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Abstract

In the spirit of Zimmer’s study of large groups actions on closed manifolds, we
discuss the existence of area-preserving actions of higher rank lattices on surfaces.
We explain why certain vanishing results in bounded cohomology, due to Burger and
Monod, combined with some constructions by Gambaudo and Ghys, give some con-
straints on the measure theoretical properties of such actions.

1 Introduction

The aim of this note is to discuss the existence of area-preserving actions of higher rank
lattices on surfaces. All the diffeomorphisms and vector fields we will consider in the
text will be of class C°°. Although much of our discussion would be valid with a lower
regularity, we will not be concerned with this issue here.

We consider a lattice I' in a connected simple Lie group G, with finite center and of real
rank greater than 1. See [5] for some classical constructions of lattices. Let ¥ be a closed
oriented surface endowed with an area form w. According to a well-known conjecture of
Zimmer [48], any homomorphism p : I' — Diff (¥, w) from I to the group of area-preserving
diffeomorphisms of ¥ should have finite image. Note that this conjecture can be seen as
part of a more general program proposed by Zimmer [48] for the study of (not necessarily
volume preserving) actions of higher rank lattices on closed manifolds. For recent advances
on this program, the reader might consult [7, 10, 11, 16, 22, 23, 26, 27, 37, 38, 46, 47, 49].

From now on, we will assume that a homomorphism p : I' — Diff(3,w) is given. We
will say that the associated action of I' on ¥ is trivial if p(I") is a finite group. We will also
denote by u the measure associated to the 2-form w on 3, and will suppose that fz dp = 1.

Although the conjecture is still open, a certain number of results already show that such
an action of I" have poor dynamical properties. For instance, Zimmer [47, 49] showed that
in this situation I' must preserve a measurable Riemannian metric on X. As a consequence,
all the elements in the group p(I') have zero metric entropy. Another consequence is that
the action has discrete spectrum [49]: the space L?(X, u) breaks down as a direct sum
of finite-dimensional subrepresentations for the natural I'-action. One approach to the
conjecture (explained in [18] for instance) would be to study the regularity of the invariant
Riemannian metric provided by Zimmer’s theorem. Here we will follow a different route
and give a few more evidences that such an action of I, if not trivial, has simple dynamical
properties (at least from the measure theoretical point of view).



As we have just said, a consequence of Zimmer’s results is that the group p(I') does not
contain any area-preserving diffeomorphism with positive metric entropy for the measure
. On the other side of the spectrum of possible dynamical behaviours are area-preserving
diffeomorphisms which are contained in a Hamiltonian flow. A consequence of our discus-
sion will be that this kind of diffeomorphisms cannot appear in the group p(I") (see section
3).

Observe first that we can compose p with the projection 7 from Diff (X, w) to the
mapping class group of X, denoted by A(X), to get a homomorphism 7o p: ' — A(X).
According to a result of Farb and Masur [15], such a homomorphism has finite image.
Hence, up to replacing I' by a subgroup of finite index, we can assume that the image of
p lies in the group Diffy (X, w) of area-preserving diffeomorphisms of ¥ which are isotopic
to the identity. In fact, we can do one more reduction and assume that the image of p lies
in the group of Hamiltonian diffeomorphisms of X.. We recall its definition now.

Rotation vectors and Hamiltonian diffeomorphisms. There is a canonical homo-
morphism a from the group Diffy(3,w) to an abelian group A (which depends on ).
Its kernel is the group Ham(X,w) of Hamiltonian diffeomorphisms of ¥. When ¥ is the
2-sphere, the group A is trivial and the groups Diff5(S?,w) and Ham(S?,w) coincide (in
that case, these two groups also coincide with the whole group of area-preserving diffeo-
morphisms of the sphere, which is connected [43]). When ¥ = T? is the torus, the group
A equals R?/Z? and the homomorphism a is defined as follows. For each diffeomorphism
f € Diffo(T? w), choose a lift F' : R? — R? of f. Since f is isotopic to the identity,
the map F' commutes with integral translations. Hence, the map = +— F(z) —z € R? is
invariant under integral translations and defines a map from T? to R2. One defines:

a(f) = /T (F(x) ~ x)dp(x) mod 27

As suggested by the notation, a(f) € T? only depends on f: any lift of f differs from F
by a translation by an element of Z?, hence the integral above is well defined modulo Z2.
It is often called the rotation vector of the diffeomorphism f. The map

a : Diffo(T?,w) — R?/Z?

is a homomorphism. When ¥ has genus greater than 1, the group A equals the first
homology group H;(X,R) of ¥ and one can construct the homomorphism a in the same
spirit as above, see [20, 33]. Note that, as opposed to the case of the torus, we do not need
to divide by the group H;(X,Z) since the group Diff(3, w) is simply connected [12]. The
homomorphism «a : Diffy(X,w) — Hi(X,R) is dual to the classical fluz homomorphism
from Diffy(%,w) to H(X, R), see for instance [35] and section 2 of [21].

