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Abstract

We consider a complete discrete valuation field of characteristic p, with possibly non
perfect residue field. Let V be a rank one continuous representation of its absolute Galois
group with finite local monodromy. We will prove that the arithmetic Swan conductor of V
(defined after K.Kato in [Kat89] which fits in the more general theory of [AS02] and [AS06])
coincides with the differential Swan conductor of the associated differential module DT(V)
defined by K.Kedlaya in [Ked(07]. This construction is a generalization to the non perfect
residue case of the Fontaine’s formalism as presented in [Tsu98a]. Our method of proof will
allow us to give a new interpretation of the refined Swan conductor.
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Introduction

Let E be a complete discrete valuation field of characteristic p, and let Gg be its absolute
Galois group. It has been known now for some time (cf. [Fon90], [Kat73]) that one has an
equivalence between the category of continuous p-adic representation of Gg with coefficients in
a finite extension K of Q,, and the category of unit-root p-modules over a Cohen ring &, of E.
If k& were perfect, then the introduction of a finiteness hypothesis (finite local monodromy) on
the representation has allowed R.Crew, S.Matsuda and N.Tsuzuki to associate a (¢, V)-module
(with one derivative) not only on the “arithmetic ring” £, but in some more geometric ring

5}[, which we could indicated as “the bounded Robba ring” (cf. [Tsu98al, [Tsu98b|, [Mat95],



IMat97], [Cre98| ...). Here “geometric” means that the elements of this ring can be understood
as analytic functions converging in some annulus. S.Matsuda and N.Tsuzuki actually provide
a more general framework: they allow the field of constants L to be a certain totally ramified
extension of the field of fractions of W (k). In this context we would find ourselves with two
theories of ramification between two parallel worlds. In the arithmetic setting we have the
classical ramification theory as presented in [Ser62] and [Kat88]. In particular, we have the
notion of arithmetic Swan conductor of a representation V with finite local monodromy. In
the differential framework, G.Christol, Z.Mebkhout, and P.Robba obtained a theory of p-adic
slopes of a solvable V-module M (cf. [Rob85], [CR94], [CMO00], [CM01], for example). In
particular we have the notion of p-adic Irregularity of the V-module underling the (¢, V)-
module Df(V) associated to V. The works of R.Crew, S.Matsuda and N.Tsuzuki have shown
that the arithmetic Swan conductor of V coincides with the p-adic irregularity of DT(V) (cf.
[Cre00], [Tsu98b], [Mat95]).

If, now, we allow k& be non-perfect, then K.Kedlaya has recently shown that the category
of p-adic representations of Gg with finite local monodromy is again equivalent to a category
of unit-root (¢, V)-modules over Sz in a slightly generalized sense with respect to the work of
S.Matsuda and N.Tsuzuki (cf. [Ked07]). In this new context we can no longer expect to have
a single derivative, indeed since the residual field k is not necessarily perfect, the number of
independent derivatives will depend on the cardinality of a p-basis of the residue field. In fact
K.Kedlaya is able to associate to a representation V, with finite local monodromy, a (p, V)-
module, denoted again by DT(V), where now V : D(V) — DT(V) ® Qé‘r K is an integrable

L

connection. If we fix a uniformizer parameter ¢ of E and an isomorphism E = k((t)), then Q!

&l /K
is a finite free module over 82 generated by dT', dui, ..., du,, where T is a lifting of ¢, and
u1, ..., u, are lifting of a p-basis of the residual field k. If k is perfect, then Q1. =0l and

EL/K & /L

we obtain exactly the theory as presented by S.Matsuda and N.Tsuzuki. From this K.Kedlaya
obtains a generalized definition of irregularity involving all the derivations. We will call it
differential Swan conductor of DT(V). This new notion of irregularity should be seen as a re-
interpretation of the (now) classical definition of irregularity by means of slopes of the radius
of solutions given by P.Robba, G.Christol, and Z.Mebkhout. Unfortunately K.Kedlaya does
not have any interpretation of this new irregularity in term of index. We recall that on the
arithmetic side we have now a good theory of ramification and relative Swan conductors for non
perfect residue field obtained by A.Abbes and T.Saito (cf. [AS02]). For rank one representations
it has been shown that the new definition coincides with the older one given by K.Kato (cf.
[AS06], [Kat89]).

In this paper we prove that for a rank one p-adic representation V of Gg with finite local
monodromy, the arithmetic Swan conductor of V, defined by A.Abbes, T.Saito and K.Kato,
coincides with the differential Swan conductor of DT(V), defined by K.Kedlaya. This will be
done by understanding Kato’s definition via the techniques introduced in [Pul07], where one
has a description of the character group H'(E,Q,/Z,), and one computes the functor D in
rank one case. Moreover within this framework, we will interpretate the notion of refined Swan
conductor (as in [Kat89], see also [Mat97] and [AS06]).

We expect a generalization of the previous results to representations of any rank by compar-
ison between irregularity and Abbes-Saito Swan conductor. Recently Liang Xiao (cf. [Xia08])
announced the proof of such a generalization: his methods are completely different from ours.



Plan of the article:

After introducing some notation and basic definitions in section [I in section [2] we will recall
some known facts about (local) irregularity of differential operators in one variable over a non
archimedean complete valued field and its various interpretations. In section [3| we introduce,
Kedlaya’s definition of the p-adic differential Swan conductor for (y, V)-modules.

In section [4] we recall Kato’s definition of Swan conductor for characters a : Gg — Q/Z with
finite image. We then interpret an explicit description of H'(Gg, Q,/Z,) obtained in [Pul07,
Section 4.1] in term of Kato’s filtration of H'(Gg, Q/Z) (cf. Theorem . As a corollary we
prove that

va(d) (k)/pva(d) (k) if d>0,
Crq(HY(Gg,Q,/Z,)) = (0.0.1)
H'(k,Q,/Z,) if d=0,

where Grg means the d-th graded piece with respect to the Kato’s filtration, and v,(d) is the p-
adic valuation of d. This simple expression of Gry( H!'(Gg, Q,/Z,) ) is obtained by considering
any such a character as the image of a Witt co-vector in the quotient CW(E)/(F — 1)CW(E),
which is isomorphic to H! (Gg, Q,/Z,) via the Artin-Schreier-Witt theory (cf. Sequence (1.3.3)).

In the same section we recall (and precise) a decomposition of G& obtained in [Pul07,
Equation (4.32)]. This allows us to generalize the Kato’s definition of the Swan conductor
to rank one representations with finite local monodromy (not necessarily with finite image)
(cf. Definition [4.17). In section [5| by means of the isomorphism (0.0.1), we will give a new
construction of Kato’s refined Swan conductor according to [Kat89] and [AS06].

Finally, in the last sections [6] and [7] we prove our theorem: this will be done by computing
D' in the rank one case along the lines of [Pul07]. Firstly we reduce the problem to the case
of a representation defined by a “pure co-monomial” (cf. Def. , then we prove that in
this case the differential Swan conductor (defined as the slope of T'(M, p) at 1= (cf. Section
3.13)) coincides with the slope of T'(M, p) at 0% which can be computed explicitly in term of
the coefficients of the equation (Lemma [7.4).
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1 Generalities and Notation
1.1 Rings
Let (L,|-|) be an ultrametric complete valued field, and let I C R>( be an interval. We set

Ap(I) = { ZaiTi |a; € L, |ajlp' =0, fori— +oco,Vpell, (1.1.1)
1€EZ



&L = {f:ZaiTi | a; € L, supla;| < +oo, lim a; =0}, (1.1.2)
il i——00

1€Z
Rr = |J A1), (1.1.3)
e>0
&= RinéL. (1.1.4)

The ring A (I) is complete with respect to the topology given by the family of norms {|-|,} er,
where
\ZaiTi]p = sqp]ai\pi . (1.1.5)
i 7

The Robba ring R, is complete with respect to the limit-Frechet topology induced by the family
of topologies of Ay (]e, 1[). The ring &;, is complete for the topology given by the Gauss norm
|11 =1"le;, = | |gauss: | @i T?|1 := sup; |a;|. The ring Sz has two topologies arising from Ry,
and &y, respectively, moreover 52 is dense in &, and in R, for the respective topologies. If the
valuation on L is discrete, then Ez is a henselian field.

Let [p] := {p}, p > 0, be the (closed) interval which consists of only the point p. The
completion of the fraction field of Az ([p]) will be denoted by

(FLps |- lp) o= (Frac(Ac(pD), |-1,) - (1.1.6)

Since rational fractions, without poles of norm p, are dense in Az, ([p]) with respect to the norm
| - |, one has that Fr, , is the completion of the field of rational fraction L(T") with respect to
the norm |- |,. If p € I, one has the inclusions

Ar(I) € Ar(lpl) C Fr, - (1.1.7)

1.2 Witt vectors and Witt covectors

For all rings R (not necessarily with unit element), we denote by W,,(R) the ring of Witt
vectors with coefficients in R. The notation follows from [Bou83], with the exception that
in our setting W,,(R) := W(R)/V"T(W(R)), where V(Xg, A1,...) = (0,0, A1,...) is the
Verschiebung. We denote by ¢; := ¢;(Ao, A1,...) := )\g] +p)\§’]71 + .-+ pI)j the j-th phantom
component of (g, A1,...). We distinguish phantom vectors from Witt vectors by using the
notation (@, ¢1,...) € RN instead of (¢, ¢1,...). We denote by F the Frobenius of W(R) (i.e.
the one that induce the map (¢g, ¢1,...) — {(¢p1,P2,...) on the phantom components). If R is
an F,-algebra, we define a Frobenius F : W,,(R) — W,,,(R) by F(Xg, A1,...) :== (A5, A0, .0).

1.2.1

We recall that if I C R is a subgroup closed by multiplication, then W(I) := {(Ao, A1,...)
€ W(R) | \j € I, for all ¢ > 0} is a subgroup closed by multiplication of W(R). In the sequel
we will apply this to the ring R[[t]][t7}], and I = tR[[t]], or I =t ' R[t"}].

1.2.2 The R-modules CW(R) and é\VV(R)

We set CW(R) := lim(W,,(R) Y, Woi1(R) AN ---) and, if R is an Fp-algebra, we set
CW(R) := im(W(R) & Wii1(R) £ ), where p 1 Win(R) — Wi,p1(R) denotes the
morphism VE : (Ao, ..., Am) — (0,25 ... AD,).

Remark 1.1. If R is an Fp-algebra, and if the Frobenius x — 2P : R — R is a bijection,

then CW(R) and CW (R) are isomorphic (cf. [Pul07, Section 1.3.4]). In general they are not
isomorphic.



1.2.3 Canonical Filtration of CW(R) and CAV/V(R)

Both CW(R) and CW(R) have a natural filtration given by Fil,,(CW(R)) := Wy,(R) C
CW (R) and Fil,,,(CW(R)) := W,,,(R) C CW(R), respectively. Defining Gr,,, as Fil,, /Fil,;,_1,

one has :

Gr(CW(R)) = W, (R)/V(Wn_1(R)) = R, (1.2.1)
Gr(CW(R)) = Wn(R)/p- Wn(R) . (1.2.2)

Indeed p - W,,,(R) = VE(W,,,_1(R)). We recall that if R is an Fp-algebra then
P Wi(R) ={AeW,(R) [ A= (0,\,.... 0), M,....,\n ER}. (1.2.3)

1.3 Notation on Artin-Schreier-Witt theory
Let x be a field of characteristic p > 0 and let k%P /k be a fixed separable closure of k. We set
Gy = Gal(k*P /k) . (1.3.1)

If K is a complete discrete valuation field, we denote by Zg, the inertia group and by Pg, the
pro-p-Sylow subgroup of Zg,. We have H' (G, Z/p™Z) = Hom(Gy, Z/p™Z) (cf. [Ser62, Ch.X,
§3]). The situation is then expressed by the following commutative diagram:

0 — Z/p" 17— Wi (k) ———> W, (k) —— Hom(G,, Z/p"™1Z) —>0  (1.3.2)

lz ® lv ® J{V ® \LJ
0 —= Z/p" 27 —= Ws1 (k) ——> Wiyt (k) —> Hom(Gy, Z/p"+22) —= 0
where 2 : 1 — p is the usual inclusion, and j is the composition with 2. For A € W,,(k), the
character a = §(A) € Hom(G,, Z/p™ 1 Z) satisfies a(y) = y(v)—v € Z/p™HZ, for all y € G,
where v € W ,,,(k%P) is a solution of the equation F(v) —v = A. Passing to the inductive limit,
we obtain the exact sequence:

0 — Q,/Z, — CW(x) =% CW(x) 2= Hom™™(G,.,Q,/Z,) — 0, (1.3.3)

where Q,/Z, is considered with the discrete topology, in order that the word “cont” means
that all characters G, — Qp/Z) has finite image. Indeed lim Hom(Gy,Z/p™Z) can be viewed
as the subset of Hom(Gy, Q,/Zy) formed by the elements killed by a power of p (cf. Remark
11.9).

Remark 1.2. If the vertical arrows V are replaced by VF in the diagram (1.3.2)), then the
morphisms 1 and 7 remain the same. Indeed §(A) = §(F(X)), because F(A) = A+ (F — 1)(A),
for all A € W, (k). Hence we have also a sequence as follows:

0 — Q,/Z, — CW(x) =5 CW (k) —= Hom*"™ (G, Q,/Z,) — 0 . (1.3.4)
1.3.1 Artin-Schreier-Witt extensions.
Let A= (Xo,..., Am) € Wy, (k). Let a:= §(A), then
(K5PYKer (@) — g (fug, ... um)) (1.3.5)

(i.e. the smallest subfield of kP containing k and the set {1y, ..., }), where v = (v, ..., V)
€ W,,,(k%P) is a solution of F(r) — v = A. All cyclic (separable) extensions of x, whose degree
is a power of p, are of this form for a suitable m > 0, and A € W, (k).



