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The convergence Newton polygon of a p-adic
differential equation III : global decomposition and
controlling graphs

Jérome Poineau and Andrea Pulita

ABSTRACT

We deal with locally free &'x-modules with connection over a Berkovich curve X. As a
main result we prove local and global decomposition theorems of such objects by the
radii of convergence of their solutions. We also derive a bound of the number of edges of
the controlling graph, in terms of the geometry of the curve and the rank of the equation.
As an application we provide a classification result of such equations over elliptic curves.

This is a first draft, containing a maximum number of details. We plan to reduce its
volume in a next version.
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INTRODUCTION

Following an original idea of Dwork, if a differential equation has two solutions with different radii of
convergence, then it should correspond to a decomposition of the equation. Decomposition theorems
are the central tool in the classification of p-adic differential equations. As an example they are the
first step to obtain the p-adic local monodromy theorem [And02], [Ked04], [Meb02].

The main contributions to the decomposition results are due to Robba [Rob75a], [Rob75b],
[Rob80], Dwork-Robba [DR77], Christol-Mebkhout [CMO00], [CM01], Kedlaya [Ked10], [Ked13]. We
also recall [DMRO7, p. 97-107], and [Ram78] for the decomposition by the formal slopes of a differ-
ential equation over the field of power series K ((T")) (cf. Section 5.7).

There are very few examples of global nature of such decomposition theorems by the radii
(mainly on annuli or disks), and all with restrictive assumptions (as an example see [Ked10, Ch.12],
[Ked13, 5.4.2]). As a matter of fact, a large part of the literature is devoted to the following two
cases: differential equations defined over a germ of punctured disk, or over the Robba ring. In the
language of Berkovich curves this corresponds respectively to a germ of segment out of a rational
point, or a germ of segment out of a point of type 2 or 3. Except in those two situations, there is a
lack of results.

We present here a general decomposition theorem of a global nature in the framework of
Berkovich smooth curves, that works without any technical assumption (solvability, exponents,
Frobenius, harmonicity, ...).

A theoretical point of a crucial importance is the definition itself of the radii of convergence.
The former definition of radii relates them to the spectral norm of the connection. This (partially)
fails in Berkovich geometry because there are solutions converging more than the natural bound
prescribed by the spectral norm. Here we deal with a more geometrical definition of the radii due
to F. Baldassarri in [Ball0], following the ideas of [BV07]. He improves the former definition by
introducing over-solvable radii, i.e. radii that are larger than the spectral bound (cf. (2.26)). These
radii are not intelligible in terms of spectral norm even if the point is of type 2, 3, or 4. Moreover
he “normalizes” the usual spectral radii of convergence, with respect to a semi-stable formal model
of the curve. He is also able to prove the continuity of the smallest radius. In [PP12b] we introduce
in that picture the notion of weak triangulation as a substitute of Baldassarri’s semi-stable model.
In fact such a semi-stable model produces a (non weak) triangulation (see [Duc]| for instance). This
permits to generalize the definition to a larger class of curves, and it has the advantage for us of
being completely within the framework of Berkovich curves. Exploiting this point of view, we have
proved in [Pull2] and [PP12b] that there exists a locally finite graph outside which the radii are
all locally constant, as firstly conjectured by Baldassarri. This proves that there are relatively few
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numerical invariants of the equation encoded in the radii of convergence. The finiteness theorem
have been proved in [PP12b] by recreating the notion of generic disk in the framework of Berkovich
curves, as in the very original point of view of Bernard Dwork and Philippe Robba. The global
decomposition theorem presented here enlarges the picture, it makes evident that Baldassarri’s idea
for the definition of the radii is the good one, and gives to it a more operative meaning.

We come now come more specifically into the content of the paper. Let (K, |.|) be a complete
ultrametric valued field of characteristic 0. Let X be a quasi-smooth K-analytic curve, in the sense
of Berkovich theory'. We assume without loss of generality that X is connected. Let .# be a locally
free Ox-module of finite rank r endowed with an integrable connection V.

In [PP12b] we explained how to associate to each point z € X the so called convergence Newton
polygon of .F at x. Its slopes are the logarithms of the radii of convergence Rgi(z,.#) < --- <
Rsr(x,.F) of a conveniently chosen basis of solutions of .# at x. Here S is a weak triangulation.

Following [Pull2], we then define for all i € {1,...,r = rank(.%)} a locally finite graph I's ;(.#),
as the locus of points that do not admit a virtual open disk in X — S as a neighborhood on which
Rsi(—,F) is constant.

We say that the index i separates the radii (globally over X) if for all x € X one has

RS,i—l(%y) < ’Rsﬂ'(x,y). (0.1)

THEOREM 1 (cf. Theorem 5.3.1 and Proposition 5.