It can be shown that the group Ham(X,w) is exactly the group of diffeomorphisms
which are time 1 maps of a Hamiltonian isotopy (ft)icpo,1- Recall that this means that
the isotopy (ft):c[0,1) satisfies the following differential equation

{fo(a:) =z
% (fi(z)) = Xi(fi()),

for all x € X, for a time-dependent vector field X; which is the symplectic gradient of a
smooth time-dependent function H; on ¥. This means by definition that X; satisfies the



relation:
dH;(u) = w(Xy, u)

for any tangent vector u € TX.

Coming back to our lattice, we see that the homomorphism a o p has finite image, I’
having Kazhdan’s property (T) (see [31]). Hence, up to considering once again a subgroup
of finite index, one can assume that the homomorphism p has its image contained in
the group of Hamiltonian diffeomorphisms of ¥. The study of area-preserving actions of
higher rank lattices on closed surfaces is thus reduced to the study of actions by Hamiltonian
diffeomorphisms.

Let us mention that when I is a non-uniform lattice, and ¥ has positive genus, Zim-
mer’s conjecture has been proved by Polterovich [38], using methods from symplectic
topology. His results have been reproved by Franks and Handel [22, 23] (and extended to
the case where Y = S? for a particular class of non-uniform lattices) using methods from
2-dimensional dynamics. Note that one of the central theorems established by Polterovich
in [38] to study actions of lattices is the following (in the statement below, we assume that
Y. has genus at least 2).

If A is a finitely generated subgroup of Ham(X, w) endowed with any word metric |- |, and
if v € A is different from the identity, there exists € > 0 such that || > en (n € N).

This allows one to exclude the existence of non-trivial actions of non-uniform lattices
thanks to the presence of unipotent elements, see [34]. But it also has different applications:
for instance, any finitely generated nilpotent subgroup of Ham(X, w) is in fact Abelian.

Quasi-morphisms and bounded cohomology. Recall that a quasi-morphism on a
group A is a map ¢ : A — R for which there exists a constant C' > 0 such that:

lp(zy) — p(x) — d(y)| < C

for any z,y € A. The quasi-morphism ¢ is called homogeneous if moreover it satisfies
o) = ne(x) (n € Z, x € A) i.e. ¢ is a true homomorphism when restricted to cyclic
subgroups of A. For any quasi-morphism ¢, the limit

on(x) = lim $(z")

n—oo n

exists. The map ¢ is the unique homogeneous quasi-morphism such that ¢ — ¢y is
bounded. We will denote by QM(A,R) the vector space of all quasi-morphisms on A,
and by QM, (A, R) the subspace of homogeneous quasi-morphisms. For more details on
quasi-morphisms and bounded cohomology see [4, 6] as well as Gromov’s seminal paper
[30]. We will return to the link between quasi-morphisms and bounded cohomology in the
next section.

According to a result by Burger and Monod (see [7] or [8]), any homogeneous quasi-
morphism on a higher rank lattice I' as above is a homomorphism, and hence is identically
zero since ' is a Kazhdan group. On the other hand, the group of Hamiltonian diffeomor-
phisms of a closed surface (which is simple and hence admits no non-trivial homomorphism
to R [3]) admits many quasi-morphisms: Gambaudo and Ghys [25] proved that the vector
space QM (Ham(X,w), R) is infinite-dimensional. Their proof consists in constructing



explicitly a family of linearly independent homogeneous quasi-morphisms. More construc-
tions of quasi-morphisms on groups of Hamiltonian diffeomorphisms can be found in the
work of Entov and Polterovich [13] and of the author [40]. It is now well-known (see [29])
that one could try to use this contrast between the lattice I' and groups of Hamiltonian
diffeomorphisms of surfaces to attack the problem of the existence of non-trivial homo-
morphisms p : I' - Ham(3,w). According to the discussion above, for any homogeneous
quasi-morphism ¢ : Ham(X,w) — R the invariant ¢ o p : ' — R vanishes identically.
This should give some constraints on the homomorphism p. This circle of ideas is nicely
discussed in Ghys’ survey [29].

Here, we will explain how one can use more subtly the vanishing results of Burger and
Monod in bounded cohomology to obtain much more precise constraints on the homomor-
phism p. Namely, we will use the vanishing of certain bounded cohomology groups with
unitary coefficients.

Note that the use of bounded cohomology for the study of group actions is not new.
Bounded cohomology already appears in the study of groups acting on the circle, see
[7, 28].

2 Vanishing results and consequences

We begin with a brief reminder on the second bounded cohomology group of a discrete
group A, with unitary coefficients (see for instance [36] for more details).

We consider a unitary representation 7 of A, i.e. a homomorphism from A to the group
of unitary operators of a Hilbert space . We will write ||v|| for the norm of a vector
v € €. All the unitary representations we will consider are obtained in the following way:
the group A is acting by measure preserving transformations on a probability space (X, i)
and we consider the representation 7 of A on the Hilbert space J# = L?(X, i) of square
integrable functions on X, defined by 7(7)(f) = f oy~ ! (f € L2(X, u)). We will say that
amap c: A — J is bounded if the quantity

‘c‘oo,Aj = sup HC(")/17,’Y])H
(’71,...,"(]')6/\3

is finite. The space Z2(A,7) of 2-cocycles on A with values in .7 is the space of maps
c: A?> = J# such that:

m(y1)(c(r2,73)) — c(y172,73) + e(v1,7273) — e(v1,72) = 0.

