taken over all finite families of holomorphic maps fi : ∆→ M (1 ≤
i ≤ n) and of points (ai)1≤i≤n and (bi)1≤i≤n of ∆ such that f1(a1) = x, fi(bi) = fi+1(ai)
and fn(bn) = y. The function dK,M is a pseudo-distance (i.e. it satisfies all the properties
of a distance except that it could be degenerate) and it satisfies:

1. If M1 and M2 are complex manifolds, any holomorphic map F : M1 → M2 is 1-
Lipschitz for the corresponding pseudo-distances. In other words we have:

dK,M2(F (x), F (y)) ≤ dK,M1(x, y)

for x, y ∈M1;

2. If M is compact or is a covering space M → M0 of a compact manifold M0 and if
d is a Riemannian distance on M obtained by lifting a Riemannian metric on M0,
there exists a constant C such that dK,M ≤ Cd on M ×M ;
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3. On the unit disc, the Kobayashi pseudo-distance coincides with the original distance
d∆.

We refer the reader to [288, 289] for proofs of these facts.

Finally, before embarking into the proof of Theorem 2.16, we state and prove a last
lemma.

Lemma 2.21 There exists δ0 > 0 such that the following holds. For any discrete co-
compact subgroup Λ < PSL2(R), the diameter of the surface ∆/Λ is greater or equal to
δ0.

This is classical, although our statement of the lemma is very crude. For much more
precise results we refer the reader to [31, 72] for instance.

Proof. Let Λ be as in the lemma. We first assume that Λ is torsion-free. Let R be the
diameter of ∆/Λ. Then any disc DR of diameter R in ∆ projects onto ∆/Λ. Recall that
by the Gauss–Bonnet theorem, the area of ∆/Λ equals 2π(2g− 2) where g is the genus of
∆/Λ. Hence:

4π ≤ 2π(2g − 2) ≤ area(DR).

As area(DR) converges3 to 0 with R, this implies that there exists a universal ε > 0 such
that R ≥ ε.

In the general case, where Λ might have torsion, the proof is essentially similar. If a
disc DR projects onto ∆/Λ, then the area of any fundamental domain for Λ is bounded
above by the area of DR. Since the area of a fundamental domain equals −2π times the
orbifold Euler characteristic this implies:

2π|χ(∆/Λ)| ≤ area(DR).

Now it is easy to see from Equation (2.1) that |χ(∆/Λ)| ≥ 1
48 . Hence we get a positive

lower bound for the area of DR, hence for R. This concludes the proof. As a side comment,
note that there is actually a universal lower bound for the area of fundamental domains
of all discrete subgroups of PSL2(R), see Siegel’s article [401]. 2

Proof of Theorem 2.16. We fix once and for all an auxiliary Riemannian metric on X and
consider its lift to the universal cover X̃ of X. We denote by dX and d

X̃
the corresponding

distances. We argue by contradiction and assume that there exists a sequence of pairwise
non-equivalent fibrations fi : X → Σi onto some hyperbolic orbifolds. We write Σi = ∆/Λi
where Λi < PSL2(R) is a cocompact discrete subgroup. We pick some lifts

Fi : X̃ → ∆

of the maps fi. The maps Fi are holomorphic and equivariant with respect to the surjec-
tive homomorphisms %i := (fi)∗ : π1(X) → Λi. According to the discussion above about
Kobayashi pseudo-distances on complex manifolds, there exists a constant C ≥ 0, inde-
pendent of i such that Fi is C-Lipschitz for all i (with respect to the distances d∆ and
d
X̃

).

3Of course a simple computation yields area(DR) = 2π(ch(R)− 1).
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We fix a base point x0 ∈ X̃. Up to composing the maps Fi by an element of PSL2(R) and
changing the %i by some conjugate representations, we may assume that Fi(x0) = 0 ∈ ∆
for all i. Since Fi is C-Lipschitz this implies that for each γ ∈ π1(X) we have:

d∆(0, %i(γ)(0)) ≤ Cd
X̃

(x0, γ · x0). (2.4)

Now Equation (2.4) implies that for a fixed γ, the sequence (%i(γ))i≥0 is contained in a
compact subset of PSL2(R). Up to taking a subsequence, we thus assume that for each
γ ∈ π1(X) the sequence

(%i(γ))i≥0

converges to an element %∞(γ) ∈ PSL2(R). The map

%∞ : π1(X)→ PSL2(R)

is a homomorphism. According to Proposition 2.20, the representation %∞ has discrete
and nonelementary image. Now we can also assume that the maps Fi converge (uniformly
on compact sets) to a holomorphic map F∞ : X̃ → ∆. Indeed all the Fi map x0 to 0 and
are C-Lipschitz, hence the Arzela–Ascoli theorem implies that one can take a subsequence
which converges uniformly on compact subsets to a holomorphic map

F∞ : X̃ → ∆.

It is %∞-equivariant. Let us now check that %∞(π1(X)) is cocompact.4 Assume by con-
tradiction that it is not cocompact. The map F∞ induces a holomorphic map

F∞ : X → ∆/%∞(π1(X)).

The image of F∞ is a connected compact analytic subset of an open Riemann surface,
hence must be a point. This implies that F∞ is constant and then that %∞ fixes the
point F∞(X). This is a contradiction since %∞ is not elementary. Hence %∞(π1(X)) is
cocompact.

We can now conclude the proof of the theorem. Let

X
H // S // ∆/%∞(π1(X))

be the Stein factorization of the map F∞ (see Section 1.5). Let F be a smooth fiber of H.
Let q = H(F ) and let D be a small closed disc around q in S. The fact that Fi converges
uniformly to F∞ on compact subsets of X̃ implies the:

Claim. Let ε > 0. There exists an integer iε such that for all i ≥ iε and for all q′ ∈ D,
the norm of the differential of the map fi|H−1(q′) is smaller than ε at all points of H−1(q′).
Here we use the given Riemannian metric on X which induces a metric on all the H−1(q′)’s
and the hyperbolic metric on Σi.

5

4One can possibly also prove this directly, without appealing to the holomorphic map F∞.
5If a point p maps under fi to an orbifold point of Σi, what we really measure instead of the norm of

d(fi)p is the norm of dFi at a lift of p.
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The claim implies that for i ≥ iε, the diameter of fi(H
−1(q′)) is smaller than εL where

L is the supremum of the diameters of the H−1(q′). If δ0 is as in Lemma 2.21 and if εL < δ0

then fi(H
−1(q′)) cannot be equal to all of Σi. Hence it must be equal to a point and each

fiber H−1(q′) is contained in a fiber of fi. This defines a nonconstant holomorphic map

ui : D → Σi.

We fix i and j greater or equal to iε. If q′ is such that ui(q
′) (resp. uj(q

′)) is a regular
value of fi (resp. fj) then H−1(q′) must coincide with a smooth fiber of fi and also with
a smooth fiber of fj . Hence fi and fj have a common smooth fiber. This implies that
the kernel of the induced morphisms (fi)∗ and (fj)∗ are the same. Proposition 2.15 then
implies that fi and fj are equivalent. This is a contradiction. 2

Remark 2.22 Let E = C/Γ be an elliptic curve, where Γ is a lattice in C. Let X = E×E.
The group GL2(Z) acts on X, a matrix(

a b
c d

)
acting by the map (x, y) 7→ (ax+by, cx+dy). By precomposing the first projection X → E
by the action of an arbitrary element of GL2(Z), we obtain infinitely many fibrations from
X onto E, showing that Theorem 2.16 does not hold for non-hyperbolic orbifolds.

2.4 Recognizing fibrations

Let X be a compact Kähler manifold and let Λ < PSL2(R) be a cocompact discrete
subgroup. Let

φ : π1(X)→ Λ (2.5)

be a surjective homomorphism. How can one detect whether φ is induced by a holomorphic
fibration onto a hyperbolic orbifold? Note that there exist many criteria to produce
fibrations onto hyperbolic orbifolds, starting from a topological or geometric hypothesis
on X, see Chapter 2 of [5] for some examples. We will discuss some of these criteria as well
as some new ones in Chapters 4 and 5. Here we want to explain how to recognize from
a homomorphism as in (2.5) the presence of a fibration. For this we have the following
theorem due to Catanese [105, 106].

Theorem 2.23 Assume that the kernel of φ is finitely generated. Then there exists a
holomorphic fibration

f : X → Σ

onto a hyperbolic 2-orbifold and an isomorphism ψ : πorb1 (Σ)→ Λ such that φ = ψ ◦ f∗.

Note that the hypothesis on the kernel of φ is necessary, according to Theorem 2.10.
Strictly speaking, this theorem was proved in [105] in the case where Λ is a surface group,
i.e. is torsion free. The general case (where Λ is allowed to have torsion) appears in [106].
A different proof, was later given in [140]. An important ingredient used in the proof of
Theorem 2.23 is the following result.
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Theorem 2.24 Let G be a nonabelian free group, or a cocompact discrete subgroup of
PSL2(R). Let N be a nontrivial finitely generated normal subgroup of G. Then N has
finite index.

In the case of free groups, this result is due to Schreier [389]. A modern proof of
Theorem 2.24 can be found in [105] for instance (see Lemmas 3.3 and 3.4 there). Gener-
alizations of this result have been obtained by Gaboriau [197, Th. 6.8], and Bridson and
Howie [61]. See also [299] for applications of Gaboriau’s result to the context of Kähler
groups.

Proof of Theorem 2.23. We use a factorization result proved in Chapter 9. Consider the
action of π1(X) on the unit disc ∆ ⊂ C obtained by composing φ with the natural action
of Λ on ∆. Then Theorem 9.31 implies that there exists a fibration

f : X → Σ

onto a hyperbolic orbifold and a morphism ψ : πorb1 (Σ) → Λ such that φ = ψ ◦ f∗. Since
Ker(φ) is finitely generated, so is the group

Ker(ψ) = f∗(Ker(φ)).

Theorem 2.24 implies that Ker(ψ) is trivial or has finite index. It cannot have finite index
as ψ is onto. Hence Ker(ψ) is trivial; ψ is an isomorphism. 2

As a consequence of Theorem 2.23, if Γ is a Kähler group and if φ : Γ → Λ is an
epimorphism onto a cocompact discrete subgroup of PSL2(R), the fact that φ is induced
(or not) by a holomorphic fibration onto a hyperbolic orbifold is independent of the choice
of a closed Kähler manifold having Γ as its fundamental group.

Finally, we close this chapter by mentioning the following definition or convention,
which will be used extensively throughout the book.

Definition 2.25 A surface group is the fundamental group of a closed oriented surface of
genus greater than 1.

Any cocompact discrete subgroup of PSL2(R) has a finite index subgroup which is a
surface group. Indeed any torsion-free finite index subgroup is a surface group.
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CHAPTER 3

The fibration problem: from infinite to finite covers

The purpose of this short chapter is to study fibrations from infinite covering spaces of
compact Kähler manifolds onto Riemann surfaces. We recall that fibrations onto Riemann
surfaces have been defined in Chapter 2 (see Definition 2.7). We will prove the following
theorem:

Theorem 3.1 Let X be a compact Kähler manifold and let u : Y → X be an infinite
covering space. Assume that there exists a proper fibration p : Y → Σ onto a Riemann
surface. Then p induces a fibration on a finite covering space of X.

To be more precise, the conclusion of the theorem means that there exists a finite
covering space X1 → X such that π1(Y ) < π1(X1) < π1(X) (see Convention 1.14), a
fibration p1 : X1 → Σ1 onto a closed Riemann surface and a holomorphic map f : Σ→ Σ1

such that the following diagram is commutative:

Y
p //

��

Σ

f
��

X1
p1 // Σ1.

This theorem appears for instance in [352, Prop. 4.1], [141, §5.6] and in a slightly different
form in [294, Prop. 2.11]. See also Remark 1.2.3 p. 490 in [82]. We will make use of
Theorem 3.1 in Chapter 6 (see Section 6.2). Its proof is given in Section 3.1. In Section 3.2,
we state another result (Theorem 3.7) giving a sufficient condition for a closed holomorphic
1-form defined on a covering space of a compact Kähler manifold to come from the base of
a fibration. These two theorems are sometimes used together in applications. Theorem 3.7
will be used e.g. in Section 5.2.
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3.1 From infinite to finite covers

To prove Theorem 3.1, we start by examining the case where Y is a Galois cover of X.
The proof is much simpler in this case.

So assume that Y → X is a Galois cover, with Galois group G acting on Y . For x ∈ Σ,
let Fx = p−1(x) be the fiber of p above the point x. Fix an element g in G and a point
x in Σ. Then g(Fx) is a compact analytic set. The map p being proper, p(g(Fx)) is an
analytic subset of Σ. This follows from a classical theorem due to Remmert, see e.g. [112,
§5.8], [210, Ch. 10 §6] or [235, Ch. V §C]. But since p(g(Fx)) is compact and connected,
it must be a single point. Hence g(Fx) is contained in a fiber Fy:

g(Fx) ⊂ Fy.

Applying the same reasoning to the fiber Fy and to g−1, one sees that g−1(Fy) must also
be contained in a fiber, hence g(Fx) = Fy. This implies that there is a G-action on Σ
which makes p equivariant. It is easy to see that this action is by biholomorphisms of
Σ. Since the map p is proper, this action must be properly discontinuous. Hence Σ/G
naturally carries the structure of a Riemann surface and the induced map X → Σ/G is a
fibration.

We now treat the more difficult case where the covering space Y → X is not assumed
to be Galois. The key proposition is the following. We identify π1(Y ) with a subgroup
of π1(X) through the covering map Y → X and let H be the image of the fundamental
group of a generic fiber of p in the fundamental group of X. By “generic” we mean that
the corresponding value of p is a regular value, i.e. the fiber does not contain any critical
point of p. Note that H is well-defined only up to conjugation, but this does not affect
the following statement.

Proposition 3.2 The normalizer of H has finite index in π1(X).

Remark 3.3 In general the normalizer of π1(Y ) in π1(X) does not have finite index in
π1(X). A simple example of this situation is given by the case where X = Z × S where Z
is a compact Kähler manifold and S is a closed Riemann surface. One can pick a covering
space S1 → S such that the normalizer of π1(S1) in π1(S) has infinite index. One then
considers the fibration Y := Z × S1 → S1 given by the second projection.

We explain how to deduce the proof of Theorem 3.1 from Proposition 3.2. Consider
the covering space π : Y1 → Y corresponding to the subgroup H < π1(Y ) (here we assume
that a base point has been fixed). We endow Σ with the orbifold structure induced by p
(see Chapter 2). The map p ◦ π can be lifted to a map v : Y1 → Σ̃ where Σ̃ is the orbifold
universal cover of Σ. Since the kernel of the map p∗ : π1(Y ) → πorb1 (Σ) is generated by a
smooth fiber of p, one sees that v has compact and connected fibers. Let X1 → X be the
finite covering space whose fundamental group is the normalizer of H. Then the space Y1

covers X1 and the covering space

Y1 → X1
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is Galois. We can thus apply the first part of the argument to the fibration v : Y1 → Σ̃
and obtain that the fundamental group of X1 acts on Σ̃ in such a way that v is π1(X1)-
equivariant. This produces a fibration of X1 onto Σ̃/π1(X1) and concludes the proof of
the theorem.

Remark 3.4 The group π1(Y ) is always contained in the normalizer of H, as H is the
kernel of the morphism p∗ : π1(Y )→ πorb1 (Σ).

We now turn to the proof of Proposition 3.2. This is the key point for the proof of
the theorem. We follow the arguments given by Delzant and Gromov in [141]. We write
f : Ỹ → Y for the universal cover of Y . Recall that u is the covering map Y → X. We
pick a base point ỹ0 in Ỹ and let y0 = f(ỹ0) and x0 = u(y0) be the images of ỹ0 in Y and
X respectively. If y1 is a point of u−1(x0) ⊂ Y , by choosing a path from y0 to y1 in Y ,
one sees that the image of π1(Fp(y1), y1) in π1(X,x0) is equal to a conjugate of the image
of π1(Fp(y0), y0) and that any conjugate of the latter is of this form. Calling H the image
of π1(Fp(y0), y0) in π1(X,x0), we must prove that H has a finite number of conjugates in
π1(X,x0). In other words we must prove that the images

Im(π1(Fp(y1), y1)→ π1(X,x0)) (3.1)

form a finite family of subgroups when y1 runs over u−1(x0). We will need the following
classical proposition. For its proof, we refer the reader to Section 4.2 of Chapter 4 in [5].
Although the exact statement of this proposition does not appear there, it can be deduced
from the arguments presented for the proof of Proposition 4.19 in [5]. The statement
below also appears in [73].

Proposition 3.5 Let W be a complete Kähler manifold of bounded geometry. Then for
any ε > 0 and any v ≥ 0 there exists a constant C(v, ε) such that any closed complex
submanifold M ⊂ W of volume bounded by v can be covered by C(v, ε) closed balls of
radius ε. In particular any closed complex submanifold of W of finite volume is compact.

To apply the previous proposition we observe that the volume of a smooth fiber of p is
independent of the fiber. Indeed if n = dimC(X), the volume of a smooth fiber is simply
the integral of the closed form

ωn−1

(n− 1)!

over that fiber. If Z ⊂ Σ is the set of critical values of p, the map

p : Y − p−1(Z)→ Σ− Z

is a smooth fiber bundle with connected base. Hence all smooth fibers are homologous in
Y and have the same volume, denoted by v. We can pick y0 from the beginning in such
a way that all fibers Fp(y1) for y1 ∈ u−1(x0) are smooth. Let ε > 0. For y1 ∈ u−1(x0),
the fiber Fp(y1) can be covered by C(v, ε) balls of radius ε. If ε is small enough, the group
appearing in (3.1) depends only on the image of the 1-skeleton of the nerve of that cover
in the fundamental group of X. But there exists D(v, ε) ≥ 0 such that this image is
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generated by loops of length bounded by D(v, ε). These elements form a finite family F
of π1(X,x0). In other words, we have proved that for any y1 in u−1(x0) the group in (3.1)
can be generated by a subset of F . This proves that this family of subgroups is finite and
finishes the proof of Theorem 3.1.

Remark 3.6 One can also give a proof of Theorem 3.1 using the Chow space (or Barlet
space, or cycle space) of X as in [82, 294].

3.2 From a compact leaf to a fibration

We close this chapter by mentioning another classical result, due to Delzant and Gro-
mov [141], that will be used later on. However we will not explain the proof here, but
refer the reader instead to [141, §4].

As before, X is a closed Kähler manifold. We consider a covering space Y → X and
a nonzero closed holomorphic 1-form α on Y . The fact that α is closed is automatic if
Y is compact (by classical Hodge theory, see [447, §7.1.1]) or if α is L2. Indeed in the
later case, α must be harmonic (see Theorem D.10) and L2 harmonic forms are closed on
complete Riemannian manifolds. A proof of this fact can be founds e.g. in [224, §1.1.B].
This result goes back to [200].

Recall that α defines a possibly singular holomorphic foliation on Y defined as follows.
We consider the collection of all connected open sets U ⊂ Y such that the restriction of α
to U admits a primitive fU : U → C. We now declare that two points of U are equivalent
if they are contained in the same connected component of a level set of fU . This defines an
equivalence relation 'U on U . We denote by ' the equivalence relation on Y generated
by all these relations (when the open sets U vary). The foliation defined by α is the
foliation whose leaves are the equivalence classes of '. Outside the zero set of α, this
foliation is a smooth foliation. We can now state the following theorem, due to Delzant
and Gromov [141].

Theorem 3.7 If the foliation associated to α has a compact leaf, then it is induced by
a fibration onto a Riemann surface, i.e. there exists a Riemann surface Σ and a proper
holomorphic map p : Y → Σ with connected fibers such that the leaves of the foliation
associated to α are exactly the fibers of p.

Remark 3.8 In the statement above, one can also show that the form α is the pull-back
of a holomorphic 1-form defined on Σ. Indeed, α is exact in a neighborhood of any fiber.
If V is an open set of Σ such that α = df on p−1(V ), for some holomorphic function
f : p−1(V ) → C, then f is constant on each fiber p−1(x) (x ∈ V ) since these fibers are
compact. Hence f and α descend to V .

Remark 3.9 Theorem 3.7 still holds when Y is a complete Kähler manifold of bounded
geometry, not necessarily a covering space of a closed Kähler manifold. The proof given
in [141, §4] applies in this more general context. Note that results which are very similar
to Theorem 3.7 also appear in [5, 14, 223].
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Theorem 3.7 can of course be combined with Theorem 3.1 to produce fibrations from
a finite cover of X onto a Riemann surface, starting from a holomorphic 1-form defined
on an infinite covering space.
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CHAPTER 4

The theorem of Castelnuovo–de Franchis and its variants

The purpose of this chapter is to introduce the classical Castelnuovo–de Franchis Theorem1

and to present several variants of it. Informally speaking, this theorem gives a way to
build fibrations from compact Kähler manifolds onto Riemann surfaces of genus at least
2, starting from two holomorphic 1-forms with vanishing exterior product.

We first present its classical version, together with other classical results due to Beauville,
Catanese and Siu in Section 4.1. Afterwards we present in Section 4.2 a variation on this
theorem due to Beauville [33], which involves holomorphic forms with values in a flat line
bundle. This variant is useful to study Green–Lazarsfeld sets and solvable quotients of
Kähler groups. Finally, Section 4.3 presents the L2 version of the Castelnuvo–de Franchis
theorem and Section 4.4 presents Gromov’s cup product lemma and a variant of it due to
Napier and Ramachandran.

A large part of the material exposed in this chapter already apppears in the book [5].
Yet, our exposition sometimes differs from [5]. Also, the content of Section 4.2 is not
discussed in [5] and we have included some results from the more recent article [355].

4.1 The classical Castelnuovo–de Franchis theorem

We start with the following basic observation: if S is a closed Riemann surface, and if β1

and β2 are holomorphic 1-forms on S, we have:

β1 ∧ β2 = 0

as there is no nonzero (2, 0) form on S. Hence if X is a compact Kähler manifold and if
f : X → S is a fibration one has f∗β1 ∧ f∗β2 = 0 as f∗ respects the exterior product. The

1See [101, 132] for the original references.
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classical Castelnuovo–de Franchis Theorem is a converse to this observation, namely:

Theorem 4.1 Let X be a compact Kähler manifold and let α1 and α2 be C-linearly inde-
pendent holomorphic 1-forms. Suppose that α1 ∧α2 = 0. Then there exists a holomorphic
map with connected fibers f : X → Σ onto a Riemann surface of genus ≥ 2, and holomor-
phic 1-forms βi on Σ such that αi = f∗βi (i = 1, 2).

From this theorem, one easily deduces the following variant:

Corollary 4.2 Let X be a compact Kähler manifold and let U ⊂ H0(X,Ω1
X) be a subspace

of dimension ≥ 2 which is isotropic for the cup product. Then there exists a holomorphic
map with connected fibers f : X → S onto a Riemann surface of genus ≥ 2, such that U
is contained in the space f∗H0(S,Ω1

S). If U is maximal isotropic, then S is of genus equal
to dimU and we have U = f∗H0(S,Ω1

S).

Proof of Corollary 4.2. We first note that if α is a holomorphic 1-form on X which is
the pull-back of a holomorphic 1-form on a Riemann surface under a fibration, then the
fibration is uniquely determined by α. Now if α1, . . . , αr is a basis of U , we can apply
Theorem 4.1 to α1 and αj for each j ∈ {2, . . . , r}. We obtain r − 1 fibrations such that
α1 is the bull-back of a form on the base of each of these fibrations. By the uniqueness
statement we have just discussed, all these fibrations coincide. This proves the corollary.
2

We now mention another theorem which can be deduced from Theorem 4.1. It was
obtained independently by Beauville [34] and Siu [416].

Theorem 4.3 (Beauville, Siu) Let X be a compact Kähler manifold and g ≥ 2 be an
integer. Then there exists a holomorphic map f : X → S onto a Riemann surface of genus
g′ ≥ g and with connected fibers if and only if there exists a surjective homomorphism
π1(X)→ π1(Sg).

We refer to [5] for a proof of Theorem 4.3. An important consequence of it is that
the property of admitting a fibration onto a Riemann surface of genus at least 2 is a
topological property for compact Kähler manifolds: it depends only on their fundamental
group. Note that there exists much more variations or applications of the Castelnuovo–
de Franchis Theorem. For instance there is a (topological) version of Corollary 4.2 due
to Catanese, which deals with isotropic subspaces of H1(X,R) (see Corollary 2.9 in [5]
or [103]). One can also detect fibrations of compact Kähler manifolds onto Riemann
surfaces through surjective homomorphisms to nonabelian free groups (as they also give
rise to isotropic subspaces of H1, see Remark 2.13 in [5]). For all of this and more we refer
to Chapter 2 of [5].

We will now turn to the proof of Theorem 4.1. We will make use of the following propo-
sition due to Napier [351]. Although one can prove Theorem 4.1 without this proposition,
we will use it here as it is well-suited for some noncompact versions of the Castelnuovo–de
Franchis Theorem that we will study later.
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Proposition 4.4 Let ω1 and ω2 be two linearly independent closed holomorphic 1-forms
on a connected complex manifold M . Assume that ω1∧ω2 = 0. Let ϕ be the meromorphic
function such that ω1 = ϕω2. Then ϕ has no point of indeterminacy, i.e. it defines a
holomorphic map M → P1. Furthermore, ϕ is locally constant on the set {x ∈M, (ω1)x =
0} ∪ {x ∈M, (ω2)x = 0}.

Note that the manifold M is neither assumed to be compact, nor Kähler. This propo-
sition is essentially a local statement. The fact that the forms are closed is of course
crucial.

Proof of Proposition 4.4. We follow very closely the proof given in [351] (see Lemma 2.2
there). We let I be the indeterminacy set of ϕ and assume by contradiction that I is
nonempty. We thus have a non-constant holomorphic map

ϕ : M \ I → CP1.

Let ξ be a point of CP1. We define

Fξ := {x ∈M \ I, ϕ(x) = ξ}.

The set Fξ is an analytic set of pure dimension n − 1 which contains I. The fact that it
is analytic follows from a classical theorem on extensions of analytic sets (see e.g. [210, p.
181]). Let us recall why it contains I. We prove this in the case where ξ =∞, the general
case being similar, up to applying a homography. Suppose then by contradiction that a
point z ∈ I does not lie in F∞. Then there is an open set U around z which does not
intersect F∞. Thus ϕ defines a complex-valued holomorphic function on U − I. Since I
has codimension at least 2, ϕ has a holomorphic extension to U . But this contradicts the
definition of I (since I ∩ U is nonempty). We also note that

Fξ1 ∩ Fξ2 = I

for any pair of distinct points ξ1, ξ2 in CP1. Let us now fix a point x0 ∈ I. Let U be
a neighborhood of x0 on which ω1 and ω2 are exact and let fi : U → C (i = 1, 2) be
two holomorphic functions such that ωi = dfi on U . We claim that f1 (and also f2) is
locally constant on Fξ ∩ U for each point ξ ∈ CP1. Let us first explain how to derive a
contradiction and conclude the proof of the first point of the proposition from this. We will
show that the level set f−1

1 (f1(x0)) contains infinitely many distinct (n − 1)-dimensional
analytic sets passing through x0; this is a contradiction. After possibly shrinking U , we
assume that f−1

1 (f1(x0)) ∩ U has a decomposition into local irreducible components:

f−1
1 (f1(x0)) ∩ U = V1 ∪ · · · ∪ Vr

and that Fξ ∩U ⊂ f−1
1 (f1(x0)). This implies (see [210, p. 103]) that Fξ contains the germ

of one of the Vi’s. Choose now two points ξ1 and ξ2 in CP1 and some index ` ∈ {1, . . . , r}
such that Fξ1 and Fξ2 both contain the germ of V`. This implies that Fξ1 ∩ Fξ2 contains
the germ of V`. But this is a contradiction since Fξ1 ∩ Fξ2 = I which has codimension at
least 2.
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We now prove the claim. It is enough to prove that f1 and f2 are locally constant
on the smooth part of Fξ. So let p be such a smooth point. We will prove that df2(p)
vanishes on the tangent space of Fξ at p (by symmetry, the same statement will be true
for df1). We can assume that df2(p) is nonzero otherwise the statement is trivial. So we
pick local coordinates (z1, . . . , zn) centered at p such that f2(z) = z1. Since ω1 ∧ ω2 = 0
f1 is a function of z1 only. We abuse notations and write f1(z) = f1(z1). The function ϕ
is now equal to:

ϕ(z) = f ′1(z1).

Hence the level set z1 = 0 is locally contained in Fξ and so coincides with it locally. This
implies that df2(p) = 0 on the tangent space of Fξ and concludes the proof of the claim.

Finally let us prove the last point of the proposition. As before we restrict ourselves to
an open set U where ω1 and ω2 are exact. We write fi : U → C for a primitive of ωi on
U (for i = 1, 2). We prove that ϕ is locally constant on the set

{x ∈ U, (ω1)x = 0} ∪ {x ∈ U, (ω2)x = 0}.

Let A be an irreducible component of the set

{x ∈ U, (ω1)x = 0}.

We will prove that ϕ is constant on A. This will prove that ϕ is locally constant on
{x ∈ U, (ω1)x = 0} (and similarly it is locally constant on {x ∈ U, (ω2)x = 0}). The set A
is contained in a level set of the function

f1 · f2 : U → C,

we assume for simplicity that A ⊂ {f1 · f2 = 0}. Let T be an irreducible component of
{f1 · f2 = 0} containing A. We prove that ϕ is constant on T . It is enough to prove that
it is locally constant on the smooth part of T . Let p be a smooth point of T not lying on
any other irreducible component of {f1 ·f2 = 0}. Let (z1, . . . , zn) be local coordinates near
p such that locally T = {z1 = 0}. We write fj(z) = z

mj
1 gj(z) near p, where the functions

gj do not vanish at p. One of the integers m1 and m2 must be positive. We assume that
m1 > 0. By taking an m1-th root of g1 and changing the coordinates, we now assume
that: {

f1(z) = zm1
1 ,

f2(z) = zm2
1 g2(z).

The fact that df1 ∧ df2 = 0 implies that g2 is a function of z1 only. Hence we can consider

f1 and f2 as functions of z1 only. The function ϕ is then given by ϕ(z) =
f ′1(z1)
f ′2(z1)

. It depends

only on z1 hence is constant on a neighborhood of p in T . 2

We now turn to the proof of the Castelnuovo–de Franchis theorem.

Proof of Theorem 4.1. The forms αi are automatically closed since X is compact [447, Cor.
7.6]. Let ϕ be the meromorphic map such that α1 = ϕα2. According to Proposition 4.4,
ϕ has no point of indeterminacy, i.e. is a holomorphic map ϕ : M → P1. Let

M
f // S // P1
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be its Stein factorization (see Section 1.5). Note that by definition, the fibers of f are the
connected components of the fibers of ϕ. We will prove that for each point p in M which
is not a critical point of f , α1 vanishes on the tangent space to the fiber of f at p. It
is easily seen that this implies that α1 is the pull-back of a form on S. We can assume
that α1 is nonzero at p, otherwise the conclusion is obvious. This hypothesis implies that
u := ϕ−1 takes values in C near p. Since α1 and α2 are closed we have:

du ∧ α1 = 0.

Now at a point where du is nonzero the kernels of du and df are the same. This implies
that α1, du, df have the same kernel at each point (near p) where du 6= 0. But since
these points are dense, df and α1 have the same kernel near p. This concludes the proof
of Theorem 4.1. 2

4.2 Castelnuovo–de Franchis and flat bundles

Let X be a compact Kähler manifold. We state here a version of Theorem 4.1 where one of
the two holomorphic 1-forms takes values in a flat holomorphic line bundle. This version is
due to Beauville [33]. It will be useful in the study of solvable quotients of Kähler groups
that we will undertake in Chapter 12.

In the following we will say that a holomorphic line bundle L → M over a complex
manifold M is flat if it admits transition functions which are locally constant. One can
construct flat line bundles in the following way. Let M̃ be the universal cover of M . We
start with a homomorphism

χ : π1(M)→ C∗

and consider the diagonal action of π1(M) on M̃ × C where the action on M̃ is by deck
transformations and the action on C is by multiplication by the character χ. The projection
M̃ × C→ M̃ induces a projection

Lχ :=
(
M̃ × C

)
/π1(M)→M (4.1)

which gives Lχ the structure of a line bundle on M . By construction Lχ is flat. Moreover,
one can prove that any flat line bundle is obtained in this way.

Recall that any line bundle L on M has a first Chern class c1(L) ∈ H2(M,Z). The
real first Chern class of L is the image of c1(L) in H2(M,R) under the natural map
H2(M,Z)→ H2(M,R). Using this language, we have the following proposition.

Proposition 4.5 Any flat holomorphic line bundle on M has vanishing real first Chern
class. If M is closed Kähler, the converse also holds: any holomorphic line bundle with
vanishing real first Chern class is flat.

We refer to [373, §2] for instance for a proof of this proposition. We now have the
following result, which generalizes the classical Castelnuovo–de Franchis theorem.
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Theorem 4.6 Let ω be a nonzero holomorphic 1-form on X. Assume that there exists
α ∈ H0(X,Ω1 ⊗L) such that ω ∧α = 0 but α does not lie in the image of the cup product
map

H0(X,L)
∧ω // H0(X,Ω1 ⊗ L) (4.2)

Then there exists a fibration p : X → Σ onto a Riemann surface of genus at least 1 and a
holomorphic 1-form ω0 on Σ such that ω = p∗ω0.

Remark 4.7 When L is trivial the hypothesis that α does not lie in the image of the
map (4.2) means that α is not proportional to ω as in the classical Castelnuovo–de Franchis
theorem.

The statement proved by Beauville in [33] is more precise. Not only ω is related to
the fibration p, but L also is. However we content ourselves with this statement here and
will prove a little bit more when needed in Chapter 12. We will also use the following
result: if L is a flat line bundle on a closed Kähler manifold X, then there exists a unique
unitary homomorphism χ0 : π1(X) → S1 such that L is isomorphic to Lχ0 (as defined
in (4.1)). Moreover any holomorphic 1-form with values into L is flat for the natural
unitary connection induced by χ0. These two facts will be discussed in Chapter 12. The
existence of the unitary character χ0 is established in Proposition 12.16. The assertion
about flatness of holomorphic forms follows from classical Hodge theory and is briefly
discussed at the beginning of Section 12.2.

Proof of Theorem 4.6. We follow [33, p. 8]. The fact that α ∧ ω = 0 implies that there
exists a meromorphic section ϕ of L such that

α = ωϕ. (4.3)

The arguments given in the proof of Proposition 4.4 are purely local and can be applied in
some open set of X where a unitary trivialization of L has been fixed. Hence this implies
that ϕ defines a holomorphic section of the P1-bundle P(L⊕C) over X. We use here that
α, read in any unitary flat trivialization, is closed. The closedness of α, together with (4.3)
also implies that

dϕ ∧ ω = 0,

on the open set O where ϕ takes values into L ⊂ P(L ⊕ C). This implies that one can
write

dϕ = aϕω (4.4)

for some meromorphic function a. Applying once more Proposition 4.4 (to the forms dϕ
and ϕω) on the open set O, one sees that a is a holomorphic function to P1 on O. Using
that ϕ is a holomorphic section of the bundle P(L⊕ C) one actually sees that a defines a
holomorphic map to P1 on all of X.

Let us now explain why a is not constant. If it were constant, we would have dϕ = aα
for some a ∈ C∗, combining Equations (4.3) and (4.4). But the hypothesis that α does
not lie in the image of the cup product map (4.2) implies that ϕ has some poles. Near a
generic point of the divisor of poles of ϕ we can write ϕ(z1, . . . , zn) = z−k1 in a flat unitary
trivialization, for some integer k ≥ 1 and for suitable holomorphic coordinates. We then
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have α =
−kz−k−1

1 dz1
a which contradicts the fact that α is holomorphic. Hence a is not

constant.

We can now consider the Stein factorization of the map a : X → P1, this provides a
fibration X → S. We prove as in the classical Castelnuovo–de Franchis theorem that ω is
the pull-back of a holomorphic form on S. 2

4.3 The L2-case

We now turn to some versions of the Castelnuovo–de Franchis Theorem which hold for
certain open Kähler manifolds. In this case one considers a pair of harmonic or holomorphic
1-forms satisfying some integrability conditions and with vanishing exterior product and
one tries to build a proper map to a Riemann surface. There are plenty of theorems of
this kind in the literature; we refer notably the reader to [5, 14, 355]. Here we start with
the following statement taken from the article [355] (see Theorem 0.1 there).

Theorem 4.8 Let X be a complete Kähler manifold of bounded geometry. Let ω1 and
ω2 be two linearly independent closed holomorphic 1-forms on X such that ω1 ∧ ω2 = 0.
Assume furthermore that ω1 is L2. Then there exists a hyperbolic Riemann surface Σ,
holomorphic 1-forms α1 and α2 on Σ and a fibration f : X → Σ such that ωi = f∗αi
(i = 1, 2).

Fibrations were introduced in Definition 2.7, we recall that they are proper maps. We
now state two consequences of this theorem, both taken from [355] (the two corollaries
below appear jointly as Corollary 1.2 in [355]).

Corollary 4.9 Let X be a complete Kähler manifold of bounded geometry. Let h1 and
h2 be two real-valued pluriharmonic functions. Assume that dh1 and dh2 are independent,
that h1 is of finite energy and that dh1,0

1 ∧dh
1,0
2 = 0. Then there exists a fibration p : X → Σ

and harmonic functions vi : Σ→ R (i = 1, 2) such that hi = vi ◦ p.

In the statement above, we say that h1 is of finite energy if∫
X
|dh1|2ωn <∞.

The previous corollary immediately implies:

Corollary 4.10 Let X be a complete Kähler manifold of bounded geometry. If there exists
a nonconstant holomorphic map f : X → C of finite energy on X, then there is a fibration
p : X → Σ onto a Riemann surface (and f descends to Σ).

Proof of Corollary 4.9. The pointwise norms of dh1 and dh1,0
1 are proportional, hence dh1,0

1

is L2 since dh1 is. If the forms dh1,0
1 and dh1,0

2 are independent, we can apply Theorem 4.8
to obtain a proper fibration onto a Riemann surface. Then the maximum principle implies
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that the functions hi are constant on the fibers of the fibration and we obtain the desired
conclusion.

We now assume that dh1,0
1 and dh1,0

2 are dependent. There exists (a, b) ∈ C2−{0} such
that

adh1,0
1 + bdh1,0

2 = 0. (4.5)

Hence the function

h := ah1 + bh2

is nonconstant and holomorphic. The independence of dh1 and dh2 is used at this point, to
check that h is nonconstant. Note that a and b must both be nonzero, hence Equation (4.5)
implies that both h1 and h2 have finite energy. Hence h has finite energy too. We can then
consider the holomorphic 1-forms ω1 = dh and ω2 = hdh. There are linearly independent
and ω1 is in L2. Thus Theorem 4.8 applies and the proof is finished. 2

Proof of Theorem 4.8. We follow closely the proof given in [355] (Chapter 4 of [5] also
contains very similar arguments). We write ω1 = ϕω2 where ϕ is a meromorphic function.
Proposition 4.4 implies that ϕ defines a holomorphic map from X to P1. We first observe
that the (singular) holomorphic foliations defined by ω1, ω2 and by dϕ coincide. The
foliation associated to ωi has been defined in Chapter 3 (see the beginning of Section 3.2
there). The foliation associated to dϕ is defined similarly. Now the equation

ω1 ∧ ω2 = 0

implies that the foliations associated to ω1 and ω2 coincide. To see that the foliation
associated to dϕ is also the same we argue as follows. On the open set {ϕ 6= ∞} we can
differentiate the equation ω1 = ϕω2. Since ω1 is closed we obtain dϕ ∧ ω2 = 0. Hence the
equivalence relations spanned by dϕ and ω2 on {ϕ 6=∞} coincide. By considering ϕ−1 on
the open set {ϕ 6= 0} one sees that the two equivalence relations coincide on all of X. We
denote by F this foliation. The leaves of F can alternatively be defined as the connected
components of the level sets of ϕ.

Our aim is now to find a compact leaf for this foliation, Theorem 3.7 (see also Re-
mark 3.9) then gives the desired conclusion. We follow [355]. We pick a regular value ξ of
ϕ and a point p ∈ ϕ−1(ξ). We assume that ξ = 0 to simplify notations. We choose local
coordinates (z1, . . . , zn) on a polydisc U = D1×· · ·×Dn, centered at p such that ϕ(z) = z1

on U . Let Ω be the union of the leaves of F passing through some point of U . This is an
open set of X. A proof of this fact is given in [355, p. 32]. One can also argue as follows:
one takes a point q in Ω, connect it by a path γ in a leaf of F to a point of U and cover γ
by finitely many patches where ω1 is exact. By considering local primitives of ω1 on these
patches (or possibly roots of these primitive to ensure that they have connected level sets)
one sees that points close to q can be connected to a point of U by a path staying in a
leaf of F . In the case where F has no singularities in a neighborhood of γ, this simply
amounts to considering the holonomy of the foliation.

We fix a primitive h of ω1 on U . Note that h is a function of z1 only. Let

h0 : Ω→ C
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be the function defined by h0 = h◦ϕ. Here we make a slight abuse of notation and think of
ϕ|Ω as a function taking values in D1. One has h0 = h on U . Since the relation dh0 = ω1

holds on U it also holds on Ω. This implies that h0 has finite energy on Ω since ω1 is L2

on all of X. We now have the coarea formula (see [191, §3.2]) which reads as follows:

∫
C

Vol(h−1
0 (t))dµ(t) =

∫
Ω
|dh0|2ωn

where µ is Lebesgue measure on C. Since the right-hand side is finite, the left-hand side
must be finite too. This implies that the volume Vol(h−1

0 (t)) is finite for almost every t.
Now, in a bounded geometry Kähler manifold, an analytic set of finite volume must be
compact (see [5, Prop. 4.19]). Hence h−1

0 (t) is compact for almost every t. Let t0 be such
that h−1

0 (t0) is compact. Then, any connected component of h−1
0 (t0) is a compact leaf of

F . This concludes the proof of the theorem. 2

4.4 Gromov’s cup product lemma and its variants

We continue to denote by X a complete Kähler manifold of bounded geometry. We have
seen in the previous sections various versions of the Castelnuovo–de Franchis Theorem that
allow to produce a fibration of X onto a Riemann surface. Then a natural question arises:
how can one find pairs of holomorphic 1-forms with vanishing cup-product? When X
is compact there are various topological arguments which allow us to exhibit such pairs,
see [5, Ch. 2]. When X is open, this is less clear. However Gromov [224] has proved
that under certain natural assumptions on a pair of holomorphic 1-forms on a bounded
geometry Kähler manifold, it is automatic that their cup product vanishes. It is this result
and some variations on it (often called the cup product lemma(s)) that we describe in this
section.

We start with the original cup product lemma, which goes back to [224]. This is a
purely Riemannian statement. It reads as follows:

Proposition 4.11 Let M be a complete Riemannian manifold of bounded geometry and
let φ and ψ be two smooth closed L2 1-forms. Assume that φ is exact and that ψ is
bounded. Then

φ ∧ ψ

lies in the L2 closure of the space d(Ω1
L2) of differentials of smooth L2 1-forms.

Proof. We fix ε > 0 and a smooth function χ : R→ R which equals the identity on [−1, 1]
and is constant equal to ±(1 + ε) outside a neighborhood of [−1, 1] (see the figure).
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The graph of the function χ

We write φ = df where f : M → R is a smooth function. Let c ∈ R∗+ and let fc be the

function defined by fc = cχ(fc ). Then dfc converges to φ in L2 and dfc ∧ ψ converges to
φ ∧ ψ (since ψ is bounded) as c goes to ∞. But

dfc ∧ ψ = d(fcψ)

Since fc is bounded fcψ is in L2. This proves the statement. 2

We now turn to an application of the cup product lemma to Kähler geometry. The
following statement is also due to Gromov; see [224, 3.3.D].

Theorem 4.12 Let ω1 and ω2 be closed holomorphic 1-forms on a complete Kähler man-
ifold X of bounded geometry. Assume that both forms are L2 and have exact real parts.
Then ω1 ∧ ω2 = 0.

Remark 4.13 A holomorphic L2 form of any degree on X is automatically harmonic (see
Theorem D.10 in Appendix D for a discussion of this fact). Moreover L2 harmonic forms
are closed on such a manifold. This is a consequence of “Gaffney’s trick”, see [224, p.
269] or Section D.2 of Appendix D for a discussion. So the hypothesis that the ωi’s are
closed in Theorem 4.12 follows from the other hypotheses.

Remark 4.14 The fact that X has bounded geometry implies that holomorphic L2 forms
are bounded. We shall use this implicitly in the next proof when appealing to Proposi-
tion 4.11.

Proof of Theorem 4.12. We closely follow [224]. For j = 1, 2, we write ωj = αj + iβj where
the αj ’s and βj ’s are real-valued. So that:

ω1 ∧ ω2 = a+ ib = α1 ∧ α2 − β1 ∧ β2 + i(α1 ∧ β2 + β1 ∧ α2).

Proposition 4.11 implies that b = α1 ∧ β2 + β1 ∧ α2 is in the closure of the space of
differentials of L2 1-forms. Since b is harmonic (as the real part of a holomorphic form)
this can only happens if b = 0. Hence b vanishes and this implies that ω1 ∧ ω2 = 0. 2

We now prove the following more general theorem due to Napier and Ramachandran,
which is a variation on Theorem 4.12. This is Theorem 0.2 in [355].

Theorem 4.15 Let X be a complete Kähler manifold. Let ω1 and ω2 be closed holomor-
phic 1-forms on X. Assume that ω1 is bounded, that Re(ω1) is exact and that ω2 is L2.
Then ω1 ∧ ω2 = 0.
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Proof. We write Re(ω1) = dh where h is a pluriharmonic function. Hence ω1 = dh+ idch
2. We have:

iω1 ∧ ω1 = 2dh ∧ dch = d(2hdch). (4.6)

The aim is to prove that the form

γ = iω1 ∧ ω1 ∧ iω2 ∧ ω2 ∧ ωn−2

is zero. Indeed standard linear algebra then implies that ω1 ∧ ω2 = 0. To prove that γ is
zero it is enough to prove that ∫

X
γ

is zero, since γ is pointwise nonnegative. Now Equation (4.6) implies that

γ = d(2hdch ∧ iω2 ∧ ω2 ∧ ωn−2).

Let θ := 2hdch∧ iω2∧ω2∧ωn−2. We pick a sequence (ak) of smooth compactly supported
functions from X to [0, 1] such that the sets {ak = 1} exhaust X and the norm of the
differential of ak is pointwise bounded by A

k for some constant A. The existence of such a
sequence of functions is discussed in Section D.3. We also pick a smooth non-decreasing
function χ : R → R which equals the identity on [−1, 1] and is constant equal to B on
[1 + ε,∞[ and constant equal to −B on ]−∞,−1− ε] (for some fixed B, ε > 0). We fix a
constant c > 0 and let θc = 2cχ(hc )dch ∧ iω2 ∧ ω2 ∧ ωn−2. Stokes theorem now gives that∫

X
d(akθc) = 0

since akθ has compact suport. This gives:∫
X
dak ∧ θc +

∫
X
akdθc = 0

Since dak is pointwise bounded by A
k and θc is L1, the first integral converges to 0 as k

goes to∞ while the second integral converges to
∫
X dθc =

∫
X χ
′(hc )γ. The latter converges

to
∫
X γ as c goes to ∞. This proves that

∫
X γ = 0 and concludes the proof. 2

We refer the reader to [355, 357] for many variations on the Castelnuovo–de Franchis
theorem and on the cup product lemma. We only mention one more variation on the latter,
which deals with a holomorphic 1-form and with a plurisubharmonic function (instead of
a second holomorphic form). It reads as follows.

Theorem 4.16 Let X be a complete Kähler manifold of bounded geometry. Let α be an
L2 holomorphic 1-form on X and let

ϕ : X → R

be a smooth plurisubharmonic function. Assume that the norm of dϕ has at most linear
growth. Then we have

∂ϕ ∧ α = 0.

This theorem is a particular case of Corollary 5.4 in [355], to which we refer for a proof.
2Recall that dcf = −df ◦ J = −i(∂f − ∂f)
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CHAPTER 5

Many fibration criteria

As discussed in the introduction (see Section 1.2), many restrictions on Kähler groups
appear in the form of factorization theorems over Riemann surfaces or orbifolds. These
statements generally read as follows: if a Kähler group acts on a certain type of space
then the action must factor through a fibration onto a hyperbolic 2-orbifold. They are
proved using a wide variety of criteria to produce fibrations. We have already seen the
Castelnuovo–de Franchis criterion (and some variants of it) in the previous chapter. In
the present chapter, we describe three more criteria and give a complete proof for two of
them.

The first two criteria, described in Sections 5.1 and 5.2, are taken from [143]. They
deal with infinite covering spaces of closed Kähler manifolds and produce proper fibrations
onto a Riemann surface. However, as we have seen in Chapter 3, these fibrations auto-
matically descend to a finite cover of the original Kähler manifold. The last criterion, due
to Pereira [373] and which generalizes an earlier result by Totaro [439], is of a different
nature: it applies to all compact complex manifolds. In the case of a closed Kähler mani-
fold, it says roughly that the presence of sufficiently many disjoint divisors whose rational
first Chern classes span a small enough subspace implies that the manifold fibers over a
Riemann surface, in such a way that each divisor is contained in a fiber of the fibration.
We will state it in Section 5.3.

5.1 A fibration criterion for proper pluriharmonic maps

We consider here a compact Kähler manifold X, an infinite covering space1 Y → X and a
proper pluriharmonic function u : Y → I where I is an open interval of R. Let p : Ỹ → Y

1Covering spaces are always assumed to be connected.

57
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be the universal covering space of Y and let ũ = u ◦ p : Ỹ → I be the lift of u. In this
section, we prove the following theorem.

Theorem 5.1 If some level set of ũ is not connected, then there exists a holomorphic
fibration from Y onto a Riemann surface. This is the case in particular if some level set
of u is not connected.

This theorem was used in [143] (it appears there as Proposition 14 in Section 3.1).
We explained in [143] how to deduce it from results due to Delzant–Gromov and Napier–
Ramachandran, about filtered ends2 of Kähler groups. However, one can give a more direct
proof of Theorem 5.1. We present such a proof here. It was explained to us by T. Delzant,
and is based on a min-max argument.

Before turning to that proof, we recall another (related) theorem due to Simpson [407].

Theorem 5.2 Let X be a closed Kähler manifold and let α be a nonzero real harmonic 1-
form on X. Let p : X̂ → X be any covering space such that p∗α is exact. Write p∗α = dh.
Then two cases can occur:

1. there exists a fibration π : X → Σ onto a Riemann surface and a harmonic 1-form
β on Σ such that α = π∗β,

2. for each real number t, the level set h−1(t) is path connected and the natural map

π1(h−1(t))→ π1(X̂) (5.1)

is onto.

Remark 5.3 Simpson’s article [407] also contains a similar statement for holomorphic
1-forms and their primitives. It also contains a similar statement where one considers
covering spaces of X −D for some divisor D on which α vanishes. However, we content
ourselves with the simpler version stated above.

Remark 5.4 To prove Simpson’s Theorem it is enough to consider the case where X̂ is
the universal cover. Indeed if α is exact on some intermediate covering space X̂ → X and
has a primitive h : X̂ → R with one level set which is not connected, then for any covering
space q : X̃ → X̂ and any primitive f : X̃ → R of the lift of α to X̃, f will have a level
set which is not connected. Indeed up to a constant f coincides with the lift h ◦ q of h.
Similarly, elementary covering space arguments show that the surjectivity of the morphism
in (5.1) follows from the connectedness of the level sets in the universal cover.

We observe that Theorem 5.1 implies Theorem 5.2 in the particular case when the form
α has a period group which is discrete, i.e. when the cohomology class [α] ∈ H1(X,R) is
proportional to a class in H1(X,Z). Indeed, in that case one can consider the covering
space Y → X which is the kernel of the integration morphism π1(X) → R associated to
α. The pull back of α to Y admits a primitive h : Y → R which is proper. Hence one

2This notion is defined in Appendix A and will be discussed further in Chapter 7.
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can apply Theorem 5.1 in this context. Note however that Theorem 5.2 does not imply
Theorem 5.1. Indeed in Theorem 5.1 there is no “equivariance” assumption. We do not
assume that the function u is the primitive of a 1-form defined on the closed manifold X.

For other results which are very close to Theorems 5.1 and 5.2, we refer the reader
to Zhou’s work [459]. In particular, the techniques developed in [459] could provide yet
another proof of Theorem 5.1.

We will not prove Theorem 5.2 in these notes, although we will make use of it in
Chapter 11. In the next three subsections, we give a proof of Theorem 5.1.

5.1.1 A minmax argument

We use here some classical arguments from the calculus of variations to produce special
critical points of functions; see for instance [423, Ch. II] for a modern exposition of these
ideas.

We first assume that some level set of the function u : Y → R is not connected, to
simplify the arguments. We will explain how to deal with the more general case where
some level set of ũ is not connected in Section 5.1.3, the arguments being similar. Let
t0 ∈ I be such that u−1(t0) is not connected. We write:

u−1(t0) = K1 tK2

where the Ki are compact sets which are disjoint. We pick disjoint open sets U1 and U2

such that Ki ⊂ Ui for i = 1, 2. Since u is proper, there exists δ > 0 such that the following
inclusion holds:

u−1([t0 − δ, t0 + δ]) ⊂ U1 ∪ U2. (5.2)

Since Y is connected, the following lemma is clear.

Lemma 5.5 There exists a continuous path γ : [0, 1]→ Y such that γ(0) ∈ K1, γ(1) ∈ K2

and either u(γ(t)) > t0 for all t ∈ (0, 1) or u(γ(t)) < t0 for all t ∈ (0, 1).

We will assume that we are in the first case of the lemma, so that the following set is
nonempty:

Λ := {γ : [0, 1]→ Y : γ continuous, γ(0) ∈ K1, γ(1) ∈ K2, u ◦ γ ≥ t0}.

We now define classically:

c := inf
γ∈Λ

sup
t∈[0,1]

u(γ(t)) (5.3)

Note that c <∞. Obviously c ≥ t0, but one can say a little bit more. By connectedness,
any continuous path in Y joining K1 to K2 must exit U1∪U2 at some point. This, together
with (5.2), shows that c ≥ t0 +δ. The following proposition is very classical in the calculus
of variations.

Proposition 5.6 The real number c is a critical value of u.
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Proof. Assume by contradiction that c is a regular value. Since u is proper, there exists
ε > 0 such that the interval [c− ε, c+ ε] is made of regular values of u only and such that
c−ε > t0+ δ

2 . Hence u−1([c−ε, c+ε]) is diffeomorphic to the product u−1(c−ε)×[c−ε, c+ε]
and there is a retraction r : {u ≤ c+ ε} → {u ≤ c− ε}. Let γ ∈ Λ be a path such that

c ≤ sup
t∈[0,1]

u(γ(t)) < c+ ε.

K1

K2

c− ε c c+ ε

Then the path r ◦ γ, pictured in gray, belongs to Λ and

sup
t∈[0,1]

u(r ◦ γ(t)) < c.

This is a contradiction. 2

We now explain how to find a path γ ∈ Λ which realizes the infimum in (5.3) and which
moreover has a special, nice form. First we observe that since u is real analytic, the level
set u−1(c) has finitely many connected components. We write:

u−1(c) = L1 t · · · t Ls,

where the Li’s are the connected components of u−1(c). Each Li is path connected. We
refer the reader e.g. to [381] for basic topological properties of real analytic sets.

Proposition 5.7 There exists a path γ0 ∈ Λ such that c = sup
t∈[0,1]

u ◦ γ0 and such that up

to reordering the Lj the set {t ∈ [0, 1] : u(γ0(t)) = c} is a finite disjoint union of closed
intervals (Ij)1≤j≤r for some r ≤ s and γ0(Ij) ⊂ Lj.

Proof. For each integer i ∈ {1, . . . , s}, we choose an open neighborhood Ui of Li in such a
way that

Ui ∩ Uj = ∅

whenever i 6= j. Let δ1 > 0 be such that

u−1([c− δ1, c+ δ1]) ⊂
s⋃
i=1

Ui. (5.4)

Pick any path γ ∈ Λ such that

sup
t∈[0,1]

u(γ(t)) < c+ δ1. (5.5)
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We explain how to modify it until we get a path γ0 with the properties listed in the
proposition. Let

t1 := inf
t∈[0,1]

{t : γ(t) ∈ u−1(c)}.

We assume, up to changing the indices, that γ(t1) ∈ L1. We then consider

t2 := sup
t∈[0,1]

{t : γ(t) ∈ L1},

and modify γ on [t1, t2], replacing it by a path going from γ(t1) to γ(t2) and contained in
L1. We denote by γ∗ this modified path. If γ∗ passes through the level {u = c} at a time
t > t2, we can repeat this argument and consider

t3 := inf
t∈]t2,1]

{t : γ∗(t) ∈ u−1(c)}.

We assume up to changing the indices that γ∗(t3) ∈ L2. We then consider

t4 := sup
t∈[0,1]

{t : γ(t) ∈ L2}.

We modify γ∗ on [t3, t4] and replace it by a path connecting γ∗(t3) to γ∗(t4) and contained
in L2. By iterating this process a finite number of times, we obtain a path γ0 such that

(u ◦ γ0)−1(c) = [t1, t2] t [t3, t4] t · · · t [t2r−1, t2r],

where r ≤ s and γ0([t2k−1, t2k]) ⊂ Lk (for 1 ≤ k ≤ r), after possibly reordering the
Lj ’s. Since γ0 coincides with γ on [0, t1] and [t2r, 1] (by the construction), we have that
u(γ0(t)) ≤ c for t ∈ [0, t1] ∪ [t2r, 1]. We have to justify that the inequality

u ◦ γ0 ≤ c

also holds on the remaining intervals of the form ]t2k, t2k+1[. On such an interval one has
either u◦γ0 > c or u◦γ0 < c. Recall that γ0(t2k) ∈ Lk ⊂ Uk and γ0(t2k+1) ∈ Lk+1 ⊂ Uk+1.
But γ0|[t2k,t2k+1] must leave U1 t · · · t Us at some point. If u ◦ γ0 > c on ]t2k, t2k+1[,
Equation (5.4) implies that u ◦ γ0 > c + δ1 somewhere on this interval. This contradicts
Equation (5.5). Hence u ◦ γ0 < c on ]t2k, t2k+1[. This concludes the proof. 2

Proposition 5.8 The path γ0 from Proposition 5.7 can moreover be taken to have the
following property: the set {t ∈ [0, 1] : u(γ0(t)) = c and γ0(t) ∈ Crit(u)} is finite.

Proof. This follows from the fact that if a point x ∈ Crit(u) is in the closure of two distinct
connected components O1 and O2 of Lj \ Crit(u) (for some j), then one can find a path
from a point of O1 to a point of O2 which intersects Crit(u) at only one point. This can
be proved using, among other things, the curve selection lemma and a lemma of Thom,
see [381, §7–8]. 2

From now on we fix a path γ0 satisfying all the properties from Propositions 5.7 and 5.8
and denote by

{s1 < · · · < sl} (5.6)

the set {t ∈ [0, 1] : u(γ0(t)) = c, γ0(t) ∈ Crit(u)}. We conclude the proof in the next
section.



62 CHAPTER 5. MANY FIBRATION CRITERIA

5.1.2 Finding a compact leaf

The following statement is the key to conclude our proof of Theorem 5.1.

Proposition 5.9 There exists an integer 1 ≤ i ≤ l such that the leaf (for the holomorphic
singular foliation associated to du1,0) going through γ0(si) is contained in Crit(u). In
particular, this leaf is compact.

Note that Proposition 5.9, together with Theorem 3.7, allows us to conclude the proof
of Theorem 5.1 in the case where some level set of u is not connected. Indeed since the
singular foliation associated to du1,0 has one compact leaf by the proposition, all its leaves
must be compact according to Theorem 3.7. We thus obtain a proper fibration of Y onto
an open Riemann surface.

Proof of Proposition 5.9. Assume that the conclusion of the proposition is false. Fix an
integer i ∈ {1, . . . , l}. Since the leaf going through γ0(si) is not contained in Crit(u), there
exists a point qi in this leaf which is not a critical point of u. Let αi : [0, 1] → Y be an
embedded arc going from γ0(si) to qi and contained in the corresponding leaf.

Lemma 5.10 There exists a simply connected neighborhood Wi of the image of αi and a
holomorphic map Fi : Wi → C such that Re(Fi) = u and Fi has connected fibers.

Proof of Lemma 5.10. One can first choose a neighborhood Wi of the arc αi([0, 1]) which
deformation retracts onto αi([0, 1]). This implies that dCu has trivial periods in Wi hence
is exact on Wi. Hence if dCu = dh on Wi, Fi = u+ ih is the desired holomorphic function.
We must check that if Wi is small enough, then Fi has connected fibers. But the local level
sets of Fi near qi are connected as qi is not a critical point and any point close enough to
the arc αi([0, 1]) can be moved continuously to get close to qi while staying in the same
level set of Fi.

3 2

The point is now to use the neighborhoods Wi and the holomorphic functions Fi to
modify γ0 into a path γ1 which is still in Λ but such that

sup
t∈[0,1]

u(γ1(t)) < c.

This will give a contradiction and will finish the proof of Proposition 5.9. We summarize
the proof with the following picture. We assume for simplicity (in this sketch of proof)
that the integers r (from Proposition 5.7) and l from (5.6) are both equal to 1. In other
words the path γ0 crosses the level set {u = c} during one interval of time and meets one
critical point only. One then modifies the path γ0 near the level set {u = c} to replace it
by the concatenation of the paths pictured in gray. The top horizontal pieces are obtained
by pushing γ0 inside the open set {u < c} (away for the only critical point at sight) and

3One can consider a Milnor tube for Fi centered at each point of αi([0, 1]) and take a covering of
αi([0, 1]) by finitely many such Milnor tubes. We use the fact that if the germ (Fi)x can be written as
(Fi)x = gm where g is not a proper power, the local level sets of Fi near x have exactly m components,
see [162, Ch. 3 §2] and [378]. One then sees that a suitable Wi can be obtained as a union of finitely many
well-chosen Milnor tubes centered at points of αi([0, 1]).
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the dashed piece is obtained by “travelling” in a level set of F1 inside W1 and then using
that F1 and u have connected level sets near q1, a fact which allows to connect the point
x′1 to y′1.

q1

x′1 y′1

We now give a more detailed argument. We remove from the interval [0, 1] an open
interval Aj around each sj . We can thus write:

T := [0, 1] \
⋃

1≤j≤l
Aj = J1 t · · · t Jl+1 (5.7)

where the Jr are closed intervals. Since the intersection of each Jr with the level set
{u = c} is made of points which are not critical points of u, we can “push” each arc γ0(Jr)
inside {u < r}. More precisely, on the union of intervals (5.7) we can modify γ0 into a
map α : T → Y which satisfies:

1. the maps γ0 and α coincide near 0 and 1,

2. there exists ε > 0 such that α(T ) ⊂ {u ≤ c− ε},

3. the value of u◦α on the endpoint of Ji coincides with the value of u◦α on the initial
point of Ji+1 (for 1 ≤ i ≤ l) and is very close to c,

4. α maps the endpoint of Ji and the starting point of Ji+1 into Wi.

We now conclude as follows. Let xi (resp. yi) be the image under α of the endpoint of Ji
(resp. initial point of Ji+1). We can connect xi and yi by some arcs contained in a level
of Fi (inside Wi) to points x′i and y′i respectively which are close to qi. By construction
we have u(x′i) = u(y′i). Since the local level sets of u near qi are connected (as qi is not a
critical point of u) we can connect x′i to y′i by an arc contained in a level set of u. We can
now extend α from T to [0, 1] by some arcs as before connecting xi to x′i, then to y′i then
to yi. We obtain a path

α∗ : [0, 1]→ Y

which belongs to Λ and satisfies

sup
t∈[0,1]

u(α∗(t)) < c.

This is a contradiction. Hence one of the points γ(si) is contained in a compact leaf of
the foliation associated to du1,0. 2
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5.1.3 The general case

We now explain how to modify the above proof to deal with the general case, i.e. the case
where the function ũ : Ỹ → R has a non connected level set. So we assume that all levels
sets of u are connected (otherwise the conclusion of the theorem is already known) and
that ũ−1(t0) is not connected for some real number t0. We fix a basepoint q ∈ ũ−1(t0).
Using the fact that each connected component of ũ−1(t0) surjects onto u−1(t0), we can
find an element g ∈ π1(Y ) such that q and g · q are in distinct components of ũ−1(t0).
Note that g /∈ H where

H := Im(π1(u−1(t0))→ π1(Y )). (5.8)

Lemma 5.11 The point q and the element g can be replaced by q0 ∈ ũ−1(t0) and g0 ∈
π1(Y ) respectively so that there is a path γ0 : [0, 1]→ Ỹ from γ0(0) = q0 to γ0(1) = g0 · q0

such that either ũ(γ0(s)) ≥ t0 for all s ∈ [0, 1] or ũ(γ0(s)) ≤ t0 for all s ∈ [0, 1].

Proof. We start with q and g satisfying the properties stated before the lemma and consider
a path γ : [0, 1]→ Ỹ from q to g·q. One can find a closed interval I = [a, b] ⊂ [0, 1] such that
ũ(γ(s)) 6= t0 for s ∈]a, b[, and such that γ(a) and γ(b) lie in distinct connected components
of ũ−1(t0). Using the fact that each component of ũ−1(t0) surjects onto u−1(t0), we can
pick a path α : [0, 1]→ Ỹ contained in ũ−1(t0), starting at γ(b) and ending at g0(γ(a)) for
some g0 ∈ π1(Y ). We can now set q0 = γ(a) and take γ0 to be the concatenation of γ|[a,b]
and α. 2

From now on we assume that there exist q0, g0 and γ0 as in Lemma 5.11 and such that
ũ ◦ γ0 ≥ t0 on [0, 1]. We now define a family of paths Λ which plays the same role as in
the previous section. We recall that p : Ỹ → Y stands for the universal cover of Y and let
q1 = p(q0). In what follows the group π1(Y ) is based at q1. If α is an arc in Y starting at
q1 and ending in u−1(t0), we define

x(α) ∈ π1(Y )/H

as follows. One considers a loop α′ obtained by concatening α with a path from α(1) to
q1 and contained in u−1(t0). The image of [α′] in π1(Y )/H does not depend on the path
from α(1) to q1 that we have chosen. We denote it by x(α). We now define:

Λ := {α : [0, 1]→ Y : α continuous, α(0) = q1, α(1) ∈ u−1(t0), x(α) = x∗, u ◦ α ≥ t0}

where x∗ is the class in π1(Y )/H of the loop p ◦ γ0. As before we define:

c := inf
α∈Λ

sup
[0,1]

u ◦ α (5.9)

One proves exactly as in Section 5.1.1 that c is a critical value of u.

In what follows, we will use the following lemma. It can be deduced from the fact that
one can triangulate a neighborhood of a compact real analytic set A in such a way that
A becomes a subcomplex, see e.g. [208] or [323].

Lemma 5.12 For every real number t, there exists an open set Vt containing u−1(t) such
that Vt deformation retracts onto u−1(t). Moreover, Vt can be taken to be arbitrarily small.
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We apply the lemma to t = t0 and t = c and pick corresponding open sets Vt0 and Vc.
We can assume that Vc ∩ Vt0 = ∅. As before we fix δ > 0 such that u−1([t0 − δ, t0 + δ]) is
contained in Vt0 . This implies that for any α ∈ Λ, sup

[0,1]
u◦α > t0 + δ. We fix a deformation

retraction r : Vc → u−1(c). Let ε > 0 be such that

u−1([c− ε, c+ ε]) ⊂ Vc. (5.10)

Then if α ∈ Λ is such that sup
[0,1]

u ◦ α < c+ ε, we can define:

α∗(t) :=

{
α(t) if u(α(t)) ≤ c,
r(α(t)) if u(α(t)) ≥ c.

Note that this is well-defined since α(t) ∈ Vc whenever u(α(t)) > c by (5.10). The path
α∗ lies in Λ and realizes the infimum in (5.9). We will now conclude as in Sections 5.1.1
and 5.1.2. The only difference is that we have to control the homotopy class of the resulting
paths when we modify α∗. To achieve this, we will thus work in the universal cover of Y .

Let θ : [0, 1] → Ỹ be a lift of α∗ starting at q0. The image of θ intersects only finitely
many connected components of ũ−1(c). Hence, exactly as in Proposition 5.7, one can
modify θ into a path θ′ such that the set

J = {t ∈ [0, 1] : ũ(θ′(t)) = c}

is a finite union of closed intervals. Arguing as in Proposition 5.8, one can moreover assume
that there are finitely many t ∈ J such that θ′(t) is a critical point of u. The projection
of θ′ to Y still lies in Λ since Ỹ is simply connected. We can now conclude exactly as in
Section 5.1.2. We use at this point that the neighborhood Wi from Lemma 5.10 can be
taken to be simply connected. This completes the proof of Theorem 5.1.

5.2 The use of plurisubharmonic functions

We now turn to the second fibration criterion of this chapter. This theorem was proved
in Section 3.4 of [143], although it does not appear as a theorem there.

Theorem 5.13 Let X be a compact Kähler manifold and let Y → X be an infinite cov-
ering space. Assume that there exists a proper pluriharmonic function

u : Y → I

where I is R or (−1, 1). Assume moreover that there exists a continuous plurisubharmonic
function v : Y → R which is not a function of u. Then, there exists a fibration Y → Σ
onto a Riemann surface.

Remark 5.14 Theorem 3.1 then implies that a finite cover of X fibers over a Riemann
surface. More precisely, the fibration provided by Theorem 5.13 descends to a finite cover
of X.
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Remark 5.15 The fact that u is proper implies that Y has at least two ends. If it has
at least three ends, one can produce a fibration by other means, see Chapter 7. Hence,
Theorem 5.13 is mostly useful when Y has exactly two ends.

Proof of Theorem 5.13. We first observe that if u does not have connected fibers, the
conclusion follows from Theorem 5.1. Hence, from now on we assume that u has connected
fibers. Since v is not constant on some level set of u, we can actually find a regular value
t0 of u such that v is not constant on the compact manifold

Yt0 := u−1(t0).

We use below the classical notation dCu := du ◦ J , where J is the complex structure on
Y . We then have the following elementary observation.

Lemma 5.16 The restriction of the 1-form dCu to Yt0 is nonsingular.

Proof. This is a linear algebra argument. Assume by contradiction that the restriction of
dCu to Yt0 vanishes at a point p ∈ Yt0 . Consider the tangent spaces

TpYt0 ⊂ TpY.

Let J : TpY → TpY be the complex structure. Since TpYt0 is not J-invariant, there exists
a vector v ∈ TpYt0 such that J(v) /∈ TpYt0 . Since dCu(v) = 0 by hypothesis, we have
du(J(v)) = 0. Hence du vanishes on TpYt0 and on J(v). Since TpYt0 and J(v) span TpY
this contradicts the fact that t0 is a regular value of u. 2

We let F be the (real codimension 1) foliation on Yt0 defined by the kernel of dCu.
Note that any leaf of F is a complex submanifold of Y and is a leaf of the holomorphic
foliation defined by du1,0 in Y . We can now apply the following classical result, with α
equal to the restriction of dCu to Yt0 .

Let M be a connected closed (real) manifold and α a nonsingular closed 1-form on M .
Let G be the foliation defined by α. Then either all leaves of G are dense in M or all

leaves of G are closed (and the foliation is in fact a fibration on the circle).

We refer the reader to Theorem 1.1.6 in [243, Ch. VIII] for a proof of this theorem4.
Hence, to conclude our proof, we must establish that some leaf of F is not dense. Ac-
cording to the above fact, this implies that all leaves of F are compact. In particular, as
discussed above, we have a compact leaf for the holomorphic foliation defined by du1,0 on
Y . This implies that the foliation defined by du1,0 is a fibration, see Theorem 3.7.

So let p ∈ Yt0 be a point such that

v(p) = max
Yt0

v.

4Note that the first case of Theorem 1.1.6 in loc. cit. does not occur for closed manifold. Hence in the
closed case we really have the dichotomy stated above.
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Let L(p) be the leaf of F going through p. Since the restriction of the plurisubharmonic
function v to L(p) has a maximum at p, the maximum principle implies that v is constant
on L(p). Hence the closure of L(p) in Yt0 is contained in one level set of v. Since v is not
constant on Yt0 , this implies that L(p) is not dense in Yt0 . This concludes the proof of
Theorem 5.13. 2

5.3 Totaro and Pereira’s Criterion

Finally we state the third criterion of this chapter, which was established by Pereira
in [373].

Theorem 5.17 Let X be a compact Kähler manifold. Let r ≥ 3 be an integer. Let
D1, . . . , Dr be connected effective divisors with rational coefficients and with pairwise dis-
joint support. Assume that their real first Chern classes (c1(Di))1≤i≤r span a subspace of
dimension at most r − 2 in H2(X,R). Then there exists a fibration p : X → C onto a
Riemann surface which maps each Di to a point.

1. When X is a projective manifold, this theorem was originally proved by Totaro [439]
under the assumption that the classes c1(Di) span a line. See also [102] (Remark
6.8 and Proposition 6.9) for a much older result in the case of projective surfaces.

2. Pereira also proves a version of Theorem 5.17 when X is an arbitrary compact
complex manifold. In that case the hypothesis on the linear span of the Chern
classes has to be modified. One has to consider the rational vector space Γ(X) of
rational divisors on X modulo those that are S1-flat (see [373] for the definition).
Pereira shows that this space is finite dimensional for any compact complex manifold.
The hypothesis needed to state the theorem is then that the images of the Di’s in
the space Γ(X) span a subspace of dimension at most r − 2. We refer the reader
to [373] for the details.

Pereira’s proof of Theorem 5.17 goes as follows: the hypothesis implies that there are
two (independent) linear combinations D and D′ of the Di’s which have zero real first
Chern class. Hence the line bundles LD and LD′ associated to D and D′ respectively
carry flat unitary connections. If s : X → LD is the meromorphic section associated to
D, one can pull-back via s the foliation on LD which is transverse to the fibers and is
defined thanks to the flat unitary connection. This defines a possibly singular foliation
FD on X. Pereira’s proof consists in studying this foliation, its compact leaves and when
the foliations FD and FD′ coincide. It would be interesting to relate Pereira’s work to
the work of Beauville on flat line bundles, see Section 4.2 and [32, 33]. Although the two
works seem only a posteriori related, one could possibly establish a more formal relation
between them. Note for instance that some of the arguments in [373] are very close to
the arguments used in the proof of the Castelnuovo–de Franchis Theorem. For instance to
any divisor D with zero first Chern class, Pereira associates a canonical logarithmic 1-form
ωD defining the foliation FD. When FD and FD′ coincide one has ωD ∧ ωD′ = 0, hence
there exists a meromorphic function F such that ωD′ = FωD. Under certain assumptions,
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Pereira produces a map to a curve by proving that F has no indeterminacy point, exactly
as in the Castelnuovo–de Franchis Theorem.

Pereira’s Criterion implies immediately the following result.

Theorem 5.18 Let X be a compact Kähler manifold and let U ⊂ X be a nonempty open
set. Assume that there exists a fibration5 π0 : U → Σ0 onto a Riemann surface. Then
there exists a Riemann surface Σ containing Σ0 as an open set and a fibration π : X → Σ
extending π0.

Indeed it suffices to consider three distinct smooth fibers of π0. Their Chern classes
are all equal, hence Theorem 5.17 applies and produces a fibration π : X → Σ. One then
proves readily that π has the desired property, i.e. extends π0. Note that Theorem 5.18
is very classical, it appears for instance in [94] (see Lemma 7.4 there). The original proof
relies on the use of the Chow scheme of X. See also [364] and Lemma 2.1 in [351] for
related results.

Finally, we refer the reader to [168], [324] (see Theorems 2.2 and 2.3) and [417] for a
few more criteria to produce fibrations onto Riemann surfaces.

5Fibrations are proper according to our definition.



CHAPTER 6

Kähler groups and trees

In this chapter, we describe, following Gromov and Schoen [230], non-elementary actions of
Kähler groups on simplicial trees. We refer the reader to Appendix B for all the necessary
definitions relative to trees and group actions on them.

Trees are ubiquitous in geometric group theory. They can be constructed in many ways:
let us mention for instance the construction of the tree dual to a simple closed curve on
a surface or the tree dual to a family of walls or hyperplanes in a nonpositively curved
complex, see [129, Ch. 14]. As a consequence, many classical families of groups act on
trees (sometimes virtually). This is the case for instance of surface groups, of Coxeter
groups, and of right-angled Artin groups [129, 130, 171, 255]. For other appearances of
trees, let us mention that the group SL2(K), where K is a field with a discrete valuation,
acts on its Bruhat–Tits tree [395] and that real trees appear as limits of negatively curved
(δ-hyperbolic) metric spaces [42], as well as in the theory of the BNS invariant, see [314]
and Chapter 11. For further important works on trees, see [30, 75, 431].

Throughout this chapter, the word “tree” will mean “simplical tree”. Real trees will
be dealt with in Chapter 13. We now state Gromov and Schoen’s Theorem, before giving
a brief account of the various approaches to proving it.

Theorem 6.1 Let X be a closed Kähler manifold and let Γ be its fundamental group.
Suppose that Γ acts minimally on a simplicial tree T , without fixed point in the visual
boundary. Assume further that ∂T has at least three points. Then there exists a holomor-
phic fibration π : X → Σ onto a Riemann surface Σ such that the action of Γ on T factors
through the induced homomorphism

π∗ : Γ→ πorb1 (Σ).

Remark 6.2 When saying that the action of Γ on T factors through π (or π∗), we im-
plicitly refer to Definition 1.11. Using Theorem B.4, one sees that the three hypotheses

69
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made on the Γ-action on T and on the boundary of T are equivalent to the fact that the
action of Γ is both minimal and non-elementary.

Theorem 6.1 essentially says that non-elementary actions of Kähler groups on trees
“come from” surface groups (possibly orbifold surface groups). It is fundamental and has
very strong consequences, one of which can be stated easily as follows: a Kähler group
which admits a minimal, faithful and non-elementary action on a tree is an orbifold surface
group.

Before describing the strategy of proof of Theorem 6.1, let us discuss some possible
variations on it.

1. One can consider non-elementary actions of Kähler groups on real trees (rather than
simplicial trees). As we have just said, these actions will be studied in Chapter 13.

2. One can also look at parabolic actions of Kähler groups on trees, see Definition B.5.
These actions were studied by Delzant [138]. We shall describe parabolic actions
simultaneously for (simplicial) trees and for real trees, also in Chapter 13.

3. Finally, let us also mention that factorization theorems for actions of Kähler groups
on higher dimensional buildings, which generalize Theorem 6.1, were obtained after
the work of Gromov and Schoen, see [185, 261, 262, 281, 379]. We will not discuss
these theorems here.

Gromov and Schoen’s result was originally proved in [230] using the theory of harmonic
maps to trees. Although the theory of harmonic maps to CAT(0) spaces is now well
developed, thanks to the work of Korevaar and Schoen [295, 296], the regularity theory
of such maps when the target is a tree or a building is still very difficult. We will say a
brief word on this topic in Section 9.1.3. It is thus interesting to look for other proofs
of Theorem 6.1. A proof of a result very close to it was given by completely different
means by Napier and Ramachandran in [354]. There are at least two more approaches to
Theorem 6.1, not relying on harmonic maps to singular spaces.

One would be to use the work of Burger, Iozzi and Monod [74] which shows that
any tree can be embedded in an equivariant way (with respect to the full automorphism
group) into an infinite dimensional real hyperbolic space. This would reduce the study
of actions of Kähler groups on trees to the study of their actions on infinite dimensional
real hyperbolic spaces. The latter actions are well-understood [94, 142]. This approach,
which was suggested to us by Burger, still relies on harmonic maps, but at least the target
of these harmonic maps is a manifold (although infinite dimensional) and not a singular
space. We will not follow it here, but will use it to study Kähler groups actions on real
trees, building on work by Monod [336]. This will be explained in Chapter 13, after having
studied Kähler group actions on real hyperbolic spaces in Chapter 9.

The other approach is free of harmonic maps1, as the one of Napier and Ramachan-
dran [354]. It is inspired by the work [143], which studied actions of Kähler groups on

1It actually uses at some point a harmonic map to a Hilbert space, equivariant with respect to an affine
action. The target being flat, the construction of such a map is simpler than in more general nonlinear
situations.



6.1. ACTIONS ON TREES AND HARMONIC FUNCTIONS 71

locally finite CAT(0) cubical complexes. Trees being particular examples of such com-
plexes, it is natural to examine the tools developed in [143] in this specific case. We follow
this line in this chapter, except that one wants to deal with general simplical trees, without
any local finiteness assumption. This is why we have to adapt the proof from [143] a little
bit.

The chapter is organized as follows. In Section 6.1, we consider a closed Riemannian
manifold X and a non-elementary action of its fundamental group on a simplicial tree. We
explain how to build harmonic functions on suitable covering spaces of X, which reflect
the geometry of the action on the tree. In Section 6.2, we further assume that X is Kähler.
We use the previously constructed harmonic functions, together with some fibration cri-
terion from Chapter 5, to prove Theorem 6.1. Finally, we discuss a few applications of
Theorem 6.1 in Section 6.3.

In the present chapter, we freely use results taken from Appendices A, B, C and D.