1.4 Witt (co-)vectors of filtered and graded rings

Let A be a ring (not necessarily with unit element). We denote N := Z>¢. A filtration on A
indexed by N is a family of subgroups of (4, +)

0=TFil_;(A) C Filg(A) C Filj(A) C Fily(4) C --- (1.4.1)

such that
Filg, (A) - Filg, (A) C Filg,+4,(A) , (1.4.2)

for all di,dy > 0. The pair (A, {Filg(A)}4>0) is called filtered ring. We say that a ring A is
graded if A = @®4>0Grq(A) (as additive groups), where Grg(A), d > 0 are subgroups of A, with
the property that Grg, (A) - Grg,(A) C Grg,+q4,(A). To a graded ring A = &4>0Grq(A) it is
associated a natural filtration given by Fil,,(A) = @o<g<nGrq(A), which makes A a filtered ring.

1.4.1 Filtration associated to a valuation.

A waluation on A with values in Z is a map v : A — ZU{oo} such that v(a) = oo if and only if
a =0, and for all a1, as € A one has v(a;+az2) > min(v(ai),v(az)), and v(ai-a2) = v(ai)+v(ag).
If A is a valued ring, then A is a domain. By setting

Fily(A) = {a€ A|v(a) > —d}, foralld >0, (1.4.3)
one obtains a filtration on A. In particular, this applies if A is equal to R[T], TR[T], R[T, T~!],
R[[TN[T7Y], T~'R[T~!] (where R is a ring), or if A is a valued field of any characteristic.
1.4.2 Witt (co-)vectors of a filtered ring.

Definition 1.3. For all integers d,i > 0 we set

{d:p'} = { d/_p; g fldvp(d) (1.4.4)

We then have
Definition 1.4. Let (A, {Fily(A)}4>0) be a filtered ring. We define for all m,d > 0
Filg(Wm(4)) == {(Ao,..., Am) € Wi (A) | Ap—i € Filggyiy (4)} - (1.4.5)
Lemma 1.5. The ring W, (A) together with {Fily(W,(A))}a>0 is a filtered ring.
Proof. Let A, pu € Fily(W,,,(A4)), and let v := A+ pu = (v, ...,vy). Then, for all 0 < n < m,
vy is an isobaric polynomial in Ao, ..., A\s, o, - - - , n, More precisely
Vp = Z kiOV")i’VLij:"ﬂjnA,(i)O ce )\Z‘M%O ce ,U%” , (146)
§05eerir12§05eensdin >0

where, kg .. 0 =0, k € N, and, for all ig,...,%n,Jo,--.,Jn = 0, one has

10,++58n,J05--1Jn
(io +i1p+ -+ inp™) + (o + J1p" + -+ + jnp™) =" . (1.4.7)
Hence the condition A\p,—i, im—i € Fﬂ{d;pi}(A)> implies vpm—; € Fﬂ{d:pi}(A)'

On the other hand, if A € Filg, (W,,,(A4)), p € Filg, (W, (4)), let n:=X-p= (n0,...,0m)-
Then for all 0 < n < m, one has

. / i0 in ,,JO J
M = E kio,...,in,jo,...,jn/\o C A (1.4.8)
1050181550 5++2Jn >0



p p . . .
where, ko =0, ki, €N and, for all i, ..., %n, jo,...,Jn = 0, one has

(lo+ip+---+ipp") = 0" = (Jo+p+ -+ np") . (1.4.9)

Then the conditions \,,—; € Fﬂ{dl:pi}(A)v Wm—i € Fil{d2:pi}(A) imply Npm—i € Fﬂ{(d1+d2):pi}(A)'
O

1.4.3 Witt (co-)vectors of a graded ring.
Let now A = $4>0Grq(A) be a graded ring. We denote by

WWD(A),  (resp. CWD(A)) (1.4.10)

the subset of W,,(A) (resp. CW(A)) formed by vectors (Ag,...,A\m) € Wy, (A4) (resp. co-
vectors (- ,0,0, Ao, ..., Ay) € CW(A)) satisfying, for all i =0, ..., m:

Am_i € Gr{d:pi}(A) , (1411)

where by definition we set Gr_;(A) = 0. It follows from the equation (1.4.6)), and from the fact
that Grg, (A) - Grg,(A) C Grg, 1+4,(A), that w'd (A) (resp. CW@(A)) is closed under the sum
in W,,,(A) (resp. CW(A)). Moreover

V(W@(4)) ¢ W, (4), (1.4.12)
and for all dy,ds > 0 one has
W (A). Wik (4) ¢ wihtd2)(4) (1.4.13)

We notice that V(W%)(A)) = ngzrl(A) if d = np”, with (n,p) = 1, and v < m. This proves
that

CW@W(4) = lim WD (4) . (1.4.14)

Lemma 1.6. If A = ®4>0Grq(A) is graded, then the filtration (1.4.5) on W,,(A) is a grading
and
Grg(Wp(4)) = WD (A). (1.4.15)

The decomposition W, (A) = @dZOWT(ff) (A) = ®a>0Grqg(W,(A)) passes to the limit and defines
a decomposition
CW(A) = ®y50CWD(A) = 3450Grg(CW(A)) . (1.4.16)

Proof. We prove first that W,,,(A) = @dZOW%’)(A). If m = 0, then Wy(A) = A, and the
lemma holds. Consider now a vector (Ao, ..., Am) € Wi(A4). If Ao = 315 )\(()d) € A, with
)\(()d) € Grg(A), then

()‘07)\17"'¢)‘m> = (Z)\(()d)707 70) + (Ov)‘h"'a)\m) = Z(A(()d),()’ . 70) + (Onulv"- alum)7
d>0 d>0
(1.4.17)
for some py,...,um € A. The process can be iterated for (0, u1,..., ). This proves that
W, (A) is generated by the elements of the form (0,...,0,2,0,...,0), with x € Grg(A), placed
in the i-th position, where i (resp. d) runs on the set {0,...,m} (resp. Z>p). Hence W,,,(A) =

S0 Wi (A).



We prove now that the sum is direct by induction on m > 0. For m = 0 this reduces to
A= @©g>0Grq(A). Let now m > 1. If 37, A =0, with A ¢ W%)(A), for all d > 0, then
0="> 40 /\éd), hence )\éd) =0 for all d > 0, because A = @4>0Gry(A). Then every A@ belongs
to V(Windll(A)). By induction we have A = 0 for all d > 0. Finally the decomposition

passes to the limit by (1.4.14) and because every Witt co-vector belongs to W, (A), for some
m > 0. ]

1.5 Settings

Hypothesis 1.7. Let p > 0, and let ¢ = p, h > 0. Let k be a field of characteristic p containing
Fy. We assume that k admits a finite p-basis {a1, ..., u,}.

Notation 1.8. For all field k of characteristic p > 0, we denote by C, a Cohen ring of « (i.e. a
complete discrete valued ring of characteristic 0 with maximal ideal pC,, and with residue field
K.).

Let E be a complete discrete valuation field of characteristic p, with residue field k. Let ¢

be a uniformizer of Og. If a section k£ C Og of the projection O — k is chosen, then one has
an isomorphism (cf. [Bou83, Ch.9,§3,8°3,Th.1])

E>k(t), Opk[t]. (1.5.1)

Lemma 1.9. Let k1, ko be two fields, and let f: K1 — Ko be a morphism of fields. Let {Z;}ier
be a p-basis of k1, and let y; := f(i’l) Let Cy,, Cyg, be two Cohen rings with residue field k1, k2
respectively, and let {x;}ier C Cg,, {yitier C Cg, be arbitrary liftings of {Z;}icr and {yi}ier-
Then there exists a unique ring morphism f : Cx, — Cy, of f sending x; into y;.

Proof. See [Bou83l §1, N°1, Prop.2; Ex.4 of §2, p.70]. See also [Whi(2]. O

Let Ci be a Cohen ring of k, and let Ly be its field of fractions. Since OgLO is a complete
discrete valued ring with maximal ideal generated by p, and with residue field isomorphic to E,
then

Cr, =01, , Ce = 0Og, - (1.5.2)

Let K Dbe a finite extension of Q, with residue field F,. We set L := K Qwr,) OL, and

hence
O, =0k QOW (F,) Or, - (1.5.3)
One sees then that Og, = Og, Qw(r,) Ok-

Definition 1.10. Let {uj,...,u,} C Or, be an arbitrary lifting of the p-basis {ui,...,u,} of
k (cf. Hypothesis . By Lemma we fix a Frobenius ¢ of Or, sending ui,...,u, into

ul, ... ul. We denote again by ¢ the Frobenius Idp, ® ¢ on Or. We extend to Og,, Ot and
L
Ry this Frobenius by sending T,u1,...,u, into T ud, ... ul.
The situation is exposed in the following diagram:
Ox or Of, . (1.5.4)
Ly — W () Or, Oc¢.,
Fp F, k E

We denote by K, Lo, L, €1, €1, the fractions fields of Ok, Or,,, Or, O¢, , and OgLO respectively.

8



1.6 The Cohen rings of ky(uy,...,u,) and ko((@1)) ... (@)

Let ko be a perfect field, and let {ay,...,u,} be an algebraically independent family over k.
In this subsection we give a description of the Cohen ring C; = Or, in the case in which
k= k‘o(ﬁl, e ,ﬂ,«) or k= ko((’l]l)) e ((ﬂr))

Let {ui,...,ur} C O, be an algebraically independent family over Fy := Frac(W ko)),
lifting {@1,...,4,}. We will define the Cohen ring of k = ko((@1)) ... (@), Eryur,...up) iD=
ductively on r. For r = 1 we define &p, (,,) as the Fp-vector space whose elements are series
f(ur) = ) icp aiuy, with a; € Fp, satisfying

sup |ai,, < +o0, (1.6.1)
(2
lim Jail,, = 0. (1.6.2)
1——00

This is a complete field under the absolute value
|f(u1)’5F07(u1) = mlax ‘a’i|FO7

it is also unramified over Q, and its residue field is ko((@1)). Hence its valuation ring is a Cohen
ring of ko((@1)). For r = 2 using the case r = 1 we can define 55F0,<u1)7(U2)' This is a gy ()
vector space whose elements are Laurent series in ug with coefficients in &g, (,,) satisfying the
previous conditions (|1.6.1)) and (1.6.2)). It is a complete field under the extension of the previous
norm. In fact, if f(uz) = Y,y aiuy, with a; € Eg, () We define

| f (u2)

|g£F0,(u1)7(”2) = m?X ’ai|gFo,(u1)’

it is again non ramified and its residue field is ko((#1))((@2)). This norm is an extension of
the Gauss norm on rational functions. We may then continue for a general r by defining

Ery,(uryur) = Egpmm (u,) @ Cohen ring for ko(@y)) - - (uy))-

,,,,, Up_1)>
Remark 1.11. If k = ko(u1, ..., Uy ), then the Cohen ring Cy, = Op, is the ring of integers of
the completion of Fo(uq,...,u,), with respect to the Gauss norm.

1.7 Differentials

We fix an arbitrary lifting {u1,...,u,} C Cp = Op, of the finite p-basis {u1,...,u,} C k of k.

Lemma 1.12. Let Q! denote the module of continuous differentials. The following assertions
hold:

1. Q}QL/OK is a free Op-module of rank r, generated by duy, ..., du,,

2. dimLﬁlL/K =7, and ﬁi/K s generated by duy,. .., du,.

Proof. The proof can be done by using [Gro64) 07y, Prop.19.8.2, Th.20.4.9, Cor.20.4.10], [Gro60),
0[, PI“Op.7.2.9], and [GI“O61, 0[[[, 10.1.3], U

The elements @1, ...,u, € k are algebraically independent over F, (cf. [Bou59, Ch.V, §8
Ex.9]). So the elements ui,...,u, are algebraically independent over @, and over K, since
a polynomial relation P(ui,...,u,) = 0 will imply, by reduction, a relation on {1, ..., u,}.
Since L has the p-adic topology, hence the topology induced by L on K(uq,...,u,) is the p-
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sup |ai,,..i.|k. In particular L contains the field Cp (g, a,) @wr,) K = (K(u1,...,ur),| -

|Gauss) ", where (-) means the completion with respect to the Gauss norm.
Let I C R>g. Let Q}M (1)/K denote continuous differentials, with respect to the topology of

Ap(I) (cf. section [L.1]), then

§}4L(I)/K = AL(I)-dT® (@AL(I)-dui) : (1.7.1)

=1

Consequently, also SA)EL K 0 (AZ%%L /K Are freely generated by dT', duq, ..., du,.

1
&l /K’

1.8 Spectral norms

For all complete valued ring (H,|.|x#)/(Zp,|.]), and all Z,-derivation 0 : H — H, we set

0" = sup 0" (B)l/Ihle s JOlmsp = lim Jo" yn (1.8.1)
0 n—oo

)

This section is devote to proving the following

Lemma 1.13 ([Ked07, Remark 2.1.5]). Let L be as in section[1.5, Let

w = |p|7T (1.8.2)
Then one has )
‘d/dT’FLm = p ., ‘d/dui’fL,p = 1, (183)
d/dT |7, ,,5p = w-p ', |d/dulF,,sp = w.

Proof. The assertions on d/dT are well known (cf. [Chr83]). We study now only d/du;. We
split the proof in three lemmas:

Lemma 1.14. For all i = 1,...,7r, one has |d/du|F, , = |d/du;|r, and |d/du|F, ,sp =
|d/du;|1,sp-

Proof. 1t is enough to show that, for all n > 0, one has |(d/du;)"|7, , = [(d/du;)"|r. Since
L C Frp, then |(d/dui)"| 5, , > |(d/du;)"|L. Conversely, for all n > 0, one has |(d/du;)"|x, , =
Suprer, , , 1fl,=1 (d/dui)"(f)|,. We observe that since L[T, T-' is dense in Fp, ,, we can con-
sider the sup on the set {f = >"a;77 € L[T,T71], |f|, = 1}. For all such f =" a;77, one has
|(d/dui)" (22 aT7)|p = | 52(d/dui)"(a;)T7|, = sup;[(d/dui)"(a;)|p” < sup; [(d/dui)"|L]ajlp’ =
|(d/dui)"|L]f]p, hence [(d/dui)"|F, , < |(d/dui)"|L- O

Lemma 1.15. One has |d/du;|r, = 1.