We will denote by ZZ(A,m) C Z?(A, ) the subspace of bounded 2-cocycles. In the same
way, the space BY(A, ) C Z2(A,7) of coboundaries consists of the maps ¢ : A? — # which
satisfy the equation ¢(y1,7v2) = m(71)(v(y2)) + v(71) — v(71y2) for some map v : A — 7.
The subspace of coboundaries ¢ for which the map v in the equation above can be chosen
bounded will be denoted by Bj(A, ). The second bounded cohomology group of A with
coefficients in 7 is the quotient

Hl?(A’ 7T) = ZbQ(A’ ﬂ)/BI} (A’ 7T),

and the second usual cohomology group of A with coefficients in 57 is the quotient
H%*(A,7) = Z%(A,7)/BY(A, 7). Of course, there is a natural map from HZ(A,m) to
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H?(A,7) which sends the class of a bounded cocycle to its usual cohomology class. We
will denote by EFHZ(A,7) the kernel of this map.

In the following proposition & (A, ) is the space of all maps from A to 2, €, (A, )
the subspace of those maps which are bounded and d'u is the coboundary of a map
u€ CN,H):

o u(y1,72) = (1) (u(r2)) + uln) — u(ny2).

Proposition 2.1 The space EHI?(A,TF) s isomorphic to :

{u €GN, ), [0 uloo a2 < 00}/ (ZV (A, ) + G(A, 7)) .

Proof. If u € € (A, ) is such that [o'u|,, o2 < 00, the coboundary 9w of u is a bounded
2-cocycle, hence defines a class [0'u] € HZ(A, ) which is obviously trivial in usual coho-
mology. We have thus constructed a map u — [0'u] from {u € G (A, ), [0l u| p2 < 00}
to EHZ(A, ), which is (by definition) surjective. Let us examine its kernel. The class
[0'u] vanishes in bounded cohomology precisely if there exists a bounded map v : A — 7
such that o'u = ?'v. In that case w = u — v is a l-cocycle and we have u = w+ v €

ZYA, ) + Go(A, ). 0

When 7 = R, with the trivial representation mg of A, the previous proposition simply
proves the following classical fact [4, 6]: the group EHZ(A, mo) is isomorphic to the quotient

QM(A,R)/ (Hom(A,R) @ €,(A,R)) .

Note that this last quotient is also isomorphic to the space QM (A, R)/Hom(A,R). Let
us come back to the case of a higher rank lattice I', as in the introduction. In that case,
we have already said that the group FH g (T', mp) is trivial, according to a result of Burger
and Monod [7, 8]. In fact, their result is much more general: they prove that the group
EHZ?(F , ) vanishes, for any unitary representation m of I' on a Hilbert space J# (the
result even holds for more general Banach spaces, but we will not really discuss this here).
This can be seen as a strengthening of property (T): the group I' has the property that for
any unitary representation 7, the group H'(T', 7) as well as the group EHI?(F, ) vanishes.
Following Monod [36], we will say that a discrete group with this property has property
(TT). We now discuss the dynamical consequences of property (TT).

Suppose that A ~ (X, ) is a measure preserving action of A on a probability space.
We will say that a map u : A — L2(X, i) is a quasi-cocycle if there exists a constant C' > 0
such that

[u(m72) = m(y)(u(r2)) —u(n)| <C

almost everywhere, for all y1,v9 € A. We will give some examples of quasi-cocycles defined
on groups of Hamiltonian diffeomorphisms of surfaces in the next section. According to
the subadditive ergodic theorem (see [32] for instance), if u is a quasi-cocycle and v € A,
the sequence of functions
u(y")
n

converges almost everywhere to a function @(7). The reader should observe that since the
action of A on X is measure-preserving, the map

7= 9(y) = /Xu(v)du
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is a quasi-morphism on A. It is not difficult to check that the map v — ¢y (v) = [y @(vy)dp
is the unique homogeneous quasi-morphism at a bounded distance from ¢. Note that all
the quasi-morphisms defined by Gambaudo and Ghys [25] and by the author [40] are
obtained in this way: by integration of a quasi-cocycle.

Remark 1 The quasi-morphisms constructed by Entov and Polterovich [13] are defined in
a completely different way, see [39] for a survey. It is not a priori clear how to relate them
(in a non-trivial way) to some bounded cohomology class with non-trivial coefficients.

Remark 2 A weaker definition of quasi-cocycle already appears in the litterature, see
[44]. There, a map u: A — L2(X, i) is called a quasi-cocycle if

\Dlu\w,&z: sup |Dlu(’yl,fyg)|Lz
(71,72)EA?

is finite. In our definition, we require the stronger condition that

sup  [otu(y1,72) L
(v1,72)€A?

is finite, to ensure that (%)nzo converges almost everywhere for all v. The notion of
quasi-cocycle is also related to the notion of rough action (see [36], chapter V).

We now see the advantage of using the full result of Burger and Monod: if A is a group
with property (TT) acting on X and u is a quasi-cocycle, the vanishing result with trivial
coefficients tells us that for any v € A the integral

is zero, while the full vanishing result tells us that the function u(7) is zero almost every-
where, as the following proposition shows.