6.1 Actions on trees and harmonic functions

As explained above, we build in this section some harmonic functions on certain covering
spaces of a closed Riemannian manifold whose fundamental group acts on a tree. A first
construction is given in Section 6.1.1. It relies on the fact that the covering spaces under
consideration have a nontrivial space of ends. In Section 6.1.2, we explain how the same
harmonic functions can also be recovered from an affine isometric action on a Hilbert space
and an associated harmonic map.

6.1.1 Edge stabilizers and harmonic functions

Let X be a compact Riemannian manifold, X̃ be its universal cover, and x∗ ∈ X̃ be a
base-point. We also denote by Γ the fundamental group of X. We assume that we are
given an action of Γ on a tree T , which satisfies the following hypotheses:

1. the action Γ y T is minimal;

2. the group Γ has no fixed point in ∂T ;

3. the boundary of T contains at least three points.

Note that these are the hypotheses of Theorem B.10. Whenever e is an edge of T , we will
denote by Γe its stabilizer2 in Γ, by Xe the corresponding covering space of X:

Xe = X̃/Γe,

and by πe : X̃ → Xe the natural projection. Theorem B.10, together with Corollary B.12
then imply that the homogeneous space Γ/Γe is non-amenable. We shall use this below.

2By this we mean the set of elements of Γ which fix pointwise e. Elements of Γe are not allowed to act
as an inversion on e.
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We now fix once and for all a Lipschitz map

ψ : X̃ → T (6.1)

which is Γ-equivariant. The existence of such a map can be proved easily using a partition
of unity on X and the notion of barycenter in T . We do not give the proof here but refer
to Proposition 9.4 for a similar statement when the tree T is replaced by a Hadamard
manifold. Consider now an edge e of T and call me its midpoint and e+ and e− the
connected components of T − {me}. We define the signed distance function to e

de+ : T → R

as follows: if p ∈ e+ then de+(p) = d(p,me) and if p /∈ e+, de+(p) = −d(p,me). We call
fe+ : X̃ → R the composition de+ ◦ ψ. Since fe+ is Γe-invariant, it descends to a function
fe+ : Xe → R.

The next proposition is very classical. It appears in [391, Lemma 1.8] in a slightly dif-
ferent language (the correspondence between Scott’s statement and the present one being
the content of Bass–Serre’s theory). A more geometric version, closer to our statement,
can be found in Sageev’s work [382]. Note that the correspondence between multi-ended
subgroups and actions on CAT(0) cubical complexes is at the heart of the paper [382].
Here we call a subgroup H < G multi-ended if the number of relative ends e(G,H) is
greater than 1. We only use the easy part of that correspondence: we start with a certain
action of our group on a nonpositively curved space and build a multi-ended subgroup.
Moreover our space is a tree rather than a general CAT(0) cubical complex.

Proposition 6.3 The manifold Xe has at least two ends.

For the necessary definitions concerning ends of manifolds and of pairs of groups, we
refer the reader to Appendix A.

Proof of Proposition 6.3. The homogeneous space Γe\Γ embeds in Xe via the map

[g] 7→ πe(g(x∗)). (6.2)

Here we have denoted by [g] the image of an element g ∈ Γ in the homogeneous space
Γe\Γ. We endow Xe with any Riemannian metric lifted from X and Γe\Γ with the
distance induced by its embedding in the Schreier graph X(Γe\Γ, S) associated to a fixed
finite symmetric generating subset S of Γ (see Definition A.2). The map in (6.2) is then
a quasi-isometry (see [173, §8.1] for this notion) and it induces an identification between
the space of ends of the graph X(Γe\Γ, S) and the space of ends of Xe. This last claim
follows from [173, Prop. 9.18]. We will thus show that X(Γe\Γ, S) has at least two ends.
For this, recall that it is enough to find a subset

A ⊂ Γ

with the following properties:

• A is invariant by multiplication on the left by elements of Γe,
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• Γe\A and Γe\(Γ−A) are infinite,

• for each g ∈ Γ the symmetric difference A∆Ag has finite image in Γe\Γ.

This follows from Proposition A.14. We fix a vertex v ∈ T . Let

Av := {g ∈ Γ : g · v ∈ e+}.

According to the definition of Γe, the set Av is invariant by multiplication on the left by
Γe. The fact that the action on T is minimal implies that both Γe\Av and its complement
in Γe\Γ are infinite (this follows for instance from Proposition B.7).

Let us now check that Av satisfies the third condition above. It is enough to see that
Av − Avg0 has finite image in Γe\Γ for an arbitrary element g0 of Γ. So let us consider
the geodesic segment I going from v to g−1

0 · v. We call e1, . . . , ek its oriented edges. If
g ∈ Av − Avg0, then the edge e (oriented from e+ to e−) is contained in the geodesic
going from g · v to gg−1

0 · v, since g · v belongs to e+ and gg−1
0 · v belongs to e−. Since

this geodesic is equal to g(I) the edge e (oriented as before) must coincide with one of
the edges g(ei). Hence the oriented edge g−1(e) can take only finitely many values when
g runs over Av − Avg0. Since g−1e = h−1e if and only if h ∈ Γeg, this gives the desired
result. 2

Remark 6.4 When the tree T is locally finite, the map fe+ : Xe → R is proper, see [143].
Under this additional hypothesis, this gives another way to see that Xe has more than one
end. However, we need the result of Proposition 6.3 in full generality, i.e. even when T is
not locally finite.

The set Av constructed in the proof of Proposition 6.3 induces a decomposition of the
set of ends of (the Schreier graph of) Γe\Γ into two disjoint subsets. This decomposition
does not depend on the choice of the vertex v. As we have said above, the spaces of ends
of Γe\Γ and of Xe can be identified, hence we have a corresponding decomposition

Ends(Xe) = E+ t E− (6.3)

into closed subsets, where E+ corresponds to Av.

Proposition 6.5 There exists a unique function ue+ : Xe → (−1, 1) which is harmonic,
of finite energy and such that

ue+(x)→ 1

as x tends to E+ and
ue+(x)→ −1

as x tends to E−.

Proof. This is a direct application of the result described in Section D.1. Indeed, accord-
ing to Corollary B.12, the homogeneous space Γ/Γe is nonamenable. This is equivalent
to the fact that Xe satisfies a linear isoperimetric inequality by Theorem C.24. Hence
Theorem D.1 applies and provides a harmonic function of finite energy ue+ on Xe having
the desired behavior at infinity. 2
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We have associated a harmonic function to each edge e of the tree T . Formally, this
function depends on the choice of a connected component of T \ {me}, but only up to the
sign. These harmonic functions are defined on a covering space of X, which depends on
the edge e. The next proposition relates the behavior of these functions to the behavior
of the equivariant map ψ. Informally, if a point x ∈ X̃ projects in Xe to a point where
ue+ is close to 1, then ψ(x) should be close to e+.

Proposition 6.6 There exists a constant C > 0, such that for any edge f of T , and any
choice f+ of connected component of T \ {mf}, there exists ε > 0 such that whenever a

point x ∈ X̃ satisfies

uf+(πf (x)) ≥ 1− ε,

we have d(ψ(x), f+) ≤ C.

Proof. We will use the point v = ψ(x∗) as a base point in T . Recall that we have a
partition of Γ into two subsets:

A+ =
{
g ∈ Γ : g · v ∈ f+

}
and

A− =
{
g ∈ Γ : g · v ∈ f−

}
.

These two subsets of course depend on v and on f but we will omit it in the notation.
We have replaced f+ by its closure in the definition above, to take into account that v
need not be a vertex of T . The two sets Γf\A+ and Γf\A− define a partition E+ t E−
of the space of ends of Γf\Γ which is identified with the space of ends of Xf . Note that

there exists a constant D > 0 such that any point of X̃ is at distance at most D from the
Γ-orbit of x∗. We consider now a sequence

(xn)n≥0

of points of Xf such that uf+(xn) converges to 1, or equivalently such that xn converges
to E+. If we choose a sequence (γn)n≥0 ∈ ΓN such that d(xn, πf (γn · x∗)) ≤ D, we must

have γn ∈ A+ for n large enough. Hence, there exists ε > 0 such that if x ∈ X̃ satisfies

uf+(πf (x)) ≥ 1− ε,

then there exists γ ∈ A+ ⊂ Γ such that d(x, γ ·x∗) ≤ D. Hence, ψ(γ ·x∗) ∈ f+ and calling
k the Lipschitz constant of ψ we obtain

d(ψ(x), f+) ≤ d(ψ(x), ψ(γ · x∗)) ≤ kD.

Thus one can take C = kD. 2
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6.1.2 Harmonic functions and affine actions

We now consider the space E of oriented edges of T , as in Section B.3. The group Γ acts
on E and we can consider the corresponding orthogonal representation πT of Γ on the
Hilbert space `2(E) of square summable functions on E. (In Section B.3, πT stands for the
representation on the subspace of `2(E) of odd functions; here we consider all of `2(E).) If
e is a (geometric) edge of T , whose midpoint divides T into two components e±, we shall
abuse notation and use the symbol e+ to mean the edge e oriented from e− to e+. So we
sometimes write e+ ∈ E.

In Theorem 6.8 below, we shall give another description of the family of harmonic
functions

(ue+)e+∈E

that we have just introduced. Roughly speaking, the functions ue+ (lifted to X̃) appear
as “coordinates” for a certain harmonic equivariant map from X̃ to the space `2(E). The
fact that these two descriptions of the functions ue+ coincide was suggested to me by
T. Delzant. We start with the following preliminary lemma:

Lemma 6.7 Under the present hypotheses, the orthogonal representation πT of Γ is stable.

For the notion of stability of an orthogonal representation, used in the statement above,
we refer the reader to Theorem C.6.

Proof. Let e be any edge of T . We have seen in Section 6.1.1 that the homogeneous space
Γ/Γe is non-amenable. If there is only one orbit for the Γ-action on the space E of oriented
edges, then the result follows from Theorem C.24, since the orthogonal representation πT is
then conjugate to the orthogonal representation of Γ on `2(Γ/Γe). The proof of Lemma 6.7
in general is similar. We give some details for the reader’s convenience.

We know (thanks to Theorem B.10) that Γ contains a nonabelian free group F which
acts freely on E. We will prove that πT is stable when restricted to F ; this is stronger
then proving that it is stable as a representation of Γ. But, as a representation of F , the
space `2(E) is isometric to a direct sum of copies of the regular representation F y `2(F ):

`2(E) '
⊕
i∈I

(`2(F ))i,

since the action of F on E is free. We then conclude exactly as in Proposition C.22. 2

Now fix an edge e of T and denote again by e± the components of T \ {me}. Let x0 be
the vertex of e lying in e−. Let cx0 be the cocycle

g 7→ cx0(g) = c(g(x0), x0), (6.4)

where c was defined in Section B.3. Recall that c(g(x0), x0) ∈ `2(E) is the characteristic
function of the set of oriented edges appearing in the oriented geodesic [g(x0), x0] minus the
characteristic function of the set of oriented edges appearing with the reverse orientation
in the oriented geodesic [g(x0), x0]. Since the representation πT is stable, there exists a
map

Ψe+ : X̃ → `2(E)
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which is harmonic and equivariant with respect to the affine action associated to the
cocycle cx0 (see Theorem C.12). More concretely, this means that Ψe+ satisfies:

Ψe+(gx) = πT (g)(Ψe+(x)) + cx0(g) (6.5)

for x ∈ X̃ and g ∈ Γ. Observe that the map Ψe+ depends on the oriented edge e+,
through the cocycle cx0 . Since Ψe+(x) is a function on the space E of oriented edges of
T , it will be convenient to use the following notation. For x ∈ X̃ and u ∈ E, we define
Ψ(x, u) := Ψ(x)(u). Now observe that cx0(g) = 0 for g ∈ Γe. Hence Equation (6.5) gives
us:

Ψe+(hx, u) = Ψe+(x, h−1u) (6.6)

for x ∈ X̃ and h ∈ Γe. When u = e+, one sees that the function Ψe+(·, e+) is Γe-
invariant, hence descends to a function denoted by Fe+ on Xe. We thus obtain two
harmonic functions on Xe: Fe+ and ue+ . They are related as follows:

Theorem 6.8 The functions Fe+ and ue+ satisfy:

2Fe+ + 1 = −ue+ . (6.7)

Remark 6.9 Theorem 6.8 can be seen as a concrete incarnation of Theorem D.3. Indeed
the latter theorem states that if H is any subgroup of Γ such that Γ/H is nonamenable, the
first cohomology group H1(Γ, `2(Γ/H)) is isomorphic to the first L2 cohomology group of
the manifold X̃/H. Informally, our proof of Theorem 6.8 will consist in making concrete
the isomorphism built in the proof of Theorem D.3 to check that it maps the cohomology
class of the cocycle3 −2cx0 to the L2-cohomology class of the form due+. Ultimately this
will give Equality (6.7).

Proof of Theorem 6.8. Observe that, as Γ-representations, one has

`2(E) =
⊕
O

`2(O)

where O runs over the Γ-orbits inside E. We denote by ΨO the component of Ψe+ with
values in `2(O). Then ΨO is thought of as a function on X̃ ×O. Theorem D.3 (or rather
the construction of the isomorphism in the proof of that theorem) says that for an oriented
edge f+ ∈ O, the function ΨO(·, f+) descends to Xf and has finite energy there. In other
words, Ff+ has finite energy for any oriented edge f+.

To conclude the proof, we will show that 2Fe+ + 1 converges to −1 along E+ and to
1 along E− (where E+ and E− were defined in (6.3)). The uniqueness in Proposition 6.5
then gives Equality (6.7). To achieve this, it is enough to consider the function

Γe\Γ → R
[g] 7→ 2Fe+(πe(gx∗)) + 1

(6.8)

and to prove that as [g]→ E+ (resp. E−) it converges to −1 (resp. 1). Indeed the norm
of the gradient of Fe+ tends to 0 at infinity (this follows from the fact that Fe+ has finite

3To be precise, one should rather say the projection of the cocycle −2cx0 on the subrepresentation of
`2(E) associated to the orbit of e+.
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energy, together with Proposition D.4). Moreover, there exists a constant C such that
any point x of Xe is at distance at most C from a point of the form πe(gx∗). Hence the
difference

Fe+(x)− Fe+(πe(gx∗))

is bounded by C times the supremum of the norm of ∇Fe+ on a geodesic going from x to
πe(gx∗). This supremum tends to 0 as x and πe(gx∗) tend to E+ (resp. E−). This proves
that 2Fe+ + 1 has the same asymptotic behavior as the map (6.8).

We now establish that the map (6.8) has the required behavior. Recall from the previous
section that one has a decomposition:

Γe\Γ = A+ tA−
where A+ = {[g] ∈ Γe\Γ : gx0 ∈ e+} and A− = {[g] ∈ Γe\Γ : gx0 ∈ e−}. It induces the
decomposition Ends(Γe\Γ) = E+ t E− where E+ = Ends(A+) and E− = Ends(A−). To
prove the assertion, we must show that

2Fe+([gn]) + 1→ −1

whenever ([gn])n≥0 is a sequence of distinct elements in A+ (and similarly 2Fe+([gn])+1→
1 whenever ([gn])n≥0 is a sequence of dinstinct elements in A−). We have:

Ψe+(gx∗, e
+) = Ψe+(x∗, g

−1e+) + c(gx0, x0)(e+). (6.9)

The quantity c(gx0, x0)(e+) is equal to −1 if [g] ∈ A+. Consider now a sequence ([gn])n≥0

of distinct elements in A+. We have

Fe+(gn · x∗) = Ψ(gnx∗, e
+) = Ψe+(x∗, g

−1
n (e+))− 1.

But the function Ψ(x∗, ·) is in `2, hence the sequence (Ψe+(x∗, g
−1
n (e+)))n≥0 converges to 0.

Therefore Fe+(gnx∗) and 2Fe+(gnx∗) + 1 converge to −1. If, on the other hand, ([gn])n≥0

is a sequence of distinct elements of A−, we have c(gnx0, x0)(e+) = 0. This gives:

Fe+(gn · x∗) = Ψe+(x∗, g
−1
n (e+)).

Since Ψe+(x∗, ·) is in `2, we have 2Fe+(gnx∗) + 1 → 1 as n goes to +∞. This concludes
the proof. 2

If f+ ∈ E, we denote by ũf+ the lift of uf+ to the universal cover of X. Theorem 6.8

shows that Ψe+(·, e+) =
−ũe+−1

2 . The next corollary relates more generally the functions
ũf+ and Ψe+(·, f+). If f+ ∈ E, we shall denote by I the geodesic segment going from the
initial point of f+ to the initial point of e+ (called x0 above). We define:

Ae+ := {f+ ∈ E : the geodesic segment I does not start with f+}. (6.10)

The picture below shows an example of an edge f+ in Ae+ .

e+

f+



78 CHAPTER 6. KÄHLER GROUPS AND TREES

Note that Ae+ is a fundamental domain for the natural involution of E which reverses
the orientation of an edge. We can now state the:

Corollary 6.10 If f+ ∈ Ae+ we have:

Ψe+(·, f+) =
−ũf+ − 1

2
. (6.11)

If f+ /∈ Ae+ we have:

Ψe+(·, f+) =
−ũf+ + 1

2
. (6.12)

Proof. We fix an oriented edge f+ ∈ E and denote by x1 its origin. Let cx1 be the cocycle
defined by (6.4), with x1 instead of x0. Let

Ψf+ : X̃ → `2(E)

be the harmonic equivariant map for the affine action associated to cx1 . Theorem 6.8 can
be applied to f+ instead of e+, yielding the relation:

Ψf+(·, f+) =
−ũf+ − 1

2
. (6.13)

To conclude the proof, we relate the harmonic maps Ψf+ and Ψe+ . Consider the map

Ψe+ − c(x1, x0) : X̃ → `2(E).

We recall once more that c was defined in Section B.3. A simple calculation shows that
this map is equivariant with respect to the affine action associated to the cocycle cx1 . By
uniqueness (see Theorem C.12) we have:

Ψf+ = Ψe+ − c(x1, x0).

Hence
Ψf+(·, f+) = Ψe+(·, f+)− c(x1, x0)(f+).

Combining this with (6.13) we get:

Ψe+(·, f+) =
−ũf+ − 1

2
+ c(x1, x0)(f+).

We now let the reader check that the quantity c(x1, x0)(f+) is equal to 0 when f+ ∈ Ae+

and is equal to 1 when f+ /∈ Ae+ . This concludes the proof of Corollary 6.10. 2

6.2 The Kähler case

We continue the previous discussion, assuming moreover that X is a Kähler manifold. Our
aim is now to prove Gromov and Schoen’s theorem (Theorem 6.1). As in the previous
section, an oriented edge e+ is fixed.
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6.2.1 From a fibration of Xe to a factorization statement

The first important observation is that the previously constructed harmonic function

ue+ : Xe → (−1, 1)

is then pluriharmonic: this follows from Theorem D.6. The (1, 0) part of its differential is a
holomorphic 1-form which defines a singular holomorphic foliation F on Xe, as discussed
in Section 3.2. We will prove that this foliation is actually induced by a fibration. Let
us explain how to conclude the proof from this fact. Assume that there exists a proper
holomorphic map with connected fibers

p : Xe → Σe

where Σe is an open Riemann surface. According to Theorem 3.1, this fibration descends
to a finite cover X1 of X. This means that there exists a fibration X1 → Σ1 onto a
compact Riemann surface Σ1 and holomorphic maps Xe → X1 and Σe → Σ1 such that
the following diagram is commutative:

Xe
//

π

��

Σe

��
X1

// Σ1.

Let N be the kernel of the induced homomorphism π1(X1)→ πorb1 (Σ1).

Proposition 6.11 The group N fixes a point in the tree T .

Proof. The group N is generated by the image of the fundamental group of a smooth fiber
F1 of the map X1 → Σ1. We can pick a smooth fiber Fe of Xe → Σe whose image under
π is equal to F1. The map

π : Fe → F1

is a local diffeomorphism between two smooth closed manifolds, thus it is a finite covering
map. Hence a finite index subgroup of the group π1(F1) is generated by loops which lift
to Xe. This proves that N ∩ Γe has finite index in N . The orbit of the edge e under N is
then finite. By the classical center lemma in trees [36, p. 82] this implies that N fixes a
point of T . 2

Let us conclude the proof from Proposition 6.11. Since N is normal in π1(X1), its fixed
point set

Fix(N) ⊂ T

is π1(X1)-invariant. The group π1(X1) acts minimally on T since π1(X) has this property
and the index [π1(X) : π1(X1)] is finite. This implies that Fix(N) = T . Hence the action
of π1(X1) factors through πorb1 (Σ1). Up to replacing X1 and Σ1 by suitable finite covering
spaces, we can assume that the covering space X1 → X is Galois. Let G be its Galois
group and let F be a smooth fiber of the map p1 : X1 → Σ1. We fix g ∈ G and consider
the image of the fundamental group of g(F ) in π1(X1). It is well-defined up to conjugacy
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since we have not fixed a base point. The conjugacy class of this subgroup is represented
by the image in π1(X1) of gπ1(F )g−1. Hence, it acts elliptically on T since this is the case
for π1(F ) and the action is defined on all of π1(X). It follows that g(F ) must be equal to
a fiber of p1, otherwise the image of the map π1(g(F ))→ π1(Σ1) would have finite index
and π1(Σ1) would act elliptically, a contradiction. This implies that there is an action of
G on Σ1 which makes the map

p1 : X1 → Σ1

equivariant. Hence the fibration descends to a fibration p : X → Σ where Σ := Σ1/G. The
kernel of p∗ : π1(X)→ πorb1 (Σ) contains the kernel of (p1)∗ with finite index. This implies
that Ker(p∗) is elliptic, hence acts trivially on T by the same argument as above. Hence
the action factors through the map

π1(X)→ πorb1 (Σ).

This concludes the proof of Theorem 6.1, once one knows that the foliation F is induced
by a fibration. This fact will be established in Sections 6.2.2 and 6.2.3.

6.2.2 Building a second plurisubharmonic function

We continue to follow the method of proof from [143]. We will make use of Theorem 5.13.
This theorem implies that if the manifold Xe carries a continuous plurisubharmonic func-
tion which is not a function of ue+ , then Xe fibers properly over a Riemann surface. To
build such a plurisubharmonic function, we will need to consider the covering spaces

Xf → X

associated to different oriented edges f+. Each such covering space carries the associated
pluriharmonic function uf+ : Xf → (−1, 1). We write ũf+ for the lift of uf+ to X̃. For
an oriented edge f+ and a constant D ≥ 0, we let VD(f+) be the set of points of T at
distance at most D from f+. Here we recall that f+ is thought of both as an oriented
edge and as a “half-space”.

From now on, a first oriented edge e+ is fixed. We pick a second oriented edge f+

belonging to the set Ae+ defined in (6.10). As a consequence, Equation (6.11) holds.
Later on, we will require f+ to satisfy certain conditions to pursue our proof, but this is
not needed right now. We define the following subset of Γe:

Σ = {g ∈ Γe : g(VC+1(f+)) ∩ VC+1(f+) 6= ∅},

where C is the constant appearing in Proposition 6.6. Let A be the subgroup of Γe
generated by Σ. We define a function β : X̃ → (−1, 1) by:

β(x) = max

(
sup
a∈A

ũf+(a(x)),
1

2

)
.

Note that all the functions ũf+ ◦ a are bounded in absolute value by 1, hence β is well-
defined. Actually we have:
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Proposition 6.12 The function β is continuous and plurisubharmonic.

Proof. According to Equation (6.11), we have

ũf+(a(x)) = −2Ψe+(ax, f+)− 1.

Since cx0(a) = 0, Equation (6.5) gives:

ũf+(a(x)) = −2Ψe+(x, a−1f+)− 1 = ũa−1f+(x).

We have also used that the entire Γe-orbit of f+ is contained in Ae+ . This yields the
following equivalent formula for β:

β(x) = max

(
sup
a∈A

ũaf+(x),
1

2

)
.

Consider now the function
ϕ : X̃ → R

which maps x to
∑

t∈A·f+ Ψe+(x, t)2. It is well-defined and continuous. Indeed, ϕ(x) is
simply the square of the norm of the projection of Ψe+(x) onto the linear subspace

`2(A · f+) ⊂ `2(E).

Similarly, for any subset Z ⊂ A · f+ the function x 7→
∑

t∈Z Ψe+(x, t)2 is continuous. We

now pick a point p ∈ X̃ and prove the continuity of β at p. Since the series∑
t∈A·f+

Ψe+(p, t)2

has finite sum, we can pick a finite subset Z0 ⊂ A · f+ such that∑
t∈A·f+−Z0

Ψe+(p, t)2 <
1

16
.

Consider now the open set O = {x ∈ X̃ :
∑

t∈A·f+−Z0
Ψe+(x, t)2 < 1

16}. This is a

neighborhood of p. For x ∈ O and t ∈ A ·f+−Z0, we have (ũt(x)+1)2 = 4Ψe+(x, t)2 < 1
4 ,

hence ũt(x) < −1
2 . This implies that for x ∈ O, we have:

β(x) = max

(
sup
t∈Z0

ũt(x),
1

2

)
.

Hence on O, β is described as the supremum of finitely many continuous pluriharmonic
functions. This proves that β is continuous and plurisubharmonic. Since this is true in a
neighborhood of any point of X̃, β is continuous and plurisubharmonic on X̃.4 2

4In the course of the proof, we showed that for x ∈ O and for all but finitely many t in the A-orbit of
f+, ut(x) is close to −1. Applying this to t with the reversed orientation, one might think that ut(x) is
also close to 1 and that we have a contradiction. However this does not happen since t with the reverse
orientation does not lie in the A-orbit of f+.
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We remark that the map Ψe+ has been used above to control the behavior of some
infinite family of functions of the form ũt (where t runs over a subset of Ae+). In what
follows we shall use our “old” auxiliary equivariant map ψ : X̃ → T which was fixed in
Equation (6.1).

The function β descends to a function β on X̃/A. We now consider the projection

X̃/A
pe // Xe = X̃/Γe.

We will use β to build a new plurisubharmonic function on Xe. We start with the following
observation:

Lemma 6.13 If ε > 0 is small enough, the projection pe is injective on the set

{β ≥ 1− ε} ⊂ X̃/A.

Proof. We pick δ ∈ (0, 1
2) so that

ψ({ũf+ ≥ 1− δ}) ⊂ VC(f+). (6.14)

This is possible by Proposition 6.6. Let ε = δ
2 and consider the set

Vε = {x ∈ X̃ : β(x) ≥ 1− ε}.

The statement of the lemma is equivalent to the fact that if some element h ∈ Γe satisfies

h(Vε) ∩ Vε 6= ∅,

then h ∈ A. We argue by contradiction. Let y ∈ Vε and h ∈ Γe − A such that h(y) ∈ Vε.
There exist elements a1 and a2 in A such that ũf+(a1y) ≥ 1 − δ and ũf+(a2hy) ≥ 1 − δ.
Because of Equation (6.14), ψ(a1y) and ψ(a2h(y)) are both at distance at most C from
f+. The element a2ha

−1
1 then lies in Σ and in particular in A. This implies that h ∈ A, a

contradiction. 2

We now fix ε ∈ (0, 1
4) such that:

1. the conclusion of the previous lemma holds for ε′ = 2ε,

2. Proposition 6.6 also holds for the value ε′ = 2ε and for the edges e+ and f+.

We define a function γε : Xe → R as follows. If x ∈ Xe belongs to pe({β > 1− ε}) we set
γε(x) = β(y)− (1− ε) where y is a lift of x in {β > 1− ε}. If x /∈ pe({β > 1− ε}) we set
γε(x) = 0. We then have:

Lemma 6.14 The function γε is continuous and plurisubharmonic.

Proof. Let F = pe({β ≥ 1 − ε}). We prove the lemma assuming that F is closed, a fact
that we will prove at the end. The manifold Xe is covered by the two open sets

Xe − F and pe({β > 1− 2ε}).
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On the first one, the function γε is identically 0. On the second one, the function γε
is obtained as follows. One considers the continous plurisubharmonic function max(β −
(1 − ε), 0) on X̃/A. The function γε is obtained by composing it with the inverse of the
(injective) map

pe : {β > 1− 2ε} → pe({β > 1− 2ε}). (6.15)

Hence it is continuous and plurisubharmonic.

We finally prove that F is indeed closed. It is enough to prove that the union⋃
g∈Γe/A

g({β ≥ 1− ε})

is closed. For this, we will check that there exists δ > 0 such that the distance between
the closed sets g({β ≥ 1− ε}) and h({β ≥ 1− ε}) is ≥ δ whenever g and h define distinct
classes in Γe/A. This implies that F is closed.

So assume that y1 ∈ h1({β ≥ 1− ε}) and that y2 ∈ h2({β ≥ 1− ε}) where the classes

[h1] , [h2] ∈ Γe/A

are distinct. According to Proposition 6.6 and our choice of ε, there exist a1 and a2 in A
such that

ψ(yi) ∈ hiai(VC(f+)).

Hence the distance between h1a1(VC(f+)) and h2a2(VC(f+)) is at most kd(y1, y2); k being
the Lipschitz constant of ψ. If kd(y1, y2) ≤ 2 we have that

a−1
2 h−1

2 h1a1(VC+1(f+)) ∩ VC+1(f+) 6= ∅.

Thus a−1
2 h−1

2 h1a1 ∈ Σ ⊂ A, which implies that [h1] = [h2], a contradiction. Hence the
distance between h1({β ≥ 1− ε}) and h2({β ≥ 1− ε}) must be at least equal to 2

k . This
concludes the proof. 2

6.2.3 Conclusion of the proof

According to Theorem 5.1, we can assume that all the level sets of the lift to X̃ of the
function

ue+ : Xe → (−1, 1)

are connected, otherwise we already know that Xe fibers. Thus, we make this assumption
until the end of Section 6.2. We will establish the next proposition, which conludes our
proof of Theorem 6.1, as discussed at the beginning of Section 6.2.2.

Proposition 6.15 There exists a continuous plurisubharmonic function φ : Xe → R such
that there exists a level set of ue+ on which the function φ is not constant.

We have chosen an arbitrary oriented edge f+ at the beginning of Section 6.2.2. We
now make the assumption that:

VC+1(e+) ∩ VC+1(f+) = ∅. (6.16)
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Note that this is possible, still assuming the previously imposed condition that f+ ∈ Ae+ .

Proof of Proposition 6.15. We assume that the conclusion of the proposition is not satisfied
when φ = γε, otherwise there is nothing to prove. Hence, since ue+ is onto, there exists a
function H : (−1, 1)→ R+ such that

γε(x) = H(ue+(x))

for x ∈ Xe. We claim that H is continuous, convex, and vanishes on [1− ε, 1) where ε was
fixed previously. Let us prove these claims.

The fact that H is continuous at s ∈ (−1, 1) is clear as soon as the level set u−1
e+

(s)
contains a point which is not a critical point of ue+ . But this property holds for all s since
for a nonconstant pluriharmonic function L the critical set Crit(L) ∩ L−1(c) is nowhere
dense in L−1(c) for any value c. Note that this argument proves that for each t ∈ (−1, 1),
one can find

q ∈ u−1
e+

(t) ⊂ Xe

and local coordinates (z1, . . . , zn) centered at q such that

γε(z) = H(ue+(q) +Re(z1)).

The (local hence global) convexity of H then follows from [144, 5.13] and [247, 1.1.12]. For
the last claim, consider a point x ∈ X̃ such that ue+(πe(x)) > 1− ε. Then Proposition 6.6
implies that ψ(x) ∈ VC(e+). Since VC(e+) and⋃

h∈Γe

h(VC(f+))

are disjoint (because of (6.16)), we have that

ψ(x) /∈
⋃
h∈Γe

h(VC(f+)).

Proposition 6.6 (applied to all the edges in the Γe-orbit of f+) implies that

h(x) /∈ {β > 1− ε}

for any h ∈ Γe. Hence γε(πe(x)) = 0. This means that H vanishes on [1− ε, 1).

We now continue the proof. We claim that the level sets of

γε ◦ πe : X̃ → R

are connected. Indeed we have γε◦πe = H ◦ue+ ◦πe, the level sets of ue+ ◦πe are connected
by hypothesis, and the hypothesis on H implies that its level sets are either points (for
positive values) or an interval of the form [a, 1) for the value 0. This implies the claim for
γε ◦ πe.

A consequence of the previous discussion is that the two groups Γe and A coincide:
indeed if this is not the case, the set {γε ◦ πe > 0} is the disjoint union of the subsets

g({β > 1− ε}) ([g] ∈ Γe/A)

hence the level sets of γε ◦ πe cannot be connected (see the picture).
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γε ◦ πe = 0

{β > ε}

g({β > ε})h({β > ε})

m({β > ε})

When Γe 6= A

We now make the following observation. If g ∈ Σ, then g must fix the entire segment[
zf+ ,me

]
where zf+ is the point at distance d(f+, e+)− (C + 1) from e+ on the geodesic

from e+ to f+, as explained by the picture below. Note that (6.16) implies that d(e+, f+)−
(C + 1) ≥ C + 1 > 0. In particular, since Σ generates A = Γe, Γe must fix [zf ,me].

e+

f+

g(f+)

The geodesic segments [e+, f+] and [e+, g(f+)] must coincide on a large segment since VC+1(f+)

and g(VC+1(f+) intersect.

If the conclusion of the present proposition fails for all functions γε (associated to all
edges f+), then Γe fixes pointwise all segments [zf ,me] when f+ varies over all oriented
edges such that (6.16) holds. These segments cover e−, hence Γe acts trivially on e−. By
changing the roles of e+ and e−, we see that Γe acts trivially on e+ also. Hence Γe acts
trivially on T . The inclusion

Γe ⊂ Γt

for an arbitrary oriented edge t+ now implies that ut+ ◦ πt descends to a function vt+
on Xe. If vt+ is not constant on some level set of ue+ , we are done. Otherwise, there
exists a function Ht+ : (−1, 1)→ (−1, 1) such that vt+ = Ht+ ◦ ue+ . As before one proves
that Ht+ is continuous and convex. Actually, since vt+ is pluriharmonic and not only
plurisubharmonic, Ht+ must be affine. Hence:

vt+ = aue + b

for some constants a, b. But since ue+ and vt+ both take values in (−1, 1) and are onto, we
must have b = 0 and a = ±1. We now pick two oriented edges f+

1 and f+
2 as in the figure

below. We assume moreover that the distances between each pair of distinct half-spaces
among e+, f+

1 and f+
2 are at least equal to 2C + 1.
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e+

f+1

f+2

There are two cases:

• If ue+ = vf+
i

for some i ∈ {0, 1}. Then if x ∈ X̃ is such that ũe+(x) is close enough to 1

we should have that
ψ(x) ∈ VC(e+) ∩ VC(f+

i ).

This is a contradiction since VC(e+) ∩ VC(f+
i ) is empty.

• If ue+ = −vf+
1

= −vf+
2

. Then this implies that ũf+
1

= ũf+
2

and one argues as before. A

point x ∈ X̃ such that ũf+
1

(x) is very close to 1 will be sent by ψ in the set

VC(f+
1 ) ∩ VC(f+

2 ).

This set is empty, hence we get a contradiction. This concludes the proof of Proposi-
tion 6.15. 2

Remark 6.16 Let us make a comment about the end of the proof of the proposition. We
arrived at a situation where the group Γe acts trivially on T . If this happens for every
edge e, then the group Γ/H (where H is the kernel of the action) acts on T with trivial
edge stabilizers. Hence Γ/H is a free product. One could then conclude using different
arguments (e.g. those from Chapter 7). On the other hand if for some edge e0 the group
Γe0 acts nontrivially on T , we can start our proof with e = e0. However, our conclusion
is certainly shorter.

6.3 Applications

We describe here a few applications of Theorem 6.1. The first one, which was already
stated informally in the introduction, is the following:

Theorem 6.17 Let Γ be a Kähler group. Assume that Γ acts faithfully on a simplicial tree
T . Assume further that the action is minimal and non-elementary. Then Γ is isomorphic
to an orbifold surface group. In particular, Γ is virtually a surface group.

Proof. If Γ is the fundamental group of the closed Kähler manifold X, Theorem 6.1
produces a fibration

p : X → Σ

onto a hyperbolic orbifold, such that the action on the tree T factors through the morphism
p∗ : π1(X) → πorb1 (Σ). Since that action is faithful, p∗ must be injective. Since it is also
surjective, Γ is isomorphic to the orbifold fundamental group of Σ. 2

Another application is the following result due to Gromov [223].
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Theorem 6.18 Let Γ = A ∗ B be a free product, where A and B are nontrivial groups
and one of them has at least 3 elements. Then Γ is not a Kähler group.

In the case where A and B both have two elements, the group is not Kähler either,
but this is much simpler to prove: indeed A ∗B is virtually cyclic in that case. Of course,
a free product as in the theorem above has infinitely many ends, so this theorem follows
from Gromov’s Theorem 7.1. This is the original proof given in [223]. But one can also
deduce it from Theorem 6.1 as follows: if Γ = A ∗ B is as in Theorem 6.18, then Γ
admits a faithful, minimal and non-elementary action on a simplicial tree by Bass–Serre
theory. Theorem 6.17 yields that Γ should be virtually a surface group. This is impossible
since surface groups are one-ended, whereas Γ has infinitely many ends. This proves
Theorem 6.18.

Remark 6.19 Theorem 6.18 had been proved under some special hypothesis on A and B
by Johnson and Rees [256], prior to [223]. This actually led them to raise the question
whether an infinite Kähler group necessarily had one end, see [256, p. 466]. This question
was answered positively by Gromov shortly after. We will go back to this in the next
chapter.

Finally, we mention another application of Theorem 6.1. This theorem was established
in [375], to which we refer for the proof.

Theorem 6.20 Let Γ be a Kähler group. Assume that Γ embeds in a Coxeter group or
a right-angled Artin group. Then Γ contains a subgroup of finite index Γ0 such that Γ0

embeds in a direct product of finitely many surface groups, possibly with a free Abelian
factor.

For further applications of Theorem 6.1, we refer the reader to [134, 361, 379] for
instance.
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CHAPTER 7

Covering spaces of compact Kähler manifolds and ends

In this chapter, we discuss various results about ends and relative ends of Kähler groups
and their subgroups. For all the definitions concerning these notions, we refer the reader
to Appendix A.

We shall give complete proofs of two classical results: Gromov’s Theorem stating that
an infinite Kähler group has only one end [223] and Napier and Ramachandran’s Theorem
stating that a covering space of a compact Kähler manifold having at least three ends
must fiber properly over a Riemann surface [350]. We also discuss, without proofs, some
more general results due to Delzant–Gromov [141] and Napier–Ramachandran [354]. All
these results can be thought of either in terms of groups and their subgroups or in terms
of covering spaces; we shall pass freely from one description to the other.

The chapter is organized as follows. In Section 7.1, we state the main theorems and give
some context. In particular, we recall the construction, due to Cousin, of a 2-ended cover
of a closed Kähler manifold which admits no nonconstant holomorphic function. This
example illustrates why the hypotheses in Napier and Ramachandran’s work are optimal.
In Section 7.2, we prove Napier and Ramachandran’s “3-ends theorem” (Theorem 7.3)
in the special case where the manifold under consideration satisfies a linear isoperimetric
inequality. Using classical results on groups with infinitely many ends, we shall see that
this yields a proof of Gromov’s Theorem asserting that infinite Kähler groups are one-
ended (Theorem 7.1). We conclude Section 7.2 by explaining how to deduce another
result of Gromov (Theorem 7.2), about the first `2-Betti number of Kähler groups, from
the results of Chapter 4. In Section 7.3, we prove Napier and Ramachandran’s Theorem
in full generality. We rely strongly on some results about harmonic functions established
in Appendix E. Finally, in Section 7.4, we briefly discuss the results by Delzant–Gromov
and Napier–Ramachandran dealing with filtered ends for Kähler groups.

89
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7.1 Ends and Kähler groups: some motivation

7.1.1 Statement of the results

The very first result about Kähler groups and ends goes back to 1989 and is due to
Gromov [223]. It can be stated as follows:

Theorem 7.1 An infinite Kähler group has only one end.

Another way to state the theorem is to say that if X is a closed Kähler manifold, then
its universal cover has only one end; see Proposition A.8. Let us mention another theorem
from [223], from which Gromov deduces Theorem 7.1.

Theorem 7.2 Let Γ be a Kähler group. If the first `2-Betti number of Γ is positive, then
Γ is commensurable (up to finite kernel) to a surface group.

For a definition of the first `2-Betti number of a group, we refer the reader to Section C.4.
We shall not define the meaning of the word commensurable here (see e.g. [133, p. 93] for
this). Instead, we shall simply say that the proof of Theorem 7.2 gives a more precise fact:
under the hypotheses above, Γ virtually maps onto a surface group, with finite kernel!

In [223], Gromov’s strategy to prove Theorem 7.1 goes as follows. He proves The-
orem 7.2 and then observes that a group with infinitely many ends has positive first
`2-Betti number (see Remark C in [223, §2.3]). This immediately implies the result: if
Γ were a Kähler group with infinitely many ends then Γ should be commensurable to a
surface group by Theorem 7.2. But the number of ends is a commensurability invariant
and surface groups have only one end. This gives a contradiction. Hence, no Kähler
group has infinitely many ends. From this and from Hopf’s Theorem one deduces easily
Theorem 7.1.

Gromov’s Theorem 7.1 has already been discussed in great detail in [5, 14], and the
article [14] contains several generalizations of it. However, we include a short account of
it here, independent from Theorem 7.2. See the beginning of Section 7.2.2. On the other
hand, the next result that we present has not been discussed since its original proof by
Napier and Ramachandran [350]. Before stating it, let us give some context.

With Theorem 7.1 at hand, we can study the number of ends of arbitrary covering
spaces of a compact Kähler manifold. If Σ is a Riemann surface of large enough genus and
if Σ0 is a subsurface having k boundary components, all incompressible, one can consider
the covering space Σ̂→ Σ corresponding to the subgroup

π1(Σ0) < π1(Σ).

Then the numbers of ends of Σ̂ is equal to k, which can be any natural number (see
Section A.2 for a picture). Similarly, one can build covering spaces Σ̂→ Σ having infinitely
many ends. If X is a closed Kähler manifold and if p : X → Σ is a fibration, the covering
space X̂ corresponding to the subgroup

p−1
∗ (π1(Σ0)) < π1(X)
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will have the same number of ends as Σ̂. Hence, there are no restrictions on the number
of ends of arbitrary covering spaces of closed Kähler manifolds. The next natural question
is then the following:

If Y → X is a covering space of a closed Kähler manifold X, what can be said if the
number of ends of Y is large enough?

As we shall see, the right notion of “large enough” here is “greater or equal to 3”. The
following theorem, which answers this question, was proved by Napier and Ramachandran
in [350].

Theorem 7.3 Let X be a closed Kähler manifold and let p : Y → X be an infinite covering
space. Assume that Y has at least three ends. Then there exists a fibration q : Y → Σ onto
an open Riemann surface.

Once again, in the context of the theorem above, we can apply the main result from
Chapter 3 to deduce that the fibration descends to a finite covering space of X (see
Theorem 3.1). Of course, one can also ask what happens if a closed Kähler manifold has a
covering space with two ends. In that case one cannot deduce the existence of a fibration
onto a Riemann surface, as shown by an example due to Cousin [120], that we describe in
the next subsection.

7.1.2 An example due to Cousin

In this section we give a simple example, taken from [120], of a cyclic covering space of a
direct product of two elliptic curves which admits no nonconstant holomorphic function.

Let λ and µ be non-zero complex numbers. Assume that the moduli |λ| and |µ| are
both distinct from 1. Consider the elliptic curves Eλ = C∗/〈λ〉 and Eµ = C∗/〈µ〉. Here we
abuse notation and write 〈λ〉 for the cyclic group of transformations of C∗ generated by
the transformation z 7→ λz. Similarly, 〈µ〉 stands for the cyclic group of transformations
generated by z 7→ µz. Consider the closed Kähler manifold X = Eλ × Eµ. Let

X̂ → X

be the cyclic covering space given by X̂ = (C∗ × C∗)/〈T 〉 where T is the transformation
(z, w) 7→ (λz, µw). The following proposition shows that for most choices of λ and µ, the
complex manifold X̂ carries no nonconstant holomorphic function.

Proposition 7.4 Assume that λ and µ are multiplicatively independent, i.e. that for
every (n,m) ∈ Z2 − {0} we have:

λnµm 6= 1.

Then, any holomorphic function f : X̂ → C is constant.

Proof. We pick a holomorphic function f : X̂ → C and consider its lift F to C∗×C∗. The
function F has an expansion in Laurent series:

F (z, w) =
∑
n,m∈Z

an,mz
nwm.
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But we have F (λz, µw) = F (z, w). By uniqueness of the expansion in Laurent series, this
implies that

an,m(λnµm − 1) = 0

for all n,m ∈ Z. If f (hence F ) is nonconstant, there exists (n0,m0) ∈ Z2−{0} such that
an0,m0 6= 0. This yields that

λn0µm0 = 1.

This is a contradiction; thus f must be constant. 2

Since open Riemann surfaces are Stein manifolds [211], the proposition implies that X̂
has no nonconstant holomorphic map to an open Riemann surface. Note also that the
function

(z, w) 7→ log|z|
log|λ|

− log|w|
log|µ|

on C∗ × C∗ descends to a proper pluriharmonic function

f : X̂ → R.

This observation, together with Proposition 7.4, shows that the presence of a single (even
proper) pluriharmonic function does not imply the existence of nontrivial holomorphic
functions on a covering space of a closed Kähler manifold.

Note however that one can sometimes give conditions on a 2-ended cover of a closed
Kähler manifold which allow one to produce a fibration onto a Riemann surface. We have
seen an example of such a situation in Chapter 5 (Theorem 5.13), and the reader will find
more examples in [350]. In essentially all cases, fibration theorems involve two functions
or two 1-forms.

Remark 7.5 A study of the meromorphic functions defined on quotients of Cn by discrete
subgroups, such as the manifold X̂ above, can be found in the articles [89, 90].

7.2 The 3-ends theorem: the non-amenable case

In this section, we shall give a quick proof of Theorem 7.3 in a special case: when the
manifold Y satisfies a linear isoperimetric inequality. As discussed in Appendix C, this
property can be characterized in terms of the pair

π1(Y ) < π1(X)

only. In certain geometric situations, one can guarantee that a covering space Y → X
satisfies a linear isoperimetric inequality by building a non-abelian free group in π1(X)
which is “well-positioned” with respect to π1(Y ) and by applying Proposition C.22. See
Theorem B.10, Section 6.1.1 and [143] for examples of such situations.
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7.2.1 Harmonic functions from ends

We resume with the notations from Theorem 7.3: X is a closed Kähler manifold and
p : Y → X is an infinite covering space. We assume moreover that Y satisfies a linear
isoperimetric inequality and has at least three ends.

We fix a compact subset K ⊂ Y with smooth boundary such that Y −K has n ≥ 3
connected components, all unbounded. We write

Y −K = E1 ∪ · · · ∪ En. (7.1)

Recall from Appendix A that, once an exhaustion of Y by compact subsets (Km)m≥0 is
fixed, an end e of Y can be seen as a decreasing sequence e = (Om)m≥0 of open sets, where
for each m, Om is a connected component of Y −Km. Hence, given a decomposition as
in (7.1), we shall say that an end e = (Om)m≥0 is contained in Ei for some 1 ≤ i ≤ n
(denoted by e ∈ Ei) if Om ⊂ Ei for large enough m. Let u1 : Ends(Y ) → {0, 1} be the
function which maps an end e to 1 if e ∈ E1 and 0 otherwise, and let u2 : Ends(Y )→ {0, 1}
be the function which maps an end e to 1 if e ∈ E2 and 0 otherwise. According to
Theorem D.1 (which applies since Y satisfies a linear isoperimetric inequality), there exist
harmonic functions

hi : Y → (0, 1)

of finite energy with extend the ui’s. According to Theorem D.6, these functions are
pluriharmonic. Observe now that:

• The forms dh1 and dh2 are independent. Indeed if this were not the case, there would
exist (a, b) ∈ R2 − {0} such that adh1 + bdh2 = 0. Hence there would exist a real number
c such that

ah1(x) + bh2(x) = c

for all x ∈ Y . If x ∈ E1 and x goes to infinity, we obtain by taking the limit a = c.
Similarly if x ∈ E2 and x goes to infinity, we obtain b = c. Finally if x ∈ E3 and x goes to
infinity, we obtain c = 0. Hence a = b = c = 0; this is a contradiction. We conclude that
dh1 and dh2 are independent.

• By Gromov’s cup product theorem (Theorem 4.12), the holomorphic 1-forms dh1,0
1 and

dh1,0
2 automatically satisfy:

dh1,0
1 ∧ dh

1,0
2 = 0.

Hence, all the hypotheses of Corollary 4.9 are satisfied. The corollary implies that there
exists a holomorphic fibration from Y onto a Riemann surface. This concludes the proof
of Theorem 7.3 in the special case where Y satisfies a linear isoperimetric inequality.

7.2.2 Back to Gromov’s theorem

We now return to Theorem 7.1, due to Gromov. Recall that a finitely generated group
has 0, 1, 2 or infinitely many ends, according to Hopf’s Theorem (Theorem A.9). A group
is finite if and only if it has 0 ends. A group with two ends admits a finite index subgroup
which is isomorphic to Z [392, Th. 5.12], hence cannot be Kähler. Thus, the number of
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ends of an infinite Kähler group must be 1 or ∞ and Gromov’s theorem says that the
infinite case cannot occur, a fact that we now prove.

Proof of Theorem 7.1. We first observe that a group with infinitely many ends must be non-
amenable. This can be seen as a consequence of Stallings’ theorem (characterizing groups
with infinitely many ends) but one can also give a direct proof of it. See Section A.1.3 and
in particular Theorem A.12 for a discussion of this. Consider a closed Kähler manifold X.
Assume, for the sake of contradiction, that π1(X) has infinitely many ends. Then, π1(X)
is non-amenable as we have observed. Hence the universal cover of X satisfies a linear
isoperimetric inequality (see Theorem C.24). The non-amenable version of Theorem 7.3
applies and we obtain a fibration

p : X̃ → Σ

onto a Riemann surface. Since p has connected fibers the morphism p∗ : π1(X̃) → π1(Σ)
is onto. Thus the Riemann surface Σ is simply connected and must be isomorphic to the
unit disk or the complex plane. In any case it has only one end, hence so does X̃ since p
is proper. This is a contradiction, and concludes the proof of Theorem 7.1. 2

Before closing this section, we give a quick proof of Theorem 7.2, based on the results
of the previous chapters.

Proof of Theorem 7.2. Let X be a closed Kähler manifold. Assume that its fundamental
group has positive first `2-Betti number. Then the space

H (X̃)

of (exact) L2 harmonic 1-forms on X̃ is nonzero, see Section C.4. Let α = df be a nonzero
element in it. According to Theorem D.6, the function f is pluriharmonic. Since X̃ is
simply connected, there exists a holomorphic function

F : X̃ → C

whose real part is f . The function F has finite energy. Hence Corollary 4.10 applies and
gives a fibration onto a Riemann surface:

p : X̃ → Σ.

The map p is necessarily equivariant with respect to a representation of π1(X) (or even all
of Aut(X̃)) into Aut(Σ). This argument was already seen in Chapter 3: one considers a
fiber F of p and an element g ∈ π1(X). Since p is proper, p(g(F )) is a compact connected
analytic set in Σ. Since Σ has dimension 1 and is noncompact, p(g(F )) is a point. This
proves that p is equivariant with respect to a representation

θ : π1(X)→ Aut(Σ), (7.2)

which must have finite kernel since p is proper. The Riemann surface Σ is simply connected
and cannot be the complex plane. If this were the case and since the automorphism
group of C is solvable, Equation (7.2) would exhibit π1(X) as a solvable-by-finite group.
Hence π1(X) would be amenable and hence would have zero first `2-Betti number. This
is a contradiction so that Σ is isomorphic to the unit disc. The image of θ is discrete
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thanks to the properness of p and cocompact as X is compact. This proves that π1(X) is
commensurable to a cocompact discrete subgroup of

Aut(Σ) ' PSL2(R),

hence commensurable to a surface group. This concludes the proof of Theorem 7.2. 2

Remark 7.6 We have not used Theorem 7.2 to prove Gromov’s theorem on the number
of ends of a Kähler group. However, the proofs we have given for both theorems are related.
In both cases one exhibits two independent L2 exact harmonic 1-forms on the universal
cover. In the case of Theorem 7.2, the first one, say df , comes from the definition of the
first `2-Betti number (assumed to be positive) and the second one from the fact that f is
the real part of a holomorphic map

F = f + ig

since we are on a simply connected space (and also from the fact that dg = −df ◦J has the
same norm as df). In the case of Theorem 7.1, we use the fact H1

c (X̃) embeds in the space
of L2-exact harmonic 1-forms, which is essentially another way to state Theorem D.1.

We conclude this section by explaining a relation between ends and holomorphic con-
vexity. We want to point out that Gromov’s Theorem 7.1 can be seen as a consequence
of the Shafarevich conjecture of holomorphic convexity (see Section 1.3.7), if the latter
holds! Let us explain why. We first observe that a Stein manifold Y of complex dimension
n greater than 1 has only one end. Indeed, such a manifold admits a strictly plurisub-
harmonic Morse function f which is an exhaustion. The indices of the critical points of
such a function are not greater than n. If the set {f ≥ c} was not connected for some
regular value c of f , we would get a contradiction. Reconstructing Y from {f ≥ c} by
attaching handles, we can never get a connected space since the handles are attached along
a connected set, the indices of the critical points of −f being ≥ n ≥ 2. This proves that
Y is one-ended. One can also prove that an irreducible Stein space of dimension at least
2 is one-ended, see [27, p.45].

Let us now explain the relation betwen the Shafarevich conjecture and Gromov’s theo-
rem. If X is a closed Kähler manifold whose universal cover X̃ is holomorphically convex,
one can consider the Remmert reduction of X̃ [210, p.221]. This is a proper holomorphic
map π : X̃ → Y with connected fibers, where Y is an irreducible (reduced, normal) Stein
space. To prove that X̃ is one-ended, it is enough to see that Y is one-ended. If Y has
dimension 1, it is smooth and simply connected. Thus, Y is isomorphic to the complex
plane or the unit disk and is one-ended. Otherwise, the dimension of Y is at least 2 and
the previous paragraph yields that Y is one-ended.

7.3 The 3-ends theorem: the general case

In this section we prove Theorem 7.3 in full generality. We first discuss the idea behind
the proof in Section 7.3.1, before turning to the actual proof in Section 7.3.2.
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7.3.1 Harmonic functions with prescribed behavior along ends

In the previous section, we used the fact that if Y is a Riemannian manifold (of positive
injectivity radius and with bounded sectional curvature) satisfying a linear isoperimetric
inequality, then any continuous function from the space of ends of Y to {0, 1} can be
extended to a harmonic function of finite energy on Y . Moreover, in the Kähler case
the extension is pluriharmonic. Note that this extension result still holds under weaker
hypotheses1. However it does not hold all the time.

From now on we use the content of Appendix E. The ends of a Riemannian manifold
can be divided into two types: hyperbolic and parabolic. If all the ends of a Riemannian
manifold are hyperbolic, we have a good enough substitute for Theorem D.1. This is
Theorem E.15. We recall its statement here. Consider a complete Riemannian manifold
Y and a compact subset K ⊂ Y with smooth boundary. Write:

Y −K = E1 ∪ · · · ∪ Er

where the Ei’s are the connected components of Y −K and where each Ei is unbounded
and hyperbolic. If i ∈ {1, . . . , r} is fixed and if (xn)n≥0 is a sequence of points in Ei one
can define what it means for (xn)n≥0 to be regular (see Definition E.12 in Appendix E).
This definition depends on Ei only. Then for each i we can find a harmonic function of
finite energy hi : Y → R such that if (xn)n≥0 is a regular sequence contained in Ej one has

lim
n→∞

hi(xn) = δij .

This is weaker than saying that

hi(x)→ δij

as x goes to infinity in Ej . However this is enough to show that dh1 and dh2 are indepen-
dent and to argue as before.

In general, if Y has some parabolic ends, the arguments to establish Theorem 7.3 go
as follows: one first proves that on each parabolic end, we can find a harmonic exhaustion
function (pluriharmonic in the Kähler case). The proof of this result builds upon the
work of Nakai [348], that we expose in Appendix F. One can then “cut” each parabolic
end along a large enough level set of a (pluri)harmonic exhaustion function. We are left
with a manifold with only hyperbolic ends, and we still have at least three of them. In
the Kähler case, we produce a fibration of this open set of the original manifold onto a
Riemann surface and then check that the fibrations constructed on these larger and larger
open sets essentially “coincide” on the intersection of their domains of definition and define
a fibration of the original manifold.

Remark 7.7 The original article [350] appealed to a theorem due to Narasimhan to prove
that M was holomorphically convex (using the fibrations built on larger and larger open
sets) and then deduced that the Remmert reduction of M was a Riemann surface. But this
is not really needed and our argument is more direct.

1A sufficient condition is that all ends are hyperbolic and regular in the sense that their harmonic
measure (see Definition E.13) is a proper function.
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7.3.2 The proof

Let X, Y and p be as in the statement of Theorem 7.3. We fix a compact subset K ⊂ Y
with smooth boundary such that there are r ≥ 3 connected components of Y −K, denoted
by E1, . . . , Er, all unbounded.

The first step of the proof is to “get rid” of the parabolic ends. We assume, up to
reordering the ends, that E1, . . . , Es are parabolic and that Ei is hyperbolic for i > s. If
there are no parabolic ends, there is nothing to do and one can pass to the second step of
the proof. For each i ∈ {1, . . . , s}, Theorem E.18 implies that there exists a pluriharmonic
function

hi : Y → R

whose restriction to Ei goes to infinity at infinity. We fix an increasing sequence (ai,n)n≥0

of regular values of hi which converges to infinity. We can and do assume that ai,n − 1 is
also a regular value of hi (for each i and n). Define:

Yn =
s⋃
i=1

Ei ∩ h−1
i (]−∞, ai,n[) ∪ (K ∪ Es+1 ∪ · · · ∪ Er) .

The manifold Yn is schematically pictured below.

Yn

E1

h1 = a1,n

E2

h2 = a2,n

Let

Kn =
s⋃
i=1

Ei ∩ h−1
i (]−∞, ai,n − 1]) ∪K.

We assume that n has been taken large enough so that ai,n−1 is greater than the maximum
of hi on K, for each i. Note that Yn −Kn has at least r ≥ 3 connected components.

Lemma 7.8 Each connected component of Yn−Kn is hyperbolic and the manifold Yn has
bounded geometry (for a suitable complete Kähler metric).

In the proof below, and as in Appendix E, we will abuse notation and will refer to the
connected components of Yn −Kn as ends of Yn.

Proof. The fact that the ends of Yn are hyperbolic is straightforward from Definition E.9.
Indeed, for the ends Es+1, . . . , Er this is clear from the definition. Consider now one of
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the remaining ends, say O. Let us assume (up to changing the indices) that it is contained
in

E1 ∩ h−1
1 (]−∞, a1,n[).

By considering the compact sets

E1 ∩ h−1
1 ([a1,n − 1, b1,n,k])

where b1,n,k < a1,n is an increasing sequence of regular values converging to a1,n, one sees
that the harmonic measure (see Definition E.13) associated to the end O ⊂ E1∩{a1,n−1 ≤
h1 < a1,n} is the function h1 − (a1,n − 1), which is nonzero. Hence O is hyperbolic. This
completes the proof of the first claim.

The fact that Es+1, . . . , Er have bounded geometry follows from the fact that Y covers
a closed manifold. We now prove that the end Ei∩h−1

i (]−∞, ai,n[) has bounded geometry.
Fix a Kähler form ω on Y obtained by lifting a Kähler form on X. Consider on Yn a Kähler
form of the following type:

ω0 = ω +
s∑
j=1

i∂∂(−log(ai,n − χj(hj))|Ej ,

where χi : R→ R is a smooth nondecreasing convex function such that

χi(t) =

{
t if t ≥ ai,n − ε
c if t ≤ ai,n − 2ε

for some small enough ε and some constant c. In a neighborhood of a point p ∈ h−1
i (ai,n)∩

Ei, one can pick holomorphic coordinates centered at p such that

hi(z1, . . . , zn) = ai,n + Re(z1).

This implies that near p and in the region {hi < ai,n}, one has

ω0 = ω +
idz1 ∧ dz1

4x2
1

,

where x1 = Re(z1). This metric is locally comparable to the product of the metric idz1∧dz1
x2

1

with the Euclidean metric on Cn−1. Since Ei ∩ h−1
i (ai,n) is compact, this proves that the

metric has bounded geometry in the neighborhood of each end Ei. This concludes the
proof of the lemma. 2

Proposition 7.9 Assume that for each large enough integer n, there exists a fibration2

pn : Yn → Σn onto an open Riemann surface. Then, there exists a fibration p : Y → Σ
onto an open Riemann surface.

Proof. Let us consider a fiber F of the map pn : Yn → Σn. Since pn+1 is proper and F
is connected, pn+1(F ) is a compact connected analytic set of the open Riemann surface

2We recall once more that fibrations are proper: see Definition 2.7.
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Σn+1 (we use here a theorem due to Remmert, see the references at the beginning of
Section 3.1). Hence pn+1(F ) must be a point, so that F is contained in a fiber F ′ of
pn+1. Since the boundary of Yn is defined by pluriharmonic functions, and F ′ intersects
Yn, F ′ must be entirely contained in Yn. This implies that F = F ′. Thus, there exists a
holomorphic map in : Σn → Σn+1 which makes the following diagram commutative:

Yn //

pn

��

Yn+1

pn+1

��
Σn

in // Σn+1.

We identify Σn with its image under in. In this way, we can consider the increasing union

Σ∞ =
⋃
n≥0

Σn;

this is naturally a Riemann surface. The maps pn now induce a natural map p∞ : Y → Σ∞.
If D is a (small) closed disc

D ⊂ Σn ⊂ Σ∞

then p−1
∞ (D) = p−1

n (D). This shows that p∞ is proper and has connected fibers. This is
the desired fibration. 2

Combining Lemma 7.8 and Proposition 7.9, we see that we only have to deal with the
case of manifolds all of whose ends are hyperbolic and of bounded geometry. In other
words, we have to prove the following theorem. This is a special case of Theorem 7.3,
except that we do not assume anymore that the manifold under consideration covers a
closed one. As we shall see, this does not cause any trouble.

Theorem 7.10 Let M be a complete Kähler manifold with bounded geometry. Assume
that M contains a compact subset K with smooth boundary such that each connected
component of M −K is unbounded and hyperbolic and assume that there are at least three
components. Then, there exists a fibration p : M → Σ onto a Riemann surface.

Proof of Theorem 7.10. We write

M −K = E1 ∪ · · · ∪ Er

where r ≥ 3. We apply Theorem E.15: this provides two pluriharmonic functions of finite
energy

hi : M → R (i = 1, 2)

such that if (xn) is a regular sequence in Ek, one has:

lim
n→∞

hi(xn) = δik.

Then Gromov’s cup product lemma (Theorem 4.12) implies that

dh1,0
1 ∧ dh

1,0
2 = 0.



100 CHAPTER 7. KÄHLER MANIFOLDS AND ENDS

Note that the two forms dh1 and dh2 are independent. The argument is analogous to
the one presented in Section 7.2.1, except that we only consider regular sequences going
to infinity in some end, and not arbitrary divergent sequences. We provide the details
for the reader’s convenience. If dh1 and dh2 were not independent, there would exist
(a, b) ∈ R2 − {0} such that

adh1 + bdh2 = 0.

Hence we would have:
ah1 + bh2 = c

on M , for some constant c. By evaluating this equation on a regular sequence (xn)n≥0

in E1, we obtain a = c since h1(xn) converges to 1 and h2(xn) converges to 0. Similarly,
by considering a regular sequence in E2 (resp. E3) we obtain b = c (resp. c = 0). This
proves that a = b = c = 0, a contradiction. Thus, dh1 and dh2 are independent. All
the hypotheses of Corollary 4.9 are fulfilled and we get a proper fibration of M onto a
Riemann surface. 2

7.4 The case of filtered ends

In this section, we present a generalization of Theorem 7.3, where ends are replaced by
filtered ends. We refer to Section A.3 for the corresponding definition. Before stating this
new theorem, and as a motivation, we make two comments.

• Consider a manifold Y , with universal cover p : Ỹ → Y . Assume for simplicity that Y
has exactly one end. In that case, saying that Y has at least three filtered ends means
precisely that there exists a compact set K in Y (with smooth boundary) such that Y −K
is connected and such that the index of the image of the morphism

π1(Y −K)→ π1(Y )

is greater or equal to 3. See for instance [355, p. 39] for a more general statement.

• Consider a closed manifold X, a covering space q : Y → X, and the universal cover
p : Ỹ → Y . In that case we know that the number of filtered ends of Y only depends on
the pair

π1(Y ) < π1(X),

see Appendix A. One motivation to consider filtered ends is the following. The fact that the
number of filtered ends of a pair (G,H) is greater than 1 can sometimes be interpreted as
saying that “the boundary of H disconnects the boundary of G”. This is true for instance
if G is a hyperbolic group and H a quasiconvex subgroup. We refer the reader to [141]
for a more detailed discussion as well as to [73]. We also mention the article [279], which
contains an interesting criterion to produce pairs (G,H) with infinitely many filtered ends.

We are now ready to state the announced generalization of Theorem 7.3:

Theorem 7.11 Let X be a closed Kähler manifold. Let Y → X be a covering space.
Assume that the number of filtered ends of Y is at least 3. Then, there exists a fibration
of Y onto an open Riemann surface.
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This theorem was proved by Delzant and Gromov in [141] under a stronger assumption
of “stability” (similar but weaker than the non-amenability hypothesis that we have made
in Section 7.2). It was later proved in full generality by Napier and Ramachandran in [354].
Note that the article [354] contains more general versions of Theorem 7.11, which deal
with complete Kähler manifolds which need not be covering spaces of a compact Kähler
manifold. We also mention that the reader will find in [355] a slightly simplified version
of Napier and Ramachandran’s original proof.

We now say a brief word about the proof of Theorem 7.11. Delzant and Gromov’s proof
consisted in building a π1(Y )-equivariant harmonic map from the universal cover Ỹ of Y
to a tree T :

f : Ỹ → T.

This map is harmonic in the sense of [230, 295] (see also Section 9.1.3 for a discussion
of this notion). Its energy descends to a function of finite integral on Y . From this one
proves that it is pluriharmonic as in [230]. This pluriharmonic map then defines a singular
holomorphic foliation on Y and Delzant and Gromov prove, in the same spirit as in [230],
that this foliation has a compact leaf, hence comes from a fibration. The details are
technical, mainly because the regularity theory of harmonic maps into trees is involved.
The proof of Napier and Ramachandran on the other hand does not rely on the use of
harmonic maps to trees, but only on the use of harmonic functions. It is in the spirit of
the proof of Theorem 7.3 that we presented in Section 7.3.

Finally, let us mention that the reader will find further results of the same kind in [356,
358].
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CHAPTER 8

Representations into PSL2(C)

The purpose of this chapter is to study representations of Kähler groups in PSL2(C). We
will prove the following theorem, originally due to Corlette and Simpson [118]. We denote
by ∆ the open unit disc in the complex plane.

Theorem 8.1 Let X be a closed Kähler manifold and let % : π1(X) → PSL2(C) be a
representation with nonsolvable infinite image. Two cases can occur.

1. The representation % factors through a fibration onto a hyperbolic 2-orbifold,

2. there exists an integer ` ≥ 2, a finite covering space X0 → X and a holomorphic
map f : X0 → ∆`/Λ where Λ < PSL2(R)` is a torsion-free irreducible lattice such
that up to conjugacy the restriction of % to π1(X0) is obtained by composing the
morphism f∗ with either one of the canonical projections Λ < PSL2(R)` → PSL2(R)
or a “standard” morphism from Λ to PSU(2).

The notion of a “standard” morphism from a lattice in PSL2(R)` to PSU(2) will be
explained in Remark 8.17.

Let us make a few comments. This theorem was proved by Corlette and Simpson
in [118] assuming that X is a quasi-projective variety. For projective varieties, several
versions of the theorem had already been discussed prior to [118] (see Corollaries 4.9 and
4.10 in [406] and [405, §4]). Here we will not deal with open varieties, but we will consider
closed Kähler manifolds and not only smooth projective varieties. Let us also mention
that Theorem 8.1 is slightly less precise than in [118]. We do not prove the fact, due
to [118], that non-rigid representations should factor through fibrations onto a hyperbolic
2-orbifold. See however Remark 8.25 for a brief discussion related to this point. Also, we
have chosen to state the theorem “up to finite cover” rather than in terms of holomorphic
maps to stacks as in [118]. We also refer the reader to [324] for more recent developments.

103
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Theorem 8.1 is related to two conjectures of Simpson [406] that we now discuss. We first
recall that a representation θ0 : Γ→ GLn(C) of a finitely generated group Γ is called rigid
if any representation close enough to θ0 is conjugate to θ0.1 If X is a smooth projective
variety and if

θ : π1(X)→ GLn(C)

is a rigid irreducible representation, Simpson conjectures [406] that there should be a family
of projective varieties E → X, i.e. a proper holomorphic submersion whose total space is
projective, such that θ is (conjugate to) a direct factor of the monodromy representation

π1(X, o)→ GL(H∗(Eo)).

Here Eo is the fiber above the point o ∈ X and H∗(Eo) is its cohomology with complex
coefficients2. This conjecture implies a second conjecture made by Simpson in [406]. This
second conjecture, alluded to in Section 1.3.5, is known as Simpson’s integrality conjecture,
and can be stated as follows. If θ : π1(X)→ GLn(C) is rigid and irreducible, then θ should
be defined over a ring of integers, i.e. θ should be conjugate in GLn(C) to a representation
whose coefficients lie in the ring of integers of a number field. When n = 2, both conjectures
follow from Corlette and Simpson’s work or, in other words, from a suitable strengthened
version of Theorem 8.1. This will be slightly hidden here since we have decided not to
discuss the deformation/rigidity questions. Related to these questions is the fact that for
an irreducible lattice Λ < PSL2(R)` with ` ≥ 2, the quotient

∆`/Λ

essentially parametrizes certain families of Abelian varieties, see e.g. [400]. We will not
say more on this topic here and refer to [118] instead. The integrality conjecture has been
proved recently under a more restrictive assumption [181]. For more recent developements
on Simpson’s conjectures, see also [182, 280, 309].

Let us now discuss the method of proof of Theorem 8.1. We closely follow [118] except
for two points. The main idea of the proof is to use the Bruhat–Tits tree Tv of the group

GL2(K)

where (K, v) is a field with a discrete valuation, see [395] and Section B.4. Using Gromov
and Schoen’s theorem (see Chapter 6) one obtains that a representation of a Kähler group
into PGL2(K) which does not factor through a fibration onto a hyperbolic 2-orbifold
must have a very special action on the corresponding Bruhat–Tits tree Tv: the action
must fix a point in the tree or in its boundary, possibly after passing to a finite index
subgroup. Here we use the full force of Gromov and Schoen’s theorem and apply it to
trees which might be nonlocally finite. This is one difference with [118] which only relied
on Gromov and Schoen’s result in the locally finite case and thus had to use more indirect
arguments. This first step yields arithmetic restrictions for representations into PSL2(C),
see Section 8.1. The second difference between our approach and the one in [118] concerns
the method to prove that representations which do not factorize through an orbicurve

1This is sometimes called locally rigid in the literature, but we will use the terminology rigid here.
2A more precise and slightly weaker version of the conjecture can be found in [182, p. 104].
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are conjugate to representations in PSL2(R). This is a necessary step before proving
that these representations take values in a lattice of PSL2(R)`. In [118], this is done
using the notion of a variation of Hodge structure; see Section 10.3.2 for the definition.
Essentially, the theory of variations of Hodge structure implies that (in the second case
of the theorem) the representation preserves a Hermitian form, which cannot be definite.
Hence the representation is conjugate to a representation in PU(1, 1), or equivalently
PSL2(R). Here we do not rely on variations of Hodge structure but instead use an argument
taken from [142] and recalled in Chapter 9. This argument shows that in certain situations
a representation

H → PSL2(C),

where H < PSL2(R) is a dense subgroup, must extend to all of PSL2(R). See Section 9.3.2
and [142, §4.2] for more details.

Finally, as a historical note, let us mention that the study of representations of finitely
generated groups into PSL2(C) is a vast and very active topic. It started with the study of
representations of fundamental groups of Riemann surfaces and 3-manifolds. Let us men-
tion the articles [123, 341] among some of the seminal papers of the field, although we will
not try to give any complete account of the subject. For a 2002-survey of representations
of 3-manifolds groups in PSL2(C) we refer the reader to [397]. We also observe that, as
witnessed by the title of Section 4 in [405], Culler and Shalen’s work was an inspiration
for the description of character varieties of Kähler groups in PSL2(C).

The chapter is organized as follows. In Section 8.1, we state a structure theorem due
to Bass concerning subgroups of PSL2(C). In Section 8.2, we explain how to construct
arithmetic lattices in the Lie groups PSL2(R)`. We recall classical notions (quaternion
algebras, trace fields) and give sufficient conditions on a subgroup of PSL2(R) which
imply that it is contained in (the projection of) a lattice of PSL2(R)` for some integer `.
Finally, in Section 8.3 we prove Theorem 8.1.

8.1 Bass’ theorem

We introduce classical definitions concerning algebraic integers and numbers fields in Sec-
tion 8.1.1, before stating Bass’ structure theorem for subgroups of PSL2(C) in Section 8.1.2.
We freely use the notion of a discrete valuation v on a field K and the corresponding
Bruhat–Tits tree Tv, endowed with an action of the group GL2(K). These objects are
introduced in Section B.4. A more detailed exposition can also be found in [395, 397].

8.1.1 Number fields and rings of integers

In this section, we gather a few number theoretic notions. More details can be found
in [360].

Definition 8.2 A number field k < C is a finite extension of the field of rational numbers.
Its degree, denoted by [k : Q], is its dimension as a Q-vector space.
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Definition 8.3 A complex number α is an algebraic integer if there exists a nonconstant
monic polynomial P ∈ Z[X] such that P (α) = 0.

The set of algebraic integers is a subring of C. If F ⊂ C is any subfield, the set of algebraic
integers in F is a subring of F , called the ring of integers of F . When F is a number field,
this ring is denoted by OF . In the next section, we shall make us of the following classical
lemma (see Lemma 6.8 in [28] for a proof).

Lemma 8.4 Let F be a finitely generated extension of Q. Let V be the set of all discrete
valuations on F and let A be the ring of integers of F . Then:

A =
⋂
v∈V
{x ∈ F, v(x) ≥ 0}.

We will appeal to Lemma 8.4 again in Chapter 12.

8.1.2 Actions on trees and integrality

We consider a field K, assumed to be of characteristic 0 to simplify our exposition. If Λ is
a finitely generated subgroup of PSL2(K), then Λ is contained in PSL2(F ) where F is the
field generated by the entries of a finite set of generators of Λ. In particular F is a finitely
generated extension of Q. By considering the actions of Λ on the Bruhat–Tits trees Tv
where v runs over all discrete valuations on F , we obtain strong restrictions on Λ. Indeed
Lemma 8.4 allows us to relate the algebraic properties of the coefficients of the matrices
in Λ to the actions of Λ on all the trees Tv. This is a very classical topic, studied by Bass,
Culler, Morgan, Serre and Shalen among others, see [28, 29, 123, 341, 395]. In particular,
as a consequence of the work of Bass, we have the following theorem.

Theorem 8.5 Let Λ < PSL2(C) be a nonsolvable finitely generated subgroup. Then one
of the following occurs.

1. There exists a faithful minimal action of the group Λ on a tree T with no fixed point
in T ∪ ∂T and such that the boundary of T has at least three points,

2. There exists a number field E ⊂ C such that Λ is conjugated in PSL2(C) to a subgroup
of PSL2(OE), where OE is the ring of algebraic integers of E.

The reader will find very similar statements in [28] (see Theorem 6.5 there) or in [29].
Since Theorem 8.5 is not stated exactly as in [28], we sketch the proof below and refer
to [28] for more details.

Proof of Theorem 8.5. Let Λ be as in Theorem 8.5. As mentioned above, we can pick a
finite symmetric generating set S ⊂ Λ and consider the field F generated by the entries
of all the matrices in S. We have

Λ < PSL2(F )

and F is a finitely generated extension of Q. We first assume that there exists a discrete
valuation v on F such that Λ does not fix any point of Tv. Since Λ is nonsolvable,
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Corollary B.25 implies that it cannot fix a point in the boundary of Tv. Hence Λ preserves
a unique minimal invariant subtree T ⊂ Tv (see Proposition B.4). If T was a biinfinite
geodesic line, Λ would have a subgroup of index at most 2 fixing each of the two points of
∂T . Such a subgroup would be Abelian and Λ would be solvable, a contradiction. Hence
T is not a line. The action Λ y T satisfies all the properties from the first point of
Theorem 8.5.

So we now assume that for every discrete valuation v on F , Λ fixes a point in Tv. Let
Λ̃ be the inverse image of Λ in SL2(F ). The hypothesis implies that Λ̃ is conjugate to
a subgroup of SL2(Ov) where Ov =: {x ∈ F : v(x) ≥ 0} [395, p. 76]. Thus, the traces
of elements of Λ̃ lie in Ov for each discrete valuation v on F . Lemma 8.4 implies that
these traces are algebraic integers. Lemma 3.5.3 from [328] implies that {tr(λ) : λ ∈ Λ̃}
is contained in a number field E0 ⊂ C. Proposition 2.2 and Corollary 2.5 from [28] yield
that Λ̃ is conjugate in SL2(C) to a subgroup of SL2(OE) for some finite extension E of E0.
This concludes the proof. 2

8.2 Arithmetic lattices in PSL2(R)`: a short account

The purpose of this section is to recall the construction of arithmetic lattices in the Lie
groups

PSL2(R)`

where ` ≥ 1. When ` ≥ 2 it follows from Margulis’ arithmeticity theorem that all irre-
ducible lattices are obtained in this way. The notion of irreducibility for lattices is defined
for instance in [377, 5.20]. This section will be mostly expository and few proofs will be
given. A detailed exposition of the material in this section can be found in [328, 444] for
instance.

8.2.1 Constructing arithmetic lattices in PSL2(R)`

We first recall the following definition.

Definition 8.6 A number field k is totally real if any embedding k → C has its image
contained in R.

Let F be a totally real number field. It is known that there are exactly d = [F : Q]
distinct embeddings of F in R. We write σi : F → R (1 ≤ i ≤ d) for these embeddings,
with the convention that σ1 = Id. If g ∈ PSL2(F ), we denote by gσi the element of
PSL2(R) obtained by applying the embedding σi to the coefficients of g.

Definition 8.7 Let L be a field of characteristic 0. A quaternion algebra (over L) is a
four dimensional L-algebra A which is central and simple.3

3For the theory of quaternion algebras over arbitrary fields, see [444].
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Recall that the algebra A is said to be central if its center coincides with the multiples
of the identity. It is simple if it has no nontrivial two-sided ideal. If A is a quaternion
algebra, one can show that there exist nonzero elements a, b ∈ L and elements i, j, k in A
such that {1, i, j, k} is a basis of A and such that the multiplication in A is given by the
following table:

i j k

i

j

k

a

−k

−ja

k

b

bi

aj

−bi

−ab

v
v′

The entries of the table represent the products vv′. Conversely, any algebra spanned
by a basis {1, i, j, k} whose elements satisfy the relations above is a quaternion algebra.
Hence one obtains a second, more concrete definition of a quaternion algebra. The algebra
defined by the table above is often denoted by (a,b)

L .

Example 8.8 If a = b = −1, and L = R one obtains the algebra of quaternions of
Hamilton, denoted by H.

Example 8.9 If a = b = 1, the algebra (1,1)
L is isomorphic to the algebra of 2×2 matrices

with coefficients in L. An isomorphism is obtained by making the following identifications:

i '
(

1 0
0 −1

)
,

j '
(

0 1
1 0

)
,

k '
(

0 1
−1 0

)
.

If A = (a,b)
L is the quaternion algebra with basis {1, i, j, k} described above, one defines

the norm N(q) of an element q = x+ yi+ zj + tk ∈ A by

N(q) = qq (8.1)

where q = x− yi− zj − tk. One checks that:

N(q) = x2 − ay2 − bz2 + abt2. (8.2)

The definition of the norm of an element and the map q 7→ q are independent on the choice
of the basis of A [328, p.79]. For the rest of this section we will make use of the following
theorems, whose proofs can be found in [444, Cor. 2.4 p. 6] and in [328, Th. 2.5.1].
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Theorem 8.10 Let A be a quaternion algebra over a field L. Then either A is isomorphic
to M2(L) or A is a division algebra (i.e. any nonzero element of A is invertible).

Theorem 8.11 Let A be a quaternion algebra over R. Then A is isomorphic either to
M2(R) or to Hamilton’s quaternion algebra H.

Of course, Theorem 8.11 can be seen as a consequence of Theorem 8.10, combined with
the classification of division algebras over R. This ends our short tour through the theory
of quaternion algebras. For a detailed account of this theory, see [444] as well as [328].
For a more general viewpoint we also refer the reader to [451].

We shall need one more notion before turning to arithmetic lattices. If k is a number
field, with ring of integers Ok, and if B is a quaternion algebra over k, we introduce the
following:

Definition 8.12 An order of B is a subring O < B containing Ok such that O spans B
over k and O is finitely generated over Ok.

This definition can be found in a slightly more general context in [444, p. 20]. Our
formulation is slightly different but equivalent to the one from [444]. The definition can
also be found in [328, §2.2]. Orders in quaternion algebras over number fields play a similar
role to the ring of integers in a number field; one difference being that a quaternion algebra
contains several orders.