Proof. Since d/du;(Or) C Or, one has |d/du;(a)| <1 = |al, for all a € Op, |a|] = 1. Hence
|d/du;|, = SUD|q|=1,acL |d/du;(a)|r, < 1. Conversely, we have that K(ui,...,u,) C L, and the
valuation induced by L is the Gauss norm. If B denotes the completion of K (ui,...,u,), then
it is easy to prove explicitly, using the description given in Section that |d/du;|g = 1, and
|d/du;i|,sp = w. The computations are analogous to the classical ones for d/dT (cf. [Chr83]).
Since B C L, we have the easy inequality

1=|d/duilg :== sup |d/du;(b)ls < sup |d/du;(b)|r =|d/du;|r <1. (1.8.4)
beB , b|=1 bel , b|=1

d
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Analogously one proves that |n!| = |(d/du;)"|g < |[(d/dw;)" |, w = |d/dui|Bsp < |d/dus| 1 sp-
It is now sufficient to prove that |d/du;|rsp < w. We will prove this inequality first over
Frac(Cy), and then over L.

Lemma 1.16. One has |(d/du;)"|prac(c,) = 7!

Proof. Let A :=F,(u1,...,u,) C k. Let C, and C4 be the Cohen rings attached to k£ and A
respectively. Fix an inclusion C4 C Cg. Let B := Cz + pCp, then B is a closed sub-ring of Cy,
and hence complete. Since k = A ®4» kP, and since (B/pCy) = kP, then Cj is generated by
C4 and B. By the description given in Section one sees that |(d/du;)"|a = |n!|. On the
other hand, d/du;(B) C pCj, C B, hence |d/du;|r, < |p|, where Fg is the completion of Frac(B).
Hence |(d/du;)"|r, < |p|™ < |n!|. Since every element x € Cj, can be written as = > " | a;b;,
with a; € C4, and b; € B, then [(d/du;)"|prac(c,) = In!]- O

End of the proof of Lemma : One has L = K ®w(r,) Ci. Every element x € L can be
writtenas x = Y . | a;ib;, a; € K, b; € Cy. Since |(d/du;)|x = 0, one sees that |(d/du;)"|r = |n!].
Hence |d/du;|r,sp = w. O

2 Radius of convergence and irregularities: the perfect residue
field case

This section is introductory. The main goal is to connect the fundamental work of G.Christol and
Z.Mebkhout with other results, definitions, and notations introduced by B.Dwork, L.Garnier,
B.Malgrange, K.Kedlaya, P.Robba, N.Tsuzuki, for example. In all this section we assume that
L has a perfect residual field k.

2.1 Formal Irregularity

The notion of irregularity of a differential equation finds its genesis in [Mal74], in which the
definition has been introduced for the first time for a differential operator with coefficients
in C((T)), here C is a field of characteristic 0. We recall briefly the setting. If P(T, %) =
> ko gk(T)(%)k, with gi(T) € C(T)), the Formal Irregularity, and the Formal Slope of P are
defined as

Irrpormal (P) = o?zfgn{k —vr(gr)}t — (n —vr(gn)) » (2.1.1)
_ vr(gn) —vr(gs)
Slopepoma(P) = max( 0, ki%?.}fn( o 1) ) , (2.1.2)

where vp is the T-adic valuation. One defines the Formal Newton polygon of P, denoted by
NP(P), as the convex hull in R? of the set {( k, (vr(gx) —k) — (vr(gn) —n) ) }ro....n together
with the extra points {(—o00,0)} and {(0,400)}. The formal slope is then the largest slope of
the formal Newton polygon of P, and the irregularity of P is the height of the Newton polygon:

(n,0)

IrrFOrmal(P) SlopeFormal(P)

w0t . (2.1.3)
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Let D := C(T ))[diT] These definitions are actually attached to the differential module M =
D/D - P over C(T)) defined by P, and are independent of the particular cyclic basis of M.
We hence use the notation NP(M), Irtpormal(M), Slopepyma(M). The differential module M
admits a so called break decomposition

M = @SZOM(S) , (214)

into D-submodules, in which M(s) is characterized by the fact that it is the unique submodule of
M whose Newton polygon consists in a single slope s (counted with multiplicity) of the Newton
polygon of M. Hence the Formal irregularity can be written as

Irrpormal(M) = Z S - dimc((T))M(S) . (2.1.5)
s>0

2.1.1 Formal indices.

We preserve the previous notations. It can be shown (cf. [Mal74, 1.3.1]), that, if Lp : C[T] —
C[T] denotes the C-linear map f(7T) — P(f(T")), then

IrrFormal(M) = X( Lp; C[[T:H ) - (TL - UT(gn)) ) (216)

where x(Lp; C[T]) = dimc Ker(Lp) — dimc Coker(Lp).

Assume moreover that C = C is the field of complex numbers, and that M is a differential
module over C({T'}) := Frac(C{T'}), the fraction field of convergent power series. B.Malgrange
proved (cf. [Mal74, 3.3]) that if G(T') € M,(C{T}) is the matrix of TdiT acting on M, and if
T-L + 'G(T) : CH{TYH)™ — C({T})" is the differential operator attached to M in this basis,

dT
then one has also

Irpommal (M) = —X( T%—i— G c({T))" ) : (2.1.7)

where x(T 4% + 'G; C({T}H") := dim¢ Ker(T-& + 'G) — dim¢ Coker(T - + 'G). Moreover the
quantity (n —vp(gn)) can be related to the characteristic variety (at 0) of the D-module M.

2.2 p-adic framework, the irregularity of Robba and Christol-Mebkhout

Assume now that C is a complete ultrametric field. Denote by C({T'}) the subfield of C((T) of
convergent (p-adically) power series around 0 with meromorphic singularities in 0. It has been
showed by F.Baldassarri (cf. [Bal82]), that if M is a C({T'})-differential module, the above Break
decomposition of M ®c¢ (1) C((T) descends to a break decomposition of M, over C({7'}). In
this sense, from the point of view of the Irregularity, the “convergent theory” in the ultrametric
setting over a germ of punctured disk, with meromorphic singularities, offers nothing more than
the “formal theory”.

2.2.1 The Robba ring as the completion of the generic point of a curve.

A more interesting class of rings are those arising from Rigid Geometry. Let L be the field
of Section Let X be a projective, connected, non singular curve over O, with special
fiber X;, and generic fiber X;. Let X" be the rigid analytic curve over L defined by the
generic fiber of X (because X was projective this rigid analytic space also coincides with that
obtained by completion along the special fiber). For every closed point z¢p € X} we denote by
Jzo] € X¢" the tube of zg in X?". Let xq,...,z, € X) be a family of closed points, and let
Uk = X\ {20, ..., zn} and denote j the open immersion of Uy in X}, . Let |Ug[:= X3\ Ul o]xi[
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be the inverse image of |U.[ by the specialization map. We denote by 57O xan the sheaf on X7
of functions overconvergent along X\ Ug. Let M be a (locally free) jTO xan-sheaf of differential
modules admitting a Frobenius structure. By Frobenius structure we mean the existence of
an isomorphism (¢*)"(M) —~— M, for some h > 0, where ¢* is associated with the absolute
Frobenius and (¢*)" := ¢* o --- 0 ¢*, h-times. For all i = 0,...,n we fix an isomorphism
a; :Jxi[— D7(0,1). We define the Robba ring R, as the pull back of R, via the morphism
;. Let V be a strict neighborhood of JUg[. Every (overconvergent) function of I'(V, Oxan)
defines, via the isomorphism «, a germ of analytic function in an annulus 1 — ¢ < |7 < 1 of
D=(0,1). For all i =0,...,n, and for all such V', we have then a natural restriction morphism
(v, OXgn) — Ry, compatible with the derivation, and with restrictions maps of the sheaf
jTOXZn. Then it makes sense to consider the restriction My, of M to ]z;[ as a differential
module over R,,. Here M,, is defined as the inductive limit of group of sections of M on
|z;[NV with respect to all strict neighborhoods V.

The Robba ring R, is actually isomorphic to lim , I'(VN];[, Oxan) where V' runs on the set
of strict neighborhoods of U [ in X7 (cf. [Cre92], see also [Mat02, After Cor.3.3]). In this sense
R, is the analogous of the ring C((T' — x;)) of the previous section viewed as the completion at
x; of the field of functions of a nonsingular projective curve over C.

2.2.2 p-adic irregularity of differential modules over the Robba ring.

Let A7 (0,1) be the ring of analytic function on the open unit disk D(0,1). With the notation
of the previous section, let d/dT" + G(T'), G(T') € M,(RL), be an operator attached to My, in
some basis. Following P.Robba, G.Christol and Z.Mebkhout [CMO0Q, 8.3-8] we set:

Irry, (My,) == X(Mag,, Ar(0,1)) (2.2.1)

where X is the generalized index of T'd/dT + TG(T) on Ar(0,1)" (cf. [CMO0, 8.2-1]): such
a generalized index exists under some assumptions on the exponents, assumptions which are
fulfilled in case of Frobenius structure. Notice that T'd/dT + T'G(T) does not act on A (0,1)"
since G has coefficients in Ry, this is the reason for which one introduces the generalized index.
Following [CMO00, after Corollary 8.3-9] and [CM93| Def. 6.2.3], if now L = C,, and if M
is a holonomic differential module on X; and M its associated differential modules in X¢":
one can consider M, its localizations, as a Af(0, 1)[-%]-module. Then if x(M,, Ar(0,1)) =
dime,Hom 4 g 1)) (Ma;; AL(0,1)) = dim@pExti‘L (071)%](/\4%, Ap(0,1)) exists (again, this is
the case if we have Frobenius structure) then one has

II‘I‘% (Ma:l) = X(M:vw »AL(O7 1)) - (TL — ord;i (./\/l)) (2.2.2)

where now ord, (M) is the sum of all the multiplicities of the vertical components of the
characteristic variety of M at every singular point contained in |z;[ = D™ (0, 1).

2.2.3 Geometric interpretation: formal and p-adic irregularities as slopes of the
generic radius of convergence.

We concentrate now our attention on differential modules over the Robba ring. Robba first and
then Christol-Mebkhout have indicated that the behaviour of the generic Radius of convergence
of the solutions of a finite free Rp-differential module is strictly connected to its irregularity.
Let M be a finite free Rp-differential module. Let e be a fixed basis of M, and let G(T') €
M, (Rr) be the matrix of the connection Vz : M — M in this basis. Let € > 0 be such that
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G(T) € Myp(AL(1 —¢,1)). Consider the generic Taylor solution

Ya(z,y) = Gn(y)M (2.2.3)

n!
n>0

where the matrices {G,,(T)},>0 are defined inductively by the rule Gy = 1Id, G| = G, Gp41 =
d/dT(Gy) + GnG1. The matrix Y verifies (d/dx)"(Ya(z,y)) = Gn(x)Ya(zx,y), for all n > 0.
The generic radius of convergence of Y at p is defined as Ray(Ya, p) := liminf,, (|G, |,/|n!|) =/
Since |Gy|, = max),—,|Gn(y)|, Ray(Yg,p) is the minimum among all possible radii (with
respect to T') of Yq(T,y) with |y| = p. The quantity Ray(Yg, p) is not invariant under base
changes. Indeed in the basis B-e, B € GL,(AL(1 — ¢,1)), the new solution is B - Yz which is
possibly not convergent outside the disk D™ (y, p) (where |y| = p). We set then

Ray(M, p) := min(Ray(Y, p), p) , (2.2.4)

which is independent of the choice of basis. The function p — Ray(M,p) :]1 —e,1[— R4 is
continuous, piecewise of the type ap®, for convenable a,b € R, and log-concave (cf. Section
[CD94]). We refer to the fact that M has lim, ;- Ray(M, p) = 1 (cf. [CD94]),as the
solvability of M. This is the case, for example, if M admits a Frobenius structure.

The Formal slope has a meaning in term of radius of convergence:

Proposition 2.1. Let (M, V) be a solvable differential module over L(T)NRy C Ak (]0,1[).
Then the Formal Slope of M as differential module over L((T')) coincides with the log-slope of
the function p — Ray(M, p)/p, for p sufficiently close to 0.

Proof. We fix a cyclic basis for which M is represented by an operator > i, g;(T)(d/dT)¢,
gn = 1. For all f(T) € L(T)) N Ry, if p is close to zero, then the log-slope of p — |f(T)], is
equal to vp(f(7T')). Since p — Ray(M, p) is log-concave, and since lim,_,;- Ray(M, p) = 1, then
we have two possibilities Ray(M, p) = p for all p €]0, 1], or there exists an interval I =|0, ],
such that, for all p € I one has Ray(M, p) < |w|p, w = [p|"/?®~D. We can then apply [CM02,
6.2]. Ray(M, p) = p if and only if vr(g;) > i —n for all i < n i.e. if and only if the formal slope
is 0, the second case arises if and only if vp(g;) < i — n, for some 4, and in this case one has the
formula Ray(M, p) = p- |p|"/ P~ - ming<;< |gi(T)|;1/(n_i). This prove the proposition since for
p close to zero |g;(T)|, = a;p®T99), for some a; € R. O

If (M, V1) is solvable, one proves that there exist 8 > 0 and &’ > 0, such that Ray(M, p) =
PP, for all 1 — ¢’ < p < 1. One defines then the p-adic slope of M as 3 — 1.