Proposition 2.2 Suppose A has property (TT). Then, for any measure preserving action
A~ (X, 1) on a probability space and for any quasi-cocycle v : A — L2(X, 1) we have :

u(y) =0,

almost everywhere (for all v € A).

Proof. If u is a quasi-cocycle, the map d'u is a bounded 2-cocycle. Since the group
EH f(A, ) is trivial, there exists, according to the previous proposition, a bounded map
v: A — L*(X,pn) and a l-cocycle w : A — L2(X, u) such that u = v + w. We write
D := sup,ep [[v(7)]]- Since A has property (T), there exists a map ¢ € L2(X, i) such that
w(y) = oy — . We obtain:

u(?") _ g —e vy
n n n

We already know that the sequence # converges almost everywhere to u(vy). The
function
por"—p 1A ;
- = _Z(ﬂﬂo’Y—@)o’Y
n ne
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converges almost everywhere by Birkhoft’s theorem; it is a classical lemma in ergodic

theory that its limit is 0 almost everywhere. Finally, @ converges almost everywhere
to u(vy). Since the norm of v iy L%(X, p) is less than %, there exists a subsequence

n
U(Z—kk) which converges almost everywhere to 0. Hence u(y) = 0 almost everywhere. O

3 Some examples

We now describe some examples of concrete quasi-cocycles on groups of Hamiltonian
diffeomorphisms of surfaces, taken from [17, 20, 24, 25, 33, 40]. These functions are
constructed in the spirit of Schwartzman’s classical asymptotic cycle [42] or of Arnold’s
asymptotic Hopf invariant, see [1]. The interested reader will find much more examples in
the work of Gambaudo and Ghys [25].

Since we are dealing with diffeomorphisms which are isotopic to the identity, we will
always make use of isotopies (ft):c[o,1] from the identity 1 = fj to a given diffeomorphism
f = f1 and will consider various (kind of) rotation numbers associated to the orbit (fi(x))
of a point z or to a pair of orbits (f¢(z)), (f:(y)) (x # y). To ensure that the number we
define does not depend on the choice of the isotopy (ft):e[o,1) but only on f we will often
appeal to some results on the topology of the groups Ham(X,w) or Diff((X,w), see [12].

Example 1 [17, 24] We first give an example of a 1-cocycle defined on the group Diff.(D?, w)
of area-preserving diffeomorphisms of the disc D? = {(x,y) € R?, |z|> + |y|*> < 1}, which
coincide with the identity near the boundary. This group is torsion free (see [39]). Al-
though there is no non-trivial homomorphism from a Kazhdan group to Diff.(D?, w)
(thanks to Thurston’s stability theorem), it is worth studying this first example. Con-
sider a diffeomorphism f € Diff.(D? w) and choose an isotopy (f;) from f; = 1 to
fi = f. For any two distinct points z,y in the disc, consider the non-zero vector
fi(z) — fi(y) € R2. When t goes from 0 to 1 the argument e?™®) of this vector varies of
a quantity angle,(z,y) := u(1) — u(0). This defines a continuous function

anglef:D2 xD?—-A >R,

where A = {(z,r),r € D?} is the diagonal. One easily establishes that this function does
not depend on the choice of the isotopy ( ft)te[o,l] but only on f, and that it is bounded,
see [24]. If f,g € Diff.(D? w) and (f;) and (g;) are two isotopies from the identity to f
and g respectively, we can consider the isotopy (h¢) = (g¢) * (frg) from the identity to fg.
It allows us to establish the relation:

angle s, (z,y) = angley (z,y) + angle,(9(z), g(y))-

Hence the map f — angle;—1 defines a 1-cocycle on the group Diff .(D?,w) with values in
the space L?(D? x D2, R).
Problem. Suppose A C Diff.(D? w) is a finitely generated group. Can we give a condition
on A which ensures that the class of the cocycle angle is non-zero in H'(A,L?(D? x
D?, 1i?))?

The following proposition shows that the class of the cocycle f — angle; 1 is always
non-zero in the space H'(A, ¢°(D? x D? — A)), unless A is trivial (here €°(D? x D? — A)
is the space of continuous functions on D? x D? — A).



Proposition 3.1 Fiz a diffeomorphism f € Diff.(D? w). Assume that there erists a
continuous function ¢ : D? x D> — A — R such that angle; = po f — . Then f is the
identity.

Proof. We assume that f is not the identity. Then, it is enough to find an integer n and two
fixed points z,y of f" such that angle s (z,y) # 0. Indeed the relation angle; = o f — ¢
implies anglen = @ o f" — . If ¢ is continuous this forces the equality angle ¢ (z,y) =0,
for any pair (z,y) of distinct fixed points of f™.