Example 8.13 If B = (a,b)
k and if a, b ∈ Ok, the free Ok-submodule generated by {1, i, j, k}

is an order of B.

Example 8.14 The ring M2(Ok) is an order in M2(k).

We now turn to the description of arithmetic lattices in PSL2(R)`. Let L be a totally
real number field of degree n. Let σi : L → R be the distinct embeddings of L in R
(1 ≤ i ≤ n). Let A be a quaternion algebra over L. Let Aσi be the quaternion algebra

A⊗L R

where L is embedded in R via σi. Then Aσi is a real quaternion algebra hence is iso-
morphic to Hamilton’s quaternion algebra H (see Example 8.8) or to M2(R) thanks to
Theorem 8.11. One says that A splits at σi if Aσi ' M2(R) and that A ramifies at σi
otherwise. We now assume that A splits at exactly ` embeddings. Up to reordering the
embeddings we assume that Aσi splits for 1 ≤ i ≤ ` and ramifies otherwise. One can then
show that the tensor product

A⊗Q R

is isomorphic to M2(R)`⊕Hn−`. We explain briefly how to build an isomorphism between
these two algebras, as this will be useful to describe lattices in PSL2(R)`, and refer to [328,

§8.1] for a more detailed proof. We assume that A = (a,b)
L , with standard basis 1, i, j, k.
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We denote by 1s, is, js, ks the respective images of 1, i, j, k in Aσs , through the natural
inclusion A→ Aσs . We then consider the map

A→ ⊕ns=1Aσs (8.3)

taking x+ yi+ zj + tk to

(
σs(x)1s + σs(y)is + σs(z)js + σs(t)ks

)
1≤s≤n

∈
n⊕
s=1

Aσs .

Finally, we let

Φ: A⊗Q R→ ⊕ns=1Aσs (8.4)

be the R-linear extension of the map (8.3). By identifying each Aσi with either M2(R) or
H, we obtain the desired isomorphism. We will denote by

Φ0 : A⊗Q R→M2(R)` ×Hn−` (8.5)

an isomorphism obtained in this way. We denote by πt : A→ Aσt the composition of the
map Φ (restricted to A) with the projection ⊕ns=1Aσs → Aσt . We have that

N(πt(a)) = σt(N(a)) (8.6)

for a ∈ A and t ∈ {1, . . . , n}.

We now fix an order O in A. Let O1 be the subset of O made of elements of norm
1 and consider the isomorphism Φ0 from (8.5). Equation (8.6) implies that Φ0(O1) ⊂
SL2(R)` ×H(1)n−`, where H(1) denotes the set of norm 1 elements in H. We are using
the fact that the norm on M2(R) coincides with the determinant. Note that H(1) is a
compact Lie group, isomorphic to SU(2). We then have the following theorems.

Theorem 8.15 The projection of the group Φ0(O1) in PSL2(R)`, denoted by ΓO , is an
irreducible lattice in PSL2(R)`.

Theorem 8.16 Any irreducible arithmetic lattice in PSL2(R)` is commensurable to a
lattice obtained by the construction above.

We refer the reader to [444, Ch. IV] or [328, Ch. 8] for a proof of Theorem 8.15.
Theorem 8.16 follows from classical arguments in the theory of algebraic groups, see [55]
and [394, §III.1.4]. Note that the right notion of commensurability here is commensura-
bility in the wide sense, see [328, p. 56]. We simply conclude this section by the following
observations. The commensurability class of the lattice ΓO < PSL2(R)` is independent of
the choice of the order O. It depends only on the L-algebra A. The restriction to ΓO of
any projection PSL2(R)` → PSL2(R) is injective.

Remark 8.17 For each ramified embedding of L, the projection SL2(R)` × H(1)n−` →
H(1) gives rises to a morphism Φ0(O1)→ H(1) ' SU(2). These are the standard embed-
dings alluded to in the introduction.
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8.2.2 The quaternion algebra associated to an irreducible subgroup of
PSL2(C)

We now discuss a problem which is in some sense opposite to the construction of the
previous section. Namely, given a subgroup Γ < PSL2(R), under which conditions can
one ensure that there exists an integer ` such that Γ is, possibly virtually, contained in
the image under one of the natural projections

PSL2(R)` → PSL2(R)

of an irreducible arithmetic lattice in PSL2(R)`? When this is the case how can we
reconstruct the number field and quaternion algebra associated to the lattice? These are
very classical questions. Again, no originality is claimed here. We mainly follow [328] and
collect the facts that we shall use in Section 8.3 to prove Theorem 8.1.

We first recall the following definition, already discussed in Chapter 2 (see Defini-
tion 2.18 and Remark 2.19 there). Viewing PSL2(C) as an index 2 subgroup of the
isometry group of hyperbolic 3-space H3

R, we say that a subgroup Λ < PSL2(C) is non-
elementary if it has no finite orbit in H3

R ∪ ∂H3
R. Of course, the boundary ∂H3

R of H3
R is

identified with CP1. In particular a non-elementary subgroup of PSL2(C) has the property
that all its finite index subgroups act irreducibly4 on C2.

Below we will denote by tr(A) the trace of a 2×2 matrix A ∈ M2(C). If X ⊂ PSL2(C),
we denote by tr(X) the set of traces of elements of π−1(X) where

π : SL2(C)→ PSL2(C) (8.7)

is the natural projection.

Let Γ be a finitely generated subgroup of PSL2(C). Let Γ(2) be the subgroup of Γ
generated by squares of elements of Γ. This is a finite index subgroup. Indeed, the
quotient Γ/Γ(2) is Abelian (its nontrivial elements have order 2) and is finitely generated.
Since it contains only torsion elements, this quotient must be finite. The invariant trace
field of Γ is defined by:

kΓ := Q(tr(Γ(2))). (8.8)

In other words, kΓ is the field generated over Q by the traces of elements of π−1(Γ(2)).
One can also consider the field generated by tr(Γ). The advantage of considering kΓ is
that it is a commensurability invariant if Γ is non-elementary [328, Th. 3.3.4], whereas
the field generated by traces of all elements of Γ does not necessarily have this property.

Remark 8.18 The field kΓ is always finitely generated over Q as Γ is finitely generated,
see [328, §3.5].

Let AΓ be the set of finite linear combinations∑
i

aiγi

where ai ∈ kΓ and γi ∈ π−1(Γ(2)). This is a kΓ-algebra contained in M2(C). We have:

4We abuse notations here since our groups are contained in PSL2(C) and not SL2(C).
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Proposition 8.19 The algebra AΓ is a quaternion algebra over kΓ if Γ has no finite orbit
in CP1.

To prove Proposition 8.19, we will use the following lemma, see [28, p. 16] for a proof.

Lemma 8.20 Let Λ < GL2(C) be an irreducible subgroup. Then Λ spans M2(C) over C.

Proof of Proposition 8.19. This is classical and we follow arguments from [29] and [328].
Since Γ has no finite orbit in CP1, π−1(Γ(2)) acts irreducibly on C2. Hence AΓ spans
M2(C) over C according to Lemma 8.20. This implies that an element a in the center of
AΓ lies in the center of M2(C), hence is a multiple of the identity: there exists µ ∈ C such
that

a = µId.

Since a ∈ AΓ, the trace of a lies in kΓ. As a consequence, µ also lies in kΓ. It follows that
AΓ is a central algebra. We now pick a basis s1, . . . , s4 of M2(C) contained in π−1(Γ(2)).
Following [28, p. 17], let t1, . . . , t4 ∈ M2(C) be the dual basis for the trace. This means
that for all 1 ≤ i, j ≤ 4 we have:

tr(tisj) = δij .

If γ ∈ π−1(Γ(2)) is written as

γ = b1t1 + b2t2 + b3t3 + b4t4

we have bi = tr(γsi). As γsi ∈ π−1(Γ(2)), bi ∈ kΓ. This proves that

AΓ ⊂ kΓt1 + kΓt2 + kΓt3 + kΓt4.

Hence AΓ has dimension at most 4 over kΓ, but since it spans M2(C) its dimension over
kΓ must be 4.

Finally we are left to show that AΓ is simple. If J is a nonzero two-sided ideal of AΓ,
then the span of J over C is a nonzero two-sided ideal of M2(C) hence must be equal to
M2(C). This implies that the dimension of J over kΓ cannot be smaller than 4. Hence
J = AΓ and AΓ is simple. This concludes the proof of Proposition 8.19. 2

Remark 8.21 The norm of the algebra AΓ is given by the determinant: N(q) = det(q)
for q ∈ AΓ. See [328, p. 114].

The next proposition gives us the desired criterion to recognize that a subgroup of
PSL2(R) is contained in (the projection of) a lattice of a direct product of copies of
PSL2(R). It is close in spirit to Proposition 8.3.2 in [328] which gives a criterion to
recognize that a lattice in PSL2(C) is arithmetic.

Proposition 8.22 Let Γ < PSL2(C) be finitely generated and non-elementary. Assume
that tr(γ) is an algebraic integer for all γ in Γ and that kΓ is a totally real number field.
Let OkΓ

be the ring of integers of kΓ. Then, the following properties hold.

1. Up to conjugacy, the group Γ is contained in PGL2(R), and Γ(2) is contained in
PSL2(R).
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2. The ring

OΓ := {
∑
i

xiγi : xi ∈ OkΓ
, γi ∈ π−1(Γ(2))} (8.9)

is an order in the quaternion algebra AΓ.

3. If ` is the number of nonramified embeddings of kΓ, the group of norm 1 elements
of OΓ identifies with a lattice in SL2(R)` in such a way that the first projection
SL2(R)` → SL2(R) identifies (up to conjugacy) with the identity map OΓ → M2(R).
Hence Γ(2) is contained in (the projection of) a lattice in PSL2(R)`.

In the first point of the proposition, we view PGL2(R) as a subgroup of PSL2(C) via
the natural isomorphism PSL2(C) ' PGL2(C).

Proof of Proposition 8.22. Corollary 3.2.5 from [328] implies that Γ(2) is contained in
PSL2(R) up to conjugacy. So we may assume that Γ(2) < PSL2(R) up to conjugating
Γ by a suitable element of PSL2(C). Since Γ(2) is non-elementary it is Zariski dense in
PSL2(R). Hence it preserves a unique totally geodesic plane for its action on H3

R. Since
Γ(2) is normal in Γ, this plane is Γ-invariant, hence Γ is contained in PGL2(R). This proves
the first point of the proposition.

We now prove that OΓ is an order in AΓ. It is clear that OΓ is a subring of AΓ containing
OkΓ

and that it spans AΓ. To check that OΓ satisfies all the conditions from Definition 8.12
it remains to prove that OΓ is a finitely generated OkΓ

-module. Let g1, g2, g3, g4 ∈ π−1(Γ(2))
be a basis of AΓ. As in the proof of Proposition 8.19, we consider the dual basis g∗1, g∗2,
g∗3, g∗4 for the trace form. If γ ∈ π−1(Γ(2)), we write

γ = xg∗1 + yg∗2 + zg∗3 + tg∗4

where x, y, z, t belong to kΓ. Since tr(γγ′) ∈ OkΓ
for γ′ ∈ π−1(Γ(2)), in particular for

γ′ ∈ {g1, g2, g3, g4}, one sees that x, y, z, t belong to OkΓ
. Hence OΓ is contained in the

(free) OkΓ
-module generated by g∗1, g∗2, g∗3, g∗4. Since OkΓ

is Noetherian, this implies that
OΓ is finitely generated. Alternatively, one can conclude as in [328, p. 262].

We now turn to the proof of the last point of the proposition. We let σ1, . . . , σ` be the
nonramified embeddings associated to AΓ and σ`+1, . . . , σn be the ramified ones. Since
Γ(2) ⊂ PSL2(R) and kΓ is totally real, AΓ ⊂ M2(R) and AΓ splits at the identity embed-
ding. Thus, we assume that σ1 is the identity map kΓ → R. Now consider the natural
map Φ0 built in Section 8.2.1:

Φ0 : AΓ⊗Q R→ ⊕ni=1(AΓ)σi .

According to the discussion in Section 8.2.1, it identifies the set of norm 1 elements of OΓ

with a lattice in SL2(R)` ×H(1)n−`. This concludes the proof of the proposition. 2

8.3 Representations of Kähler groups into PSL2(C)

In this section we prove Theorem 8.1. We consider a Kähler group Γ and a representation
% : Γ→ PSL2(C) with infinite, nonsolvable image. We assume throughout the proof that %
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does not factor through a fibration onto a hyperbolic 2-orbifold. Combining Theorem 8.5
with Gromov and Schoen’s Theorem (Theorem 6.1), we obtain that there exists a number
field E ⊂ C such that, after possibly changing % by a conjugate representation, we have:

%(Γ) ⊂ PSL2(OE). (8.10)

Now consider the set {σ1, . . . , σk} of all embeddings of E in C. Let

Φ: E → Cn

be the map defined by Φ(z) = (σ1(z), . . . , σn(z)). The set Φ(OE) is discrete in Cn. As is
usual, we denote by %σi the representation Γ→ PSL2(C) which maps an element γ ∈ Γ to
the matrix obtained by applying the automorphism σi to the entries of the matrix %(γ).
As a consequence of (8.10), we have that the map

Γ → PSL2(C)n

γ 7→ (%σ1(γ), . . . , %σn(γ))

has discrete image. It also has infinite image (since % does). Hence there exists an integer
1 ≤ i0 ≤ n such that %σi0 has unbounded image.

Proposition 8.23 For every i ∈ {1, . . . , n}, either the representation %σi has bounded
image in PSL2(C) or %σi(Γ) is conjugate inside PSL2(C) to a subgroup of PSL2(R).

Proof. We fix i ∈ {1, . . . , n} and consider the action of Γ on H3
R induced by %σi . It has

no fixed point in ∂H3
R since %σi has nonsolvable image. If it has a fixed point in H3

R, %σi

has bounded image. Otherwise, %σi is nonelementary and Theorem 9.31 applies. It says
that %σi(Γ) preserves a totally geodesic plane in H3

R and preserves a complex structure on
this plane. This is the same thing as saying that %σi(Γ) is conjugated into PSL2(R). This
finishes the proof. 2

Proposition 8.23 implies that there exists g ∈ PSL2(C) such that

g%σi0 (Γ)g−1 ⊂ PSL2(R).

To simplify notations, we write from now on %0 := g%σi0 (·)g−1. Note that %0 does not
factor through a fibration onto a hyperbolic 2-orbifold, otherwise % would have the same
property; a case that we have excluded. Hence we can apply Theorem 8.5 to %0. It
implies that there exists a number field E < C such that %0 is conjugate in PSL2(C) to
a representation with values in PSL2(OE). Let Λ := %0(Γ). The invariant trace field kΛ

(see (8.8)) is then a subfield of E. We have:

Proposition 8.24 The field kΛ is a totally real number field.

Proof. Let σ : kΛ → C be an embedding. We extend σ to an embedding σ̂ : E → C. We
fix a representation %1 conjugate to %0 and taking values in PSL2(OE). We apply the same
argument as in Proposition 8.23 to the representation

%σ̂1 : Γ→ PSL2(C),
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based on the use of Theorem 9.31. It says that %σ̂1 is conjugated into PSL2(R) or PSU(2).
Since the trace of a matrix in SU(2) is real, this implies that the traces of elements in the
group %σ̂1 (Γ), which are well-defined up to a sign, are real. This implies that σ(kΛ) ⊂ R
and finishes the proof. 2

We are now in position to apply Proposition 8.22, indeed:

1. the group Λ is nonsolvable and unbounded hence it is non-elementary,

2. the traces of elements of Λ are algebraic integers and kΛ is a totally real number
field.

We define OΛ as in (8.9) and let O1
Λ ⊂ OΛ be the subset of norm 1 elements. The

group π−1(Λ(2)) is contained in O1
Λ, and Γ(2) maps to π(O1

Λ) under %0. According to
Proposition 8.22, O1

Λ is (the projection of) a lattice in SL2(R)`, where ` is the number
of embeddings of kΛ at which the quaternion algebra AΛ splits. We fix a closed Kähler
manifold X with fundamental group Γ and denote by X̃ its universal cover. The only
thing left to prove is the fact that for each nonramified embedding σ of kΛ, there exists a
map

fσ : X̃ → ∆ (8.11)

which is %σ0 -equivariant and holomorphic for one of the PSL2(R)-invariant complex struc-
ture on the unit disc. If this is the case, the various fσ’s will define a holomorphic map

X̃/Γ(2) → ∆`/π(O1
Λ).

Taking a suitable torsionfree finite index subgroup of π(O1
Λ) and its preimage inside Γ(2),

we are in the situation described in the second item of Theorem 8.1. But the existence
of the maps fσ follows once again from Theorem 9.31. Indeed elementary subgroups of
PSL2(R) are solvable, hence %σ0 (Γ) ⊂ PSL2(R) is non-elementary and Theorem 9.31(2)
applies. This concludes the proof of Theorem 8.1.

Remark 8.25 If Λ is a finitely generated group, the set Hom(Λ,PSL2(C)) of representa-
tions of Λ into PSL2(C) is naturally an affine algebraic variety. If Σ ⊂ Hom(Λ,PSL2(C))
is a curve, with function field C(Σ), one has a natural representation

Λ→ PSL2(C(Σ)).

Using valuations on the field C(Σ) and the actions of PSL2(C(Σ)) on the corresponding
Bruhat–Tits trees, one can prove that a nonrigid non-solvable representation of a Kähler
group into PSL2(C) with infinite image must factor through a fibration onto a hyperbolic
2-orbifold. This is due to Simpson and was generalized by Corlette and Simpson to the
quasi-projective case, see [118, 405, 406]. The idea of using valuations on C(Σ) goes
back to [123, 341]. For an introduction to the variety of PSL2(C)-characters of a finitely
generated group, see [245].
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CHAPTER 9

Harmonic maps to locally symmetric spaces

In this chapter we briefly review some aspects of the theory of harmonic maps. We will
be mainly concerned with maps going from Kähler manifolds to locally symmetric spaces
of nonpositive curvature. Other references about this topic are Chapters 5 and 6 from [5]
and [93, 228, 325, 437]. See also [368] for a survey of the use of harmonic maps in the
study of discrete subgroups of Lie groups.

The chapter is organized as follows. We introduce general results about harmonic maps
between Riemannian manifolds in Section 9.1 and then deal, in Section 9.2, with the case
of maps whose domain is a Kähler manifold. After that, we mainly focus on the case of
(equivariant) harmonic maps from Kähler manifolds to real and complex hyperbolic spaces.
In the real case, we prove a factorization theorem established originally in [142], and which
generalizes a classical theorem of Carlson and Toledo [94]. This is the content of Section 9.3
and can serve as an introduction to the article [142] which also deals with harmonic maps
with values into the infinite dimensional real hyperbolic space. We do not treat the infinite
dimensional case here but briefly comment on it at the end of Section 9.3. In the complex
case, we expose in Section 9.4 a theorem due to Siu [413] and Carlson and Toledo [94],
which asserts that harmonic maps from Kähler manifolds to complex hyperbolic spaces
must be holomorphic (or anti-holomorphic) unless they have small rank.

9.1 Harmonic maps on Riemannian manifolds

We start by defining harmonic maps and studying their existence in a purely Riemannian
context in Sections 9.1.1 and 9.1.2. After that we say in Section 9.1.3 a few words about the
theory of harmonic maps to CAT(0) spaces developed by Gromov, Korevaar and Schoen.
As a historical remark, we note that the field of harmonic maps started its development

117
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with the seminal paper [178] by Eells and Samspon1.

9.1.1 Energy and tension field

For a more detailed discussion and for proofs of all the results that we discuss in this
section, we refer to [176, 177, 363, 441]. Let (M, g) and (N,h) be Riemannian manifolds
and let f : M → N be a smooth map. If x ∈M we define the norm of the differential

dfx : TxM → Tf(x)N

of f at x by the formula:

||dfx||2 =
m∑
j=1

||dfx(ej)||2

where (ej)1≤j≤m is an orthonormal basis of TxM for the scalar product gx. Here the norm
of the vectors dfx(ej) is measured with respect to the scalar product hf(x). This quantity
is independent of the choice of the orthonormal basis of TxM . The energy density e(f) of
f is the function on M defined by:

e(f)(x) =
1

2
||dfx||2

for x ∈M . Assume from now on that M is compact. The energy of a map f : M → N is
then defined as the integral

E(f) =

∫
M
e(f)volg

where volg is the Riemannian volume form2 of g. A map is harmonic if it is a critical point
of the energy functional f 7→ E(f). Let us be more precise. First, we say that a family
(ft)t∈(−1,1) of maps from M to N is smooth if the map

(t, x) 7→ ft(x)

is smooth. Then we say that a map f is a critical point of the energy functional if for
every smooth family of maps (ft)t∈(−1,1) from M to N such that f0 = f , the derivative of
the function

t 7→ E(ft)

vanishes at t = 0. The harmonicity of a map f can be described in terms of the vanishing
of a certain tensor that we now define. Consider the differential df of f . One can think of
df as a 1-form with values in the bundle f∗TN over M , hence as a section of the bundle

T ∗M ⊗ f∗TN.

We write ∇ for the natural connection on this bundle built from the Levi-Civita connec-
tions of the Riemannian metrics of M and N (see [363, p. 95] for its definition). One can
thus apply ∇ to df , this gives us a symmetric 2-tensor

∇df
1The work of Alber [4], which is contemporary to [178], contains related results.
2We implicitly assume that all manifolds we are dealing with are oriented.
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with values in f∗TN . Its trace is the section of the bundle f∗TN →M defined by:

trace(∇df)(x) =

m∑
i=1

∇df(ei, ei)

where x is a point of M and (ei)1≤i≤m is an orthonormal basis of TxM . This does not
depend on the choice of the orthonormal basis. We write τ(f) = trace(∇df). One can
think of τ(f) as a vector field “along the image of f”.

Definition 9.1 The tensor τ(f) is called the tension field of f .

We now state the so-called first variation formula for the energy, first proved in [178].
We assume that (ft)t∈(−1,1) is a smooth family of maps from M to N . The first variation
formula computes the derivative of the function t 7→ E(ft). It reads:

d

dt

∣∣∣∣
t=0

E(ft) = −
∫
M
g

(
∂ft
∂t

∣∣∣∣
t=0

, τ(f)

)
volg. (9.1)

We refer to [363, p. 100] for a proof of this formula. Another way to state it is to say that
the tension field of f is the opposite of the gradient of the energy. Using this formula, one
sees that a map f is harmonic if and only if its tension field vanishes.

The equation
τ(f) = 0 (9.2)

is in general nonlinear. If one picks local coordinates (yj)1≤j≤n on some open set of N and
if one writes f = (f1, . . . , fn) in these coordinates, then Equation (9.2) becomes equivalent
to the system of equations:

∆gfj +
n∑

k,l=1

Γjkl(f)g(dfk, dfl) = 0 (1 ≤ j ≤ n), (9.3)

see [363, p. 105]. Here we have abused notations and have written g for the Riemannian
metric on the cotangent bundle of M induced by g. Hence g(dfk, dfl) is the scalar product
of the 1-forms dfk and dfl. The expression Γjkl stands for the Christoffel symbols of
the Riemannian metric h in the coordinates (yj)1≤j≤n and ∆g is the (usual) Laplacian
associated to the metric g. Equations (9.3) have several consequences:

1. If (N,h) is flat, one can choose the (yj)1≤j≤n to be flat coordinates. Then the
Christoffel symbols vanish and the system of equations reduces to ∆gf

j = 0 for all
j. The system becomes linear.

2. If M is the circle endowed with its round metric, it is easy to see that the system (9.3)
reduces to the system of equations defining geodesics. In other words, a map S1 → N
is harmonic if and only if it is a parametrized geodesic.

3. If M and N are Kähler, any holomorphic (or antiholomorphic) map from M to N
is harmonic [363, p. 109].
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9.1.2 Existence results

We now turn to existence results for harmonic maps. All such results that we will be
dealing with assume that the target manifold is nonpositively curved. We will have nothing
to say about harmonic maps outside this context. The main tool of this chapter is the
following theorem, established in [178], as well as its equivariant cousin Theorem 9.7.

We assume that M and N are closed Riemannian manifolds.

Theorem 9.2 If N has nonpositive sectional curvature, then any smooth map f : M → N
is homotopic to a harmonic map.

When M is the circle this theorem reduces to the classical fact that any loop in a
closed nonpositively curved Riemannian manifold is freely homotopic to a geodesic. The
hypothesis that N is compact is necessary, as shown by the next example.

Example 9.3 Let N be the quotient of the hyperbolic plane H2 by the cyclic subgroup
generated by a parabolic element γ of PSL2(R). Let α : S1 → N = H2/〈γ〉 be a loop
representing a generator of the fundamental group. Then α is not freely homotopic to a
geodesic, i.e. is not homotopic to a harmonic map.

Theorem 9.2 can be proved either using the heat flow method, as originally done by
Eells and Sampson [178], or using variational methods [388]. For uniqueness results, we
refer the reader to [242, 429].

Harmonic maps can also be studied in an equivariant context, which is well-suited to the
study of representations of groups. This was first done by Donaldson and Corlette [116,
169], see also Labourie’s work [306]. This later became a flourishing field of research, see
e.g. [117, 230, 334]. We briefly introduce this topic now.

We continue to assume that M is a closed Riemannian manifold. We denote by M̃
its universal cover. We also consider a Hadamard manifold N0, i.e. a complete simply
connected nonpositively curved Riemannian manifold. Its isometry group is denoted by
Isom(N0). We assume that % : π1(M) → Isom(N0) is a representation. We then say that

a map f : M̃ → N0 is %-equivariant if its satisfies:

f(γ · x) = %(γ) · f(x)

for any x ∈ M̃ and any γ ∈ π1(M). If N is a complete nonpositively curved Riemannian

manifold with universal cover N0, and if ϕ : M → N is a smooth map, a lift ϕ̃ : M̃ → N0

is ϕ∗-equivariant where
ϕ∗ : π1(M)→ π1(N) < Isom(N0)

is the morphism induced by ϕ3. In this case the group ϕ∗(π1(M)) is discrete and acts freely
on N0 since this is the case for π1(N). In general however, one considers representations %
which have arbitrary image (not necessarily discrete or acting freely). An important point
is that %-equivariant smooth maps always exist, as shown by the next proposition.

3After suitable choices of base points.
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Proposition 9.4 For any representation % : π1(M) → Isom(N0), there exists a smooth
%-equivariant map.

A similar proposition appears in Appendix C in the context of affine actions on Hilbert
spaces (see Proposition C.10). Before giving the proof, we recall the following proposition
which is classical and goes back to Cartan. It remains true if N0 is replaced by a complete
CAT(0) space. Let p ≥ 2 be an integer and let ∆p ⊂ [0, 1]p be the simplex (of dimension
p− 1) defined by:

∆p = {(t1, . . . , tp) ∈ Rp| ti ≥ 0, t1 + · · ·+ tp = 1}.

Proposition 9.5 Let t = (t1, . . . , tp) ∈ ∆p and (x1, . . . , xp) ∈ Np
0 . The map

y ∈ N0 7→
p∑
j=1

tjd(y, xj)
2

reaches its minimum at a unique point denoted by bar(t, x1, . . . , xp). The map

(t, x1, . . . , xp) 7→ bar(t, x1, . . . , xp)

is continuous on ∆p × (N0)p.

The point bar(t, x1, . . . , xp) is called the barycenter of the points (xj)1≤j≤p endowed
with the weights (tj)1≤j≤p, or the barycenter of the measure

∑p
j=1 tjδxj .

Proof of Proposition 9.5. We only sketch the proof by giving adequate references. Note
that the references we give apply to general complete CAT(0) metric spaces. If µ is a
Borel probability measure on N0 such that the integral∫

N0

d(z, z0)2dµ(z) (9.4)

is finite for some (equivalently any) point z0 ∈ N0, it is known that the function

y 7→
∫
N0

d(z, y)2dµ(z)

reaches its minimum at a unique point denoted by bar(µ). See [424, §4]. Applying this to
the measure

µ(t, x1, . . . , xp) :=

p∑
j=1

tjδxj (9.5)

gives the existence of the point bar(t, x1, . . . , xp) = bar(µ(t, x1, . . . , xp)). Now if µ1 and µ2

are two probability measures on N0 such that the integral (9.4) is finite, it is known that
the following inequality holds:

d(bar(µ1), bar(µ2)) ≤ dW (µ1, µ2), (9.6)
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where dW is the Wasserstein distance. We refer to Definition 4.1 and Theorem 6.3 in [424]
for the definition of that distance and a proof of the inequality. We consider now a point
t0 ∈ ∆p and a p-tuple (x0

1, . . . , x
0
p) of points of N0. Using the notation (9.5), it is easy to

see from the definition of the distance dW that the function

(t, x1, . . . , xp) ∈ ∆p ×Np
0 7→ dW (µ(t, x1, . . . , xp), µ(t0, x0

1, . . . , x
0
p))

is continuous. This implies the continuity statement from Proposition 9.5 and concludes
the proof. 2

Proof of Proposition 9.4. We give two arguments. First one can consider the diagonal
action of π1(M) on M̃ ×N0. Here the group π1(M) acts on M̃ by deck transformations
and on N0 via %. This diagonal action is free and properly discontinuous. Let E be the
quotient of this action. The projection M̃×N0 → M̃ induces a map π : E →M which is a
locally trivial fibration, with fibers diffeomorphic to N0. Since the fibers are contractible,
this fiber bundle admits a smooth section s : M → E. Consider the following diagram:

M̃

��

M̃ ×N0

��
M

s // E

There exists a unique map ŝ : M̃ → M̃ × N0 which completes this diagram, making it
commutative, and such that ŝ is of the form ŝ(x) = (x, f(x)). It is then easy to see that

f : M̃ → N0 is %-equivariant.

We now give a second argument, which does not use the fact that fiber bundles with
contractible fibers admit a section but which uses the fact that N0 is nonpositively curved.
We will only prove the existence of a continuous %-equivariant map. The existence of a
smooth one can be deduced e.g. by a perturbation argument.

We pick a finite open cover (Uj)1≤j≤k of M by simply connected open sets. Let

(αj)1≤j≤k be a partition of unity subordinated to that cover. Let p : M̃ → M be the
projection. We write Γ = π1(M). For each j we fix a connected component Uj,0 of
p−1(Uj). Define:

Uj,γ := γ(Uj,0).

The family (Uj,γ)1≤j≤k,γ∈Γ is an open cover of M̃ and for fixed j, the family (Uj,γ)γ∈Γ is

made of disjoint open sets. For each x ∈ M̃ , and j ∈ {1, . . . , k} such that p(x) ∈ Uj , let
γx,j ∈ Γ be such that x ∈ Uj,γx,j . If p(x) /∈ Uj , we take γx,j to be e ∈ Γ (this choice will

not be relevant). We now fix a collection (qj)1≤j≤k of points of N0. Define for x ∈ M̃

f(x) := bar
(

(αj(p(x)))1≤j≤k, %(γx,1)(q1), . . . , %(γx,k)(qk)
)
.

Let us check that f is continuous. We fix x∗ ∈ X̃. Let I ⊂ {1, . . . , k} be the set of indices
such that p(x∗) belongs to the support of αj . For x close enough to x∗ and j /∈ I we have
αj(p(x)) = 0 and then

f(x) = bar
(

(αj(p(x)))j∈I , (%(γx,j)(qj))j∈I

)
.
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For j ∈ I and x close enough to x∗, we also have γx,j = γx∗,j . Hence for x close enough to
x∗ we have:

f(x) = bar
(

(αj(p(x)))j∈I , (zj)j∈I

)
where zj = %(γx∗,j)(qj). The continuity of f now follows from Proposition 9.5. We leave
it to the reader to check that the map f is indeed %-equivariant. 2

If a representation % as above is fixed and if f : M̃ → N0 is a %-equivariant smooth map,
one can define the energy density and the tension field of f by the same formula as before.
The energy density is a function on M̃ which descends to M and the energy of f (still
denoted by E(f)) is its integral over M . As before, a map f is said to be harmonic if it is
a critical point of the energy functional, or equivalently, if its tension field vanishes. Here,
to define the fact that f is a critical point of the energy, one only considers perturbations
of f among %-equivariant maps.

As shown by the elementary Example 9.3, not every map is homotopic to a harmonic
one. Hence in the equivariant context, one needs a condition on the image of the rep-
resentation % to guarantee the existence of a harmonic %-equivariant map. According to
Theorem 9.2 (or rather to its proof) if the image of % is cocompact, there exists such
a map. To deal with the general case, the following definition due to Labourie [306] is
important. Consider a subgroup G of the isometry group of N0. Recall that a subset
X ⊂ N0 is said to be convex if for any points x, y ∈ X the unique geodesic segment going
from x to y is entirely contained in X.

Definition 9.6 The group G < Isom(N0) is said to be reductive if there exists an integer
n ≥ 0 and a closed convex subset X ⊂ N0 which is invariant under G, such that there is
an isometric splitting X = X1×Rn and an isomorphism G = G1×G2 where the G-action
on X is a product action and the action of G1 on X1 does not fix any point in the visual
boundary.

We explain in more detail what we mean by “the G-action is a product action”: this
means that there exists an isometric action of G1 on X1, an isometric action of G2 on Rn
such that under the given identifications of G with G1 ×G2 and of X with X1 × Rn, we
have:

(g1, g2) · (x1, x2) = (g1 · x1, g2 · x2),

where gi ∈ Gi, x1 ∈ X1 and x2 ∈ Rn.

To illustrate Definition 9.6, let us mention that the cyclic group appearing in Exam-
ple 9.3 is not reductive. Note also that when N0 is a symmetric space of noncompact type,
the group Isom(N0) is an algebraic Lie group [174]. In this case a subgroup G < Isom(N0)
is reductive in the sense of Definition 9.6 if and only if its Zariski closure is reductive in
the sense of algebraic groups (see e.g. [278, §4]). With this definition at hand, we can state
the following:

Theorem 9.7 If the subgroup %(π1(M)) < Isom(N0) is reductive, then there exists a
%-equivariant harmonic map.
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When N0 is a symmetric space of noncompact type, this theorem is due to Cor-
lette [116]. The general case is due to Labourie [306]. Note that the hypothesis on
the image of % is necessary in many cases, see [306] for a precise statement.

9.1.3 Harmonic maps with values into CAT(0) spaces

Before turning to the case of harmonic maps whose domain is a Kähler manifold in Sec-
tion 9.2, we say a few words about the theory of harmonic maps to CAT(0) spaces4,
developed by Gromov, Korevaar and Schoen [230, 295, 296, 297].

We will not give the definition of a CAT(0) metric space but refer instead to [60]. We
simply mention some key motivating examples.

1. Any simply connected complete Riemannian manifold of nonpositive curvature (i.e.
Hadamard manifold) is a CAT(0) space.

2. Trees, i.e. simply connected graphs, are CAT(0) spaces; so are their higher dimen-
sional analogues, the Euclidean buildings [65].

3. Hyperbolic buildings provide other examples of CAT(0) spaces [199, 237, 238].

4. Polyhedral complexes supply further examples (see [60, I.7] and [129]). Among them
are the CAT(0) cubical complexes [390, 452], which have played a fundamental role
in geometric group theory in the years 2000s and 2010s.

5. Hilbert spaces are also CAT(0) spaces. There, the curvature vanishes but the lack
of local compactness yields new interesting phenomena related to group actions by
isometries [36, 111]. Other infinite dimensional examples are given by the symmetric
spaces associated to the groups O(p,∞), whose study was suggested by Gromov,
see [172].

We now return to our discussion of harmonic maps with values in possibly singular
spaces. The aim of the theory is to develop a notion of (equivariant) harmonic maps when
the domain is a Riemannian manifold and the target is a CAT(0) space. To do this one
must define the energy of a (sufficiently regular) map from a Riemannian manifold to a
CAT(0) space. This energy is defined as a measure, which is then shown to be absolutely
continuous with respect to the Lebesgue measure. The existence results are then proved
through variational methods. See [295] for a detailed exposition.

This theory was started by Gromov and Schoen in [230]. There the aim was to study
harmonic maps with values into Euclidean buildings, to prove some superrigidity theorems.
We refer the reader to [368, §5] for more details on this. Later on, Korevaar and Schoen
further developed this theory in [295, 296]. The unpublished preprint [297] also contains
applications of these results, e.g. to group actions on manifolds. For further developments
concerning the theory of Gromov, Korevaar and Schoen, see [126, 127, 128]. There are
even more general theories of harmonic maps [175, 258] but we will not say anything about

4In this section, CAT(0) spaces are assumed to be complete.
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them. We simply mention one key notion, introduced by Gromov and Schoen. Assume
that M is a closed Riemannian manifold, with universal cover M̃ . Let ∆ be a Euclidean
building and

f : M̃ → ∆

be a map which is equivariant with respect to a representation of the fundamental group
of M into the isometry group of ∆. The following definition was introduced in [230].

Definition 9.8 A point x ∈ M̃ is regular for the map f if there is an open neighborhood
U ⊂ M̃ of x such that f(U) is contained in an apartment of ∆. We denote by R̂ the set

of regular points for f and by Ŝ its complement. A point of Ŝ is called a singular point
of f and Ŝ is called the singular set of f .

For preliminaries concerning buildings and their apartments, we refer the reader to [65].

Note that the set R̂ is open by definition, hence Ŝ is closed. Both sets are invariant
under the action of π1(M) and thus define subsets of M . Let x ∈ R̂ and let U be a
neighborhood of x and A be an apartment of ∆ such that f(U) ⊂ A. We assume now
that f is harmonic in the sense of [230, 295]. Since A can be isometrically identified with
the Euclidean space Rn (for n equal to the rank of ∆) one sees locally near x a map

U → A ' Rn

which is harmonic in the usual sense. Each coordinate of f is then a harmonic function.
This allows to perform some differential calculus in the complement of the singular set
Ŝ . Moreover, when ∆ is locally finite, Gromov and Schoen proved that the Hausdorff
codimension of Ŝ must be at least 2 and established some bounds on the growth of
the derivatives of f in a neighborhood of Ŝ . This allowed them to prove that certain
classical arguments involving harmonic maps and some Bochner formulae go through in
this singular setting. This type of arguments will be discussed in Section 9.2, in the usual
setting of maps taking values into Riemannian manifolds.

We now briefly state some of the existence theorems from [296]. To do this, we must
introduce a property of a group of isometries of a CAT(0) space which will play the same
role as the one appearing in Definition 9.6. However this property is defined purely in
terms of the metric and makes sense for possibly noncompact spaces. This allows to
formulate sufficient conditions to guarantee the existence of some equivariant harmonic
maps.

So let Γ be a finitely generated subgroup of the isometry group of the metric space X.
Fix a finite generating set S ⊂ Γ. We define a function

δ : X → R+

by the formula:
δ(x) = max

s∈S
d(s · x, x)

We say that the action of Γ on X is proper or stable if for any number L ≥ 0 the set

{x ∈ X, δ(x) ≤ L}
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is a bounded subset of X. This does not depend on the choice of S. This notion appears
under various names in the literature and we will return to it in Appendix C in the context
of affine actions on Hilbert spaces. We now mention two of the existence results due to
Korevaar and Schoen. These are respectively Theorems 2.1.3 and 2.3.1 in [296].

We assume that M is a closed Riemannian manifold with universal cover M̃ and that
% : π1(M)→ Isom(X) is a representation of its fundamental group into the isometry group
of a metric space X.

Theorem 9.9 Assume that X is CAT(0). If the action of %(π1(M)) is proper, there exists

an equivariant harmonic map f : M̃ → X.

Theorem 9.10 Assume that X is CAT(−1). Then either there exists a point in the
visual boundary of X which is fixed by the group %(π1(M)) or there exists an equivariant

harmonic map f : M̃ → X.

The interest in these two theorems lies in the fact that they do not assume that the
space X is locally compact. Note that when X is locally compact, the action of a finitely
generated subgroup Γ < Isom(X) is either proper or has a fixed point in the visual
boundary of X (see [296, p. 363] and [335, p. 790]).

In [142], Theorem 9.10 is applied in the case where X = H∞R is the infinite dimensional
real hyperbolic space. See Section 9.3.3 for the definition. In this case the harmonic map
provided by the theorem is smooth in the usual sense (as a map from a finite dimensional
manifold to a Hilbertian manifold), and its tension field (which can be defined in the
usual way) vanishes, i.e. the map is harmonic in the usual sense. We refer the reader to
Section 9.3.3 and [142] for details and to [456] for some applications.

9.2 A brief introduction to nonabelian Hodge theory

The main aim of this section is to study harmonic maps whose domain is a Kähler manifold.
This is done in Sections 9.2.1 and 9.2.2. In Section 9.2.3, we say a few words about the
relation of harmonic maps with Higgs bundles.

9.2.1 Harmonic maps from Kähler manifolds

We assume that M is a complex manifold and that g is the real part of some Hermitian
metric defined on M . As before, N is a Riemannian manifold.

Definition 9.11 A map f : M → N is said to be pluriharmonic if its restriction to any
complex submanifold of M , endowed with the induced metric, is harmonic.

The definition above makes sense when (M, g) is any Hermitian manifold, however we
will assume that (M, g) is Kähler from now on as this is the main case we want to study.
In general a harmonic map has no reason to be pluriharmonic as the following example
shows.
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Example 9.12 The function f : C2 → R defined by f(x1 + iy1, x2 + iy2) = x2
1 − x2

2 is
harmonic (for the flat metric) but its restriction to the complex line C× {0} is not.

Fix a smooth map f : M → N . We let ∇ stand for the connection on f∗TN → M
induced by the Levi-Civita connection of N . Denote by Ak(M,f∗TN) the space of k-forms
on M with values into the bundle f∗TN →M . We define

d∇ : Ak(M,f∗TN)→ Ak+1(M,f∗TN)

to be the unique linear operator such that

d∇(α⊗ s) = dα⊗ s+ (−1)kα ∧∇s

whenever α is a k-form on M and s a section of f∗TN . The operator d∇ has the following
property:

d2
∇α = −f∗R ∧ α (9.7)

where R is the curvature form of N i.e. the tensor defined by the following relation:

RX,Y (Z) = ∇Y (∇XZ)−∇X(∇Y Z) +∇[X,Y ]Z (9.8)

where X,Y, Z are vector fields on N . The meaning of Equation (9.7) is thus the following:
f∗R is a 2-form on M with values in the endomorphisms of f∗TN . It maps two vectors u
and v, tangent to M at some point x, to the endomorphism

Rf∗(u),f∗(v)

of Tf(x)N . As for the wedge product in (9.7) it is defined as follows. If α is written locally
as a sum ∑

i

αiei

where (ei) is a local frame of the bundle f∗TN and the αi’s are real-valued differential
forms, then

f∗R ∧ α =
∑
i

αi ∧ f∗R(ei).

To better understand when a harmonic map (or even function) is pluriharmonic we start
with the following:

Proposition 9.13 The map f is harmonic if and only if the following equation holds:

d∇(df ◦ J) ∧ ωm−1 = 0. (9.9)

It is pluriharmonic if and only if

d∇(df ◦ J) = 0. (9.10)

In the statement above, ω stands for the Kähler form of M and m = dimCM . Before
proving Proposition 9.13, we will need the following classical lemma.
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Lemma 9.14 Let (V, h) be a Hermitian vector space of complex dimension m. Let ∗ be
the Hodge star operator associated to the scalar product Re(h), acting on alternating forms
on V . Let ω = −Im(h). We then have, for any linear form α ∈ Hom(V,R):

∗ α =
−1

(m− 1)!
ωm−1 ∧ Cα. (9.11)

In the above statement
C : Hom(V,R)→ Hom(V,R)

is the Weil operator defined by Cα = α ◦ J where J is the complex structure of V .

Proof of Lemma 9.14. We can assume that (V, h) is identified with Cm endowed with its
canonical Hermitian scalar product. We write zj = xj + iyj for the coordinates of Cm and
let 〈·, ·〉 be the scalar product on Hom(Cm,R) induced by the scalar product on Cm. We
will prove identity (9.11) when α = dxj for some j. The case where α = dyj is similar,
and the result follows by linearity. We assume that j = 1 to simplify the notations. Now
the equation

β ∧ ∗dx1 = 〈β, dx1〉
ωm

m!
∀β ∈ Hom(Cm,R)

(which characterizes the operator ∗ [447, §5.1]) implies by taking β to be one of the dxk’s
or dyk’s that ∗dx1 is proportional to the wedge product

dy1 ∧ dx2 ∧ dy2 ∧ · · · ∧ dxm ∧ dym.

A quick calculation shows that actually ∗dx1 = dy1 ∧ dx2 ∧ dy2 ∧ · · · ∧ dxm ∧ dym. Since
Cdx1 = −dy1 and since

ωm−1

(m− 1)!
=

m∑
k=1

ω1 ∧ · · · ∧ ω̂k ∧ · · · ∧ ωm (9.12)

(where ωk := dxk ∧ dyk) we have

Cdx1 ∧
ωm−1

(m− 1)!
= −dy1 ∧ ω2 ∧ · · · ∧ ωm

= − ∗ dx1

This gives the desired result. 2

Proof of Proposition 9.13. We give two proofs of the first point of the proposition. For
the first proof, we admit the following identity:

∗ τ(f) = d∇(∗df). (9.13)

This identity is true on any Riemannian manifold and has nothing to do with the Kähler
case. We refer to [178, §3] for its proof. Once Equation (9.13) is available, we combine it
with Lemma 9.14. This gives us:

∗τ(f) =
−1

(m− 1)!
ωm−1 ∧ d∇(Cdf)
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since ω is closed. But we have seen above that Cdf is nothing else than df ◦ J . This gives

∗τ(f) =
−1

(m− 1)!
ωm−1 ∧ d∇(df ◦ J).

Hence τ(f) vanishes if and only if ωm−1 ∧ d∇(df ◦ J) vanishes.

We now give a second proof, independent of Lemma 9.14, which follows from a direct
computation. We work near a point p ∈ M . We pick holomorphic coordinates (zj)1≤j≤m
centered at p such that the metric h reads

hij(z) = δij +O(|z|2)

in these coordinates. It is possible to find such coordinates since M is Kähler [447, Propo-
sition 3.14]. We also pick some local coordinates (y1, . . . , yn) on N , near f(p). We denote
by Γkij the Christoffel symbols of the metric on M in the coordinates (Re(zj), Im(zj)) and

by Γ̂kij those of the metric on N . We can and do assume that the coordinates (yi)1≤i≤n

are chosen such that Γ̂kij = 0 at f(p). We also write

u2j−1 = Re(zj) and u2j = Im(zj), (9.14)

so that (uj)1≤j≤2m is a local coordinate system near p. We then have [363, p. 96-97]:

∇df =
∑
i,j,k

∂2fj
∂ui∂uk

dukdui
∂

∂yj
+
∑
i,j,t,α

∂fj
∂ui

duiΓ̂tαjdfα
∂

∂yt
−
∑
i,j,s,t

∂fj
∂ui

Γitsdusdut
∂

∂yj
.

Here we have made use of the connection on T ∗M ⊗ f∗TN discussed in Section 9.1.1. We
now take the trace of this tensor at u = 0. Taking into account our hypotheses on the
coordinates uj and yi, we get after a small calculation:

τ(f)(0) =
∑
t

∆ft
∂

∂yt
. (9.15)

We now compute the term d∇(df ◦ J) ∧ ωm−1. Note that

df ◦ J =
∑
i,j

dui ◦ J
∂fj
∂ui

∂

∂yj
.

By Equation (9.14), we have d(dui ◦ J) = 0 and from this one deduces:

d∇(df ◦ J) = −
∑
i,j,k

dui ◦ J ∧
∂2fj
∂ui∂uk

duk
∂

∂yj
−
∑
ijsk

dui ◦ J ∧
∂fj
∂ui

Γ̂ksjdfs
∂

∂yk
.

At u = 0 we obtain:

d∇(df ◦ J)(0) = −
∑
i,j,k

dui ◦ J ∧
∂2fj
∂ui∂uk

duk
∂

∂yj
. (9.16)
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Consider the component along ∂
∂yj

in (9.16) and take the wedge product with ωm−1 to

obtain:

−

(∑
ik

dui ◦ J ∧
∂2fj
∂ui∂uk

duk

)
∧ ωm−1.

Using (9.14) and (9.12), we see that the wedge product of dui ◦ J ∧ duk with ωm−1 will be
0 unless {i, k} = {2r − 1, 2r} for some r. This leaves us with the following terms:∑

k

−(
∂2fj
∂u2

2k−1

+
∂2fj
∂u2

2k

)du2k−1 ∧ du2k ∧ ωm−1. (9.17)

But du2k−1 ∧ du2k ∧ ωm−1 = (m− 1)!ω
m

m! , so we obtain:

d∇(df ◦ J)(0) ∧ ωm−1 = −(m− 1)!
∑
j

(
∆fj

ωm

m!

)
∂

∂yj
. (9.18)

Comparing (9.15) and (9.18), we get the identity:

∗τ(f) = τ(f)
ωm

m!
=

−1

(m− 1)!
d∇(df ◦ J) ∧ ωm−1.

This implies the first affirmation of the proposition.

Now if f is pluriharmonic the first part of the proposition tells us that the (1, 1)-form
d∇(df ◦ J) vanishes on every complex curve. Hence it must vanish. The converse is clear.
This proves the second point of the proposition. 2

When the target is the real line, the above proposition simply says that a function f is
harmonic if and only if

∂∂f ∧ ωm−1 = 0. (9.19)

Indeed, since d(df ◦J) = −2i∂∂f , the 2m-form in (9.19) is proportional to d(df ◦J)∧ωm−1,
which is proportional to ∆fωm by Proposition 9.13. The function f is pluriharmonic if
and only if ∂∂f = 0. This last property is equivalent to the fact that f is locally the real
part of a holomorphic function.

9.2.2 The Bochner–Siu–Sampson formula

In some cases one can prove that harmonic maps from a Kähler manifold are automat-
ically pluriharmonic. This was discovered by Siu [413] and his result was simplified by
Sampson [385].

Recall that the nonpositive curvature of target spaces was used to obtain existence
results for harmonic maps (see Theorems 9.2 and 9.7). If now the target manifold N
satisfies a stronger condition than simply nonpositivity of the sectional curvature, one can
ensure that any harmonic map from a Kähler manifold to N is pluriharmonic. We define
the condition on the curvature tensor of N which makes this work. Consider the curvature
tensor

R : TxN × TxN × TxN × TxN → R
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at some point x ∈ N . Even if N is not a complex manifold, we can consider the tensor
product TxN ⊗ C and the C-linear extension RC of R to

TxN ⊗ C× TxN ⊗ C× TxN ⊗ C× TxN ⊗ C.

Definition 9.15 We say that (N,h) has nonpositive Hermitian sectional curvature if it
satisfies

RC(X,Y,X, Y ) ≤ 0

for any X,Y ∈ TxN ⊗ C (and for any x ∈ N).

Following Gromov [228], we also abbreviate the fact that N has nonpositive Hermitian
sectional curvature by saying that N satisfies the condition5 KC ≤ 0. By taking X and Y
in TxN in this definition, we see that the condition KC ≤ 0 implies that N has nonpositive
sectional curvature in the usual sense.

Before stating the Siu–Sampson theorem, we give some examples of Riemannian man-
ifolds satisfying the condition KC ≤ 0.

Example 9.16 Let N be a symmetric space of noncompact type. We write N = G/K
where G is the identity component of the isometry group of N and K is a maximal compact
subgroup of G. Let g (resp. k) be the Lie algebra of G (resp. K). Let

g = p⊕ k

be the associated Cartan decomposition of g. Hence the tangent space to N at eK is
identified with p. Under this identification we have:

R(u1, u2, u3, u4) = −〈[u1, u2], [u3, u4]〉 (9.20)

This implies that for u, v ∈ p⊗ C we have

RC(u, v, u, v) = −〈[u, v], [u, v]〉. (9.21)

In the preceding two equations, we have denoted by 〈·, ·〉 the scalar product on k which is
the negative of the Killing form (in (9.20)) or its Hermitian extension to k⊗C (in (9.21)).
Hence N satisfies the condition KC ≤ 0.

Example 9.17 When N is the real hyperbolic space Hn
R, there is another way to see that

property KC ≤ 0 is satisfied. Indeed, the curvature tensor of a constant curvature space
can be easily described. In the case of Hn

R, one has:

R(u1, u2, u3, u4) = 〈u2, u3〉〈u1, u4〉 − 〈u1, u3〉〈u2, u4〉

where 〈, 〉 stands for the Riemannian metric. Hence one has

RC(u, v, u, v) = h(v, u)h(u, v)− h(u, u)h(v, v) (9.22)

where h stands here for the Hermitian extension of 〈, 〉. Hence the Cauchy-Schwarz in-
equality gives KC ≤ 0. More is true: if u and v are independent over C the quantity
in (9.22) is negative. This is the property called KC < 0 by Gromov [228]. We will return
to it in Section 9.3. One can also check that Hn

R satisfies the condition KC < 0 by a Lie
theoretic approach, which amounts to a simple matrix computation, see [385].

5This condition is also referred to under the name “H-nonpositivity” in [141].
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Before stating the next example we recall the following:

Definition 9.18 Let N be a Riemannian manifold of nonpositive curvature. Let δ ≥ 0.
For p ∈ N , let κp be the minimum of the sectional curvature of tangent planes inside TpN .
The Riemannian metric of N is said to be δ-pinched if for any p ∈ N and any tangent
plane P ⊂ TpN , the sectional curvature κ(P ) of P satisfies:

κp ≤ κ(P ) ≤ δκp.

Example 9.19 Let δ ≥ 0 and let N be a Riemannian manifold with a δ-pinched nonposi-
tively curved metric. If δ ≥ 1

4 then N satisfies KC ≤ 0. If δ > 1
4 then N satisfies KC < 0.

This is due to Hernández [244].

We now mention an open question related to the condition KC ≤ 0. This is related
to the work of Hummel and Schroeder [249] and to Example 1.9. Consider a torsion-free
non-uniform lattice Γ0 < PU(n, 1) acting on the complex hyperbolic space Hn

C. It is known
that for suitable finite index subgroups Γ < Γ0, the manifold Hn

C/Γ can be compactified by
adding to it some tori to get a closed Kähler manifold XΓ. Hummel and Schroeder have
proved that if Γ is deep enough, XΓ carries Riemannian metrics of nonpositive curvature.
On the other hand, one can show that the manifolds XΓ do not carry Kähler metrics of
nonpositive curvature. This is claimed in [249], and a proof has been published in the
2-dimensional case by Di Cerbo [155] and in general by Sarem [386].

Question 9.20 For a deep enough finite index subgroup Γ < Γ0, does the closed Kähler
manifold XΓ carry a Riemannian metric satisfying the condition KC ≤ 0?

We can now state the Siu–Sampson theorem.

Theorem 9.21 Let X be a closed Kähler manifold, let N be a Riemannian manifold
satisfying KC ≤ 0 and let f : X → N be a harmonic map. Then f is pluriharmonic.

This theorem of course also works in the equivariant context. It was proved by Siu [413]
when N is a (locally) symmetric space of nonpositive curvature and Sampson [385] simpli-
fied Siu’s proof and realized that the condition KC ≤ 0 on N was sufficient for the theorem
to hold.

Remark 9.22 Let X̃ be the universal cover of X. Let α be a harmonic 1-form on X. By
considering a primitive f : X̃ → R of the lift of α to X̃, and applying Theorem 9.21 to it,
we recover the classical fact that α is the real part of a holomorphic 1-form. We will also
see another type of “pluriharmonicity theorem” in Appendix D (see Theorem D.6).

Ideally, when working with harmonic maps defined on Kähler manifolds, one would like
to build holomorphic objects from harmonic ones. The implication

harmonic⇒ pluriharmonic

is an intermediate and necessary step towards building holomorphic objects. We shall
actually see that the proof of Theorem 9.21 always provides a holomorphic object (namely
df1,0). We now turn to this proof. Other expositions of it can be found in [5, 93].
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We first recall the principle of the so-called Bochner formulae. Assume that we have a
closed oriented Riemannian manifold Y and a collection β1, . . . , βr of nonnegative m-forms
where m = dimY . If one can show that

β1 + · · ·+ βr

is exact, then Stokes’ theorem implies that∫
Y
β1 + · · ·+ βr = 0

Since each βj is nonnegative, we must have βj = 0 for each j. In geometric applications,
the forms βi are usually equal to the norms or scalar products of certain tensors, multiplied
by the volume form of Y . Here is one of the oldest applications of this method.

Example 9.23 Let N be a closed Riemannian manifold with volume form vol and let α
be a 1-form on N . One then has the classical Bochner formula:

− 1

2
∆|α|2 + 〈∆α, α〉 = |∇α|2 + Ric(α], α]). (9.23)

Here Ric is the Ricci tensor of N and α] is the vector field dual to α. If α is harmonic,
the fact that the form 1

2∆|α|2vol is exact yields:∫
N

(|∇α|2 + Ric(α], α]))vol = 0.

If moreover the Ricci curvature is non-negative, we obtain that |∇α|2 and Ric(α], α]) are
identically zero on N . Hence we get that every harmonic 1-form is parallel and b1(N) ≤
dimN . This is Bochner’s theorem, see [52] and [454, Ch. 2].

We now go back to the study of harmonic maps from Kähler manifolds to manifolds
satisfying the condition KC ≤ 0. In this context, the needed formula is sometimes called
the Bochner–Siu–Sampson formula. It reads as follows. We consider a map f : X → N
from a Kähler manifold to a manifold with KC ≤ 0. We consider the bundle f∗TN ⊗ C
over X, endowed with the Hermitian extension 〈·, ·〉 of the metric of N . If α and β are
two forms with values in this bundle, there is a natural form 〈α ∧ β〉 we may define. If
α =

∑
αisi and β =

∑
βjtj we set:

〈α ∧ β〉 =
∑

αi ∧ βj〈si, tj〉.

Still denoting by m the complex dimension of X, the Bocher-Siu-Sampson formula consists
in proving that, under the running hypotheses, the differential form

〈d∇(df ◦ J) ∧ d∇(df ◦ J)〉 ∧ ωm−2 + 〈d2
∇(df ◦ J) ∧ (df ◦ J)〉 ∧ ωm−2 (9.24)

is exact and moreover that each of the two terms above is nonpositive. Then Stokes’
Theorem implies that each term vanishes. Let us start by the exactness statement:
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Lemma 9.24 The exterior derivative of the form 〈d∇(df ◦ J) ∧ (df ◦ J)〉 ∧ ωm−2 is equal
to the differential form appearing in (9.24).

Proof. This follows from the identity d〈α ∧ β〉 = 〈d∇α ∧ β〉+ (−1)degα〈α ∧ d∇β〉. 2

Let us now study the sign of the two terms appearing in (9.24). At the same time
we explain what is the meaning of the vanishing of each term. First, the harmonic equa-
tion (9.9) tells us that the “coefficients” of d∇(df ◦ J) are primitive (1, 1) forms. But the
quadratic form

α 7→ α ∧ α ∧ ωm−2

is negative definite on the space of primitive (1, 1) forms (see Proposition D.8). Hence the
form 〈d∇(df ◦ J) ∧ d∇(df ◦ J)〉 ∧ ωm−2 is pointwise nonpositive and we have:

〈d∇(df ◦ J) ∧ d∇(df ◦ J)〉 ∧ ωm−2 = 0 =⇒ d∇(df ◦ J) = 0

Thus the Bochner–Siu–Sampson formula implies that f is pluriharmonic.

We now turn to the second term, namely

〈d2
∇(df ◦ J) ∧ df ◦ J〉 ∧ ωm−2. (9.25)

Using the notations from Appendix H, we see that this term is equal to −Ωf ∧ ωm−2.
Corollary H.3 implies that (9.25) is pointwise nonpositive. Moreover the vanishing of (9.25)
is equivalent to the fact that “KC vanishes on the image of df1,0” i.e. that

RC(X,Y,X, Y ) = 0 (9.26)

for any X and Y in the image of df1,0 : TxX → Tf(x)N ⊗ C. This follows from the last
point in Corollary H.3.

At this point we have finished the proof of Theorem 9.21. Indeed we have seen that
the two terms in (9.24) vanish and that the vanishing of the first one is equivalent to
the pluriharmonicity of f . We now make the stronger assumption that N is a locally
symmetric space of noncompact type. Let us comment on the extra information we have
obtained, namely the vanishing of the second term, in this special case.

1. Because of (9.21), the vanishing of KC on the image of df1,0 is equivalent in this case
to the fact that the curvature form R vanishes on pairs of vectors in the image of
df1,0. Put differently, it is equivalent to the fact that f∗R is of type (1, 1) (see (9.8)
for the definition of R).

2. Let d0,1
∇ be the (0, 1) part of the operator d∇ acting on the bundle f∗TN ⊗C. Then

d0,1
∇ satisfies (d0,1

∇ )2 = 0. Indeed this is equivalent to the fact that f∗R is of type

(1, 1). This implies that d0,1
∇ = ∂ for some holomorphic structure on the bundle

f∗TN ⊗ C (see [298] or Theorem 2.1.53 in [170]).

3. The form df1,0 is a holomorphic 1-form on X with values in f∗TN⊗C endowed with
the previous holomorphic structure. Indeed we have

d∇(df1,0) =
1

2

(
d∇(df)− id∇(df ◦ J)

)
.
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The first term is zero for any map f and the second one vanishes because of the
pluriharmonicity of f . Hence d∇(df1,0) = 0. By decomposing this form into its type
(1, 1) and (2, 0) components, we get that d0,1

∇ (df1,0) = 0.

4. After identifying as before the tangent space of N at a point f(x0) with the “p
component” in a Cartan decomposition, we get that the image of df1,0

x0 is an Abelian
subspace of p⊗ C. This follows again from (9.21).

Because of this last point, it is of interest to study Abelian subspaces of p ⊗ C for all
symmetric spaces of noncompact type. We first note that if an Abelian subspace a of p⊗C
is defined over R, i.e. is the complexification of an Abelian subspace of p, then dimC a is
bounded by the real rank of the Lie group G. However, in general Abelian subspaces of
p ⊗ C need not be defined over R. One can thus try to determine what is their maximal
dimension to obtain bounds on the rank of pluriharmonic maps. See [5] as well as [94, 95]
for instance for a detailed study of these questions. Here we only mention the following:

Example 9.25 Assume that N = G/K is a Hermitian symmetric space. Identify as
before the tangent space at eK with p. Then the subspaces p1,0 and p0,1 of p ⊗ C are
Abelian. See [5, p.78]. The maximal dimension of an Abelian subspace of p ⊗ C is equal
to dimCN .

Taking N to be the complex hyperbolic space, the previous example shows that the
maximal dimension of Abelian subspaces of p ⊗ C can be large, even when the real rank
is equal to one!

Using the previous ideas, one can prove the following theorem which is due to Siu [413].
We refer to [5, p. 80] for a proof.

Theorem 9.26 Assume that N is a Hermitian symmetric space of noncompact type with-
out hyperbolic plane factor. Let Λ be a discrete torsion-free group of holomorphic isome-
tries of N . Let X be a closed Kähler manifold and let f : X → N/Λ be a (pluri)harmonic
map. If the differential df of f is surjective at one point than f is holomorphic for some
invariant complex structure on N .

Note that Theorem 9.26 is not optimal. For each Hermitian symmetric space N , Siu
has found a constant cN such that if a harmonic map f : X → N/Λ has real rank ≥ cN
at one point, then it must be holomorphic. In general, the constant cN is smaller than
the dimension of N . For instance, when N is the complex hyperbolic space, one can take
cN = 3, this is due to Carlson and Toledo. We will discuss this result in Section 9.4. For
further results in the same vein as Theorem 9.26, we refer the reader to [414, 415].

9.2.3 A word on Higgs bundles

The aim of this section is to define briefly what a Higgs bundle is, and to give a tiny hint on
the relation between pluriharmonic maps on compact Kähler manifolds and Higgs bundles.
Together with another brief allusion in Section 10.3, this will be the only appearance
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of Higgs bundles in this book. For a more detailed introduction, we refer the reader
to [232, 312, 325], and for a more in-depth tour of the theory of Higgs bundles, we refer
to the work of Simpson [404, 406, 410, 411].

Untill the end of Section 9.2.3, we let M be a complex manifold.

Definition 9.27 A Higgs bundle on M is a pair (E, θ) where E is a holomorphic vector
bundle over M and θ is a holomorphic 1-form which takes values in the bundle End(E)
of endomorphisms of E, which moreover satisfies the condition [θ, θ] = 0.

We now explain in more details the meaning of the condition [θ, θ] = 0. In general
if α is a 1-form with values in the endomorphisms End(F ) of a vector bundle F over a
manifold, [α, α] is the 2-form with values in End(F ) whose value on a pair of vectors (u, v)
is given by:

α(u) ◦ α(v)− α(v) ◦ α(u).

If (E, θ) is a Higgs bundle, we thus want [θ, θ] to be zero. If one takes local holomorphic
coordinates (z1, . . . , zn) on M and one writes

θ =
n∑
j=1

Aj(z)dzj ,

we have:

[θ, θ] =
∑
i<j

[Ai, Aj ]dzi ∧ dzj .

The condition [θ, θ] = 0 is then equivalent to the fact that the matrices (Ai)1≤i≤n pairwise
commute at each point.

Remark 9.28 When M is a Riemann surface, the condition [θ, θ] = 0 is automatic.

The form θ is often called the Higgs field of the pair (E, θ).

At this point, we give a hint of why pluriharmonic maps from Kähler manifolds to
symmetric spaces give rise to Higgs bundles. Consider a symmetric space of noncompact
type N = G/K, where the Lie algebra of G is equipped with a Cartan decomposition

g = k⊕ p.

We have seen that to each (equivariant) pluriharmonic map from the universal cover of a
closed Kähler manifold X to N , one can associate an Abelian subspace a of p⊗C. Taking
a suitable embedding of G into a matrix group, the vector space a gives rise to a vector
space of commuting matrices. These matrices will allow us to build a Higgs field. The
fact that a is Abelian is the analogue of the condition [θ, θ] = 0. When G = SLn(R), one
can summarize these results as follows. If % : π1(X) → SLn(R) is a linear representation
(with reductive image) and if f is the associated equivariant pluriharmonic map, we can
consider the flat Rn-bundle F → X built from %. Thinking of the symmetric space N as
the space of symmetric positive definite endomorphisms of Rn with determinant 1, then
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F ⊗ C carries a holomorphic structure for which the pair (F ⊗ C, f−1df1,0) is a Higgs
bundle.

We refer the reader to Section 10.2.2 and to [232, 325] for more detailed explanations.
This construction is only one half of a correspondence, developed by Corlette and Simpson,
between Higgs bundles and linear representations of Kähler groups [116, 404].

9.3 Real hyperbolic spaces

The purpose of this section is to describe actions of Kähler groups on real hyperbolic
spaces, finite or infinite dimensional. The main results that we shall describe were proved
originally in [94, 142]. We first describe the case of actions on finite dimensional real
hyperbolic spaces, with a sketch of proof, in Section 9.3.1 and 9.3.2, before turning to the
infinite dimensional case in Section 9.3.3.

9.3.1 A factorization theorem for harmonic maps of low rank

We consider a closed Kähler manifold X, with fundamental group Γ and universal cover
X̃. We fix a symmetric space of noncompact type Y distinct from the hyperbolic plane.
We do not assume yet that Y is a real hyperbolic space. Let

% : Γ→ Isom(Y )

be a Zariski dense representation of Γ into the isometry group of Y and f : X̃ → Y be
the associated %-equivariant harmonic map (see Theorem 9.7). As before, we think of the
differential df as a 1-form with values into the bundle f∗TY ⊗C→ X̃ and denote by df1,0

its complex-linear part. We have:

Theorem 9.29 Assume that the complex rank of df1,0 is at most equal to 1 everywhere.
Then, % factors through a holomorphic fibration onto an orbi-Riemann surface.

Theorem 9.29 was proved originally in [142] (see Remark 2 on p. 158 in loc. cit.).
Its proof uses in a crucial way the fact that the map f is real analytic. Indeed, since f
is pluriharmonic, the equation (9.10) does not depend on the choice of a metric on the
domain but only on the metric on the target Y . Since the metric of Y is real analytic,
the equation has real-analytic coefficients. The fact that f is real analytic then follows
from standard results on elliptic PDEs for which we refer to Appendix J in [40] and the
references therein. For the simpler case of linear elliptic PDEs with analytic coefficients,
the analyticity of solutions is discussed in [359, Ch. 3].

Using a classical result due to Sampson, we deduce:

Theorem 9.30 Let n ≥ 3 and let % : Γ → Isom(Hn
R) be a Zariski dense representation.

Then, % factors through a holomorphic fibration onto an orbi-Riemann surface.
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When the representation % has discrete image, Theorem 9.30 was established by Carlson
and Toledo [94]. Later on the method of proof discovered in [142] allowed to deal with all
representations (possibly non-discrete).

Proof of Theorem 9.30. Let f : X̃ → Hn
R be a %-equivariant harmonic map. We have

seen in Section 9.2.1 that f is pluriharmonic and that the curvature KC vanishes on the
image of df1,0. Since KC < 0 for the real hyperbolic space due to a result of Sampson (see
Example 9.17), df1,0 must have complex rank at most 1 everywhere. Hence Theorem 9.29
applies and % factors through a holomorphic fibration onto an orbi-Riemann surface. 2

Finally, we shall see later on that the arguments used to prove Theorem 9.29 also yield
the following result, which applies to real hyperbolic spaces of all dimensions.

Theorem 9.31 Let n ≥ 2 and let % : Γ→ Isom(Hn
R) be a non-elementary representation.

Assume that % restricted to H% does not factor through a fibration onto an orbi-Riemann
surface. Then:

1. the group %(Γ) preserves a totally geodesic plane P ⊂ Hn
R(which coincides with H%),

2. the harmonic map associated to % takes values into P and is holomorphic for one of
the two invariant complex structures of P .

We have used above the following notation. If % : G → Isom(Hn
R) is a non-elementary

representation of an arbitrary group G, one can prove that there exists a unique totally
geodesic subspace H% ⊂ Hn

R which is %(G)-invariant and minimal for this property. When
% is Zariski dense we have H% = Hn

R. In general, it is necessary to consider the restricted
action on H% to state factorization results. A representation restricted to H% could factor
through a certain quotient of G even if the action on the normal bundle of H% does not.

Remark 9.32 Of course, when n = 2, the plane P is equal to all of H2
R. The conclusion

of the theorem is then simply that the harmonic map under consideration is holomorphic
(for one of the invariant complex structures of H2

R). This is related to the rigidity of
irreducible quotients of polydiscs [259, 331].

We shall give a sketch of proof of Theorems 9.29 and 9.31 in Section 9.3.2.

9.3.2 Complex analytic equivalence relations and harmonic maps

Our main purpose here is to explain how the real analyticity of the harmonic map is used
to establish the results stated in Section 9.3.1. We explain this point and refer to [142] for
the remaining details.

We keep the notations from Theorem 9.29 and write E = f∗TY ⊗ C. This is a holo-
morphic vector bundle on X̃. As discussed in Section 9.2.1, df1,0 is a holomorphic 1-form
on X̃ with values in E. Its complex rank is everywhere less or equal to 1. On the open
set where df1,0 does not vanish, its kernel defines an integrable distribution, hence a fo-
liation. This can be deduced from the fact that the kernels of df and df1,0 coincide on a
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dense open set of X̃. Recall that there exists a (Γ-invariant) analytic subset Z ⊂ X̃ of
complex codimension at least 2 such that this foliation extends to X̃ − Z. Let us recall
the definition of Z. Denote by m the complex rank of the vector bundle E and by n the
complex dimension of X. The form df1,0 takes values into E hence can be locally written
as:

df1,0 =

 a11dz1 + · · ·+ a1ndzn
· · ·

am1dz1 + · · ·+ amndzn


after having chosen a trivialization of E and local coordinates on X̃. Working near a point
x0 we can consider the g.c.d. h of the aij in the ring of germs of holomorphic functions
at x0. On a certain neighborhood V of x0 we write: aij = hbij and df1,0 = hβ where β is
the 1-form with values in E locally defined by:

β =

 b11dz1 + · · ·+ b1ndzn
· · ·

bm1dz1 + · · ·+ bmndzn

 .

We then define Z to be the zero set of β. By definition it is an analytic set of codimension
at least 2. Outside Z, the nonvanishing form β defines a nonsingular foliation F , which
extends the original foliation defined by df1,0.

We now define an equivalence relation R on the open set O = X̃ − Z. If x, y ∈ O, we
say that x is equivalent to y if there exist holomorphic maps

ϕx, ϕy : ∆→ O

such that f ◦ ϕx = f ◦ ϕy and such that the images of ϕx and ϕy are not contained in a
leaf of the foliation F . It is clear that R is symmetric and reflexive and we leave it to the
reader to check that R is transitive.

Remark 9.33 This equivalence relation was introduced in [142], following an idea from [331].
Note that the study of equivalence relations whose graph is an analytic set has a long his-
tory, see e.g. [209]. Ultimately, a consequence of the proof below will be that the graph of
R is complex analytic in O ×O.

The key result we shall need is the following proposition.

Proposition 9.34 The graph of the equivalence relation R on O ×O is closed.

Proof. Let p and q be points from O. Since F is nonsingular on O, we can pick local
coordinates (z1, . . . , zn) and (w1, . . . , wn) near p and q respectively such that F is defined
by dz1 = 0 near p and dw1 = 0 near q. We assume that the coordinates are defined on
some polydiscs

D1 = {z ∈ Cn : |zi| < ε}

and

D2 = {w ∈ Cn : |wi| < ε}
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respectively. We will prove that the trace of R on D1 × D2 is closed. This implies the
result.

Let πi : Di → ∆(ε) be the projection onto the first coordinate, where ∆(ε) is the disc
of radius ε in C. Since f is a function of z1 only in D1 and of w1 only on D2 (again this
follows from the fact that df and df1,0 generically have the same kernel), the equivalence
relation on D1 ×D2 induced by R is the pull back via the map

π1 × π2 : D1 ×D2 → ∆(ε)×∆(ε)

of an equivalence relation R0 on ∆(ε)×∆(ε). Indeed if ϕx and ϕy are as in the definition
of R one can move ϕx and ϕy along the leaves of F to get two maps which still satisfy
the definition. Hence, the equivalence class of any point x contains the leaf of F going
through x.

Let us now have a closer look at the induced equivalence relation on ∆(ε) ×∆(ε). A
point t ∈ ∆(ε) is equivalent to w ∈ ∆(ε) if and only if there exist holomorphic maps

ϕt : ∆→ ∆(ε) and ϕw : ∆→ ∆(ε),

both nonconstant, such that f ◦ϕt = f ◦ϕw. Since f is not constant on any open set (this
follows from [384, Th. 1]) it is equivalent to say that both ϕt and ϕw are nonconstant,
or that at least one of them is non constant, or that the product (ϕt, ϕw) is nonconstant.
Hence, one can reformulate the definition of R0 as follows: t is equivalent to w if and only
if there exists a germ of holomorphic curve going through (t, w) and contained in the real
analytic set

W := {(a, b) : f(a) = f(b)} ⊂ ∆(ε)×∆(ε) ⊂ C2.

Since W is real analytic, the graph of R0 is closed according to a theorem due to Diederich
and Mazzilli (see Theorem G.1 in Appendix G). Hence the intersection of the graph of R
with D1 ×D2 is closed as the pull back of the graph of R0. This concludes the proof of
the proposition. 2

We now know that R ⊂ O×O is closed. It is easy to see that each of the two projections
R → O are open maps. Hence the following elementary lemma applies to R and proves
that the quotient O/R is Hausdorff.

Lemma 9.35 Let M be a manifold and let R ⊂ M ×M be the graph of an equivalence
relation on M . We endow R with the topology induced by M ×M . If R is closed and if
the two projections R→M are open maps then the quotient space M/R is Hausdorff and
the map M →M/R is open.

Let us now sketch the end of the proof of Theorem 9.29. We only explain the distinct
steps that remain to be checked and refer to [142] for the details. One proves successively
that:

1. the space Σ := O/R is naturally a Riemann surface and that the map O → Σ is
holomorphic and extends to a map u : X̃ → Σ;
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2. up to replacing u by a suitable lift, the Riemann surface Σ is isomorphic to (hence
identified with) the unit disc ∆;

3. f can be written as f = g ◦ u where g : Σ ' ∆→ Y is harmonic;

4. there exists representations θ : Γ → PSL2(R) and Ψ: Λ := θ(Γ) → Isom(Y ) such
that % = Ψ ◦ θ;

5. the group Λ is either discrete cocompact or dense in PSL2(R), if it is dense, Ψ
extends to a continuous representation of PSL2(R) into Isom(Y ) and g is PSL2(R)-
equivariant;

6. using that Y is distinct from the hyperbolic plane and % is Zariski dense one proves
ultimately that Λ must be discrete.

After the last point has been established, we obtain a map from X to a Riemann surface
by considering the map X → ∆/Λ. After possibly applying the Stein factorization, one
obtains a fibration. This concludes our sketch of proof of Theorem 9.29.

We now turn to the proof of Theorem 9.31. Let % be as in this statement and let
f : X̃ → Hn

R be the associated equivariant harmonic map. The previous discussion shows

that f can be written as f = g ◦u where u : X̃ → ∆ is holomorphic and where g : ∆→ Hn
R

is harmonic. Moreover % can be written as % = Ψ ◦ θ where Ψ: Λ < PSL2(R)→ Isom(Hn
R)

and θ : Γ → Λ have the same properties as before. Since we assume that % restricted to
H% does not factor through a fibration onto a hyperbolic 2-orbifold, the group Λ is dense
in PSL2(R), Ψ extends to a continuous representation of PSL2(R) and g is PSL2(R)-
equivariant. But actions of PSL2(R) on Hn

R must preserve a totally geodesic plane [229,
p.122]. Hence, there exists such a plane P ⊂ Hn

R which is Ψ-invariant (hence %-invariant).
This proves the first point of the theorem. To prove the second point we first establish
the following lemma.

Lemma 9.36 The map g is a diffeomorphism onto P .

Proof. Since g is PSL2(R)-equivariant, its set of critical points is either empty or all of
∆. Since g is nonconstant, there is no critical point. We now consider the nearest point
projection π : Hn

R → P . Since π is 1-Lipschitz, the energy densities of g and π ◦ g satisfy:

e(π ◦ g) ≤ e(g).

This inequality is strict at x ∈ ∆ if g(x) /∈ P . This implies that the map g must takes
values in P otherwise π ◦ g would have a smaller energy than g6. Hence g(∆) ⊂ P .
The PSL2(R)-equivariance now implies that the pull-back of the hyperbolic metric of P
coincides with the hyperbolic metric of ∆. The map g is then a local isometry, thus a
covering map, and finally a diffeomorphism. 2

To conclude the proof one observes that the push forward of the complex structure of
∆ to P is a PSL2(R)-invariant complex structure on P which makes g holomorphic. This
finishes the proof of Theorem 9.31.

6We implicitly use here the convexity of the energy in nonpositive curvature. This implies that harmonic
maps, originally defined as critical points of the energy functional, are always minimizers of that functional.
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9.3.3 Harmonic maps with values into H∞R

We now turn to the generalization of Theorem 9.30 in an infinite dimensional context.
We first define the infinite dimensional (separable) hyperbolic space H∞R . Its study was
suggested by Gromov [225]. Since then, it has been studied by various authors, see for
instance [74, 125, 172, 337, 338].

We start with a separable Hilbert space H . Let (ej)j≥0 be a Hilbert basis of H . We
define a new bilinear form B on H by setting:

B(x, y) = x1y1 −
∑
j≥2

xjyj

where x =
∑

j≥1 xjej and y =
∑

j≥1 yjej . For an intrinsic characterization of this form,
see [74]. We now define the infinite dimensional hyperbolic space as follows:

H∞R = {x ∈H |B(x, x) = 1, x1 > 0}.

As in the finite dimensional case one defines the distance d(x, y) between two points of
H∞R by the formula:

cosh(d(x, y)) = B(x, y). (9.27)

The space (H∞R , d) is a complete CAT(−1) metric space. Its isometry group is denoted by
Isom(H∞R ) and one can show that any isometry is induced by a linear automorphism of
(H , B). Let G be any group. Copying Definition 2.18, we will say that a representation

% : G→ Isom(H∞R )

is non-elementary if the group %(G) does not fix a point in H∞R ∪ ∂H∞R and does not
preserve a geodesic, and that it is minimal if %(G) does not preserve any nontrivial closed
totally geodesic subspace of H∞R . With these definitions at hand we have the following
result, established in [142].

Theorem 9.37 Let X be a closed Kähler manifold, with fundamental group Γ. Let % : Γ→
Isom(H∞R ) be a non-elementary and minimal representation. Then one of the following
two cases happens.

1. The representation % factors through a fibration of X onto a hyperbolic 2-orbifold.

2. The representation % can be decomposed as % = Ψ ◦ θ where θ is a homomorphism
from Γ to PSL2(R) with dense image and where Ψ: PSL2(R) → Isom(H∞R ) is a
continuous representation.

In the second point of the theorem, we have endowed the group Isom(H∞R ) with its
natural topology as the isometry group of H∞R : this is the smallest topology which makes
all the orbit maps g 7→ g · x continuous for x ∈ H∞R . Let us mention that there do exist
minimal non-elementary representations of PSL2(R) in Isom(H∞R ). See [142, 337] for their
study. Hence the second case of the theorem actually does occur.