4 log(Ray(M, p)/p)
log(p)

p-adic slope of(M)

Formal slope of(M)

Notice that the Formal slope is directly defined by the T-adic valuations of the g;’s whereas
the p-adic slope is implicitly defined by the coefficients. No explicit formulas expressing the
p-adic slope as a function of the valuations of the g;’s is known. For this reason Christol and
Mebkhout provide then a break decomposition theorem for these p-adic slopes, reflecting the
analogous decomposition in the formal framework, and then define the Newton polygon by
means of the p-adic analogue of the formula given by the following:
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Theorem 2.2 ([CM00]). Let (M, VYY) be an R-differential module endowed with a Frobenius
structure (hence solvable). Then M admits a break decomposition M = @z>oM(3), where M([3)
is characterized by the following properties: there exists € > 0 such that

1. For all p €]1—¢, 1], M(p) is the biggest submodule of M trivialized by every ring Ar(y, p°1),
for all Q/L, and all y € Q, with |y| = p;

2. For all p €]1 — e, 1, for all ly| = p, y € Q, for all Q/L, and for all ' < B, M() has no
solutions in Ar(y, p? ).

The number Irr(M) := 3 5, B - rankg . (M(8)) is called p-adic irregularity of M, and lies in N.

Theorem 2.3. [CM00, 8.3.7] Let (M, V}) be an R -differential module endowed with a Frobe-
nius structure (hence solvable). Then Irr(M), above, coincides with x(M, AL(0,1)) defined in
subsection 2.2.2

Remark 2.4. In practice the explicit computation of the p-adic slope is possible only if it is
equal to the formal slope, i.e. if the the log-graphic of the function p — Ray(M,p) has no
breaks and if, for p €]1 — e, 1] sufficiently close to 1 — ¢, the Ray(M, p) is sufficiently small to
be computed explicitly via [CM02, 6.2] as in the proof of Proposition . This is often done by
considering Frobenius antecedents of M.

2.2.4 Radius of convergence and spectral norm of the connection.

The generic radius of convergence admits the following description. For p €]1 — ¢, 1] set M, :=
M ®4, (qi—ea)) FL,p- Let |.|m, be a norm on M, compatible with |.|,. Denote by |V¥”|Mp and

|V ”Im,,sp the norm and the spectral norm of VI\T/I ? respectively as operator on M, (cf. def.

. Making these definitions explicit with respect to a basis of M for which the matrix of

the connection is G, one finds that \V¥”|Mpysp = max( w-p~ !, limsup,_ \Gn|,l,/n ), where

w = |p|"/®=1) and where G,, is the matrix of (V)" (cf. Lemma . Hence by Lemma m

one has d/dT)
~7:L, 7Sp
Ray(M, p) =p - T” . (2.2.5)
’vT ‘M/%Sp
. ld/dT|F, sp . e . .
The quantity \VM’ﬂi’p is more intrinsic, and actually the p-adic slope is defined as the slope,
T |Mp,Sp
d/dT
for p close to 17, of the function p — HJM
|VTP|Mp,Sp

3 Differential Swan conductor in the non perfect residue field
case

In this section we recall some basic definitions given in [Ked04], generalizing to the non perfect
residual case the more classical analogous notions in [Fon90] and [Tsu98al.

3.1 (¢,V)-modules and differential modules

Definition 3.1. Let By, be one of the rings £y, 52, R, AL(I) (resp. Og,, O ). A differential
L
module M over By, is a finite free Br-module, together with an integrable connection

M— Moy, x (3.1.1)
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(resp. M — M ® QIIBL/OK)' Morphisms between differential modules commute with the con-

nections. The category of differential modules will be called V —Mod(Br/K) (resp. V —

Definition 3.2. Let By, be one of the rings &y, Sz, Ri, Ogp, Ogt. A g-module (resp. a (o, V)-
L

module) over By, is a finite free Br-module (resp. V-module) D, together with an isomorphism
P *(D) =D (3.1.2)

of Br-modules (resp. of V-modules). We interpret ¢P as a semi-linear action of ¢ on D.
Morphisms between ¢-modules (resp. (¢, V)-modules) commute with the Frobenius (resp. with
the Frobenius and the connection). The category of ¢-modules (resp. (¢, V)-modules) over
By, will be denoted by ¢ —Mod(Byr,) (resp. (¢,V)—Mod(BL/K) or (¢,V)—Mod(BL/Ok) if
By = OgL, 052)

Notation 3.3. We denote (¢, V)-modules with the letter D, and V-modules with the letter M.

3.2 Representations with finite local monodromy and (¢, V)-modules

We set
Gg = Gal(E*P/E), (3.2.1)
Zg, = Inertia of Gg, (3.2.2)
Pa, = Wild inertia of Gg . (3.2.3)

Definition 3.4. We say that a representation o : Gy — GLy,(Ok) has finite local monodromy
if the image of I, under « is finite. We denote by V(o) the representation defined by «, and
by Rep%}((GE) the category of representations with finite local monodromy.

Following [Ked07] (and [Tsu98a]) we denote by 5}4 be the quotient field of the ring

O = OFF @opm ou. (3.2.4)
L

We denote again by ¢, d/dT, d/duy, ... ,d/du, the unique extension to 52 of o, d/dT, d/duy,...,
d/du, on Ez. Ifve Rep%iK (Gg), we consider V ®o, (957 together with the action of Gy given
L

by v(v ® x) := y(v) ® y(z), where v € Gg, v € V, x € 52. We define

DI(V) = (V @0, OE)GE : (3.2.5)

and we consider it as an object of (¢, V)—Mod(O, /Ok) with the action of PV = 1w
L
©p, V?T(V) =1® diT, VBI(V) =1® d%l’ ey VB:(V) =1® d%r' Reciprocally, for every
(D, ¢P,VP) € (p,V) —Mod(O, /Ok) we consider D R0, (’)5 together with the action of
L L L
PP @, (VE@1+1®d/dT), (VD ®1+1®d/du;), i =1,...,r. We set then
Vi(D) = (D oo, Og)WDW):l : (3.2.6)
L

L

and we consider it as an object of Repp,. (Gg), with the action of Gg, given by v(z®y) := z®7(y),
with v € Gg, x €D, y € OEL.
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Proposition 3.5 ([Ked07, 3.3.6] and [Tsu98a]). The above representation V(D) has finite local
monodromy. Moreover the functor

V = DI(V) : Rep@) (Ge) — (¢, V) ~Mod(Og /Oxc) , (3.2.7)

is an equivalence of categories with quasi inverse D — V(D). (]

3.3 The differential Swan conductor.

Let M € V—Mod(AL(I)). For all p € T we set (cf. (1.1.6)

Mp =M ®-AL(I) fL,p . (331)
Definition 3.6. Let M, be a V-module over Fr,,. Let |-|\m, be a norm on M, compatible with
the norm | - |, of Fr,. For all VMe € {V;/IP,V%”, . .,V%’J}, we define
vMp
’VMp’Mp ‘= SUPmemM,\{0} # )
(3.3.2)
VMo, 5p o= limsup,, o [(VV)" "

The definition of |V™Me |\, sp does not depend on the chosen norm |- |\i,, but only on the norm
|-1p of Fr, (cf. [Ked07, 1.1.7]).

Definition 3.7 (([Ked07, 2.4.6])). Let M be a V-module over Ar(I). We define the (toric)
generic radius of convergence of M at p as (c¢f. Lemma :

d/dT\r, 80 |d/duilr,,s0 WfluifS) (3.3.3)

T(M,p) := min( .
) M ) M ) ) M
‘VTP|MP,Sp |vu1p|Mp,Sp |vurp|Mp,Sp
This definition is a generalization to the case of non perfect residual field of the notion of
radius of convergence as given at the end of section

Lemma 3.8. Let M, be a V-module over Fy,,. Fori = 0,...,r let G\, € My(Fr,) be the
matriz of (VM”)" (resp. if i =0, GY is the matriz of (VIM”)”). Then

|V11\£”|Mp,sp = max( w , limsup |Gﬁl|,1)/” ) (3.3.4)
n—od
where w := ]p\ril (cf. Lemma , and
|V¥9|Mp,sp =max(w-p ', limsup|GY ;/" ). (3.3.5)
n—oo

Hence, by Definition one has

T(M,,p) = min ( 1,w-pt- {hminﬂG%
n—oo

i=1,...,7

PROOF. This follows directly from the definition [3.7] (cf. [Ked07, (1.1.7.1)]). O

The following definition generalizes that one given in section to the case of general
residue field with finite p-basis.

Definition 3.9 (([Ked07, 2.5.1])). Let M be a V-module over Ar(Je,1[), with 0 < e < 1. We
will say that M is solvable if

|;1/"] W [linnlgf\(}fl ;1/"} ) . (3.3.6)

lim T(M,p) =1. (3.3.7)
p—>17

This is the case if the module has a Frobenius structure.
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3.3.1
We recall that if f : R~o — R is a function, the log-function f: R — R attached to f is defined

as f(r) := log(f(exp(r))). Note that if f(p) = ap® (for p €]p1, p2[), then f(r) = log(a) + br (for
r €]log(p1),log(p2)[)-

Notation 3.10. We will say that f has a given property logarithmically z'ff has that property.

Definition 3.11 ([Ked07, 2.5.6]). Let M € V — Mod(R/K) be a solvable V-module. The
slope of M (at 17 ) is the log-slope of the function p — T(M, p), for p < 1 sufficiently close to
17. We denoted it by

slope(M,17) . (3.3.8)

Let M € V — Mod(AL(I)/K). In [Ked07] K.Kedlaya proved that the function p — T'(M, p)
is continuous, log-concave, piecewise log-affine (i.e. the function p — T'(M, p) is locally of the
type ap® in a partition of I.) and moreover, if M is solvable, that the Definition has a
meaning, since there exist a ¢ < 1, and a number 3 such that T(M, p) = p¥, for all p €]e, 1[. In
this case the slope of M is (cf. [Ked07, 2.5.5]):

slope(M,17) = (. (3.3.9)
The log-function log(p) — log(T'(M, p)) draws a graphic as the following:

[ log(T'(M, p)) log(p)

slope(M, 17)

(3.3.10)

Following [Ked(07, Definitions 2.4.6, 1.2.3, 2.7.1] let M be a solvable V-module over O, .
L

Assume that M is defined over ], 1. Let M, 1, M2, ..., M, ,, be the Jordan-Hélder factors of M,,,
for p €]e,1[. We define S(M, p) as the multi-set whose elements are T'(M, 1, p),...,T(M,., p)
with multiplicity dimz, M, 1, ..., dimz, M, respectively. We will say that M has uniform break
(3 if there exists € < € < 1 such that, for all p €]¢’, 1], S(M, p) consists in a single element p?
with multiplicity rankog + M.

L

Theorem 3.12 ([Ked07, 2.7.2]). We maintain the notation of section|3.3.1, Every indecompos-
able solvable V-module over O has a uniform break. In general, for M a solvable V-module
L

we have a decomposition

M= P Mg, (3.3.11)
B€Q>0
where Mg is a solvable V-module over O -module, with uniform break (3. O
L

Definition 3.13 (differential Swan conductor [Ked07, 2.8.1]). Let M be a solvable V-module
over Ozt . Let M = ©peq.,Mp, be the decomposition of Theorem . We define the differential

Swan coLnductor of M as
swY (M) := Z g - 1"ank(954r Mg . (3.3.12)
BEQ>0 v

Moreover, for all V € Rep?ﬁ{ (Gg), we set:

swY (V) = swY (DI(V)). (3.3.13)
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Remark 3.14. If rankogT M = 1, then sw¥ (M) = slope(M, 17).
L

3.3.2

The Toric Generic Radius of convergence T'(M, p) can be seen as a concrete Radius of conver-
gence of certain Taylor solutions (cf. [Ked07, Section 2.2]). Hence, by the usual properties of
the Radius of convergence of solutions of a differential equation one has swv(M; ® Mg) <
max(sw" (My),sw" (Mz)) (resp. T(Mj ® Mg, p) > min(T(My, p), T(Ms,p))), and moreover
equality holds if swV (M) # sw¥ (Mg) (resp. T(Mjy, p) # T'(Ma, p)).

3.3.3 Ramification filtration.

The group Gg is canonically imbedded into the Tannakian group of the category Rep%nK (Gg).
The definition of the differential Swan conductor, together with Theorem defines a ramifi-
cation filtration on Gg. Indeed, by Theorem [3.12] we apply the formalism introduced in [And02]
to define a filtration on the Tannakian group of Rep?;}((GE). Hence Gg, inherits the filtration.

4 Arithmetic Swan conductor for rank one representations

In rank one case the arithmetic Swan conductor as defined by K.Kato (cf. [Kat89] and Def.
coincides with that one of A.Abbes and T.Saito (cf. [AS02|], [ASOG, 9.10]). In this section we
recall Kato’s definition of the Swan conductor of a rank one representation o : Gg — Q/Z and
we describe completely Kato’s filtration on H!(Gg, Q/Z): we will use this later in our study of
rank one p-adic representations with finite local monodromy. Indeed, in section we obtain
the decomposition G& = IG%b o sz. This fact will allow us to define the arithmetic Swan

conductor for rank one representations with finite local monodromy (cf. Def. [4.17).

Remark 4.1. In all the section k is an arbitrary field of characteristic p (we do not assume
that k has a finite p-basis).

4.1 Kato’s arithmetic Swan conductor for rank one representations

In [Kat89] K. Kato defined the Swan conductor of a character in H(Gg, Q/Z) = Hom®"(Gg, Q/Z).
He gave this definition by introducing a filtration on H'(Gg, Q,/Z,) (cf. section . This fil-
tration is defined as the image (via the Artin-Schreier-Witt sequence) of a filtration of CW (E).
The filtration on CW (E) is nothing but that introduced in Section corresponding to the
canonical filtration of E (actually a graduation) induced by the valuation (cf. Section [1.4.1)). In
this section we describe completely these filtrations, without any assumption on & (no finiteness

of the p-base is required), and without using Kato’s logarithmic differentials and differential
Swan conductors. Almost all material of this section comes from [Pul07], we reproduce it here
for the convenience of the reader. What is new here is the relations of the results of [Pul07]
with Kato’s definitions. In section [§] one finds a link with the constructions of K.Kato.