We will see at the end of this section (see Lemma 3.2 and the paragraph following it)

that if f is distinct from the identity there exists a fixed point x¢ and a point yg # zg
such that the number

1
angle (o, yo) := Jl_}ﬂgoﬁanglefn (70, %0)

exists and is non-zero. Consider now the compact annulus A obtained from the disc by
blowing up the fixed point zy thanks to the action of the differential df,,. The diffeo-
morphism f naturally extends to a homeomorphism of A, still denoted f. Let F' be the
lift of f to the universal cover A of the annulus which pointwise fixes the component of
the boundary of A corresponding to the boundary of the disc. If z is in the interior of A
(identified with the interior of the disc, minus the point zg), the limit

o1
nh_}ngoﬁanglefn (x0,2),
if it exists, is the rotation number pp(z) (determined by the lift F') of the point z in the
annulus. We know that:

e the point yg has a non-zero rotation number,

e points close to the boundary have zero rotation number.

Now, let us recall a result of Franks (this is Corollary 2.4 of [19]). Let g: A — A be a
homeomorphism isotopic to the identity and G be a lift of g to A. If x is a point of A we
will denote by pg(x) the rotation number of = determined by G, if it exists. Let K C A be
a chain transitive compact invariant set for g. See [19] for the notion of chain transitivity;
this is a very weak form of recurrence. Assume that there exist two points 1 and x5 in K
whose rotation numbers pg(z1) and pg(x2) exist and satisfy pg(r1) < pg(x2). Then, for
any rational number % €lpa(x1), pa(z2)[, g has a periodic point with rotation number g.

Let us apply the above result to f. Since f is area-preserving, the chain transitivity
hypothesis will be easily satisfied. Almost every point of the interior of A is recurrent,
hence every point of A is non-wandering. In particular every point of A is chain recurrent.
The compact set K = A is connected, f-invariant, and all its points are chain recurrent,
hence it is chain transitive (this is Proposition 1.2 in [19]). Franks’ result applies with
K = A. The existence of the point yy and of points with zero rotation number implies
that there exists a periodic point y; with non-zero rotation number. If the period of y; is
n, this exactly means that the quantity angle tn (o, 1) is non-zero. O

Example 2 [20, 33] If f is a Hamiltonian diffeomorphism of the torus, we have seen in the
introduction that for any lift F : R* — R? of f, one has [ (F(z) —2)du(z) € Z*. We can



therefore choose a particular lift f, for f: the unique one for which [, (f«(x)—x)du(x) = 0.
Since the map
R? — R?
x — filr)—x

is invariant under integral translations, there exists a map vy : T? — R? such that
vi(p(x)) = fi(z) — z (where p : R? — T? is the natural projection). From the relation
(f ©g)« = f« 0 g«, one deduce the cocycle relation vyoq = vy +vsog. The map f+— vy €
L2(T? R?) is therefore a 1-cocycle.

Supppose now that A € Ham(T?,w) is a finitely generated subgroup on which the
previous cocycle is cohomologically trivial: there exists a measurable map ¢ : T? — R?
such that vy = po f — ¢ (f € A). Recall first that for almost every point x in the torus,
we have:

liminf [o(f"(2)) — p(z)| = 0.

This is an easy consequence of Poincaré’s recurrence theorem and Lusin’s theorem. But we
also have the following relation: f7(z) —x = p(f™(p(z))) — ¢(p(z)) (x € R?). Hence, we
get that almost every point of the plane is recurrent for the dynamics of the diffeomorphism
f« (for all f € A). In fact the function

1/1:R2 — R?2
r = z—p(p(z))

is invariant under the lifted action of A on the plane (through the diffeomorphisms f).
The domain ¥~1([0,1[2) C R?, as well as its translates by integral vectors, has finite
measure and is invariant under A. Therefore the vanishing of the cohomology class of the
cocycle f — vy-1 give some constraints on the (measurable) dynamics of A.

Example 3 [25] We assume here that the genus of ¥ is greater than 1. Endow ¥ with
a hyperbolic metric and identify its universal cover with the Poincaré disc A. For each
1-form 1 on ¥, we will define a quasi-cocycle u, with values in the space of continuous
functions on ¥. This quasi-cocycle is a true cocycle if 7 is closed, and a coboundary if n
is exact.

If f: 3> — X is a Hamiltonian diffeomorphism, we will name f, : A — A the unique
lift of f which commutes with the action of the fundamental group of ¥ on A. If T € A,
one can consider the unique geodesic arc «a(Z) between Z and f.(z). Let 77 denote the lift
of the 1-form n to A. The map

A — R
T fa(z) n

descends to a function u,(f,-) on ¥. If z € ¥ and 2 € A is any lift of x, the quantity

uy(fg, ) — uy(g,x) — uy(f,9(x))

equals the integral of the 2-form di on the geodesic triangle of A with vertices z, ¢.(7),
fr0g«(T). Since the 2-form d7 is bounded (it is invariant by the action of the fundamental
group of ¥) this quantity is bounded by the norm of dn times the area of a hyperbolic
triangle. We obtain:

lun(fg, ) — un(g,z) — uy(f, g(z))| < - |dn]so.



Hence the map f +— u,(f —1..) is a quasi-cocycle. The reader will find an alternative
description of this quasi-cocycle in [39].

Example 4 [25] We now give an example of a quasi-cocycle defined on the group Diffo(T?,w).
We will make use of the group structure of the torus.