Remark 9.38 Theorem 9.37 will be used in Chapter 13 to study actions of Kähler groups
on real trees.
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9.4 Complex hyperbolic spaces

The aim of this section is to prove a theorem due to Siu [413] and Carlson and Toledo [94]
independently, stating that an equivariant harmonic map from the universal cover of a
closed Kähler manifold to the complex hyperbolic space must be holomorphic or anti-
holomorphic if its real rank is greater than 2 at one point (Theorem 9.39 below). The
original proof of Carlson and Toledo is part of their detailed and general study of harmonic
maps to locally symmetric spaces of nonpositive curvature [94]. For these reasons it relies
on a certain amount of Lie theory. Our aim here is to give a proof which is independent of
Lie theory but which relies instead on the knowledge of the specific form of the curvature
tensor of complex hyperbolic space. The proof is more pedestrian and computational.
Yet, we find it interesting to have this direct proof. It is closer in spirit to Siu’s earlier
proof, although we formulate it in a slightly different language. Note also that Siu seems
to make a stronger assumption, namely that the real rank of the harmonic map is greater
than 3 at some point (see Theorem 1 and Proposition 1 in [413]).

We recall a few facts concerning the complex hyperbolic space in Section 9.4.1, before
proving the theorem of Siu–Carlson–Toledo in Section 9.4.2 and 9.4.3.

9.4.1 Metric and curvature tensor of complex hyperbolic space

We quickly give some definitions and properties related to the complex hyperbolic space.
A more detailed introduction can be found in [180, 206]. We consider Cn+1 endowed with
the Hermitian form 〈, 〉 defined by:

〈z, w〉 = z1w1 + · · ·+ znwn − zn+1wn+1,

for z, w ∈ Cn+1. The complex hyperbolic space of dimension n, denoted by Hn
C, is the

open set of the projective space P(Cn+1) made of negative lines for the form 〈, 〉:

Hn
C = {[z1 : · · · : zn+1], |z1|2 + · · ·+ |zn|2 − |zn+1|2 < 0}.

If [z1 : · · · : zn+1] ∈ Hn
C, the coordinate zn+1 must be nonzero. This allows to identify Hn

C
with the unit ball Bn of Cn via the map

(z1, . . . , zn) ∈ Bn 7→ [z1 : . . . : zn : 1] ∈ Hn
C.

One defines a Hermitian metric h on Hn
C in the following way. If x ∈ Hn

C, we pick a nonzero
vector p ∈ Cn+1 spanning the line x and such that 〈p, p〉 = −1. The differential at p of the
projection Cn+1−{0} → P(Cn+1) identifies p⊥ with TxHn

C. On TxHn
C, one defines hx to be

the Hermitian scalar product which coincides with the restriction of 〈·, ·〉 to p⊥ under this
identification. The result is independent of the choice of p and defines a smooth Kähler
metric on Hn

C. One can then show the following facts.

1. When Hn
C is identified with Bn as above, the metric h has the following expres-

sion [206, Ch. 3]:

hz(v, u) =
1

(1− |z|2)2

(
(1− |z|2)〈v, u〉0 + 〈v, z〉0〈z, u〉0

)
(z ∈ Bn, v, u ∈ Cn).
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Here 〈·, ·〉0 stands for the canonical Hermitian scalar product on Cn.

2. The distance function d associated to h has the following expression:(
cosh d(x, y)

)2
=
〈x, y〉〈y, x〉
〈x, x〉〈y, y〉

,

for x, y ∈ Hn
C. Here we abuse notation: to define the right-hand side, x and y should

be replaced by some lift to Cn+1 − {0}, the result being independent of the choice
of the lifts.

3. The group PU(n, 1), i.e. the projective unitary group of the Hermitian form 〈·, ·〉,
acts naturally by holomorphic isometries on (Hn

C, h). It coincides with the full group
of holomorphic isometries of Hn

C.

4. Identify the tangent space to Hn
C (at any point) with Cn with its standard Hermitian

scalar product 〈·, ·〉0. The curvature tensor R of h then has the following form7 [290,
Ch. IX, §7]:

R(X,Y, Z,W ) = −Re〈X,Z〉0Re〈Y,W 〉0 + Re〈X,W 〉0Re〈Y, Z〉0
−Re〈X, J0Z〉0Re〈Y, J0W 〉0+Re〈X, J0W 〉0Re〈Y, J0Z〉0−2Re〈X, J0Y 〉0Re〈Z, J0W 〉0.

(9.28)

Among these four results, we shall make a fundamental use of the fourth one in what
follows, i.e. of formula (9.28). From it one can deduce that the sectional curvature of Hn

C
lies between −4 and −1. The sectional curvature of a plane P is equal to −4 if and only
if P is a complex line and it is equal to −1 if and only if P is Lagrangian8.

9.4.2 The theorem of Siu and Carlson–Toledo

We now go back to our study of equivariant harmonic maps and resume with the following
notations: X is a compact Kähler manifold, Γ stands for its fundamental group and X̃ for
its universal cover. We consider a representation

% : Γ→ PU(n, 1)

and assume that %(Γ) does not fix any point in the union of Hn
C with its visual boundary.

Hence there exists a %-equivariant pluriharmonic map f : X̃ → Hn
C. This follows from

Theorem 9.7, together with the results from Section 9.2.2. We then have (see Theorem
3.5 and Corollary 3.7 in [94] or Theorem 1 and Proposition 1 in [413]):

Theorem 9.39 Assume that the complex rank of df1,0 is greater than 1 at some point.
(This hypothesis holds in particular if the real rank of df is greater than 2 at some point.)
Then f is holomorphic or antiholomorphic.

7Here J0 : Cn → Cn is the standard complex structure, or “multiplication by i” operator.
8Besides [290, Ch. IX, §7], the reader can consult Theorem 3.1.9 in [206, p. 74] for this. Our choice of

metric corresponds to the choice κ = 1
2

in Goldman’s notation.



9.4. COMPLEX HYPERBOLIC SPACES 145

The following corollary does not make any assumption on the rank of df1,0. It follows
immediately from Theorem 9.39, together with Theorem 9.29.

Corollary 9.40 We keep the previous notations and assume moreover that % has Zariski
dense image and that n ≥ 2. Then either % factors through a fibration onto an orbi-
Riemann surface or f is holomorphic or antiholomorphic.

Proof of Corollary 9.40. Suppose that the complex rank of df1,0 is at most equal to 1
everywhere. Then Theorem 9.29 applies and we obtain a factorization of % over an orbi-
Riemann surface. Otherwise the complex rank of df1,0 is greater than 1 at some point and
the conclusion follows from Theorem 9.39. 2

Remark 9.41 The very same corollary is still true when n = 1. Indeed, this follows from
Theorem 9.31, remembering that the spaces H1

C and H2
R are the same!

The following proposition is the main step in the proof of Theorem 9.39. We shall prove
it in Section 9.4.3.

Proposition 9.42 Consider a point p ∈ Hn
C. Let Rp be the complex linear extension of

the curvature tensor of Hn
C to TpHn

C ⊗ C. Let W ⊂ TpHn
C ⊗ C be a complex subspace such

that:

1. Rp(X,Y,X, Y ) = 0 for all X,Y ∈W ,

2. dimCW > 1.

Then W is contained either in (TpHn
C ⊗ C)1,0 or in (TpHn

C ⊗ C)0,1.

Let us make an important comment about this statement: when saying that W is a
complex subspace above, we implicitly refer to the complex structure coming from the
tensor product with C, not the original one on TpHn

C! We also recall that if Jp : TpHn
C →

TpHn
C denotes the complex structure, the subspaces (TpHn

C ⊗C)1,0 and (TpHn
C ⊗C)0,1 are

defined by:

(TpHn
C ⊗ C)1,0 = {(v,−Jp(v)) : v ∈ TpHn

C},

(TpHn
C ⊗ C)0,1 = {(v, Jp(v)) : v ∈ TpHn

C},

where TpHn
C ⊗ C is identified with TpHn

C ⊕ TpHn
C. By picking a Cartan decomposition of

the Lie algebra of the group PU(n, 1) and identifying TpHn
C with the “p factor” in this

decomposition, one sees that the first hypothesis of the proposition is equivalent to the fact
that W is an Abelian subspace of pC = p⊗C (see Example 9.16). Hence Proposition 9.42
is a reformulation of the results of [94].

Proof of Theorem 9.39. We have seen in Section 9.2.2 that for each point x ∈ X̃ the
subspace

df1,0
x (TxX̃) ⊂ TxHn

C ⊗ C
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satisfies the first hypothesis in Proposition 9.42. We have also proved in that Section that
df1,0 is a holomorphic form, for a suitable holomorphic structure on THn

C ⊗ C. Thus the
set

Z := {x ∈ X̃, rank df1,0
x ≤ 1}

is an anaytic subset of X̃. Our hypothesis on the rank of df1,0 says that Z is a proper
analytic set. Its complement is thus connected and we can apply Proposition 9.42 in a
neighborhood of each point of X̃ − Z. By continuity, we have either

df1,0
x (TxX̃) ⊂ (TxHn

C ⊗ C)1,0 ∀x ∈ X̃ − Z,

or
df1,0
x (TxX̃) ⊂ (TxHn

C ⊗ C)0,1 ∀x ∈ X̃ − Z.

Let us assume that we are in the first case, the second one being similar. This means
precisely that f is holomorphic on X̃ − Z, hence on X̃ since Z is nowhere dense. This
concludes the proof of Theorem 9.39. 2

9.4.3 Abelian subspaces of pC: the complex hyperbolic case

We now turn to the proof of Proposition 9.42. If X,Y are tangent vectors to Hn
C at some

point x, we denote by RX,Y the endomorphism of TxHn
C which takes a vector Z to:

RX,Y (Z) = ∇Y∇XZ −∇X∇Y Z +∇[X,Y ]Z. (9.29)

Here we are of course abusing notations: ∇ stands for the Levi-Civita connection of Hn
C

and in (9.29) the vectors X,Y, Z should be replaced by local vector fields taking the desired
value at the desired point. We extend R by C-bilinearity to THn

C ⊗C. We have of course
the equality:

R(X,Y, Z, T ) = (RX,Y (Z), T )

for X,Y, Z, T in THn
C ⊗ C, where (·, ·) is the C-bilinear extension of the Riemannian

metric of Hn
C. We will actually use a little bit of Lie theory, through the following fact.

For X,Y ∈ THn
C ⊗ C, the quantity

R(X,Y,X, Y ) (9.30)

is zero if and only if RX,Y = 0. As discussed in Example 9.16, this follows from the fact
that the quantity (9.30) is equal to the negative of the norm of the Lie bracket [X,Y ]
(after a suitable identification of the tangent space of Hn

C with the p factor in a Cartan
decomposition). Hence, to prove Proposition 9.42, we must study complex subspaces
W ⊂ THn

C ⊗ C such that RX,Y = 0 for all X,Y in W .

For X,Y in THn
C the endomorphism RX,Y can be computed readily. Identifying the

tangent space of Hn
C with Cn with its standard Hermitian scalar product 〈·, ·〉0 and us-

ing (9.28) one finds:

RX,Y =

(
−〈·, X〉0Y + 〈·, Y 〉0X

)
+

(
2iIm〈X,Y 〉0Id

)
. (9.31)



9.4. COMPLEX HYPERBOLIC SPACES 147

Note that RX,Y is complex linear, as it should be on any Kähler manifold. By considering
the trace of RX,Y , one also sees that RX,Y = 0 if and only if each of the two pieces
composing RX,Y are zero.

We now write Cn ⊕ Cn for the complexification of Cn and let

J : Cn ⊕ Cn → Cn ⊕ Cn

be the operator defined by J(X,Y ) = (−Y,X). If (X,Y ) and (X ′, Y ′) are elements of
Cn ⊕ Cn, we have (since R is extended by J-linearity):

R(X,Y ),(X′,Y ′) = RX,X′ −RY,Y ′ + J(RX,Y ′ +RY,X′). (9.32)

Thus, we must study J-invariant subspaces

W ⊂ Cn ⊕ Cn

which have the property that
RX,X′ −RY,Y ′ = 0 (9.33)

and
RX,Y ′ +RY,X′ = 0 (9.34)

for all (X,Y ) and (X ′, Y ′) in W . The above two equations are equivalent to:

〈·, X ′〉0X − 〈·, X〉0X ′ = 〈·, Y ′〉0Y − 〈·, Y 〉0Y ′ (9.35)

〈X ′, X〉0 − 〈X,X ′〉0 = 〈Y ′, Y 〉0 − 〈Y, Y ′〉0 (9.36)

〈·, Y ′〉0X − 〈·, X〉0Y ′ = −〈·, X ′〉0Y + 〈·, Y 〉0X ′ (9.37)

〈Y ′, X〉0 − 〈X,Y ′〉0 = −〈X ′, Y 〉0 + 〈Y,X ′〉0 (9.38)

for all (X,Y ) and (X ′, Y ′) in W . (Note that (9.36) follows from (9.35) and similarly (9.38)
follows from (9.37) but we do not need this fact.) Having introduced these notations, one
sees that Proposition 9.42 is equivalent to the following.

Proposition 9.43 Let W ⊂ Cn ⊕ Cn be a nonzero J-invariant subspace such that the
above four equations hold for all (X,Y ) and (X ′, Y ′) in W and such that dimCW > 1.
Then either W is contained in (Cn ⊕ Cn)1,0 or W is contained in (Cn ⊕ Cn)0,1.

We recall here again that when we talk about the complex dimension of W we refer to
the complex structure induced by J . This is (a priori) the only complex structure of W .

Proof of Proposition 9.43. We pick a vector (X,Y ) in W . We first assume that X and
Y are independent over C in Cn. By picking a vector u ∈ Cn such that 〈u, Y 〉0 = 0 but
〈u,X〉0 6= 0, we see using (9.35) that for any (X ′, Y ′) ∈ W , X ′ is contained in the plane
generated over C by X and Y . Similarly, Y ′ is contained in this plane. Hence we can
write:

X ′ = aX + bY (9.39)

and
Y ′ = cX + dY, (9.40)
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where a, b, c, d ∈ C. We now use Equation (9.35) again. By decomposing all vectors
involved in the basis {X,Y } and picking the component along X we obtain:

〈·, aX + bY 〉0 − 〈·, X〉0a = −〈·, Y 〉0c.

This implies that a = a and that b = −c. By picking the Y component we obtain

−〈·, X〉0b = 〈·, cX + dY 〉0 − 〈·, Y 〉0d.

This implies −b = c and d = d. We now pick the component along X in Equation (9.37).
This gives:

〈·, cX + dY 〉0 − 〈·, X〉0c = 〈·, Y 〉0a.

This implies that c = c and d = a. At this point we thus have that a, b, c and d are real,
d = a and b = −c. Equations (9.39) and (9.40) now become:

X ′ = aX + bY and Y ′ = −bX + aY.

This can be rewritten as (X ′, Y ′) = a(X,Y )− bJ(X,Y ). Hence W is equal to the complex
line generated by (X,Y ). This is a contradiction since dimCW > 1.

Thus, for any (X,Y ) ∈W , the vectors X and Y are C-dependent. We moreover asume
for the moment that there exists (X,Y ) and (X ′, Y ′) in W such that X and X ′ are C-
independent. By hypothesis, we can write Y = λX and Y ′ = µX ′. Equation (9.37) then
gives:

〈·, µX ′〉0X − 〈·, X〉0µX ′ = −〈·, X ′〉0λX + 〈·, λX〉0X ′.

Since X and X ′ are independent this gives µ = −λ. On the other hand, Equation (9.35)
implies in the same way that µλ = 1. We thus have λ2 = −1. This implies that Y = ±iX.
We assume that Y = iX to simplify, the case Y = −iX being similar. Note that if (X ′, Y ′)
is fixed, the vector X ′ and X ′′ will be independent for all (X ′′, Y ′′) close enough to (X,Y )
in W . Applying the same reasoning to the pair made of (X ′, Y ′) and (X ′′, Y ′′) we get that
Y ′′ = ±iX ′′ for (X ′′, Y ′′) close to (X,Y ). By continuity, we must have Y ′′ = iX ′′ for all
(X ′′, Y ′′) in an open neighbordhood of (X,Y ). Since W is generated by any nonempty
open set, we have that all of W is contained in the space

(Cn ⊕ Cn)1,0.

This is the desired conclusion.

We finally have to deal with the case where for any (X,Y ) ∈W , the vectors X and Y
are C-dependent and where moreover the image of the first projection W ⊂ Cn⊕Cn → Cn
is contained in a complex line. If this projection is injective on W then dimRW ≤ 2 and
thus W has complex dimension at most 1, a contradiction. Thus there exists a nonzero
vector of the form (0, U) in W . Multiplying by J we have that (U, 0) is in W . Applying
Equation (9.35) to (X,Y ) = (U, 0) we get for (X ′, Y ′) ∈W :

〈·, X ′〉0U − 〈·, U〉0X ′ = 0.

Writing X ′ = µU this gives that µ is real. This implies that W = R(U, 0) ⊕ R(0, U) and
hence W has complex dimension 1 and we reach once more a contradiction. Summing up
all cases, we see that W is contained in (Cn ⊕ Cn)1,0 or in (Cn ⊕ Cn)0,1, as desired. 2



CHAPTER 10

Lattices and groups of Hodge type

The purpose of this chapter is to describe further restrictions on Kähler groups obtained
using the technique of harmonic maps. More precisely, we will prove the following theorem
due to Simpson [406].

Theorem 10.1 Let G be a connected semisimple Lie group with finite center and no
compact factors. Let Γ < G be a lattice. If Γ is a Kähler group then G is of Hodge type.

The notion of “being of Hodge type” for a semisimple Lie group will be defined in
Section 10.1. For now, we only mention that this class includes (but does not reduce to)
the class of Hermitian Lie groups, i.e. the semisimple Lie groups G whose symmetric space
carries a G-invariant complex structure. The group SLn(R) is not of Hodge type when
n ≥ 3, hence Theorem 10.1 has the following consequence:

Corollary 10.2 If n ≥ 3 and if Γ is a lattice in the group SLn(R), then Γ is not a Kähler
group.

We will give in Section 10.1.2 further examples of classical groups of matrices which
are or are not of Hodge type.

Theorem 10.1 gives restrictions on the class of semisimple Lie groups admitting a Kähler
group as a lattice. Hence it provides a first step towards answering the conjecture by
Carlson and Toledo already alluded to in Section 1.4. This conjecture asserts that if a
semisimple Lie group1 G admits a Kähler group as a lattice, then G should be of Hermitian
type. We will discuss this problem a little bit further at the end of Section 10.1.2.

This chapter is organized as follows. In Section 10.1, we start by recalling some classical
facts concerning the structure theory of semisimple Lie groups. After that we define

1Connected, with finite center and no compact factors.
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groups of Hodge type and prove Theorem 10.10 which allows to characterize them in
two additional ways. We also explain why groups of Hermitian type are of Hodge type.
We finally devote Section 10.1.2 to the description of a few examples. In Section 10.2
we prove Theorem 10.1. Finally, Section 10.3 explains briefly the link between groups of
Hodge type and... Hodge theory! This will give use the opportunity to define variations of
Hodge structure, a fundamental tool in Simpson’s study of linear representations of Kähler
groups [404, 405, 406, 410, 411].

We close this presentation with two comments. Firstly, all the material from this
chapter was already known when the book [5] was published. It appears there in Chapter
7, with a different presentation and a different level of details depending on each specific
subtopic. We have decided to include it here for the following reason. Although we have
made the choice not to talk much about Higgs bundles (see Section 9.2.3), it is natural
to at least mention the natural circle action on moduli spaces of linear representations of
Kähler groups. It is rather easily described from the material studied in Chapter 9 and
leads to further restrictions on Kähler groups, such as Theorem 10.1. Secondly, the entire
Section 10.3 should be considered an impressionist painting. Indeed, the author of these
lines is not an expert on variations of Hodge structure and on Higgs bundles and the topic
is too vast to be so briefly summarized. That section thus points to more precise references
and is only intended as an appetizer for the reader.

10.1 Lie groups of Hodge type

10.1.1 Cartan subgroups of semisimple Lie groups

We start by recalling classical facts from the theory of semisimple Lie groups and use [287]
as a reference. Obviously this section is not meant to be an introduction to that theory
and we assume that the reader already has some knowledge of it. Let G be a connected
semisimple Lie group. Following [287], we denote by g0 its Lie algebra and keep the symbol
g to denote the complexification of g0:

g = g0 ⊗ C. (10.1)

We denote by Ad the adjoint representation of G:

Ad: G→ Aut(g0)

and by adg0 and adg respectively the adjoint representations of g0 and g.

Definition 10.3 A Cartan subalgebra of g is a subalgebra h ⊂ g which is Abelian, such
that the endomorphisms in adg(h) are simultaneously diagonalizable, and such that h is
maximal for these two properties. A Cartan subalgebra of g0 is a subalgebra h0 ⊂ g0 whose
complexification is a Cartan subalgebra of g.

For more details on this notion in the complex case we refer the reader to [287, II.2]
and notably to Proposition 2.13 and the remarks following it. For the real case we refer
to [287, p. 254]. Observe that the definition implies that a Cartan subalgebra of g0 is also
Abelian.



10.1. LIE GROUPS OF HODGE TYPE 151

Definition 10.4 A Cartan subgroup of G is the centralizer of a Cartan subalgebra of g0.
In other words, H < G is a Cartan subgroup if there exists a Cartan subalgebra h0 ⊂ g0

such that
H = {g ∈ G,Ad(g)(X) = X,∀X ∈ h0}. (10.2)

If h0 is a Cartan subalgebra of g0, it will be convenient to denote by Hh0 its centralizer,
defined by the right-hand side of (10.2). Although we will not really use this here, let us
mention that a crucial point in the study of Cartan subgroups is to determine when they
are connected and how they fail to be connected [287, VII.8]. Indeed, their Lie algebra (and
hence their identity component) is completely determined by the corresponding Cartan
subalgebra, as shown by the following lemma.

Lemma 10.5 If h0 is a Cartan subalgebra of g0, then the Lie algebra of the Cartan sub-
group Hh0 coincides with h0.

Proof of Lemma 10.5. An element Y ∈ g0 lies in the Lie algebra of Hh0 if and only if the
equation

Ad(exp(tY ))(X) = X (10.3)

holds for each real number t and each X ∈ h0. By taking the derivative with respect to
t one sees that this holds if and only if [X,Y ] = 0 for each X ∈ h0. In other words, the
Lie algebra of Hh0 coincides with the centralizer of h0 in g0. But this centralizer is equal
to h0 itself. Indeed the corresponding affirmation for Cartan subalgebras of g follows for
instance from the definition of Cartan subalgebras given in [287, p. 133] which is equivalent
to the definition given above. It implies the statement for real Cartan subalgebras. This
concludes the proof of the lemma. 2

We examine the case of the group G = SL2(R).

Example 10.6 The element

X1 =

(
−1 0
0 1

)
spans a Cartan subalgebra of sl2(R). Its centralizer in SL2(R) is the group of matrices of
the form

±
(
et 0
0 e−t

)
with t ∈ R.

Example 10.7 The element

X2 =

(
0 −1
1 0

)
also spans a Cartan subalgebra of sl2(R). Its centralizer is the group of matrices of the
form (

cos(θ) sin(θ)
− sin(θ) cos(θ)

)
with θ ∈ R.
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Any Cartan subalgebra of sl2(R) is conjugated, through the adjoint action of SL2(R),
to one of the above two examples [287, VI.6]. Hence we have a description of all Cartan
subgroups of SL2(R) up to conjugacy. We now return to the case of an arbitrary connected
semisimple Lie group G.

Definition 10.8 We say that G is of Hodge type if it has a compact Cartan subgroup.

Of course, this definition is interesting only when G is noncompact. The theorem
below gives several useful characterizations of groups of Hodge type. Before stating it and
embarking into its proof, we recall a few more notions from the theory of semisimple Lie
groups.

Definition 10.9 A Cartan involution of g0 is an automorphism θ : g0 → g0 such that
θ2 = Id and such that the bilinear form

(X,Y ) 7→ Bθ(X,Y ) := −B(X, θ(Y )) (10.4)

is positive definite, where B is the Killing form of g0.

If θ is a Cartan involution of g0 we write

g0 = k0 ⊕ p0 (10.5)

where k0 is the +1-eigenspace of θ and p0 is its −1-eigenspace. If the center of G is finite,
the analytic subgroup of G with Lie algebra k0 is a maximal compact subgroup of G [287,
p. 362].

Note that there is a general definition of Cartan subalgebra valid in any Lie algebra [287,
II.2]. For reductive Lie algebras (the ones which are the direct sum of an Abelian subalgebra
and a semisimple one) the general definition is equivalent to Definition 10.3. If K is a
compact connected Lie group, its Lie algebra is reductive. Hence one can define Cartan
subalgebras of the Lie algebra of K and of its complexification exactly as in Definition 10.3.
The compactness of K implies that a subalgebra of the Lie algebra of K is a Cartan
subalgebra if and only if it is a maximal Abelian subalgebra.

The dimension of a Cartan subalgebra of the Lie algebra of a semisimple (or compact)
connected Lie group G will be called the complex rank of G. It does not depend on the
choice of the Cartan subalgebra. We are now ready to state the following theorem.

Theorem 10.10 Let G be a connected semisimple Lie group. Assume that G has finite
center and let K be a maximal compact subgroup of G. Then the following are equivalent.

1. The group G is of Hodge type.

2. The complex rank of G equals the complex rank of K.

3. There exists a homomorphism u : S1 → Ad(G) such that u(−1) is a Cartan involution
of g0.
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Proof of Theorem 10.10. We start by proving the equivalence of the first two points.
We fix a Cartan involution θ of the Lie algebra of G and consider the corresponding
decomposition (10.5). We can and do assume that K is the analytic subgroup of G with
Lie algebra k0. Let t0 be a maximal Abelian subalgebra of k0. Then the centralizer Zg0(t0)
of t0 is of the form

Zg0(t0) = t0 ⊕ a0

for some subspace a0 ⊂ p0 and is a Cartan subalgebra of g0 [287, p. 386]. Assume that
the complex ranks of G and K are equal. We then have that dim t0 = dimZg0(t0), hence
a0 = 0. Let H be the centralizer of Zg0(t0) = t0. If h ∈ H we write, using the Cartan
decomposition at the level of G [287, VI.3]:

h = k · exp(X)

with X ∈ p0 and k ∈ K. Lemma 7.22 in [287] implies that k and ad(X) both centralize
t0. This means that X belongs to a0 = p0 ∩ Zg0(t0) = {0}. Hence X = 0. This proves
that the group H is contained in K, hence compact. (Actually, H must then be the torus
which integrates t0.) The group G is thus of Hodge type.

We now assume that G is of Hodge type. It is known that any Cartan subalgebra of
g0 is conjugated under Ad(G) to a θ-stable one [287, Prop. 6.59]. So we can fix a θ-stable
Cartan subalgebra h0 and write:

h0 = t0 ⊕ a0

with t0 ⊂ k0 and a0 ⊂ p0. Since G is of Hodge type we can choose h0 such that the
corresponding Cartan subgroup Hh0 is compact. Lemma 7.22 from [287] implies again
that

Hh0 = ZK(h0) · exp(Zg0(h0) ∩ p0).

(Note that Zg0(h0)∩p0 is actually equal to a0.) Since an element of the form exp(X) with
X ∈ p0 − {0} is never contained in a compact subgroup of G we obtain that a0 = 0. This
implies that Zg0(t0) = t0 is maximal Abelian hence a Cartan subalgebra of the Lie algebra
k0 of K. Hence the complex ranks of G and K are equal.

Next, we study the equivalence of the first two points of Theorem 10.10 with the third
one. Assume that we are given a morphism u : S1 → Ad(G) such that u(−1) is a Cartan
involution. We think of S1 as the unit circle in C and write

u(e2iπt) = exp(tadg0X)

for some element X ∈ g0. We consider the eigenspace decomposition associated to the
Cartan involution θ := u(−1) and denote it again by g0 = k0 ⊕ p0. Let t0 be a maximal
Abelian subalgebra of k0 containing X. We have seen in the steps above that Zg0(t0) is a
Cartan subalgebra of g0. But any element Y ∈ Zg0(t0) commutes with X hence is fixed
by exp(tadg0(X)) for all real numbers t. For t = 1

2 we get that Y is fixed by θ = u(−1),
i.e. lies in k0. Hence Zg0(t0) ⊂ k0 which forces Zg0(t0) = t0. Hence t0 is also a Cartan
subalgebra of g0 and the ranks of G and of K coincide.

We now prove the last implication, following [406, §4.4.5]. We assume that G is of
Hodge type. As before, we fix a Cartan involution θ and consider the associated Cartan
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decomposition of g0. We let t0 be a maximal Abelian subspace of k0. Since G is of Hodge
type, t0 is a Cartan subalgebra of g0. We denote by t the complexification of t0 and
consider the associated root space decomposition

g = t⊕
⊕
α

gα.

Since θ fixes pointwise t0 it must preserve each root space gα. The equation θ2 = Id, gives
furthermore

θ|gα = ±Id|gα

for each root α since dim gα = 1. From this one can build a linear map

d : t∗ → C

taking integral values on roots and such that

θ = (−1)d(α)Id on gα. (10.6)

For this one picks a set of simple roots {α1, . . . , αr} and defines d(αj) to be equal to 0 or
1 depending on whether θ is equal to the identity or minus the identity on gαj . One then
extends d by linearity to t∗. Using the relations [gα, gβ] = gα+β when α, β, α+β are roots
and 0 6= [gα, g−α] ⊂ t, one sees that Equation (10.6) holds2.

For X ∈ t0, the eigenvalues of the transformation

adg(X) : g→ g

are purely imaginary since the analytic subgroup associated to k0 is compact. This implies
that each root takes purely imaginary values on t0. Using Corollary 2.38 from [287] one
gets that d, seen as an element of t ' (t∗)∗, must lie in it0. Writing d = ic with c ∈ t0
a straightforward computation gives θ = exp(adg(−πc)) on g. The desired morphism
u : S1 → Ad(G) is then given by:

u(eit) = exp(−tadg0(c)).

This concludes the proof of Theorem 10.10. 2

Suppose that G and K satisfy the assumptions from Theorem 10.10. We will say below
that G is of Hermitian type if the symmetric space G/K carries a G-invariant complex
structure. This classical notion [287, VII.9] relates to that of group of Hodge type through
the following:

Proposition 10.11 If G is of Hermitian type, then G is of Hodge type.

The converse of this proposition is not true, as will be explicit through the list of
examples that we will mention in Section 10.1.2.

2One must use elementary properties of root strings as well.
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Proof. We fix again a Cartan involution θ and consider the corresponding decomposition
into eigenspaces:

g0 = k0 ⊕ p0.

We assume that K is the analytic subgroup associated to k0. If G is of Hermitian type it
is known that the center c0 of k0 is nontrivial and that

Zg0(c0) = k0. (10.7)

See Theorem 7.117 in [287]. Let t0 be a maximal Abelian subspace of k0. Then c0 ⊂ t0
and (10.7) implies that Zg0(t0) ⊂ Zg0(c0) = k0. Hence t0 is a Cartan subalgebra of G and
G and K have the same complex rank. Theorem 10.10 implies that G is of Hodge type.2

10.1.2 Groups of Hodge type: examples and non-examples

We list here without proofs a few examples of simple Lie groups with finite center, men-
tioning whether or not there are of Hodge type and, if of Hodge type, whether or not they
are of Hermitian type. A complete list can be found for instance in [406, p. 50]. The
reader can also consult Appendix C in [286] where he/she can find the list of all classical
simple groups (real and complex). Complex groups are never of Hodge type, and the list
of classical real groups appears in [286, p. 714] with the computation of the ranks of the
group itself and of its maximal compact subgroups.

Example 10.12 The group SLn(R) is not of Hodge type if n ≥ 3. Indeed its complex
rank is equal to n− 1 whereas the rank of its maximal compact subgroups is equal to bn2 c.

We denote below by SU(p, q) the group of C-linear transformations of Cp+q of determi-
nant 1 which preserve the standard Hermitian form of signature (p, q). Similarly, SO(p, q)
stands for the group of linear transformations of Rp+q of determinant one which preserve
the standard bilinear form of signature (p, q). Finally, we refer the reader to [36, §2.7] for
a description of the group Sp(n, 1). Unless otherwise specified, the symbols p, q, n stand
for some positive integers in the examples below.

Example 10.13 The groups SU(p, q) and SO(2, n) are of Hermitian type.

Example 10.14 The group Sp(n, 1) is of Hodge type but not of Hermitian type.

Example 10.15 The group SO(p, 2q) is of Hodge type but not of Hermitian type if q ≥ 2.

Example 10.16 The group SO(p, q) with p and q odd is not of Hodge type.

Let us now return to Carlson and Toledo’s conjecture, mentioned in the introduction
of this chapter. We state it once more here.

Conjecture. LetG be a connected semisimple Lie group with finite center and no compact
factors. If G admits a Kähler group as a lattice, then G should be of Hermitian type.

This conjecture was originally formulated in [94, p. 178] for cocompact lattices, but it
seems natural to state it in the generality above. Using Theorem 10.1, one sees that what
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has to be proved is that a lattice in a semisimple Lie group which is of Hodge type but
not of Hermitian type cannot be a Kähler group. We mention that the case of the group
Sp(n, 1) is apparently still open. In other words it is not known if a lattice in the group
Sp(n, 1) can be a Kähler group. According to Carlson and Toledo’s conjecture, the answer
should be “no”. On the other hand the case of cocompact lattices in the exceptional rank
1 group (which is of Hodge type) has been settled in [92]. The introduction of that paper
mentions the remaining open cases of the conjecture3.

Finally let us mention that there is another conjecture due to Carlson and Toledo,
about the second cohomology group of Kähler groups, see [294, p. 188] for a discussion.

10.2 Simpson’s theorem

This section is devoted to the proof of Theorem 10.1. In Section 10.2.1 we describe
classical facts concerning symmetric spaces, in a way which is suitable for our purpose. In
Section 10.2.2 we explain how to build a natural deformation of a linear representation of
a Kähler group, using non-Abelian Hodge theory. This goes back to the work of Hitchin
and Simpson. Finally, in Section 10.2.3 we combine this deformation argument with the
local rigidity of lattices to conclude the proof of Theorem 10.1.

10.2.1 Curvature of symmetric spaces

Let G be a connected semisimple Lie group with finite center and no compact factors. As
in Section 10.1, we denote by g0 the Lie algebra of G. We fix a Cartan involution θ of g0

and consider the associated scalar product Bθ defined in (10.4). We let Sym(g0) be the
space of endomorphisms of g0 which are self-adjoint for Bθ and S be the symmetric space
of the Lie group GL+(g0). Here GL+(g0) stands for the group of linear automorphisms
of positive determinant of the vector space underlying g0. We think of S as the space of
positive endomorphisms in Sym(g0). It is an open set of the space Sym(g0).

In what follows we will always identify the tangent bundle TS of S with the following
subset of S × End(g0):

O := {(S,U) : U is self-adjoint forBθ(·, S·)} ⊂ S × End(g0).

The identification between TS = S × Sym(g0) and O is given by

TS → O
(S,U) 7→ (S, S−1U).

We will sometime write U ∈ O instead of (S,U) ∈ O. This will mean that U is self-adjoint
for the scalar product Bθ(·, S·) for some base point S ∈ S , which will be clear from the
context. With this convention, the Riemannian metric 〈, 〉 of S is defined by:

〈U1, U2〉 = trace(U1U2)

3I am not sure on whether the list of open cases has decreased since the publication of [92].
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for U1, U2 in O (the formula does not involve the base point S). The next proposition is
left as an exercise for the reader.

Proposition 10.17 The Levi-Civita connection of the symmetric space S is given by

∇ZW = dZW +
S−1ZW −WS−1Z

2
.

To explain the notation used in this proposition, recall that we have identified TS with
O. Hence in the equality above W is a section of the bundle O → S (over some open
set) and Z is a vector field on the same open set. Finally, dZW stands for the derivative
in the direction of Z of W , thought of as a map with values in End(g0).

Let now M be a manifold and f : M → S be a smooth map. We endow the vector
bundle F := M × g0 →M with the metric gf which at a point x ∈M is given by:

Bθ(·, f(x)(·)).

Our identification of TS with O thus yields:

Proposition 10.18 The pullback of the tangent bundle of S

f∗TS →M

naturally identifies with the bundle of endomorphisms of F which are self-adjoint for gf .

If f is a map as above we shall write ∇u = d + 1
2f
−1df . This is a connection on the

bundle F , d being the standard flat connection of F . For the sake of concreteness, we also
stress that f−1 is the map taking a point p of M to the inverse of the linear transformation
f(p) : g0 → g0. This is well-defined since f takes values into the set S of positive (hence
invertible) self-adjoint endomorphisms of g0.

Proposition 10.19 The connection ∇u = d+ 1
2f
−1df preserves the metric gf .

Proof. This is a local affirmation. We pick two smooth maps s1, s2 : U → g0 where U is
an open subset of M and we compute the differential of the function

gf (s1, s2) = Bθ(s1, f(s2)).

We have:

d (gf (s1, s2)) = Bθ(ds1, f(s2)) +Bθ(s1, df(s2)) +Bθ(s1, f(ds2))

=

(
Bθ(ds1, f(s2)) +Bθ(

1

2
df(s1), s2)

)
+

(
Bθ(s1,

1

2
df(s2)) +Bθ(s1, f(ds2))

)
= gf (ds1 +

1

2
f−1df(s1), s2) + gf (s1, ds2 +

1

2
f−1df(s2)).
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We have used several times above that f and df take their values inBθ-symmetric endomor-
phisms. This implies for instance identities of the formBθ(

1
2df(s1), s2) = gf (1

2f
−1df(s1), s2).

The term on the righ-hand side in the last equality above coincides with

gf (∇us1, s2) + gf (s1,∇us2).

This proves that the connection ∇u preserves the metric gf . 2

The connection ∇u naturally induces a connection on the bundle of gf -symmetric en-
domorphisms of F (i.e. on f∗TS thanks to Proposition 10.18), this new connection is
still denoted by ∇u. Finally we shall also need the following proposition, that the reader
can easily prove using Proposition 10.17.

Proposition 10.20 1. On the bundle f∗TS → M , the pull-back of the Levi-Civita
connection of S coincides with the connection ∇u.

2. The curvature R of ∇u acting on the bundle F is related to its curvature R̂ for its
action on the bundle of gf -symmetric endomorphism of F by:

R̂X,Y (M) = RX,YM −MRX,Y .

Of course all the results we have just mentioned could be stated for the group GL+
n (R)

and its symmetric space, instead of insisting that the linear space under consideration is
a semisimple Lie algebra g0. However, we will need the results in this form in the next
section, since we will be looking at the adjoint representation of a semisimple Lie group
G, hence the presentation above.

10.2.2 Hitchin and Simpson’s circle action

We keep the notations from the previous section and consider additionnally a lattice Γ < G.
We furthermore assume that Γ is identified with the fundamental group of a closed Kähler
manifold X. Let

% : Γ→ GL+(g0)

be the representation obtained by composing the inclusion of Γ in G with the adjoint
representation. The symmetric space S contains a (G-invariant) totally geodesic copy of
the symmetric space of G, on which Γ acts without fixed point in the visual boundary.
This implies that the group %(Γ), seen as a group of isometries of S , is reductive in
the sense of Definition 9.6. Hence Theorem 9.7 applies and we can pick a %-equivariant
harmonic map

f : X̃ → S

where X̃ is the universal cover of X. Let E → X be the flat vector bundle obtained as
the quotient of the product bundle

X̃ × g0 → X̃ (10.8)
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by the diagonal action of Γ on X̃ × g0. As in Section 10.2.1, we endow the bundle
X̃ × g0 → X̃ with the metric gf which at a point x ∈ X̃ is given by:

Bθ(·, f(x)(·)).

This metric descends to a metric still denoted by gf on E. We write d for the standard
flat connection on E.

The differential of f is a 1-form with values into the space Sym(g0). By considering it
as a form with values into Sym(g0) ⊗ C, we can decompose it as usual as the sum of a
C-linear map and an anti-C-linear map:

df = df1,0 + df0,1.

Using this notation, for each number z ∈ S1 we now define a connection ∇z on E ⊗ C by
the formula:

∇z = ∇u − 1

2
f−1(zdf1,0 + zdf0,1).

Note that ∇1 = ∇ is the original flat connection we started with.

Proposition 10.21 For all z ∈ S1, the connection ∇z is flat, preserves the bundle E ⊂
E ⊗ C and its monodromy lies in the subgroup Ad(G) ⊂ GL+(g0).

To prove Proposition 10.21, we shall need the following lemma. We write below α =
1
2f
−1df and denote by d∇u the natural operator built from ∇u, acting on differential forms

with values into the bundle E or End(E), depending on the context. We use the canonical
decomposition of d∇u as d∇u = d1,0

∇u + d0,1
∇u .

Lemma 10.22 The connection ∇u, seen on the bundle (10.8) or on E, has the following
properties.

1. Its curvature is of type (1, 1) (equivalently, the square of either of the operators d1,0
∇u

or d0,1
∇u is zero).

2. We have d∇uα
1,0 = 0 (similarly d∇uα

0,1 = 0).

3. The 2-form [α1,0, α1,0] vanishes (similarly [α0,1, α0,1] = 0).

Let us make some comments on Proposition 10.21 and Lemma 10.22. Firstly these two
results are classical and appear, with different notations and presentations in [406] and [5]
for instance. Secondly, the content of Lemma 10.22 is essentially equivalent to some of
the results described in Section 9.2.2. Indeed we saw there that the pull-back f∗∇LC
of the Levi-Civita connection of S defined a connection on the bundle f∗TS → X̃
whose curvature was of type (1, 1). This fact is essentially equivalent to the fact that the
curvature of ∇u is of type (1, 1). Similar remarks apply to the second and third point of
the lemma. The key point is that the data of the bundle f∗TS → X̃ with the pull-back
of the Levi-Civita connexion is essentially equivalent to the data of the bundle E → X
with the connection ∇u. We will not try to make this statement precise, but we simply
explain briefly the proof of Lemma 10.22 based on the results from Section 9.2.2.
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Proof of Lemma 10.22. To prove the first point of the lemma, the idea is to use the
results described in Section 10.2.1, and more specifically Proposition 10.20. So let R be
the curvature of ∇u. We want to prove that R is of type (1, 1) which is equivalent to prove
that

RJX,JY = RX,Y

for any pair of tangents vectors X,Y . As in Proposition 10.20 we denote by R̂ the cur-
vature of ∇u acting on the bundle of gf -symmetric endomorphisms of E. We know from

Section 9.2.2 that R̂ is of type (1, 1). According to the formula relating R and R̂ given in
Proposition 10.20 we must have that

RX,Y −RJX,JY

commutes with all symmetric endomorphisms of E. Hence for each fixed X and Y we
have

RX,Y −RJX,JY = λId

for some constant λ. But it is a classical fact that the traces of RX,Y and of RJX,JY
vanish. Hence λ = 0, RX,Y = RJX,JY and R is of type (1, 1). The second and third point
of the lemma are deduced similarly from the results of Section 9.2.2. 2

Proof of Proposition 10.21. We will denote by R(z) the curvature of the connection ∇z.
This a 2-form on X with values in the endomorphisms of E. Writing α(z) = 1

2f
−1(zdf1,0 +

zdf0,1), we obtain after calculating:

R(z)(u, v) = R(u, v) + α(z)(u)α(z)(v)− α(z)(v)α(z)(u) + d∇uα(z)(u, v), (10.9)

R being the curvature of ∇u. Since the endomorphisms α(z)1,0(u) and α(z)1,0(v) (resp.
α(z)0,1(u) and α(z)0,1(v)) commute by Lemma 10.22, the term

α(z)(u)α(z)(v)− α(z)(v)α(z)(u) (10.10)

does not contain any z2 or z2. The constant z only appears through the product zz
which is equal to 1. Hence the term (10.10) does not depend on z. The second item
of Lemma 10.22 implies that d∇uα(z) = 0. Hence R(z) does not depend on z. Since
R(1) = 0, this proves that ∇z is flat for all z.

We still need to justify the last two assertions of the proposition. The fact that ∇z
preserves E is a direct consequence of the fact that the form zdf1,0 + zdf0,1 takes real
values. As for the last point we make the following observation. Consider the subgroup

Aut(g0) < SL(g0)

of automorphisms of g0. The Aut(g0)-orbit of the endomorphism Id ∈ S is totally geodesic
and the map f takes values into this subsymmetric space (or into a parallel copy of it).
Hence the form 1

2f
−1df takes values in the Lie algebra

adg0(g0) ⊂ End(g0).

We leave it to the reader to check that this implies that the monodromy of ∇z is contained
in Aut(g0) for all z. Since z 7→ %z(γ) is continuous for each γ and is contained in Ad(G) '
Aut0(g0) for z = 1, it must be contained in Ad(G) for all z. 2
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Proposition 10.23 For each z ∈ S1, the group %z(Γ) is a reductive subgroup of GL+(g0)
in the sense of Definition 9.6.

Proof. The proof relies on a converse to Theorem 9.7 which can be found in [306, Th. 0.2]
or in [116]. We consider the bundle E, with the metric gf and the connection ∇z. We

fix a base point x̃0 ∈ X̃ and consider the pull-back Ẽ of E to X̃. Since ∇z is flat, one
can identify the metric at each point of X̃ to a metric on the fiber Ẽx̃0

' g0. Using the
reference scalar product Bθ one can identify all these metrics with some positive symmetric
endomorphisms of g0. This defines a map

X̃ → S

which is %z-equivariant. We leave it to the reader to check that this map is pluriharmonic,
Theorem 0.2 from [306] then provides the desired conclusion. We mention, without giving
any details, that the notion hidden behind this proof is that of a harmonic bundle, see
e.g. [5, p. 92]. 2

We have now endowed the bundle E → X with a family (∇z)z∈S1 of flat connections
depending smoothly on z. We fix a base point x0 ∈ X and identify the fiber Ex0 with g0

(for instance by choosing a lift of x0 to X̃). The monodromy representations

%z : Γ→ SL(g0 ' Ex0)

depends smoothly on z, takes values in Ad(G) and %1 is the original representation %.
From this deformation of % we will conclude the proof of Simpson’s theorem in the next
section.

Remark 10.24 The construction of the family of connections ∇z described in this section
is due to Hitchin and Simpson [246, 406]. It allows to build a canonical S1-action on
spaces of linear representations of Kähler groups. We will get back to this point at the
end of Section 10.3.2. In Section 10.2.3 we shall apply this construction to an initial
representation which is locally rigid and shall deduce that the monodromy representations
of all the connections ∇z are conjugated.

10.2.3 Conclusion of the proof

We fix a base point x̃0 ∈ X̃ and denote by x0 its image in X. We denote by

Θ: GL+(g0)→ GL+(g0)

the global Cartan involution given by Θ(g) = t(g−1). Here th stands for the adjoint of
an endomorphism h of g0, for the scalar product Bθ(·, f(x̃0)(·)). The first key observation
to conclude the proof is to relate the family (%z)z∈S1 of representations to the Cartan
involution Θ. The relation is given by the following:

Proposition 10.25 The representation %−1 is nothing else than Θ ◦ %1.
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Proof. We work on the bundle E → X. We consider a loop γ : [0, 1] → X based at x0

and identify the fiber Ex0 with g0, using the lift x̃0 of x0. We recall that the element
%z([γ]) is M−1

z,γ where Mz,γ : Ex0 → Ex0 is the operator of parallel transport along γ, for
the connection ∇z. We will thus prove that

Θ(M1,γ) = M−1,γ , (10.11)

this implies that %−1 = Θ ◦ %1. To establish (10.11), it is enough to consider a small open
set U of X on which an orthonormal frame for (E, gf ) exists and a path α : [0, 1] → U
and to prove that the parallel transport along α satisfies

tM−1
1,α = M−1,α. (10.12)

Here M±1,α is thought of as a matrix, thanks to the chosen orthonormal frame. The
general case (10.11) follows by writing γ as the concatenation of small enough paths. For
such a pair (U,α), in the trivialization given by the orthonormal frame, the connections
∇±1 have the form:

∇1 = d+A+B

and

∇−1 = d+A−B,

where A is a 1-form with values in the skew-symmetric endomorphisms of Rn and B is a
1-form with values in the symmetric endomorphisms of Rn. We will abbreviate and write
At := A(α(t)) and Bt := B(α(t)). Let t 7→ P (t) be the solution of the differential equation

P ′(t) +AtP (t) +BtP (t) = 0

with P (0) = Id. Then P (1) = M1,α. One now checks that t 7→ t(P (t)−1) is the solution of
the equation {

Q′(t) +AtQ(t)−BtQ(t) = 0,
Q(0) = Id.

This proves that M−1,α = t(M−1
1,α) and concludes the proof of the proposition. 2

We want to prove that the group G is of Hodge type. We can assume that G is not
locally isomorphic to SL2(R), otherwise the conclusion already holds. We can also assume
that G is not locally isomorphic to SL2(C) since Carlson and Toledo’s work [94] prevents
lattices in SL2(C) or PSL2(C) from being Kähler (see also Theorem 9.30). We will now
use the following classical result:

Theorem 10.26 Let G1 be a connected semisimple Lie group with finite center and no
compact factors. Let Λ < G1 be an irreducible lattice. Assume that G1 is not locally iso-
morphic to SL2(R). If Λ is non-uniform assume moreover that G1 is not locally isomorphic
to SL2(C). Then the inclusion Λ→ G1 is locally rigid.

Remark 10.27 The arguments used to prove Theorem 10.26 also yield that the compo-
sition Λ → G1 → Ad(G1) of the inclusion with the adjoint representation is locally rigid
(see [377, 7.64]).
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For the definition of an irreducible lattice in a Lie group, we refer the reader to [377,
5.20]. We recall here that if H is a topological group and if L is a discrete group, a
morphism f : L→ H is said to be locally rigid if any homomorphism which is close enough
to f for the topology of pointwise convergence on Hom(L,H) is conjugated to f by an
element of H.

We will not attempt to survey the history of this theorem here! Let us mention that the
exclusion of lattices in SL2(R) and SL2(C) (in the non-uniform case) is necessary. When Λ
is cocompact this theorem is due to Weil [450]. For non-uniform lattices in rank 1 groups,
it is due to Garland and Raghunathan [201], whereas for non-uniform higher rank lattices
it follows from the work of Margulis on superrigidity. We refer the reader to [38] for a
more detailed historical discussion.

Let us now return to our pair Γ < G where Γ is assumed to be Kähler. Assuming that
Γ is irreducible and using the local rigidity result provided by Theorem 10.26 we will prove
below the following:

Proposition 10.28 There exists a map v : S1 → Ad(G) such that

%z(γ) = v(z)%(γ)v(z)−1

for every element γ ∈ Γ. (Recall that % = %1 is the original representation we started
with.)

Let us assume the conclusion of this proposition for a moment. We will conclude the
proof of Theorem 10.1 from it, assuming Γ irreducible. We will comment later on about
how to deal with the reducible case. Combining Proposition 10.28 with Proposition 10.25
we obtain that the element v(−1) ∈ Ad(G) satisfies:

v(−1)%(γ)v(−1)−1 = Θ(%(γ))

for γ ∈ Γ. Since %(Γ) is Zariski dense in Ad(G) [377, Ch. V], we get that

Θ(h) = v(−1)hv(−1)−1

for all h ∈ Ad(G). We leave it to the reader to check that

dΘId : End(g0)→ End(g0)

preserves g0 ' ad(g0) and that it defines a Cartan involution of g0. The classical relation

v(−1) ◦ ad(X) ◦ v(−1)−1 = ad(v(−1)(X)) (X ∈ g0)

implies that this Cartan involution is nothing but the automorphism v(−1) of g0. The
map z 7→ v(z) ∈ Ad(G) provided by Proposition 10.28 may not be a morphism4. However,
since v(−1)2 = Id, v(−1) is contained in a maximal compact subgroup of Ad(G). This
implies that one can find a smooth morphism u : S1 → Ad(G) such that u(−1) = v(−1).

4And we have said nothing about the regularity of the map v.
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We can then apply the last item of Theorem 10.10 and conclude that G is of Hodge type.
This concludes the proof of Theorem 10.1 in the irreducible case.

We now explain how to deal with the reducible case. If Γ < G is reducible, we can find
a finite covering map

π : G1 × · · · ×Gr → G

by a direct product of connected Lie groups, and r irreducible lattices Λi < Gi (1 ≤ i ≤ r)
such that

Γ1 := π(Λ1 × · · · × Λr) (10.13)

is of finite index in Γ. To prove Simpson’s Theorem 10.1 in this case, it is enough to prove
that each Gi is of Hodge type. Let us first prove that no Gi can be locally isomorphic to
SL2(C). By contradiction, assume for instance that G1 is locally isomorphic to SL2(C).
Since PSL2(C) has trivial center, there is a finite covering map p : G1 → PSL2(C). The
group p(Λ1) < PSL2(C) is a lattice. Let us now consider the natural homomorphism

Λ1 × · · · × Λr → p(Λ1). (10.14)

Since the kernel of the map Λ1 × · · · × Λr → Γ is central and p(Λ1) is centerless, (10.14)
descends to a surjection

Γ1 → p(Λ1). (10.15)

Consider the group π(Λ1) < Γ1. According to Theorem 9.30, the surjection (10.15) must
factor through a surjection onto an orbifold surface group a : Γ1 → πorb1 (Σ). Hence the
surjection π(Λ1) → p(Λ1) must factor through a subgroup of πorb1 (Σ). This would imply
that πorb1 (Σ) contains a subgroup isomorphic to a lattice in PSL2(C), which is impossible.
This last argument already appears in [361]. Hence we obtain a contradiction and no Gi
is locally isomorphic to SL2(C).

The proof now proceeds as in the irreducible case. We fix j ∈ {1, . . . , r}. If Gj is locally
isomorphic to SL2(R), it is of Hodge type. Otherwise the adjoint representation

Λj → Ad(Gj)

is locally rigid by Theorem 10.26 and Remark 10.27. From this one deduces easily that
the induced representation Λ1 × · · · × Λr → Λ1 → Ad(G1) is locally rigid. This last map
descends to a morphism Γ1 → Ad(G1) which is also locally rigid. This is enough to apply
the first part of the proof. This concludes the proof of Theorem 10.1.

Before turning to the proof of Proposition 10.28, we recall some classical facts con-
cerning spaces of representations of discrete groups in semisimple Lie groups. Let Λ be
a discrete group and H be a connected semisimple Lie group with trivial center and no
compact factor. The space Hom(Λ, H) is endowed with the topology of pointwise conver-
gence and H acts naturally on it by conjugation. A representation Λ→ H is reductive if
its image is a reductive subgroup of H in the sense of Definition 9.6. We then have:

Theorem 10.29 Let u1, u2 : Λ → H be two reductive representations. If u1 lies in the
closure of the H-orbit of u2, then u1 actually lies in the H-orbit of u2.
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There are several ways to establish this result (using geometric invariant theory methods
or nonpositive curvature methods for instance). We refer the reader to [370, §4] for a
geometric proof and for further references. Let us also mention that [370] uses the notion
of a completely reducible representation. In our context, this is equivalent to our notion of
reductive representation, see [370, §3.1.1].

Proof of Proposition 10.28. Consider the subset A ⊂ S1 of points z such that %z is
conjugated to %1 by an element of Ad(G). It is open thanks to Theorem 10.26 and
Remark 10.27. According to Proposition 10.23, all the representations %z are completely
reductive. Theorem 10.29 then implies that A is closed. Hence A is equal to all of S1.
Since Ad(G) has trivial center, for each z ∈ S1 there exists a unique element v(z) ∈ Ad(G)
such that %z = v(z)%1(·)v(z)−1. This concludes the proof of the proposition. 2

10.3 The link with Hodge theory

The purpose of this section is to discuss very briefly the link betwen groups of Hodge type
and Hodge theory. It is by no means a comprehensive exposition and it is just meant to
attract the reader’s attention to these aspects of the theory and to direct him/her to the
more specialized litterature. More detailed expositions can be found in [93, 107, 212, 405].
In all this chapter, we have made the choice to work with Lie groups. To help the reader
navigate the litterature, we mention that when working with algebraic groups defined
over the field of rational numbers instead of Lie groups, the objects analogous to groups
of Hodge type appear under the name of Mumford-Tate groups and have been introduced
in [346]. See [212] for a detailed exposition.

10.3.1 Hodge groups and Hodge structures

We start with the following classical definition.

Definition 10.30 A real Hodge structure of weight k on a real finite dimensional vector
space E is the data of a decomposition

E ⊗ C = ⊕Ep,q (10.16)

where the sum runs over the pairs of integers (p, q) such that p+ q = k and where Ep,q =
Eq,p.

The basic example of a real Hodge structure is the following.

Example 10.31 Let X be a closed Kähler manifold. The Hodge decomposition [447, §6]
on the group Hk(X,C) ' Hk(X,R) ⊗ C naturally endows Hk(X,R) with a real Hodge
structure of weight k.

In the most classical examples, such as the one above, the integers p and q from Def-
inition 10.30 are natural integers, but it is convenient to allow negative integers to deal
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with more general situations. One can also define complex, rational, and integral Hodge
structures. An important notion is also that of a polarization on a Hodge structure. We
refer to [93] for all these notions.

To a real Hodge structure on a vector space E, one can associate naturally a C∗-action
on E ⊗ C. One declares that the C∗-action preserves each summand of the decomposi-
tion (10.16) and that z ∈ C∗ acts by multiplication by zpzq on Ep,q. Conversely, a Hodge
structure can be recovered from a suitable C∗-action, namely:

Proposition 10.32 Let E be a finite dimensional real vector space and let k be an integer.
Let

% : C∗ → GL(E ⊗ C)

be a continuous homomorphism such that %(t) = tkId for t ∈ R∗ ⊂ C∗ and such that
%(z) = %(z). Then E carries a real Hodge structure

E ⊗ C = ⊕Ep,q

where Ep,q is given by

Ep,q = {v ∈ E ⊗ C, %(z)(v) = zpzqv, ∀z ∈ C∗}.

We leave the proof of this proposition as an exercise for the reader and refer to [447,
p. 154] for more explanations. We conclude this subsection by mentioning that if G is
a group of Hodge type, one can build Hodge structures on essentially all vector spaces
underlying a linear representation of G, see [93, Ch. 15] for more precise statements.

10.3.2 Variations of Hodge structure

Let X be a complex manifold and E → X be a flat complex vector bundle. We denote by
∇ its flat connection.

Definition 10.33 Let k be an integer. A variation of Hodge structure of weight k on
(E,∇) is the data of a flat Hermitian form h on E and a decomposition

E =
⊕
p+q=k

Ep,q (10.17)

into C∞ subbundles such that ∇ maps sections of Ep,q into

A1,0(Ep,q)⊕A0,1(Ep,q)⊕A0,1(Ep+1,q−1)⊕A1,0(Ep−1,q+1), (10.18)

such that the decomposition (10.17) is orthogonal for h and h is positive (resp. negative)
definite on Ep,q if p is even (resp. odd).

The fact that ∇ maps a smooth section of Ep,q into the space appearing in (10.18) is
called Griffiths’ transversality condition. In down-to-earth terms it means that for any
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smooth section s of Ep,q, the (1, 0) (resp. (0, 1)) part of ∇s takes values in Ep,q⊕Ep−1,q+1

(resp. Ep,q ⊕ Ep+1,q−1). This condition implies that the bundle

Fp :=
⊕
p′≥p

Ep
′,q′

is a holomorphic subbundle of E (for the complex structure induced by the (0, 1) part of
the connection ∇).

The notion of a variation of Hodge structure was introduced by Griffiths [217, 218,
219] to model the variation of the Hodge decomposition in the cohomology groups of a
holomorphic family of closed Kähler manifolds. We refer the reader to [447, §10] for more
explanations and a more detailed study.

We now fix an integer N and a Kähler group Γ. We consider the space

X red(Γ,GLN (C))

which is the quotient of the space of reductive5 homomorphisms Γ→ GLN (C) by the action
of GLN (C) by conjugation. This is a Hausdorff space. Simpson [406] (following earlier
work by Hitchin [246]) defined an action of the group C∗ on the space X red(Γ,GLN (C))
whose fixed points are precisely the linear representations underlying a variation of Hodge
structure. This construction is based on the correspondence between linear representations
and Higgs bundles alluded to in Section 9.2.3. We will not say more on this topic here but
simply mention that the construction of the family of linear representations (%z)z∈S1 that
we have made in Section 10.2 amounts to considering the restriction of Simpson’s action
to the circle S1 ⊂ C∗. We refer to [406] for the interested reader.

10.3.3 The link with representation theory

We finally mention a last characterization of linear groups of Hodge type. Assume that
G is a linear, connected, semisimple Lie group. Then the group G is of Hodge type if and
only if G has some discrete series representations. We refer the reader to Theorem 12.20
in [286, p. 454] for this theorem and to [286] in general for the definition of discrete series
representations and much more on this topic!

5By definition this means that their image have reductive Zariski closure.
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CHAPTER 11

The Bieri–Neumann–Strebel invariant

In this chapter, we define the Bieri–Neumann–Strebel invariant of a finitely generated
group [46, 47] (in short, BNS invariant) and prove a theorem due to Delzant [139] which
describes this invariant for Kähler groups.

If G is a group, we denote by Hom(G,R) the vector space of all homomorphisms from
G to R.

The BNS invariant of a finitely generated group G (with positive first Betti number,
otherwise the definition is trivial) is a subset Σ(G) of the sphere

S(G) := Hom(G,R)− {0}/R∗+.

Here the group R∗+ acts on Hom(G,R) by multiplication. For a detailed study of this
invariant, we refer the reader either to the original paper [46] which introduced it or to
the (unpublished) book [47]. A short account of the theory of the BNS invariant is given
in Section 11.1. We give the definition of the BNS invariant in Section 11.1.1. We first
present a topological definition, which is the one first given in the book [47], before stating
the original definition from [46]. Following [46], we also explain how to study the BNS
invariant when G is viewed as the fundamental group of a closed manifold (Section 11.1.2)
and explain the relations between the BNS invariant and the finiteness properties of the
kernels of homomorphisms from G to R (Section 11.1.3).

In Section 11.2, we describe some known results on the BNS-invariants. We give a
description of this invariant for fundamental groups of closed 3-manifolds (Section 11.2.1)
and for free and surface groups (Section 11.2.2). In the latter case, the BNS invariant
turns out to be empty. In Section 11.2.3, we mention very briefly other characterizations
of the BNS invariant due to Brown [64], Levitt [314] and Sikorav [402].

In Section 11.3, we prove Delzant’s theorem. It is important to mention that Delzant’s
description of the BNS invariant of a Kähler group was preceded by a theorem due to

169
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Napier and Ramachandran [352] which characterizes homomorphisms from Kähler groups
to Z whose kernel is not finitely generated. We discuss this point in Section 11.3.

Finally, in Section 11.4, we describe some applications of Delzant’s theorem due to
Friedl and Vidussi [193, 194] and Di Cerbo and Lombardi [157]. The applications due to
Friedl and Vidussi that we expose in Section 11.4.1 can be deduced from the earlier result
due to Napier and Ramachandran alluded to above but it is natural to put them in the
context of the BNS invariant.

As the reader will notice, a large part of this chapter is dedicated to a presentation of
the BNS invariant and is completely independent of the world of Kähler groups. We have
largely followed the book [47] for this presentation. Another possible reference is [422].
We hope that this will help the interested reader to go deeper into the literature on the
BNS invariant and to appreciate Delzant’s theorem. We also mention that reading [73]
has been of a great help to prepare this chapter.

11.1 The BNS invariant of a finitely generated group

11.1.1 Definition of the BNS invariant

Let G be a finitely generated group and let χ : G→ R be a nonzero homomorphism. Let

Gχ := χ−1([0,+∞)) = {g ∈ G,χ(g) ≥ 0}.

We fix a finite symmetric generating set S for G and let X(G,S) be the associated Cayley
graph (see Definition A.1). Let Xχ,S be the subgraph of X(G,S) spanned by Gχ. This
means that the set of vertices of Xχ,S is the set Gχ and two such vertices g and h are
adjacent if and only if there are adjacent in X(G,S), i.e. if and only if there exists s ∈ S
such that g = hs. We will be interested in the connectedness of the graph Xχ,S . The first
important point to notice is that whether Xχ,S is connected or not does not depend on
the choice of the generating set S, as shown by the next proposition.

Proposition 11.1 Let χ ∈ Hom(G,R) − {0}. Let S and T be two finite symmetric
generating subsets of G. Then Xχ,S is connected if and only if Xχ,T is connected.

Proof. We assume that Xχ,S is connected. Since the group G acts on the Cayley graph
X(G,S) by automorphisms (an element g acts by multiplication on the left on the set of
vertices) we have that for any element h ∈ G, the subgraph of X(G,S) spanned by the set

{g ∈ G,χ(g) ≥ χ(h)}

is connected. We fix for each s ∈ S a word in the generating set T = {t1, . . . , tr} repre-
senting s:

s = ti1 · · · tiqs . (11.1)

Let
D = min

s∈S
min

1≤`≤qs
χ(ti1 · · · ti`).
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We now pick an element t ∈ T such that χ(t) > 0. This exists since T is symmetric,
generates G and χ is nonzero. Let N be a natural number such that χ(tN ) +D ≥ 0. We
pick x and y in Gχ and want to connect them in the graph Xχ,T . First, since χ(t) > 0 the
sequence

x, xt, xt2, . . . , xtN

is a path in Xχ,T , and so is the sequence y, yt, . . . , ytN . Hence, it is enough to prove that
xtN and ytN can be connected by a path in Xχ,T . But now the first observation we have
made above says that

{g ∈ G,χ(g) ≥ χ(tN )}

spans a connected subgraph of X(G,S). Hence there exists a path of the form

v0 = xtN , v1 = v0s1, . . . , vm = vm−1sm = ytN

(where the si’s belong to S) from xtN to ytN such that χ(vj) ≥ χ(tN ) for 0 ≤ j ≤ m.
For each j ∈ {1, . . .m} we write sj as a word in T , as prescribed by Equation (11.1).
This provides a path from vj−1 to vj (in the graph X(G,T )) for which χ ≥ χ(tN ) +D at
each vertex. Since χ(tN ) + D ≥ 0 we see that xtN and ytN are connected by a path (in
X(G,T )) which is contained in Gχ. Hence Xχ,T is connected. This concludes the proof.2

We are now ready to turn to the definition of the BNS invariant of G. Recall from
the introduction the notation S(G) := Hom(G,R) − {0}/R∗+. The space S(G) inherits a
natural topology from the topology of the finite dimensional vector space Hom(G,R); it
is isomorphic to a sphere of dimension b1(G)− 1, where b1(G) is the first Betti number of
G. The image of an element χ ∈ Hom(G,R)− {0} in S(G) is denoted by [χ].

Definition 11.2 The set Σ(G) ⊂ S(G) is the set of rays [χ] such that Xχ,S ⊂ X(G,S) is
connected for some (equivalently every) finite symmetric generating set of G.

The subset Σ(G) is called the Bieri–Neumann–Strebel invariant of G (or BNS invariant
for short). It was introduced in [46]. The definition above is not the original definition.
We shall state the latter at the end of Section 11.1.1.

Example 11.3 If G is Abelian, then one checks easily that Σ(G) = S(G). We leave this
as an exercise for the reader. In the case where G ' Z2, the proof is essentially pictured
below.

Connectedness of Xχ,S for G = Z2



172 CHAPTER 11. THE BIERI–NEUMANN–STREBEL INVARIANT

Let a be a real number. Let Gχ≥a := {g ∈ G,χ(g) ≥ a}, so that with the previous
notation we have Gχ = Gχ≥0. We have seen in the proof of Proposition 11.1 that for any
g0 ∈ G, Xχ,S is connected if and only the subgraph of X(G,S) generated by Gχ≥χ(g0) is
connected. This can be slightly generalized as follows.

Lemma 11.4 If the subgraph Γa of X(G,S) generated by Gχ≥a is connected for some real
number a, then it is connected for every real number a.

This lemma appears as Lemma 2.2 in Chapter I of [47].

Proof. Assume that Γa is connected for some real number a. Let s ∈ S be such that
χ(s) > 0 and let b < a. Then any element h ∈ Gχ≥b can be connected to an element of
Gχ≥a by a path in Γb. Indeed, it suffices to consider the path

h, hs, hs2, . . . , hsN

in the Cayley graph of G. For N large enough hsN ∈ Gχ≥a, which proves the claim. Hence
any two elements h1, h2 of Gχ≥b can be connected (in Γb) respectively to some elements
g1 and g2 of Gχ≥a. One can then connect g1 to g2 by a path in Γa. This proves that h1

and h2 are connected in Γb.

We have proved that Γb is connected for every b < a. Now let b be an arbitrary real
number. Let g ∈ G be such that b + χ(g) < a. According to the previous discussion
Γb+χ(g) is connected. But Γb+χ(g) = g(Γb), hence Γb is connected. 2

In the following proposition, we will use the following notation. If γ is a path in the
Cayley graph X(G,S), going through the vertices

x1, . . . , xm,

we define vχ(γ) := min
1≤i≤m

χ(xi). We will call this quantity the χ-valuation or simply the

x1 x2
xm

xj

xj+1

The path γ

valuation of the path γ. The following characterization of the BNS invariant is called the
Σ1 criterion in [47] (see Section 3.1 of Chapter I there).

Proposition 11.5 Fix a finite symmetric generating set S for G. Let χ : G → R be a
nonzero homomorphism and let t ∈ S be an element such that χ(t) > 0. The following are
equivalent:

1. The ray [χ] lies in Σ(G).
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2. For each s ∈ S there exists a path ps in X(G,S) from t to st such that vχ(ps) >
min{0, χ(s)}.

Remark 11.6 In [47], this criterion is stated in a slightly more general way. There, the
element t is an arbitrary element on which χ is positive and need not be a generator. But
we will content ourselves with the above version.

Proof of Proposition 11.5. As in the proof of Lemma 11.4, for a real number a we denote
by Γa the subgraph of X(G,S) generated by Gχ≥a.

We first assume that [χ] ∈ Σ(G). Let s ∈ S. Let a = min{χ(t), χ(st)}. Since [χ] ∈
Σ(G), the graph Γa is connected according to Lemma 11.4. Let ps be a path from t to st
contained in Γa. Then vχ(ps) is greater or equal to a = χ(t)+min{0, χ(s)} > min{0, χ(s)}.
This proves that the second point of the proposition holds.

Conversely, assume now that the second point of the proposition holds. Let g be such
that χ(g) ≥ 0. Let γ be an arbitrary path from 1 to g. We will apply a sequence of
transformations to γ to increase its valuation, until it becomes nonnegative. We define

d := min
s∈S

(vχ(ps)−min{0, χ(s)}) > 0.

Let

1, s1, s1s2, . . . , s1s2 · · · sN = g

be the sequence of vertices of the path γ. We let P (γ) be the path from 1 to g going
through the vertices

1, t, s1t, s1s2t, . . . , s1 · · · sN−1t, gt, g

where:

• the last and first edge of the path are simply the edges associated to the generator t±1,
going respectively from gt to g and from 1 to t;

• t and s1t are connected by the path ps1 ;

• s1 · · · skt and s1 · · · sk+1t are connected by the path s1 · · · sk(psk+1
).

The reader can check that the valuation of this path is greater or equal to min{0, v(γ)+d}.
We now iterate this operation and consider the sequence of paths (P k(γ))k≥0. We have
that

v(P k(γ)) ≥ min{0, v(γ) + kd}.

For k large enough min{0, v(γ) + kd} ≥ 0, hence P k(γ) is a path from 1 to g contained in
Gχ. This concludes the proof. 2

An immediate consequence of the previous proposition is:

Corollary 11.7 The set Σ(G) is an open subset of S(G).

Later on we will need the following proposition, which relates the BNS invariant of a
group to the BNS invariant of its quotients.
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Proposition 11.8 Let G be a finitely generated group and let

0 // N // G
p // Q // 0

be a short exact sequence. Let χ : Q→ R be a nonzero character. Then:

1. If [χ ◦ p] lies in Σ(G) then [χ] lies in Σ(Q).

2. If N is finitely generated and [χ] lies in Σ(Q) then [χ ◦ p] lies in Σ(G).

Proof. Fix a finite symmetric generating set S forG. Then we can take p(S) as a generating
set for Q. If [χ ◦ p] ∈ Σ(G), then any two points g1 and g2 of Gχ◦p can be connected by
a path c in the graph Xχ◦p,S . The image of c under p is a path in Xχ,p(S) ⊂ X(Q, p(S)).
Since p(Gχ◦p) = Qχ, p(g1) and p(g2) can be taken to be arbitrary points of Qχ. The graph
Xχ,p(S) is thus connected and [χ] ∈ Σ(Q).

Assume now that [χ] ∈ Σ(Q) and furthermore that N is finitely generated. In this case
we assume that S contains a finite symmetric generating set for N . Let g1, g2 be in Gχ◦p.
We consider a path

p(g1), p(g1si1), p(g1si1si2), . . . , p(g1si1 · · · sir) = p(g2)

in Xχ,p(S) from p(g1) to p(g2). The path

g1, g1si1 , g1si1si2 , . . . , g1si1 · · · sir

is then contained in Gχ◦p and ends at an element of the form g2n for some n ∈ N . Using
the generators from N ∩ S, we then connect g2n to g2 while staying in g2N ⊂ Gχ◦p. This
proves that [χ ◦ p] ∈ Σ(G). 2

As a historical remark, we now state the original definition of the BNS invariant. The
approach of [46] was focused on the action of G on its derived subgroup DG and on the
finiteness properties of DG as a G-set. The definition from [46] reads as follows.

Definition 11.9 The ray [χ] lies in the invariant Σ(G) if the derived subgroup DG of G
is finitely generated over a finitely generated submonoid of Gχ.

We will not prove here that this is equivalent to Definition 11.2. We refer for that to
Chapter III of [47]. Definition 11.2 is more natural for our purpose and has now become
quite standard. Hence, we will make no further use of Definition 11.9.

11.1.2 Topological interpretation of the BNS invariant

We now study a topological characterization of the BNS invariant, when the group G
is realized as the fundamental group of a closed manifold. Of course, as is well-known,
this is possible if and only if G is finitely presented. For a finitely generated group G,
we could pick a closed manifold X and a surjection ϕ : π1(X) → G and work with the
Galois covering space of X corresponding to the kernel of ϕ. A similar study could then
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be developed. But we restrict to the case where G is finitely presented, for simplicity. This
section is inspired by Section 5 of [46] (which however deals with CW-complexes instead
of manifolds, but the results are essentially the same).

From now on and until the end of Section 11.1.2, we fix a finitely presented group G.
Let X be a closed manifold with fundamental group G. Let χ be a nonzero character on G
and let α be a closed 1-form on X representing the cohomology class of χ. Let p : X̂ → X
be a Galois covering space with Abelian Galois group, such that p∗α is exact. We write:
p∗α = df . Hence f : X̂ → R is a smooth function such that

f(g · x) = f(x) + χ(g) (11.2)

for any x ∈ X̂ and any g ∈ G. Here G ' π1(X) acts on X̂ through its Abelian quotient
A := π1(X)/π1(X̂).

The following lemma is central in the topological approach to the BNS invariant (this
corresponds to Lemma 5.2 in [46]).

Lemma 11.10 There exists a constant C ≥ 0 such that for any real number r, the set
f−1([r + C,∞[) is contained in a single path component1 of f−1([r,∞[). In particular
there exists a unique component of f−1([0,∞[) on which f is unbounded.

As we shall see, the proof uses crucially that the Galois group of the covering space
X̂ → X is Abelian.

For further use, we recall here that if β is a 1-form on a Riemannian manifold M , its
norm ||β|| is defined as:

||β|| := sup
v
|β(v)|

where the supremum is taken over tangent vectors (at any point of M) of norm at most
1. In particular, if β = du for some smooth function u : M → R, and if γ : [0, 1]→M is a
smooth path, we have:

|u(γ(1))− u(γ(0))| ≤ ||du|| · `(γ),

where `(γ) stands for the length of γ.

Proof of Lemma 11.10. We fix a basepoint x0 in X, a lift x̂0 of x0 in X̂ and elements
g1, . . . , gr in π1(X), whose images in the Galois group A = π1(X)/π1(X̂) form a symmetric
generating set. We fix an auxiliary Riemannian metric on X and endow X̂ with the lift
of that metric. We assume that the norm of α for that metric is not greater than D. We
pick a constant C0 ≥ 0 such that:

• the diameter of X is ≤ C0,

• for each integer i ∈ {1, . . . , r}, there exists a path γi based at x0 of length ≤ C0 and
which represents gi.

Let x̂, ŷ be points of f−1([r,+∞[) ⊂ X̂. By lifting a path from p(x̂) to x0 of length
≤ C0 we can connect x̂ to a · x̂0 for some element a ∈ A. This path is contained in

1In this section, when talking of connectedness or of a component of a topological space, we always
implicitly mean path connectedness or path component.
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f−1([r−DC0,+∞[). Similarly ŷ can be connected to an element of the form a′ · x̂0 (where
a′ ∈ A) by a path contained in f−1([r −DC0,+∞[). Note that χ(a) and χ(a′) are both
greater than or equal to

r −DC0 − f(x̂0).

Thanks to Example 11.3 and Lemma 11.4, a and a′ can be connected by a path

a0 = a, a1, . . . , aN = a′

(in the Cayley graph of A with the generating set given by the images of the gi’s) contained
in {χ ≥ r −DC0 − f(x̂0)}. One considers now the sequence of points

a0 · x̂0, a1 · x̂0, . . . , aN · x̂0

in X̂; they are all contained in f−1([r −DC0,+∞[). By choosing a suitable lift of one of
the paths γi, one can connect two successive points by a path contained in f−1([r−DC0−
DC0,+∞[). This proves the first part of the lemma with C = 2DC0.

We now prove the second point of the lemma. Let C be the component of f−1([0,∞[)
which contains f−1([C,∞[), whose existence is guaranteed by the previous point. Let D
be a connected component of f−1([0,∞[) on which f is unbounded. There exists a point
y ∈ D such that f(y) > C. This implies that y ∈ f−1([C,∞[) ⊂ C . Hence C = D as their
intersection is nonempty (it contains y). 2

From now on we denote by X̂f the unique component of f−1([0,∞[) on which f is
unbounded. The following theorem is a central tool for the topological approach to the
BNS invariant. This is Theorem G from [46] (although, as we said above, the authors
of [46] deal with CW complexes instead of manifolds).

Theorem 11.11 The ray [χ] lies in Σ(G) if and only if the map π1(X̂f ) → π1(X̂) is
surjective.

Let us give some heuristic argument to explain the relation between Theorem 11.11
and Definition 11.2. Assume for simplicity that the subset

f−1([0,+∞[)

is connected and is a smooth submanifold with boundary. Note that if Y is a manifold,
u : Ỹ → Y is its universal cover and Z ⊂ Y is a connected submanifold (possibly with
boundary) or a nice enough subset of Y , then:

1. the preimage u−1(Z) ⊂ Ỹ is connected if and only if π1(Z)→ π1(Y ) is onto;

2. similarly a connected component of the preimage u−1(Z) ⊂ Ỹ is simply connected if
and only if π1(Z)→ π1(Y ) is injective (although we shall not use this second point).

Hence, going back to the notation from Theorem 11.11, in the case where f−1([0,+∞[) is
connected, the theorem says that [χ] ∈ Σ(G) if and only if the set

F−1([0,+∞[) ⊂ X̃
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is connected where X̃ → X̂ → X is the universal cover and F : X̃ → R is the lift of f . This
is not a surprise as the condition in Definition 11.2 is a discrete version of the condition
that F−1([0,+∞[) is connected. We now turn to the formal proof of the theorem.

Proof of Theorem 11.11. Let q : X̃ → X̂ be the universal cover and let F : X̃ → R be the
lift of f . As before we fix a Riemannian metric on X and consider its lift to X̃ and the
induced distance d on X̃.

We first assume that [χ] ∈ Σ(G). In the proof of Lemma 11.10, we used that the Galois
covering X̂ → X was Abelian to ensure that the morphism induced by χ was contained
in the BNS invariant of the Galois group. A closer look at the proof shows that the very
same proof works for the universal cover if we assume that [χ] lies in Σ(G). Hence we
deduce that there exists a constant D ≥ 0 such that F−1([r + D,+∞[) is contained in a
single component of F−1([r,+∞[) for every real number r and that there exists a unique
component X̃F of F−1([0,+∞[) on which F is unbounded. One has q(X̃F ) ⊂ X̂f and

since any point of q−1(X̂f ) can be connected by a path to a point where F ≥ D one sees

that X̃F = q−1(X̂f ). In particular q−1(X̂f ) is connected and this implies that the map

π1(X̂f )→ π1(X̂) (11.3)

is onto by the discussion preceding the proof. This justifies one half of the equivalence
stated in Theorem 11.11.

We now turn to the converse implication. We fix a base point z ∈ q−1(X̂f ). Pick
D0 ≥ 2 diam(X) + 1. This implies that the set S = {g ∈ π1(X), d(g · z, z) ≤ D0} generates
π1(X). In the following, the Cayley graph of π1(X) is taken with respect to this generating
set. As above D denotes the norm of α and we write E = DD0 + f(q(z)). Assuming that
the map (11.3) is onto, we will check that any two elements g, h ∈ Gχ can be connected
by a path in {χ ≥ −E}. This implies that {χ ≥ −E} is connected since any element of
{χ ≥ −E} can be multiplied by a suitable generator on which χ > 0 to be connected to
Gχ. Lemma 11.4 then implies that Gχ is connected and hence that [χ] ∈ Σ(G).