4.1.1 Kato’s Filtration on W,,,(E) and CW(E).

Let R be a ring, and let v : R — R U {oo} be a valuation on R (i.e. satisfying v(0) = oo,
v(A1 + A2) > min(v(A1),v(A2)), and v(A1 - A2) > v(A1) + v(A2) ). The valuation v of R extends
to a valuation, denoted again by v, on the ring of Witt vectors W(R) as follows:

v(Xos ..., As) = min( p*v(Xo), PP ro(\), ..., v(X) ). (4.1.1)
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The function v : W4(R) — R verifies v(0) = 400, v(A1 + A2) > min(v(A1),v(A2)), and
V(A1 A2) > v(A1) + v(Ag), for all A, A2 € W(R). One has also v(V(A)) = v(A), and, if R is
an Fp-ring, then v(F(X)) = p - v(\). Hence v extends to a valuation

v:CW(R) —» RU {400} . (4.1.2)

Definition 4.2 (Kato’s filtration on W (E)). Let as usual E := k((t)), and let v = v; be the
t-adic valuation. The Kato’s filtration on W(E) is defined as Fil_1(W(E)) := 0, and, for all
d>0, as:
Fil;(Ws(E)) :={X € W(E) | v(A) > —d} . (4.1.3)
One has
V(Fily(W,(E)) C Fily(Wei(E),  F(Fily(Wi(E))) C Filo(Wy(E).  (4.14)
Hence Kato’s filtration on W(E) passes to the limit and defines a filtration on CW(E). One
has Fil_1 (CW(E)) := 0 and, for all d > 0, one has

Fily(CW(E)) = {Ac CW(E)|v(A) > —-d} = [ FilyW (4.1.5)
s>0

4.1.2 Kato’s Filtration on H!(Gg,Q,/Z,) and H'(Gg,Q/Z).

cont

Let T := R/Z. The Pontriagyn dual of Gg is by definition the discrete abelian group Hom
(Gg,T). Every proper closed subgroup of T is finite (cf. [RZ00, 2.9.1]). The image of a
continuous morphism « : Gg — T is then finite, and hence

Hom“"(Gg, T) = Hom“™(Gg, Q/Z) = U Hom(Gg, (n™'Z)/2Z) (4.1.6)
n>1

where Q/Z C T is considered with the discrete topology, so that every continuous character
a € Hom®™™(Gg,Q/Z) has finite image in Q/Z. On the other hand, we recall that if A is a
finite abelian group with trivial action of Gg, then H!(Gg, A) = Hom(Gg, A) (cf. [Ser62, VII,
§3]), so we have H'(Gg, Q/Z) = Hom®™(Gg, Q/Z).

Definition 4.3. The Kato’s filtration on H'(Gg, Qy/Z,) = Hom®“™(Gg, Q,/Z,) is defined as
the image, under the morphism 0 of the Sequence (1.3.3)), of the filtration on CW (E):

Fily(H' (G, Q,/Zy)) = d(Fily(CW(E))) . (4.1.7)

4.1.3 Arithmetic Swan conductor.

Definition 4.4 (Arithmetic Swan conductor). Let @ € Hom®(Gg, Q/Z), the arithmetic Swan
conductor of o (with respect to v = v;) is defined as

sw(a) =min{ d >0 | a, € Fily(H (Gg,Q,/Z,)) } , (4.1.8)
where oy, is the image of o under the projection
Hom™™(Gg,Q/Z) = @5 Hom " (Gg, Q¢/Zs) — Hom™™(Gg, Q,/Z,) , (4.1.9)
{=prime

where the word “cont” means, as usual, that the images of the homomorphisms are finite (cf.
Section . We then define Kato’s filtration on H!(Gg,Q/Z) = Hom®™(Gg,Q/Z), by
taking Fily(HY(Gg, Q/Z)) to be the inverse image of Fily(H'(Gg, Q,/Zy)), via the morphism
(4.1.9).

Remark 4.5. In section [{.5 we will generalize this definition to all rank one representations
with finite local monodromy of Gg, i.e. characters o : Gg — O such that a(Zgy) is finite.
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4.2 Description of H'(Gg, Q,/Z,) and computation of Fil;(H'(Gg, Q/Z))

In this section we recall an explicit description of H!(Gg, Qp/Z,) that was obtained in [Pul07,
Section 3.2, and Lemma 4.1]. The proofs of the statements are in [Pul07]. In order to study
Swan conductor, we are interested in Hom®™(Gg, Qp/Z,). The Artin-Schreier-Witt sequence

(1.3.3) describes the latter as

CW(E)

H cont G 7o) = — )
om™ (G, Qo/2p) = F T ow(E)

Now the F-module CW (E) admits the following decomposition in F-sub-Z-modules (cf. [Pul07,

Lemma 3.4], cf. Section [1.2.1)):

(4.2.1)

CW (k((t)) = CW(t 'k[t™]) ® CW (k) @ CW (tk[[t]]) - (4.2.2)
Moreover, one proves that CW (tk[[t]])/(F — 1)(CW (¢tk[[t]])) = O (cf. [Pul07, Prop.3.1]). Hence
H'(Gr, Q,/Z,) = — SWUE KT CW(E) (4.2.3)

(F—1)(CW(tk[t71])) ~ (F—1)(CW(k))
We will see that this decomposition corresponds (via the Pontriagyn duality) to a decomposition
of the p-primary part of G%b into the wild inertia PG%b and the p-primary part of sz =
Gal(k%P /k)2P (cf. Proof of Proposition [4.11)).

Since the Swan conductor of an element of CW (k)

Foew) 80, weare led to study CW (¢~ 1k[t~1])
(corresponding to the wild inertia of G%b, cf. Formula (4.3.5)).

4.2.1 Description of CW(t~'R[t71]).

In this subsection R denotes an arbitrary ring, v,(d) denotes the p-adic valuation of d, and
v = v denotes the t-adic valuation on R[[t]][t~}]. The decomposition ([4.2.2) holds also for
R[ENE)-

Definition 4.6 (cf. [Pul07, Def.3.3]). Let d,n,m € N be such that d = np™ > 0, with (n,p) = 1.
Let X := (Ao, ..., m) € W (R). We set

At i= (0 ,0,0,0, Aot T, Mt TP At € CW(ETIR[ETY) . (4.2.4)

We call Xt~ the co-monomial of degree —d relative to X. We denote by CW (D (R) the
subgroup of CW (t~1R[t™1]) formed by co-monomials of degree —d.

With the notation of Sections and if A= R[T~!], then one has for all d > 0

CWED(R) = cW@D(4) . (4.2.5)
Proposition 4.7 ([Pul07, Remark 3.3, Lemma 3.4]). Let d = np™ >0, (n,p) = 1. The map
W (R) = CWD(R) (4.2.6)

sending A € W, (R) into Xt—% € CW(R) is an isomorphism of groups. Moreover, one has
CW(t 'R[t™")) = ©30CWUD(R) = BgsoW, (0 (R) | (4.2.7)

where v,(d) is the p-adic valuation of d. In other words, every co-vector f~(t) € CW (t~1R[t™1])
can be uniquely written as a finite sum

Fr=> Aat, (4.2.8)

d>0
with A_q € Wy, q)(R), for all d > 0. O
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This decomposition extends to CW (¢~ R[t~!]) the trivial decomposition t ' R[t~!] = @ ysoR-
t=. Moreover a co-vector f(t) € CW(R[[t]][t™!]) can be uniquely written as a finite sum

FO =D Aat™+ fo+ fH(1), (4.2.9)

d>0

with £+(t) € CW(R[[t])), fo € CW(R), A_y € W, (5)(R), for all d > 0. We denote by f~(¢)
the co-vector Y o0 A_qt™% € CW(t1R[t71]).

Corollary 4.8. The module CW (R[[t]][t™!]) is graded. Moreover for all d > 0, one has:

Fily(CW(R[[t][t™"])) =  @1ca<aCWH(R) @ CW(R) @ CW(tR[[H]))

CWCED(R) if d>0),
Grg(CW(R[[#])[t™"])) =  Fily/Filg_y {
CW(R[[t]) if d=0.

Proof. The proof results from Lemma For all A € W, (q)(R), A # 0, one has (cf. Def.
[@1I)) vi(At=?) = —d. Hence a co-vector f(t) =3 o0 A_at 4+ fo+ F(t) € CW(R[[t]][t7'])
lies in Fily(CW(R([[t]][t™])), d > 0, if and only if A_y = 0, for all &’ < —d. O

4.2.2 Action of Frobenius, and description of H!(Gg,Q,/Z,).

We want now to study the action of F on CW (E), in order to describe CW(E)/(F—1)(CW (E)).
One sees that F(A-¢t~%) = VF(X) - 779, then one has the following commutative diagram,
where the horizontal arrows are the isomorphisms (4.2.6)):

W, @)(k) ———=CWED (k) < CW(E k[t (4.2.10)

| o e s

W, @+1(k) == CWP) (k) < CW(E k[t™1]).

The Frobenius F acts then on the family {CW (% (k)}451, as indicated in the following picture:

T 7T 7T 1T Tev
e o o o o d = np™
Ll
T 7T 7T 1T Tev
n (4.2.11)

where d = np™ > 1, with (n,p) = 1, and m = vp(d). Hence for all n > 1, (n,p) = 1, the
subgroup
C(k) := ®m>oCW ") (k) (4.2.12)

is a sub-F-module of CW (E), and

CW(tilk[tfl]) B Cn(k)
(F—1)(CW (K[t 1)) g F - 1)(Cn(k) ’ (4.2.13)
where
Jp:={neN|(n,p)=1,n>1}. (4.2.14)
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One sees that

Cu(k) = lim (CWE (k) B ewmm e Ly @.2.15)

m>0

—
*
~

1

lim (W (k) 2 Wingi (k) & ) = CW(k),  (4.2.16)

m>0
where the isomorphism (%) is deduced by the isomorphism (4.2.6)).
Theorem 4.9. The following statements hold:

1. One has:

H(Ge. @,/ Zp)g(ﬁ(f?(\ga@» = CW(k)" e

CW (k)
(F—1)(CW(k))

(4.2.17)

where C—i/V(k)(Jp) is the direct sum of copies of (/ﬁ/?V(k), indexed by J,.

2. Ford =0 one has Fily(H(Gg, Q,/Z,)) = CW (k)/(F —1)CW (k), and for d > 1 one has
(. (CZ1)
Fily(H (G, Qp/Zy) = @ney, (Fﬂmn’d(éi;/v(/{;)» . CW()

(F—1)(CW(k))’

W) (K)/pWo, (k) if d>0,
Grd(Hl(GEan/Zp)) = CW (k) ;
(o) sa=o

where my, ¢ := max{m > 0 | np™ < d}, and v,(d) is the p-adic valuation of d (we recall

that Fil,,(CW (k)) & W, (k) (cf. section ).

3. The epimorphism Proj, : Grg(CW(E)) — Grq(HY(Gg, Qp/Z,)) corresponds via the iso-
morphism ([4.2.6) and Corollary[4.8 to the following:

W @) (k) — Wy (a)(k)/pW,,@)(k) if d>0,

Proj,; = —_— (4.2.18)
CWHIED =5 Fnewm if d=0.
4. One has
Fily(H! (Gg, Q/Z)) = Fily(H (Gg, Qp/Z,)) & (ea#p H(Qp, Qg/Zg)) . (42.19)
and

Grd(Hl(GE, Qp/Zp)) if d>0 s
Grq(H'(Gg,Q/Z)) =
Filo(H'(Gg, Qp/Z,)) & (@#le(GE,@g/zg)) if d=0.
(4.2.20)

Proof. The theorem follows immediately from the above computations. In particular from

Corollary[4.8] Expression (L.2.1]), Section Equation (4.1.7)), and Definition[4.3] We observe

that m,, g = my q4—1 + 1 if and only if d = np™~4, n € J. O

Corollary 4.10. Let A € W,,,(k), and let n € J,. Let o := §(X-t~"P"), where § is the Artin-
Schreier-Witt morphism (cf. (1.3.3)). If X € p*W,, (k) — p" W, (k), then sw(a™) = np™F.
(]
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4.2.3 Minimal Lifting.

Let o € Hom®™(Gg,Qp/Zp). Let o := a™ - o be the decomposition given by Theorem
Then one can choose a lifting f(t) of a in CW (k[t7!]) (i.e. 6(Ff) = a, cf. Sequence (1.3.3))) of
the form ([Pul07, Def. 3.6)):

=Y At 4 £y (4.2.21)
nedp
with fo € CW(k), and with A_;, € W,y (k) =pW ) (k), for every n € Jj, such that A_,, # 0.
Such a lifting of o will be called a minimal lifting, and a Witt co-vector of the form (4.2.21))
will be called pure. In this case one has

sw(a) = max( 0, max{ np™™ >0 A_, #0}). (4.2.22)

4.2.4 Representation of W,,(k)/pW,, (k).

Let {@y}yer be a (not necessarily finite) p-basis of k (over kP). We can write every ele-
ment A € k as A = > ., Asu*, where Ip = {s = (s84)y € [0,p — 1]' such that s, #
0 for finitely many values of v} Let If. == Ir — {(0,...,0)}. We denote by k' the sub-kP-
vector space of k with basis {4}, that is the set of elements of k satisfying A\g = 0. Then
an element of W,,,(k)/pW,, (k) admits a unique lifting in W, (k) of the form (Ao, A1,..., A\m),
satisfying A\g € k, A,..., A\ € k' Hence an element of W,,(k)/pW,,,(k) can be uniquely
represented by a Witt vector in W, (k) of this form.

4.3 Decomposition of G¥

The object of this section is the proof of Proposition below. This fact was proved in [MS89].
The result is stated also in [Pul07, Remark 4.18] without any proof: here we will give a new
proof using the framework we have just introduced. The reader must be cautious in reading
[Pul07] to the fact that there is sometime a confusion between Iéb and IGdb Every statement

of [Pul07] is correct, if one consider IGab and PGab instead of I*éb and P " (cf. Remark .
The main tool to prove Proposition is Theorem [4.9 and its proof.