We fix a point z, in T? — {0} and choose a homogeneous quasi-morphism
¢ m(T? - {0},z,) = R

(there are many since m(T? — {0},z,) is a free group, see [6] as well as [14] for gene-
ralizations). For each point v € T? — {0} we fix a path (@ (t))iefo,1) from . to v in
T2 — {0} whose length is bounded for a Riemannian metric defined on the compact surface
with boundary T? — {0} obtained by blowing-up the origin on the torus. If (f;)cjo,1 is
an area-preserving isotopy on T? and z and y two distinct points on T2, we can consider
the curve

fi(x) = fi(y) € T* —{0}.
We close it to form a loop a(f,x,y) = az—y* (fi(®) — fi(y)) * @f (z)—f1 (). Then, we define
a function u(g, f,-,-) on T2 x T2 — A by: u(e, f,z,y) = ¢(a(f,z,y)). One can easily
check that this function does not depend on the choice of the isotopy (fi)iec[,1] but only
on f, is measurable, and bounded, see [25]. From the relation

a(fg,z,y) = alg,z,y) * a(f,g9(x),g(y))

and the fact that ¢ is a quasi-morphism, we deduce:

lu(9, fg,2,y) —u(9,9,7,y) —u(d, f,9(x),g(y))| <C.

This means precisely that the map f — wu(¢, f~1,-,-) € L2(T? x T?, 4 ® ) is a quasi-
cocycle.

Example 5 [40] Consider the 2-sphere, with an area form w of total area 2. Let A(S?)
be the space of oriented tangent lines to S? and p : A(S?) — S? the canonical projection.
There is a natural action of the circle R/Z on A(S?): if £ € A(S?) is a tangent line at
x € S2, %™ . { is the tangent line at 2 whose angle with ¢ is 27rs. Let X be the (periodic)
vector field which generates this action of R/Z on A(S?). We can find a 1-form « on
A(S?), invariant by rotations, such that

a(X)=1 and da=pw.

This implies that « is a contact form whose Reeb vector field is X. Let f be an area-
preserving diffeomorphism of S? and (f;) a Hamiltonian isotopy from the identity to f,
generated by the Hamiltonian (H;). Let X; be the symplectic gradient of H;. The isotopy
(f:) induces an isotopy on A(S?) through the action of the differential df; : A(S?) — A(S?)
of f;. The key point of our last example is that there exists a second isotopy on A(S?)
which lifts (f;). It is constructed as follows. Let X, be the horizontal lift of X; to A(S?),
i.e. the vector field on A(S?) defined by the equations:

a(Xy) =0 and p.(X;) = X,

The time-dependent vector field X; — (H;op)X generates an isotopy 0(f) : A(S%) — A(S?)
which preserves o and whose isotopy class only depends on the isotopy class of (f;), see [2].
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We can now measure a kind of rotation number associated to any tangent line £ € A(S?).
Indeed for all ¢, O(f;)(¢) and df;(¢) are tangent lines at the point f;(p(¢)) € S2. Hence, we
can write df;(¢) = e2 ) . 9(f,)(¢) where ™" is the angle between 0(f;)(¢) and df;(£).
The quantity w(f, ) = u(1) —u(0) only depends on f and £. Then w(f,-): A(S?) — R is
a continuous map which satisfies:

w(fg,?) =w(g,l) +w(f,dg(l)).

This is not yet exactly what we need: since the action (f,¢) — df(¢) of the group
Ham(S?,w) on A(S?) does not have an invariant measure we can not consider the function
w(f,) as a vector in some unitary representation of Ham(X,w). Nevertheless, we can
prove the following inequality, see [40]: if £; and ¢5 are two tangent lines at the same point
x = p(l1) = p(fs) € S? then:

lw(f, 1) —w(f,0z)| < 10.

Thus, if we define w(f,z) = max,)—,w(f,?), w(f,-) is a bounded measurable function
on S? and we have:

lw(fg,r) —w(g,r) —w(f,g(x))| <30

The map f +— w(f~1,-) is therefore a quasi-cocycle.

KKK

Motivated by these examples and by the vanishing results of the previous section, we
can raise the following question.

Question 1 If f : ¥ — X is a Hamiltonian diffeomorphism of a closed surface, distinct
from the identity, can we find a quasi-cocycle u, defined on the group Ham(X,w), with
values in the space L2(X, 1), or L2(X x X, u ® ), or even L2(X", u™) for some integer n,
such that the function u(f) is not zero almost everywhere? In other words, can we find
a set of positive measure (in X or ¥ X X...) of points for which some kind of rotation
number or asymptotic linking number is non-zero?

A positive answer to this question would yield a positive answer to Zimmer’s conjecture.
Note however that we should certainly add some hypothesis on f to get a positive answer.
For instance, if f is a rotation of the sphere, u(f) vanishes for all known quasi-cocycles.
It is probably possible to construct more subtle counter-examples. Assume for instance
that we can construct a Hamiltonian diffeomorphism f with the following two properties:
f is weakly mixing, and, for some algebraic reason, ¢(f) = 0 for any homogeneous quasi-
morphism defined on the group of Hamiltonian diffeomorphisms. In that case, for any
quasi-cocycle u with values in L2(X", u™) one has %(f) = 0 almost everywhere. Indeed,
since the diagonal action of f on 3" is ergodic for any n, one has u(f) = ¢,(f) = 0 almost
everywhere on ¥". Note however that this kind of counter-example cannot appear inside
the image p(T") of a higher rank lattice, since all the diffeomorphisms in the group p(T)
have discrete spectrum.