Let C be as in Lemma 11.10. We will prove that any element from Gχ can be connected
to 1 in {χ ≥ −E}. This implies that any pair of elements of Gχ can be connected in
{χ ≥ −E}. Since any element from Gχ can be connected to an element from {χ ≥ C}
while staying in Gχ, we pick an element g such that χ(g) ≥ C and connect it to 1 in

{χ ≥ −E}. Note that f(q(g · z)) ≥ C hence q(g · z) ∈ X̂f and g · z ∈ q−1(X̂f ). The

assumption that π1(X̂f )→ π1(X̂) is onto tells us that q−1(X̂f ) is connected. Hence there

exists a path P from z to g · z which is contained in q−1(X̂f ). By dividing P in intervals
of length smaller than 1 and by picking a point in the π1(X)-orbit of z at distance at most
diam(X) from each endpoint of the intervals, we get a sequence

z, g1 · z, . . . , g · z

where d(gi · z, gi+1 · z) ≤ D0. This implies that g−1
i gi+1 ∈ S and that χ(gi) = f(q(gi · z))−

f(q(z)) ≥ −E. This concludes the proof. 2
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11.1.3 The relation with finite generation

The BNS invariant of a group G is related to the finiteness properties of kernels of ho-
momorphisms from G to R. Note that this is an active research topic, see e.g. [195, 252,
254, 322]. We present here three classical results illustrating this phenomenon. The first
two deals with homomorphisms to Z, while the third one deals with the general case. All
three results originally appear in [46].

Proposition 11.12 Let χ : G→ Z be a surjective homomorphism. Fix an element t ∈ G
such that χ(t) = 1. Then the following are equivalent.

1. The ray [χ] lies in Σ(G).

2. There exists a finitely generated subgroup B < Ker(χ) such that B < tBt−1 and such
that

Ker(χ) = ∪j>0t
jBt−j .

Recall that if H is any group and if φ : H → H is an injective morphism, the group
defined by the presentation

〈H,x|x−1hx = φ(h), h ∈ H〉

is called an ascending HNN extension with base group H. Hence, with the notation from
the proposition above, when [χ] ∈ Σ(G), we have that G is an ascending HNN extension
with base group B. The corresponding morphism φ : B → B is given by φ(b) = t−1bt.

Proof of Proposition 11.12. We first prove the implication (1 ⇒ 2) We can choose a
symmetric subset {a1, . . . , ak} in the kernel of χ such that S = {t±1, a1, . . . , ak} is a
generating set for G. Proposition 11.5 implies that for each i there exists a path in
X(G,S) from t to ait whose χ-valuation is greater than 0 = min(0, χ(ai)). Hence for each
i there exists a path from 1 to t−1ait whose valuation is ≥ 0. This implies that t−1ait lies
in the subgroup generated by the elements

tmait
−m 1 ≤ i ≤ k, m ≥ 0.

We pick m0 ≥ 0 such that for each i ∈ {1, . . . k}, t−1ait is contained in the subgroup B
generated by the elements

tmait
−m 1 ≤ i ≤ k, 0 ≤ m ≤ m0. (11.4)

Note that tBt−1 is then the group generated by the elements tmait
−m for 1 ≤ i ≤ k and

1 ≤ m ≤ m0 + 1. We have by construction

B < tBt−1. (11.5)

Indeed, each generator tmait
−m (0 ≤ m ≤ m0) of B lies in tBt−1: for m ≥ 1 this follows

from the definition of the generating set of tBt−1 indicated above and for m = 0 this
follows from the identity

t−1ait ∈ B.
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Now Equation (11.5) implies that tmait
−m ∈ tjBt−j for 1 ≤ i ≤ k and m ≤ m0 + j. Since

the set
(tmait

−m)1≤i≤k,m∈Z

generates Ker(χ), any element of Ker(χ) is contained in one of the groups tjBt−j (j > 0).
This concludes the proof.

We now turn to the implication (2 ⇒ 1). We let B be as in (2) and let {a1, . . . , ak}
be a finite symmetric generating set for B. The set S = {t±1, a1, . . . , ak} is then a finite
generating set for G. We will prove that Xχ,S is connected. Let g ∈ Gχ. One can
write g = ntN where n ∈ Ker(χ) and N ≥ 0. Now n ∈ tjBt−j for some j > 0. Hence
g = tjbtN−j where b ∈ B. We now describe an explicit path from g to 1 contained in Gχ.
By multiplying several times by t±1 one can connect g to tjb inside Gχ. By writing b as a
word in the ai’s one can then connect tjb to tj (with a path whose vertices lie in χ−1(j)).
Finally, tj can be connected to 1 by the path tj , tj−1, . . . , t, 1. This concludes the proof.2

Proposition 11.13 Let χ : G → Z be a surjective homomorphism. Then the following
are equivalent.

1. The kernel of χ is finitely generated.

2. The rays [χ] and [−χ] lie in Σ(G).

Proof. We will deduce this from Proposition 11.12. We fix some element t ∈ G which
χ(t) = 1. Assume first that Ker(χ) is finitely generated. Then Proposition 11.12 (2) is
satisfied with B = Ker(χ) hence [χ] ∈ Σ(G). Similarly, the criterion of Proposition 11.12
is satisfied for [−χ]. Hence [χ] ∈ Σ(G) ∩ −Σ(G).

We now assume that both [χ] and [−χ] lie in Σ(G). Applying Proposition 11.12 twice,
we obtain finitely generated subgroups B and D contained in Ker(χ) and such that:

B < tBt−1 Ker(χ) = ∪j>0t
jBt−j ,

tDt−1 < D Ker(χ) = ∪j<0t
jDt−j .

Since D is finitely generated and

D ⊂ ∪j>0t
jBt−j ,

there exists j0 > 0 such that D < tj0Bt−j0 . Hence for ` < 0,

t`Dt−` ⊂ t`+j0Bt−(`+j0) ⊂ tj0Bt−j0

since the sequence of subgroups (tkBt−k)k∈Z is increasing. The union of the t`Dt−` for
` < 0 being equal to the kernel of χ we have:

Ker(χ) ⊂ tj0Bt−j0

hence Ker(χ) = tj0Bt−j0 . In particular, Ker(χ) is finitely generated. This concludes the
proof. 2

Finally, we mention without proof:



180 CHAPTER 11. THE BIERI–NEUMANN–STREBEL INVARIANT

Theorem 11.14 Let G be a finitely generated group and let χ : G → R be a nonzero
homomorphism. Then the kernel of χ is finitely generated if and only if [ϕ] ∈ Σ(G) for
every nonzero homomorphism ϕ : G→ R which vanishes on Ker(χ).

This theorem reduces to Proposition 11.13 in the case where χ has cyclic image. For
its proof, we refer the reader to [47] (see §4.2 in Chapter I).

11.2 Some results on the BNS invariant

In this section, we describe the BNS invariant of 3-manifold groups, of free and surface
groups and very briefly mention some additional characterizations of the BNS invariant due
to Brown, Levitt and Sikorav. For a description of the BNS invariant for other examples
of groups, we refer the reader to the original article [46] and, for instance, to [45, 100, 196].

11.2.1 The case of 3-manifolds groups

Before describing the BNS invariant for fundamental groups of 3-manifolds, we first intro-
duce some notations and recall some classical results due to Thurston.

Let N be a closed orientable 3-manifold. In what follows we will implicitly identify
the spaces Hom(π1(N),R) and H1(N,R), where the latter is thought of as a de Rham
cohomology group. We say that a class a ∈ H1(N,R) is fibered if it can be represented
by a nowhere vanishing closed 1-form.2 A classical theorem of Tischler [434] implies that
N fibers over S1 if and only if it admits at least one fibered class in H1(N,R). Moreover,
the set of all possible fibrations on the circle (up to isotopy) identifies with the set of rays
spanned by fibered rational classes.

Let Σ be a closed surface. If Σ1, . . . ,Σn are the connected components of Σ, we define:

χ−(Σ) :=
n∑
i=1

max{−χ(Σi), 0}.

Here χ(Σi) stands for the Euler characteristic of Σi. Let φ ∈ H1(N,Z). We define the
Thurston norm ||φ||T of φ by:

||φ||T := min{χ−(Σ),Σ ⊂ N, [Σ] dual to φ}.

Here the infimum is taken over closed embedded surfaces in N which are dual to φ. We
then have the following results due to Thurston [433]:

1. The function || · ||T is a seminorm on H1(N,Z) which can be extended to a seminorm
on H1(N,R).

2. The ball BT := {φ ∈ H1(N,R), ||φ||T ≤ 1} is a finite-sided rational polytope.

2It is obvious that the set of fibered class is open and symmetric with respect to the origin.
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3. There exist finitely many faces F1, . . . , Fr of the boundary of BT , of maximal dimen-
sion, such that a class a ∈ H1(N,R)− {0} is fibered if and only the ray spanned by
a passes through the interior of one of the Fi’s.

Thus, we have a complete description of the fibered classes in terms of the Thurston
norm || · ||T . By looking only at rational classes we obtain the following statement: a
rational class a corresponds to a fibration over the circle if and only if the line spanned
by a passes through the interior of one of the Fi’s. The connection of this topic with
the theory of the BNS invariant comes from the fact that Bieri, Neumann and Strebel
proved that the set Σ(π1(N)) coincides with the set of rays spanned by fibered classes. In
particular Σ(π1(N)) = −Σ(π1(N)) and Σ(π1(N)) is a rational polytope.

The theory of the Thurston norm is a wide topic in 3-manifold topology, yet we will not
say anything else on it. We refer the reader to [19, 78, 433] for more details and references
concerning these results.

11.2.2 The case of free and surface groups

As opposed to the case of Abelian groups, where the BNS invariant is all of the sphere
S(G), for non-Abelian free groups and for surface groups the BNS invariant is empty. In
other words we have:

Proposition 11.15 Let G be either a finitely generated nonabelian free group or the fun-
damental group of a closed oriented surface of genus at least 2. Then Σ(G) = ∅.

Proof. From the very first definition of the BNS invariant, we observe that for any group
G, any character χ : G → R and any automorphism ϕ : G → G, the ray [χ] belongs to
Σ(G) if and only if [χ ◦ ϕ] belongs to Σ(G). We now assume that G is a nonabelian free
group or a surface group. In this case, there exists an automorphism of G whose action
on H1(G,R) is equal to minus the identity. Combined with the previous remark, this
yields that Σ(G) = −Σ(G). If the open set Σ(G) was nonempty, we could find a surjective
morphism χ : G → Z such that [χ] ∈ Σ(G) = Σ(G) ∩ −Σ(G). Then Proposition 11.13
would imply that Ker(χ) is finitely generated. But the kernel of a nontrivial morphism
G→ Z is never finitely generated, see Theorem 2.24. This implies that Σ(G) is empty, as
desired. 2

Remark 11.16 If Λ is a cocompact discrete subgroup of PSL2(R) (possibly with torsion),
it is still true that Σ(Λ) is empty. Indeed, Λ has a torsion free subgroup of finite index Λ0.
Proposition 11.15 implies that Σ(Λ0) is empty and from this one deduces easily that Σ(Λ)
is empty as well.

11.2.3 Other characterizations of the BNS invariant

In this section we mention, without proof, another characterization of the BNS invariant
of a group due to Brown [64]. This characterization involves real trees, which are defined
in Appendix B.
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Let T be a real tree and let us consider a group G acting on T by isometries. Recall
that the translation length of an element g ∈ G is defined as:

`(g) = inf
x∈T

d(g(x), x). (11.6)

If e is a point in the visual boundary of T which is fixed under G, then it is easy to see that
the function ` : G → R+ is the absolute value of the Busemann character be associated
to e (see Definition B.6). Conversely, one can show that any action on a real tree whose
translation length function is the absolute value of a homomorphism must fix a point in
the visual boundary of T (see e.g. [122, 2.3] for a proof). Such actions are called Abelian.

Definition 11.17 An Abelian action G y T on a real tree is said to be exceptional if
there is exactly one point in the visual boundary of T which is fixed by G.

Definition 11.18 An Abelian action G y T on a real tree, with fixed point ξ ∈ ∂T , is
said to be associated to a homomorphism χ : G→ R if χ = −bξ.

An exceptional Abelian action of a group G on a real tree T whose translation length
function (11.6) is not identically zero has no fixed point in T and no G-invariant line.
Hence it is non-trivial in the sense of [64, p.480]. In other words, for Abelian actions with
non-zero length function, being exceptional in the sense of Definition 11.17 is the same
thing as being non-trivial in the sense of [64]. We now have the following result due to
Brown [64], see also [314] for a discussion of this theorem.

Theorem 11.19 Let G be a finitely generated group and χ : G→ R be a nontrivial char-
acter. Then χ ∈ Σ(G) if and only if there exists no exceptional Abelian action on a real
tree associated to χ.

We shall make use of Theorem 11.19 in Section 13.3. There is also a characterization
of the BNS invariant in terms of geometric actions on real trees due to Levitt. We refer
to [314] for a definition of these actions and for a precise statement. Finally, we mention
that there is yet another characterization of the BNS invariant due to Sikorav. It is more
algebraic in nature and relies on the notion of Novikov homology, see [277, 402].

11.3 Delzant’s theorem

In this section, we prove a theorem from [139] which completely describes the BNS invari-
ant of Kähler groups. This invariant is entirely characterized in terms of fibrations onto
hyperbolic orbifolds. More precisely, we have:

Theorem 11.20 Let X be a compact Kähler manifold. Let χ ∈ H1(X,R) ' H1(π1(X),R)
be a nonzero class. Then the ray [χ] lies in the complement of the set Σ(π1(X)) if and
only if there exists a holomorphic fibration p : X → Z onto a hyperbolic 2-orbifold Z such
that χ ∈ p∗H1(πorb1 (Z),R).
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Let us make a few observations about this theorem.

Firstly, note that if Z is a hyperbolic orbifold of positive genus, the groupH1(πorb1 (Z),R)
coincides with the group H1(π1(S),R) where S is the underlying topological surface. In-
deed the kernel of the map πorb1 (Z) → π1(S) is generated by torsion elements. Hence, in
the context of Theorem 11.20, when [χ] /∈ Σ(π1(X)), saying that χ comes from a class in
H1(πorb1 (Z),R) is equivalent to saying that it comes from a class in H1(S,R), where S is
the surface underlying Z. However, it is absolutely necessary to consider the orbifold Z
to state the theorem, and not only the surface S. For instance, if X admits a fibration
p : X → S onto a genus 1 Riemann surface, whether p∗H1(S,R) is contained or not in the
BNS invariant of π1(X) will be dictated by the multiplicites of the singular fibers of p, i.e.
by the orbifold structure associated to p. The subspace p∗H1(S,R) will be contained in
Σ(π1(X)) exactly when p has no multiple fiber.

Secondly, we have seen that X admits finitely many fibrations pi : X → Σi (1 ≤ i ≤ r)
onto hyperbolic orbisurfaces3 (see Section 2.3). For each integer i ∈ {1, . . . , r}, let Vi ⊂
H1(X,R) be the image of the map p∗i : H1(πorb1 (Σi),R)→ H1(X,R). Theorem 11.20 thus
states that the preimage of the BNS invariant of π1(X) by the projection

π : H1(X,R)− {0} → S(π1(X))

is the complement of the union of the Vi’s:

π−1(Σ(π1(X))) = H1(X,R) \

(
r⋃
i=1

Vi

)
.

A consequence of this is that for an element χ ∈ H1(X,R)−{0}, we have [χ] ∈ Σ(π1(X))
if and only if [−χ] ∈ Σ(π1(X)). This property also holds for fundamental groups of closed
3-manifolds, although it is false for arbitrary groups.

Finally, as opposed to the case of 3-manifold groups (where rational characters whose
class lies in the BNS invariant give rise to fibrations on the circle), in the case of Kähler
groups it is the characters whose class lies outside of the BNS invariant that give rise to
a geometric object (namely a holomorphic fibration). Indeed, any such character must
come from one of the fibrations pi : X → Σi.

As observed in [139], Theorem 11.20 will follow by combining Theorem 11.11 with
Simpson’s Lefschetz’s theorem (Theorem 5.2). Before turning to the proof, let us mention
a consequence of Theorem 11.20.

Corollary 11.21 Let χ : π1(X)→ Z be a nonzero homomorphism. Then the kernel of χ
is not finitely generated if and only if χ factors through one of the fibrations pi : X → Σi

(1 ≤ i ≤ r).

This result had been proved before Delzant’s theorem by Napier and Ramachan-
dran [352], with a slightly different language. Let us explain how to deduce it from
Theorem 11.20.

3Of course the case r = 0 can also occur.
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Proof of Corollary 11.21. One implication can be seen in an elementary way. Let

(pi)∗ : π1(X)→ πorb1 (Σi)

be the map on fundamental groups induced by pi (where πorb1 (Σi) is the orbifold funda-
mental group). Assume that χ = φ ◦ (pi)∗ for some character φ : πorb1 (Σi) → Z. Then
Ker(χ) cannot be finitely generated as the kernel of φ is never finitely generated (see
Theorem 2.24). Let us now prove directly the equivalence, using Theorem 11.20. Since
Σ(π1(X)) = −Σ(π1(X)), Proposition 11.13 implies that [χ] ∈ Σ(π1(X)) if and only if
its kernel is finitely generated. Theorem 11.20 implies that this is equivalent to the fact
that χ does not factor through one of the fibrations pi. This gives the statement of the
corollary. 2

Remark 11.22 As an exercise, we advise the reader to prove directly Corollary 11.21
using Theorem 5.1 (or Theorem 5.2) and Theorem 3.7, without appealing to the BNS
invariant.

Proof of Theorem 11.20. We first assume that we have a fibration p : X → Σ onto a
hyperbolic 2-orbifold such that the character χ can be written as:

χ = ϕ ◦ p∗

for some character ϕ : πorb1 (Σ) → R. We know that any character on πorb1 (Σ) lies in the
complement of the BNS invariant, thanks to Proposition 11.15 and Remark 11.16. Hence
Proposition 11.8 implies that χ does not lie in Σ(π1(X)).

We now turn to the converse implication. We assume that the (ray generated by the)
character χ lies in the complement of the set Σ(π1(X)). Pick an Abelian Galois covering
space q : X̂ → X on which the cohomology class corresponding to χ becomes trivial.
Hence, there exists a harmonic function f : X̂ → R such that df = q∗α where α is the har-
monic 1-form representing4 χ. We apply Simpson’s Lefschetz’s theorem (Theorem 5.2). In
the second case provided by Theorem 5.2, all level sets of f are connected; this implies in
particular that f−1([0,+∞)) is connected. Hence, using the notation from Section 11.1.2,
X̂f = f−1([0,+∞)). Moreover the map π1(X̂f ) → π1(X̂) is surjective according to The-
orem 5.2. By Theorem 11.11, this implies that [χ] lies in Σ(π1(X)). This contradicts our
original hypothesis.

Hence, the first case provided by Theorem 5.2 must hold: there exists a holomorphic
fibration p : X → S onto a Riemann surface and the character χ is the pull-back of some
character on the fundamental group of S. In particular, S has positive genus. Let Σ be
the orbifold structure on S induced by the fibration. If the Euler characteristic of Σ is
negative, then we are done. Otherwise S has genus 1 and the fibration has no multiple
fibers. This implies that we have a short exact sequence

0 // K // π1(X) // π1(S) ' Z2 // 0

where K is finitely generated. Since Σ(π1(S)) is the entire sphere H1(π1(S),R)−{0}/R∗+
in this case, Proposition 11.8 implies that [χ] ∈ Σ(π1(X)), which is a contradiction.

4We identify the space Hom(π1(X),R) with the first de Rham cohomology group of X.
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Hence the Euler characteristic of Σ must be negative. Since the groups H1(π1(S),R)
and H1(πorb1 (Σ),R) are isomorphic, we have thus proved that the character χ is the pull-
back of a character on the group πorb1 (Σ). This concludes the proof of Theorem 11.20.
2

We mention the following corollary, also due to Delzant [139]. It answered a question
due to Beauville [33]. It is a direct consequence of Theorems 11.20 and 11.14.

Corollary 11.23 Let X be a compact Kähler manifold. Let χ : π1(X)→ R be a nonzero
character whose kernel is not finitely generated. Then there exists a nonzero character
ϕ : π1(X) → R with Ker(χ) ⊂ Ker(ϕ) such that [ϕ] /∈ Σ(π1(X)). In particular X fibers
onto a hyperbolic orbifold and ϕ is the pull-back of a character coming from the base of
such a fibration.

Remark 11.24 When χ has cyclic image, the character ϕ appearing above must be pro-
portional to χ and thus χ itself comes from the base of a fibration. One thus recovers
Corollary 11.21 proved by Napier and Ramachandran [352] before Delzant’s work [139].

11.4 Some applications

11.4.1 Albanese images and rank gradient

We give here two applications of Corollary 11.21, due to Friedl and Vidussi [193, 194].
Before stating them, we recall the definition of the Albanese variety and of the Albanese
map of a closed Kähler manifold X. Let Ω1(X) be the space of holomorphic 1-forms on X
and let Ω1(X)∗ be its dual. Any homology class a ∈ H1(X,Z), represented by a smooth
curve γ, defines an element `(a) of Ω1(X)∗ by the formula

`(a)(α) =

∫
γ
α

for α ∈ Ω1(X). The map ` has the following properties:

• the kernel of ` is the torsion subgroup of H1(X,Z),

• the image `(H1(X,Z)) ⊂ Ω1(X)∗ is a lattice (i.e. a discrete cocompact subgroup).

For a proof of these facts, see [447, Ch. 12].

Definition 11.25 The complex torus Ω1(X)∗/`(H1(X,Z)) is called the Albanese variety
of X and is denoted by Alb(X).

We now fix a base point x0 in X. If x ∈ X and if γ is a smooth path in X going from x0

to x, the linear map

α ∈ Ω1(X) 7→
∫
γ
α

is an element of Ω1(X)∗. Its image in Alb(X) does not depend on the choice of γ but only
on x and x0. We denote it by alb(x).
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Definition 11.26 The map alb: X → Alb(X) is called the Albanese map of X.

Of course the map alb depends on the choice of x0, but only up to a translation. We will
thus omit the point x0 in the notation. The map alb is holomorphic and the induced map
on fundamental groups is naturally identified with the canonical map

π1(X)→ H1(X,Z)/Tor(H1(X,Z)),

where Tor(H1(X,Z)) is the torsion subgroup of H1(X,Z).

We now return to the applications of Corollary 11.21 alluded to above. The first one
relates the existence of rational characters with finitely generated kernels to properties of
the Albanese map. It was established in [194] and reads as follows:

Theorem 11.27 Let X be a compact Kähler manifold. Then one of the following two
properties occurs.

1. There exists a finite cover X0 → X and a homomorphism π1(X0)→ Z with finitely
generated kernel.

2. For every finite cover X0 → X the Albanese map of X0 has image of dimension at
most 1.

Note that the two cases in the theorem are not exclusive.

Remark 11.28 Let X be a compact Kähler manifold. One can show that the property
that every finite cover of X has an Albanese map with image of dimension ≤ 1 is a property
of π1(X) only, see [194].

Proof of Theorem 11.27. We asssume that the second possibility of the theorem does not
hold. Hence, there exists a finite covering space X0 → X such that the Albanese image of
X0 has dimension at least 2. We will prove that there exists a homomorphism π1(X0)→ Z
with finitely generated kernel. Let pi : X0 → Σi (1 ≤ i ≤ r) be the finitely many fibrations
from X0 onto hyperbolic 2-orbifolds (see Theorem 2.16). We must check that the inclusion⋃

1≤i≤r
p∗iH

1(Σi,R) ⊂ H1(π1(X0),R) (11.7)

is strict. But if there is an equality in Equation (11.7), we have that H1(π1(X0),R) =
p∗i (H

1(Σi,R)) for some index i. Indeed, H1(X0,R) cannot be the union of finitely many
proper linear subspaces. Hence, the map pi : X0 → Σi induces an isomorphism on H1(·,R)
and the Albanese varieties ofX0 and of Σi are isomorphic. We have a commutative diagram

X0
pi //

��

Σi

a
��

Alb(X0)
j // Alb(Σi)
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where the vertical arrows are the Albanese maps of X0 and of Σi and where the bottom
arrow j is an isomorphism. As a consequence, the Albanese image of X0 coincides with
j−1(a(Σi)) and has dimension 1. This is a contradiction. Hence, the inclusion in (11.7) is
strict. According to Corollary 11.21, any rational class in

Σ(π1(X0)) = H1(X0,R) \
⋃

1≤i≤r
p∗iH

1(Σi,R)

has finitely generated kernel. Thus, the first point of the theorem holds. 2

Remark 11.29 One can reformulate Theorem 11.27 by saying that if the second point
of the theorem does not hold, then the BNS invariant Σ(π1(X0)) is not empty, for some
finite covering space X0 of X.

Remark 11.30 For examples of cocompact lattices in the group PU(n, 1) admitting homo-
morphisms to Z with finitely generated kernel, we refer the reader to [420]. In particular,
these lattices have a non-empty BNS invariant. See also [322] for related results.

The second application deals with the rank gradient associated to homomorphisms
from Kähler groups to Z and comes from [193]. Before stating it, we recall the notion of
rank gradient in group theory. Let Γ be a finitely generated group. Recall that its rank
rank(Γ) is the minimum of the cardinality of a finite generating set. The rank gradient of
a sequence of finite index subgroups (Γi)i≥0 of Γ is defined as:

rk((Γi)i≥0) = liminf
i→∞

rank(Γi)

[Γ : Γi]

This notion was introduced by Lackenby [307]. See also [1, 2, 131] for various group the-
oretical developments around this concept. Let f : Γ→ Z be a surjective homomorphism.
We define the rank gradient of the pair (Γ, f) as

rk(Γ, f) := liminf
i→∞

rank(f−1(iZ))

i

Observe that the rank gradient rk(Γ, f) is always zero if the kernel of f is finitely generated.
Indeed, in that case one can pick an element t ∈ Γ such that f(t) = 1 and a finite generating
set {a1, . . . , ak} for Ker(f). The set {t, a1, . . . , ak} generates Γ and the set {ti, a1, . . . , ak}
generates f−1(iZ). Hence rank(f−1(iZ)) ≤ k+ 1 and the rank gradient is zero. Friedl and
Vidussi [193] proved that for Kähler groups, the converse is also true. Namely:

Theorem 11.31 Let G be a Kähler group and χ : G→ Z be a surjective homomorphism.
We have rk(G,χ) = 0 if and only if the kernel of χ is finitely generated.

In the proof below, we shall use that if H1 is a finitely generated group and if H2 < H1

has finite index in H1, we have:

rank(H2) ≤ [H1 : H2] · rank(H1). (11.8)
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This formula can be proved e.g. by writing H1 as a quotient of a finite rank free group F ,
by considering the inverse image H of H2 inside F , and by applying a classical formula
relating the ranks of F and H [327, p.16].

Proof of Theorem 11.31. As we have just discussed, there is only one implication left to be
proved. So we assume that the kernel of χ is not finitely generated and prove that rk(G,χ)
is positive. We fix a closed Kähler manifold X with fundamental group identified to G.
Then, according to Corollary 11.21, there exists a fibration onto a hyperbolic orbifold

p : X → Σ

and a character ϕ : πorb1 (Σ) → Z such that χ = ϕ ◦ p∗. Here p∗ : G ' π1(X) → πorb1 (Σ) is
the morphism induced by p. Since the kernel of p∗ is finitely generated, it is easy to see
that (G,χ) and (πorb1 (Σ), ϕ) have the same rank gradient (see Lemma 2.1 in [193]). Thus,
we must estimate the rank gradient for the pair (πorb1 (Σ), ϕ).

We choose a finite index torsion-free subgroup

Λ0 < πorb1 (Σ).

We let m > 0 be a generator of ϕ(Λ0) and N be the index of Λ0 in πorb1 (Σ). Since the
index of Λ0 ∩ ϕ−1(iZ) in ϕ−1(iZ) is at most N , Equation (11.8) yields:

rank(ϕ−1(iZ)) ≥ rank(Λ0 ∩ ϕ−1(iZ))

N
.

Now if H is a surface group of genus g, its rank is 2g = 2−χ(H), where χ(H) is the Euler
characteristic of H. Since the Euler chracteristic is multiplicative under taking finite index
subgroups, we can estimate easily the rank of Λ0∩ϕ−1(iZ). It is equal to 2−`χ(Λ0) where
` is the index of Λ0 ∩ ϕ−1(iZ) in Λ0. But ` is equal to the order of m in Z/iZ, which is
equal to

lcm(m, i)

m
.

Here lcm(m, i) stands for the lowest common multiple of m and i. Summing up all pieces
we obtain:

rank(ϕ−1(iZ))

i
≥

2− lcm(m,i)
m χ(Λ0)

Ni
≥ −χ(Λ0)

Nm
> 0.

This proves that rk(πorb1 (Σ), ϕ) > 0 as desired. 2

11.4.2 An application to the growth of the first Betti number

We now use the description of the BNS invariant of Kähler groups to study the growth
of the first Betti number in towers of covering spaces of a compact Kähler manifold. The
following theorem is due to Di Cerbo and Lombardi [157].

Theorem 11.32 Let X be a compact Kähler manifold. Assume that there exists a tower
(Xi)i≥1 of finite Galois covering spaces with Abelian Galois group such that the first Betti
number of Xi converges to infinity. Then X fibers onto a hyperbolic orbifold.
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The original proof relied on the description of the Green-Lazarsfeld set of Kähler groups,
that will be studied in Chapter 12. Here we deduce the theorem from the study of the
BNS invariant instead. Note that this theorem is related to the following question of
Campana [86, p. 149].

Question 11.33 Let X be a closed Kähler manifold. Suppose that there exists a sequence
of finite covering spaces Xi → X such that (b1(Xi))i≥1 converges to infinity. Does this im-
ply that there exists a finite covering space X∗ → X admitting a fibration onto a hyperbolic
2-orbifold?

Of course, the converse of the implication raised in Question 11.33 is true. Suppose that
a closed Kähler manifold X has a finite cover X∗ admitting a fibration p : X∗ → Σ, where
Σ is a hyperbolic orbifold. After taking suitable finite covering spaces, we can assume that
the fibration has no multiple fibers. This implies that Σ has genus at least 2. Since the
group π1(X∗) surjects onto π1(Σ) and since surface groups admit finite index subgroups
with arbitrarily large first Betti number, the same property holds for π1(X∗).

Proof of Theorem 11.32. Let p : Y → X be the maximal Abelian covering space of X. In
other words, the fundamental group of Y is identified with the derived subgroup of π1(X).
Since the covering spaces Xi have Abelian Galois group, we can write for each i the map
p as a composition:

Y → Xi → X.

Hence the fundamental group of Xi fits into an extension:

0→ π1(Y )→ π1(Xi)→ π1(Xi)/π1(Y )→ 0.

Note that the group

π1(Xi)/π1(Y )

is a subgroup of the finitely generated Abelian group H1(X,Z) ' π1(X)/π1(Y ). The
latter is isomorphic to ZN ⊕A for some integer N and some finite Abelian group A. Hence
π1(Xi)/π1(Y ) is isomorphic to

Zki ⊕B

for some integer ki ≤ N and some finite group B. As a consequence, if π1(Y ) were finitely
generated, the first Betti number of Xi would be bounded by

b1(Y ) + ki ≤ b1(Y ) +N.

This is impossible since b1(Xi) converges to infinity. Hence π1(Y ) = [π1(X), π1(X)]
is not finitely generated. Let U � π1(X) be the kernel of the natural map π1(X) →
H1(X,Z)/Tor(H1(X,Z)). Note that U is a finite index overgroup of π1(Y ). We now pick
a character χ : π1(X) → R whose kernel is isomorphic to U . In particular, Ker(χ) is not
finitely generated. Corollary 11.23 implies that X fibers onto a hyperbolic 2-orbifold. This
concludes the proof of Theorem 11.32. 2

We observe that Theorem 11.32 admits the following immediate generalization.
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Theorem 11.34 Let X be a compact Kähler manifold. Assume that there exists a tower
(Xi)i≥1 of finite Galois covering spaces with Galois groups Gi having the following prop-
erties:

1. there exists an integer N such that Gi is isomorphic to a subgroup of GLN (R) for
all i,

2. the Betti numbers b1(Xi) converge to infinity as i converges to infinity.

Then, there exists a finite covering space of X which fibers onto a hyperbolic 2-orbifold.

Proof of Theorem 11.34. We essentially reduce the proof to an application of Theo-
rem 11.32, using Jordan’s Theorem (see [59]). Recall that this theorem states that there
exists a constant c(N) such that for any finite group

G < GLN (R),

there exists a normal Abelian subgroup G0 < G of index at most c(N). Hence for all i we
can decompose the covering space Xi → X as:

Xi → Zi → X,

where Xi → Zi has Abelian Galois group and Zi → X has degree bounded by c(N). This
implies that the first Betti number of Zi is bounded independently of i: if H denotes the
intersection of all subgroups of π1(X) of index at most c(N), we have that H has finite
index in π1(X) and H < π1(Zi), hence

b1(Zi) ≤ b1(H).

We now repeat the argument used to prove Theorem 11.32. We can write

0→ [H,H]→ π1(Xi) ∩H → π1(Xi) ∩H/[H,H]→ 0.

Note that H/H ∩ π1(Xi) is a subgroup of π1(Zi)/π1(Xi), hence is Abelian. This justifies
the inclusion [H,H] < π1(Xi) ∩H. We then have:

b1(π1(Xi)) ≤ b1(π1(Xi) ∩H) ≤ b1([H,H]) + b1(π1(Xi) ∩H/[H,H]) ≤ b1([H,H]) + b1(H).

Since b1(Xi) converges to infinity, this prevents [H,H] from being finitely generated. Hence
Corollary 11.23 implies again that the finite covering space ofX, corresponding to the finite
index subgroup H < π1(X), fibers onto a hyperbolic 2-orbifold. This concludes the proof.
2

One interesting situation where Question 11.33 of Campana is open is the case of
compact quotients of the unit ball of Cn by arithmetic lattices of the simplest type in
PU(n, 1). In this case, it is known that one can find sequences of congruence covers where
the first Betti number converges to infinity [3, 56, 276, 443]. However, Theorem 11.34 does
not apply in this context. The finite groups appearing as Galois groups in this situation
typically do not have a faithful linear representation of fixed dimension and Campana’s
question is open for these examples.

We also observe that Borel asked whether an arbitrary cocompact lattice in the group
PU(n, 1) admits a finite index subgroup with positive first Betti number [54, §2.8].



CHAPTER 12

The Green–Lazarsfeld set

In this chapter we describe the Green–Lazarsfeld set of Kähler groups, following the work
of Beauville, Campana, Delzant and Simpson. Afterwards, we turn to the study of solvable
quotients of Kähler groups, following Arapura–Nori, Campana and Delzant.

We recall briefly the definition of the Green–Lazarsfeld set of a group here, but shall give
a more detailed introduction in Section 12.1. Let K be a field and Γ be a finitely generated
group. A homomorphism from Γ to K∗ is called a character of Γ. The space of characters
is denoted by Hom(Γ,K∗). The Green–Lazarsfeld set of Γ (over K), denoted by E1(Γ,K),
is the subset of Hom(Γ,K∗) made of characters χ such that the first cohomology group
H1(Γ, χ) is nonzero. We shall recall the definition of this cohomology group in Section 12.1.
The elements of E1(Γ,K) are called exceptional characters. When K = C, the study of
this set is quite classical and Delzant proposed in [138] to consider the Green–Lazarsfeld
set of a group Γ over any field (possibly of positive characteristic).

The relevance of this notion in the context of Kähler groups stems from the fact that
for a compact Kähler manifold X, the Green–Lazarsfeld set of π1(X) admits a very precise
description, related to the geometry of X. Before turning this into a precise affirmation in
the main result of this chapter (Theorem 12.2), we summarize briefly the early appearances
of the Green–Lazarsfeld set in algebraic geometry, which go back to the 80s. This story
ended in the years 2000s with the works [83, 138]. Let us also say right away that the
name Green–Lazarsfeld set comes from the seminal work [213].

We first recall some facts about flat line bundles already alluded to in Section 4.2.
Assume that Γ is the fundamental group of a compact Kähler manifold X and let χ : Γ→
C∗ be any character. Consider the flat holomorphic line bundle Lχ → X associated to χ.

Denoting by X̃ the universal cover of X, we recall that Lχ is the quotient of

X̃ × C (12.1)

191
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by the diagonal action of Γ given by

γ · (x, z) = (γ · x, χ(γ)z),

where Γ acts on X̃ by deck transformations. The space Lχ is endowed with the natural
projection map Lχ → X. The first Chern class

c1(Lχ) ∈ H2(X,R)

of Lχ is zero1. Indeed, the first Chern class of any holomorphic line bundle on a compact
Kähler manifold is of type (1, 1), i.e. can be represented by a closed form of type (1, 1).
On the other hand the existence of a flat holomorphic connection on a line bundle L
implies that the first Chern class can be represented by a closed form of type (2, 0). The
Hodge decomposition then implies that c1(L) must be zero. One can also show that
any holomorphic line bundle L with zero real first Chern class is of the form Lχ for some
character χ. Following Beauville [33], we will denote by Picτ (X) the group of holomorphic
line bundles on X with zero real first Chern class.

Going back to a character χ and to the associated line bundle Lχ, one can relate the
nonvanishing of the group H1(Γ, χ) to some property depending only on the holomorphic
line bundle Lχ (and not on its flat connection). This will be explained in Proposition 12.20
from Section 12.2. This allows one to see that the Green–Lazarsfeld set E1(Γ,C) is closely
related to the set

S1(X) := {L ∈ Picτ (X), H1(X,L) 6= 0}. (12.2)

Note however that distinct characters can give rise to isomorphic line bundles so that
E1(Γ,C) and S1(X) are closely related but distinct objects. This will be discussed in
detail in Section 12.2. The set S1(X) has been studied by algebraic geometers since the
80’s. More generally, starting with the works [213, 214] of Green and Lazarsfeld, algebraic
geometers have studied the sets

Si(X) := {L ∈ Picτ (X), H i(X,L) 6= 0} (12.3)

for any integer i ≥ 1. When i > 1, these sets are no longer directly related to the
fundamental group of X and we will not discuss them here.

Remark 12.1 The sets Si(X) are particular instances of what is also known in the lit-
terature as cohomology jumping loci. Besides [213, 214] we refer the reader to [10, 70, 71,
166, 425] for more recent works on this topic.

Note that Picτ (X) contains the group Pic0(X) of holomorphic line bundles on X which
are topologically trivial as a subgroup of finite index. Since Pic0(X) naturally has the
structure of a complex torus, the group Picτ (X) also inherits a structure of complex
manifold (isomorphic to a disjoint union of finitely many copies of the torus Pic0(X)).
The set S1(X) ⊂ Picτ (X) can be shown to be an analytic set by “general principles”
(see e.g. [210, p. 210]). The combined work of Beauville [32, 33], Campana [83], Green

1We consider only the first Chern class as a real cohomology class here.
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and Lazarsfeld [213, 214] and Simpson [409] shows that for a compact Kähler manifold
X, S1(X) is the union of finitely many translates of subtori and of a finite set of points
which come from characters with finite image. Green and Lazarsfeld [214] proved that
the components of positive dimensions of S1(X) are translates of subtori, Beauville [33]
proved the fact that the isolated points of S1(X) correspond to characters with finite
image in some special cases, and this was proved in full generality by Simpson [409] for
projective varieties and by Campana [83] in the Kähler case. The article [409] notably
relied on strong tools from arithmetic. We refer also the reader to [10] for a similar study
for quasi-projective varieties.

A completely new approach to the study of the sets S1(X) and E1(Γ,C) was later
proposed by Delzant [138]. This approach, that we shall now describe, relies on ideas from
geometric group theory and avoids the use of arithmetic tools as in [409]. It also applies to
study the set E1(Γ,K) for any field K. To state the main result from [138], let us introduce
some notations. Let X be a compact Kähler manifold and let pi : X → Σi (1 ≤ i ≤ r) be
the finitely many fibrations of X onto hyperbolic orbifolds. See Theorem 2.16. Let Γ be
the fundamental group of X. We then have:

Theorem 12.2 Let K be any field. The set E1(Γ,K) is the union of the sets

p∗iE
1(πorb1 (Σi),K)

for 1 ≤ i ≤ r and of finitely many torsion characters.

Here a character Γ→ K∗ is said to be a torsion character if it has finite image. Since Γ
is finitely generated it is equivalent to say that every element in the image of the character
has finite order.

Remark 12.3 To describe completely the Green–Lazarsfeld set of Γ, it remains to char-
acterize the Green–Lazarsfeld sets of the groups πorb1 (Σi) appearing above. However, this
can be done easily. We will not state the result here but refer the reader to [138]. In short:
if the genus of the orbifold is at least 2, any character is exceptional (for any field K), if
the genus is zero, any character is torsion as the orbifold fundamental group is generated
by torsion elements. For the genus 1 case, we refer the reader to [138, Prop. 4] for the
precise statement. We only mention that when g = 1 and K = C, the exceptional set is
finite, made of torsion characters.

Remark 12.4 When K = C, the non-isolated points of E1(Γ,C) had been described in
terms of fibrations onto Riemann surfaces in a slightly distinct way by Beauville. The
interpretation of these points in terms of pull-back of characters on the orbifold base of a
fibration is due to [138].

In the sequel (more precisely in Section 12.3) we shall restrict to the case where K = C.
This is to simplify the exposition. The reader can consult [138] for the general case, but
all the important ideas are already found in the characteristic zero case. Assuming that
K = C, we will give an almost complete proof of Theorem 12.2. There is one result that
we shall admit to make this chapter more concise. This is Theorem 12.14, which is purely
group theoretical and independent of the study of Kähler groups.
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Finally, we observe that Delzant’s proof of Theorem 12.2, that we follow, still relies on
some of the results of Beauville. Consequently, we give an exposition of the needed results
from [33].

We now turn to the study of solvable quotients of Kähler groups. As we shall recall in
Section 12.1, the Green–Lazarsfeld set of a group Γ appears naturally when one studies
solvable quotients of Γ. This has been used by several authors to give restrictions on
solvable quotients of Kähler groups. See the work of Arapura and Nori [16] for projective
varieties and of Campana [83] for the Kähler case (see also [66, 67]). A consequence of all
these works is that a solvable Kähler group which is assumed to be linear over Q must be
virtually nilpotent. More generally solvable quotients of Kähler groups which are linear
over Q are “controlled” by the Green–Lazarsfeld set (see the introduction of [83] for a
more detailed discussion).

Using his study of the BNS invariant of Kähler groups, Delzant was able to generalize
these results and to deal with all solvable quotients of Kähler groups [139]. To motivate
the previous sentence we remind the reader that for a group theorist, the class of solvable
groups is quite wildly behaved, as opposed to the class of nilpotent groups. For instance it
is known that any subgroup of a finitely generated nilpotent groups is finitely generated.
This is false for solvable groups. There are also finitely presented solvable groups which
have a nonsolvable word problem. Such groups are not residually finite, hence not linear
over C. See [139, 3.4.1] for some references.

Going back to the results from [139], we can now state:

Theorem 12.5 Let Γ be the fundamental group of a closed Kähler manifold X. Let
Γ → Q be a solvable quotient of Γ which is not virtually nilpotent. Then there exists a
finite cover X1 → X and a holomorphic fibration X1 → Σ onto a hyperbolic Riemann
surface.

An immediate consequence of this theorem is the following:

Theorem 12.6 Let Γ be a Kähler group. If Γ is solvable, then Γ is virtually nilpotent.

This theorem cannot be deduced from the earlier results of Arapura-Nori and Campana,
due to the existence of “pathological” solvable groups, as discussed above. On the other
hand Theorem 12.6 implies that a solvable Kähler group must be linear over C (actually
over Z but we shall not elaborate on this). This follows from the fact that finitely generated
nilpotent groups have this property2, together with the fact that a group having a finite
index subgroup which is linear over C must also have itself this property.

Since the proof of Theorem 12.5 relies both on the study of the BNS invariant and
on that of the Green–Lazarsfeld set of Kähler groups, we have decided to include it here,
after having treated both topics.

This chapter is organized as follows. In Section 12.1 we introduce basic definitions
concerning the Green–Lazarsfeld set, and study its relations to representations into the

2In the torsion-free case, this follows from Malcev’s theory [377]. The general case can be deduced from
the fact that finitely generated nilpotent groups are residually finite.
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affine group (representations with solvable image into the group GL2(K)). We explain
how the Green–Lazarsfeld set naturally appears when studying metabelian groups which
are polycyclic. Finally we state for further use (but without proof) an important finiteness
theorem from [138]. This is Theorem 12.14 below. In Section 12.2 we recall some results
due to Beauville on the geometry of flat line bundles. In Section 12.3 we explain the main
idea from [138]: using the Bruhat-Tits tree of GL2, one relates exceptional characters to
parabolic actions on trees and to the Bieri-Neumann-Strebel invariant. We then prove
Theorem 12.2. Finally, Section 12.4 contains the proof of Theorem 12.5.

12.1 The Green–Lazarsfeld set of a finitely generated group

This section is purely group theoretical and independent of the study of Kähler groups.

Let K be a field and let G be any group. Let χ : G → K∗ be a character. A cocycle
for χ is a map c : G→ K such that:

c(gh) = c(g) + χ(g)c(h) (12.4)

for all g, h in G. If the character χ is fixed, and if c : G→ K is any map, one sees that c
is a cocycle for χ if and only if the map

g ∈ G 7→ %c(g) :=

(
χ(g) c(g)

0 1

)
∈ GL2(K) (12.5)

is a homomorphism. A cocycle c is a coboundary if there exists a ∈ K such that c(g) =
a(1 − χ(g)). The space of cocycles modulo the space of coboundaries is called the first
cohomology group of G, twisted by χ. It is denoted by H1(G,χ). Note that similar
definitions appear in Section C.1 in the context of orthogonal representations on Hilbert
spaces. When χ 6= 1, the nontriviality of the cohomology class of a cocycle c can be read
off the representation %c. Indeed, we have:

Proposition 12.7 Assume that χ is nontrivial. Let c : G→ K be a cocycle for χ. Then
c is a coboundary if and only if %c is conjugated in GL2(K) to the representation

g 7→
(
χ(g) 0

0 1

)
, (12.6)

if and only if %c(G) is Abelian.

Proof. We assume first that c is a coboundary. Hence there exists a ∈ K such that
c(g) = a(1− χ(g)) for any g ∈ G. We then check the following identity(

1 −a
0 1

)(
χ(g) c(g)

0 1

)(
1 a
0 1

)
=

(
χ(g) 0

0 1

)
,

which proves that %c is conjugated to the Abelian representation in (12.6).
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Next, if %c is conjugated to that representation, the image of %c is obviously Abelian.
Finally, we prove that if the image of %c is Abelian, then c is a coboundary. We thus
assume that %c(G) is Abelian. The equation %c(gh) = %c(hg) is equivalent to

c(g) + χ(g)c(h) = c(h) + χ(h)c(g). (12.7)

Let us pick g0 such that χ(g0) 6= 1. Equation (12.7) now gives, for any h ∈ G,

c(h) =
c(g0)

1− χ(g0)
(1− χ(h))

Hence c is a coboundary. This concludes the proof. 2

Definition 12.8 The character χ is called exceptional if H1(G,χ) is nonzero. The set of
exceptional characters is denoted by E1(G,K) and is called the Green-Lazarsfeld set of G.

Note that as a consequence of Proposition 12.7 we have:

Proposition 12.9 Let G be any group and let p : G → Q be a quotient of G. Let χ ∈
E1(Q,K). Then χ ◦ p ∈ E1(G,K).

Proof. The case where χ is trivial is left to the reader. We thus assume that χ is non-
trivial. Let c : Q → K be a cocycle (for χ) with nontrivial cohomology class. Then the
representation %c : Q → GL2(K) defined by (12.5) has non-Abelian image (by Proposi-
tion 12.7). Since %c ◦ p has the same image, the cohomology class of c ◦ p is also nontrivial
in H1(G,χ ◦ p) (again by Proposition 12.7). 2

The following proposition is due to Beauville [33]. Its shows that the set of exceptional
characters (with values into C∗) of a group G is related to the conjugacy action of G on
its derived subgroup DG.

Proposition 12.10 Let G be any finitely generated group. Let χ : G→ C∗ be a nontrivial
character. Define:

Hom(DG,C)χ := {φ ∈ Hom(DG,C), φ(gxg−1) = χ(g)φ(x),∀x ∈ DG, g ∈ G}. (12.8)

Then the group H1(G,χ) is isomorphic to Hom(DG,C)χ.

Proof. Let us explain how the isomorphism is built. Given a cocycle c : G → C for the
character χ, its restriction to DG is a true homomorphism from DG to C as χ is trivial
on DG. It depends only on the cohomology class of c since any coboundary vanishes
on DG. We denote it by φ[c]. Applying twice the cocycle relation (12.4), one sees that
φ[c](gxg

−1) = χ(g)φ[c](x). Thus φ[c] ∈ Hom(DG,C)χ and we can consider the map

φ : H1(G,χ) → Hom(DG,C)χ
[c] 7→ φ[c].

We now prove that this is an isomorphism. We give a down-to-earth proof, for a more
sophisticated one using spectral sequences, see [33]. If φ[c] = 0, the representation %c is
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trivial on DG, hence, factors through G/DG. Thus, it has Abelian image and [c] = 0 by
Proposition 12.7. This proves that the map φ is injective. To prove that φ is onto we
consider a set theoretic section s : G/DG → G of the quotient map q : G → G/DG. We
assume that s(1) = 1. We pick an element u ∈ Hom(DG,C)χ. For g, h ∈ G/DG we let:

m(g, h) := u(s(g)s(h)s(gh)−1).

Then a simple calculation shows that m is a twisted cocycle for χ, i.e. it satisfies:

m(xy, z) +m(x, y) = m(x, yz) + χ(x)m(y, z),

for x, y, z in G/DG. But the twisted cohomology group

H2(G/DG,χ)

is zero. The reader can either consult [33] for a proof of this or prove it directly as an
exercise. Concretely, this means that there exists a map

F : G/DG→ C

such that:
m(g, h) = F (gh)− χ(g)F (h)− F (g) (12.9)

for g, h in G/DG. Observe that (12.9) implies that F (1) = 0. Write now any element
g ∈ G as

g = xgs(q(g)),

with xg ∈ DG, and define v(g) := u(xg)− F (q(g)). Then v coincides with u on DG. We
will check that v is a cocycle for χ, this will conclude the proof. But:

gh = xgs(q(g))xhs(q(g))−1s(q(g))s(q(h)).

Hence xgh = xgs(q(g))xhs(q(g))−1s(q(g))s(q(h))s(q(gh))−1. This yields

v(gh) = u(xgs(q(g))xhs(q(g))−1s(q(g))s(q(h))s(q(gh))−1)− F (q(gh))
= u(xg) + χ(g)u(xh) +m(q(g), q(h))− F (q(gh))
= u(xg) + χ(g)u(xh)− χ(g)F (q(h))− F (q(g))
= v(g) + χ(g)v(h).

This proves that v is a cocycle and concludes the proof. 2

Recall that a group G is metabelian if its derived subgroup DG is Abelian. We will
also need the following:

Definition 12.11 A solvable group is polycyclic if all its subgroups are finitely generated.

If G is metabelian and polycyclic, it fits into the short exact sequence:

0→ DG→ G→ G/DG→ 0

where DG and G/DG are finitely generated Abelian groups. Conversely, if a finitely
generated group G fits into an extension

0→ A→ G→ B → 0

with A and B finitely generated and Abelian, then G is polycyclic and metabelian. Note
however that A need not coincide with DG. We now have:
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Proposition 12.12 Let H be a finitely generated group which is metabelian, polycyclic
and torsion-free. Assume that any exceptional character of H with values in C∗ is torsion.
Then H is virtually nilpotent.

This is a standard argument in the theory of solvable groups. We give the details for
the reader’s convenience.

Proof. We consider the short exact sequence

0→ A→ H → B → 0

where A = DH and B = H/DH. The proof amounts to study the linear action of B on
A⊗ C. We write %(b) for the endomorphism of A⊗ C induced by the map

a 7→ bab−1

of A. Since B is Abelian, there exist finitely many characters χj : B → C∗ (1 ≤ j ≤ r)
and nonzero B-invariant subspaces Ej ⊂ A⊗ C such that:

1. A⊗ C = ⊕rj=1Ej ,

2. the restriction of %(b)− χj(b)Id to Ej is nilpotent for all b ∈ B.

For each j be can pick a basis (vi,j)1≤i≤kj of Ej such that the matrix of %(b)|Ej in this
basis is upper triangular for every b ∈ B. In particular v1,j is a common eigenvector of all
the %(b) and

%(b)

 ∑
1≤i≤kj

mijvij

 = χj(b)mkjjvkjj mod span {v1,j , . . . vkj−1j}. (12.10)

Let
`j0 : A⊗ C→ C

be the linear map sending ∑
1≤j≤r,1≤i≤kj

mijvij

to mkj0j0
. Let a ∈ A and write:

a =
∑

1≤j≤r,1≤i≤kj

mij(a)vij .

Then, since bab−1 = %(b)(a) and thanks to (12.10) we have:

`j(bab
−1) = χj(b)`j(a).

The restriction of `j to A is thus a nonzero element of Hom(A,C)χj . Proposition 12.10
then implies that χj (seen as a character of H) is exceptional if it is nontrivial. The
hypothesis of the present proposition implies that χj has finite image. Let B0 be the
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intersection of the kernels of χ1, . . . , χr. This is a finite index subgroup of B; let H0 < H
be its inverse image. Let

A0 := {a ∈ A, %(b)(a) = a,∀b ∈ B0}.

Then A0 is a nontrivial subgroup of A < H0; it actually has rank at least r. Moreover A0

is contained in the center of H0. One then considers the quotient H0/A0. It fits into the
short exact sequence

0→ A/A0 → H0/A0 → B0 → 0.

The action of B0 on A/A0 will again have a nontrivial fixed subgroup hence H0/A0 has a
nontrivial central subgroup. Iterating this process and taking successive quotients of H0

by central subgroups we will arrive at an Abelian group. This proves that H0 is nilpotent
and concludes the proof of the proposition. 2

Remark 12.13 The end of the previous proof can be summarized as follows. We pick
generators b1, . . . , bm of B0. Their action on A ' ZN by conjugation is represented by m
commuting matrices in GLN (Z), all of whose eigenvalues are equal to 1. After a simulta-
neous conjugacy in GLN (Z), we can assume that these matrices are upper triangular with
1’s on the diagonal. This provides a filtration of A: A0 ⊂ A1 ⊂ · · · ⊂ Ar = A. The proof
is concluded by taking the successive quotients of H0 by the Aj’s.

Finally we close this section by stating the following theorem due to Delzant. We
state it in full generality, i.e. for arbitrary fields, although we will later restrict to the
characteristic 0 case. See [138, §3] for a proof. For a prime number p, we denote by Fp
the field with p elements.

Theorem 12.14 Let Γ be a finitely generated group. Let p be either a prime number or 0.
Then there exists a finite number of fields (Ki)1≤i≤s of characteristic p, finitely generated
over Fp (over Q if p = 0), and characters ξi : Γ→ K∗i such that:

1. The groups H1(Γ, ξi) are nonzero, i.e. ξi ∈ E1(Γ,Ki);

2. If K is any field of characteristic p and if χ ∈ E1(Γ,K), there exists an index
i ∈ {1, . . . , s} such that the kernel of ξi is contained in the kernel of χ.

We shall use Theorem 12.14 in Section 12.3 to prove that, for Γ a Kähler group, there are
only finitely many elements of E1(Γ,C) which do not come from fibrations onto hyperbolic
orbifolds.

12.2 Preliminaries on flat line bundles

Let X be a closed Kähler manifold with fundamental group Γ. Let χ : Γ → C∗ be a
character. In this section, we relate the nonvanishing of the cohomology group H1(Γ, χ)
to some complex differential geometric properties, formulated in terms of the line bundle
Lχ defined in the introduction (see Proposition 12.20). All the results from this section
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are due to Beauville [33]. However, the proofs we give are (slightly) different from the
ones in [33] and are more differential geometric in spirit.

We first recall some classical facts.

1. Let L be a holomorphic line bundle on X. Recall that the cohomology group
H1(X,L) can be defined in terms of sheaf cohomology; it is the cohomology (in
degree one) of the sheaf of holomorphic sections of L. However this group is canoni-
cally isomorphic to the first Dolbeault cohomology group of L: the space of ∂-closed
(0, 1) forms with values in L modulo the space of ∂-exact ones. See [447, Cor. 4.38].
Here the operator ∂ is the natural operator attached to any holomorphic vector bun-
dle. It is this “incarnation” of the group H1(X,L) (the Dolbeault cohomology) that
we shall always use below.

2. The line bundle Lχ naturally comes with a flat connection. We denote by d (by
abuse of notation) the induced exterior derivative operator on Lχ-valued differential
forms. In down-to-earth terms, if U is an open set of X on which we have a flat
trivialization

Lχ|U ' U × C,

then forms defined on U and with values in Lχ can be identified with complex-valued
forms and d is the usual operator of exterior derivative. Now H1(Γ, χ) identifies with
the de Rham cohomology group H1

dR(X,Lχ) of d-closed 1-forms with values in Lχ
modulo the d-exact ones. The isomorphism is defined as follows. We fix a flat
trivialization of Lχ on the universal cover X̃ of X. If α is a closed 1-form with

values in Lχ, its lift α̃ to X̃ can then be seen as a closed complex-valued form. If γ
is an element of Γ, one can consider the pull-back γ∗α̃ of α̃ by γ. It satisfies:

γ∗α̃ = χ(γ)α̃.

If f : X̃ → C is a primitive of α̃ we then have f(γ · x) = χ(γ)f(x) + c(γ). The
complex number c(γ) can be thought of as a “constant of integration”. The map
γ 7→ c(γ) is a cocycle. Changing α by a cohomologous form will change c by adding
a coboundary. Finally the reader will check easily that

[α] 7→ [c]

is an isomorphism from the de Rham cohomology group H1
dR(X,Lχ) onto the group

H1(Γ, χ). A similar result appears with more details in Proposition C.9.

3. If χ is unitary, many classical facts from Hodge theory extend to the study of differ-
ential forms with values in Lχ. We summarize the results we need briefly, the proofs
being identical to the classical case. If α is a differential form with values in Lχ, α
is naturally a differential form with values in L−1

χ . We fix a Kähler metric on X. If
α and β are p-forms with values in Lχ, then ∗α will be a 2n− p form with values in
Lχ and β ∧ ∗α is naturally a 2n-form on X. One then defines:

〈β, α〉 =

∫
X
β ∧ ∗α.
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This defines a Hermitian scalar product on forms with values in Lχ. Using it, one
defines the adjoints of d and ∂ and the associated Laplacians ∆d and ∆∂ . Exactly
as in the classical case (where χ = 1) one proves that ∆d and ∆∂ are proportional.
Moreover, any cohomology class in H1

dR(X,Lχ) (or H1(X,Lχ)) is represented by a
unique harmonic form. Finally, harmonic forms are closed, and the ∂∂-lemma holds.

4. If χ is unitary again, any holomorphic 1-form with values in Lχ is closed for the
natural flat unitary connection of Lχ.

We start with the following lemma, that we shall need at the end of this section.

Lemma 12.15 Let L be a flat line bundle associated to a unitary character, on a closed
Kähler manifold X. Let ω0 be a holomorphic 1-form. If v is a harmonic (0, 1) form with
values in L such that ω0 ∧ v is ∂-exact then ω0 ∧ v = 0.

Proof. We fix a Kähler form ω on X. The hypothesis implies that the complex-valued
form

ω0 ∧ v ∧ ω0 ∧ v

is ∂-exact since ω0 and v are closed. Hence so is

ω0 ∧ v ∧ ω0 ∧ v ∧ ωn−2.

Stokes’ theorem then implies that∫
X
ω0 ∧ v ∧ ω0 ∧ v ∧ ωn−2 = 0. (12.11)

We now conclude as in [33, p.11]. Fix a point x0 ∈ X and holomorphic coordinates
(z1, . . . , zn) near x0 such that ω coincides at x0 with the standard Kähler form of Cn. We
write locally:

ω0 ∧ v =
∑
i,j

bijdzi ∧ dzj

where the bij are sections of L−1
χ , bii = 0 and bij = −bji. Denoting by ||bij || the norm of

bij for the flat metric of L−1
χ , a computation shows that:

ω0 ∧ v ∧ ω0 ∧ v ∧ ωn−2 = c

∑
ij

||bij ||

ωn at x0, (12.12)

where c < 0 is a constant depending on n only. Hence the form ω0 ∧ v ∧ ω0 ∧ v ∧
ωn−2 is pointwise nonpositive. Equation (12.11) implies that it vanishes identically and
Equation (12.12) that ω0 ∧ v vanishes identically. 2

The next proposition is classical. It says that any flat line bundle can be represented
as the line bundle associated to some unitary character.

Proposition 12.16 Let χ : Γ→ C∗ be a character. Then there exists a unique character
χ0 : Γ→ S1 such that the line bundles Lχ and Lχ0 are isomorphic.
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Proof. We leave the proof of the uniqueness to the reader. It consists in checking that the
natural map

H1(X,S1)→ H1(X,O∗)

is injective, see [373, Prop. 2.2]. Here O∗ stands for the sheaf of nowhere vanishing
holomorphic functions. Let us turn to the existence of the character χ0. We consider the
homomorphism

log |χ| : Γ→ R.

It corresponds to a cohomology class in the group H1(X,R) which is represented by a
harmonic 1-form α. The pull-back p∗α of α to X̃ is exact: there exists a harmonic
function f : X̃ → R such that p∗α = df . Let F : X̃ → C be a holomorphic function such
that ImF = f . We then have: ImF (γ · x) = ImF (x) + log |χ(γ)|. Let u : Γ → R be the
homomorphism defined by the relation:

ReF (γ · x) = ReF (x) + u(γ)

and let χ0 : Γ→ S1 ⊂ C∗ be the character defined by:

χ0(γ) = eiu(γ) χ(γ)

|χ(γ)|
.

Let
M : X̃ × C→ X̃ × C

be the map defined by:
M(x, z) = (x, eiF (x) · z).

We have:
M(γ · x, χ(γ) · z) = (γ · x, eiF (x)+iu(γ)−log |χ(γ)|χ(γ) · z)

= (γ · x, eiF (x)χ0(γ) · z).

The map M intertwins the actions of Γ on X̃×C induced respectively by χ and χ0. Hence,
M descends to give an isomorphism Lχ → Lχ0 . 2

Remark 12.17 The content of this proposition can be seen as a very baby case of the
Corlette–Simpson correspondence between flat bundles and Higgs bundles, see e.g. [232].

Let us make the following observation about the previous proof. The holomorphic 1-
form −idF descends to a holomorphic form ω0 on X and the cohomology class of its real
part is log |χ|. Let ∇ be the connection on Lχ0 obtained by pulling back the flat connection
of Lχ via the isomorphism M . Then a simple calculation shows that for a local section s
of Lχ0 one has:

∇s = ds+ ω0s. (12.13)

Here d stands for the flat connection induced by χ0. We will often refer to this equation
in what follows. When χ is an arbitrary character, we will always denote by χ0 and ω0

the unitary character and the holomorphic 1-form that we have just constructed.

Lemma 12.18 Let χ0 : Γ→ C∗ be a nontrivial unitary character. Then the space H0(X,Lχ0)
is trivial.
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Proof. Let s : X → Lχ0 be a holomorphic section. Since χ0 is unitary, Lχ0 carries a natural
metric. The square of the norm of s for that metric is a plurisubharmonic function on
X hence is constant. Seen on the universal cover s : X̃ → C is a holomorphic map with
constant modulus, thus is constant. The relation s(γ ·x) = χ0(γ)s(x) yields the vanishing
of s, if χ0 is nontrivial. 2

Let χ : Γ→ C∗ be an arbitrary character. We now define a linear map:

φ : H1
dR(X,Lχ)→ H1(X,Lχ).

If α is a d-closed 1-form on X with values in Lχ one can decompose it into the sum of a
(1, 0) and a (0, 1)-form:

α = α1,0 + α0,1.

Since α is d-closed, α0,1 must be ∂-closed. One defines:

φ([α]) = [α0,1].

We leave it to the reader to check that this map is well-defined.

Lemma 12.19 Let χ : Γ → C∗ be an arbitrary character. Let ω0 be the holomorphic
1-form on X whose real part represents the cohomology class log |χ|.

1. The image of φ can be identified with the kernel of the cup product map

∧ω0 : H1(X,Lχ)→ H1(X,Ω1 ⊗ Lχ).

2. The kernel of φ is isomorphic to the homology of the sequence

H0(X,Lχ)
∧ω0// H0(X,Ω1 ⊗ Lχ)

∧ω0 // H0(X,Ω2 ⊗ Lχ) .

3. Assume that χ is unitary (i.e. takes values in S1). Then there is a short exact
sequence:

0 // H0(X,Ω1 ⊗ Lχ) // H1
dR(X,Lχ)

φ // H1(X,Lχ) // 0.

In the lemma above, Ωi stands for the holomorphic vector bundle over X whose sections
are the (i, 0) forms.

Proof. We identify Lχ to Lχ0 via the isomorphism provided by Proposition 12.16. The
flat connection associated to χ is now given by (12.13).

1. Let α = α1,0 + α0,1 be a ∇-closed form with values in Lχ. There exists a smooth
section s of Lχ such that α0,1 − ∂s is harmonic, for the metric coming from the
unitary character χ0. The form

β = α−∇s
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represents the same class as α in H1
dR(X,Lχ) and its (0, 1) part is harmonic. By

decomposing the equation

∇β = dβ + ω0 ∧ β = 0

into types we obtain: 
∂β1,0 + ω0 ∧ β1,0 = 0

∂β1,0 + ∂β0,1 + ω0 ∧ β0,1 = 0

∂β0,1 = 0.

(12.14)

Since β0,1 is harmonic we have ∂β0,1 = 0 hence ∂β1,0 +ω0 ∧β0,1 = 0. This says that
the class of ω0∧β0,1 is zero in H1(X,Ω1⊗Lχ). Hence [β0,1] = φ([α]) is in the kernel
of the cup product map. Conversely, let β be a harmonic (0, 1) form with values in
Lχ whose cup product with ω0 is trivial in H1(X,Ω1 ⊗ Lχ). There exists a smooth
(1, 0) form u with values in Lχ such that

ω0 ∧ β = ∂u.

Since β is harmonic, one has ∂β = 0, hence ∂(ω0 ∧ β) = 0. Hence the form ∂u is
∂-closed and ∂-exact hence by the ∂∂-lemma ω0 ∧ β = ∂u = ∂∂v for some smooth
section v of Lχ. This gives:

ω0 ∧ ∂∂v = ∂(ω0 ∧ ∂v) = 0.

The form ω0 ∧ ∂v is thus holomorphic. Since it is also ∂-exact it must be zero. We
have

ω0 ∧ ∂v = 0.

From this we see that

∂v + β

is ∇-closed. We have φ([∂v + β]) = [β]. This concludes the proof.

2. Let us pick a class [α] in the kernel of φ. There exists a smooth section s of Lχ such
that α0,1 = ∂s since φ([α]) = 0. Let

β = α− ds− ω0s.

By definition [α] = [β] and β is of type (1, 0). Equation (12.14), which translates
the fact that ∇β = 0, becomes{

∂β + ω0 ∧ β = 0

∂β = 0.
(12.15)

So the form β is holomorphic hence ∂β = 0 since holomorphic forms are closed.
Hence, the equation above gives ω0 ∧ β = 0. It follows that the kernel of the cup
product map

∧ ω0 : H0(X,Ω1 ⊗ Lχ)→ H0(X,Ω2 ⊗ Lχ) (12.16)
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naturally surjects onto the kernel of φ. Now, we must prove that if s is a holomorphic
section of Lχ then ω0s defines a trivial class in H1

dR(X,Lχ). But according to
Lemma 12.18, the only possibility for s to be nonzero is that χ0 = 1 and s is
constant (seen in some flat trivialization of Lχ0), in which case ω0s = ∇s defines
a trivial class in H1

dR(X,Lχ). Finally, we must check that the kernel of the map
in (12.16) modulo the image of the map ∧ω0 : H0(X,Lχ)→ H0(X,Ω1⊗Lχ) indeed
injects in the kernel of φ. We leave this as an exercise for the reader.

3. When χ is unitary ω0 equals 0. Hence, the first point above says that φ is onto and
the second point says that the kernel of φ identifies with H0(X,Ω1 ⊗ Lχ). In that
case, one can also give a quick direct proof by considering harmonic representatives
of all classes involved. 2

As mentioned at the beginning of this section, the next proposition, due to Beauville [33],
relates the non-vanishing of the cohomology group

H1(Γ, χ)

to some properties of the line bundle Lχ. It is mainly its second part that we shall need
later, but we include the proof of the first part as it is a straightforward consequence of
Lemma 12.19. We formulate the second half in a different way compared to the original
article. Indeed the statement in terms of orbifold did not appear in [33].

Proposition 12.20 Let χ : Γ→ C∗ be an arbitrary character. Let ω0 be the holomorphic
1-form on X whose real part represents the cohomology class log |χ|. We have the following:

1. (If χ is unitary) The condition H1(Γ, χ) 6= 0 is equivalent to H1(X,Lχ) 6= 0 or
H1(X,L−1

χ ) 6= 0 i.e. Lχ ∈ S1(X) or L−1
χ ∈ S1(X). (The set S1(X) was defined

in (12.2).)

2. (If χ is not unitary) The condition H1(Γ, χ) 6= 0 implies that there exists a fibration
p : X → Σ onto an orbifold of positive genus and an exceptional character θ of
πorb1 (Σ) such that χ = θ ◦ p∗.

Note that in the second half of the proposition, the orbifold Σ is necessarily hyperbolic.
Indeed if this was not the case Σ would have genus 1 and no orbifold point. But then its
orbifold fundamental group is Z2 and it only exceptional character is the trivial one. This
contradicts the fact that θ is exceptional.

Proof. Let us suppose first that χ is unitary. Note that there is a natural anti-C-linear
isomorphism Lχ → L−1

χ , it is simply defined by the map z 7→ z in suitable flat coordinates.
This isomorphism induces an identification between the space of holomorphic 1-forms with
values in Lχ and the space of harmonic (0, 1)-forms with values in L−1

χ , i.e. H1(X,L−1
χ ).

In other words:
H0(X,Ω1 ⊗ Lχ) ' H1(X,L−1

χ ).

The proof of the first point of the proposition now follows from Lemma 12.19. Indeed the
lemma says that

H1
dR(X,Lχ)
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is nonzero if and only if H0(X,Ω1 ⊗ Lχ) or H1(X,Lχ) is nonzero i.e. if and only if
H1(X,L−1

χ ) or H1(X,Lχ) is nonzero.

We now turn to the second point. Since the space

H1
dR(X,Lχ)

is nonzero either the image of φ or the kernel of φ must be nonzero. We first assume that
the kernel of φ is nontrivial. This implies that the sequence

H0(X,Lχ)
∧ω0// H0(X,Ω1 ⊗ Lχ)

∧ω0 // H0(X,Ω2 ⊗ Lχ)

is not exact according to Lemma 12.19. The Castelnuvo–de Franchis theorem for flat
bundles (Theorem 4.6) implies that there exists a fibration

p : X → Σ

onto a curve of positive genus and a holomorphic 1-form θ on Σ such that ω0 = p∗θ. In
particular the character log |χ| factors through the map

π1(X)→ πorb1 (Σ). (12.17)

Let us now prove that the entire character χ factors through the map p∗. We use the
notation from the proof of Proposition 12.16, i.e. we write

χ0(γ) = eiu(γ) χ(γ)

|χ(γ)|

where u : π1(X) → R is the integration morphism associated to the imaginary part of
−ω0. Let α be a holomorphic 1-form with values in Lχ, such that α ∧ p∗θ = 0, and such
that α is not the product of ω0 by a holomorphic section. In a neighborhood of a smooth
fiber F of p such that θ does not vanish on the corresponding point of Σ, one can write:

α = p∗θ · s

for a holomorphic section s of Lχ. Lemma 12.18 applied to the smooth fiber F instead of
X implies that χ0 is trivial on the image of the morphism

π1(F )→ π1(X).

Since this image coincides with the kernel of the map (12.17) (see Chapter 2), χ0 descends
to πorb1 (Σ). Since |χ| and u also descend to πorb1 (Σ) (because ω0 is the lift of a form on Σ)
this implies that χ also descends to πorb1 (Σ).

We must now check that the induced character χ∗ on πorb1 (Σ) is exceptional. For this

we consider the covering space X̂ → X corresponding to the kernel of p∗. We thus have a
holomorphic map π : X̂ → S where S is the orbifold universal covering space of Σ. The
Riemann surface S is the unit disc in C, unless g = 1 and there are no orbifold points, in
which case it is the complex plane (but a posteriori this does not happen). We consider
the lift α̂ of α to X̂, thought of as a complex-valued form since the bundle Lχ is trivial
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on X̂. We choose here the trivialization given by the flat connection associated to χ (and
not the flat unitary connection associated to χ0). Note that since α ∧ ω0 = 0, the form α
is closed seen in both trivializations. We have

α̂ ∧ π∗θ̂ = 0

where θ̂ is the lift of θ to S. Similar arguments as in the Castelnuovo–de Franchis theorem
(see Chapter 4) show that α̂ descends to S: there exists a holomorphic 1-form u on S such
that α̂ is the pull-back of u. Now, we must have:

γ∗u = χ∗(γ)u

for any γ ∈ πorb1 (Σ) (seen as an automorphism of S). Let f : S → C be a primitive of u.
Then f(γ ·x) = χ∗(γ)f(x)+c(γ) where c is a cocycle πorb1 (Σ)→ C. If c was a coboundary,
then the class of α in H1

dR(X,Lχ) would be zero. But this class is zero if and only if α
is the product of ω0 with a section of Lχ (by Lemma 12.19). By hypothesis this is not
the case. Hence the class of c is nontrivial and the group H1(πorb1 (Σ), χ∗) is nonzero. The
character χ∗ is indeed exceptional.

We now assume that the image of φ is nontrivial. This means that there exists a
nonzero harmonic3 (0, 1) form α with values in Lχ such that

ω0 ∧ α = ∂u (12.18)

for some smooth (1, 0) form u with values in Lχ. Lemma 12.15 implies that

ω0 ∧ α = 0. (12.19)

Note that α is a holomorphic 1-form with values in L−1
χ . If α is of the form

ω0s

for some holomorphic section s of L−1
χ then L−1

χ must be trivial by Lemma 12.18. The
section s does not vanish in this case and we use it as a trivialization of the bundle.
Equation (12.18) implies that

ω0 ∧ ω0

is ∂-exact. Classical Hodge theory now implies that ω0 = 0, a contradiction. Hence α
does not lie in the image of the cup product map

∧ω0 : H0(X,L−1
χ )→ H0(X,Ω1 ⊗ L−1

χ ).

We can apply the previous part of the proof to L−1
χ instead of Lχ. This shows that χ−1

(hence χ) factors through a fibration onto a orbifold and that actually it is the pull back
of an exceptional character from πorb1 (Σ). This concludes the proof of the proposition. 2

3For the metric induced by χ0.
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12.3 Green–Lazarsfeld and Bieri–Neumann–Strebel

In this section we give the proof of Theorem 12.2, following [138, §4.3] very closely. As
explained in the introduction, we restrict to the case of fields of characteristic 0, to simplify
the exposition. We refer to Section B.4 of Appendix B for the needed definitions concerning
discrete valuations and Bruhat–Tits trees. Sometimes we simply write valuation to mean
discrete valuation.

Recall that if α is an algebraic integer, the conjugates of α are by definition the roots of
its minimal polynomial. If β is a conjugate of α, there exists an automorphism f : C→ C
such that f(α) = β. We will use the following theorem of Kronecker (see [216] for an
elementary proof).

Theorem 12.21 Let α be an algebraic integer. If α and all its conjugate have modulus 1
then α is a root of unity.

We now fix a field K of characteristic 0, untill the end of Section 12.3. The following
proposition, due to Delzant [138], relates the Bieri–Neumann–Strebel invariant and the
Green–Lazarsfeld set.

Proposition 12.22 Let Γ be a finitely generated group, χ : Γ → K∗ be an exceptional
character and c be a cocycle for χ whose cohomology class [c] is nonzero. Let F be the
field generated by χ(Γ). If there exists a discrete valuation v on F such that v ◦ χ : Γ→ Z
is a nontrivial homomorphism, then the action of Γ on the Bruhat–Tits tree Tv through the
representation %c fixes a unique point in the boundary ∂Tv. In particular [v ◦ χ] /∈ Σ(Γ).

Before giving the proof, let us recall some notations and some facts which will be
needed.

1. In the statement above, Σ(Γ) is the Bieri-Neumann-Strebel invariant of Γ, introduced
in Definition 11.2. It is a subset of the sphere Hom(Γ,R) − {0}/R∗+ and the image
of a nonzero morphism θ : Γ→ R in that sphere is denoted by [θ].

2. The linear representation %c was defined in (12.5).

3. The tree Tv is the Bruhat-Tits tree associated to the pair (K, v). Its boundary
identifies with the projective line P(K̂2), where K̂ is the completion of K with
respect to v (Theorem B.23).

4. If a and b are elements of K (or K̂) the matrix

ma,b :=

(
a b
0 1

)
(12.20)

fixes the point ξ in the boundary of Tv which corresponds to the line spanned by the
vector (1, 0). Moreover, a simple computation shows that we have

bξ(ma,b) = −v(a), (12.21)

where bξ is the Busemann character associated to ξ (Definition B.6). In particular,
ma,b acts as a hyperbolic isometry on Tv if and only if v(a) 6= 0.
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Proof of Proposition 12.22. If the action Γ y Tv had two fixed points in the boundary, then
the linear representation %c would be conjugated in GL2(K̂) to a diagonal representation,
and so the cohomology class of c would be zero by Proposition 12.7. This is a contradiction.
Hence, there is a unique fixed point in the boundary. The fact that [v ◦ χ] does not lie in
Σ(Γ) now follows from Theorem 11.19. 2

Remark 12.23 Note that we actually only used Theorem 11.19 for rational characters
and simplicial trees. Moreover, a sketch of proof of the only implication from Theo-
rem 11.19 that we used can be found inside the proof of Theorem 13.13.

In the next proposition, we shall make use of the following definition, which goes back
to [28].

Definition 12.24 A character χ : Γ → K∗ is integral if χ(γ) is an algebraic integer for
each element γ ∈ Γ.

Proposition 12.25 Let Γ be a Kähler group and let χ : Γ→ K∗ be an exceptional charac-
ter. Assume that χ is not integral. Then there exists a fibration onto a hyperbolic orbifold
p : X → Σ such that χ is the pull-back of a character on πorb1 (Σ).

Proof. We fix a closed Kähler manifold X with fundamental group isomorphic to Γ. Let
F be the field generated by the image of χ. If χ is not integral, Lemma 8.4 implies that
there exists a valuation v on F such that v ◦ χ is a nonzero homomorphism. Let c be a
nontrivial cocycle for χ. There is a corresponding action of Γ on the tree Tv (through the
representation %c) with one fixed end ξ. Proposition 12.22 together with Theorem 11.20
imply that there exists a fibration p : X → Σ onto a hyperbolic orbifold such that v ◦ χ
factors through the morphism

p∗ : Γ ' π1(X)→ πorb1 (Σ).

We shall deduce from this that χ itself factors through πorb1 (Σ). Let N be the kernel of p∗.
Any element of N acts on the tree Tv as an elliptic element (see (12.21) and the remark
following it). Since N is finitely generated, Proposition B.9 implies that N itself fixes a
point in Tv. Let T ⊂ Tv be the fixed point set of N . Since N is a normal subgroup,
this is a Γ-invariant set. Since v ◦ χ is nonzero, there exist elements γ ∈ Γ acting in a
hyperbolic way on Tv. The axis of any such element must be contained in T . Hence the
boundary of T has at least two points. It cannot have exactly two points otherwise χ
would not be exceptional. Hence it has at least three points. This implies that for each
n ∈ N , %c(n) preserves three distinct lines in P(F̂ 2) (where F̂ is the completion of F ). The
corresponding eigenvalues must be equal and since 1 is an eigenvalue of %c(n), we have
%c(n) = Id. In particular χ factors through p∗. 2

Proof of Theorem 12.2. Let χ : Γ → K∗ be an exceptional character. Since Γ is finitely
generated, we can assume (up to replacing K by the subfield generated by the image of
χ) that K is a subfield of C. Let us assume that χ does not come from a fibration onto a
hyperbolic orbifold. According to Proposition 12.20, χ must be unitary and according to
Proposition 12.25, χ must be integral. If f is an automorphism of C, applying the same
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results to f ◦ χ shows that f ◦ χ is also of modulus 1. According to a remark made above
this implies that for any γ, all the conjugates of χ(γ) have modulus 1. Hence χ(γ) is a
root of unity by Kronecker’s theorem (Theorem 12.21). Since Γ is finitely generated, this
implies that χ has finite image as desired.

We are now left with proving that there are only finitely many exceptional characters
not factoring through a fibration onto a hyperbolic orbifold. We use Theorem 12.14 for
this. We let (up to reordering) ξ1, . . . , ξs0 be the characters from Theorem 12.14 that do
not factor through a hyperbolic orbifold. These are all torsion characters according to the
previous discussion. If χ does not factor through a fibration one has

Ker(ξi) ⊂ Ker(χ)

for some index 1 ≤ i ≤ s0. Hence χ factors through one of the finite Abelian groups

Γ/Ker(ξi) (1 ≤ i ≤ s0).