Proposition 4.11. Let as usual E = k((t)). One has:
G = I © G- (4.3.1)
Proof. We can replace k with kP®f. Indeed we have a canonical isomorphism

Gal(kP () /kP(£) —— Gal(k((t)*P/k(®), (4.3.2)
identifying LGy and Pay,, with Ig and ngperf((t))

) kperf (1)
including both k(#)*® and &P ((£)*P in the t-adic completion k(£)a% of k((£)™¢. On the
right hand side of there is the logarithmic Abbes-Sato’s filtration, while on the left
hand side we have the classical filtration, as presented in [SerG2]. These two filtrations are not
preserved by the above isomorphism, as proved by Theorem We need now some lemmas
(and we make a remark).

respectively. This is proved by

Remark 4.12. We recall that if K1 C Ko C K3 are Galois extensions of ultrametric complete
valued fields with perfect residue fields ki C ko C ks, then the map Zgairs /i) — Zaal(Ka/K))
is always surjective. We recall also that if K& (resp kiP) is the mazimal abelian extension of
K1 in Ky (resp. of k1 in ko), then the residual field of K3 is k3®. Hence one has a surjective
map I?}E: — ZG%:b, which is usually not an isomorphism.
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Lemma 4.13. Let Z, H be two subgroups of a given group G. Assume that I is normal in G,
and that G is a semidirect product of T and H. Then G*" is a direct product of a quotient
TP /N of I® with H?.

Proof. Straightforward. O

Lemma 4.14. Assume that k is perfect. Let E¥M¢ be the maximal tamely ramified extension of
E in ESP. Then Gal(E®™™¢/E) is a semi-direct product of Lgai(mrame /gy, with Gy, = Gal(k*P /k).

Proof. Let E" C E'%™¢ be the maximal unramified extension of E in E%P. It is known that
Etame — Un,p) 1Eunr(t1/ N). In other words, every element x € E'™¢ can be written as x =

Zi]if)l a;t!/N | for some N-th root t1/N of t, with aq,...,an_1 € E/, where E’ is the unramified
extension of E associated to some finite Galois extension k' of k. Then via the isomorphism
Gal(E"" /E) = Gy, Gy, acts on B¢ by o(z) := Y7 o(a;)t"/N. Hence the sequence

1 — IGal(Etame/E) — Gal(Etame/E> — Gk‘ — 1 (433)
is splitting. ]

Corollary 4.15. Assume that k is perfect. Let Etameab .— Ftame q ab  Tpep

Gal(Etame,ab/E) = IGal(Etamc,ab/E) X sz . (4.3.4)
Proof. Apply Lemmas and O

Remark 4.16. The decomposition of Corollary is not unique (e.g. [FV02, IV.6, Ex.6])
and depends on the choice of a compatible system of N-th roots of t in the proof of Lemma[{.17)

Continuation of the proof of Proposition|/.11: Let P (resp. Pg) be the p-primary subgroup
of G%b (resp. sz). By the classical properties of p-primary subgroups, P and Py are direct
factors of GaEb and sz. One has the exact sequence:

0— PG%b —P—-Pr,—0. (4.3.5)

By the Artin-Schreier-Witt theory, one has canonical identifications of Hom®™ (P, Q,/Z,) with
CW(E)/(F —1)(CW(E)), and Hom“"*(Py, Q,/Z,) = CW (k)/(F —1)(CW(k)). On the other
hand, one has the exact sequence

___CW(@WE') . CW(E)  CW(k
(F-1(CW(tk[t7])  (F-1)(CW(E)) (F-1)(CW(k)

—0. (4.3.6)

Hence, by Pontriagyn duality, Homcont(PG%b,Qp /Zy) is canonically identified to

CW (t k[t™1])
(F = D)(CW(t1k[t1]))
Since the sequence splits, then the sequence splits too.

Since P is the p-primary part of G%b, then G%b =“Po (G%b/P). By Corollary one finds
GiP/P = Gal(Etame’ab/E)/(P/PG%b) = (Zgai(grameav /gy X sz)/(P/PG%b) = Lgai(grameab /gy X
(G#>/Py). Indeed ZGal(Btameab /gy = (IG%b / PG%b). This shows that G& = P @ Paar ©
(IGEb/PG%b) @ (GP*/Py). O
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4.4 Definition of arithmetic Swan conductor for rank one representations
with finite local monodromy

Since
GE = Pew ® (Tep/Pey) © G (4.4.1)

then every rank one representation with finite local monodromy « : Gg — O, V(o) €
Rep%’}((GE) is a product of three characters:

O = Qlyild * Otame * Ok (442)

where ay (resp. Qtame, Qwild) 18 equal to 1 on IG%b (resp. PG%b &) sz, (IG%b/PG%b) & sz). In
term of representations, this is equivalent to the expression of V(«) as a tensor product:

V(a) = V(awild) & V(atame) & V(ak) . (443)

Definition 4.17 (Swan conductor of a rank one representation with finite local monodromy).
Let V(a) € Rep{éj} (Gg) be a rank one representation with finite local monodromy. Let n be the
greatest number such that p, (Ok) = w,(K2), and let

b 2T, (Ok) (4.4.4)
be a fized identification. We define the Swan conductor, sw(V(«)), of a as

SW(V(Q)) = SW(¢_1 © (awild : atame)) s (445)

where, in the right hand side, we mean the Kato’s definition of the character ™' o(aywila-0tame)

Gg — Z/nZ C QJZ (cf. Def. [4.4).

The above definition does not depend on the choice of . Indeed if ¥/ : Z/nZ = p,,(Ok)
is another choice, there exists N € Z, with (N,n) = 1, such that ¢y’ = (N-) o ¢, where
(N-) : Z/nZ = Z/nZ is the multiplication by N. Let 8 := ! o (awid - Qame), and 3" :=
(N-)o B ="' o (awild - Qame). If n is prime to p, then ﬁ(PG%b) = ,Bl(PG%b) = {0} in Z/nZ.
Hence the Swan conductor is equal to 0 in both cases (cf. Section below). If n is not
prime to p, let Z/p™+17Z be the p-primary part of Z/nZ. In this case N is prime to p: then the
multiplication by N preserves Kato’s filtration, it implies that the Swan conductors of § and
B = (N-)o f3 are equal.

4.4.1 Vanishing of residual and tame arithmetic Swan conductors.

Definition [£.17] agrees with Definition [£.4] and more precisely the Swan conductors of aj, and
Qtame are always equal to 0. Indeed Definition and Definition coincide for came, and,
by Theorem sW(Qtame) = 0. Moreover, if the image of «y, is finite in O}, then, by Theorem
one has sw(ag) = 0, and this agrees with Definition For all characters a : Gg — O,
with V(a) € Repg}{(GE), one has

sw(a) = sw(wild) - (4.4.6)

Remark 4.18. One sees that sw(V1®Vs) < max(sw(Vy),sw(Va)), forall V1, Vy € RepfggnK(GE).
Moreover equality holds if sw(V1) # sw(Va)
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5 Kato’s refined Swan conductor

Let E be, as usual, a complete discrete valued field of characteristic p, with residue field k. We
fix a uniformizer ¢t € O and an isomorphism O = k[t]. We identify &k with its image in Og
via that isomorphism. As usual for all Fp-ring R we set 2}, := Q}% R

In [Kat89] K.Kato was able to introduce a filtration on Qf, and then a family of submodules
of the d-th graded BGrdQﬁ C GrgQl, d > 0. In such a way he was able to define an isomorphism,
for all d > 0:

Vg : GrgH'(Gg,Q/Z) —— BCGryQ, C GrgQ , (5.0.7)

associating in this way to a character a 1-differential class. Whereas the arithmetic Swan
conductor sw(a) of a character a € H'(Gg,Q/Z) is the smallest integer d > 0, such that
a € FilyH' (Gg,Q/Z) (cf. Definition [4.4)), the so called “refined Swan conductor” of a is the

image of the class of o by the morphism:
wsw(a) : Grsw(a)Hl (GEaQ/Z) B Grsw(a)Q]lg . (508)

The refined Swan conductor of « is defined only if sw(«) > 0, we denote it by rsw(a).

In this section we interpret the refined Swan conductor, and the isomorphisms 4’s, in term
of our isomorphism GrgH'(Gg, Q/Z) = W, () (k)/p - W, (4)(K), if d > 0, (cf. Theorem :
hence we explicitly associate a differential to a Witt vector on W, 4)(k)

We improve the explicit description recently obtained by A.Abbes and T.Saito. We first
recall the definition of 14 and the work of Abbes-Saito for the convenience of the reader (cf.
Section. Then we apply our description to that context (cf. Section . The notation and
settings come from [ASO6]. In this section, according to [AS06], we assume that k has a finite
p-basis {1, ..., Uy}

5.1 Definition of Kato’s refined Swan conductor and Abbes-Saito’s compu-
tations.

5.1.1 Kato’s Filtration of QIE

We refer to [AS06l 5.4] for the formal definition of Q}cm(log). Considering the trivialization
E = k((t)), this is nothing but

Qhgg(log) = (O1_ik[] - da) @ k1] - dlog(t) © (@i,B-du;) OE-dlog(t) = Qf, (5.1.1)
where dlog(t) := dt/t € QL. For all d > 0, one sets
FilyQf =t~ Qra(log) ,  Qi(log) := Qypq(log) @y k- (5.1.2)
For d > 0, the graded admits then the following trivialization
G = (k- t~ di) @ k-~ dlog(t) = 7 0} (log) (5.1.3)

In particular Q is graded: Qf = ©4>0Grqa(QL).
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5.1.2 Kato’s isomorphism .

We recall that, by [AS06, 10.7], for all s > 0, d > 0, there exists a unique group morphism 5 4
making the following diagram commutative

—grg(F*d)

GI‘dWs(E)
grd(‘s)l
Grq(H'(Gg, Z/p**'Z))

Grq () (5.1.4)

¢s,d

where ¢ : W(E) — HY(Gg, Z/p*T'Z) is the Artin-Schreier-Witt morphism (cf. (1.3.2)), and
Fsd: W4(E) — Qf is given by

Fd(fo,.... ) = D J7 dlog(fi) - (5.1.5)

=0
By [AS06), 10.8], the family of maps {1); 4}s>0 is compatible with the inclusions 7 : H(Gg, Z/p°Z)
— HY(Gg, Z/p*™17Z) (cf. (1.3.2])). We have hence a map:
@/}d . GI‘d(Hl (GE?QP/ZP)) — Grd(Q]{:) . (516)

5.1.3 The groups B, 2}, and BGrq(Q}).

For each ¢ > 0 we denote by

7908 = Ker(d: Qf — QI | BIQ) =Im(d: Q7" - QY) | HYQP) = 2905 /BIQS.
(5.1.7)
We denote the inverse Cartier isomorphism (cf. [Car58, Ch2, Section 6]) by

c™t ol s HYQR) (5.1.8)

where C : Z9Qf — Qf is the Cartier operation. For r > 0 we introduce subgroups (cf. [II79,
2.2.2))
BnQl C Z,Q] c Qf (5.1.9)

where BoQf = 0, B1Q{ = B1Q} (vesp. ZoQ = Qf, Z,Q] = 77Q3), and inductively By, 419}
(resp. Zm119}) is the inverse image in Z9Q%, under the canonical projection Z1Q5 — H?(Q3),
of C71(B,,Q}) C HY(Q}) (resp. C™1(Z,,,Q}) C HY(2)). They respect the following inclusions

0=BoQ C- CBn CBmp1Q C--- CZin1Q CZpn QL C - CZoQL =0 . (5.1.10)

By definition C(ZerlQZ) = Zsz and C(BmHQZ) = BmQZ, we denote by C™ : ZmQZ — QZ
the m-th iteration of the Cartier operation (C° := IdQZ).

Definition 5.1 (([AS06, 10.11])). Let as usual d = np™ >0, (n,p) =1, m = vy(d). We denote
by BGryQL C GryQf the subgroup formed by elements of the form t~%(a + B - dlog(t)) (cf.
Formula (5.1.3) ), with o € By 1L, B € ZyQ(= Zink = kP") satisfying nC™(a) +doC™(B) =
0.

Remark 5.2. Notice that if 3 = a?", a € k, then C™(3) = P " = a. In particular, for m =0,
and (n,p) = 1, one finds BGr,Q} = {t "(d(z)—n-z-dlog(t)) | # € k} C t7"-Q4(log) = Gr, Q4.
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5.1.4 Abbes-Saito’s explicit description of BGrdQ}lE.
Let {a@1,...,a,} be a p-basis of k (over Fp). Let I, := [0,p—1]" C N", and I := I, —{(0,...,0)}.

For s := (s1,...,8,) € I, we set u® := @y’ ---@yr. Every A of k can be uniquely written as
A=) ger, As - 0%, with Ay € kP. Hence d(A) = > oy As - 4 - dlog(u®) € O} where, as usual,
dlog(u®) = > ;_, s; - du;/u;. For j >0, we set

dps (V) = DN - (@) - dlog () . (5.1.11)
s€l;.

Since Q} is freely generated by diiy /@1, . . ., diiy /i, then, by assuming A\g = 0, dp; (\) determines
A. We denote by k' C k, the sub-kP-vector space of k with basis {a®} ¢ 12, i.e. whose elements
A=) er, AsU®, As € kP, satisfy Ag = 0.

Proposition 5.3. ([AS06, 10.12]) Let d = np™ > 0, (n,p) = 1, m = vy(d). Every element y4

of BGrg(Q%) can be uniquely written as

ya = ¢t~ (Agm’ld(Ao) — X dlog() + Y dFm_j(Aj)> e t=7.Ql(log) = BGra(Qk)
1<j<m
(5.1.12)
with unique choice of A\1,...,A\m € k', and Ao € k. We will write yq = yq(Ao, My- -y Am). It is
understood that, if m = 0, this sum reduces to yg =t~ - (d(\o) —nXodlog(t)) (cf. Remark .
]

Remark 5.4. The reader should notice the analogy with Section [{.2.4)

In [ASOG] one proves the following description of ¥4 (or better its inverse pg) by means of
the group BGry () (cf. [AS06, 10.13]).