We now give two small hints that tend to show that a non-trivial Hamiltonian diffeo-
morphism of a compact surface contains somewhere a set of positive measure of points
which “rotate around each other”.
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Consider first a diffeomorphism f € Diff.(D?,w), distinct from the identity. We will
write

o1
angle (v, y) = nh_)néoﬁanglefn (z,9)

when this limit exists. Note that, according to Birkhoff’s theorem, angle f(:L‘, y) exists for

i ® p-almost every point (z,y) € D? x D2, and if zq is a fixed point of f, angle (y, 7o)
exists for p-almost every point y € D2. A result of Viterbo [45] implies that there exists
a fixed point xo € D? for f and a Borel set B C D? of positive measure such that:

a‘nglef(ya .TO) 7& 07

for all y € B. We now explain this fact. Recall first that one can define the symplectic
action A(wo) of a fixed point g of f in the following way. If (f;);c[0,1] is a Hamiltonian
isotopy from the identity to f, generated by a Hamiltonian (H;) one defines:

Atw) = [ 3+ [ HL(fue))de,

where 7 is the loop (f¢(0))iejo,1] and X is a primitive of the area form w on D?. This
number does not depend on the choice of the isotopy (f;) from the identity to f. The
next lemma, which I learnt from Patrice Le Calvez, relates the symplectic action of a fixed
point to the cocycle angle.

Lemma 3.2 For any fized point xg of f one has:

Awo) = [ angle(yao)du(y) = [ angle; (. z0)dito).

Proof. To compute the action A(zg), we can choose an isotopy (ft)e[o,1] such that fi(zo) =
xg for all t. We denote by X; the vector field which generates the isotopy and H; the
corresponding compactly supported Hamiltonian. Let df be a closed 1-form on the annulus
D? — {z0} whose integral over a generator of the first homology of the annulus equals 1.
The integral of the function angle;(-, zg) over D2 equals Jpe fol dO(X;)dt w. Using the fact
that the 3-form df A w is 0 we get:

(X w = diAw(Xy,)
= —d(H,db).

Choose now a small disc D, around zy. We have:

Jpe angley(y, zo)du(y) = lim [po_p, Jo dO(Xy)dtw
. 1
= ;I_I)%faDs Jo Hidtdo.
Here we have used Stokes’ theorem and the fact that H; vanishes near the boundary of
D2. The last limit in the equality above coincides with the action A(xg) = fol Hy(xp)dt.

We have therefore proved the first equality of the lemma. The second equality follows
from Birkhoff’s theorem. O

Now, using symplectic methods, Viterbo shows that if f is distinct from the identity,
there exists a fixed point xg with non-zero action. Thanks to the interpretation of the
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Figure 1: Linking of points in an inessential annulus on the torus

action of zg as the average linking number around xg, we deduce the existence of the set

B. We get that the map angle; is non-zero on the set B x {zo} C D? x D2, However,
from our point of view, it would be more natural to obtain a set of positive measure in
D2 x D? for the product measure.

Second, we will consider the simplest examples of Hamiltonian diffeomorphisms: inte-
grable ones. For instance, let us take a smooth function H : T?> — R and consider the
associated Hamiltonian flow ¢4, : T? — T2 Assume that H is non-constant. Then, we
will show that there is a quasi-cocycle v on Ham(T? w) with values in L?(T?,R?) or in
L?(T? x T?,R) such that @(¢};) is not zero almost everywhere (for the measure y on T?
in the first case, for the measure p ® p in the second one). As H is non-constant there is
an embedding of the annulus

i:A=8'%]0,1] —» T?

on which the flow ¢, reads: ¢4 (i(6,s)) = i(0 + tJ(s),s) for a non-vanishing function
9 :]0,1] — R*. To prove this fact, one just consider a connected component € of a regular
level of H. In a neighborhood of € all orbits of ¢}, are periodic hence € is contained in an
annulus which is invariant under the flow (%, and in which each orbit is periodic. From
this one easily deduces the existence of the embedding 1.

We will write 7 : R x [0,1] — R? for a lift of the map i. Assume first that the
annulus A is essential in T2. In that case there exists a non zero vector w € Z? such that
(0 + k,s) =1(0,s) + kw. Consequently, if U1 is the cocycle from Example 2 we have:

W — s)w #0.

n—
Assume now that the annulus A is inessential. We will make use of the quasi-cocycle
from Example 4. We can assume that the curve i(S! x {0}) bounds an embedded disc D
which is disjoint from i(S*x]0, 1]) (up to changing the parameter s by 1—s). Assume that
s > s1 and consider the trajectories of the two points (61, s1) and (02, s2). The family
of curves (¢4 (i(62, 52)) — @i (i(01, 51)))iefo,n] Winds around 0 in the disc D Ui(A) (see the
figure). The loops a(y},i(62,s2),1(01,51)) are therefore almost equal to a power of the
commutator [a, b], where a and b are the standard generators of the group 71(T?—{0}, z.).
More precisely, we can write:

CM(QD%,Z'(QQ, 82)7i(01’ 81)) = Qp * [(1, b][m?(&)} * ﬁn

where a,, and 3, stay in a fixed finite subset of w1 (T? — {0}, z.) and [n9(s2)] is the integer
part of nd(sy). From this we deduce that u(¢p,o%,i(02,52),9(01,51)) — ¢([a, b]PP(2)])
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is bounded independently of n. Therefore, for any homogeneous quasi-morphism ¢ on
71(T? — {0}, x,) we have:

u(p, o, i(02,52),1(01,51))
n

— ¥(s2)¢([a, b]).