This implies that there are finitely many possibilities for χ. 2

12.4 Solvable quotients of Kähler groups

In this section, we prove Theorem 12.5. We first state two results which are purely group
theoretical and that we will need in the course of the proof. To state the first one, we
need the following definition.

Definition 12.26 A group G is just not virtually nilpotent if it is not virtually nilpotent
but every proper quotient of it is virtually nilpotent.

We then have:

Proposition 12.27 Every finitely generated group which is not virtually nilpotent admits
a quotient which is just not virtually nilpotent.

Proof. This facts already appears in many places, see for instance [58, 73, 139]. The proof
relies on the fact that finitely generated virtually nilpotent groups are finitely presented.
Let G be a finitely generated, non virtually nilpotent group. Consider the family F of all
normal subgroups N of G such that G/N is not virtually nilpotent. If N0 is a maximal
element of F , then G/N0 is just non virtually nilpotent. To check that such a maximal
element exists, we will check that F is inductive; Zorn’s lemma then implies the existence
of a maximal element. So let

(Ni)i∈I

be a chain of normal subgroups from F . This means that all Ni’s belong to F and that
for any i, j ∈ I one has either Ni < Nj or Nj < Ni. Then the union

N∞ =
⋃
i∈I

Ni
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is a normal subgroup of G. We will prove that N∞ ∈ F , so that it will be an upper bound
for (Ni)i∈I . But if N∞ /∈ F , then G/N∞ is a finitely generated virtually nilpotent group,
hence is finitely presented. This implies that N∞ = Ni0 for some index i0. Hence G/Ni0

is virtually nilpotent. This is a contradiction. Thus N∞ belongs to F . 2

We now pass to the second group theoretical result that we shall need.

Theorem 12.28 Let R be a finitely generated solvable group which is just not virtually
nilpotent. Then R is virtually metabelian.

This theorem essentially follows from the work of Groves [231]. We refer the reader
to [58, Th. 1.6] for a proof of it, or to [139]. We now explain how to deduce Theorem 12.5
from Proposition 12.27, Theorem 12.28, and from the description of the BNS invariant
and the Green-Lazarsfeld set of Kähler groups.

Proof of Theorem 12.5. Let Γ → Q be a solvable quotient of the Kähler group Γ, which
is assumed to be non virtually nilpotent. We fix a compact Kähler manifold X with
fundamental group Γ. According to Proposition 12.27, there exists a quotient Q → Q0

which is just non virtually nilpotent. According to Theorem 12.28, Q0 contains a subgroup
of finite index Q1 which is metabelian. Note that Q1 is also non virtually nilpotent. Let
Γ1 be the preimage of Q1 under the quotient map Γ → Q0. Let X1 → X be the finite
covering space corresponding to Γ1. Thus, we have a surjection

q : Γ1 = π1(X1)→ Q1

onto the metabelian, non virtually nilpotent group Q1. We now assume by contradiction
that no finite covering space of X fibers over a hyperbolic orbifold. This implies that:

1. the BNS invariant of Γ1 is all of H1(Γ1,R). By applying Theorem 11.14 to a homo-
morphism Γ1 → R whose image has maximal rank, one sees that this implies that
the derived subgroup of Γ1 must be finitely generated. Hence the derived subgroup
of Q1 must also be finitely generated.

2. the Green–Lazarsfeld set of Γ1 or of any finite index subgroup of it must be made
of finitely many torsion characters.

We will deduce from this that Q1 is virtually nilpotent. We have an extension:

0→ DQ1 → Q1 → (Q1)ab → 0.

Let Q2 be the quotient of Q1 by the torsion subgroup Tor(DQ1) of DQ1. We thus have
an exact sequence

0→ DQ1/Tor(DQ1)→ Q2 → (Q1)ab → 0.

We now pick a torsion free subgroup of finite index A < (Q1)ab and let Q3 be the inverse
image of A in Q2. We also write B := DQ1/Tor(DQ1). Hence we have a short exact
sequence

0→ B → Q3 → A→ 0
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where A and B are torsion free Abelian. Since Q2 is a quotient of Q1, we have surjections

Γ1 → Q1 → Q2. (12.22)

Let Γ2 < Γ1 be the inverse image of Q3 under the morphism (12.22). Then Γ2 is a finite
index subgroup of Γ1, which surjects onto Q3. By Proposition 12.9, any exceptional char-
acter of Q3 pulls back to an exceptional character of Γ2, hence must be a torsion character
by the observation above. Proposition 12.12 implies that Q3 is virtually nilpotent. Hence
Q2 and Q1 are virtually nilpotent. This is a contradiction. This implies that a finite
covering space of X admits a fibration over a hyperbolic orbifold. By taking another finite
covering space, we can assume that the base of the fibration is a true hyperbolic Riemann
surface. This concludes the proof of Theorem 12.5. 2



CHAPTER 13

Actions on real trees

The purpose of this chapter is to prove the following factorization result for actions of
Kähler groups on real trees. For all definitions concerning real trees, we refer the reader
to Section B.5 of Appendix B.

Theorem 13.1 Let Γ be the fundamental group of a closed Kähler manifold X, T be a
complete real tree with isometry group Isom(T ) and

% : Γ→ Isom(T )

be a representation. We assume that % is minimal, that %(Γ) does not fix a point in ∂T
and that T is neither a line nor a point. Then there exists a fibration p : X → Σ onto a
hyperbolic 2-orbifold such that % factors through the morphism p∗ : Γ→ πorb1 (Σ).

In this chapter, all real trees are assumed to be complete. We have emphasized this in
Theorems 13.1, 13.2 and 13.13 but this will be omitted everywhere else in the chapter.

Some comments are in order. Theorem 13.1 is of course analogous to Gromov and
Schoen’s theorem discussed in Chapter 6: we have simply replaced simplicial trees by
real trees. Theorem 13.1 appears with a sketch of proof in Delzant’s work [140]. The
proof discussed there relies on the theory of harmonic maps as developed by Gromov–
Schoen [230], and Korevaar–Schoen [295, 296] (see Section 9.1.3). The main steps are the
following. Consider a representation % as in the statement of Theorem 13.1. Theorem 2.3.1
from [296] implies that there exists a Γ-equivariant harmonic map f : X̃ → T from the
universal cover of X to T . Then Sun [428] proved that the singular set of f has Hausdorff
codimension at least 2, generalizing a result of Gromov and Schoen for harmonic maps to
locally compact buildings [230]. We refer the reader to Section 9.1.3 and Definition 9.8 for
the definition of the singular set of a harmonic map and for some motivation to consider
this set. Using this regularity result, one can prove as in [230] that f is pluriharmonic (in

213
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a suitable sense), that it defines a holomorphic 1-form on X or a finite ramified cover of
X, and one can then build a fibration from this holomorphic 1-form. The details are long
and technical!

Here we propose a different route to Theorem 13.1. We cannot provide a proof which
is “free of harmonic maps” as in the case of simplicial trees in Chapter 6. Instead we
use harmonic maps with values into the infinite dimensional real hyperbolic space, as
in [142]. Of course, the target is then non-locally compact, but at least it is a manifold
and the corresponding theory of harmonic maps is simpler than that of harmonic maps
to singular spaces. The connection between real trees and infinite dimensional hyperbolic
spaces comes from the work of Monod [336] (see also the earlier work [74]). Monod proved
that any real tree can be mapped equivariantly with respect to its entire isometry group
into an infinite dimensional hyperbolic space. Hence any representation of a Kähler group
into the isometry group of a real tree induces a representation into the isometry group of
a real hyperbolic space and we can apply the results of [142]. To summarize: our proof of
Theorem 13.1 follows from the combination of the works [336] and [142].

One can then look for a description of actions of Kähler groups on real trees which fix
a point in the visual boundary. A factorization theorem is still true for these actions, but
in this case the result follows from the theory of the BNS invariant, studied in Chapter 11.
We will spell this out explicitly in Section 13.3 (see Theorem 13.13). Putting the result of
that section together with Theorem 13.1, we obtain the following theorem, which already
appears in [140].

Theorem 13.2 Let Γ be the fundamental group of a closed Kähler manifold X, T be a
complete real tree with isometry group Isom(T ) and

% : Γ→ Isom(T )

be a representation. We assume that % is minimal and that T is neither a line nor a point.
Then there exists a fibration p : X → Σ onto a hyperbolic 2-orbifold such that % factors
through the morphism p∗ : Γ→ πorb1 (Σ).

Finally, the reader will find applications of the study of Kähler group actions on real
trees in [140], notably to the study of representations into the mapping class group of a
closed surface. Another kind of application concerns compactness results for actions of
Kähler groups on negatively curved spaces. It is well-known that divergent sequences of
group actions on Gromov hyperbolic spaces give rise to actions on real trees [41, 42, 269,
371]. Hence, Theorem 13.2 gives rise to compactness results for actions of Kähler groups
not factorizing through fibrations. This is briefly discussed in [140, §3.4]. It would be
interesting either to give examples of nontrivial compact connected families of actions of
Kähler groups on negatively curved spaces or to prove that such families always reduce to
points in the spirit of the work of Corlette and Simpson [118].

The chapter is organized as follows. In Section 13.1 we recall the notion of kernels of
hyperbolic type introduced in [338] and describe Monod’s results from [336]. We then
establish a few properties of the induced embeddings of real trees into real hyperbolic
spaces, for instance the fact that non-parabolic representations of a group on a real tree
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induce non-parabolic representations on the hyperbolic space (under suitable hypotheses).
In Section 13.2 we prove Theorem 13.1. Finally in Section 13.3, we discuss parabolic
actions on real trees and make a few comments concerning group actions on real trees
arising from closed 1-forms on manifolds.

13.1 Kernels of hyperbolic type and trees

We give a very brief introduction to the notion of kernel (positive, conditionally negative,
hyperbolic) which is used a lot in representation theory. The reader will find a much
more detailed exposition in [36, 336, 338]. For a more detailed introduction to infinite
dimensional real hyperbolic spaces, we refer the reader to Section 9.3.3 from Chapter 9
and to [74, 337].

13.1.1 Three types of kernels

In this section a kernel on a set X will simply mean a function (complex or real-valued)
on X ×X. We discuss here the notion of kernel of hyperbolic type on a set X, introduced
in [338] and further developed in [336]. Before introducing this notion, we recall two more
classical notions, that of kernels of positive type and of conditionally negative type.

Definition 13.3 A kernel α : X×X → C is said to be of positive type if for every integer
n, for every x1, . . . , xn ∈ X and for every λ1, . . . , λn ∈ C we have

n∑
i,j=1

λiλjα(xi, xj) ≥ 0.1

Let (H , 〈·, ·〉) be a complex Hilbert space and let f : X → H be any map. Then the
kernel α defined by

α(x, y) = 〈f(x), f(y)〉 (13.1)

is of positive type. Indeed we have in this case:

n∑
i,j=1

λiλjα(xi, xj) =

∣∣∣∣∣∣
n∑
j=1

λjf(xj)

∣∣∣∣∣∣
2

,

where | · | stands for the norm of H . Conversely, one can show that any kernel of positive
type is of this form, see [36, Appendix C]. This is frequently used to construct unitary
representations of groups. Indeed if α is a kernel of positive type there exists a unique
pair (Hα, fα) (up to canonical isometry) where:

• Hα is a complex Hilbert space,

• fα : X →Hα is a map whose image spans a dense subspace of Hα,

1Part of the statement is that this quantity is real.
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and (Hα, fα) is such that Equation (13.1) holds. In particular if a group G acts on X in
such a way that α(gx, gy) = α(x, y) then the uniqueness of (Hα, fα) implies that there is
a unitary representation π of G on Hα such that

f(gx) = π(g)(f(x)),

for every x ∈ X and g ∈ G.

We now turn to the second type of kernels.

Definition 13.4 A kernel α : X × X → R is conditionally of negative type if α is sym-
metric, α(x, x) = 0 for every x ∈ X and if for every integer n, for every x1, . . . , xn ∈ X
and for every λ1, . . . , λn ∈ R with

∑n
i=1 λi = 0, we have:

n∑
i,j=1

λiλjα(xi, xj) ≤ 0.

The reader will check that if H is a real Hilbert space and if f : X →H is any map, the
kernel defined by

α(x, y) = |f(x)− f(y)|2

is conditionally of negative type. Here again, one can show that any kernel conditionally
of negative type can be obtained in this way. We now turn to the third type of kernels,
introduced in [338].

Definition 13.5 A kernel α : X ×X → R is of hyperbolic type if α is symmetric, α ≥ 0,
α(x, x) = 1 for every x ∈ X and if for every integer n, for every x0, . . . , xn ∈ X and for
every λ1, . . . , λn ∈ R we have:

n∑
i,j=1

λiλjα(xi, xj) ≤

(
n∑
i=1

λiα(x0, xi)

)2

Note that the last condition of the definition can be reformulated as follows. For any
x0 ∈ X the kernel

(x, y) 7→ Nx0(x, y) := α(x, x0)α(y, x0)− α(x, y) (13.2)

is of positive type. Consider now a Hilbert space (V, 〈·, ·〉) and the space

H = R⊕ V

endowed with the bilinear form B defined by:

B((t1, v1), (t2, v2)) = t1t2 − 〈v1, v2〉.

The (real) hyperbolic space associated to the pair (H , B) is the set H defined by:

H = {(t, v) ∈H |t > 0, B((t, v), (t, v)) = 1}.
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See Section 9.3.3 of Chapter 9 or [74] for more details on this construction. In what follows
we denote simply by d the natural distance of H and by Isom(H) its isometry group. We
recall that d and B are related by the formula

B(p, q) = cosh(d(p, q))

for p and q in H. Let now X be any set. Consider a map f : X → H. Then the kernel β
on X defined by:

β(x, y) := cosh(d(f(x), f(y)))

is of hyperbolic type. Indeed fixing a base point x0 ∈ X, we can assume (up to composing
with an isometry) that f(x0) = (1, 0). Writing

f(x) = (tx, g(x)) ∈ R⊕ V

one sees that the kernel Nx0 appearing in (13.2) is given by

Nx0(x, y) = 〈g(x), g(y)〉.

Hence it is of positive type and β is of hyperbolic type. Conversely one has (see Proposition
3.3 and Theorem 3.4 in [338]):

Theorem 13.6 Let β be a kernel of hyperbolic type on a set X. Then there exists a
unique hyperbolic space H and map f : X → H such that:

1. β(x, y) = cosh(d(f(x), f(y))) for all x, y ∈ X;

2. the image of f is not contained in any proper closed hyperbolic subspace of H.

For the definition of hyperbolic subspaces, see e.g. [338, §2.3]. Here again the uniqueness
implies the following:

Corollary 13.7 Let β be a kernel of hyperbolic type on a set X. Let G be a group
acting on X in such a way that β(gx, gy) = β(x, y). Let (H, f) be the pair appearing
in Theorem 13.6. Then there exists a unique representation % : G → Isom(H) such that
f(gx) = %(g)f(x).

In the next section we shall use Corollary 13.7 together with a result of Monod, to
represent isometry groups of real trees into the isometry groups of infinite dimensional
hyperbolic spaces.

13.1.2 Embeddings of real trees in real hyperbolic spaces

Throughout this section, we fix a real tree T with distance function d. It is a classical fact
going back to Haagerup [236] that d is a kernel conditionally of negative type. Actually,
Haagerup’s result was about simplicial trees, but since all the definitions of kernels involve
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finitely many points at the same time, the property for simplicial trees implies the property
for real trees. Using this, one can show that for any real number λ ≥ 1, the kernel

(x, y) 7→ λ−d(x,y) (13.3)

is of positive type. This follows from a classical theorem due to Schoenberg [36, §C.3].
Besides [236], we refer the reader to [111, 336] for a more detailed discussion of these
results. More recently, Monod [336] proved the following theorem:

Theorem 13.8 Let (T, d) be a real tree. Let λ ≥ 1. Then the kernel

(x, y) 7→ λd(x,y) (13.4)

is of hyperbolic type.

The reader will observe the symmetry between Equations (13.3) and (13.4). In the
case of simplicial trees, Theorem 13.8 was established in [74] by different methods. The
terminology of kernels was not used there and explicit maps from regular trees to real hy-
perbolic spaces were built, showing that the conclusion of the theorem was true (although
it was not stated in this way). We refer the reader to [336] for a proof of Theorem 13.8.

We now fix λ > 1. Let
%λ : Isom(T )→ Isom(H)

and fλ : T → H be the representation and the %λ-equivariant map provided by Theo-
rem 13.8 and Corollary 13.7. In the following proposition, we summarize some of their
properties. We recall that the boundaries of all the spaces involved (trees or real hyper-
bolic spaces) are endowed with the cone topology, see Appendix B or [60, Ch. II.8] for its
definition.

Proposition 13.9 The map fλ has the following properties.

1. For every x, y ∈ T we have:

log(λ)d(x, y) ≤ d(fλ(x), fλ(y)) ≤ log(λ)d(x, y) + log(2) (13.5)

In particular fλ is a quasi-isometric embedding.

2. The map fλ induces a topological embedding ∂fλ : ∂T → ∂H which is Isom(T )-
equivariant.

By topological embedding, we mean that the map ∂fλ is continuous, injective and a
homeomorphism onto its image.

Proof. By definition we have for any points x, y ∈ T :

λd(x,y) =
ed(fλ(x),fλ(y)) + e−d(fλ(x),fλ(y))

2
.

This implies:
ed(fλ(x),fλ(y))

2
≤ λd(x,y) ≤ ed(fλ(x),fλ(y)),
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which in turn provides the estimate:

log(λ)d(x, y) ≤ d(fλ(x), fλ(y)) ≤ log(λ)d(x, y) + log(2).

This is exactly Equation (13.5). We now turn to the proof of the second point. Equa-
tion (13.5) implies that if u : R+ → T is a geodesic ray, then fλ ◦ u is a quasi-isometric
embedding. Since H is Gromov hyperbolic, it is known [115, Ch. 3] that there exists a
geodesic ray v : R+ → H such that

sup
t≥0

d(fλ(u(t)), v(t)) <∞.

We define ∂fλ([u]) = [v]. It is then easy to see that this map is well-defined, continuous,
injective and a homeomorphism onto its image. It is also equivariant under the action of
the group Isom(T ). See again [115, Ch. 3] for details. We implicitly use here that the
cone topology on ∂T or ∂H coincides with the topology used in [115] and defined in the
general context of Gromov hyperbolic spaces. 2

Finally, we shall need the following proposition in the next section.

Proposition 13.10 Let Λ < Isom(T ) be a subgroup which contains a hyperbolic isometry.

1. The group %λ(Λ) fixes a point in ∂H if and only if Λ fixes a point in ∂T .

2. The group %λ(Λ) preserves a geodesic line in H if and only if Λ preserves a geodesic
line in T .

Remark 13.11 The hypothesis that Λ contains a hyperbolic isometry is not restrictive.
Indeed if Λ is finitely generated, this is always the case, unless Λ fixes a point of T , see [269]
or Section B.5.3 of Appendix B.

Proof of Proposition 13.10. Let h0 ∈ Λ be a hyperbolic element. Let ξ+ and ξ− be its
fixed points in the boundary of T . Then %λ(h0) must necessarily be a hyperbolic isometry
of H whose unique fixed points in the boundary of H are:

∂fλ(ξ+) and ∂fλ(ξ−).

(We refer the reader to [74] for the classification of isometries of H into three types.) We
now prove the first point of the proposition. Since %λ(h0) has exactly two fixed points in
∂H, if %λ(Λ) fixes a point e of ∂H, e must necessarily belong to {∂fλ(ξ±)}, say e = ∂fλ(ξ+).
But since ∂fλ is injective, Λ must then fix ξ+. In other words, if %λ(Λ) fixes a point of ∂H,
Λ must fix a point of ∂T . The converse holds because of the existence of the extension
∂fλ, which is Λ-equivariant.

Let us turn to the second point of the proposition. We assume that %λ(Λ) preserves a
geodesic in H. This geodesic must be the axis of %λ(h0). Hence

%λ(h)({∂fλ(ξ+), ∂fλ(ξ−)}) = {∂fλ(ξ+), ∂fλ(ξ−)}

for any h ∈ Λ. Since ∂fλ is injective, we must have h({ξ+, ξ−}) = {ξ+, ξ−} for all h in Λ.
Hence, Λ preserves the axis of h0 inside T . We leave the other implication to the reader.2
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13.2 A factorization result for actions on real trees

In this section, we turn to the proof of Theorem 13.1. Let Γ be a Kähler group and let T
be a real tree, distinct from a line or a point. Let

% : Γ→ Isom(T )

be a minimal action, without fixed point in ∂T . Theorem B.4 implies that %(Γ) contains
a hyperbolic isometry. We fix any constant λ > 1 and define θ := %λ ◦ %. This is a
representation

θ : Γ→ Isom(H).

The Γ-orbits in T are unbounded hence the same is true in H. This implies that θ(Γ)
has no fixed point in H. Proposition 13.10 and Remark 13.11 then imply that θ(Γ) has
no fixed point in ∂H and does not preserve a geodesic. Let us call Hθ its unique closed
minimal totally geodesic invariant subspace (see Proposition 4.3 in [74]). We now apply
Theorem 9.37 from Chapter 9 to the representation θ restricted to Hθ. This gives us two
possibilities.

• In the first case there is a fibration p : X → Σ onto a hyperbolic orbifold such that the
restriction of θ to Hθ factors through the morphism p∗ : Γ→ πorb1 (Σ). In other words, each
element n ∈ Ker(p∗) fixes pointwise the subspace Hθ. This implies that the Ker(p∗)-orbit
of any point of H is bounded. Hence the Ker(p∗)-orbit of any point of T must be bounded
and Ker(p∗) must fix a point of T (by [60, p. 179]). Let

T0 := {x ∈ T | n · x = x, ∀n ∈ Ker(p∗)}.

The set T0 is a subtree of T and is nonempty by the previous paragraph. It is also Γ-
invariant as Ker(p∗) is a normal subgroup. By minimality of the Γ-action on T , we have
that T0 = T . Hence, the original action on T must factor through the fibration p. This is
the desired conclusion.

• We suppose now that we are in the second case of Theorem 9.37. Hence there exists a
continuous representation

ψ : PSL2(R)→ Isom(Hθ)

and a morphism with dense image u : Γ→ PSL2(R) such that

θ(γ) = ψ ◦ u(γ) on Hθ

for all γ ∈ Γ. We now consider the limit sets of the various actions under consideration.
The limit set of a group G acting isometrically on a CAT(0) space X is the intersection
of the closure of the G-orbit of a base point x0 ∈ X with the boundary of X. It is
independent of the choice of x0. Here X ∪ ∂X is endowed with the cone topology. We
consider the limit sets for the three actions of Γ on the spaces

T, H and Hθ.

We have that:
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1. From the minimality of the action Γ y T , one sees that the limit set for the action
on T is all of ∂T . This follows from an elementary application of Proposition B.7
(for real trees).

2. The limit sets for the action of Γ on H and Hθ coincide.

3. The limit set Lθ of Γ acting on Hθ is contained in the limit set of PSL2(R) acting on
Hθ, but the two are actually equal since the representation u has dense image and
the PSL2(R)-orbit maps are continuous.

4. The map ∂fλ maps ∂T onto Lθ and

∂fλ : ∂T → Lθ (13.6)

is a homeomorphism thanks to Proposition 13.9.

The topology of ∂T is totally disconnected, hence the existence of the homeomorphism (13.6)
implies that Lθ must be totally disconnected. But PSL2(R) acts continuously on Lθ, hence
it must fix all points of Lθ. This implies that the action of Γ on ∂Hθ has a fixed point, a
contradiction. This concludes the proof of the theorem.

Remark 13.12 For more details about actions of PSL2(R) on infinite dimensional real
hyperbolic spaces, we refer the reader to [337]. For the study of various useful topologies
on real trees or on more general CAT(0) spaces, see e.g. [119, 335].

We end this section with some speculations about yet another proof of Theorem 13.1, at
least for stable actions. We do not define this notion but refer to [44, Def. 3.1] instead. At
the beginning of the 90’s, Rips introduced a procedure to study actions of finitely generated
groups on real trees. By now, this procedure is sometime called the Rips machine. In short,
given a group G (finitely presented to simplify), this machine gives sufficient conditions
to produce an action of G on a simplicial tree from an action of G on a real tree. The
edge and vertex stabilizers in G for the action on the simplicial tree are related to the
original action on the real tree. Rips’ work is unpublished but expositions can be found
in [44, 269]. See also [198, 234, 372].

It is possible that using Rips’ machine, one could deduce Theorem 13.1 (say for stable
actions) from the corresponding factorization statement from Chapter 6 (Theorem 6.1).
This would avoid the use of harmonic maps taking values in real trees or in the infinite
dimensional hyperbolic space. Although this looks interesting to us, since Rips’ theory is
quite difficult the new proof of Theorem 13.1 would not necessarily be shorter or more
accessible, but simply based on different tools.

13.3 Final comments

13.3.1 Parabolic actions

We go back to a remark made in the introduction to this chapter. Consider a Kähler
group Γ and an isometric action Γ y T on a real tree. Assume that Γ fixes a point
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ξ ∈ ∂T , that the action is minimal and that T is neither a line nor a point. It is equivalent
to say that the action is minimal, parabolic (see Definition B.5) and has a unique fixed
point in ∂T . What can be said then? Again, the action will factor through a fibration
onto a hyperbolic 2-orbifold. This follows from Brown’s characterization of the BNS-
invariant (Theorem 11.19 in Chapter 11), together with Delzant’s work (Theorem 11.20
in Chapter 11). To summarize:

Theorem 13.13 Let X be a closed Kähler manifold, with fundamental group Γ. Consider
a minimal isometric action Γ y T on a complete real tree. Assume that Γ fixes a point
ξ ∈ ∂T and that T is neither a line nor a point. Then, there exists a fibration p : X → Σ
onto a hyperbolic 2-orbifold such that the action factors through the morphism p∗ : Γ →
πorb1 (Σ).

This theorem appears in [140], in a slightly distinct form.

Proof. Let bξ : Γ → R be the Busemann character associated to ξ (see Definition B.6).
Theorem 11.19 implies that −bξ lies outside of the BNS-invariant Σ(Γ) of Γ. We actually
advise the reader to prove directly this fact, along the following lines. We can pick a
geodesic ray γ : R+ → T representing ξ (with associated Busemann function bγ), and
a point x0 ∈ T that satisfies bγ(x0) = 0. We then have bξ(g) = −bγ(gx0). Hence if
bξ(g) < −C for a large constant C, then gx0 lies in the set bγ > C which is highly
disconnected. This prevents {bξ < −C} from spanning a connected subgraph of some
Cayley graph of Γ.

By Theorem 11.20, there exists a fibration p : X → Σ onto a hyperbolic orbifold such
that bξ is the pull-back of a character on πorb1 (Σ). Recall that an element of Γ fixes a
point of T if and only if it lies in the kernel of bξ. In particular, since bξ vanishes on
Ker(p∗), every element of Ker(p∗) fixes a point of T . Since the kernel of p∗ is finitely
generated it must have a global fixed point on T (see Proposition B.9 and Section B.5.3 in
Appendix B). Let T0 be the set of fixed points of Ker(p∗). It is Γ-invariant. By minimality
we must have T0 = T and the action factors through p∗. 2

13.3.2 Real trees and closed 1-forms

Consider a closed Kähler manifold X, with fundamental group Γ and a harmonic 1-form
α on X. The construction described in Section B.6 gives us an isometric action

Γ y Tα

on a real tree. One can wonder whether Theorem 13.1 can be used to give a proof
of Simpson’s theorem (Theorem 5.2 in Chapter 5). Although this would give a more
complicated proof than Simpson’s original proof, there is a more serious problem. The
action of Γ on Tα might have a fixed point in the boundary of Tα. Hence to obtain
a factorization result we would need to use both Theorem 13.1 and 13.13. However,
Theorem 13.13 was established thanks to the description of the BNS invariant of Kähler
groups, which itself uses Simpson’s theorem. Hence a snake biting its tail is found.
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Remark 13.14 Consider a closed manifold M , a closed 1-form α on M , and the associ-
ated action π1(M) y Tα described above. When is this action parabolic? The answer is
given by Levitt’s characterization of the BNS invariant (that we have not stated in Chap-
ter 11), see Theorem 3.1 in [314]. Levitt shows that the action has a fixed point in the
boundary of Tα if and only if the class

[α] ∈ H1(π1(M),R)

is contained in −Σ(π1(M)) ∪ Σ(π1(M)).
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APPENDIX A

Ends of spaces and groups

In this appendix we give a short account of the theory of ends of spaces, of groups and of
pairs of groups. A short and nice introduction can also be found for instance in Epstein’s
note [179], which largely inspired us. Further references include [37, 173, 202, 248, 391,
392]. For a few historical references, the reader can consult [392, p.171].

The appendix is organized as follows. In section A.1 we introduce basic definitions
concerning ends of groups and of manifolds. In section A.2 we define the number of
relative ends of a pair of groups H < G. Finally, Section A.3 presents the notion of
filtered ends of a pair of groups. All these notions are used in Appendices D, E and F and
in Chapters 6 and 7.

We close this short presentation by giving the definitions of the Cayley and Schreier
graphs associated to finitely generated groups and their homogeneous spaces. They will
be used extensively in the present appendix as well as in Chapter 11 and Appendix C. So
let G be a group endowed with a finite symmetric generating set S.

Definition A.1 The Cayley graph associated to the pair (G,S) is the graph X(G,S)
whose set of vertices is equal to G and where two distinct elements g and h are adjacent
if and only if h−1g belongs to S.

If we are moreover given a subgroup H < G we can make the following:

Definition A.2 The Schreier graph X(H\G,S) is the graph whose set of vertices is H\G
and where two distinct vertices Hg1 and Hg2 are adjacent if there exists an element s ∈ S
such that Hg1s = Hg2. Similarly, the Schreier graph X(G/H,S) is the graph whose set of
vertices is G/H and where two distinct vertices g1H and g2H are adjacent if there exists
an element s ∈ S such that sg1H = g2H.

Depending on the context we will use either the homogeneous space H\G or the ho-
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mogeneous space G/H, hence this “double” definition. Note however that the two graphs
X(H\G,S) and X(G/H,S) are isomorphic. When H = {1}, the notation X(G,S) will
always refer to Definition A.1. We will also make use of the notion of quasi-isometry
between two metric spaces, for which we refer to [173, §8.1].

A.1 The space of ends

A.1.1 First definition

We start by recalling the definition of the space of ends of a locally compact topological
space X. We assume for simplicity that X is a simplicial complex or a manifold.

For each compact set K ⊂ X, one considers the space π0(X −K) of connected com-
ponents of X −K. As K runs over compacts subsets of X, the sets π0(X −K) form an
inverse system. This simply means that whenever K1 ⊂ K2, one can consider the natural
map fK2,K1 : π0(X −K2) → π0(X −K1) which takes a connected component of X −K2

to the unique connected component of X−K1 containing it. This family of maps satisfies
the obvious relations

fK3,K1 = fK2,K1 ◦ fK3,K2

whenever K1 ⊂ K2 ⊂ K3 are three compact sets. The space of ends of X, denoted by
Ends(X) is the inverse limit:

Ends(X) = lim
←
K

π0(X −K)

where K runs over all compact subsets of X. Concretely, Ends(X) is the subset of the
direct product ∏

K

π0(X −K)

(over all compact subsets of X) consisting of elements e = (eK) such that for any pair of
compact sets K1 ⊂ K2 one has fK2,K1(eK2) = eK1 . Hence there is a natural inclusion:

Ends(X) ↪→
∏
K

π0(X −K). (A.1)

Let us make a couple of observations about this definition.

• Firstly, if e = (eK) is in Ends(X), then for each compact set K, eK must be unbounded
(i.e. its closure is noncompact). Hence, we could work with the inverse limit of the subsets
πnc

0 (X −K) ⊂ π0(X −K) made of the components which are unbounded. This would not
change the inverse limit.

• Secondly, if (Kn)n≥0 is an exhaustion of X by compact sets, i.e. a sequence of compact
sets such that Kn ⊂ Int(Kn+1) for all n and X = ∪n≥0Kn, then we could define the space
of ends by looking only at the sets π0(X −Kn). More precisely the natural map

Ends(X)→ lim
←
n

π0(X −Kn)
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is a bijection.

Let e = (eK) ∈ Ends(X) be an end of X. If K0 is a compact subset of X and U is a
connected component of X−K0, we will often write e ∈ U to mean that the “coordinate”
eK0 is equal to U . Similarly we will sometime abuse notation concerning the word “end”.
If a compact set K has been fixed, we will sometime use the word “end” to refer to a
specific unbounded component of X −K instead of an element of Ends(X).

Finally, let us mention that the ends of a space are related to its first cohomology group
with compact support. Assume for instance that X is a manifold which has at least two
ends. One can then find a compact subset K ⊂ X such that X −K can be written as the
disjoint union of two unbounded open sets:

X −K = U0 t U1.

Kϕ = 0 ϕ = 1

The function ϕ : X → R

Let ϕ : X → R be a smooth function which is constant equal to 0 outside a compact
subset of U0 and constant equal to 1 outside a compact subset of U1; see the figure. Then
the 1-form dϕ has compact support and is not the differential of a compactly supported
function. The first de Rham cohomology group with compact support H1

c (X) is thus
nontrivial. For a more precise statement in the case of graphs or of manifolds, or for the
link with L2-cohomology, see [5, 37, 98] for instance. We will return to the link between
ends and L2-cohomology in the next appendices.

A.1.2 Compactification by the space of ends

In this paragraph, we continue to assume that X is a manifold1. The space

X ∪ Ends(X)

has a natural topology which makes it a compact space. It is defined as follows. First, if
U is a connected component of X − K for some compact subset K of X, we denote by
U∗ ⊂ X ∪ Ends(X) the union of U and of the set of ends e ∈ Ends(X) such that e ∈ U .
Consider on X ∪ Ends(X) the collection B of all open sets of X together with all sets of
the form U∗ where U is a connected component of the complement of a compact set of X.
One checks that the family B is the base of a topology. Endowed with this topology, the
space

X ∪ Ends(X)

1Although this is not quite necessary.
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is compact and Hausdorff and the set Ends(X) is closed in X ∪Ends(X). We will use this
topology in Appendix D.

The induced topology on Ends(X) is the same as the one induced by the embed-
ding (A.1) into the direct product ∏

K

π0(X −K),

the latter being endowed with the product topology, and each factor with the discrete
topology.

A.1.3 The ends of a finitely generated group

We now turn to the study of ends in a group theoretical context. Let G be a finitely
generated group. Let S be a finite symmetric generating set for G and let X(G,S) be the
corresponding Cayley graph.

Definition A.3 The number of ends of G is the number of ends of the graph X(G,S).

This number does not depend on the choice of S. We will prove this in the next section,
in the more general context of relative ends. This can also be deduced from the fact that
the number of ends of a graph is a quasi-isometry invariant (see Lemma 9.5 in [173]) and
that two Cayley graphs of G associated to distinct finite symmetric generating sets are
quasi-isometric. Let us now give a few examples.

Example A.4 A group G is finite if and only if it has 0 ends.

Example A.5 The group Z has two ends. A finitely generated nonabelian free group has
infinitely many ends. We have pictured below a piece of the Cayley graph of a free group
on 3 generators to illustrate this fact.

Example A.6 Let HZ be the group of 3× 3 matrices of the form 1 x z
0 1 y
0 0 1


with x, y, z in Z. The group HZ is called the Heisenberg group; it has one end.
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Example A.7 A surface group has one end.

When a group G occurs as the fundamental group of a closed manifold, its number of
ends coincides with the number of ends of the universal cover of the manifold. In other
words we have:

Proposition A.8 Let X be a closed manifold. Then the number of ends of π1(X) is equal
to the number of ends of the universal cover X̃ of X.

This proposition can be seen again as a consequence of the fact that the number of ends
is a quasi-isometry invariant, together with the Milnor-Schwarz lemma which states that
the spaces X̃ and π1(X) are quasi-isometric, see [173, Th. 8.37]. We advise the reader to
prove the proposition by himself, and refer otherwise to [173] for a proof.

The following classical theorem due to Hopf classifies the possible values of the number
of ends of a finitely generated group.

Theorem A.9 A finitely generated group has either 0, 1, 2 or infinitely many ends.

Proof. We follow [179]. Let G be a finitely generated group, endowed with a finite
symmetric generating set S. We consider the corresponding Cayley graph X(G,S). We
assume that the number of ends of G is finite equal to n and will prove that n ≤ 2. Let
K be a finite connected subgraph of X(G,S) such that X(G,S) −K has n components,
all unbounded, denoted by U1, . . . , Un. Since G acts properly discontinuously on X(G,S),
we can pick g ∈ G such that K and g(K) are disjoint. Hence g(K) is contained in a
component, say U1, of

X(G,S)−K.

The number of unbounded components of X(G,S)− (K ∪ g(K)) is equal to n− 1 plus the
number k of unbounded components of U1 − g(K) since

X(G,S)−
(
K ∪ g(K)

)
=
(
U1 − g(K)

)
∪ U2 ∪ · · · ∪ Un.

This is illustrated by the picture below.
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The number of ends of X(G,S) being n we must have n − 1 + k ≤ n, hence k = 1. Now
the set

K ∪ U2 ∪ · · · ∪ Un (A.2)

is contained in a single component of X(G,S) − g(K). Hence X(G,S) − g(K) has at
most two components (necessarily unbounded): one containing the set (A.2) and one
containing the unbounded component of U1 − g(K) (the two possibly being the same).
Thus X(G,S)−K has at most two components, i.e. n ≤ 2. 2

Actually “most” infinite finitely generated groups have one end. One way to make
this statement more precise is to observe that groups with 2 or infinitely many ends can
be somehow characterized. A group has 2 ends if and only if it admits an infinite cyclic
subgroup of finite index (see [179] for a proof for instance). On the other hand Stallings
gave a structure theorem for groups with infinitely many ends [419]. One convenient way
to formulate it is a follows.

Theorem A.10 (Stallings) Let G be a finitely generated group. Then G has at least
two ends if and only if G splits over a finite group.

We recall that a group G is said to split over a subgroup C if either G is isomorphic to
an amalgamated product

A ∗C B

with C 6= A and C 6= B or G is isomorphic to an HNN extension ∗CA. The definitions
of these two notions can be found in [392] or [395] and we only state the second one here.
Given a group A and two embeddings i1, i2 : C → A of a group C in A, the corresponding
HNN extension is the group defined by the presentation:

∗CA := 〈A, t|ti1(c)t−1 = i2(c)〉.

Note that Stallings actually proved his theorem for groups which are torsion-free (in which
case the statement is that the group is either a nontrivial free product or is infinite cyclic),
but the theorem was generalized by Bergman to include the case of groups with torsion [39].
Now, given the characterization above, it is easy to distinguish between the case of 2 and
infinitely many ends. Indeed a group of the form

A ∗C B

(with C distinct from A and B) has 2 ends if and only if C has index exactly 2 in both
A and B. Similarly, an HNN extension ∗CA has 2 ends exactly when i1(C) = i2(C) = A.
We refer the reader to Theorem 5.12 in [392] for a proof of these facts.

Remark A.11 Gromov suggested in [222] to prove Stallings’ theorem using harmonic
functions with prescribed behavior on ends. See [271] for a detailed exposition of these
ideas. This is very much in the spirit of the construction of harmonic functions that we
shall discuss in Appendices D and E.

A consequence of Stallings’ theorem is that a group with infinitely many ends is non-
amenable. For the purpose of this section, the working definition that we shall use of
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the non-amenability of a group is the following. A group is non-amenable if and only
if it satisfies a linear isoperimetric inequality. We refer the reader to Definition C.18 in
Appendix C for more details and for some of the many equivalent characterizations of this
property. One can prove using Theorem A.10 and Bass-Serre theory that a group with
infinitely many ends will act on a tree in a non-elementary way (see Definition B.5) and
hence will contain a non-abelian free group. This implies that the group is not amenable.
We thus have the following:

Theorem A.12 Let Γ be a finitely generated group. If Γ has infinitely many ends, then
Γ is not amenable.

We use this result in Chapter 7. However it is convenient to have a more elementary
proof of this result, not relying on Stallings’ theorem. The fact that one can prove directly
Theorem A.12 is well-known. We provide such a proof here, following the path taken
in [453, Th. 10.10]. See also [5, p. 50] for a similar argument, with less details. For a
different proof of Theorem A.12, based on another (equivalent) definition of amenability,
see for instance [339].

Proof of Theorem A.12. We start the proof by giving a sufficient condition for a graph,
possibly not a Cayley graph, to satisfy a linear isoperimetric inequality. Afterwards, we
will check that any Cayley graph of Γ is quasi-isometric to a graph satisfying this sufficient
condition. This will give the desired result, thanks to the fact that “satisfying a linear
isoperimetric inequality” is a property invariant under quasi-isometry.

So let X be a connected simplicial graph which has the property that for any vertex x
of X, the space X − {x} has at least three connected components. We also assume that
there exists a positive constant C such that each vertex of X has at most C neighbors.
We will prove that X satisfies a linear isoperimetric inequality. We denote by V (X) the
set of vertices of X. We fix a vertex o of X and for each vertex x we fix once and for
all a geodesic path cx going from x to o. Let τ : V (X) → V (X) be the map defined by
saying that τ(x) (for x 6= o) is the vertex on the geodesic cx at distance 1 from x (hence
at distance d(x, o) − 1 from o). We also define τ(o) = o. Let now y be a vertex of X.
Assume for now that y 6= o. If x is a vertex adjacent to y and in a connected component
of X−{y} distinct from the one containing o, then any geodesic from x to o (in particular
cx) first goes through y. In particular τ(x) = y. Since X −{y} has at least 3 components,
one can find vertices a and b adjacent to y such that a, b and o are in distinct components
of X − {y}. In particular a 6= b and both points are in τ−1(y). Hence τ−1(y) contains at
least two points. Similarly, any neighbor of o lies in τ−1(o) hence τ−1(o) contains at least
3 points.

We now prove that the existence of a map φ : V (X) → V (X) such that each fiber
of φ contains at least two points and d(φ(x), x) ≤ 1 for each x ∈ V (X) implies that
X satisfies a linear isoperimetric inequality. By taking φ = τ , this gives the statement
announced above. Let A be any finite set inside V (X). We will call inner boundary of
A, denoted by ∂innA, the set of elements of A adjacent to an element in V (X) − A. We
write: Int(A) = A− ∂innA. The boundary of A on the other hand is the set of vertices in
V (X)−A which are adjacent to an element of A (see Definition C.17). Since d(φ(x), x) ≤ 1
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we must have
φ−1(Int(A)) ⊂ A

hence |A| ≥ |φ−1(Int(A))| ≥ 2|Int(A)|. By substracting |Int(A)| on each side of the
inequality we obtain that |∂innA| ≥ |Int(A)| and then the inequality:

|∂innA|
|A|

≥ 1

2
. (A.3)

We observe that our hypothesis of local finiteness on X implies that

|∂A|
C
≤ |∂innA| ≤ C|∂A|,

for any finite set A ⊂ V (X). Hence (A.3) implies that the graph X satisfies a linear
isoperimetric inequality.

We now return to the study of the Cayley graph of a finitely generated group Γ with
infinitely many ends. We fix a finite symmetric generating set S for Γ and consider the
Cayley graph X(Γ, S). For an integer k and an element g ∈ Γ, we denote by B(g, k) the
ball of radius k centered at g in X(Γ, S). Let r ∈ N be such that the complement of the
ball B(e, r) has at least 3 unbounded connected components. Since Γ acts transitively by
automorphisms on the vertices of X(G,S) (i.e. on itself), for each g ∈ Γ, the complement
of B(g, r) has at least 3 components. We now pick a subset

V ⊂ Γ

such that d(v, v′) ≥ 2r+ 1 for all v 6= v′ in V and which is maximal for this property. This
implies that for any g ∈ Γ \ V , d(g, V ) ≤ 2r. Hence the balls

(B(v, r))v∈V

are disjoint and the union ⋃
v∈V

B(v, 2r)

contains all vertices. We can thus choose a partition

Γ =
⊔
v∈V

Av

where Av ⊂ B(v, 2r) is a connected subgraph and Av contains all vertices from the ball
B(v, r) (see [453, p. 116] for more details). We now define a new graph Z as follows. The
set of vertices of Z is the set V and two distinct elements v, v′ of V are adjacent if there is
an edge in X(Γ, S) connecting Av to Av′ . By construction, the graph Z has the property
that removing any vertex leaves at least three connected components. Moreover if v and
v′ are elements of V which are adjacent in Z we must have d(v, v′) ≤ 4r + 1. Hence the
set of vertices of Z adjacent to a given vertex is bounded by the cardinality of a ball of
radius 4r + 1 in X(Γ, S). The first part of the argument thus shows that Z satisfies a
linear isoperimetric inequality. The natural map

X(Γ, S)→ Z

is a quasi-isometry and from this one deduces that X(Γ, S) satisfies a linear isoperimetric
inequality (see again [173, Ch. 9]). 2
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A.2 Relative ends

Let G be a finitely generated group and let H < G be a subgroup. Fix a finite symmetric
generating set S of G. Using the Schreier graph X(H\G,S) (see Definition A.2) we now
define the number of relative ends of the pair (G,H).

Definition A.13 The number of ends of G relative to H (or number of relative ends of
the pair (G,H)) is the number of ends of the graph X(H\G,S). It is denoted by e(G,H).

As a consequence of the next proposition, we will see that the number e(G,H) is
independent of the choice of the generating set S. Taking H = {1} we see in particular
that the number of ends of a group is also well-defined. Again, we could have deduced this
from the fact that the Schreier graphs associated to distinct finite symmetric generating
sets are quasi-isometric.

We now introduce some notations. Consider the space P(H\G) := (Z2)H\G of all
functions from H\G to Z2 := Z/2Z. We think of P(H\G) as a vector space over Z2. Any
subset A of H\G can be identified with its characteristic function

1lA ∈P(H\G).

Let Pf (H\G) be the subspace of functions with finite support. The group G acts
by (composition by) right translations on the three spaces P(H\G), Pf (H\G) and
P(H\G)/Pf (H\G). We can thus consider the space

(P(H\G)/Pf (H\G))G

of G-fixed points inside P(H\G)/Pf (H\G). Note that if A is a subset of H\G, the
class of the function 1lA in P(H\G)/Pf (H\G) is G-invariant if and only if the symmetric
difference

Ag∆A

is finite for each g ∈ G. In this case one says that A is almost invariant under G (see [391,
p. 181]). We then have:

Proposition A.14 The number e(G,H) is finite if and only if the dimension of the space
(P(H\G)/Pf (H\G))G is finite. When this is the case, we have:

e(G,H) = dim(P(H\G)/Pf (H\G))G.

Proof. Let K ⊂ X(H\G,S) be a compact subgraph. Let U1, . . . , Ur be the connected
components of the complement of K, which we assume are all unbounded. For each
i ∈ {1, . . . , r}, let fi be the characteristic function of the set of vertices contained in Ui.
The boundary of Ui being finite, the function

fi(·g)− fi(·)

has finite support for any g ∈ G. Hence the class [fi] of fi in P(H\G)/Pf (H\G) is
G-invariant. It is now easy to see that [f1], . . . [fr] are linearly independent in

(P(H\G)/Pf (H\G))G.
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Thus the dimension of (P(H\G)/Pf (H\G))G is at least equal to r. Since this is true for
any compact subgraph K, the dimension of (P(H\G)/Pf (H\G))G is at least equal to
the number e(G,H) when e(G,H) <∞ and is infinite when e(G,H) is.

We now prove the converse inequality. Let h1, . . . , hN be elements of P(H\G) whose
images in (P(H\G)/Pf (H\G))G are G-invariant and linearly independent. Let K ⊂
X(H\G,S) be a compact subgraph which contains the support of all the functions

hj(·s)− hj(·)

for j ∈ {1, . . . , N} and s ∈ S. We also assume that each component of the complement of
K is unbounded. Then the functions hi are locally constant on the complement of K. Let
V be the linear subspace of P(H\G) spanned by the hi’s. It has dimension N . Consider
now the evaluation map

ev : V → Zm2
where m is the number of components of the complement of K. The map ev takes
a function to the collection of its values on the components of the complement of K.
A function in the kernel of this map has finite support hence must be zero since the
hi’s are independent in the quotient (P(H\G)/Pf (H\G))G. In particular we have that
m ≥ N . This implies that e(G,H) is greater or equal to the dimension of the space
(P(H\G)/Pf (H\G))G if this dimension is finite and that e(G,H) =∞ otherwise. This
concludes the proof of the proposition. 2

Finally, similarly to Proposition A.8, we have:

Proposition A.15 Let X be a closed manifold and let Y → X be a covering space. Then
the number of ends of Y is equal to the number of relative ends e(π1(X), π1(Y )).

Again this proposition follows from the invariance of the number of ends under quasi-
isometry [173, Ch. 9].

Note that there is no result analogous to Hopf’s theorem (Theorem A.9) for the case
of relative ends. Indeed consider a closed surface Σ and a compact subsurface Σ1 ⊂ Σ
with incompressible boundary. Then its fundamental group π1(Σ1) embeds in the group
π1(Σ). The number of relative ends is equal to the number of boundary components of
Σ1, which can be arbitrary as shown by the picture below.
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Here Σ1 is the subsurface pictured in grey. The covering space corresponding to the
subgroup π1(Σ1) < π1(Σ) is pictured above and has four ends. (See Lemma 2.2 in [391].)

However, when H is a normal subgroup of G, e(G,H) is the number of ends of the
group G/H and Hopf’s theorem applies.

A.3 Filtered ends

We define here the space of filtered ends of a continuous map between two manifolds or of a
pair of groups. This is a more “exotic” (i.e. less known) notion than the notion of relative
ends studied in Section A.2. We only allude to this notion in Section 7.4 of Chapter 7 to
state some results due to Delzant–Gromov and Napier–Ramachandran. Since we will not
prove these results, we content ourselves with a very brief introduction here. We refer for
instance to [202] for more details.

As for the history, let us mention that filtered ends have been introduced under a
different name by Kropholler and Roller [305]. Their approach was purely group theoretic.
The name “filtered ends” and a more topological approach to them have been introduced
by Geoghegan [202]. In Delzant and Gromov’s work [141], filtered ends appear under the
name of cuts, see Remark A.18 below.

We now turn to the relevant definitions. Let X and Y be two manifolds and let
f : X → Y be a continuous map. If K is a compact subset of Y we denote by

π0(X − f−1(K))

the space of connected components of the open set X − f−1(K). The space of filtered
ends of the map f , or of the pair (Y, f), is then defined as the limit

Ends(Y, f) := lim
←
K

π0(X − f−1(K)).

Note that there is a natural map Ends(Y, f) → Ends(Y ). It is easy to see that this map
is onto. Hence the number of filtered ends of the pair (Y, f) is greater or equal to the
number of ends of Y . When f : X → Y is the universal covering space of Y , we simply
refer to the set Ends(Y, f) as the set of filtered ends of Y .

Example A.16 Let Σ be a genus 2 surface and let Σ1 be the subsurface pictured below.

The subsurface Σ1 is pictured in gray.

Let q : Y → Σ be the covering space associated to the subgroup

π1(Σ1) < π1(Σ)
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and let f : Ỹ → Y be the universal cover. One can show that the space of filtered ends of
f is infinite. However, the number of relative ends e(π1(Σ), π1(Σ1)) is equal to 1.

Example A.16 shows that filtered ends provide in a sense a finer invariant than relative
ends. They can form a nontrivial space in situations where there is only one relative end.

Let now G be a finitely generated group, H be a subgroup and S be a finite sym-
metric generating set for G. Consider the Cayley graph X(G,S) and the Schreier graph
X(H\G,S). Let

p : X(G,S)→ X(H\G,S)

be the natural map. One can define as before the number of filtered ends of the map p,
denoted by ẽ(G,H). It is greater or equal to the number of relative ends e(G,H).

We now give an alternative way to compute the number of filtered ends of p. This is a
simple adaptation to the filtered setting of the content of Proposition A.14. Consider the
space P(G) := (Z2)G of all functions from G to Z2. We write PH(G) for the subspace of
all functions whose support is conainted in finitely many left H-classes. In other words,
f ∈PH(G) if and only if there exists a finite set T such that

supp(f) ⊂ HT.

The group G acts by right translations on the spaces P(G) and PH(G) as well as on the
quotient:

P(G)/PH(G).

Thus we can consider the space

(P(G)/PH(G))G

of G-fixed points in P(G)/PH(G). We then have:

Proposition A.17 The number of filtered ends of the map p is finite if and only if the
dimension of the vector space (P(G)/PH(G)G is finite. When this is the case we have:

ẽ(G,H) = dim(P(G)/PH(G)G.

The proof of this proposition is very similar to that of Proposition A.14 and is left to
the reader. Note that it implies in particular that the number of filtered ends of the map
p is independent of the generating set S. We can thus talk about the number of filtered
ends of G relative to H. We have already mentioned that ẽ(G,H) ≥ e(G,H). Another
way to see it is to note that there is a natural injective linear map

(P(H\G)/Pf (H\G))G → (P(G)/PH(G))G.

Finally, assume that the group G is realized as the fundamental group of a closed
manifold X (this implies that G is finitely presented). Consider a subgroup H < G and
consider the covering space

q : Y → X
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such that π1(Y ) (identified with its image inside π1(X)) is equal to H. We denote by
p : Ỹ → Y the universal cover of Y . Then one can show that the number of filtered ends of
G relative to H coincides with the number of filtered ends of Y , i.e. of the map p : Ỹ → Y .
We leave this as an exercise for the reader.

Remark A.18 In [141], filtered ends are called “cuts”. There the authors say that a
subgroup H of a group G cuts G if the number of filtered ends of G relative to H is greater
than 1. The relative ends of G modulo H (as in Section A.2) are referred to as Schreier
cuts.
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APPENDIX B

Groups acting on trees

In this Appendix, we study trees and groups acting on them. Among other things, we
recall the notion of an elementary action of a group on a tree, explain how to play ping-
pong with groups acting on trees, recall the construction of the tree of GL2 and define real
trees. For a more detailed introduction to the study of groups acting on trees, the reader
can consult Chapter 10 of [269], as well as [42, 392, 395].

In the first four sections, we work only with simplicial trees. Hence, the word tree
is used as a synonym of simplicial tree in these four sections. Real trees are introduced
and studied in the last two sections. Section B.1 exposes classical facts about individual
isometries of trees, and minimal invariant subtrees for group actions on trees. Section B.2
explains how to build free groups in groups acting on trees (under suitable hypotheses).
Section B.3 study the unitary representation of the automorphism group of a tree on
the space of `2 functions on the edges of the tree. A natural cocycle associated to this
orthogonal representation is described. The results from Sections B.2 and B.3 are applied
extensively in Chapter 6, while studying actions of Kähler groups on trees. Section B.4
introduces the tree of GL2(K) where K is a field endowed with a discrete valuation.
Section B.5 defines and studies real trees. Finally, Section B.6 explains how to associate
a real tree to a closed 1-form on a closed manifold.

B.1 Preliminaries

In this section we classify the isometries of a tree into two types and define the boundary
of a tree. Our main aim is then to state Theorem B.4, which gives a basic classification for
group actions on trees and leads to the notion of elementary actions given in definition B.5.
Let us mention once and for all that we do not assume that the trees are locally finite.

241
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A tree is a connected graph which does not contain any loop. Here, we will not really
distinguish between a tree and its geometric realization. The reader will find a more formal
definition in [392] or [395]. A tree T becomes naturally a metric space when one declares
that every edge has length 1. We will always take this convention. Any two points of
a tree are connected by a unique geodesic path. A subtree of a tree T is a connected
subgraph of T .

Let us now turn to some definitions related to group actions on trees. Note that every
time that we will speak of a group action on a tree or of an isometry of a tree, we will
implicitly mean a simplicial action or a simplicial isometry.

Definition B.1 If the group G acts on a tree T , one says that the action is minimal if T
does not contain any nontrivial G-invariant subtree.

The reader will find below a representation of a non-minimal action of the group Z on
a tree.

A non-minimal action of Z

Definition B.2 An isometry g : T → T is called elliptic if it admits a fixed point in T .
It is called hyperbolic or axial if there is a biinfinite geodesic L ⊂ T which is g-invariant
and such that g acts as a nontrivial translation on L.

If g is an isometry of T one defines its translation length `(g) by:

`(g) = inf
x∈T

d(g(x), x).

One then has the following results, whose proofs can all be found in [269, Ch. 10].

• For a hyperbolic isometry, the geodesic L appearing in the definition is unique and called
the axis of g.

• Every isometry of T is either hyperbolic or elliptic.
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• An isometry g is elliptic if and only if `(g) = 0.

• If g is a hyperbolic isometry, one has `(g) = d(g(x), x) if and only if the point x belongs
to the axis of g.

We now define the visual boundary of a tree. A geodesic ray (resp. line) is an isometric
embedding of R+ (resp. R) in T . One says that two geodesic rays γi : R+ → T are
equivalent if the quantity

sup
t∈R+

d(γ1(t), γ2(t))

is finite. We also say that two equivalent rays are asymptotic. The visual boundary of T ,
denoted by ∂T is the set of equivalence classes of geodesic rays.1 For trees, one has the
following characterization of asymptotic geodesic rays.

Lemma B.3 Two geodesic rays in a tree are equivalent if and only if there exist constants
a ≥ 0 and b ∈ R such that

γ1(t) = γ2(t+ b)

for all t ≥ a. In other words: two asymptotic rays must eventually coincide up to a shift
in the parametrization.

We leave the proof as an exercise to the reader. Note that ∂T can also be identified
with the set of ends of T , when T is locally finite.

We will need the following classical result. This is Theorem 10.12 in [269].

Theorem B.4 Suppose that G is a countable group which acts isometrically on a tree T .
Then one of the following cases occurs:

1. The group G fixes a point in T .

2. The group G fixes a point in the boundary ∂T .

3. The group G contains a hyperbolic isometry and there exists a unique minimal G-
invariant subtree TG ⊂ T . This tree is the union of all axes of hyperbolic elements
of G.

Definition B.5 An action of a group G on a tree T is elementary if it fixes a point of
T ∪ ∂T or preserves a geodesic line in T . It is parabolic if it fixes a point in ∂T but has
no fixed point in T .

For countable groups, an equivalent formulation is to say that an action on a tree T
is elementary if it has a finite orbit in T ∪ ∂T . Using Theorem B.4, one sees that a non-
elementary action of a countable group G y T possesses a unique minimal G-invariant
subtree which moreover has at least three points in its boundary.

We now introduce Busemann functions and Busemann characters. If (X, d) is any
metric space and γ : R+ → X is a geodesic ray, the limit

bγ(x) = lim
t→+∞

d(x, γ(t))− t

1This is the standard definition of the visual boundary of a CAT(0) space.
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exists for every point x ∈ X. This follows from the fact that the map t 7→ d(x, γ(t))− t is
nonincreasing. The resulting function bγ : X → R is the Busemann function associated to
the ray γ. If γ1 and γ2 are asymptotic geodesic rays and X is CAT(0), the functions bγ1

and bγ2 differ by a constant [60, p. 269]. For trees, this follows simply from Lemma B.3.
As a consequence, if γ is a geodesic ray in a tree T , if ξ ∈ ∂T is its equivalence class and
if g : T → T is an isometry fixing ξ we have that:

1. the function bg◦γ − bγ is constant,

2. this constant depends only on ξ and is denoted by bξ(g),

3. if Isom(T )ξ denotes the stabilizer of ξ inside the isometry group of T , the map
bξ : Isom(T )ξ → R is a homomorphism.

Definition B.6 The homomorphism bξ : Isom(T )ξ → R is called the Busemann character
asociated to ξ.

Before closing this section, we state three more propositions. The first one shows
in particular that non-elementary group actions on trees contain plenty of hyperbolic
elements. The second one gives a criterion to check that a certain isometry is axial.
Finally, the third one gives a sufficient criterion for a group acting on a tree to fix a point.
For their proofs, we refer the reader to [269], Corollary 10.6, Lemma 10.7 and Lemma
10.14.

Proposition B.7 Suppose that a countable group G acts minimally on a tree T , without
fixed point in the boundary ∂T . Let I ⊂ T be a nontrivial arc (i.e. the image of an
isometric embedding from a compact interval [a, b] of R to T , with a < b). Then there
exists a hyperbolic element g ∈ G whose axis contains I.

Proposition B.8 Suppose that g is an isometry of a tree T having the following property.
There exists a nontrivial arc J ⊂ T and two nontrivial distinct subarcs I1, I2 ⊂ J such
that g(I1) = I2 and the isometry I1 → I2 induced by g respects the orientation induced by
J . Then g must be hyperbolic.

Proposition B.9 Let G be a finitely generated group acting on a tree T . If every element
of G acts as an elliptic isometry, then G has a global fixed point in T .

B.2 Free groups in groups acting on trees

In this section we explain how to construct free groups in groups acting in a non-elementary
way on a tree. This is very classical and can be generalized to many contexts, e.g. for
groups acting on δ-hyperbolic spaces [115, 203], or for groups acting on CAT(0) cubical
complexes, see the work of Caprace and Sageev [91]. The former spaces are defined in
Definition B.29 while we refer to [60, 383] for a definition of the latter spaces. Of course
the case of trees is much simpler than the general case of cubical complexes. We simply
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mention here that Caprace and Sageev’s work has been used in [143] to study Kähler
group actions on CAT(0) cubical complexes.

We now state the main theorem of this section.

Theorem B.10 Let G be a countable group acting minimally on a tree T . Assume that
G has no fixed point in T ∪ ∂T and that T is not a line. Then there exists a non Abelian
free group F < G such that every element in F − {1} acts as a hyperbolic isometry of T .
In particular F ∩ Stab(e) = {1} for any edge e of T .

Here the stabilizer Stab(e) of an edge e of T is the group of isometries of T which fix
pointwise e. A very similar theorem appears in [143] in the context of groups acting on
CAT(0) cubical complexes2. To prove Theorem B.10 we will use the following version of
the ping-pong lemma.

Proposition B.11 Let Γ be a group acting on a set X. Suppose that γ1 and γ2 are two
elements of Γ and that X1 and X2 are disjoint nonempty subsets of X. Suppose that for
any nonzero integer n we have:

γn1 (X2) ⊂ X1 and γn2 (X1) ⊂ X2.

Then γ1 and γ2 freely generate a rank 2 free group.

We refer the reader to [241, §II.B] for a proof (and for a slightly stronger version of the
lemma).

Proof of Theorem B.10. We fix an auxiliary edge e0 of T for the proof. Using the fact
that T is not a line and Proposition B.7, one can find four points p, q, r, s in T which
are in the position shown in the figure below, namely: the geodesic segments [p, q] and
[r, s] are disjoint and the unique segment connecting them contains the edge e0 and has
its endpoints in the interior of [p, q] and [r, s].

e0

p q

r s

A

We let A be the starting point of the geodesic segment going from [p, q] to [r, s]. Thanks
to Proposition B.7 again, we can choose two hyperbolic elements γ1 and γ2 in G whose
axis contain respectively the segments [p, q] and [r, s]. Now let us call U (resp. V ) the

2The version of Theorem B.10 which appears in [143] relies on and generalizes slightly a result due to
Caprace and Sageev [91].
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connected component of T−{me0} containing [p, q] (resp. [r, s]). Here me0 is the midpoint
of the edge e0. For any nonzero integer n we have:

γn1 (V ) ⊂ U and γn2 (U) ⊂ V.

Let us explain, for instance, why the first inclusion holds. We assume that γn1 slides points
towards the right on its axis, which contains the segment [p, q]. We thus have the following
picture:

e0

r s

A

γn1 (A)

The image of V under γn1 has been pictured in gray. It is indeed separated from V by the
midpoint me0 of e0. This proves that γn1 (V ) ⊂ U and the inclusion γn2 (U) ⊂ V is proved
similarly.

The ping-pong lemma (Proposition B.11) implies that γ1 and γ2 generate a free sub-
group F of G. We now prove that all nontrivial elements of F are axial. Since any element
in the stabilizer of an edge is elliptic, this will prove that the intersection

F ∩ g Stab(e)g−1

is trivial for any element g of G and for an arbitrary edge e of T . So let γ be a nontrivial
element of F . If γ is conjugated to a power of γ1 or γ2, it must be axial. Let us then
suppose that it is not conjugated to a power of one of the γi. Then, up to conjugacy and
up to changing γ into its inverse, we can assume that it has the form:

γ = γa1
1 γb12 · · · γ

ar
1 γbr2 ,

where the ai’s and bi’s are nonzero integers. Let f be the edge starting from A, contained
in the axis of γ1, and pointing towards γa1

1 (A). Then all the edges f , γbr2 (f), γar1 (γbr2 (f))
up to γ(f) are pointing in the direction “opposite” to e0. This implies that f and γ(f)
are contained in a geodesic arc J and induce the same orientation of J . According to
Proposition B.8, this implies that γ is hyperbolic. 2

Using Proposition C.22 and the vocabulary from Appendix C, we obtain the following
corollary.

Corollary B.12 Let G and T be as in Theorem B.10. Then for any edge e of T , the
homogeneous space G/ Stab(e) is not amenable.



B.3. TREES AND COCYCLES 247

B.3 Trees and cocycles

In this section, we explain how to construct a natural orthogonal representation πT of the
automorphism group of a tree and an associated cocycle. We use freely the material from
Appendix C. The material presented here is very classical; see [36, §2.3] as well as [111].
We follow the presentation from [36].

Let E be the set of oriented edges of T . We write e 7→ e for the natural involution on the
set E, mapping an oriented edge e to the same “geometric” edge but with the orientation
reversed. Let H be the Hilbert space of all functions f : E→ R which satisfy:

f(e) = −f(e) ∀e ∈ E, (B.1)

and
∑

e∈E |f(e)|2 <∞. The scalar product on H is defined by:

〈f1, f2〉 :=
1

2

∑
e∈E

f1(e)f2(e), (f1, f2 ∈H ).

We denote by || · || the associated norm. The orthogonal representation πT is the represen-
tation of the full automorphism group Aut(T ) of T in the group of orthogonal operators
of H defined by:

πT (g)(f) = f ◦ g−1.

Let VT be the set of vertices of T . We now define a map

c : VT × VT →H

as follows. If x and y are vertices of T , we write [x, y] for the oriented geodesic going from
x to y. We define c(x, y)(e) to be equal to 0 if the (geometric) edge e is not contained
in [x, y], to 1 if e is contained in [x, y] and to −1 if e is contained in [x, y]. The function
c(x, y) satisfies (B.1) and has finite support, hence lies in the space H . The following
proposition lists several properties of the map c. Its proof can found in [36].

Proposition B.13 The function c satisfies the following properties.

1. (Chasles’ relation) c(x, y) + c(y, z) = c(x, z) for any x, y, z ∈ VT .

2. ||c(x, y)||2 = d(x, y) for any x, y ∈ VT .

3. c(g(x), g(y)) = πT (g)(c(x, y)) for any automorphism g of T and any x, y ∈ VT .

We now use freely some notions related to orthogonal representations which are in-
troduced in Section C.1, namely the notion of a cocycle associated with an orthogonal
representation, the corresponding first cohomology group and the associated affine iso-
metric actions. Note that Chasles’ relation, together with the last item of the proposition
imply that if we fix a vertex x0 of T , the map

g 7→ cx0(g) := c(g(x0), x0)
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is a cocycle from the automorphism group of T , with values in the orthogonal representa-
tion πT . Indeed we have:

cx0(gh) = c(gh(x0), g(x0)) + c(g(x0), x0)
= πT (g)(cx0(h)) + cx0(g).

This implies that the group Aut(T ) admits a natural affine isometric action on H . One
proves similarly that the cohomology class of cx0 in H1(Aut(T ),H ) does not depend on
the choice of x0.

Proposition B.14 Let G < Aut(T ) be any subgroup. Then the cohomology class of the
cocycle cx0 (restricted to G) is equal to 0 in

H1(G,H )

if and only if G fixes a point of T .

Proof. If G fixes a point p ∈ VT , the cocycle cp vanishes on G. Since all the cocycles cx are
cohomologous, this gives one implication. Conversely, if the coycle cx0 is cohomologous
to zero (when restricted to G), then the norm of cx0(g) is bounded independently of g,
see Proposition C.2. According to Proposition B.13, this implies that the G-orbit of x0 is
bounded. But this implies that G fixes a point of T , thanks to the center lemma [60, p.
179]. A specific form of this lemma in the case of trees can also be found in Lemma 2.3.2
of [36], and a statement of that lemma for Hilbert spaces can be found in Lemma C.3. 2

B.4 The tree of GL2

The purpose of this section is to introduce the Bruhat–Tits tree associated to the group
GL2(K) where K is a field with a discrete valuation. This material, which is very classical,
is used in Chapters 8 and 12. We follow the classical references [395] and [397, §3].

B.4.1 The Bruhat-Tits tree

We start by recalling the definition of a discrete valuation on a field.

Definition B.15 Let K be a field. A discrete valuation on K is a map v : K → Z∪{+∞}
such that :

1. v(x) =∞ ⇐⇒ x = 0,

2. v : K∗ → Z is a surjective homomorphism,

3. v(x+ y) ≥ min{v(x), v(y)}.

Let K be a field and let v : K → Z ∪ {∞} be a discrete valuation. Let

O = {x ∈ K, v(x) ≥ 0}
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be the associated valuation ring. Let us fix an element π ∈ K such that v(π) = 1. Such
an element is often called a uniformizer. Then one proves easily that any nonzero ideal of
O is equal to the ideal generated by πn for some integer n ∈ N. Hence O is a principal
ideal domain. We denote by O∗ the set of invertible elements in O.

Let V = K2. A lattice of V is a finitely generated O-submodule of V which spans V
(as a K-vector space). Using the fact that O is a principal ideal domain one proves that
any lattice is a free O-submodule, necessarily of rank 2. In particular if Λ is a lattice, any
basis {a, b} of Λ as an O-module is also a basis of V as a K-vector space.

Definition B.16 Two lattices Λ1, Λ2 ⊂ V are equivalent if there exists a ∈ K∗ such that
Λ2 = aΛ1. We denote by [Λ] the equivalence class of a lattice Λ.

If Λ1 and Λ2 are two lattices, we have seen above that there exists two basis {u1, u2}
and {v1, v2} of V as a K-vector space which are contained in and generate respectively
Λ1 and Λ2. Hence there exists a linear isomorphism A : V → V such that A(u1) = v1 and
A(u2) = v2. In particular A(Λ1) = Λ2. If B : V → V is another isomorphism such that
B(Λ1) = Λ2, the linear map B−1A : V → V takes Λ1 onto itself. Hence the matrix of
B−1A in any basis of Λ1 (as an O-module) has entries in O. In particular det(B−1A) ∈ O.
Since the same remark applies to A−1B, we have that

det(B−1A) ∈ O∗

i.e. the valuation of det(B−1A) is equal to 0. This justifies the following definition.

Definition B.17 If Λ1 and Λ2 are lattices, we define δ(Λ1,Λ2) ∈ Z to be v(det(A)) where
A : V → V is any K-linear isomorphism taking Λ1 onto Λ2.

The following elementary lemma collects basic properties of the function δ. If needed,
the reader will find its proof in [397, §3.6].

Lemma B.18 Let Λ1,Λ2,Λ3 ⊂ V be lattices. We have:

1. δ(Λ1,Λ3) = δ(Λ1,Λ2) + δ(Λ2,Λ3),

2. δ(Λ1,Λ1) = 0,

3. if Λ1 ⊂ Λ2 then δ(Λ2,Λ1) ≥ 0,

4. δ(Λ1,Λ2) = δ(A(Λ1), A(Λ2)) for any linear isomorphism A : V → V .

The function δ can be thought of as an algebraic distance between lattices. We are now
going to define a second “distance”, on the set of equivalence classes of latices this time.
We first make the following observation.

Lemma B.19 Let Λ1 and Λ2 be two lattices. Then there exists a lattice Λ′2 equivalent to
Λ2 such that Λ′2 ⊂ Λ1.
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Proof. We pick a basis {ei, fi} for Λi (as a free O-module) for i = 1, 2. Then {e1, f1} and
{e2, f2} are also basis of V as a K-vector space. Hence we can write

e2 = αe1 + βf1

where α, β ∈ K. Since e2 is nonzero, α and β cannot both be zero hence

m(e2) := min{v(α), v(β)}

is an integer. Let m ≥ −m(e2) be an integer. Then πmα and πmβ belong to O. Hence
πme2 belongs to Λ1. Similarly, for m large enough πmf2 belongs to Λ1. This proves that
for m large enough, we have:

πmΛ2 ⊂ Λ1,

and we can set Λ′2 := πmΛ2. This concludes the proof. 2

The following lemma is much more precise. We refer to Lemma 3.6.8 in [397] for its
proof.

Lemma B.20 Let Λ1 and Λ2 be two lattices. Then there exists a unique lattice Λ′2 equiv-
alent to Λ2 such that Λ′2 ⊂ Λ1 and such that Λ1/Λ

′
2 is isomorphic (as an O-module) to

O/βO for some nonzero element β ∈ O.

Following Shalen [397], we introduce the following definition.

Definition B.21 Let Λ1 and Λ2 be lattices. We say that Λ2 is snugly embedded in Λ1 if
Λ2 ⊂ Λ1 and Λ1/Λ2 is isomorphic to O/βO for some nonzero element β ∈ O.

Given two homothety classes of lattices s1 and s2 we now define d(s1, s2) to be

δ(Λ1,Λ2) (B.2)

where Λ1 and Λ2 are representatives of s1 and s2 respectively such that Λ2 is snugly
embedded in Λ1. Such representatives exist according to Lemma B.20. Let us check
that the number obtained is independent of the choice of such representatives. We know
by Lemma B.20 that Λ2 is uniquely determined by Λ1. Hence we must check that the
number (B.2) does not depend on the representative of s1 (i.e. on Λ1). Any other rep-
resentative of s1 is of the form αΛ1 for some α ∈ K∗. But the representative of s2

which is snugly embedded in αΛ1 is nothing else than αΛ2. One then checks readily
that δ(Λ1,Λ2) = δ(αΛ1, αΛ2) for any α ∈ K∗. This proves that d(s1, s2) is well-defined.
Observe that the third point of Lemma B.18 implies that d(s1, s2) ≥ 0.

We now define a graph T as follows. The set of vertices of T is the set of equivalence
classes of lattices and two classes s1 and s2 are connected by an edge if d(s1, s2) = 1. We
then have:

Theorem B.22 The graph T is a tree and the function d coincides with the combinatorial
distance inside T .
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We refer to [397] for a proof of this theorem. We encourage the reader to “get to know
the tree” (paraphrasing Shalen [397]). To do this, one can try to understand what is the
structure of the link of a vertex of T or what is the axis of a hyperbolic isometry of T ,
or what are its fixed points in the boundary of T , etc. We refer again to [397] for a tour
of the tree which will help the reader answer these questions. Here we will only describe
the boundary of the tree (in Section B.4.2) and the natural action of GL2(K) on it (in
Section B.4.3).

B.4.2 The boundary of the tree

We keep the notation from the previous section: (K, v) is a field endowed with a discrete
valuation and V = K2. We now follow [395] to describe the boundary of the tree associated
to (K, v). We will use freely some results about the completion of a field endowed with
a discrete valuation. We refer the reader to [360, Ch. II §4] for this. Pick a number
λ ∈ (0, 1). For x ∈ K define N(x) = λv(x) (with the convention that N(0) = 0). Then N
is an absolute value3 on K. We can thus consider the completion K̂ of K with respect to
the absolute value N . The functions N and v extend to K̂. Hence K̂ is naturally a field
with a discrete valuation. We denote by Ô its valuation ring. We set

V̂ := V ⊗K K̂,

and naturally identify V with its image in V̂ . As for V̂ , it identifies with K̂2. We will use
the following facts:

1. The ring Ô is naturally isomorphic to the limit

lim
←

O/πnO.

2. If L ⊂ V is a lattice, then L̂ = L⊗O Ô naturally embeds in V̂ and is a lattice in V̂ .

3. Any lattice in V̂ is of the form L̂ for some lattice L of V .

The last point implies that the tree associated to the K-vector space V is the same as
the tree associated to the K̂-vector space V̂ . We can now state the following:

Theorem B.23 The boundary of the tree T naturally identifies with the projective line
P(V̂ ).

Before proving this theorem, we state a proposition which will serve as an intermediate
step in the proof. If L0 is a lattice in V and if n ≥ 1 is an integer, then L0/π

nL0 is a free
rank 2 O/πnO-module. We denote by P(L0/π

nL0) the set of its rank 1 direct factors. We
then have (see [395, p. 72]):

Proposition B.24 Let L0 be a lattice in V . There is a natural identification

ψ : lim
←

P(L0/π
nL0)→ P(V̂ ).

3What we call an absolute value is called a valuation in [360, Ch. II §3].
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Proof. Let (Dn)n≥1 be an element of the direct limit

lim
←

P(L0/π
nL0). (B.3)

Here Dn is a direct factor of L0/π
nL0 and the natural surjection L0/π

n+1L0 → L0/π
nL0

maps Dn+1 onto Dn. For each n, we can pick vn ∈ L0 whose image in L0/π
nL0 generates

Dn. After suitably multiplying the vn’s by elements of O∗, we can assume that

vn+1 − vn ∈ πnL0. (B.4)

This implies that (vn)n≥1 is a Cauchy sequence in V , which defines a nonzero element of

V̂ . We denote by [(vn)n≥1] its class in P(V̂ ) and set:

ψ((Dn)n≥1) = [(vn)n≥1].

We leave it to the reader to check that the map ψ is well-defined i.e. that the equivalence
class of the Cauchy sequence (vn)n≥1 does not depend on the choices we have made. We
will now establish that ψ is a bijection.

Let us first check that ψ is injective. We consider two points A and B of the set (B.3)
represented by sequences (vn)n≥1 and (wn)n≥1 in L0 satisfying (B.4). This means that vn
generates a direct factor Dn in L0/π

nL0 and that A = (Dn)n≥1 and similarly for B. We
assume that ψ(A) = ψ(B). Hence there exists a Cauchy sequence (αn)n≥1 in K such that
vn − αnwn → 0 in V as n goes to ∞. Since vn and wn are in L0 and span direct factors
of L0/π

nL0, αn must lie in O∗ for n large enough. For each k there exists an integer nk
that we take ≥ k so that πk divides vn−αnwn for n ≥ nk. Thus vn and αnwn are equal in
L0/π

kL0. This implies that vn and wn span the same direct factor of L0/π
kL0 and proves

that the “coordinates” of A and B in P(L0/π
kL0) are equal. Since this is true for any

integer k, A = B.

Let us now prove that ψ is surjective. Let us fix a basis {v1, v2} of L0. Let D ∈ P(V̂ ).
We can represent D by a vector of the form v = αv1 + βv2, with α, β ∈ Ô ⊂ K̂ and α
or β invertible in Ô. Let us choose γ and δ in Ô such that αδ − γβ = 1. We then define
v′ := γv1 + δv2 ∈ V̂ . For each natural number n ≥ 1, we now pick αn, βn, γn, δn in O
such that πn divides each of the following four elements of Ô:

α− αn, β − βn, γ − γn δ − δn.

This implies that αnδn − γnβn is invertible in O. Now vn = αnv1 + βnv2 spans a rank 1
direct factor Dn of L0/π

nL0. Since vn+1− vn is divisible by πn, the image of Dn+1 under
the natural map

L0/π
n+1L0 → L0/π

nL0

is Dn. Hence the sequence (Dn)n≥1 defines an element of lim
←

P(L0/π
nL0) whose image

under ψ is
D = [v]

since vn converges to v. This proves that ψ is surjective. This concludes the proof of the
proposition. 2
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Proof of Theorem B.23. Let us fix a vertex s0 = [L0] of T . Any geodesic ray in T starting
from s0 can be represented by a decreasing sequence of lattices

· · · ⊂ Ln+1 ⊂ Ln ⊂ · · · ⊂ L1 ⊂ L0

where Li+1 is snugly embedded in Li (see Definition B.21). For each n, we can find a
basis (depending on n) {u1, u2} of L0 such that Ln is the free O-module generated by
πku1 and π`u2 for some natural integers k and ` (see Rappel 3.6.7 in [397]). Note that
n = d([L0], [Ln]) must be equal to |k − `|. Using this observation and the uniqueness of
geodesics in a tree one sees that (up to permuting u1 and u2) we must have k = 0 and
` = n. Moreover, the lattice Li is then generated by u1 and πiu2. Recall now that for
each natural integer n,

L0/π
nL0 (B.5)

is a free rank 2 O/πnO-module. The previous discussion implies that the image of Ln
in (B.5) is a rank 1 direct factor and that Ln and Ln−1 have the same image in O/πn−1O.
Hence the sequence (Ln)n≥1 defines an element of the direct limit

lim
←

P(L0/π
nL0).

We have thus built a map
∂T → lim

←
P(L0/π

nL0).

Composing with the isomorphism ψ provided by Proposition B.24, we obtain a map from
∂T to P(V̂ ). We now leave it to the reader to check that this map is bijective and does
not depend on the choice of the vertex s0. 2

B.4.3 The action of GL2

The group GL2(K) naturally acts on V = K2. An element A ∈ GL2(K) naturally maps a
lattice onto a lattice and preserves the equivalence relation “being homothetic”. Moreover,
if Λ1 ⊂ Λ2 is a pair of snugly embedded lattices, then

A(Λ1) ⊂ A(Λ2)

is also a pair of snugly embedded lattices. This implies that A preserves the adjacency
relation on the set of homothety classes of lattices and preserves the distance d. Hence
the group GL2(K) acts naturally on the tree T . Note that the center of GL2(K) (made
of nonzero multiples of the identity matrix) acts trivially on T . Hence what we really get
is an action of the group PGL2(K). The induced action of PGL2(K) on the boundary of
T coincides with the usual action on P(V̂ ) under the identification

∂T ' P(V̂ )

provided by Theorem B.23. Since the stabilizer of a projective line is a solvable subgroup
of PGL2(K), we have:

Corollary B.25 The stabilizer of a point of the boundary of the tree T is a solvable
subgroup of PGL2(K).
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B.5 Real trees

Real trees are “non-discrete” analogues of simplicial trees. In a simplicial tree, branching
can occur only at vertices. In a real tree, it can occur everywhere. We briefly expose these
ideas here. We follow [42] to give various definitions of real trees and to describe some of
their basic properties.