Proposition 5.5 (([AS06], 10.14])). For alld > 0, d = np*»'¥ | the image of ¢4 is BGryQl,. Let
pa = BGra(Qy) —— Gra(H' (G, Qp/Z,)) (5.1.13)

be the inverse of 4. Let Ao € k, A1,..., Ay (@)-1 € k' and let yg(Xo, A1, - - - Avy(d)) be the element

5.1.12 Of BGrd(Qlla). FOTj = 1, ce ,Up(d) write )\j = de[’ )\jéﬂi. Then yd(>\0, )\1, ey )‘vp(d))
s sent, by pg into

Pa(Wa(Aos ALy - -+ A (a))) :pfd<9vp(d)(/\ot_")+ > Zevp(d)—j<)‘j,§t_npj>>7 (5.1.14)

1<j<vp(d) €1}

where 0; : E — H(Gg, Qp/Z,) is the composite of the j-th Teichmiiller map f +— (f,0,...,0) €
W (E) with the Artin-Schreier-Witt morphism § : W;(E) — HY(Gg, Z/p’ 11 7Z) c HY(Gg, Q,/Z,)
(cf. (1.3.2)), and pr, is the canonical projection of H' into Grg(H?!). O

5.2 Explicit description of v; in terms of Witt co-vectors.
The following Theorem improves the description given by proposition [5.5

Theorem 5.6. Let d > 0, d = np™, m = v,(d). Let
0d s W, () (k) /W, () (k) —— Gra(H' (G, Q/Z)) (5.2.1)
be the isomorphism of Theorem[[.9. Then the composite map
Va0 00 W, 0) (k) /pWo, (@) (k) —— BGra(Qp) (5:2.2)
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s given by

- vp(d) op(d)—j
Va0 84X, s Ay @) = L (_nAg Pdlog(t) + S A .dlog(Aj)) . (5.2.3)
0<j<wp(d)

where we represent every element of W, 4y(k)/pW,,a)(k) by a unique Witt vector (Ao, ...,
Aoy(d)) € Wo () (k) satisfying Ao € k, )\1, e Auy(d) 6 k as in Section |4.2.4. Moreover every
element of BGrg(Q%) can be uniquely written as

t—d.(_nAg””(d>dlog(t)+ S )x?vp(d)ijdlog()\j)), (5.2.4)
0<j<up(d)

with unique Ao € k and A1, ..., N, ) € k' (cf. Section .

Proof. Passing to the limit (with respect to s) of the Diagram (5.1.4)), since F**!d oV = F?d,
we define
F®d = lim F’d : CW(E) — Qj . (5.2.5)

S§— 00

We obtain 15 = gry(8) o gr(F>°d), where gry(0) : Grg(CW(E)) — Grq(H(Gg, Q,/Z,)). Since
CW/(E) is graded with the d-th graded CW (9 (k) (cf. Corollary , the map gr(F°°d) (resp.
gr,(6)) is nothing but the restriction of F*°d (resp. §) to the subgroup CW (=9 (k).

The elements of CW (9 (k) have the form Agt™% = (---,0,0,A\ot™", ..., Apt™™"), with
Ad = (Xo,..., Am) € Wy, (k). One easily sees that (cf. (5.1.5))

Foat=h) = 37 gt P dlog(\t ) = 14 ( 3 A dlog(At ”P])) . (5.2.6)
0<j<m 0<j<m
This proves the first assertion. To conclude we observe that the diagram

W, (k) /pW o (k) ——=%> BGra (L) (5.2.7)

zla -
Gl‘d(Hl(GE, Qp/Zp))
implies that the map ¢g 06 : Wy, (k)/pW (k) — Gra(Q}) is injective with image BGrg(€1,).

By section every element of W,,,(k)/pW,,, (k) can be uniquely represented by a Witt vector
(Aoy - - -5 Am) € W, (k) satisfying Ao € k, A1,..., A € K'. This concludes the proof. O

6 Explicit computation of Fontaine’s functor in rank one case

In this section we compute the (¢, V)-module DT(V(a)) (cf. Section for rank one represen-
tations with finite local monodromy. Following Section we decompose a general character
a: Gg — O[X( into a = Quild * Qtame * @x- We study then separately the residual case, the tame
case, and the wild case.

6.1 The residual case

Let o, : Gg — (9 be a rank one representation with finite local monodromy such that o |I

1. One sees, directly from the definition of the functor (cf. Section [3.2)), that the (¢, V)- module
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D := Df(V(ay)) is trivialized by some unramified extension of Or. In other words, D comes
from a (p, V)-module over Of, by scalar extension. Let ep be basis of such a lattice, then

¢P(ep) = 0O(u)-ep,
0, (6.1.1)
V2 (ep) = gi(u)-ep,

<
il

o}
&

I

where u := (uq,...,u,), and 6(u), gx(u) € Of.

Remark 6.1. If the image of oy is finite, it is actually possible, by using the theorem [Pul07,
Th.2.8], to express O(u) as value at T =1 of a certain overconvergent function, but this is not
necessary for our purposes.

6.2 The tamely ramified case
Let atame : G — O be a character, with V(ctame) € RepgnK (Gg), such that O‘tame|PGab®GZb =
E

1 (in the decomposition (4.4.1)). One has atame(Gr) = py C Of, for some (N,p) = 1. In
particular p N(Fglg) C F, € k. By Kummer theory, the kernel of atame defines an extension
of k((t)) of the type k(t'/N)/E (i.e. Ker(ogame) = Gal(E*®P/k((t!/N)))). This is the smallest
extension trivializing V(ctame), and the action of Gg on t1/N is given by

7( = apame(7) -tV , forally e Gg . (6.2.1)

Then the unramified extension of O, corresponding to k(YY) /E((t)) is given by
L

@) @) 6.2.2
g;Tl/N/ gzyT ) ( )
where the notation indicates the variable of the rings as in [Tsu98b]. The inclusion Oy  C
LT
O is given by sending T into (T/N)N. Let ey € V(a) be a basis in which G acts as
L.Tl/N
v(ev) = dtame(y) ey, forall v € Gg. (6.2.3)
This shows that a basis of D := DT(V(a)) = (V(a) ®o, Og)GE is given by
L
ep == ey @ T YN (6.2.4)
Indeed, for all v € G, one has v(ep) = y(ev) @Y(TN) = dame(V)ev ® tame(y) 1TV =
ep. In this basis the action of ¢ and V are given by
#P(ep) = TU-D/N.ep,
VP(ep) = —xT'-ep, (6.2.5)

VEZ_(QD) = 0.

In particular, the solution of this differential equation is T7-Y"  which is simultaneously the

Kummer generator of the smallest extension of 52 trivializing V(tame)-
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6.3 The wild ramified case

To compute DT(V(awiq)) we need to know a Kummer generator of the smallest unramified
extension of Ez trivializing DY(V(awiiq)). In the tame case (cf. section , the Kummer
generator was T-YN_ and it was at the same time the solution of the differential equation. In
the wild case, the good Kummer generator will be a so called w-exponential, and it will be at
the same time the solution of the differential equation defined by DT(V(ayiq)) too.

All results and proofs of this section come from [Pul07]. We outline briefly the contents
of [Pul07, Sections 2.3.1, 3.1, 3.2], and in Section we adapt [Pul07, Section 4.6] to our
context.

6.3.1 mw-exponentials.

Let &(X,Y) € Z,[[X,Y]] be a Lubin-Tate formal group law isomorphic (but not necessarily
equal) to G,. Let 7 := (7, )m>0 be a fized generator of the Tate module of &. In other words,
{Tm}m C Q% verifies [p|o(mo) = 0, mo # 0, |mo| < 1, and [pe(Tme1) = Tm, for all m > 0,
where [p]g(X) € Zp[[X]] is the multiplication by p in &.

Definition 6.2 ([Pul07, Def.3.1]). Let f~(T) = (---,0,0,0, fo (T),..., fra(T)) be an element
of CW(T=*OL[T~1]). We call w—exponential relative to f~(T) the following power series in

T1:
_ _ (T (T
ep (F7(T),1) = exp(wmqﬁo (T) + 7Tm—1¢1]§ N wo‘bpfn)> : (6.3.1)
where ¢ (T) := {3:0 pk- [ (T)pjflC € T='OL[T~Y is the j-th phantom component of the Witt

vector (fo (T),..., fm(T)) € Wy (T71OL[T™1)).
Proposition 6.3. Let L, := L(my,), and let Lo := Up>oL(my,). Then:

1. One has

epe((-++,0,0,0, f5 (T),..., frn(T),1) € 1+m, T O, [[T71]. (6.3.2)
2. The map f~(T') — epe(f(T),1) is a group homomorphism

CW(IT'OL[T)) — | 14770, [[T7Y)] € 14770, [[T7]. (6.3.3)

m>0

In particular, for every f~(T), the power series epo(f~(T'),1) converges at least for
|T| > 1.

3. The power series epoo(f~(T'),1) is over-convergent (i.e. converges for |T| > 1 —¢, for
some € > 0) if and only if the reduction £~ (T) lies in (F — 1)(CW (t~1k[t™1])) (i.e. the
Artin-Schreier- Witt character §(f~(T')) defined by f~ (T) via the Equation (1.3.3)) is equal
to 0).

Proof. See [Pul07, Th.3.2 and Section 3.2]. O
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6.3.2 The function e,~(f (T),1) as an explicit Kummer generator.
Let awila : Gg — OF, V(awid) € RepfgjK (Gg), be a character such that awild‘(l—c%b /PG%b)®sz =
1 in the decomposition . In particular, observe that

Oéwﬂd(PG%b) = pym1 C O, (6.3.4)
for some m > 0.

Remark 6.4. Observe that, since we assume that & = G,,, it follows by Lubin-Tate theory
that pym1 C O if and only if mo, ..., 7y € Ok

Definition 6.5. Let ¥y, : Z/p™ 7 = Kpm+1 be the isomorphism sending 1 into the unique
primitive p™ 1 -th root of unity &ym satisfying:

1
[T — (€ = D] < el = [p| 75T . (6.3.5)

Let F/E be the cyclic extension of degree p™ ! defined by (¢! o ayiq) (i.e. Ker(y;! o
awild) = Gal(E*P /F), cf. Section , and let F1/ 52 be the cyclic unramified extension whose
residue field is F/E.

Proposition 6.6. Let f(t) = (--- ,0,0,0,E(t), o () € CW(EE[t™Y) be a co-vector
of length m defining ' o awua (i-e. 0(F(t)) = (¥} o awina) in the sequence (1.3.3)), for
example one can take F(t) as a minimal lifting of awiq as in Section M Let f~(T) =
(+++,0,0,0, £ (T)s ..., frn(T)) € CW(TLOLIT™Y]) be a lifting of £~ (t) of length m. Then:

1. epoo (£7(T), 1)

e O ;
gl

2. epo (f(T),1) is a Kummer generator of ]:T/Sz:

Fio= &l (ep(F7(T),1)) ; (6.3.6)

3. For all vy € Gg — Gal(gi/ﬁz) (¢f. Equation (3.2.4))), one has
Y(ep=(£7(T),1)) = awita(y) " - epoe (£ (T), 1) . (6.3.7)

Proof. See [Pul07, Section 2.3]. Observe that in [Pul07, Section 2.3] the author was working in
a more general context, and for this reason he used a function called “6ps(v,1)”, which actually
coincides with epee (f~(T),1) modulo a p™!-th root of unity (cf. [Pul07, Equation (3.1)]). O

We can now proceed as in the tame case (cf. Section [6.2). We preserve the notation of
proposition Let ey € V(awid) be a basis in which Gg acts as

v(ev) = awia(y) -ev, forallyeGg. (6.3.8)
Then a basis of DT (V(ayi)) = (V(awild) @0 Og)GE is given by

ep = ey ®@epe(f (T),1). (6.3.9)

Indeed, for all v € Gg, one has

y(ep) = y(ev) ® y(ep= (F7(T),1)) = awia(V)ev @ awia(y) " epn (F(T),1) =ep . (6.3.10)
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6.3.3

We compute now the action of ¢ and VP. 1In the basis ep (cf. (6.3.9)), the function
ep (F(T),1) is the Taylor solution at co of the V-module underlying DT(V(ayiq)). We re-
call that f~(T) = f (v, T) = (fy (w,T),..., fr,(u,T)) has coefficients which depend also on

u = (uq,...,u;). In the basis ep the action of ¢ and V are given by
¢D(eD) = gpm (fi(ﬂ7 T)? 1) *€p ,
v%(eD) = g%,(’UJ]_,...,UT,T) ‘€p, (6311)
Vgi(eD) = ng, (uiy...,u,T) ep,

where:

1) = f(u,T),1) (6.3.12)

=S sy S Sy (w0
m d —(T
gy (ur,. . up, T) _Zwmﬂ dul(fijj( )
" (6.3.14)

- I g (fy (w, 7))
= T u, T P’ Mj
; ]§n<> )

where ¢ acts on CW(T~1OL[T~]) coefficient by coefficient. Observe that we have chosen
o(T) = TP € OL[T) (cf. Def. [L.10). Observe also that Equations and are
obtained by taking the logarithmic derivative of the Definition as g[}, = %eieioz f({ (,g:)l’)l)) ;
u; (epoo (F7(T),1)
epoe (F7(T),1)
matrix of the connection.
Since we have chosen v, satisfying Equation , hence this construction does not depend

on the choice of 7 := (7)) m>0-

and gjc_ = . In other words the knowledge of the solution leads to recover the

7 Comparison between arithmetic and differential Swan con-
ductors

The object of this section is to prove the following
Theorem 7.1. Let V € Repg’;{(GE) be a rank one representation. Then:
sw(V) =sw" (DT(V)), (7.0.15)

where sw(V) is the arithmetic Swan conductor (cf. Def. and Def. , and swY (DF(V))
is the differential Swan conductor of DT(V) € (¢,V) — Mod(O,1 /Ok), considered as an object
L

of V.— Mod(RL/K) (cf. Def.[3.11).
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7.1 A Small Radius Lemma

In this section we prove that if T'(M, p) is “small” (see Definition [3.7), then we are able to
link T'(M, p) to the valuation of the coefficients of the equation. The following “Small Radius
Lemma” generalizes the analogous result [CM02] 6.2 and 6.4], [You92].