To conclude we now choose a quasi-morphism ¢ such that ¢([a, b]) is non-zero and observe
that the set {(i(f1,51),i(02,52)),52 > s1} C T? x T? has positive u ® p-measure. Hence
we have proved:

Theorem Let p : I' — Ham(T?,w) be a homomorphism, where T is a higher rank
lattice, as above. If a diffeomorphism f € p(T') is contained in a Hamiltonian flow, then
f is the identity.

In fact, this result could have been deduced directly from the existence of Zimmer’s
invariant Riemannian metric. Indeed, in the situation above, one can always find an
embedding ¢ such that the function ¥ is not constant. This implies that for an open set of
points x the sequence of differentials (dyp%; (z))n>0 tends to infinity. This contradicts the
existence of Zimmer’s metric. Yet, the above proof was presented in order to illustrate the
possible use of the quasi-cocycles that we described.

Also, it is not difficult to establish a similar result on a surface of genus greater than
1, or on the sphere if we assume that the flow is not conjugated to a 1-parameter group
of rotations, see [41].

4 Final remarks

We have already mentioned that, according to a result of Zimmer, the group p(I") preserves
(almost everywhere) a measurable Riemannian metric. In the case where the surface is
the torus T2, we can slightly improve this fact: the group p(I') preserves a pair (X!, X?)
of linearly independent measurable vector fields. If g is a Hamiltonian diffeomorphism
of T? let us consider a Hamiltonian isotopy (g¢) from the identity to g. We identify the
differential dg;(x) of the diffeomorphism g; at a point x with a 2 x 2 matrix. Hence,
the path of matrices dg;(x) defines an element @(m) € g\flg(R) in the universal cover of
SL2(R), which depends only on g and z. The map

Ham(T?) x T> — SLy(R)
(9,2) — dg(z)

is a cocycle. If p denotes the projection from §I:2(R) to SLa(R), the map (g, x) — dg(z) =
p(@(w)) is the usual derivative cocycle. Suppose I' < Ham(T?,w) is a Kazhdan group
and consider the restriction of the previous cocycle to I'. According to Zimmer [47, 49],
there exists a measurable map ¢ : T? — SLy(R) such that

p(y-2)" o dy(z) o p(z) € SO(2),

almost everywhere (for v € I'). We denote by 7 : g\flg(R) — R the translation number

associated to the action of SLa(R) on the line (see [28]) and by T the generator of the

center of SLy (R). Let ¢ : T2 — SLy(R) be a measurable lift of ¢ chosen in such a way that
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the map x — 7($(x)) is bounded. This is always possible since one has 7(a-T*) = 7(a) +k
(a € SLa(R), k € Z). The map (v,z) — @(v-x) Lody(x)op(x) is a cocycle whose image
is contained in the inverse image of SO(2) in SLy(R), which is canonically isomorphic to
R.

Lemma 4.1 For each v € T the map x — sy(z) == ¢(y-x)"'o El;(x) op(x) € R is
bounded. Hence the cocycle vy — s, determines a class in H'(T',L?(T? R)).

Proof. Since the restriction of 7 to the inverse image of SO(2) in §f12(R) is the identity, it is
enough to show that the map z — 7(s,(z)) is bounded. Since the two maps z — 7(¢(x))
and x — 7(p(y - 2)71) are bounded thanks to the choice of the lift ¢ and since 7 is a
quasi-morphism, it is enough to check that the map = — T(EZ\:}/(.%)) is bounded. But this is
obvious since this is a continuous map from T? to R. O

From the lemma, we deduce that there exists a measurable (in fact L?) map ¢ : T2 — R
such that: sy(x) = ¥(vy-2) — ¢ (). Coming back to SLy(R), we obtain:

(,0(’}’ : x)_l o d"y(x) o (p(x) = e2iﬁ(w(7(r))—w(r))

)

almost everywhere, where ¢%™ stands for the rotation of angle 27u in SLp(R). This
tells us that the derivative cocycle is cohomologous to the constant cocycle (equal to the
identity) which is equivalent to the existence of the vector fields X! and X?2.

Although the results we have discussed here give more evidence toward Zimmer’s con-
jecture, it seems difficult to exploit them. In particular, the quest for a set of positive
measure of points that “rotates” under the action of a diffeomorphism seems delicate.
Note also that we have simply used global cohomological properties of the lattice I' to give
some constraints on the dynamics of each single diffeomorphism in the group p(I') but we
were not able to investigate the dynamics of the whole group I'. Rather than studying
measure theoretical properties, it might be useful to study the topological dynamics of the
action. In this direction, the work of Calegari [9] contains many promising ideas.
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