B.5.1 The definition of a real tree

Let (X, d) be a metric space. An arc in X is the image of a topological embedding
α : [a, b]→ X, where a ≤ b are real numbers. The points α(a) and α(b) are the endpoints
of the arc and one says that the arc goes from α(a) to α(b). An arc is a geodesic segment
if it is the image of an isometric embedding α : [a, b]→ X.

Definition B.26 The metric space (X, d) is a real tree if for any pair of points x, y ∈ X
there exists a unique arc going from x to y which is moreover a geodesic segment.

We give two elementary examples of real trees, following Bestvina’s presentation [42].

Example B.27 (SNCF metric) Consider the space X = R2 with its Euclidean norm || · ||.
We imagine that there is a train moving on each line going through the origin (Paris) of
R2. The distance to move from p to q is thus equal to

d(p, q) = ||p||+ ||q||

if p and q are linearly independent and is equal to d(p, q) = ||p− q|| otherwise. Then the
space (X, d) is a real tree.

Example B.28 Consider again X = R2 and denote by (x, y) the coordinates of a point
of R2. Imagine that there is a train moving on each affine vertical line x = constant and
on the horizontal line y = 0. The corresponding distance between two points p = (x, y)
and q = (x′, y′) of R2 is then given by d(p, q) = ||p− q|| if p and q lie on a common affine
vertical line and by d(p, q) = |x− x′|+ |y|+ |y′| otherwise. Again (X, d) is a real tree.

Let (X, d) be a metric space and let x0 ∈ X be a base point. For x, y ∈ X we define:

(x, y)x0 =
1

2

(
d(x, x0) + d(y, x0)− d(x, y)

)
.

This is called the Gromov product of x and y (based at x0). We then have the following
definition.

Definition B.29 Let δ ≥ 0. The space (X,x0, d) is said to be δ-hyperbolic if for all x, y, z
in X we have:

(x, y)x0 ≥ min{(x, z)x0 , (y, z)x0} − δ.
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One can show that if (X,x0, d) is δ-hyperbolic, then (X,x, d) is 2δ-hyperbolic for any
other point x ∈ X. This allows to define the notion of Gromov hyperbolicity of the space
(X, d): (X, d) is (Gromov) hyperbolic if (X,x, d) is δ-hyperbolic for some x ∈ X and
some δ ≥ 0. See [115, 203] for an introduction to these spaces. The previous observation
also implies that if (X,x0, d) is 0-hyperbolic for some point x0 ∈ X, then (X,x, d) is 0-
hyperbolic for every point x ∈ X. One then says that (X, d) is 0-hyperbolic. This notion
can be characterized directly, without appealing to the Gromov product. Indeed we have:

Proposition B.30 A metric space is 0-hyperbolic if and only if for any points x, y, z, t ∈
X we have:

d(x, z) + d(y, t) ≤ max{d(x, y) + d(z, t), d(x, t) + d(y, z)}

We refer to [115, Prop. 1.6] for a proof of the above proposition. With the previous
notions at hand we can now state the following characterization of real trees.

Proposition B.31 A metric space (X, d) is a real tree if and only if it is path connected
and 0-hyperbolic.

The characterization above is sometime stated with the word geodesic instead of path
connected, hence giving a slightly weaker statement. A proof of the version above can be
found in [183], see notably Lemma 3.26 and Theorem 3.40 there.

We close this introductory section by mentioning two natural occurences of real trees:
real trees appear as limits of suitably normalized sequences of pointed Gromov hyperbolic
metric spaces, see [41, 42, 269, 371]; they also appear as “spaces of leaves” associated to
closed 1-forms on simply connected manifolds. We refer to Section B.6 and the references
mentioned there for a brief description of this second construction.

B.5.2 The boundary

The visual boundary of a real tree T is defined as in the simplicial case. It is the set of
equivalence classes of geodesic rays R+ → T , where two rays γ1, γ2 : R+ → T are equivalent
if

sup
t≥0

d(γ1(t), γ2(t)) <∞.

It is still true that two geodesic rays which are equivalent eventually coincide up to a shift
in the parametrization, i.e. Lemma B.3 still holds in the context of real trees. If x0 is a
base point in T , every point ξ of ∂T can be represented by a unique geodesic ray γξ,x0

starting at x0. The cone topology on ∂T is the topology defined as follows. If ξ ∈ ∂T and
D ≥ 0 we defined

Cξ,D = {ξ′ : γξ,x0(t) = γξ′,x0(t)∀t ∈ [0, D]}. (B.6)

We then say that a subset O ⊂ ∂T is open if for every ξ ∈ O there exists D ≥ 0 such that
Cξ,D ⊂ O. One checks readily that this is indeed a topology and that it does not depend
on the choice of x0.

The definition we gave is specific to trees. In a general CAT(0) space the cone topology
is defined similarly except that in the definition of the sets Cξ,D, we ask that γξ,x0 and
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γξ′,x0 are ε-close on [0, D] (instead of being equal on [0, D]). See [60, p. 263] for more
details.

B.5.3 Further remarks

All the results stated in Section B.1 still hold for complete real trees and their isometries.
The proofs given in [269] are stated in this more general context. The completeness is used
e.g. in the proof of Theorem B.4, although it is not needed for all of the results stated in
Section B.1. We shall occasionally use this in Chapter 13.

B.6 Closed 1-forms and real trees

The purpose of this section is to describe one of the classical constructions leading to
group actions on real trees. For any closed manifold endowed with a closed 1-form, the
“space of leaves” (suitably defined) of the corresponding foliation on the universal cover
is a real tree endowed with an action of the fundamental group of the original manifold.
This classical construction can be generalized to measured foliation, on closed manifolds
or on 2-complexes, see [42] for an extensive survey.

Let M be a closed manifold and let α be a closed 1-form on M . Consider the universal
cover p : M̂ →M of M . Let f : M̂ → R be a smooth function such that

p∗α = df.

We define a pseudo-distance dα on M̂ as follows. If γ : [0, 1]→ M̂ is a continuous path we
denote by |γ|α the total variation of f on γ. In other words:

|γ|α := sup
a0=0<a1<···<an=1

n−1∑
j=0

|f(ai)− f(ai+1)|,

where the supremum is taken over all finite partitions of [0, 1]. If γ is C1, one has:

|γ|α =

∫ 1

0
|(f ◦ γ)′(t)|dt.

If x and y are points of M̂ one defines:

dα(x, y) = inf
γ
|γ|α

where γ runs over the set of all piecewise smooth paths from x to y. Then dα is a pseudo-
distance and we denote by (Tα, dα) the quotient metric space: Tα is the space obtained

from M̂ by identifying two points x, y ∈ M̂ whenever dα(x, y) = 0; the induced distance
on Tα is still denoted by dα. We then have the following classical result (see [204, 313]):

Theorem B.32 The metric space (Tα, dα) is a real tree.
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The fundamental group of M acts naturally on M̂ and preserves the pseudo-distance
dα, hence it acts by isometries on Tα. Note that one can perform a similar construction
starting with any covering space space M ′ → M , not necessarily the universal covering
space. (One does not even need α to be exact on M ′.) One obtains in this way a space
Tα,M ′ . Deciding when Tα,M ′ is a real tree for an arbitrary M ′ is a subtle question, see for
instance [313] for a discussion of this problem.

We now give a sketch of proof of Theorem B.32, admitting a key proposition for which
we refer to [313]. Before stating this proposition, we need the following definition. Given
four cyclically ordered points x, y, z, t on the circle S1, we say that two points of S1 are
on opposite arcs if either one lies in [x, y] and the other in [z, t] or one lies in [y, z] and the
other in [t, x]. Here [x, y] stands for the oriented arc from x to y on S1.

Proposition B.33 Consider the unit disc D ⊂ R2 and let a, b, c, d be four points appear-
ing in this cyclic order on the boundary of D. Let β be a smooth closed 1-form on D. Let
dβ be the pseudo-distance associated to it by the construction above. Then there exists two
points e and f in ∂D which are on opposite arcs and such that dβ(e, f) = 0.

Proposition B.33 is very classical; we refer for instance to [313, Lemma III.4] for its
proof.

Proof of Theorem B.32. The space (Tα, dα) is path connected as M̂ is. We will thus show
that Tα is 0-hyperbolic, Proposition B.31 then implies the desired result. Let x, y, z, t
be four points of M̂ and let ε > 0. We consider a smooth map v : S1 → M̂ such that
there exists points a, b, c, d appearing in this order on S1, such that v(a) = x, v(b) = y,
v(c) = z, v(d) = t and such that the length | · |α of v restricted to [a, b] (resp. [b, c], [c, d],
[d, a]) is at most dα(x, y) + ε (resp. dα(y, z) + ε, dα(z, t) + ε, dα(t, x) + ε). Such a map v
can be obtained by concatening (and smoothing) some arcs which approximately realize

the distances dα(x, y), dα(y, z), dα(z, t), dα(t, x). Since M̂ is simply connected, v can be

extended to a smooth map (still denoted by v) from the unit disc D ⊂ R2 to M̂ . We apply
Proposition B.33 to the form β = v∗α and find points say

e ∈ [a, b], f ∈ [c, d]

such that dα(v(e), v(f)) = 0. This implies that

dα(x, z) ≤ dα(x, v(e)) + dα(v(f), z)

and
dα(y, t) ≤ dα(y, v(e)) + dα(v(f), t).

Hence

dα(x, z) + dα(y, t) ≤ (dα(x, v(e)) + dα(v(e), y)) + (dα(z, v(f)) + dα(v(f), t))
≤ |c|[a,b]|α + |c|[c,d]|α
≤ dα(x, y) + ε+ dα(z, t) + ε
≤ max{dα(x, y) + dα(z, t), dα(x, t) + dα(y, z)}+ 2ε.

Taking the limit as ε goes to 0 we obtain:

dα(x, z) + dα(y, t) ≤ max{dα(x, y) + dα(z, t), dα(x, t) + dα(y, z)}.

Proposition B.30 then implies that Tα is 0-hyperbolic. This concludes the proof. 2
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APPENDIX C

Affine actions on Hilbert spaces

In this appendix, we review basic notions related to the following topics: isometric actions
of discrete groups on Hilbert spaces, equivariant harmonic maps with values into Hilbert
spaces and amenability of groups and homogeneous spaces.

In Section C.1, we first give the definition of a cocycle associated to an orthogonal
representation of a group on a Hilbert space and of the associated first cohomology group.
We then define the notion of stability for an affine isometric action on a Hilbert space, a
classical notion which appears under many names in the litterature. As it turns out, this
notion depends only on the linear part of the affine action. In Section C.2, we consider
isometric actions of the fundamental group of a closed Riemannian manifold X on a Hilbert
space. When the action is stable, we prove, admitting a technical statement, the existence
of an equivariant harmonic map from the universal cover of X to the Hilbert space. This
result is due to Korevaar and Schoen [296]. In Section C.3, we discuss the notion of
amenability for a discrete group or a homogeneous space of a discrete group. We relate
the stability of the orthogonal representation associated to the action of a finitely generated
group Γ on a homogeneous space Γ/Λ to the nonamenability of the corresponding Schreier
graphs. Finally, in Section C.4 we give a very brief definition of the first `2-Betti number
of a finitely generated group. This is used in Chapter 7.

C.1 Orthogonal representations and affine actions

A good reference for this section is the book [36]. From now on, Γ is a countable discrete
group. Let H be a real Hilbert space. An orthogonal representation π of Γ on H is a
morphism from Γ to the group O(H ) of orthogonal operators of H . The main example
that we will consider is the following.

259
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Example C.1 Suppose that Γ acts on a set X and consider the space `2(X) of square
summable functions from X to R. If f ∈ `2(X), and γ ∈ Γ, we define:

π(γ)(f) = f ◦ γ−1

i.e. π(γ)(f)(x) = f(γ−1x) for x ∈ X. This defines an orthogonal representation of Γ on
`2(X). When X = Γ with the action of Γ on itself by left translations, this is called the
regular representation. Another important example is the case where X = Γ/Λ for some
subgroup Λ < Γ, where again Γ acts on X by left translations.

We fix an orthogonal representation π of Γ on a Hilbert space H . A cocycle for the
representation π is a map b : Γ→H such that

b(gh) = b(g) + π(g)(b(h)) (C.1)

for any g, h in Γ. A coboundary for π is a map b : Γ→H of the form b(γ) = π(γ)(v)− v
for some vector v ∈ H . Note that every coboundary is a cocycle, as shown by a simple
calculation. We write Z1(Γ, π) for the vector space of cocycles for the representation π
and B1(Γ, π) for the space of coboundaries. Finally we define:

H1(Γ, π) := Z1(Γ, π)/B1(Γ, π).

This is the first cohomology group of Γ with coefficients in π. We now endow the space
Z1(Γ, π) with the topology of simple convergence. This means that Z1(Γ, π) is thought of
as a subspace of the space

H Γ

of all applications from Γ to H , the topology of simple convergence being the one induced
by the product topology on H Γ. We will sometime consider the closure B1(Γ, π) of the
space B1(Γ, π) for this topology. The quotient

H
1
(Γ, π) := Z1(Γ, π)/B1(Γ, π)

is called the first reduced cohomology group of Γ with coefficients in π. For analytical

reasons, it is sometimes useful to consider the group H
1
(Γ, π) rather than H1(Γ, π).

Before going further we recall the correspondence between affine isometric actions on
Hilbert spaces and pairs (π, b) where π is an orthogonal representation and b a cocycle
associated to π.

We first assume that π is a fixed orthogonal representation of Γ and that b is a cocycle
for π. For γ ∈ Γ, we call %(γ) the affine map from H to itself defined by:

%(γ)(v) = π(γ)(v) + b(γ), (C.2)

for all v ∈H . Now the cocycle equation (C.1) implies that % is a representation, i.e.

%(γ1γ2) = %(γ1) ◦ %(γ2) (C.3)
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for γ1, γ2 ∈ Γ. Conversely, any homomorphism from Γ to the group Isom(H ) of isometries
of H is of this form. Indeed it is known that any isometry of H is affine, i.e. the
composition of a linear isometry with a translation. Hence if % : Γ → Isom(H ) is a
morphism, writing %(γ)(v) = π(γ)(v) + b(γ), and using the identity (C.3), one obtains
easily that π must be an orthogonal representation and that b must be a cocycle for π.

We now recall a classical result, which translates a property of a cocycle b (for an
orthogonal representation π) into a property of the associated affine representation %, and
vice versa. In the following proposition, we thus assume that π, b and % are related by
equation (C.2).

Proposition C.2 The following properties are equivalent.

1. The cocycle b is a coboundary.

2. The affine representation % has a fixed point.

3. The affine representation % is conjugated to its linear part by a translation.

4. The map b is bounded, i.e. sup
γ∈Γ
|b(γ)| <∞ where | · | is the norm of H .

Proof. 1 ⇔ 2 We assume that b is a coboundary and write b(γ) = π(γ)(v) − v for some
vector v. Then one has:

%(γ)(−v) = π(γ)(−v) + b(γ)
= π(γ)(−v) + π(γ)(v)− v
= −v.

Hence the affine representation % has a fixed point. Conversely, if %(γ)(u) = u for all
γ ∈ Γ, for some vector u ∈H , one has b(γ) = u− π(γ)(u) and b is a coboundary.

2 ⇔ 3 Since a linear representation fixes the origin, any representation conjugated to a
linear one fixes a point. Conversely, assume that %(γ)(u) = u i.e. that b(γ) = u− π(γ)(u)
for every element γ ∈ Γ. Denoting by Tw the translation by a vector w, one can compute:

%(γ)(v) = π(γ)(v) + u− π(γ)(u)
= Tu(π(γ)(v − u))
= Tu ◦ π(γ) ◦ T−u(v).

Hence % is conjugated to π by Tu.

1⇔ 4 If the cocycle b is a coboundary, we write b(γ) = u−π(γ)(u) for some vector u. We
immediately obtain, since π(γ) is an orthogonal operator, |b(γ)| ≤ 2|u|. For the converse
implication, we observe that if b is bounded, then any %(Γ)-orbit is a Γ-invariant bounded
subset of H . The conclusion then follows from the lemma of the center, applied to any
orbit under the representation %. We state this lemma below and refer to [36, §2.2] for the
proof. 2

Lemma C.3 (“Lemma of the center”) Let H be a real Hilbert space and X be a non-
empty bounded subset of H . There exists a unique closed ball of H which contains X
and is of minimal radius. The center of that ball is called the circumcenter of X.
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As a consequence of the uniqueness statement of the lemma, we have that an isometry
(or a group of isometries) of H which stabilizes globally a set X as above must fix the
circumcenter of X.

We now introduce a new definition. Consider a discrete group Γ and an orthogonal
representation π of Γ on a real Hilbert space H . We say that this representation almost
has invariant vectors if there exists a sequence of unit vectors (vn)n≥0 in H such that

|π(γ)(vn)− vn| →
n→∞

0

for all elements γ in Γ. Such a sequence is also called a sequence of almost invariant
vectors. If Γ is generated by a finite set S, saying that the representation does not have
almost invariant vectors is equivalent to the existence of a positive number ε such that the
following inequality holds for all v ∈H :√∑

s∈S
|π(s)(v)− v|2 ≥ ε|v|. (C.4)

We leave the proof as an exercise for the reader. The notion of almost invariant vectors
will be used later on, when defining and characterizing stable affine actions. On the other
hand an invariant vector for π is simply a vector v such that π(γ)(v) = v for all γ ∈ Γ.

Remark C.4 Two important properties of groups are defined in terms of isometric ac-
tions on Hilbert spaces and (for the first one) in terms of the (non-)existence of almost
invariant vectors for orthogonal and unitary representations. These are Kazhdan’s property
T and the Haagerup property. We will not define them here but refer instead to [36, 111].

From now on we assume that Γ is finitely generated. We fix a finite generating set S
for Γ and define a function dS,% on H by:

dS,%(v) = sup
s∈S
|%(s)(v)− v|.

We then introduce the following definition.

Definition C.5 We say that the affine action % is stable if the function dS,% is metrically
proper on H i.e. for each constant C ≥ 0, the set {v ∈H : dS,%(v) ≤ C} is bounded.

Note that this notion makes sense for isometric actions of a group Γ on arbitrary metric
spaces: if Γ acts isometrically on a metric space (X, d), and writing α(γ) : X → X for the
action of an element γ, one can define similarly the function dS,α : X → R+ by:

dS,α(x) = sup
s∈S

d(α(s)(x), x).

The action α is then said to be stable if dS,α is metrically proper. Note that this notion
appears under various names in many places in the literature. It is also discussed in
Section 9.1.3. Stable actions are called non-evanescent in [335] and proper in [296]. One
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can also define the (distinct) notion of a uniform action on a metric space, which also relates
to the notion of almost having invariant vectors for unitary representations. See [296, §2]
and [398, Def. 1.9]. Here, we follow the terminology from [141].

The following theorem is classical, see for instance Proposition 2.12.2 in [36] or [141].
We will provide a proof here for the reader’s convenience.

Theorem C.6 Consider an affine isometric action % of Γ on a Hilbert space H . Let us
call π the linear part of %. The following are equivalent.

1. The affine action % is stable.

2. The unitary representation π does not have almost invariant vectors.

3. The unitary representation π does not have nonzero invariant vectors and the space
B1(Γ, π) is closed in Z1(Γ, π).

In particular the stability of % depends only on its linear part.

Because of Theorem C.6, we can talk of the stability of an orthogonal representation:
this is the stability of some (equivalently all) affine isometric action having this represen-
tation as linear part. In the course of the proof of the theorem, we will need the following
proposition.

Proposition C.7 Let π an orthogonal representation of Γ. Consider the map ψ : Z1(Γ, π)→
H S defined by ψ(b) = (b(s))s∈S. Then:

1. The map ψ is injective.

2. The image of ψ is closed and ψ is a homeomorphism onto its image, when Z1(Γ, π) is
endowed with the topology of simple convergence and H S with the product topology.

Proof. For the first point we simply observe that the cocycle relation (C.1) allows one to
obtain the value of a cocycle b on an arbitrary element γ from its values on the generators.
If γ = s1 · · · sn, where the sj ’s are in S, one writes succesively:

b(γ) = b(s1) + π(s1)(b(s2 · · · sn))

= b(s1) + π(s1)(b(s2)) + π(s1s2)(b(s3 · · · sn)),

and so on. For the second point, if a = (a(s))s∈S ∈H S and if w = (s1, . . . , sk) is a word
in S we define:

a(w) := a(s1) + π(s1)(a(s2)) + · · ·+ π(s1 · · · sk−1)(a(sk)).

If a is in the image of ψ, the vector a(w) depends only on the element s1 · · · sk of Γ
associated to w and not on the particular word representing it. Since this is a closed
condition in H S , this property still holds for elements in the closure of the image of
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ψ, and this actually shows that they are still in the image of ψ. The fact that ψ is a
homeomorphism onto its image is left to the reader. 2

Proof of Theorem C.6. 1⇒ 2 We assume that % is stable and by contradiction that there
exists a sequence (ξn)n≥0 of almost invariant vectors of norm 1. Hence we have:

εn := sup
s∈S
||π(s)(ξn)− ξn|| −→

n→∞
0. (C.5)

By the stability of %, π does not have nonzero invariant vectors and the constant εn must
be positive for all n. Hence we can define vn = ξn

εn
. We thus have:

||%(s)(vn)− vn|| ≤ 1 + sups∈S ||b(s)||, (C.6)

for every s ∈ S. This proves that the action is not stable since the sequence (vn)n≥0

converges to infinity. This is absurd and thus π does not have almost invariant vectors.

2 ⇒ 1 Assume that π does not have almost invariant vectors and, by contradiction,
that % is not stable. Then there exists an unbounded sequence (vn) in H and a constant
C ≥ 0 such that

sup
s∈S
||%(s)(vn)− vn|| ≤ C. (C.7)

Up to taking a subsequence, we can assume that the norm of vn converges to infinity with
n. Let ξn = vn

|vn| . Note that equation (C.7) implies

sup
s∈S
||π(s)(vn)− vn|| ≤ C +D (C.8)

where D = sups∈S ||b(s)||. Hence we have

sup
s∈S
||π(s)(ξn)− ξn|| ≤

C +D

|vn|
(C.9)

Since |vn| converges to infinity, we obtain that the sequence of unit vectors (ξn) is almost
invariant under the representation π. This is a contradiction.

2⇒ 3 The hypothesis of course implies that π does not have nonzero invariant vectors.
So one must prove that B1(Γ, π) is closed in Z1(Γ, π). So let c be in the closure B1(Γ, π).
This means that there exists a sequence (vn)n≥0 in H such that

c(s) = lim
n→∞

π(s)(vn)− vn (C.10)

for each s ∈ S. The fact that π does not have almost invariant vectors, or that % is stable
(since we now know that 1 and 2 are equivalent) implies that the sequence (vn)n≥0 is
bounded. Hence, up to taking a subsequence we can assume that vn converges weakly
to a vector v∞, by Banach-Alaoglu’s theorem1. This implies that the sequence π(s)(vn)
weakly converges to π(s)(v∞). Hence π(s)(vn) − vn weakly converges to π(s)(v∞) − v∞.
By (C.10), we must have c(s) = π(s)(v∞)− v∞ for all s, hence c is a coboundary.

1We only need the result in the simpler case of Hilbert spaces.
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3⇒ 2 We first introduce some notation. We define a norm N on H S by:

N(b) =

√∑
s∈S
||b(s)||2

for (b(s))s∈S ∈ H S . By Proposition C.7, the space Z1(Γ, π) (identified with its image
under ψ), endowed with N , is a Hilbert space and the induced topology is the topology
of simple convergence. Let

β : H → Z1(Γ, π) (C.11)

be the map sending a vector v to the coboundary

γ 7→ π(γ)(v)− v.

Since we are assuming that B1(Γ, π) is closed, it is a Hilbert space too. The assumption
that π does not have invariant vectors implies that β is bijective from H onto B1(Γ, π).
Hence the open mapping theorem implies that it is a homeomorphism. In particular, there
exists a constant ε > 0 such that for each v ∈H one has:

N(β(v)) ≥ ε|v|.

This is exactly equivalent to equation (C.4), which by definition means that π does not
have almost invariant vectors. This concludes the proof of the theorem. 2

Remark C.8 The equivalence of (2) and (3) in the previous theorem is due to Guichardet [233].
It actually holds for countable groups, but we content ourselves with the case of finitely
generated groups.

C.2 Harmonic maps and stability

In this section, we assume that the group Γ is the fundamental group of a closed Rieman-
nian manifold (M, g). We let

p : M̃ →M

be the universal cover of M . We consider an orthogonal representation π of Γ on a Hilbert
space H . Associated to this representation there is a flat vector bundle Eπ on M . This
space is simply defined as the quotient of M̃ ×H by the diagonal action of Γ on M̃ ×H
defined by:

γ · (x̃, v) = (γ · x̃, π(γ)(v)).

Note that since Eπ has a natural flat connection, there is a natural exterior differential
operator acting on smooth differential forms with values in Eπ. Hence we have a notion of
closed or exact forms with values in Eπ and one can define the first de Rham cohomology
group H1

dR(M,Eπ) as the quotient of the space of smooth closed 1-forms on M with values
in Eπ, by the subspace of exact forms.

In this context, the group H1
dR(M,Eπ) is isomorphic to the first cohomology group of

Γ with coefficients in π, introduced before. Namely, we have:
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Proposition C.9 The groups H1
dR(M,Eπ) and H1(Γ, π) are naturally isomorphic.

Proof. Consider a closed 1-form α on M with values in the bundle Eπ. The pull-back p∗α
of α to M̃ can be thought of as a 1-form with values in H . By definition, it then satisfies

γ∗(p∗α) = π(γ)(p∗α). (C.12)

Since M̃ is simply connected, the form p∗α is exact. One can find a smooth function
f : M̃ → H such that p∗α = df . Hence equation (C.12) yields d(f ◦ γ) = π(γ) ◦ df ,
and the function f ◦ γ − π(γ) ◦ f must be constant. We call b(γ) this constant. A simple
calculation shows that b must be a cocycle for π. Moreover, if we change the primitive f
into f̃ = f + v (where v is a vector in H ), the cocycle b̃ associated to f̃ will be given by:

b̃(γ) = b(γ) + v − π(γ)(v). (C.13)

Hence the cohomology class of b in H1(Γ, π) depends on α only and not on the choice of
the primitive f . Moreover if s : M → Eπ is a smooth section, the cohomology classes
associated to α and to α+ ds are the same. This gives a well-defined map

Ψ: H1
dR(M,Eπ)→ H1(Γ, π).

We now check that this map is bijective. To prove the injectivity, we keep the notations
α, f, b as above. If b is cohomologous to zero in H1(Γ, π), we write b(γ) = v − π(γ)(v).

This means by definition that we have for all y ∈ M̃ :

f(γ(y))− π(γ)(f(y)) = v − π(γ)(v).

hence the function g defined by g(y) = f(y)− v satisfies

g(γy) = π(γ)(g(y)).

This means exactly that g descend to a section g of the bundle Eπ → M . Since dg =
p∗α one has dg = α, hence the class of α in H1

dR(M,Eπ) is zero. The map Ψ is thus
injective. Let us now prove that it is surjective. For this, we start with a cocycle b for the
representation π. It is then enough to construct a smooth map

f : M̃ →H

such that f(γx) = π(γ)(f(x)) + b(γ) (x ∈ M̃ , γ ∈ Γ). This condition means exactly that

f is equivariant with respect to the actions of Γ on M̃ by deck transformation and on H
by the affine action associated to π and b. If f is given, then the 1-form β = df will satisfy
that

γ∗β = π(γ)(β) (γ ∈ Γ). (C.14)

This means precisely that β is the lift of a 1-form β on M with values in Eπ. By con-
struction one has Ψ([β]) = [b]. The existence of a smooth map f satisfying the previous
condition is established in the next proposition. 2
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Proposition C.10 Let % be an affine action of the fundamental group of M on a Hilbert
space H . Then there exists a smooth map f : M̃ →H which is %-equivariant.

The proof below is similar to the proof of Proposition 9.4 in Chapter 9.

Proof. Let (Uj)1≤j≤p be a finite open cover of M by simply connected open sets and let
(αj)1≤j≤p be a partition of unity subordinated to that cover. Recall that this means that
the functions αj are smooth, take values in [0, 1], have sum equal to 1 and that the support
of αj is a compact set contained in Uj .

For each j ∈ {1, . . . , p}, we fix a lift Uj,e of Uj in M̃ , i.e. we choose a connected
component of the inverse image p−1(Uj) and call it Uj,e. For γ ∈ Γ we then define

Uj,γ = γ(Uj,e).

The family (Uj,γ)1≤j≤p,γ∈Γ is an open cover of M̃ which has the property that for each

x ∈ M̃ , and each j ∈ {1, . . . , p}, there is at most one element γ of Γ such that x ∈ Uj,γ .
We call γx,j this element, if it exists. For each j we pick a vector vj in H . We now define

a map f : M̃ →H by:

f(x) =

p∑
j=1

αj(p(x))%(γx,j)(vj).

Let us comment on this definition. Note that the element γx,j is not necessarily well
defined, as we have just observed. But this does not matter. Indeed if it is not defined,
this means exactly that p(x) /∈ Uj , in which case the term αj(p(x)) is equal to 0; hence
the term αj(p(x))%(γx,j)(vj) has to be interpreted as 0. This formula defines a smooth
map. Let us check that it is indeed %-equivariant. One can compute:

%(g)(f(x)) =

p∑
j=1

αj(p(x))%(gγx,j)(vj). (C.15)

But we have:
g(x) ∈ Uj,γ ⇔ x ∈ Uj,g−1γ ,

hence γg(x),j = gγx,j (the elements γx,j and γg(x),j being defined or not simultaneously).
Hence the right-hand side in (C.15) coincides with

p∑
j=1

αj(p(g(x)))%(γg(x),j)(vj),

i.e. with f(g(x)). This proves that f is %-equivariant and finishes the proof of the propo-
sition. 2

One can now ask: when does a class in H1
dR(M,Eπ) admit a harmonic representative?

Before answering this question, let us discuss the meaning of the word harmonic here.
Any differential form on M with values in Eπ can locally be seen as a form with values
in H since the bundle Eπ carries a flat connection. Hence one can define the laplacian
(for the metric g) of a differential form with values in Eπ exactly in the same way as the
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laplacian of a form with values in R or in a fixed vector space (see [447] for instance for
the definition). If α is a k-form and β is an `-form on M , both with values in Eπ, we
can define the real-valued form 〈α ∧ β〉 by combining the wedge product with the scalar
product of H . This construction is similar to what was done to prove Theorem 9.21.
When k = `, we can also define the pointwise scalar product 〈α, β〉 of α and β; we then
have the usual ponctual identity

〈α ∧ ∗β〉 = 〈α, β〉volg

and the integral identity:∫
M
〈∆α, α〉volg =

∫
M

(|dα|2 + |d∗α|2)volg (C.16)

where d∗ is the formal adjoint of d.

Proposition C.11 Let α be a smooth 1-form on M with values in Eπ. As in the proof
of Proposition C.9, we write

p∗α = df

where f : M̃ →H is a smooth map. Then α is harmonic if and only if f is harmonic.

A class [α] in H1
dR(M,Eπ) admits a harmonic representative if and only if the affine

action % associated to π and b (where [b] = Ψ([α])) has the property that there exists a

smooth harmonic %-equivariant map f : M̃ →H .

The map Ψ appearing in the statement above was defined in the proof of Proposi-
tion C.9.

Proof. Let α and f be as in the first point of the proposition. We write α̂ = p∗α = df .
We have:

∆α̂ = dd∗df + d∗ddf

= dd∗df

= d∆f.

Hence the harmonicity of f implies the harmonicity of α̂ (or of α, this is the same thing).
Conversely, if α̂ is harmonic, then ∆f = d∗α̂ must be zero according to the identity (C.16).
This proves the first point.

The second point of the proposition follows immediately from the first one after observ-
ing that the existence of an equivariant harmonic map associated to an affine action of the
form %(γ)(·) = π(γ)(·) + b(γ) depends only on the cohomology class of b. Indeed if a map
f is harmonic and %-equivariant, and if v ∈ H , then f + v is harmonic and equivariant
for the action %′ defined by

%′(γ)(·) = %(γ)(·) + v − π(γ)(v).

2

We can now state the following theorem due to Korevaar and Schoen, see Theorem
2.1.3 and Proposition 2.2.2 in [296]. Related results were also obtained by Mok [332].
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Theorem C.12 Assume that π does not have almost invariant vectors. Then any coho-
mology class in H1

dR(M,Eπ) can be represented by a unique harmonic 1-form. Equivalently,
for any stable isometric action % of π1(M) on H , there exists a unique %-equivariant har-

monic map from M̃ to H .

Remark C.13 As discussed in Section 9.1.3, the notion of harmonicity studied by Kore-
vaar and Schoen in [295, 296] makes senses for maps from a Riemannian manifold to a
CAT(0) metric space. When the target is a Hilbert space, being harmonic in the sense of
Korevaar and Schoen is equivalent to being smooth and harmonic in the usual sense.

Remark C.14 When M is Kähler, the harmonic map provided by Theorem C.12 is pluri-
harmonic, hence the real part of a holomorphic map with values into H ⊗C. This follows
from the Bochner–Siu–Sampson method discussed in Section 9.2.2, which works similarly
for Hilbert space targets. In this case the needed Bochner formula actually simplifies since
the target is flat.

Before starting our (partial) proof of Theorem C.12, we state two preliminary proposi-
tions.

Proposition C.15 Let W be a connected Riemannian manifold and H be a Hilbert space.
Let v : W →H be a harmonic function of constant norm. Then v is constant.

Proof. Let p be a point of W and let B(p, r) be a closed ball centered at p, small enough
so that its boundary S(p, r) is smooth. For y in the interior of B(p, r) we let µy be
the harmonic measure of y. This means precisely that for any continuous function u :
S(p, r)→H , the continuous function fu : B(p, r)→H which is harmonic on the interior
of B(p, r) and which equals u on the boundary is given by:

fu(y) =

∫
S(p,r)

u(q)dµy(q).

Note that this property is generally stated for real-valued functions but still holds for
functions with values in a Hilbert space. Now let v : W → H be a harmonic function of
constant norm. It is enough to prove that v is locally constant. We consider the restriction
of v to the closed ball B(p, r). Since v is harmonic one must have:

v(y) =

∫
S(p,r)

v(q)dµy(q)

for any point y in the interior of the ball. Let us call c the (constant) value of the norm
of v. Note that Jensen’s inequality gives:

c2 = |v(y)|2 ≤
∫
S(p,r)

|v(q)|2dµy(q) = c2.

Hence the equality case of that inequality implies that v must be constant on S(p, r).
This implies that v is constant on B(p, r). Hence the function v is locally constant, thus
constant on W . 2
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To state the next proposition, we first need to introduce some definitions. Similar
definitions appear in Chapter 9, in a purely finite dimensional context. If f : W → H is
a smooth map from a Riemannian manifold to a Hilbert space, and if p is a point of W ,
we define the norm of the differential

dfp : TpW →H

of f at p as follows:

||dfp||2 :=
m∑
j=1

|dfp(ej)|2

where (ej)1≤j≤m is an orthonormal basis of TpW . This is independent of the basis. Let
now % be an isometric action of π1(M) on a Hilbert space H , with linear part π. If

f : M̃ →H is smooth and %-equivariant we define the energy e(f) of f to be the integral

of the function x 7→ 1
2 ||dfx||

2 on a fundamental domain for the action of Γ on M̃ . We let

e% := inf
f
e(f),

where the infimum is taken over all smooth %-equivariant maps. We shall build a harmonic
map by proving that this infimum is attained, under the hypothesis of Theorem C.12. The
central technical result to achieve this is the following proposition, taken from [295] (see
Theorem 2.6.4 there). We will not prove it here.

Proposition C.16 There exists a constant D ≥ 0 and a sequence (fi)i≥0 of smooth %-
equivariant maps such that:

1. the map fi is D-lipschitz for each i ≥ 0;

2. the sequence (e(fi))i≥0 converges to e%.

Proof of Theorem C.12. We prove the second part of the theorem, dealing with equivariant
harmonic maps. The first part of the theorem follows using Proposition C.11.

We fix an affine action % of Γ with linear part π, assumed to be stable. Let us first
prove the uniqueness statement, i.e. that there exists a unique map f : M̃ →H which is
%-equivariant and harmonic. If f1 and f2 are two such maps, the difference u = f1 − f2

satisfies:

u(γ(x)) = π(γ)(u(x)) (γ ∈ Γ).

In particular the subharmonic function x 7→ |u(x)|2 descends to the compact manifold M .
By the maximum principle it must be constant. Proposition C.15 then implies that u is
constant, equal to some vector v ∈ H . The vector v must be π-invariant. But π has no
nonzero invariant vectors (since it does not almost have invariant vectors). Hence f1 = f2

and the uniqueness is proved.

We now establish the existence statement. We follow the proof given in [295, 296],
adapted to the case of Hilbert spaces (instead of more general CAT(0) spaces). Let W be
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the space of all measurable maps φ : M̃ → H which are %-equivariant and L2. Here we
say that a %-equivariant map φ is L2 if the function

x 7→ |φ(x)|2

restricted to a fundamental domain for the action of Γ on M̃ is L2. The space W is
naturally an affine Hilbert space. Indeed the difference between two maps f1, f2 ∈ W
lies in the linear space of measurable maps h : M̃ → H which are L2 on a fundamental
domain and such that

h(γ · x) = π(γ)(h(x)) (C.17)

almost everywhere for each γ ∈ π1(M). The distance between f1, f2 ∈ W is defined as:

d(f1, f2)2 =

∫
M
|f1(x)− f2(x)|2dx.

Here we abuse notations and view the function |f1 − f2|, which is Γ-invariant thanks
to (C.17), as a function on M .

According to Proposition C.16, we can find a constant D ≥ 0 and a sequence (fi)i≥0 of

%-equivariant maps from M̃ to H such that fi is D-lipschtiz for all i and the energy of fi
converges as i goes to infinity to the infimum e%. We can and do assume that the sequence
(e(fi))i≥0 is non-increasing. Let Ci be the closed convex hull of the set {fj , j ≥ i} in the
affine Hilbert space W . We have Ci+1 ⊂ Ci. Note that all maps in C0 are D-lipschitz.
Indeed it is clear that being D-lipschitz is stable by taking convex combinations in W .
The only point needed to justify our claim is that the set of D-lipschitz maps in W is
closed. But this follows from the fact if fn → f in W , a subsequence of (fn) will converge
almost everywhere to f . In particular, maps in C0 have a well-defined energy since there
are differentiable almost everywhere. We then observe that the energy function

e : C0 → R+

is convex. This implies that e(f) ≤ e(fi) for f ∈ Ci.2

Now, it is enough to prove that the intersection C := ∩i≥0Ci is nonempty. Indeed if
f ∈ C, then f is D-lipschitz and e(f) ≤ e(fi) for all i. Hence e(f) = e%. From this one
deduces easily that f is smooth and harmonic.

Using that π does not have almost invariant vectors, we now prove that C0 is bounded.
This will imply that all Ci’s are compact for the weak topology on W , hence their inter-
section will be nonempty and this will conclude the proof. Now if f ∈ C0, we have

|%(γ)(f(x))− f(x)| = |f(γ · x)− f(x)| ≤ Dd(γ · x, x) (C.18)

for γ ∈ Γ and x ∈ M̃ . We fix a finite generating set S for Γ and a compact fundamental
domain K ⊂ M̃ for the action of π1(M). Let

L := sup
γ∈S,x∈K

d(γ · x, x).

2There is a little semi-continuity statement hidden under the rug here. It follows from the weak
compactness of bounded subsets of the Sobolev space of maps with values in H , which are L2, together
with their first partial derivatives.
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Then, according to Theorem C.6 and Definition C.5, the set

U := {v ∈H : ∀γ ∈ S, |%(γ)(v)− v| ≤ LD}

is bounded. We pick a constant T such that |v| ≤ T for all v ∈ U . Then Equation (C.18)
implies that |f(x)| ≤ T for x ∈ K. This implies that C0 is bounded and concludes the
proof. 2

C.3 Stability, non-amenability, and Schreier graphs

In this section, we give various characterizations of the stability of the natural unitary
representation of a finitely generated group G on the space `2(G/H), for a subgroup
H < G.

We start with a preliminary definition, which deals with arbitrary graphs. We consider
a graph X, with vertex set V , and a subset A of V .

Definition C.17 The boundary of A is the set ∂A of vertices in V −A which are adjacent
to a vertex of A.

We say that the graph X satisfies a linear isoperimetric inequality if its Cheeger constant

inf
A⊂V

|∂A|
|A|

is positive. Here the infimum is taken over finite non-empty subsets of V .

We consider now a finitely generated group G and a subgroup H < G. We fix a finite
symmetric generating set S for G. In the following, we will make use of the Schreier graph
X(G/H,S) of the homogeneous space G/H; see Definition A.2 in Appendix A.

Definition C.18 We say that G/H is non-amenable or that G/H satisfies a linear isoperi-
metric inequality if the Schreier graph X(G/H,S) satisfies a linear isoperimetric inequal-
ity. Otherwise, we say that G/H is amenable.

When H is reduced to the identity element, we obtain one possible definition of the
(non-)amenability of a group. For plenty of characterizations of the non-amenability of
G/H, see for instance [267]. The characterization which will be most useful for us is the
following. It shows in particular that the definition is independent on the choice of S.

Theorem C.19 Let S be a finite symmetric generating set for G. The following condi-
tions are equivalent.

1. The Schreier graph X(G/H,S) satisfies a linear isoperimetric inequality.

2. The action of G on `2(G/H) does not have almost invariant vectors.

Remark C.20 As mentioned above, the theorem implies that a Schreier graph of G/H
satisfies a linear isoperimetric inequality if and only if all Schreier graphs of G/H satisfy
a linear isoperimetric inequality.



C.3. STABILITY, NON-AMENABILITY, AND SCHREIER GRAPHS 273

In the proof below, if f ∈ `2(G/H) and g ∈ G, we simply write g · f for the action of g
on f , as defined in Example C.1, and we omit the notation π.

Proof. We first assume that the action of G does not have almost invariant vectors. This
implies that there exists ε > 0 such that the inequality (C.4) holds for H = `2(G/H).
We now consider a non-empty finite set A ⊂ G/H. We apply (C.4) to the function

f =
1A√
|A|

.

Since the function |s · f − f | coincides with the characteristic function of sA∆A divided
by
√
|A|, this gives : ∑

s∈S
|sA∆A| ≥ ε2|A|.

Here ∆ stands for the symmetric difference of two subsets. Using the inequality∑
s∈S |sA∆A|

2|S|
≤ |∂A| ≤

∑
s∈S
|sA∆A|, (C.19)

one obtains:

|∂A| ≥ ε2|A|
2|S|

.

This implies that G/H satisfies a linear isoperimetric inequality.

We now suppose that the action of G on `2(G/H) almost has invariant vectors. We follow
the proof given by Juschenko in [263]. That reference only deals with the case where
H is trivial, but the proof is the same for arbitrary H. We thus consider a sequence
fn ∈ `2(G/H), with |fn|`2 = 1 and |g · fn − fn|`2 → 0 for all g. One has, for s ∈ S:

|s · f2
n − f2

n|`1 =
∑

x∈G/H

(fn(s−1x)− fn(x))(fn(s−1x) + fn(x)).

Using the Cauchy-Schwarz inequality, we obtain:

|s · f2
n − f2

n|`1 ≤ 2|fn|`2
√ ∑
x∈G/H

(fn(s−1x)− fn(x))2 = 2|s · fn − fn|`2 .

Hence |s · f2
n− f2

n|`1 → 0. Since the functions f2
n have `1-norm equal to 1, one can think of

them as probability measures on G/H. The conclusion of the proof now follows from the
next proposition. It implies that G/H does not satisfy a linear isoperimetric inequality.2

We now consider probability measures on G/H. They can be thought of as nonnegative
`1 functions of norm 1 on G/H. Hence one defines the action of an element of G on a
measure µ exactly as its action on functions, namely:

(g · µ)(x) = µ(g−1x),

for g ∈ G and x ∈ G/H. The following proposition says that the existence of a sequence
of probability measures on G/H which are “asymptotically” invariant under the action of
G is equivalent to the fact that G/H does not satisfy a linear isoperimetric inequality. It
gives yet another characterization of the amenability of G/H.
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Proposition C.21 The following are equivalent.

1. The homogeneous space G/H is amenable.

2. There exists a sequence of probability measures µn on G/H such that |s·µn−µn|1 → 0
for all s ∈ S.

Proof. We follow once more Juschenko’s lecture notes [263]. We first prove the easiest im-
plication, namely that the first condition implies the second. We thus consider a sequence
(An)n≥0 of finite non-empty subsets of G/H such that

|∂An|
|An|

converges to 0 as n goes to infinity. Let µn be the probability measure uniformly distributed
on An. Note that the `1-norm

|s · µn − µn|`1

is equal to
|s ·An∆An|
|An|

.

Hence, using inequality (C.19), we obtain:∑
s∈S
|s · µn − µn|`1 =

∑
s∈S |s ·An∆An|
|An|

≤ 2|S| |∂An|
|An|

.

This gives the desired result. We now prove the converse implication. We start with
a sequence of probability measures µn satisfying the condition of the proposition. One
difficulty is of course that these measures need not have finite support. We start with
some preliminary observations. If f1 and f2 are two nonnegative functions on G/H, with
`1-norm equal to 1, we observe that for p ∈ G/H we have:

|1l{f1>r}(p)− 1l{f2>r}(p)| = 1

if and only if f1(p) ≤ r < f2(p) or f2(p) ≤ r < f1(p). Hence, assuming that f1 and f2 are
bounded above by 1, we have:

|f1(p)− f2(p)| =
∫ 1

0
|1l{f1>r}(p)− 1l{f2>r}(p)|dr.

We now apply this to f1 = µn and f2 = s · µn and sum this identity over p ∈ G/H. We
obtain:

|s · µn − µn|`1 =
∫ 1

0

∑
p∈G/H |1l{s·µn>r}(p)− 1l{µn>r}(p)|dr

=
∫ 1

0 |s · {µn > r}∆{µn > r}|dr.
Let us fix ε > 0. Since the quantity above converges to 0 as n → ∞ for each s ∈ S, we
have that for n large enough:∫ 1

0

∑
s∈S
|s · {µn > r}∆{µn > r}|dr < ε. (C.20)
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We now make use of the following identity (here and in what follows, a large enough
integer n is fixed so that (C.20) holds):

1 =
∑

p∈G/H µn(p)

=
∑

p∈G/H
∫ µn(p)

0 dr

=
∫ 1

0 |{µn > r}|dr.

Combining this identity with (C.20), we obtain:∫ 1

0

∑
s∈S
|s · {µn > r}∆{µn > r}|dr < ε

∫ 1

0
|{µn > r}|dr.

Letting An,r = {µn > r}, we see that the function

r 7→ ε|An,r| −
∑
s∈S
|s ·An,r∆An,r|

has positive integral. Hence there exists r0 > 0 such that∑
s∈S
|s ·An,r0∆An,r0 | < ε|An,r0 |.

The set An,r0 is non-empty and finite. Using again (C.19), one sees that

|∂An,r0 |
|An,r0 |

≤ ε.

This implies that the Cheeger constant of the graph X(G/H,S) is zero. We have thus
proved that G/H is amenable. 2

In the following proposition, we give a sufficient condition for the homogeneous space
G/H to be non-amenable. This criterion is used in Chapter 6.

Proposition C.22 Assume that G contains a non-abelian free group F which intersects
trivially all conjugate of H, i.e.

F ∩ gHg−1 = {1}

for any element g in G. Then G/H is not amenable.

Proof. We will prove that the action of F on `2(G/H) does not have almost invariant
vectors. This implies that the action of G on `2(G/H) does not have almost invariant
vectors, and the conclusion follows by Theorem C.19. The condition in the proposition is
equivalent to the fact that F acts freely on G/H. Hence, as an F -space, G/H is isomorphic
to the disjoint union of copies of F , with the natural action by translation on each copy.
Thus, as a representation of the group F , `2(G/H) is isomorphic to a (possibly infinite)
Hilbertian direct sum of copies of `2(F ):

`2(G/H) '
⊕
α

`2(F ). (C.21)
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We now use the classical fact that the action of F on `2(F ) does not have almost invariant
vectors. Hence if T ⊂ F is a symmetric finite generating set, there exists ε > 0 such that
for all f ∈ `2(F ), one has: √∑

t∈T
|t · f − f |2 ≥ ε|f |`2 .

This implies that the same estimate holds for elements of `2(G/H) since the square of
the norm of a vector in the space (C.21) is the sum of the squares of the norms of its
components in each factor isomorphic to `2(F ). This concludes the proof. 2

To close this chapter we mention that when G is the fundamental group of a closed
Riemannian manifoldM , the two conditions appearing in Theorem C.19 are also equivalent
to the fact that the covering space of M corresponding to the subgroup H of G satisfies a
linear isoperimetric inequality. This is classical, see for instance [227, 403]. Here, we will
only give the necessary definitions and state this third equivalent condition. So we start
with the following classical definition.

Definition C.23 Let Y be a Riemannian manifold of dimension n. We say that Y sat-
isfies a linear isoperimetric inequality if its Cheeger constant

h(Y ) = inf
Ω

voln−1(∂Ω)

voln(Ω)

is positive.

In this definition, Ω runs over the relatively compact open sets of Y with smooth
boundary, voln(Ω) is the volume of Ω (with respect to the measure associated to the metric
g) and voln−1(∂Ω) is the volume of ∂Ω measured with respect to the metric induced by g
on ∂Ω.

Consider now a closed Riemannian manifold (M, g). Let p : M̂ → M be a covering

space of M . We fix a base point x̂ ∈ M̂ and let x = p(x̂). We consider the groups

G := π1(M,x) and H = π1(M̂, x̂). We identify H with its image in G through the map
p∗. The conditions on the pair (G,H) appearing in Theorem C.19 are equivalent to the fact

that M̂ satisfies a linear isoperimetric inequality [227]. This yields the following theorem:

Theorem C.24 The following are equivalent.

1. The manifold M̂ satisfies a linear isoperimetric inequality.

2. Any Schreier graph of G/H satisfies a linear isoperimetric inequality.

3. The action of G on `2(G/H) does not have almost invariant vectors.

Remark C.25 In the theorem above, we assume that G is realized as the fundamental
group of the closed manifold M , hence it must be finitely presented. But the equivalence
of the last two conditions, i.e. Theorem C.19, is true for any finitely generated group G.

Remark C.26 Consider a closed Riemannian manifold M as before and an infinite cov-
ering space M̂ → M . Assume that M is orientable. Then one can show that M̂ satisfies
a linear isoperimetric inequality if and only if the Riemannian volume form of M̂ admits
a bounded primitive, see [403].
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C.4 The first `2-Betti number

We close this chapter by giving a very brief definition of the first `2-Betti number of
a finitely generated group. For slightly more details on `2-Betti numbers, we refer the
reader to [369] and for a lot more details to [326]. We shall only use this notion through
the following theorem (see Chapter 7).

Theorem C.27 Let X be a closed Riemannian manifold with universal cover X̃. Then
the first `2-Betti number of π1(X) is nonzero if and only if X̃ carries a nonzero L2 har-
monic 1-form.

If in a rush, the reader can stop reading Section C.4 here and can take this theorem for
granted. We shall not give a complete proof of it anyway and refer for that to Chapter 4
of [5]. The only point of the rest of this section is to pass along a touch of the flavor of
`2-invariants to the reader.

We consider again a finitely generated group Γ. The first step to introduce `2-Betti
numbers is to define a notion of dimension for a certain class of Hilbert spaces endowed
with an orthogonal representation of Γ. If H is a Hilbert space (with no Γ-action), we
can form the tensor product

H ⊗̂`2(Γ) (C.22)

of H with `2(Γ). This is simply the completion of the algebraic tensor product H ⊗`2(Γ)
with respect to its natural scalar product, see [304]. Here we consider the action of Γ on
`2(Γ) induced by the right translations of Γ on itself. The space H ⊗̂`2(Γ) is a Hilbert
space with an orthogonal action of Γ. If

f : H ⊗̂`2(Γ)→H ⊗̂`2(Γ)

is a positive Γ-equivariant bounded operator, one defines its Γ-trace as follows. We pick a
Hilbertian basis (ei)i∈I of H and define:

traceΓ(f) :=
∑
i∈I
〈f(ei ⊗ δe), ei ⊗ δe〉 ∈ [0,+∞].

One can check that this does not depend on the choice of the basis (ei)i∈I [326, §1.1.3].
If now V is a closed Γ-invariant subspace of H ⊗̂`2(Γ), one defines dimΓV as traceΓ(pV )
where pV is the orthogonal projection onto V . One can prove that if V embeds isometri-
cally into another tensor product of the form H ′⊗̂`2(Γ) for a different Hilbert space H ′,
we obtain the same value of dimΓV . Note that this number can take any value in [0,∞].

Definition C.28 The number dimΓV is called the Von Neumann dimension of V .

To summarize: there is a well-defined notion of dimension for Hilbert spaces with
an orthogonal Γ-action, which embed as closed Γ-invariant subspace in a space of the
form (C.22).

Remark C.29 The idea behind this definition of dimension is to renormalize the usual
dimension to take into account the Γ-action. One gets for instance that dimΓ`

2(Γ) = 1.
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Consider now the space Z1(Γ, π) where π is the orthogonal representation of Γ on `2(Γ)
induced by left translations. We have seen that if S is a finite symmetric generating of Γ,
then Z1(Γ, π) embeds as a closed subspace of

`2(Γ)S .

The image is invariant by the orthogonal representation of Γ induced by right transla-
tions. Hence the orthogonal U of B1(Γ, π) in Z1(Γ, π) also identifies with a right-invariant

subspace of `2(Γ)S . Since U identifies with the group H
1
(Γ, π) we conclude that:

The space H
1
(Γ, π), endowed with the Γ action induced by right translations, embeds as a

closed Γ-invariant subspace of `2(Γ)S.

Having made this observation we can introduce the following:

Definition C.30 The first `2-Betti number of Γ is defined as dimΓH
1
(Γ, π).

One can check that this is well-defined i.e. although the Hilbert space structure we

have put on the space H
1
(Γ, π) depends on the choice of S, the resulting dimension does

not depend on S. There are many other point of views on `2-Betti numbers, for which we
refer to [110, 197, 326].

The main thing to remember for us is that the non-vanishing of the first `2-Betti

number of Γ is equivalent to the non-vanishing of the group H
1
(Γ, π) [326, Th. 1.12].

When Γ is realized as the fundamental group of a closed Riemannian manifold X, this
is also equivalent to the fact that the first reduced L2-cohomology group of the universal
cover of X is nonzero [5, 326]. This last characterization leads to Theorem C.27. For a
definition of the L2-cohomology of Riemannian manifolds, we refer to Section D.2 of the
next appendix.



APPENDIX D

Harmonic functions of finite energy

In this appendix we introduce several tools to construct harmonic functions of finite energy
on certain open Riemannian manifolds.

In Section D.1, we state a classical theorem that allows to build harmonic functions on
certain Riemanninan manifolds which have at least two ends. In Section D.2, we relate
the existence of certain harmonic functions to the non-vanishing of a certain cohomology
group with values in a unitary representation. It is interesting to note that in some
situations, the harmonic functions built via these two methods coincide. We discuss this
in Section 6.1.2, see in particular Theorem 6.8. Finally, in section D.3, we focus on the
case of Kähler manifolds and expose a classical result stating that harmonic functions of
finite energy are pluriharmonic.

The existence criteria discussed in this appendix always require the ambient Rieman-
nian manifold to satisfy a linear isoperimetric inequality. In Appendix E, we shall see
some more general criteria to build harmonic functions, not relying on a linear isoperimet-
ric inequality.

D.1 Construction of harmonic functions with prescribed be-
havior on ends

In this section, we explain how to build a nonconstant harmonic function on a Riemannian
manifold, starting from a nontrivial partition of its space of ends into two open sets. Note
that as opposed to the definition of bounded geometry given at the end of the introduction
(see Definition 1.13), many authors use a different notion of Riemannian manifolds of
bounded geometry. The interest in Definition 1.13 is that it allows to control the volume
of analytic sets and to prove compactness results for them, in the Kähler context (see e.g.

279
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Section 4.3). A standard alternative definition, which appears in many places, consists in
saying that a Riemannian manifold is of bounded geometry if it has positive injectivity
radius and if the absolute value of its sectional curvature is bounded. It is this notion that
we shall need in the next theorem.

Theorem D.1 Let (M, g) be a Riemannian manifold. Assume that (M, g) satisfies a
linear isoperimetric inequality, has positive injectivity radius and a uniform bound on the
absolute value of its sectional curvature. Let χ : Ends(M) → {−1, 1} be a continuous
function. Then there exists a unique harmonic function hχ : M → (−1, 1) which extends
χ and has finite energy: ∫

M
|∇hχ|2volg <∞.

Here volg stands for the volume form1 associated to the metric g. We follow a classical
convention and say that a function has finite energy if the norm of its gradient is square
integrable with respect to the Riemannian volume form.

Let us make a few comments about this theorem. First, when saying that hχ extends
χ, we mean that the function on M ∪ Ends(M) which is equal to hχ on M and to χ on
Ends(M) is continuous. Note also that the data of the function χ is equivalent to the data
of a partition of the space Ends(M) into two open sets. We refer to Appendix A for the
definition of the space Ends(M) and of the topology on M ∪ Ends(M).

This theorem was established independently by Kaimanovich and Woess [266] and by
Li and Tam [317]. A simple beautiful proof due to M. Ramachandran can be found in
Kapovich’s article [271]. Since the proof given there is very concise and elegant, we do
not reproduce it and refer the reader to [271]. We mention that when M is Kähler, the
function hχ is pluriharmonic. This follows from Theorem D.6, that we will discuss in
Section D.3.

In practice, the fact that M satisfies a linear isoperimetric inequality will always be
established by group theoretical means, as explained in Section C.3. The linear isoperi-
metric inequality is a key point to prove the properness of the map hχ : M → (−1, 1). Note
however that one can sometime construct proper harmonic functions on a manifold having
at least two ends even if the manifold does not satisfy a linear isoperimetric inequality.
See the discussion of the notion of stability in [141], as well as [221]. In Appendix E, we
will see how to construct harmonic functions which need not be proper.

D.2 L2-cohomology and cohomology with values in a unitary
representation

In this section we describe in group theoretical terms the first L2-cohomology group of
certain covering spaces of a closed Riemannian manifold. The main result is Theorem D.3.
Before stating and commenting it, we recall some classical facts about the L2-cohomology
of Riemannian manifolds, although we will only deal with it in degree one. The reader

1All our manifolds are oriented.
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will find more information about L2-cohomology in the references [5, 7, 98, 154]. They
can choose among these according to their taste and to the time they have at hand.

Let (M, g) be a complete oriented Riemannian manifold of dimension n. We define
Ωp

(2)(M) to be the space of measurable p-forms on M which are L2, i.e. which satisfy∫
M
|α|2volg <∞.

Here volg is the volume form on M induced by the metric g and |α| is the pointwise
L2-norm of α, defined by the identity:

α ∧ ∗α = |α|2volg,

where ∗ is the Hodge star operator. The exterior differential dα of a form α in Ωp
(2)(M)

can be defined in the sense of currents. This is the current defined on compactly supported
smooth (n− p− 1)-forms by

β 7→ (−1)p+1

∫
M
α ∧ dβ.

We then define the space of closed, square integrable p-forms by:

Zp(2)(M) = {α ∈ Ωp
(2)(M), dα = 0}.

One defines similary the set Bp
(2)(M). This is the space of exterior differentials of L2

(p − 1)-forms which belong to the space of L2 p-forms (thought of as a subspace of the
space of currents), namely:

Bp
(2)(M) = {α ∈ Ωp

(2)(M), α = dβ for some β ∈ Ωp−1
(2) (M)}.

The p-th L2-cohomology group of M is the quotient

Hp
(2)(M) := Zp(2)(M)/Bp

(2)(M).

The p-th reduced L2-cohomology group of M is defined by:

H
p
(2)(M) := Zp(2)(M)/Bp

(2)(M).

Here Bp
(2)(M) is the closure of Bp

(2)(M) with respect to the natural Hilbert space structure

of Ωp
(2)(M). Finally, we define the space H p

(2)(M) of L2 harmonic forms on M as the

subspace of Ωp
(2)(M) of elements α satisfying

dα = 0 and d∗α = 0

in the sense of currents. Since M is complete, this is equivalent to the single identity

∆α = 0,
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see for instance [224, §1.1.B] or [154, §35]. Moreover, elements of the space H p
(2)(M) are

smooth. We have the Hodge decomposition:

Ωp
(2)(M) = H p

(2)(M)⊕ dΩp−1
0 (M)⊕ d∗Ωp+1

0 (M), (D.1)

where Ωi
0(M) stands for the space of smooth compactly supported i-forms on M (see for

instance [98] or [154]). This decomposition is orthogonal and the closures above are taken
with respect to the L2 metric. Finally, the following equality holds:

Bp
(2)(M) = dΩp−1

0 (M). (D.2)

A consequence of (D.1) and (D.2) is that the natural map from the space H p
(2)(M) to

H
p
(2)(M) is an isomorphism. At last, let us mention the following:

Proposition D.2 If (M, g) satisfies a linear isoperimetric inequality, then the L2-cohomology
coincides with the reduced L2-cohomology in degree one.

Proof. The fact that M satisfies a linear isoperimetric inequality implies the existence of
a positive constant C > 0 such that∫

M
f2volg ≤ C

∫
M
|∇f |2volg (D.3)

for any smooth compactly supported function f on M . See [109] or [108, VIII.3]. By

equation (D.2), if a form α is contained in B1
(2)(M) then there exists a sequence of smooth

compactly supported functions (uk) such that duk converges to α in L2. But (D.3) implies

that (uk) must converge also in L2, hence α ∈ B1
(2)(M). We thus have B1

(2)(M) = B1
(2)(M).

This concludes the proof. 2

We now consider a closed Riemannian manifold X. We call Γ its fundamental group,
X̃ its universal cover and consider the action of Γ on X̃ by deck transformations. We also
fix a subgroup H < Γ and assume that Γ/H satisfies a linear isoperimetric inequality.
Equivalently, the unitary representation of Γ on `2(Γ/H) does not have almost invariant
vectors, or X̃/H satisfies a linear isoperimetric inequality. This follows from the results
discussed in Appendix C (see Theorem C.24).

Under these hypotheses, we have:

Theorem D.3 The spaces H1(Γ, `2(Γ/H)) and H1
(2)(X̃/H) are naturally isomorphic.

More precisely, there is an isomorphism ψ : H1(Γ, `2(Γ/H)) → H1
(2)(X̃/H) which makes

the natural diagram

H1(Γ, `2(Γ/H))
ψ //

��

H1
(2)(X̃/H)

��

H1(H) // H1(X̃/H)

(D.4)

commutative.
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Let us explain more precisely the second affirmation of the theorem. We define q0 =
1H ∈ Γ/H. If c : Γ→ `2(Γ/H) is a cocycle, one can consider the map g 7→ c(g)(q0). The
cocycle equation implies that

c(g1g2)(q0) = c(g1)(q0) + c(g2)(g−1
1 q0).

Since q0 is fixed under H the map Fc : H → R defined by:

Fc(h) = c(h)(q0)

is a homomorphism. It depends only on the cohomology class of c. Hence, this de-
fines a natural map F : H1(Γ, `2(Γ/H)) → H1(H) which is the vertical arrow appearing
on the left in (D.4). The remaining two maps are more easily defined: the vertical arrow
H1

(2)(X̃/H)→ H1(X̃/H) simply associates to a class in H1
(2)(X̃/H) the de Rham cohomol-

ogy class of its harmonic representative. The horizontal arrow is simply the identification
of the space H1(X̃/H) with the space H1(H) of homomorphisms from H to R.

The proof of this theorem was explained to me by Thomas Delzant. Note that the case
where the group H is trivial is well-known, see for instance [5, Chapter 4]. However, even
in this specific case, the proof presented here seems to be new.

Before we start, let us recall that for any 1-form β on a Riemannian manifold, either
real-valued or with values in a Hilbert space, one defines its pointwise norm as√√√√ n∑

i=1

|β(ei)|2 (D.5)

where (ei)1≤i≤n is an orthonormal frame of the tangent space under consideration. If β
is real-valued this is the same as sup|v|≤1|β(v)|. If the target space has dimension > 1
this need not be true anymore and one takes (D.5) as a definition. Let us also recall the
following classical proposition:

Proposition D.4 Let r > 0 be a lower bound for the injectivity radius of X. There exists
a constant C such that for any L2 harmonic 1-form α on X̃/H, one has:

|α(x)|2 ≤ C
∫
B(x, r

2
)
|α|2volg,

for all x in X̃/H.

We refer the reader to [178, §8] for the proof of a very similar statement, from which
one can easily derive a proof of Proposition D.4. Let us recall the statement proved by
Eells and Sampson in [178]. They establish that given a closed Riemannian manifold N
and a nonpositively curved Riemannian manifold N ′, there exists a constant C such that
for every harmonic map f : N → N ′ one has |df |2 ≤ CE(f) where E(f) is the energy of
f . In our context, we deal with harmonic 1-forms, instead of harmonic maps. But each
harmonic 1-form on X̃/H can be thought of as an equivariant harmonic function from
X̃ to R, hence one can apply the same proof as in [178]. The target is simply R, which
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makes the computations simpler. The domain is not compact but it is a covering space of
a closed manifold and the forms we consider have finite energy, which is enough to extend
the proof. For another reference, we refer the reader to [295, Th. 2.4.6].

Proof of Theorem D.3. All along the proof, we denote by p the natural projection from X̃
to X̃/H and by π the orthogonal representation of Γ on `2(Γ/H).

We pick a class α ∈ H1(Γ, `2(Γ/H)) and a cocycle c representing it. According to
Theorem C.12, there exists a unique harmonic map

fc : X̃ → `2(Γ/H)

which satisfies:

fc(γx) = fc(x) ◦ γ−1 + c(γ). (D.6)

For (x, q) ∈ X̃ × Γ/H, we will write fc(x, q) instead of fc(x)(q). Since the action of H on
Γ/H fixes q0, we have:

fc(hx, q0) = fc(x, q0) + c(h)(q0). (D.7)

Hence the differential of the function fc(·, q0) descends to X̃/H; we call αc the correspon-
ding 1-form on X̃/H.

Lemma D.5 The following equality holds:∫
X̃/H
|αc|2 =

∫
X
|dfc|2.

Proof of the lemma. We fix a measurable fundamental domain F for the action of Γ on X̃.
We also fix a transversal T ⊂ Γ for the set Γ/H. This means that T contains exactly one
element of each class from Γ/H. Note that p induces a bijection from the disjoint union⊔

t∈T
t−1F

onto X̃/H. Hence the L2 norm of αc is the same thing as the integral of the function
|dfc(·, q0)|2 on the union of the domains t−1F (t ∈ T ). Using the fact that (t−1)∗dfc(·, q0) =
dfc(·, tq0), we obtain: ∫

X̃/H
|αc|2 =

∫
∪t∈T t−1F |dfc(·, q0)|2

=
∫
F

∑
t∈T |dfc(·, tq0)|2.

The sum in the last integral is equal to |dfc|2 since the map t 7→ t · q0 is a bijection from
T to Γ/H. This gives the equality stated in the lemma. 2

We observe that adding a coboundary to the cocycle c simply results in adding a
constant to the map fc. This leaves the differential dfc unaffected. In particular the form
αc only depends on the cohomology class of c. By construction αc is harmonic and by
Lemma D.5, it is L2. Since the space H1

(2)(X̃/H) can be identified with the space of
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harmonic L2 1-forms on X̃/H (Proposition D.2), we can consider αc as an element of
H1

(2)(X̃/H). We thus define a map

ψ : H1(Γ, `2(Γ/H))→ H1
(2)(X̃/H)

by ψ([c]) = αc. This map indeed makes the diagram in (D.4) commutative.

Let us prove that the map ψ is injective. If αc = 0, then the function fc(·, q0) is
constant on X̃. Equation (D.6) then implies that fc(·, q) is constant for any q ∈ Γ/H.
Hence the map fc is constant equal to an element v ∈ `2(Γ/H). Then, equation (D.6)
becomes c(γ) = v − π(γ)(v), hence [c] = 0.

We now prove the surjectivity of ψ. As in the proof of Lemma D.5, we fix a fundamental
domain F ⊂ X̃ for the Γ-action and a transversal T ⊂ Γ for the set Γ/H. We start with
a harmonic 1-form α on X̃/H, assumed to be L2. For q = gH ∈ Γ/H we also write

αq = (g−1)∗p∗α.

This is well-defined, i.e. the right-hand side of the above equation depends only on q. For
x ∈ X̃, the norm of αq at x is equal to the norm of α at p(t−1x) if q = tH. Now applying
Proposition D.4 to α we obtain the estimate:

|αq(x)|2 ≤ C
∫
B(p(t−1x), r

2
)
|α|2 (D.8)

for all x ∈ X̃. When t varies in T , the balls

B(p(t−1x),
r

2
)

are disjoint in X̃/H. Hence we obtain:∑
q∈Γ/H

|αq(x)|2 ≤ C
∑
t∈T

∫
B(t−1x, r

2
)
|α|2, (D.9)

and ultimately: ∑
q∈Γ/H

|αq(x)|2 ≤ C
∫
X̃/H
|α|2. (D.10)

Let us call β the 1-form on X̃, with values in `2(Γ/H), whose “coordinates” are the αq’s.
Equation (D.10) tells us that β is well-defined and continuous in the sense that β(X) is a
continuous map into `2(Γ/H) for any continuous vector field X. Indeed β is the uniform
limit of the smooth forms ∑

q∈A
αqδq (D.11)

where A runs over finite subets of Γ/H and δq is the characteristic function of q. Bet-
ter, since being harmonic is a C0-closed property, and since each of the forms appearing
in (D.11) is harmonic, β is smooth and harmonic. Actually each form αq satisfies dαq = 0
and d∗αq = 0. This is because the form α satisfies so, being an L2-harmonic form on a
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complete manifold. Hence the smooth forms in (D.11) are also d and d∗-closed and the
same holds for β. We now write β = df for some smooth function f : X̃ → `2(Γ/H). The
form β satisfies

γ∗β = π(γ)(β) (D.12)

for any γ ∈ Γ. This implies that for each γ, there exists a constant c(γ) ∈ `2(Γ/H) such
that:

f ◦ γ = π(γ)(f) + c(γ).

The map c is a cocycle, and f is harmonic and equivariant for the corresponding affine
action. The original form α can be recovered from f as follows. One considers the real-
valued function f(·)(q0). Its differential descends to X̃/H and coincides with α. This
simply says that ψ([c]) = α. This concludes our proof of Theorem D.3. 2

D.3 Pluriharmonicity for finite energy functions

The purpose of this section is to prove the following theorem.

Theorem D.6 Let (X,ω) be a complete Kähler manifold of complex dimension n ≥ 2.
Let p ∈M be a basepoint and u : X → R be a harmonic function. Assume that there exists
a sequence of positive real numbers Rm going to ∞ such that:∫

B(p,Rm)
|∇u|2ωn = o(R2

m).

Then u is pluriharmonic. In particular, a harmonic function of finite energy on X is
pluriharmonic.

In the theorem above and in what follows, if a Riemannian manifold has been fixed, we
denote by d(·, ·) the associated distance and by B(q, r) the closed ball of radius r centered
at a point q.

Theorem D.6 is well-known, see for instance Lemma 3.1 in [315]. See also [224, §1.1.A]
for very similar arguments. Before turning to its proof, we state two classical propositions
that we shall need. The first proposition explains how to build smooth cut-off functions
with controled differential and support, on a complete Riemannian manifold.

Proposition D.7 Let (M, g) be a complete Riemannian manifold. Let p ∈ M be a base
point and let Rm be a sequence of positive real numbers going to ∞. Then there exists a
sequence of smooth function am : M → [0, 1] and a constant C ≥ 0 such that for m large
enough we have:

• am equals 1 on B(p, Rm2 ),

• am has support contained in B(p,Rm),

• the norm of the differential of am is everywhere bounded by C
Rm

.
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Proof of Proposition D.7. We will use Proposition 2.1 from [215] which says that for any
constant B > 0, the set of smooth functions on M whose differential has norm smaller
than B everywhere is dense for the C0 fine topology in the space of continuous locally
lipschitz functions whose local lipschitz constant are everywhere smaller than B. We take
B = 1 + 1

100 . This implies that there exists a smooth function f : M → R such that df
has norm smaller than B everywhere and

|f(x)− d(x, p)| < max{d(x, p)

100
,

1

100
}

for every x ∈ M . We now fix once and for all a smooth function χ : R → R+ such that
the support of χ is contained in ]−∞, 99

101 ] and such that χ is equal to 1 on ]−∞, 1
2 ]. Let

am : M → R be the function defined by:

am(x) = χ

(
f(x)

B ·Rm

)
for x ∈M . The third point of the proposition is satisfied with

C = sup
t∈R
|χ′(t)|.

Let us check the first two points. We assume that m is large enough so that Rm ≥ 2. If
x ∈M is such that d(x, p) ≤ Rm

2 we have:

f(x) ≤ d(x, p) + max{d(x, p)

100
,

1

100
} ≤ Rm

2
(1 +

1

100
) =

B ·Rm
2

.

This implies that am(x) = 1 so that the first property is satisfied. Now if x ∈M is a point
such that am(x) is nonzero, we must have f(x) ≤ 99

101B ·Rm. Hence we have:

d(x, p) ≤ 99

101
B ·Rm + max{d(x, p)

100
,

1

100
} =

99

100
Rm + max{d(x, p)

100
,

1

100
}.

This implies d(x, p) ≤ Rm and the support of am is contained in B(p,Rm). This concludes
the proof. 2

The second proposition we need is a linear algebra statement.

Proposition D.8 Let (V, h0) be a Hermitian vector space of complex dimension n ≥ 2
and let ω0 = −Im(h0). Let α : V × V → R be a bilinear alternating form of type (1, 1).
We assume that α is primitive i.e. that α ∧ ωn−1

0 = 0. then:

|α|2ω
n
0

n!
=

−1

(n− 2)!
α ∧ α ∧ ωn−2

0 . (D.13)

Proof of Proposition D.8. This is a classical fact from Hodge theory. We first recall that
the norm of α is defined by the identity:

α ∧ ∗α = |α|2ω
n
0

n!
.
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Now if α is primitive, one has ∗α = −1
(n−2)!α ∧ ω

n−2
0 , see [447, §6.3.1]. This immediately

gives Equation (D.13). 2

We can now turn to the proof of the main theorem of this section.

Proof of Theorem D.6. The fact that the function u is harmonic is equivalent to the
equation:

∂∂u ∧ ωn−1 = 0. (D.14)

See Proposition 9.13 or [93, §14.2] for this. Appplying Proposition D.8 pointwise with
α = ∂∂u, we obtain that:

∂∂u ∧ ∂∂u ∧ ωn−2 = −(n− 2)!|∂∂u|2ω
n

n!
. (D.15)

In particular, the form ∂∂u ∧ ∂∂u ∧ ωn−2 vanishes if and only if ∂∂u = 0, that is to say
if and only if u is pluriharmonic. Hence, to prove the theorem it is enough to prove that
the integral

−
∫
X
∂∂u ∧ ∂∂u ∧ ωn−2 ∈ [0,+∞]

is equal to zero. To do this, we let p and (Rm) be as in the statement of the theorem and
consider a constant C and a sequence (am) of functions having the properties described
in Proposition D.7. We consider the (2n− 1)-forms

βm = a2
m∂u ∧ ∂∂u ∧ ωn−2.

They have compact support so that Stokes’ theorem gives:∫
X
dβm = 0.

Hence ∫
X
a2
m∂∂u ∧ ∂∂u ∧ ωn−2 = 2

∫
X
amdam ∧ ∂u ∧ ∂∂u ∧ ωn−2.

Using Equation (D.15), this yields:

(n− 2)!

n!

∫
X
a2
m|∂∂u|2ωn = −2

∫
X
amdam ∧ ∂u ∧ ∂∂u ∧ ωn−2.

The absolute value of the integrand on the right-hand side is less or equal than

D

Rm
am|du| · |∂∂u|ωn,

for some constant D. Note also that we can restrict the domains of the integrals above to
B(p,Rm) since this ball contains the support of am. By the Cauchy-Schwarz inequality,
we thus have:

(n− 2)!

n!

∫
B(p,Rm)

a2
m|∂∂u|2ωn ≤

D

Rm

(∫
B(p,Rm)

|du|2ωn
) 1

2
(∫

B(p,Rm)
a2
m|∂∂u|2ωn

) 1
2

.
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By taking squares, this implies the inequality:∫
B(p,Rm)

a2
m|∂∂u|2ωn ≤

n!2D2

(n− 2)!2R2
m

∫
B(p,Rm)

|du|2ωn.

Since the left-hand side is greater or equal to∫
B(p,Rm

2
)
|∂∂u|2ωn

and the right-hand side converges to 0, this implies that the integral∫
X
|∂∂u|2ωn

is actually equal to 0 and concludes the proof. 2

Remark D.9 If Y is a compact Kähler manifold, the arguments in the proof above give
back the fact that every harmonic 1-form on Y is the real part of a holomorphic form.
Indeed if one considers a harmonic 1-form θ on Y , the lift θ̃ of θ to the universal cover
Ỹ of Y admits a primitive f : Ỹ → R. The function f is harmonic and one can carry
the argument of the proof above observing that the forms ∂f and ∂∂f descend to Y , hence
one can integrate and apply Stokes’ formula on Y . There is no need to use the sequence
of functions (am).

Finally, we mention the following theorem, implicit in L2 Hodge theory on Kähler
manifolds.

Theorem D.10 Let X be a complete Kähler manifold. Then any L2 holomorphic form
is harmonic. Conversely, for any integer p, any L2 harmonic form of type (p, 0) is holo-
morphic.

Proof. By the usual Kähler identities, the Laplacians associated to the operators d and ∂
are proportional [447, §6.1.2]. We write

∆ = dd∗ + d∗d = 2(∂∂
∗

+ ∂
∗
∂). (D.16)

On (p, 0) forms we have ∆ = 2∂
∗
∂. Hence holomorphic forms are harmonic. This proves

the first assertion. To establish the second one, we make the following observation. As
noticed in Section D.2, an L2 form α satisfying ∆α = 0 must also satisfy dα = d∗α = 0.
This is proved using some cut-off functions such as the ones provided by Proposition D.7,
see e.g. [224, 1.1.B]. Because of (D.16), the very same argument yields that L2 harmonic
forms are also annihilated by the operators ∂ and ∂

∗
. When applied to (p, 0) forms, this

fact yields the second assertion of the proposition. 2
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APPENDIX E

Potential theory

In this appendix, we explain how to construct harmonic functions with prescribed behavior
along the ends of a complete Riemannian manifold M , in more general situations than in
Appendix D. The meaning of “prescribed behavior” should be made precise here, since
the functions we construct do not extend continuously to M ∪ Ends(M) in general.

We introduce the classical notions of hyperbolicity and parabolicity for complete Rie-
mannian manifolds, and the corresponding notions for ends of such manifolds. Roughly
speaking, if a complete Riemannian manifold has at least two ends, we will be able to
build nontrivial harmonic functions on it. When all ends are hyperbolic, we build har-
monic functions which are bounded and which converge to 0 or 1 along certain specific
sequences going to infinity (which depend only on the geometry of the ends and not on
the particular harmonic function we build). Conversely, for each parabolic end, if any, we
build a harmonic function which is proper along that end (it converges to infinity).

The appendix is organized as follows. We define in Section E.1 the notions of hyper-
bolicity and parabolicity. Note that there are many characterizations of these notions.
We give here a very brief treatment, adapted to our needs. In Section E.2, we explain
how to build harmonic functions with prescribed behavior at infinity on manifolds with
at least two ends, all assumed to be hyperbolic. Finally, in Section E.3, we treat the case
of manifolds having at least one parabolic end.

For further reading concerning the topics of this appendix, we refer the reader to [141,
350] for a discussion in the context of Kähler groups or more generally open Kähler man-
ifolds and to [221, 316] for a general discussion in the Riemannian context.

291



292 APPENDIX E. POTENTIAL THEORY

E.1 Hyperbolic and parabolic Riemannian manifolds

Let (M, g) be a complete noncompact Riemannian manifold. We shall use the following
terminology:

Definition E.1 A compact domain is a compact subset of M with smooth boundary, which
is the closure of its interior.

Let (Ki)i≥0 be a sequence of compact domains such that

Ki ⊂ Int(Ki+1)

and
M =

⋃
i≥0

Ki.

Let i ∈ N∗ and let ui be the continuous function on Ki − Int(K0), which is harmonic on
the interior of this compact set and such that{

ui = 1 on ∂Ki,
ui = 0 on ∂K0.