Lemma 7.2 (Small Radius). Let M, be a rank one V-module over Fr, ,. Fori=0,...,r let
g, € Frp be the matriz of (VE)™ (resp. ifi =0, g5 is the matriz of (V}')"). Write (cf. Lemma

:

LemmdL13] |d/dT|-7:L,p7Sp _ |d/du1|fL,p)Sp _ _ ’d/dur|fL,pusp
a d/dT|F,, — |d/dwlr, — T |d/duF,,
or(p) def i ( Id/dT\OfL,,,,Sp ’ |d/du1|F,, ,sp o |d/dur|F,, , sp ) .
|g1|p |gﬂp |9{|p

Then:

(1) T(M,p) > min(w, wy(p) ).

(2) The following conditions are equivalent:
(@) T(M,p) < w;
(b) wm(p) < w;
(c) ’9?’;; >p~ L or \gﬂp > 1 for somei € {1,...,r}.

(3) If one of the equivalent conditions of point (2) is verified, then one has

-1

L wep w w
T(M,p) :mln( s Ty eee s —) . (7.1.1)
9l lgile 1911,
|d/dT |7y ,sp  |d/duilF; ,sp

Proor. By Lemma|[1.13] one has w = ,forall i =1,...,r. This

d/dT\rp,,, —  ld/duilzp ,
proves that (b) < (¢). We prove now (1). The matrices g}, verify the inductive relations
g0 = d/dT(g%) + g2 - ¢?, and g, = d/du;(g;) + gy, - 91- By induction, one has 1981, <
max(|d/dT |5, ,|97],)", and |gi], < max(|d/du;|F, ,,|g}],)". This proves that

1 1
A 01—1/n . o 01—1
[hH}lelf|gn|p m > mm(\d/dTb:L’p’ ’9(1)|p> = mln(p, 911, ) 5 (7.1.2)
, 1 1 .
limintf |g5 ;"] > min —) =min( 1, lgil;* ) 7.1.3
[HI}lln ’gn’p ] Z min ‘d/dui‘]—i,p7 |gzl|p min ) ‘gl‘p ( )

Hence, by formula (3.3.6)), the point (1) holds. Moreover, the same computation proves the
following sub-lemma:

Lemma 7.3. The following conditions are equivalent :

1

() |90, > p™"  (resp. |gil, > 1),

(a’) [liminf, |g° gl/n] < p (resp. [liminf, |gf1|;1/n] <1).

O

Continuation of the proof of Lemma : By using again Formula ((3.3.6]), Lemmaproves
that (¢) implies (@), and that the point (3) holds. Clearly, by assertion (1), (a) implies
w > T (M, p) > min(w,wnm(p)), hence (b) holds. O
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Lemma 7.4. Let M be a solvable rank one V-module over Ap(]0,1[). Fori = 1,...,r, let
gt € Ap(]0,1[) be the matriz of Vg/{ (resp. if i =0, g9 is the matriz of VX ). Assume that, for
alli=0,1,...,7, the matrix gi is of the form

gi= > a7 eAL(0,1]), witha), #0. (7.1.4)
Jj=>—n;
Assume moreover that ng,ni,...,n. < 400 satisfy ng > 2, orn; > 1, for some i =1,...,r.
Then:

1. |a(j)m] <w, foralli=0,...,r;
2. For p sufficiently close to 0, one has
T(Mp) = w- min (a7 pm™t (ol |70 ) 5 (7.1.5)
(2

=1,..,r

3. If ]a@h\ =w for some i =0,...,r, then Equation (7.1.5)) holds for all p €]0,1], and
swY (M) = max{ eg(ng — 1), €1n1, ... , €ny } (7.1.6)

where €; = 0 if ]a(_zzlz\ <w, and ¢ =1 if \a(_lzh| =w.

Proof. By assumption, lim - T(M, p) = 1. Moreover we know that T'(M, p) is continuous and
log-concave. We have then only two possibilities: T'(M, p) = 1 for all p €]0, 1], or there exists
B> 0 such that T(M, p) < p?, for all p €]0,1]. In the first case, T(M, p) = 1 > w, for all p < 1.
Hence by the Small Radius Lemma we have |¢0], < p~!, and |g}|, <1, foralli=1,...,r,
and for all p €]0,1[. This contradicts our assumptions. Indeed if p is close to zero, one has

lgt], = |a,n |p~™i, for alli = 0, . r and the assumption max(“, n1,...,n,) > 1 implies that,
for p close to 0, one has |¢{|, > p~! > 1, or that |g}|, > 1, for some i =1,...,r
Hence we are in the second case: T(M, p) < p?, for all p < 1, where 8 = sw¥ (M) (This
follows from Definition and the fact that T'(M, p) is log-concave). Since § > 0, if p
is sufficiently close to 0, one has T(M, p) < p? < w. So Small Radius Lemma applies,
and T(M,p) = w - mini:17,,,7r<%, %) Now, since lim, ;- T'(M, p) = 1, and since the
a n;
function p — T'(M, p) is log-concave, its log-slope at 0% is greater than its log-slope at 1~ (i.e.
B =swY(M)). Hence one has the inequality
no—1 4
mln = lim w- mm(p , p

- |“>\ pol e a &

) > lim T(M,p) =1, (7.1.7)
O 1%, 1T

as in the following picture:

)  log(T/(M,
10g(mini(w/‘a<i)ni‘))} og(T'(M, p))

Ismall radius] Hloe()
T(M,p) =w-min;—1,.. < Zg) 1| G p(:z) ‘)
This implies |a@nl] <w, forall i =0,...,r. Moreover if |a .| = w, for some i = 0 , 7, then
this graphic is a line, and the assertion iii) holds. O
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7.2 Proof of theorem [7.1]

Let V(a) € Repf(igr;((GE). As usual, we decompose & = ayild * Qtame * @ (cf. Equation (4.4.2)).
By Section in both residual and tame cases the arithmetic Swan conductor is equal to
zero. On the other hand, we have the following:

Lemma 7.5. The differential Swan conductors of DY(V(aw,)) and DT (V(cuame)) are equal to 0.
More precisely there exist bases of DT (V(ay)) and DY (V(atame)) in which the connections are
defined over Ar(]0,1]) and T(DT(V(ay)), p) = T(DT(V(attame)), p) = 1, for all p €]0,1[.

Proof. Let Dy := D'(V(ay)) and Diame := DT(V(atame)). By equations (6.1.1)), since the
matrices of V?’“ and VEZ_’C belongs to Or, hence T'(Dy, p) does not depend on p, and its log-slope
is equal to 0 (one has actually T'(Dy, p) = 1, for all p < 1). On the other hand, in the notation
of Lemma since g) € Z, - T~ (cf. Equations , the function p +— liminf, ]g%],jl/n is a
constant function (cf. [Pul07, Lemma 1.4]). Moreover, the matrix of VPtme is equal to 0, hence

p — liminf, ]gfl|;1/n is the constant function equal to 0co. So T'(Diame, p) = 1, for all p < 1, and
its log-slope is equal to 0. O

7.2.1

Since in both residual and tamely ramified cases the arithmetic and the differential Swan con-
ductors are equal to zero, then Remark [£.18 and Section [3.3.2] allow us to reduce to prove the
theorem for auyiq. The proof of Theorem is then carried out in two steps: first we prove
the theorem for the case in which auyjlg = ¥m 0 6(A_gt™?), with A_g € W, (a)(k) — vap(d)(k:),
where ), : Z/p™ 7 = mpm+1 C Ok is the identification of Definition and ¢ is the Artin-
Schreier-Witt morphism of Sequence (|1.3.3) (cf. Lemma below). The second step consists
of extending the theorem to every character using Section

Lemma 7.6. Let X -t~""" be a co-monomial satisfying X\ € W, (k) — pWp (k) (cf. Sec-
tion , let ayilg = Ym © S(AXET™™). We denote by M the V-module over Ry, defined by
DT (V(awia)). Then

sw¥ (M) = np™ = sw(wild) - (7.2.1)

More precisely, one has T(M, p) = p™", for all p €]0,1].

Proof. By Corollaryone has sw(aywild) = np"™, hence it is enough to prove the last assertion.
To prove this, we now use the assertion iii) of Lemma We verify that all assumptions of
Lemma [7.4) are verified.

Let A = (Mo, Am) € Wy, (Or,) be an arbitrary lifting of X = (Ao, ..., Ay). Then the
solution of M in this basis is the m-exponential (cf. Section

m

—np T—np
e g ) (7.2.2)

Epoe ()\T—npm, 1) = eXp< Tm@oT ™" + Tm—101

where (¢, ..., om) € (’)E)+1 is the phantom vector of A € W,,,(Or,). Indeed the phantom vector
of XT~™" is (poT ™", 1T, ..., T~ ™"). Writing X as function of u := (u1,...,u,), the
matrices of the connections are explicitly given by (cf. Equation (6.3.12))

gg_ (ut,. .. up, T) = —n (Tl " 4 Tt TP oo 4 o TP 1)

pj—k:_l d

(Ak(w)) -

Uj

m o
g}— (ulv s ,UT,T) = Zﬂ-mij_np] ’ Z)‘k‘(g)
j=0 k=0

37



The coefficients of lowest degree (with respect to T") in the matrix g;_ (u1,...,u,,T) are respec-

tively
Ay = b (7.2.3)
i _ d
a(_zwm = m-p - d—(qu(ul, ceyUp)), foralli=1,... r. (7.2.4)
Uj
More explicitly, for ¢ = 1,...,r, one has
(4) : j—k_p d
alypm = T kZ_OAk(u)P T (Ae(w) € Of . (7.2.5)

Since A € W,,,(Or, ) has coefficients in Or,, (which is a Cohen ring), one sees that

[fm| = [P, (7.2.6)

where s(Ag, ..., A\pm) = min{s > 0 | A\ # 0}. We study separately two cases: Ao # 0, and
Ao = 0. Assume first that g # 0 (i.e. s(A) = 0). Since n > 0, then the T-adic valuations of
g(}_ and g}_ satisfy conditions of Lemma Since |mp| = w and |¢p,| = 1, then \a(_oipm_ll =w.
Hence the point iii) of Lemma applies, and one has T'(M, p) = p"", for all p €]0, 1].

Assume now that Ao = 0, i.e. s(A) > 1. By assumption, A € W,, (k) — pW,,(k), but since
Ao = 0, this is equivalent to (cf. Equation )

A& W, (k). (7.2.7)
The following Lemma [7.7] proves that

max [o) .| <w = AXe W), (7.2.8)

i=1,...,r

,me| = w, for some i = 1,...,r. By applying point
iii) of Lemma as above, we find T(M, p) = p™", for all p €]0, 1]. O

which contradicts our assumption. Hence |a(

Lemma 7.7. Let k be a field of characteristic p > 0. Let X = (Mo, A1, .-, Am) € Wi(k) be a
Witt vector. The following assertions are equivalent:

(1) Foralli=1,...,7 one has

—p™m—1 d — ‘pmil—l d o —p—1 i . d - B
o dai(Ao)+A1 dai(A1)+ +Am_1dﬂi(Am_1)+dai(Am) =0. (7.29)

(2) X € W, (k?).

Proof. Clearly (2) implies (1). Assume then that (1) holds. The condition (1) is equivalent to

—am—1__

M ae) + W

YAO0) + o+ N A1) + d(n) =0, (7.2.10)

in Qi JE, where d : k — Q,lC /Fy is the canonical derivation. We proceed by induction on m > 0.
The case m = 0 is evident, since d(X\o) = 0 in Q}C/Fp implies \g € kP (cf. [Gro64, Ch.0, 21.4.6)).

Let now m > 1. Assume Equation (7.2.10) holds. Following [Car58, I1.6], let Z'(k) := Ker(d :

Q — 02, ), and let

1
k/Ep k/Fp

C™ o Qp —— Z'(k)/d(k) (7.2.11)
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be the Cartier isomorphism (cf. [Car58, I1.6]). Here d(k) is the image of the map d : k — Qi/ﬂrp.
We recall that C~1(ad(b)) = aPbP~1d(b), where @ is the class of w € Z(k) modulo d(k).

— — mo__ — m—1__ — — — —
Let B0, An) =X d(0) + X, d(\) + o+ Ay yd(An1) + d(m) € Qe
Since E(Ao, .-, Am) = 0, then E, (X, ..., Am) € Z(k), and the class of E,,(Xo, ..., Am) €

Z(k)/d(k) is equal to

0= Em()\o, . ,Xm) = Xgm_ld(XO) + )\1 d()\l) —+ e+ an__lld(xm,l) . (7.2.12)

__m—1—i__ _ —om—i_q  —
By definition, one has C'~! (Af 1d()\i)> = 3" (N, hence we find

7

0=FEno,- 3 m) =C  (Em_1(0s -5 Am_1)) - (7.2.13)
Since C~! is an isomorphism (cf. [Car58, I1.6]), then the equation (7.2.13) implies that
Em,i(xg, e ,Xmil) = 0. By induction, one finds then A0s--+s Am—1 € kP, but this implies
En(Xos -, Am) = d(Am) = 0, hence one has also A, € kP (cf. [Gro64, Ch.0, 21.4.6]). O
End of the Proof of Theorem[7.1] : Let )= > one, A_nt™" be a minimal lifting of Yto

awild in CW(E) (cf. Section [4.2.3). Again by Section one has
sw(3(f~ (1)) = max sw(6(_nt " ™Y) (7.2.14)

nedp

where 0 is the Artin-Schreier-Witt morphism (cf. Equation (1.3.3)). Now we recall that
V(awia) = @nes, VER_T7"™)), and

m(n)

DY (V(awia)) = @nes, DIV, T7"))) (7.2.15)

By Lemma [7.6] one has
sw¥ (DT (VS _py T ) = np™™) . (7.2.16)
Now if n; # ng then ng - p™™) £ ny . p™(2) - Hence, by Section one has

sw¥ (DT(V(awia))) = max np™™ (7.2.17)
nedp

This proves Theorem [7.1] O
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