By the maximum principle, we have 0 ≤ ui+1 ≤ 1 on Ki+1 − Int(K0). In particular
ui− ui+1 is nonnegative on ∂Ki ∪ ∂K0. Applying again the maximum principle, this time
to ui − ui+1, gives:

ui+1 ≤ ui
on Ki − Int(K0). Hence the sequence (ui)i≥1 converges pointwise to a function

uK0 : M − Int(K0)→ [0, 1).

The Harnack principle implies that the convergence is uniform on compact subsets of
M − Int(K0) (see [350, p.814]); the limit function is harmonic on M −K0. It is easy to
see that once K0 is fixed, the limit does not depend on the choice of the sequence (Ki)i≥1.
Moreover, we have the following:

Lemma E.2 Assume that E is a connected component of M −K0 on which uK0 is not
identically zero. Then, limsup

x∈E,x→∞
uK0(x) = 1.

For clarity, let us recall that the limsup above is defined as

limsup
x∈E,x→∞

uK0(x) = inf
L

sup
E−L

uK0 ,

where L runs over compact subsets of M . The statement of the lemma is thus equivalent
to the fact that sup

E−L
uK0 is equal to 1 for each compact set L ⊂M .

Proof of Lemma E.2. We will prove that

sup
E
uK0 = 1.
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The maximum principle then automatically implies the stronger statement that

limsup
x∈E,x→∞

uK0(x) = 1.

We assume by contradiction that the supremum of uK0 on E, denoted by cE , is smaller
than 1. We then consider the function

gi := ui −
cE + 1

2cE
uK0 ,

defined on Ki − Int(K0). The function gi is greater or equal to 1−cE
2 ≥ 0 on ∂Ki and

equal to 0 on ∂K0. Since gi is harmonic, the minimum principle implies that gi ≥ 0 on
Ki − Int(K0). We now fix a point p of E such that uK0(p) > 0. We then have

lim
i→∞

gi(p) =
cE − 1

2cE
uK0(p) < 0.

This is a contradiction since gi(p) ≥ 0. This shows that cE is equal to 1 and concludes the
proof. 2

Of course the function uK0 can be equal to 0, as shown by the following elementary
example.

Example E.3 Consider the plane R2 ' C endowed with the Euclidean metric. Let Ki be
the disk of radius i + 1 centered at the origin in C. Using complex coordinates, one sees
that

ui(z) =
log |z|

log(i+ 1)
.

One indeed has ui(z)→ 0 has i→ +∞, for each z ∈ C with |z| ≥ 1.

The next proposition shows that the vanishing of uK0 is a property of the manifold M
only, which is independent of K0.

Proposition E.4 The function uK0 is not identically zero if and only if there exists a
continuous function f : M → R∗+ which is nonconstant, superharmonic and reaches its
infimum at infinity.

Here we have used the following definition.

Definition E.5 We say that a continuous function f : M → R reaches its infimum at
infinity if for every compact subset with smooth boundary K ⊂M we have:

inf
M−Int(K)

f < inf
K
f. (E.1)

Note that if f : M → R is continuous and if Equation (E.1) is satisfied for a compact
set K, then it is also satisfied for all compact sets L contained in K. Hence, f reaches its
infimum at infinity if and only if (E.1) is satisfied for the compact sets in a given exhaustion
of M . Before turning to the proof of Proposition E.4, we also recall the following:
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Definition E.6 A continuous function h : M → R is superharmonic if for any compact
domain D ⊂ M , and for any continuous function ϕ : D → M which is harmonic on the
interior of D and such that ϕ ≤ h on ∂D, we have ϕ ≤ h on all of D.

Proof of Proposition E.4. If the function uK0 is not identically 0, the function f = 1−uK0 ,
extended by 1 on K0, is continuous, positive, superharmonic and nonconstant. Moreover,
according to Lemma E.2, there exists a sequence (xn)n≥0 of points going to infinity such
that uK0(xn) converges to 1 as n goes to infinity. This implies that f = 1−uK0 reaches its
infimum at infinity. Conversely, let f : M → R∗+ be as in the statement of the proposition.
Let ai := inf

Ki
f . The sequence (ai)i≥0 is nonincreasing and satisfies ai < a0 for i large

enough since f reaches its infimum at infinity. We assume from now on that i is large
enough so that this inequality holds. The function

f − a0

a0 − ai
+ ui

is nonnegative on the boundary of Ki − Int(K0). It is superharmonic, hence by the
minimum principle it must be nonnegative on all of Ki − Int(K0), i.e. we have:

ui ≥
a0 − f
a0 − ai

on Ki − Int(K0). (E.2)

By taking the limit as i goes to infinity we obtain:

uK0 ≥
a0 − f
a0 − a∞

,

where a∞ is the limit of the sequence (ai)i≥0. Because f reaches its infimum at infinity,
the function a0−f

a0−a∞ must take a positive value at some point of M − Int(K0). Hence uK0

is not identically zero. This concludes the proof. 2

We now fix a (non-empty) compact domain K ⊂M .

Definition E.7 We say that M is hyperbolic if the function uK is not identically zero.
Otherwise we say that M is parabolic.

According to Proposition E.4, this property is indeed independent on the choice of the
compact set K. Hence it depends on M only. There are many equivalent definitions of
the hyperbolicity of a Riemannian manifold, see for instance [350]. The most common one
is may be the definition in terms of the existence of a Green function. We now recall the
definition of such a function.

A Green function on M is a function G : M ×M → (0,+∞] such that:

1. G(x, y) = G(y, x) for all x, y ∈M ,

2. G takes the value +∞ on the diagonal and only on the diagonal,

3. G is continuous on M ×M and C∞ on M ×M minus the diagonal,



E.1. HYPERBOLIC AND PARABOLIC RIEMANNIAN MANIFOLDS 295

4. for every point x0 ∈ M the function Gx0 := G(·, x0) : M → (0,+∞] is locally
integrable on M and satisfies (in the sense of currents) ∆Gx0 = −δx0 ,

5. for all point x0 in M , if v is a harmonic function on M such that 0 ≤ v ≤ Gx0 , we
have v = 0.

We refer the reader to [21, Ch. 4] and [316, Ch. 17] for basic facts about Green
functions. A Green function always exists if the manifold under consideration is closed or
compact with boundary (with a suitable definition; the one above being tailor-made for
open manifolds). In the open case however, a Green function need not exist. Its existence
is characterized as follows.

Theorem E.8 An open Riemannian manifold is hyperbolic if and only if it has a Green
function.

We warn the reader that in [316], Li also considers Green functions on parabolic man-
ifolds. His definition however is less restrictive: his Green functions need not be positive,
hence parabolic manifolds can also admit Green functions in Li’s sense. In this appendix
however, we only use the definition given above.

Proof of Theorem E.8. We first assume that G is a Green function for the Riemannian
manifold M and choose a point x0 ∈M . Let C > 0 be a constant and let f : M → R∗+ be
the function defined by:

f(x) := min(C,Gx0(x))

for x ∈ M . The function f is continuous, positive and superharmonic. If C is large
enough, the function f is not constant. Finally, by considering the constant function
v = inf

M
G(·, x0), we see that the fifth point in the definiton of a Green function implies

that
inf
M
G(·, x0) = 0.

This implies that f reaches its infimum at infinity. Hence, Proposition E.4 implies that
M is hyperbolic. For the converse implication, we refer the reader to [316, Ch. 17]. 2

We now define the notion of hyperbolicity or parabolicity of an end of a Riemannian
manifold M . Note that we are abusing notation here and use the word end to mean a
connected component of the complement of a compact set in M , rather than an element
of Ends(M). We will keep doing this abuse of notation all along this appendix. So let
M be a complete Riemannian manifold, K a compact domain in M and E a connected
component of M −K. We have defined earlier the function

uK : M − Int(K)→ [0, 1).

Definition E.9 We denote by uE the restriction of uK to E. We say that E is hyperbolic
if uE is nonzero and parabolic otherwise.

Of course, we could have defined uE directly, without referring to all of M − K, by
taking an exhaustion of E, by defining harmonic functions (ui)i≥1 on some relatively
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compact domains of E and taking their limit, as in the construction of uK . This would
not have changed the definition.

One can rephrase Definition E.9 in terms of the notion of capacity.

Definition E.10 The capacity of E is defined as:

cap(E) := inf
u

∫
E
|∇u|2

where the infimum is taken over all smooth functions M → [0, 1] whih are equal to 0 on
M − E and are constant equal to 1 outside a compact subset of E.

The reader will prove easily the following proposition (see e.g. [141, 3.6] for a proof of
one implication).

Proposition E.11 An end E is hyperbolic if and only if cap(E) > 0.

When E is hyperbolic, we also introduce the following definition.

Definition E.12 A sequence (xn)n≥0 of points of E is a regular sequence if uE(xn) con-
verges to 1 as n goes to infinity.

Of course for (xn)n≥0 to be regular, one needs the sequence to go to infinity. Note that
regular sequences exist thanks to Lemma E.2.

Before stating the final proposition of this section, we introduce a last piece of vocab-
ulary. Let M be a complete Riemannian manifold and K ⊂M be a compact domain.

Definition E.13 Following [350], the function uK : M−Int(K)→ [0, 1) constructed above
is called the harmonic measure of the ideal boundary of M with respect to M − Int(K),
or, for short, harmonic measure with respect to M − Int(K).

The function 1−uK on the other hand is an instance of what is called a barrier function,
see [316, p.242].

Proposition E.14 Let M be a Riemannian manifold and K be a compact domain. Let
uK : M − Int(K)→ [0, 1) be the harmonic measure with respect to M − Int(K). Then uK
has finite energy: ∫

M−Int(K)
|∇uK |2 <∞.

In the proof below and in the rest of this appendix, as well as in the next one, we shall
use the following convention. If f is a function defined on a Riemannian manifold M and
if Z ⊂ M is a smooth hypersurface, the function ∂f

∂n on Z is defined as the evaluation of
the differential of f on the unit vector field orthogonal to Z, which is well-defined up to a
sign. As for the sign convention, in most cases we assume that the unit normal has been
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picked so that the following formula holds. If f is a harmonic function on M and if D is
a compact domain with smooth boundary, we should have:∫

D
|∇f |2 =

∫
∂D

f
∂f

∂n
, (E.3)

i.e. the unit normal is taken pointing outside of D. On other occasions, the convention
used to define ∂f

∂n will be made explicit or will be irrelevant (for instance when considering
the vanishing of certain fluxes).

Proof of Proposition E.14. We keep the notation (ui)i≥1 and (Ki)i≥0 from the beginning
of this section, with the convention that K0 = K. We use the fact that uK is smooth up
to the boundary and that the convergence of the sequence of functions (ui)i≥1, as well as
their partial derivatives, is uniform on compact subsets of M − Int(K). We follow [350,
p.815]. Let 0 < i < ` be some integers. We have:∫

Ki−K
|∇u`|2 ≤

∫
K`−K

|∇u`|2 =

∫
∂K`

u`
∂u`
∂n

. (E.4)

We have used above Equation (E.3) and the fact that u` vanishes on the boundary of
K0 = K. Since u` = 1 on the boundary of K`, we have:∫

∂K`

u`
∂u`
∂n

=

∫
∂K`

∂u`
∂n

=

∫
∂K

∂u`
∂n

. (E.5)

In the last two integrals above, the unit normal used to define ∂u`
∂n is taken pointing outside

K` in the first case and pointing outside K in the second case. Putting together (E.4)
and (E.5) we have: ∫

Ki−K
|∇u`|2 ≤

∫
∂K

∂u`
∂n

.

We then let ` converge to infinity first and then i converge to infinity. This yields:∫
M−K

|∇uK |2 ≤
∫
∂K

∂uK
∂n

.

This gives the desired conclusion. 2

E.2 Harmonic functions on Riemannian manifolds all of whose
ends are hyperbolic

In this section and the following, we construct some harmonic functions on Riemannian
manifolds admitting a nontrivial end decomposition. We refer the reader to [316, Ch. 21]
for an introduction to this topic. We shall actually refer to [316] for the proofs of certain
intermediate results that we shall use. The main objective of this section is to prove the
following theorem, due to Napier and Ramachandran [350].



298 APPENDIX E. POTENTIAL THEORY

Theorem E.15 Let M be a complete Riemannian manifold, and let K ⊂M be a compact
domain. We denote by E1, . . . , Er the connected components of M −K, all assumed to be
noncompact and hyperbolic. We further assume that r ≥ 2. Then, for each i ∈ {1, . . . , r}
there exists a harmonic function hi : M → R such that:

1. the energy of hi is finite,

2. if (xm)m≥0 is a regular sequence of points of Ej, then hi(xm) converges to δji,

3. If in addition M is Kähler, then hi is pluriharmonic.

To prove Theorem E.15, we shall use the following theorem.

Theorem E.16 Let M be a hyperbolic and complete Riemannian manifold, let K be a
compact domain of M and let p ∈ Int(K). Let g : M − K → R be a harmonic function
which is smooth up to the boundary. Then there exists a constant C > 0 and a harmonic
function

h : M → R

such that:

1. |h(x)− g(x)| ≤ CG(x, p) for all x ∈M − Int(K) (where G is the Green function of
M),

2. g − h has finite energy on M −K.

This is Theorem 21.1 in [316]. Returning to the statement of Theorem E.15, we observe
that under the hypotheses of that theorem, M must be hyperbolic (indeed for this one
needs only one end to be hyperbolic). We thus denote by G the Green function of M . We
will also need the following:

Lemma E.17 We keep the notations from Theorem E.15. Let p ∈ Int(K). Then there
exists a constant D ≥ 0 such that G(p, x) ≤ D(1− uK(x)) for x ∈M − Int(K).

Proof. We pick an exhaustion (Ki)i≥0 of M by compact domains, with K = K0. We
consider the Green functions Gi of the domain Ki. We have not defined the notion of
Green function for a manifold with boundary but refer to [21] or [316] for that. The
sequence

si := sup
y∈∂K

Gi(p, y)

is then nondecreasing and bounded above (see [316, p.197] or [350, p. 813]). Let s∞ =
lim
i→∞

si. Since Gi(p, y) = 0 for y ∈ ∂Ki, an application of the maximum principle yields:

1

si
Gi(p, y) ≤ 1− uK(y) (E.6)

for y ∈ Ki − Int(K). For y ∈M − Int(K), we have

G(p, y) = lim
i→∞

Gi(p, y)
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(see [316, p. 198]) and (E.6) yields:

G(p, y) ≤ s∞(1− uK(y))

for y ∈M − Int(K). This is the desired inequality with D = s∞. 2

We now turn to the proof of Theorem E.15.

Proof of Theorem E.15. We fix an integer i. We consider the function g : M − K → R
which is constant equal to 1 on Ei and constant equal to 0 on Ej for j 6= i. Let hi : M → R
be the harmonic function and C be the constant provided by Theorem E.16 applied to the
function g. The last point of Theorem E.16 implies that hi has finite energy on M −K
(since d(hi− g) = dhi there). Since K is compact this implies that hi has finite energy on
M . If M is Kähler, hi is pluriharmonic according to Theorem D.6.

To conclude the proof, we must establish the second property stated in Theorem E.15.
But according to Theorem E.16 and Lemma E.17, we have for x ∈ Ej :

|hi(x)− δij | ≤ CD(1− uK(x)).

If (xn)n≥0 is a regular sequence in Ej , we have by definition that 1− uK(xn) converges to
0 as n goes to infinity. Hence

lim
n→∞

hi(xn) = δij .

This concludes the proof of the theorem. 2

E.3 The parabolic case

In this section, we prove an analogue of Theorem E.15 in the presence of parabolic ends.
In this case we have to make stronger assumptions on the geometry of the manifold. To
simplify, we will assume that it covers a closed manifold, although one could state more
general versions of the theorem; see [350]. So we will prove:

Theorem E.18 Let M be a covering space of a closed Riemannian manifold, and let K
be a compact domain of M . Fix a base point p ∈ Int(K). We denote by E1, . . . , Er the
connected components of M −K, all assumed to be noncompact. We further assume that
r ≥ 2. If E1 is parabolic, there exists a harmonic function h : M → R such that:

1. h(x)→ +∞ as x goes to infinity in E1,

2.
∫
B(p,R) |∇h|

2 = O(R) as R goes to infinity,

3. if in addition M is Kähler, then h is pluriharmonic.

Theorem E.18, like Theorem E.15, is due to Napier and Ramachandran [350]. Similar
results (in the Riemannian case) also appear in the work of Li and Tam [317], see also the
book [316] for a more recent exposition (see Theorem 21.3 and 21.4 there). However, in
the presence of parabolic ends, there is one difference between our exposition (which fol-
lows [350]) and [316, 317]. In Theorem E.18, we prove that the function h tends to infinity
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in E1, whereas the functions built in [316, Ch. 21] are only known to go to ±∞ along a
subsequence in a parabolic end. This difference relies on the use of a theorem of Nakai, that
we shall expose in Appendix F. This argument is due to Napier and Ramachandran [350].

Note also that we only make use of Theorem E.18 in Chapter 7, in the following way.
Given an infinite covering space of a closed Kähler manifold with a parabolic end, we will
“cut” this end to obtain a hyperbolic one. To cut this end while respecting the complex
geometry of the manifold, we will use a pluriharmonic exhaustion function (and will cut
the end along a level set of such a function). We thus need to know that we have a
pluriharmonic function which is an exhaustion when restricted to a certain parabolic end.
Nakai’s theorem, discussed in the next appendix, allows to build a harmonic exhaustion
which is defined only along the end and is not known to be pluriharmonic. Theorem E.18
allows to replace Nakai’s function by one which is defined on all of M and whose energy
is growing slowly enough. This function must then be plurisubharmonic by the general
principle described in Section D.3 (Theorem D.6).

As an ingredient in our proof, we will make use of the following theorem (this corre-
sponds to Theorem 21.2 in [316]).

Theorem E.19 Let M be a parabolic complete Riemannian manifold. Let K be a compact
domain of M . Let g : M − Int(K)→ R be a harmonic function which is smooth up to the
boundary. Assume that the flux of g along the boundary of K is zero:∫

∂K

∂g

∂n
= 0.

Then there exists a harmonic function h : M → R such that g − h is both bounded and of
finite energy on M − Int(K) .

Remark E.20 Theorem E.19 still holds without the assumption that M is parabolic, see
Theorem 1.7 in [350]. However, we will only use it in the parabolic case.

Proof of Theorem E.18. We start with the following observation: under the present
hypotheses, the manifold M is parabolic if and only if all ends E1, . . . , Er are parabolic.
Indeed the fonction uK : M −K → R vanishes if and only if it vanishes on each Ej . The
vanishing of uK on Ej is equivalent to the parabolicity of Ej .

By Nakai’s Theorem F.1, we know that for each end Ej which is parabolic, one can
find a harmonic function

hj : Ej → R

which is equal to 0 on the boundary of Ej and which converges to +∞ at ∞. We observe
that the flux ∫

∂Ej

∂hj
∂n

(E.7)

is positive, where
∂hj
∂n is defined by evaluating dhj on a unit vector orthogonal to ∂Ej and

pointing inside Ej . Indeed, by Stokes theorem the quantity in (E.7) is equal to∫
{hj=c}

∂hj
∂n

(E.8)
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for any regular value1 c > 0 of hj . But if c is a regular value, the integrand in (E.8) is
pointwise positive, hence the integral is positive.

We now construct a function g : M −K → R in the following way:

1. if M is hyperbolic, one defines g = h1 on E1 and g = 0 on E2 ∪ · · · ∪ Er,

2. if M is parabolic, one defines g = h1 on E1, g = −th2 on E2 and g = 0 on E3∪· · ·∪Er
where

t =

∫
∂Ej

∂h1
∂n∫

∂E2

∂h2
∂n

.

The flux of g on the boundary of K is zero in the second case, by our choice of t. We now
apply Theorem E.16 if M is hyperbolic and Theorem E.19 if M is parabolic. This gives a
harmonic function h : M → R such that g−h is bounded on M−K. Indeed in the parabolic
case this is part of Theorem E.19 and in the hyperbolic case, this follows from the bound
on the Green function from Lemma E.17, together with the inequality |h− g| ≤ CG(·, p).
The fact that g − h is bounded on M −K in turn implies that h converges to infinity at
infinity in E1, as g does. This proves the first claim of the theorem.

To estimate the energy of the harmonic function h, the key point is to prove that the
gradient of h must be bounded. We admit this for a moment. Let D = sup

M
|∇h| and R be

a positive constant. The ball B(p,R) is contained in h−1([h(p) − DR,h(p) + DR]). We
choose regular values a, b for h such that a < h(p) − DR and h(p) + DR < b. We then
have: ∫

B(p,R)
|∇h|2 ≤

∫
h−1([h(p)−DR,h(p)+DR])

|∇h|2

≤
∫
h−1([a,b])

|∇h|2

=

∫
∂h−1([a,b])

h
∂h

∂n

= (b− a)

∫
h−1(a)

∂h

∂n
.

We are slightly abusing notation here: in the penultimate equality, the normal vector
used to define ∂h

∂n is taken pointing outside of h−1([a, b]) whereas in the last equality it

is taken in such a way that ∂h
∂n > 0. With this last convention, we have used here that∫

h−1(a)
∂h
∂n =

∫
h−1(b)

∂h
∂n . This quantity is a constant independent of the regular value. We

denote it by L. By letting a and b converge to h(p)−DR and h(p) +DR respectively we
obtain: ∫

B(p,R)
|∇h|2 ≤ 2DRL = o(R2).

1This follows from the fact that the closed form ∗dh restricted to a regular level of h coincides with ∂h
∂n

times the volume form of the induced metric on that level set.
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This proves the second point of the theorem. So we now return to the proof of the fact
that the gradient of h is bounded. In the hyperbolic (resp. parabolic) case, h is bounded
on E2 ∪ · · · ∪ Er (resp. E3 ∪ · · · ∪ Er) since the function g was zero there. The fact that
M covers a compact manifold together with the Harnack inequality [316, Ch. 6] imply
that h has bounded gradient on this region. We must control the gradient of h on E1 in
the hyperbolic case and on E1 ∪ E2 in the parabolic case. The fact that the gradient of
h is bounded there then follows from a theorem due to Sullivan [427, Th. 1]. See also
Theorem 2.1 in [350]. This concludes the proof of the second point of Theorem E.18.

Finally the fact that h is pluriharmonic in the Kähler case follows from our estimate
on the energy, together with Theorem D.6. 2

Remark E.21 Of course, one can perform slightly more general constructions of har-
monic functions than the one presented here and in Section E.2. For instance, in the
context of Theorem E.18, if all the Ej’s are parabolic, the same construction gives the fol-
lowing: for every choice of b1, . . . , br ∈ {±∞} not all equal, one can build a pluriharmonic
function h : M → R such that h(x) converges to bj as x ∈ Ej converges to ∞. We refer
the reader to Theorem 2.6 in [350] for more details.

Remark E.22 In Theorem E.18, the fact that M covers a closed manifold is only used to
prove that the gradient of h is bounded and then to establish the second and third point of
the theorem. The existence of a function h satisfying the first point of the theorem holds
if M is only assumed to be complete, with a suitable end decomposition.



APPENDIX F

Nakai’s theorem

In this appendix, we give a survey of Nakai’s construction of harmonic exhaustion functions
for parabolic ends of Riemannian manifolds.

Let M be a Riemannian manifold and let K be a compact domain of M (see Defini-
tion E.1). Let E be an unbounded connected component of M − K which is parabolic.
Nakai proved in [348] the following theorem.

Theorem F.1 There exists a continuous function

u : E → R+

such that u = 0 on ∂E, u is harmonic on E and u(x)→ +∞ as x goes to infinity in E.

Of course, if a function u as in Theorem F.1 exists, E must be parabolic. This follows
from the definition of parabolicity (Definition E.9) by considering the exhaustion

Ki = {u ≤ ci}

of E, and the sequence of functions ui = u
ci

, where (ci)i≥1 is an increasing sequence of
regular values of u going to infinity.

As explained in Appendix E, combining Theorem F.1 with other results, one can build
(under certain hypotheses) harmonic functions defined on all of M and which are proper
along E.

Theorem F.1 appears to be not so well-known! For instance, it is not discussed in [316,
317], although these references discuss the construction of harmonic functions on complete
Riemannian manifolds in the presence of parabolic ends. Its proof can be found in the
original article [348] and in [347] or [365, Ch. IV] (see p. 113) in the case of Riemann
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surfaces. A discussion in the Riemann surface case can also be found in [349, V.13.A]. In
the appendix to [349], the authors explain that the statement can be generalized to the
Riemannian case in any dimension but no proof is given.

In this appendix, we shall give a sketch of proof of Theorem F.1. We sometime refer
to the original article to avoid a lengthy appendix and sometime refer to [349, 365] for
certain arguments which are identical in the Riemann surface case and in the general
case and which present no difficulty. We hope that this appendix will help the reader to
go through [348] when she (he) is in need for more details. I would also like to thank
M. Ramachandran who provided me with a preprint version of [350] which contains a
detailed exposition of Nakai’s theorem. This was fundamental for my understanding of
this topic and I sometimes follow closely the exposition given in this early version of [350].
One can also mention the master thesis [442], in italian1, and the last arXiv version of the
article [354], which contains some more details compared to the published version. These
last two references contain basically the same material as this appendix, with more precise
discussions.

The appendix in organized as follows. In Section F.1, we check that E, considered as
an open Riemannian manifold, is hyperbolic. We then state an extension theorem for its
Green function. This relies on the classical Stone–Čech compactification of a topological
space. In Section F.2, we recall some notions from potential theory such as the transfinite
diameter, and the Techbycheff constant. They are classical in the case of Riemann sur-
faces, although less so in higher dimensions. Finally in Section F.3, we give the proof of
Theorem F.1.

F.1 Green function and Stone–Čech compactification

We consider a Riemannian manifold M , a compact domain K ⊂ M and an unbounded
connected component E of M −K, which is parabolic. The boundary ∂E of E in M is a
union of components of the boundary of K. When thinking of E as an open Riemannian
manifold, the first observation is then the following.

Proposition F.2 The Riemannian manifold E is hyperbolic. If (xn)n≥0 is a sequence of
points of E which converges to a point of ∂E, then (xn)n≥0 is regular.

For the notion of a regular sequence, we refer the reader to Definition E.12.

Proof. Let B be a small open ball in E, with smooth boundary. We also fix a product
neighborhood W of ∂E in E, assumed to be disjoint from B.

1I owe this reference to M. Ramachandran.
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So W is a compact submanifold with boundary of E, and there is a diffeomorphism

Φ: W → ∂E × [0, 1]

such that Φ−1(∂E × {0}) = ∂E. We let W1 = Φ−1(∂E × {1}). Let v be the harmonic
function on Int(W ) such that v = 1 on ∂E and v = 0 on W1. Let L be a compact domain
of E which contains B and W1 in its interior. Then, let uL be the harmonic function on
Int(L)−B which takes the value 0 on the boundary of B and the value 1 on the boundary
of L. The function uL − v is nonnegative on the boundary of L ∩W . By the minimum
principle, we must have

uL − v ≥ 0

on all of L ∩W . Since uL converges to the harmonic measure uB of E − B as L grows
(see Definition E.13), this gives:

uB ≥ v (F.1)

on Int(W ). In particular uB does not vanish identically and E is hyperbolic. The statement
about regular sequences then follows from the continuity of v at ∂E, combined with
inequality (F.1). 2

In what follows, we will need to use a compactification of E. We will use its Stone–Čech
compactification, denoted by Ě. We refer the reader to [205] for properties of the Stone–
Čech compactification in general. A one page account can also be found in [365, p.99].
We simply recall the characterization of this space here. We first remind the reader that
a topological space Z is said to be completely regular if for any closed set F ⊂ Z and any
point x ∈ Z−F , there exists a continuous function ϕ : Z → R such that ϕ(x) = 1 and ϕ = 0
on F . Let then X be a locally compact metric space2. A Stone-Čech compactification of
X is a compact Hausdorff completely regular space Z together with a continuous injective
map i : X → Z such that:

1. the map i has dense image,

2. the restriction map f 7→ f ◦ i from C0(Z, [−∞,+∞]) to C0(X, [−∞,+∞]) is surjec-
tive.

One can show that such a compactification exists and is unique up to an isomorphism
which is the identity on X. The spaces C0(Z, [−∞,+∞]) and C0(X, [−∞,+∞]) are then
isomorphic and X is open in Z.

We now return to the study of the space E. We thus denote by Ě the Stone-Čech
compactification of E. We define:

Γ := Ě − E. (F.2)

Since E is hyperbolic, it has a Green function, denoted by G, thanks to Theorem E.8.
The function G, originally defined on E ×E, can be extended to E ×E by declaring that

G(x, y) = 0

2The Stone-Čech compactification can be considered in much greater generality but we content ourselves
with the case of locally compact metric spaces.
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if x or y lies in ∂E. One can show that the resulting extension is continuous on E × E −
∂E×∂E (see e.g. Lemma 6.6 in the last arxiv version of [354]). With these notations and
conventions, we can state the following.

Theorem F.3 The Green function G of E extends to a function

Ǧ : Ě × Ě → [0,+∞]

by the limit:

Ǧ(x0, y0) = lim
x→x0

(
lim
y→y0

G(x, y)

)
(F.3)

where x, y ∈ E. The function Ǧ has the following properties:

1. Ǧ(x, y) = Ǧ(y, x) for (x, y) ∈ E × Ě,

2. Ǧ is continuous on E × Ě \ ∂E × ∂E, it takes finite values on E × Γ,

3. for each point x ∈ Ě, the function Ǧ(·, x) is continuous on Ě,

4. for each point x ∈ Ě, the function Ǧ(·, x) is harmonic on E − {x}, and equal to 0
on ∂E,

5. for each point x ∈ Ě − ∂E, Ǧ(·, x) > 0 on Ě − ∂E,

6. for each point x ∈ ∂E, Ǧ(·, x) = 0 on Ě,

7. there exists a constant C > 0 depending on the dimension of M only such that for
each point x ∈ Ě − ∂E, the flux of Ǧ(·, x) on ∂E is equal to C.

A proof of Theorem F.3 in the case of Riemann surfaces can be found in [365, p. 103].
The proof in general follows the same lines. Here, we will only explain why the limit (F.3)
exists. The universal property of the Stone-Čech compactification is that any continuous
map from E to a compact space extends to Ě. This implies that the function

G(x, ·) : E → [0,+∞]

extends to Ě. This is the meaning of the limit

Ǧ(x, y0) := lim
y→y0

G(x, y) (F.4)

where y0 ∈ Ě. Then one must prove that the quantity (F.4), for y0 fixed, is continuous
as a function of x ∈ E. If this is the case, the universal property of the Stone-Čech
compactification implies again that this function of x extends to Ě. To prove that (F.4)
is indeed continuous in x one proves that given relatively compact open sets Ω1 b Ω2 b E
the family of functions

(G(·, y)|Ω1
)y∈E−Ω2

is relatively compact. By taking a net in E−Ω2 converging to y0 ∈ Ě, this implies that the
function Ǧ(·, y0) is continuous on E (and also harmonic). The continuity at the boundary
of E is established by a different argument. Once more, we refer the reader to the most
recent arxiv version of [354] for a detailed discussion.
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F.2 Transfinite diameter, Tchebycheff constant and capac-
ity

We continue to use the same notations as in Section F.1. In this section, we associate
several numerical quantities to a compact subset L of Ě, following [348, 365]. We then
establish several relations among them. These quantities are generalizations of classical
invariants for compact subsets of the complex plane. We will say a brief word about
it below. The main result will be Theorem F.8, which shows that these quantities are
infinite when L = Γ. The parabolicity of E is used in the proofs of Proposition F.5 and
of Theorem F.8.

All the definitions below make use of the extension Ǧ of the Green function of E,
provided by Theorem F.3. Let L be a compact subset of Ě. For x1, . . . , xm ∈ L, we define

δm(x1, . . . , xm) :=

(
m

2

)−1 ∑
1≤i<j≤m

Ǧ(xi, xj).

Next, we introduce the following quantity:

δm(L) := inf
x1,...,xm∈L

δm(x1, . . . , xm).

Finally, we set:
δ(L) := sup

m>0
δm(L).

We also introduce τm(L, x1, . . . , xm) := 1
m inf
x∈L

∑m
i=1 Ǧ(x, xi),

τm(L) := sup
x1,...,xm∈L

τm(L, x1, . . . , xm)

and finally:
τ(L) := sup

m>0
τm(L).

The number δ(L) is called the transfinite diameter of L and τ(L) is its Tchebycheff con-
stant. In classical potential theory (see e.g. [440]), i.e. when studying potential theory
in the complex plane, one finds the following definition of the transfinite diameter of a
compact subset L ⊂ C:

δ′(L) = inf
m>0

sup
x1,...,xm∈L

 ∏
1≤i<j≤m

|xi − xj |

(n2)
−1

.

If one defines for z, w ∈ C, G(z, w) = −log|z−w| and considers this as the Green function
of the plane3, one sees that for a compact subset L ⊂ C we have −log δ′(L) = δ(L). This
relates the definition given above to the classical definition of the transfinite diameter.

The following proposition summarizes some basic properties of these invariants.

3This is not a Green function in the sense of Appendix E as it is not positive. However it satisfies the
first four items of the definition given in Appendix E.
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Proposition F.4 Let L be a compact subset of Ě.

1. The sequence (δm(L))m≥1 is nondecreasing. In particular δm(L) → δ(L) as m goes
to infinity.

2. The sequence (−mτm(L))m≥1 is subadditive. In particular (τm(L))m≥1 converges to
τ(E).

3. We have 0 ≤ δ(L) ≤ τ(L) ≤ +∞.

The reader will find a proof of Proposition F.4 in [365, p. 105] for Riemann surfaces.
The proof given there works as well in our context. The same proof also appears in the
last arxiv version of [354]. The only nontrivial ingredient is the continuity of the functions
Ǧ(·, p) for p ∈ Ě, which is provided by Theorem F.3 (3). Besides this, the proof is
elementary.

The next proposition will allow us to estimate the transfinite diameter of certain neigh-
borhoods of Γ in Ě.

Proposition F.5 Let A be a compact domain of E which contains ∂E in its interior and
has smooth boundary. Then δ(Ě − Int(A)) = δ(∂A).

Proof. We will prove that for m ≥ 3 we have:

δm(Ě − Int(A)) = δm(∂A). (F.5)

This implies the desired result, by Proposition F.4. So we fix m ≥ 3 and consider
x1, . . . , xm in Ě − Int(A). We will prove that

δm(x1, . . . , xm) ≥ δm(∂A), (F.6)

this implies (F.5) since the inequality δm(∂A) ≥ δm(Ě − Int(A)) is obvious. We prove by
induction on k ∈ {0, . . . ,m} that there exist y1, . . . , yk in ∂A such that:

δm(x1, . . . , xm) ≥ δm(y1, . . . , yk, xk+1, . . . , xm). (F.7)

The case k = m will then give (F.6). For k = 0, there is nothing to prove. So we assume
that (F.7) holds for some points y1, . . . , yk in ∂A, for some integer k ∈ {0, . . . ,m− 1}. We
consider the function on Ě defined by

f(y) =

(
m

2

)
δm(y1, . . . , yk, y, xk+2, . . . , xm)

=

(
m− 1

2

)
δm−1(y1, . . . , yk, xk+2, . . . , xm) +

k∑
i=1

Ǧ(yi, y) +
m∑

i=k+2

Ǧ(y, xi).

We will prove that the infimum of f on Ě − Int(A) is reached on ∂A. We can assume
that the first term in the sum above, let us call it D, is finite otherwise the assertion is
obviously satisfied. Theorem F.3 (1) implies that

f(y) = D +
k∑
i=1

Ǧ(y, yi) +

m∑
i=k+2

Ǧ(y, xi)
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for y ∈ Ě. By Theorem F.3 (3), f is continuous on Ě. Together with the density of E in
Ě, this yields:

inf
Ě−Int(A)

f = inf
E−Int(A)

f.

By Theorem F.3 (4), Ǧ(·, yi) is harmonic on E − A and Ǧ(·, xi) is harmonic on E − A
except possibly at xi. But this exception happens only if xi lies in E, in which case
Ǧ(·, xi) = G(·, xi) near xi, which is superharmonic on E − A. Summing up all pieces,
we see that f is continuous on E − Int(A) and superharmonic on E − A. It is moreover
positive on E −A by Theorem F.3 (5).

We now observe that E − Int(A) is a parabolic end. This can be readily deduced from
the parabolicity of E. We use this fact in a way which is very close to the arguments given
in the proof of Proposition E.4. Consider an exhaustion of E−A by a sequence (Ki)i≥1 of
compact domains containing ∂A in their boundary. Let ui be the harmonic function which
takes the value 0 on ∂A and the value 1 on ∂Ki − ∂A. Let d = inf

∂A
f and c = inf

Ě−Int(A)
f .

The function

f − (c− d)ui − d

is superharmonic on the interior of Ki and nonnegative on the boundary of Ki. By the
minimum principle, it must be nonnegative on Ki, so that we have:

f ≥ (c− d)ui + d.

The parabolicity of E − Int(A) implies that (ui)i≥1 converges to 0. We thus obtain that
f ≥ d on E − Int(A). In other words, we have proved:

inf
Ě−Int(A)

f = inf
E−Int(A)

f ≥ inf
∂A
f.

By choosing yk+1 ∈ ∂A such that f(yk+1) = inf
∂A
f , we obtain

f(xk+1) ≥ f(yk+1).

This proves (F.7) for the next value of k and concludes the proof. 2

We now introduce the last numerical invariant of this section, which is attached to any
compact subset of E. Let L ⊂ E be compact. If µ is a regular positive Borel measure
supported in L we define:

||µ||2 :=

∫
E×E

G(x, y)dµ(x)dµ(y).

We then set

W (L) := inf
µ
||µ||2

where the infimum is taken over positive regular Borel probability measures supported on
L. We have W (L) ≥ inf

L×L
G > 0. The quantity W (L)−1 is sometimes called the capacity

of L. We then have the following.
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Proposition F.6 There exists a constant Cn depending only on n = dimM such that for
any compact domain Ω ⊂ E with smooth boundary and containing ∂E in its interior, we
have:

W (∂Ω) =
Cn

E(uΩ)
,

where uΩ is the continuous function on Ω which equals 1 on ∂Ω, 0 on ∂E and is harmonic
on the interior of Ω, and E(uΩ) is its energy.

Before saying a word about the proof of Proposition F.6, we introduce a few more
definitions. Let N be a hyperbolic Riemannian manifold, with Green function G. If µ is
a positive regular Borel measure on N , we define the function Gµ : N → [0,+∞] by:

Gµ(x) =

∫
N
G(x, y)dµ(y).

A nonconstant nonegative superharmonic function f on N is called a potential if for every
harmonic function u with 0 ≤ u ≤ f one has u = 0. We have seen that the function
G(·, x) is a potential, for each point x of N . This was part of the definition of a Green
function. One can actually show that any potential is of the form Gµ for some positive
regular Borel measure µ, see [6]. The proof of Proposition F.6 can be found in [365, p. 110]
for Riemann surfaces. Again, the proof generalizes to Riemannian manifolds. A similar
proof also appears in the last arxiv version of [354]. It relies on the above description
of potentials (applied to N = E). Actually, one only needs to consider potentials which
are harmonic outside a compact subset L of Lebesgue measure 0 and to prove that such
potentials are of the form Gµ for some measure µ supported on L. This is simpler than
the general result from [6]. The relevant potential here is the function f : E → R+ equal
to uΩ on Ω, and to 1 outside of Ω. Applying the characterization of potentials, one find
a measure µ supported on ∂Ω and such that f = Gµ. This measure, renormalized to be
a probability measure, realizes the infimum in the definition of W (∂Ω). See [365] for a
complete proof.

We finally need a last proposition before turning to the main theorem of this section.

Proposition F.7 For any compact domain Ω ⊂ E with smooth boundary and containing
∂E in its interior, we have:

δ(∂Ω) ≥W (∂Ω).

Proof. We follow [365, p. 111]. We assume that δ(∂Ω) is finite, otherwise there is nothing
to prove. This implies that δk(∂Ω) is finite for each integer k. Let m > 1 be an integer.
We can find points zm,1, . . . , zm,m in ∂Ω such that

δm(zm,1, . . . , zm,m) ≤ δm(∂Ω) +
1

m
.

We consider the probability measure µm on ∂Ω defined by:

µm =
1

m

m∑
j=1

δzm,j .
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We can choose a subsequence (mk)k≥1 such that µmk converges weakly to a measure µ∞
on ∂Ω, as k goes to infinity. Using the Stone–Weierstrass theorem [308, Ch. 3], one proves
that µmk × µmk converges weakly to the measure µ∞ × µ∞ on ∂Ω × ∂Ω. We now pick a
constant c > 0. The function Gc = min(G, c) is continuous (and takes finite values) on
M ×M . Hence we have:

δmk(∂Ω) +
1

mk
≥ 1(

mk
2

) ∑
1≤s<t≤mk

Gc(zm,s, zm,t)

≥ 2

m2
k

∑
1≤s<t≤mk

Gc(zm,s, zm,t) ≥
∫
∂Ω×∂Ω

Gcdµmk × dµmk −
c

mk
.

By taking the limit as k goes to infinity, we obtain:

δ(∂Ω) ≥
∫
∂Ω×∂Ω

Gcdµ∞ × dµ∞.

Finally, letting c go to ∞, we obtain

δ(∂Ω) ≥ ||µ∞||2 ≥W (∂Ω).

This concludes the proof. 2

Finally we can state the main theorem of this section.

Theorem F.8 We have τ(Γ) = δ(Γ) = +∞.

Proof. Let (Ωk)k≥1 be an exhaustion of E by compact domains with smooth boundary,
containing ∂E in their interiors. Since Γ ⊂ Ě − Int(Ωk), we have:

τ(Γ) ≥ δ(Γ) ≥ δ(Ě − Int(Ωk)).

The first inequality follows from Proposition F.4 and the second from the monotonicity of δ
with respect to inclusions. The term δ(Ě− Int(Ωk)) is equal to δ(∂Ωk) by Proposition F.5.
Using the inequality provided by Proposition F.7, as well as Proposition F.6, we thus
obtain:

τ(Γ) ≥ δ(Γ) ≥W (∂Ωk) =
Cn

E(uk)

where uk is the continuous function on Ωk which is harmonic on Int(Ωk), takes the value
0 on ∂E and the value 1 on ∂Ωk. Since E is parabolic, the sequence (uk)k≥1 converges to
0, uniformly on compact sets. In particular the integral

E(uk) =

∫
∂E

∂uk
∂n

converges to 0 as k goes to infinity. This gives the equality δ(Γ) = τ(Γ) =∞. 2

Remark F.9 Besides [348], I do not know any reference using the transfinite diameter
or the Tchebycheff constant in the context of Riemannian manifolds of dimension > 2. Of
course this is probably due to my ignorance in potential theory. The transfinite diameter
does appear however in pluripotential theory, see e.g. [146, 455].
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F.3 Construction of a proper harmonic exhaustion

We now turn to the proof of Theorem F.1, using the material from the previous two
sections.

Proof of Theorem F.1. Since the Tchebycheff constant τ(Γ) of Γ is infinite (Theorem F.8),
we can pick an increasing sequence (mk)k≥1 of integers such that τmk(Γ) > 2k. By defini-
tion of τmk(Γ), this means that there exist points (xk,1, . . . , xk,mk) in Γ such that

τmk(Γ, xk,1, . . . , xk,mk) > 2k. (F.8)

We now define:

ϕk(x) :=
1

mk2k

mk∑
j=1

Ǧ(x, xk,j) (x ∈ Ě).

According to Theorem F.3, the functions ϕk and Ǧ enjoy the following properties:

1. ϕk is finite on E,

2. ϕk is positive and harmonic on E,

3. ϕk is equal to 0 on ∂E,

4. ϕk is continuous on Ě,

5. for each compact subset L ⊂ E, the function Ǧ is finite and continuous on L × Γ,
hence bounded by a constant C(L) there.

Since

inf
Γ
ϕk =

τmk(Γ, xk,1, . . . , xk,mk)

2k
> 1,

we can pick an exhaustion of E by compact sets (Xk)k≥1 (with Xk ⊂ Int(Xk+1)) such that

ϕk > 1 on Ě −Xk. (F.9)

Consider now the function
ϕ :=

∑
k≥1

ϕk.

By the fifth point above, for each compact subset L ⊂ E, ϕk ≤ C(L)
2k

. This implies that the

series defining ϕ is uniformly convergent on compact subsets of E. Hence ϕ is continuous
on E, harmonic and positive on E, and vanishes on ∂E.

Equation (F.9) now implies that for x /∈ Xk0 , we have ϕ(x) ≥ k0. Hence ϕ(x) → +∞
as x goes to infinity. This concludes the proof of Theorem F.1. 2



APPENDIX G

Diederich and Mazzilli’s theorem

In this appendix, we give a proof of a theorem by Diederich and Mazzilli [160], which deals
with certain properties of real-analytic subsets of Cn. We follow closely the original article
and the proof is only included here for the reader’s convenience. No originality is claimed.
Beofre going further, we state their theorem.

We consider a real analytic set X ⊂ O defined in an open set O of Cm. Let X∗ be the
subset of X made of the points x which have the property that there exists a nontrivial
germ of complex analytic set passing through x and contained in X. In other words,
x ∈ X∗ if and only if there exists a nonconstant (germ of) holomorphic map

ϕ : (C, 0)→ (X,x).

Diederich and Mazzilli’s result then reads as follows.

Theorem G.1 The set X∗ is closed in X.

This theorem was used in [142], in conjunction with the fact that pluriharmonic maps
from Kähler manifolds to locally symmetric spaces are real analytic. There, it plays an
important role to prove that a certain equivalence relation which occurs in the proof of a
factorization theorem has a closed graph. This application of Theorem G.1 to the study
of harmonic maps is described in Chapter 9 (see Section 9.3.2).

We shall see that a key step in the proof of Theorem G.1 is to establish that if a
complex analytic set B passes through a point x of X and is contained in X, then one can
always find another complex analytic set B′ passing through x and contained in X, with
the property that B′ is defined on a polydisc centered at x of fixed radius (independent of
x as long as it remains in a given compact set). This argument goes back to [159].

We also observe that a version of Theorem G.1 was proved earlier for real algebraic
hypersurfaces (instead of general real analytic sets) in [329].

313
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The appendix is organized as follows. In Section G.1, we recall, without proof, a result
due to Diederich and Pinchuk [161], which will be used in the proof of Theorem G.1. This
result provides a uniform volume estimate for certain holomorphic families of analytic sets
(as the title of [161] says it). In Section G.2, we establish the “globalization result” alluded
to above, namely the fact that the complex analytic sets appearing in the definition of X∗

can always be assumed to have a uniform size. Finally, the proof of Theorem G.1 is given
in Section G.3.

G.1 A uniform volume estimate

In this section, we state a theorem due to Diederich and Pinchuk [161]. If A ⊂ CN is
a complex d-dimensional analytic set, we denote by vol2d(A) its 2d-dimensional volume,
measured with respect to the canonical Kähler metric of CN .

We consider two open sets U ⊂ Cn and V ⊂ Cm and a finite collection of holomorphic
functions

gj : U × V → C (1 ≤ j ≤ k).

Here k is a fixed integer in {1, . . . , n}. For w ∈ V , we define:

Aw := {z ∈ U : gj(z, w) = 0 for j = 1, . . . , k}.

We set E := {w ∈ V : dimCAw > n− k}. We then have:

Theorem G.2 If U1 b U and V1 b V are relatively compact open subsets, there exists a
constant C = C(U1, V1) such that for all w ∈ V1 − E we have:

vol2(n−k) (Aw ∩ U1) ≤ C.

Combining this result with the classical Bishop theorem [49], we obtain in particular
that if (wj)j≥0 is a sequence of points of V −E (possibly converging to a point of E), the
sequence (Awj )j≥0 has a subsequence converging to an analytic subset of U . We refer the
reader to the original article [161] for the proof of Theorem G.2.

G.2 The globalization result

We now return to the context of Theorem G.1. We use the following notation. If z =
(z1, . . . , zn) is a point of Cn and if r is a positive number we let ∆n(z, r) be the polydisc
of radius r centered at z, namely:

∆n(z, r) = {w ∈ Cn : |zj − wj | < r, j = 1, . . . , n}.

We will use the notation ∆ for the unit disk in C, namely ∆ = ∆1(0, 1). A real analytic
set is a subset of Cn locally defined by a finite collection of real analytic equations. By
considering a suitable series built from the squares of these equations, we can always
assume that a real analytic set is locally defined by a single real analytic equation. Since
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the statement of Theorem G.1 is local we will thus consider subsets of Cn defined by one
real analytic equation.

So let U ⊂ Cn be a connected open set and let f : U → R be a non-constant real
analytic function. Let X = {z ∈ U : f(z) = 0}. We fix a relatively compact open set
V b U . There exists r > 0 so that the power series

f(z) =
∑
α,β≥0

1

α!β!
∂α∂βf(z0)(z − z0)α(z − z0)β (G.1)

is absolutely convergent on the polydisc ∆n(z0, 3r) for all z0 ∈ V . Here α and β are
elements of Nn and we use the convention

wα =

n∏
j=1

w
αj
j ,

for α = (α1, . . . , αn) ∈ Nn and w = (w1, . . . , wn) ∈ Cn. We then define the function

Fz0 : ∆n(z0, 3r)×∆n(z0, 3r) ⊂ Cn × Cn → C

by

Fz0(u, v) =
∑
α,β≥0

1

α!β!
∂α∂βf(z0)(u− z0)α(v − z0)β.

We also introduce the following open subset of Cn × Cn:

Û =
⋃
z0∈V

∆n(z0, 3r)×∆n(z0, 3r).

The following lemma is classical:

Lemma G.3 There exists a holomorphic function F : Û → C which coincides with Fz0
on ∆(z0, 3r)×∆(z0, 3r) for each z0 in V .

Proof. Let z0, z1 ∈ V . Let (a, b) be a point in the intersection of the open sets

Mz0 := ∆n(z0, 3r)×∆n(z0, 3r)

and
Mz1 := ∆n(z1, 3r)×∆n(z1, 3r).

Then (b, a) ∈Mz0 ∩Mz1 also and

q :=
(a+ b

2
,
b+ a

2

)
also lies in Mz0 ∩Mz1 since Mz0 and Mz1 are convex. We will prove that the germ of
h := Fz0 − Fz1 at q is zero. Since Mz0 ∩Mz1 is connected (indeed convex), this will prove
that Fz0 = Fz1 on Mz0 ∩Mz1 and hence the lemma. But the function Fz0 − Fz1 vanishes
on the set (which contains q):

{(z, z) : z ∈ ∆n(z0, 3r) ∩∆n(z1, 3r)} (G.2)
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since Fz0 and Fz1 coincide with f there. Now the coefficients of the power series expansion
at q of the holomorphic function h coincide with the coefficients of the expansion at q

of the restriction of h to the set (G.2) as a power series in the variables (z − a+b
2 ) and

(z − b+a
2 ). This gives the desired result. 2

We are now ready to introduce the following set, associated to every point z0 ∈ V :

Sz0 := {u ∈ ∆n(z0, 3r) : F (u, z0) = 0}.

The set Sz0 is called the Segre variety of X at z0 in [160] (although it depends on the
choice of the equation f). The relevance of the Segre varieties comes from the following
lemma.

Lemma G.4 Consider a point p ∈ X ∩ V . Let ϕ : ∆→ V be a nonconstant holomorphic
map whose image is contained in X and such that ϕ(0) = p. Let O ⊂ ∆ be the connected
component of 0 in the preimage ϕ−1(∆n(p, 3r)). Then ϕ(O) ⊂ Sp.

Proof. We have F (ϕ(t), ϕ(t)) = f(ϕ(t)) = 0 for all t ∈ O since ϕ has its image contained
in X. We now consider the following function of t ∈ O:

g(t) = F (ϕ(t), ϕ(t))− F (ϕ(t), p).

All terms of its power series expansion in t, t involve t. On the other hand g(t) =
−F (ϕ(t), p) is a holomorphic function of t. This implies that g is identically zero. This
means precisely that ϕ(t) is contained in Sp for t ∈ O. 2

Theorem G.5 Let p be a point of X∩V . Let ε ∈ (0, r) be such that the closure of ∆n(p, ε)
is contained in V . Then if ϕ : (∆, 0) → (Cn, p) is a nonconstant holomorphic map whose
image is contained in X, there exists a complex analytic set A defined in ∆n(p, ε) and
contained in X such that the germ of ϕ at 0 has its image contained in A.

Proof. We pick δ ∈ (0, 1) such that:

1. ∆n(ϕ(t), ε) ⊂ V for t ∈ ∆1(0, δ), in particular ϕ(∆1(0, δ)) ⊂ V ,

2. for all t1, t2 ∈ ∆1(0, δ), ϕ(t1) ∈ ∆n(ϕ(t2), ε).

Lemma G.4 applied simultaneously to all points of the form p = ϕ(t) (|t| < δ) implies:

ϕ(∆1(0, δ)) ⊂W :=
⋂

t∈∆1(0,δ)

Sϕ(t) ∩∆n(p, ε).

Each point q of W is contained in V hence the Segre variety Sq is well-defined. Now let:

A :=
⋂
q∈W

Sq ∩∆n(p, ε). (G.3)

Let b ∈ A. Since b ∈ Sq for every q ∈ W , we have in particular that b ∈ Sq for q ∈
ϕ(∆1(0, δ)). Hence b ∈ W ∩ A. According to (G.3) we thus have b ∈ Sb. But this means
that b ∈ X hence A ⊂ X.
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Let t ∈ ∆1(0, δ) and q ∈W . We have

F (q, ϕ(t)) = 0

since q ∈ Sϕ(t). But f being real-valued, we have F (ϕ(t), q) = F (q, ϕ(t)). Hence ϕ(t) ∈ Sq.
Since this is true for all q, ϕ(∆1(0, δ)) ⊂ A.

Finally we observe that each Sq (q ∈W ) is a complex analytic set defined on ∆n(q, 3r).
The later polydisc contains ∆n(p, ε). Hence A is a complex analytic set defined in ∆n(p, ε).
This finishes the proof of Theorem G.5. 2

Remark G.6 We have actually not used that ϕ is nonconstant in Lemma G.4 and The-
orem G.5. We will use it later however, to ensure that the analytic set A appearing in
Theorem G.5 is positive dimensional.

Remark G.7 One can use Theorem G.5 to prove that a compact real analytic set in Cn
does not contain any nontrivial germ of complex analytic set, see [159].

G.3 Proof of Diederich and Mazzilli’s theorem

We now turn to the proof of Theorem G.1. So we pick a point p ∈ X and assume that
there exists a sequence (xk) of points of X∗ such that

lim
k→∞

xk = p.

We pick a relatively compact open set V b U containing p and apply the results from
Section G.2. As before, r is a positive constant making the power series (G.1) convergent
on the polydisc centered at any point of V and of radius 3r. Let ε ∈ (0, r10) be such that
the closure of the polydisc ∆n(p, 3ε) is contained in V . We can and do assume (up to
forgetting finitely many terms of the sequence) that the closure of ∆n(xk, 3ε) is contained
in V for all k and that xk ∈ ∆n(p, ε) ⊂ ∆n(xk, 2ε). Hence for each k, Theorem G.5
provides us with an analytic subset Ak defined in ∆n(xk, 3ε) (in particular it is defined in
∆n(p, 2ε)). Moreover, for each k one can write

Ak ∩∆n(xk, 2ε) =

`k⋂
j=1

Sqj ∩∆n(xk, 2ε),

for some points qj ∈ ∆n(xk, 3ε). This follows from the proof of Theorem G.5, the
noetherianity property of analytic sets on compact sets [210, p. 111] and the fact that
∆n(xk, 2ε) b ∆n(xk, 3ε). Here the Sqj are defined on ∆n(xk, 3ε).

We thus have:

Ak ∩∆n(p, ε) =

`k⋂
j=1

Sqj ∩∆n(p, ε).
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After possibly taking a subsequence, we can and do assume that

dimAk ∩∆n(p, ε) = m ∈ {1, . . . , n}

is independent of k. Let Bk be the union of all the m-dimensional irreducible components
of Ak∩∆n(p, ε). The set Bk is analytic in ∆n(p, ε) and is pure dimensional since irreducible
complex spaces are pure dimensional [210, p.169]. Note that, up to possibly replacing m by
a smaller integer and up to forgetting some irreducible components of Ak, we can assume
that for every r > 0, Bk ∩∆n(p, r) is non-empty for every large enough integer k.

The next proposition shows that one can always find an intersection of a fixed number,
independent of k, of the Segre varieties Sqj , whose dimension is exactly equal to m, after
possibly restricting to a smaller open set.

Proposition G.8 There exists an integer ` and a radius ε1 ∈ (0, ε) such that for every
integer k large enough there exist points qi,k ∈ {qj , 1 ≤ j ≤ `k} for 1 ≤ i ≤ ` such that

⋂̀
1

Sqi,k ∩∆n(p, ε1) (G.4)

has dimension m.

The proposition does not claim that the analytic set appearing in (G.4) is pure dimen-
sional, but only that its dimension is equal to m. For basics facts about dimension theory
of analytic sets, we refer the reader to [210] or to [112], depending on one’s taste. In the
course of the proof, we will use the following classical property of complex analytic sets,
established using the so-called Lelong numbers, see [112, §15.1].

Lemma G.9 Let B(a,R) be the ball of radius R centered at a point a ∈ Cn. Let A be
a pure p-dimensional analytic set defined in a neighborhood of the closure of B(a,R) and
containing a. Then the 2p-dimensional volume of A∩B(a, s) is greater or equal to c(p)s2p

for each s ∈ [0, R) (where c(p) is the volume of the unit ball of Cp).

Proof of Proposition G.8. We consider the set Λ ⊂ {1, . . . , n − 1} of integers d such that
there exist an integer ` and ε1 ∈ (0, ε) such that for every integer k large enough there
exist points qi,k ∈ {qj , 1 ≤ j ≤ `k} for 1 ≤ i ≤ ` such that

⋂̀
1

Sqi,k ∩∆n(p, ε1) (G.5)

has dimension d. Note that n − 1 ∈ Λ. Elements of Λ must be greater or equal to m.
We want to prove that m ∈ Λ, this will prove the proposition. Let d0 be the minimum
of Λ. As in the definition of Λ, we denote by `, ε1, qi,k the corresponding parameters.
By Lemma G.10, that is stated below, for each k large enough one can find holomor-
phic functions (fk,t)1≤t≤n−d0 , each being a linear combination (with coefficients bounded
independently of k) of the F (·, qi,k) (1 ≤ i ≤ `) such that

n−d0⋂
t=1

{fk,t = 0} ∩∆n(p, ε1) (G.6)
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is a complete intersection of dimension d0. We then consider the map

G : ∆n(p, ε1)×∆n(p, 3r)` ×
(
Cn−d0

)`
→ Cn−d0

defined by:

G(z, w1, . . . , w`, λ1, . . . , λ`) =
∑̀
j=1

λjF (z, wj). (G.7)

The analytic set appearing in (G.6) is of the form G(·, w, λ) = 0 for some w, λ depending on
k but contained in a relatively compact subset of the parameter space. Hence Theorem G.2
provides us with a constant M such that

vol2d0

( n−d0⋂
t=1

{fk,t = 0} ∩∆n(p,
ε1

2
)
)
≤M (G.8)

for every k. Lemma G.9, together with (G.8), implies that the number of irreducible
components of

n−d0⋂
t=1

{fk,t = 0} ∩∆n(p,
ε1

2
)

intersecting ∆n(p, ε13 ) is bounded independently of k by an integer E. If d0 > m, by
changing ` into ` + E and by choosing E additional points among the qj (for each k) we
can construct an intersection of the form

`+E⋂
1

Sqi,k ∩∆n(p,
ε1

3
)

which is everywhere of dimension ≤ d0 − 1. This contradicts the minimality of d0. Hence
d0 = m. This concludes the proof of the proposition. 2

We now prove the fact about complete intersections that was used above.

Lemma G.10 Let f1, . . . , f` be holomorphic functions defined on a polydisc ∆n(a, s) ⊂
Cn. Assume that the dimension of the analytic set

{z ∈ ∆n(a, s) : f1(z) = · · · = f`(z) = 0} (G.9)

is equal to d0. Then there exists linear combinations of the fj’s

Fu =
∑̀
j=1

λuj fj u = 1, . . . , n− d0

such that {F1 = · · · = Fn−d0 = 0} is pure dimensional of dimension d0 (i.e. is a complete
intersection).

Note that once we are given the functions Fu, we can always divide them by a positive
constant to ensure that |λuj | ≤ 1 for all j, u. This is relevant to apply Theorem G.2.
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Proof. This is very classical, yet we recall the proof of the lemma for the reader’s conve-
nience. Our argument is very similar to [210, p.99]. We construct the Fu’s by induction,
with the property that {F1 = · · · = Fk = 0} is purely (n−k)-dimensional. We can take F1

to be any nonzero function among the fj ’s. Next assume that F1, . . . , Fk have been con-
structed with the desired property and that k < n− d0. Let A1, . . . , Ah be the irreducible
components of {F1 = · · · = Fk = 0}. For 1 ≤ i ≤ h, let

Vi := {(λ1, . . . , λ`) :
∑̀
j=1

λjfj = 0 on Ai} ⊂ C`.

The linear space Vi cannot be equal to all of C`: if it were the case, Ai would be contained
in the d0-dimensional set (G.9) but

dimAi = n− k > d0,

a contradiction. Hence we can pick (λk+1
1 , . . . , λk+1

` ) in

C` \
h⋃
1

Vi,

and define Fk+1 =
∑`

j=1 λ
k+1
j fj . Let now z be a common zero of F1, . . . , Fk+1. If V is

a neighborhood of x in {F1 = · · · = Fk = 0}, then Fk+1 cannot vanish on V . If it were
the case, by picking a smooth point of {F1 = · · · = Fk = 0} inside V we would get that
Fk+1 vanishes on one of the Ai’s, a contradiction. This implies that the dimension of
{F1 = · · · = Fk+1 = 0} at z is equal to n− k − 1, see [210] p. 98 and 100. This concludes
the proof of the lemma. 2

We can now conclude the proof of Theorem G.1 using Proposition G.8. We will repeat
the reasoning of the proof of Proposition G.8, using the 2m-dimensional volume this time.
So we pick ε1, ` and the qi,k’s provided by Proposition G.8. We consider the function

G : ∆n(p, ε1)×∆n(p, 3r)` ×
(
Cn−m

)` → Cn−m

defined again by (G.7). By taking wi = qi,k and λj to be the j-th vector of the canonical
basis of C` we get that

{G(·, w, λ) = 0} ⊂ ∆n(p, ε1)

has dimension m according to Proposition G.8 and contains Bk. Since the parameters w, λ
are contained in a relatively compact subset of the parameter space, Theorem G.2 ensures
that the 2m-dimensional volume of Bk is bounded independently of k. Now Bishop’s
theorem [49] provides us with an analytic set A, limit of a suitable subsequence of the Bk,
such that p ∈ A and A is positive dimensional. This proves that p ∈ X∗. Hence X∗ is
closed. This completes the proof of Theorem G.1.
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Harmonic maps and nonpositive Hermitian curvature

In this appendix, we go back to the setting of Chapter 9 and prove an identity relating
the following two objects:

1. a certain differential 4-form associated with a harmonic map whose domain is a
Kähler manifold,

2. the Hermitian sectional curvature of the target Riemannian manifold.

This identity is needed to make the Bochner–Siu–Sampson formula work; see Section 9.2.1.
We recall briefly the context of Chapter 9 and state this identity in Section H.1. Then,
we give the proof in Section H.2. Our exposition is very much inspired by [5, Ch. 6].

H.1 An identity involving Hermitian curvature

We consider a closed Kähler manifold (M,ω) with universal cover M̃ , and another Rie-
mannian manifold N . We assume that we are given a harmonic map

f : M̃ → N

equivariant with respect to a representation of the fundamental group of M into the
isometry group of N . We have seen in Chapter 9 how to define, from the Levi-Civita
connection of N , an operator d∇ acting on differential forms on M̃ with values in the
bundle

f∗TN → M̃.

In what follows, we will abuse notation slightly and will use the same letter to denote a
certain differential form on M̃ built from f and the form it induces on M . We thus denote
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by Ωf the 4-form on M defined by the formula:

Ωf = 〈df ◦ J ∧ d2
∇(df ◦ J)〉. (H.1)

In other words, Ωf is obtained from the 1-form df ◦ J and the 3-form d2
∇(df ◦ J), both

taking values into f∗TN , by applying the wedge product and “contracting” using the
metric of N . See Section 9.2.2 for a more precise definition. The main theorem of this
appendix is the following, which was used in Chapter 9.

Theorem H.1 Let x0 ∈ M̃ . For any tangent vectors X,Y ∈ Tx0M̃ we have:

Ωf (X, JX, Y, JY ) = −2RC(Z,W,Z,W ), (H.2)

where Z = df1,0
x0 (X) and W = df1,0

x0 (Y ).

We simply recall here that R stands for the curvature tensor of N and that RC is its
extension to

TN ⊗ C× TN ⊗ C× TN ⊗ C× TN ⊗ C

which is C-linear in each variable. Also, in Theorem H.1 we are using the convention
df1,0
x0 (X) = df(X) − idf(JX). Before stating the next corollary, we recall a classical fact

from multilinear algebra in Hermitian vector spaces.

Proposition H.2 Let (V, h0) be a Hermitian vector space of complex dimension n ≥ 2
and let ω0 = −Im(h0). Let γ be a 4-form on V . We then have:

1. If P is a complex 2-dimensional subspace of V and if {u, v} is an orthonormal basis
of P for h0, the number

γ(u, Ju, v, Jv)

depends only on P and is denoted by a(γ, P ).

2. We have γ ∧ ωn−2
0 = a(γ)ωn0 where the constant a(γ) can be computed as follows.

For any orthonormal basis (ei)1≤i≤n of (V, h0), we have:

a(γ) =
1

2

(
n

2

)−1 ∑
1≤i<j≤n

a(γ, Pij). (H.3)

In the equation above, Pij stands for the plane spanned by ei and ej.

Putting together Theorem H.1 and Proposition H.2 we obtain the following.

Corollary H.3 Let x0 ∈ M̃ and let n = dimCM . If N satisfies the condition KC ≤ 0,
then:

1. the form Ωf ∧ ωn−2 is a nonnegative multiple of ωn,

2. the form Ωf ∧ ωn−2 vanishes at x0 if and only if RC(Z,W,Z,W ) = 0 for all Z,W

in the image of df1,0
x0 .
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We recall that the condition KC ≤ 0 was introduced in Definition 9.15.

Proof. In the following proof we use the notation introduced in Proposition H.2. To
prove the first point, we observe that the quantity from (H.2) is nonnegative under the
assumption KC ≤ 0. Hence Equation (H.3) implies that the function a(Ωf ) is pointwise
nonnegative.

We now turn to the second point. We will mostly omit the references to the point x0.
When we say that the form Ωf ∧ωn−2 vanishes, we mean that it vanishes at x0. Similarly,
the constant a(Ωf ) is calculated at x0 etc. The form Ωf ∧ ωn−2 is zero if and only if the
constant a(Ωf ) (defined in Proposition H.2) is zero. By the hypothesis on N combined

with Theorem H.1, the function P 7→ a(Ωf , P ) from the set of complex planes of Tx0X̃ to

R is pointwise nonnegative. Fix an orthonormal basis (ei)1≤i≤n of Tx0X̃ and denote by
Pij the plane spanned by ei and ej for i 6= j. According to Equation (H.3) and to the fact
that P 7→ a(Ωf , P ) has constant sign, a(Ωf ) vanishes if and only if a(Ωf , Pij) = 0 for all
i 6= j. Since this is true for any orthonormal basis, we see that a(Ωf ) = 0 if and only if
the function P 7→ a(Ωf , P ) is identically zero. Hence, using Equation (H.2), we get that
Ωf ∧ ωn−2 vanishes if and only if

RC(df1,0(X), df1,0(Y ), df1,0(X), df1,0(Y )) = 0

for all X and Y in Tx0M which are orthogonal for the Hermitian metric associated to ω.
This is equivalent to the vanishing of

RC(df1,0(X), df1,0(Y ), df1,0(X), df1,0(Y ))

for all X and Y in Tx0M . 2

H.2 Curvature calculations

We now turn to the proof of Theorem H.1 and Proposition H.2.

Proof of Theorem H.1. We start by recalling the following facts.

1. If β is a k-form with values in the bundle f∗TN , then d2
∇β = −f∗R ∧ β where R is

the curvature tensor of N , seen as a 2-form with values in the endomorphisms of TN .
The form f∗R ∧ β is obtained by applying the wedge product and simultaneously
applying f∗R to β. Note that we reserve the letter R to denote the (4, 0) curvature
tensor defined by: R(X,Y, Z, T ) = 〈R(X,Y )(Z), T 〉.

2. If α is a 1-form and β is a 3-form, we have: α ∧ β(X,Y, Z, T ) = α(X)β(Y,Z, T ) −
α(Y )β(X,Z, T ) + α(Z)β(X,Y, T )− α(T )β(X,Y, Z).

3. If γ is a 2-form and u is a 1-form, we have: γ ∧ u(X,Y, Z) = γ(X,Y )u(Z) −
γ(X,Z)u(Y )− γ(Z, Y )u(X).
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Using these three facts, we see that Ωf (X, JX, Y, JY ) is the sum of the following 12 terms:

〈df(JX), f∗R(JX, Y )(df(Y ))〉 = f∗R(JX, Y, Y, JX), (H.4)

〈df(JX), f∗R(JX, JY )(df(JY ))〉 = f∗R(JX, JY, JY, JX), (H.5)

〈df(JX), f∗R(JY, Y )(−df(X))〉 = −f∗R(JY, Y,X, JX), (H.6)

〈−df(X), f∗R(X,Y )(−df(Y ))〉 = f∗R(X,Y, Y,X), (H.7)

〈−df(X), f∗R(X,JY )(−df(JY ))〉 = f∗R(X, JY, JY,X), (H.8)

〈−df(X), f∗R(JY, Y )(−df(JX))〉 = f∗R(JY, Y, JX,X), (H.9)

〈df(JY ), f∗R(X, JX)(df(Y ))〉 = f∗R(X,JX, Y, JY ), (H.10)

〈df(JY ), f∗R(X, JY )(−df(X))〉 = −f∗R(X,JY,X, JY ), (H.11)

〈df(JY ), f∗R(JY, JX)(df(JX))〉 = f∗R(JY, JX, JX, JY ), (H.12)

〈−df(Y ), f∗R(X, JX)(df(JY ))〉 = −f∗R(X,JX, JY, Y ), (H.13)

〈−df(Y ), f∗R(X,Y )(df(X))〉 = −f∗R(X,Y,X, Y ), (H.14)

〈−df(Y ), f∗R(Y, JX)(−df(JX))〉 = f∗R(Y, JX, JX, Y ). (H.15)

On the other hand we compute RC(Z,W,Z,W ) where Z and W are defined as in
Theorem H.1. We obtain the following 16 terms:

f∗RC(X,Y,X, Y ), (H.16)

f∗RC(X,Y,X, iJY ), (H.17)

f∗RC(X,Y, iJX, Y ), (H.18)

f∗RC(X,Y, iJX, iJY ), (H.19)

f∗RC(X,−iJY,X, Y ), (H.20)

f∗RC(X,−iJY,X, iJY ), (H.21)

f∗RC(X,−iJY, iJX, Y ), (H.22)

f∗RC(X,−iJY, iJX, iJY ), (H.23)

f∗RC(−iJX, Y,X, Y ), (H.24)

f∗RC(−iJX, Y,X, iJY ), (H.25)

f∗RC(−iJX, Y, iJX, Y ), (H.26)

f∗RC(−iJX, Y, iJX, iJY ), (H.27)

f∗RC(−iJX,−iJY,X, Y ), (H.28)

f∗RC(−iJX,−iJY,X, iJY ), (H.29)

f∗RC(−iJX,−iJY, iJX, Y ), (H.30)

f∗RC(−iJX,−iJY, iJX, iJY ). (H.31)
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If we sum the two terms appearing in Equations (H.17) and (H.20), we get 0. The same
thing happens for Equations (H.18) and (H.24), (H.23) and (H.29), (H.27) and (H.30).
Moreover the terms (H.19) and (H.28) are equal and the terms (H.22) and (H.25) are
equal. Summing up all this information we get:

RC(Z,W,Z,W ) = 2f∗R(JX, Y,X, JY )− 2f∗R(X,Y, JX, JY ) + f∗R(X,Y,X, Y )

+f∗R(X, JY,X, JY ) + f∗R(JX, Y, JX, Y ) + f∗R(JX, JY, JX, JY )

Using the Bianchi identity, we get:

RC(Z,W,Z,W ) = 2f∗R(JY, Y,X, JX) + f∗R(X,Y,X, Y ) + f∗R(X, JY,X, JY )

+f∗R(JX, Y, JX, Y ) + f∗R(JX, JY, JX, JY )

One now checks easily that the 12 terms from (H.4) to (H.15) sum up to minus two times
the right hand side of the above equation. This concludes the proof of Theorem H.1. 2

Proof of Proposition H.2. To establish the first point we observe that the restriction of

the 4-forms γ and
ω2

0
2 to P must be proportional: there exists a constant c such that

γ = c
ω2

0

2
on P.

If {u, v} is an orthonormal basis for P , we have
ω2

0
2 (u, Ju, v, Jv) = 1 hence γ(u, Ju, v, Jv) =

c is indeed independent on the choice of the basis. This proves the first point.

We now turn to the second point. We fix an orthonormal basis (ei)1≤i≤n of V . We
write

ω0 =
n∑
i=1

ω0,i

where ω0,i is the restriction of ω0 to Cei. We thus have:

ωn−2
0 = (n− 2)!

∑
I⊂{1,...n}
|I|=n−2

∧
i∈I

ω0,i.

We now take the wedge product with γ and compute:

γ ∧ ωn−2
0 = (n− 2)!

∑
I⊂{1,...n}
|I|=n−2

γ ∧
∧
i∈I

ω0,i

= (n− 2)!
∑

I⊂{1,...n}
|I|=n−2

a(γ, PIc)
ωn0
n!

= 1
2

(
n
2

)−1
( ∑

1≤i<j≤n
a(γ, Pij)

)
ωn0 .

In the computation above, we have used the notation PIc to denote the plane spanned by
ei and ej if {1, . . . , n} = I t {i, j}. This concludes the proof of the proposition. 2

Remark H.4 The fact that f is harmonic is not needed to establish Theorem H.1 and
Corollary H.3. It is needed only to use the Bochner–Siu–Sampson formula. The fact that
the two terms in this formula are pointwise nonpositive comes from the harmonicity of f
for one term and from the condition KC ≤ 0 for the other term.
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on p. 181

[20] M. F. Atiyah, The signature of fibre-bundles, Global Analysis (Papers in Honor of K.
Kodaira), Univ. Tokyo Press, Tokyo, 1969, pp. 73–84. – cited on p. 19

[21] T. Aubin, Some nonlinear problems in Riemannian geometry, Springer Monographs
in Mathematics, Springer-Verlag, Berlin (1998). – cited on p. 295, 298

[22] U. Bader, D. Fisher, N. Miller and M. Stover, Arithmeticity, superrigidity and to-
tally geodesic submanifolds of complex hyperbolic manifolds, Invent. Math. 233, No. 1
(2023), 169–222. – cited on p. 20

[23] B. Bakker and J. Tsimerman, The Kodaira dimension of complex hyperbolic manifolds
with cusps, Compos. Math. 154, No. 3 (2018), 549–564. – cited on p. 12

[24] G. Baldi and E. Ullmo, Special subvarieties of non-arithmetic ball quotients and Hodge
Theory, Ann. of Math. (2) 197, No. 1 (2023), 159–220. – cited on p. 20



BIBLIOGRAPHY 329

[25] W. Ballmann, Lectures on Kähler manifolds., ESI Lectures in Mathematics and
Physics, European Mathematical Society (EMS), Zürich, (2006). – cited on p. 9
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(2019), 259–280. – cited on p. 142, 214, 215, 216, 217

[339] S. Moon and A. Valette, Non-properness of amenable actions on graphs with in-
finitely many ends, Ischia group theory 2006, World Sci. Publ., Hackensack, NJ
(2007), 227–233. – cited on p. 233

[340] J. W. Morgan, The algebraic topology of smooth algebraic varieties, Inst. Hautes
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tional symposium on algebraic topology, Universidad Nacional Autónoma de México
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1984), Progr. Math. 67, Birkhäuser Boston, MA (1987), 124–151. – cited on p. 46

[417] M. J. Spurr, On the zero set of a holomorphic one-form on a compact complex
manifold, Trans. Amer. Math. Soc. 308, No. 1 (1988), 329–339. – cited on p. 68

[418] S. Stadler, An obstruction to the smoothability of singular nonpositively curved met-
rics on 4-manifolds by patterns of incompressible tori, Geom. Funct. Anal. 25, No. 5
(2015), 1575–1587. – cited on p. 19

[419] J. R. Stallings, On torsion-free groups with infinitely many ends, Ann. of Math.
(2) 88 (1968), 312–334. – cited on p. 232

[420] M. Stover, Cusp and b1 growth for ball quotients and maps onto Z with finitely
generated kernel, Indiana Univ. Math. J. 70, No. 1 (2021), 213–233. – cited on p. 187

[421] M. Stover and D. Toledo, Residual finiteness for central extensions of lattices in
PU(n, 1) and negatively curved projective varieties, Pure Appl. Math. Q. 18, No. 4,
(2022), 1771-1797. – cited on p. 11, 19

[422] R. Strebel, Notes on the sigma invariants, preprint arXiv:1204.0214 (2013). – cited
on p. 170



356 BIBLIOGRAPHY

[423] M. Struwe, Variational methods. Applications to nonlinear partial differential equa-
tions and Hamiltonian systems, Fourth edition. Ergebnisse der Mathematik und ihrer
Grenzgebiete 3 Folge 34, Springer-Verlag, Berlin (2008). – cited on p. 59

[424] K.-T. Sturm, Probability measures on metric spaces of nonpositive curvature, Heat
kernels and analysis on manifolds, graphs, and metric spaces (Paris, 2002), Contemp.
Math. 338, Amer. Math. Soc., Providence, RI (2003), 357–390. – cited on p. 121, 122

[425] A. Suciu, Fundamental groups, Alexander invariants, and cohomology jumping loci,
Topology of algebraic varieties and singularities, Contemp. Math. 538, Amer. Math.
Soc., Providence, RI (2011), 179–223. – cited on p. 192

[426] D. Sullivan, Infinitesimal computations in topology, Inst. Hautes Études Sci. Publ.
Math. No. 47 (1977), 269–331. – cited on p. 21

[427] D. Sullivan, Growth of positive harmonic functions and Kleinian group limit sets of
zero planar measure and Hausdorff dimension two, Geometry Symposium, Utrecht
1980 (Utrecht, 1980), Lecture Notes in Math. 894, Springer, Berlin-New York (1981),
127–144. – cited on p. 302

[428] X. Sun, Regularity of harmonic maps to trees, Amer. J. Math. 125, No. 4 (2003),
737–771. – cited on p. 213

[429] T. Sunada, Rigidity of certain harmonic mappings, Invent. Math. 51, No. 3 (1979),
297–307. – cited on p. 120

[430] J. Swinson, Infinite lists of aspherical complex surfaces, Ph.D. thesis, King’s College,
London (2021). – cited on p. 19

[431] J. Tits, Sur le groupe des automorphismes d’un arbre, in Essays on Topology and
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Kodaira problem, 18

lattices in Lie groups, 10, 11, 20, 107, 149
definition, 10

linear isoperimetric inequality, 92, 272, 276,
280, 282

local rigidity of lattices, 162

metabelian group, 197, 211
Milnor-Schwarz lemma, 231
minimal action, 69, 71, 86, 106, 142, 213,

214, 220, 242
minimal model, 21
minmax argument, 59
multiplicity, 25, 29

nilpotent group, 11, 22, 194, 198, 210
number field, 104, 105

orbi-Riemann surface, 27
orbifold, 25
order in a quaternion algebra, 109
orthogonal representation, 259

parabolic action, 70, 195, 214, 221, 223
definition, 243

parabolic Riemannian manifold, 294
ping pong, 245
pluriharmonic map, 126
plurisubharmonic function, 65, 80
polycyclic group, 197
potential, 310
primitive (1, 1) form, 134, 287
proper harmonic function, 280, 303

quasi-isometry, 72, 228, 230, 231, 233, 234,
236

quasi-projective varieties, 20, 103
quaternion algebra, 107, 112

ramified cover, 19
rational homotopy theory, 21
real analytic

map, 137
set, 140, 313

reduced cohomology, 260
regular representation, 75, 260
regular sequence, 96, 99, 296, 304
Remmert reduction, 95
Right-angled Artin group, 87

Schreier graph, 72, 227, 235, 238, 272
Shafarevich conjecture, 21
Simpson’s integrality conjecture, 20, 104
singular set of a harmonic map, 125, 213
solvable group, 210
stability, 125, 262, 269
Stein factorization, 23
Stein manifold, 92, 95
Stone-Čech compactifcation, 305
superharmonic function, 293, 294, 310
surface group, 37
symmetric space, 131

tension field, 119
Thurston norm, 180
torsion character, 193
trace field (invariant), 105, 111, 114
transfinite diameter, 307
translation length, 182
tree
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real, 181, 213, 254
simplicial, 69, 105, 106, 241

valuation, 107, 248
variation of Hodge structure, 105, 166
visual boundary, 32, 69, 123, 126, 144, 182,

214
definition, 243

volume estimate, 314, 318
Von Neumann dimension, 277
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