3.3). If the index i separates the radii of 7, then
there exists a sub-differential equation (F=;, Vi) C (

F,N) of rank r —i+ 1 together with an exact

sequence
0= I > F = Fi—0 (0.2)
such that for all x € X one has
Rsj(z, F<i) if j=1,...,i—1
Rsj(z, F) = o A 0.3
sal ) { Rsj—iv1(x, F=i) if j=i,...,7r. (0.3)

Moreover Z~; is independent on S, in the sense that if i separates the radii of ¥ with respect to
another weak triangulation S’, then the resulting sub-object F=; is the same.

In section 8 we provide an explicit example where (0.2) does not split. In section 5.4 we provide
criteria to guarantee that ., is a direct summand of .%. More precisely we have the following

THEOREM 2 (cf. Theorems 5.4.3 and 5.4.10). In each one of the following two situations F=; is a
direct summand of F :

i) The index i separates the radii of #* and of F, and (X,S) is either different from a virtual
open disk with empty triangulation, or, if X is a virtual open disk D with empty triangulation,
there exists a point x € D such that one of Ry ;_1(x,.F) or Ry ,;_1(x,.F*) is spectral at x.

ii) One has (rs,l(y) U---u rs,i_l(d@)) C Dy (7).

In both cases (F*)s; is isomorphic to (F=;)*, and it is also a direct summand of F*.

In section 6 we provide conditions to describe the controlling graphs, and in particular to fulfill
the assumptions of Thm. 2.

!Quasi-smooth means that Qx is locally free, see [Duc, 2.1.8]. This corresponds to the notion called “rig-smooth” in
the rigid analytic setting.
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Condition ii) of Thm. 2 implies i), and it has the advantage that it involves only the radii of
Z. Nevertheless 1) is more natural, and general, by the following reason. If one is allowed to choose
arbitrarily the weak triangulation, then to guarantee the existence of .#~; one has to choose it as
small as possible, and the same is true for condition i). On the other hand to fulfill i) one is induced
to choose it quite large. For more precise statements see Remarks 5.3.4 and 5.4.11.

As a corollary we obtain the following:

CoOROLLARY 3 (cf. Cor. 5.6.8). Let & be a differential equation over X. There exists a locally finite
subset § of X such that, if Y is a connected component of X — §, then:

i) For alli < j one has either Rs;i(y,-#) = Rs,(y,-F) forally €Y, or Rsi(y,F) < Rs,;(y, F)
forallyeY.

ii) Let 1 =iy < iy < ... < iy, be the indexes separating the global radii {Rgs(—,.-F)}i over Y.
Then one has a filtration

0 # (Fiy)zin C (Fy)zin, C - C (Fy)za = Py, (0.4)

such that the rank of (F|y )=, is r—ix+1 and its solutions at each point of Y are the solutions
of F with radius larger than Rg;, (—, F).

Note that we did not endow Y with a weak triangulation, and that the radii of the Corollary
3 are those of .% viewed as an equation over X. In section 5.6 we also provide conditions making
(0.4) a graduation.

A direct corollary of the above results is the Christol-Mebkhout decomposition over the Robba
ring [CMOO] (cf. Section 5.5). Another corollary is the following classification result:

THEOREM 4 (cf. Cor. 7.3.1). Assume that X is either a Tate curve, or that p # 2 and X is an
elliptic curve with good reduction. Consider a triangulation S of X formed by an individual point.
Let F be a differential equation over X of rank r. Then

i) Foralli=1,...,r the radius Rgi(—, %) is a constant function on X, and I's;(.F#) =Tg;

ii) One has a direct sum decomposition as

7 = P 7°, (0.5)

0<p<l

where Rg j(—, FP) = p forall j =1,... rank F”.

The proof of the existence of .%~; (cf. Theorem 5.3.1) is obtained as follows. Firstly, in section 3,
we prove a local decomposition theorem by the spectral radii for differential modules over the field
A (x), of a point x of type 2, 3, or 4 of a Berkovich curve. This generalizes to curves the classical
Robba’s classical decomposition theorem [Rob75a], originally proved for points of type 2 or 3 of the
affine line. Then, in section 4, we descends that decomposition to Ox , C J#(x) (i.e. to a neighbor-
hood of z in X). This is a generalization to curves of Dwork-Robba’s decomposition result [DR77],
originally proved for points of type 2 or 3 of the affine line. The language of generic disks introduced
in [PP12b] permits to extend smoothly these proofs to curves, up to minor implementations.

Such local decompositions are also present in [Ked13], where one makes everywhere a systematic
use of the spectral norm of the connection, as in [Ked10]. Methods involving spectral norms work
thank to the Hensel factorization theorem of [Rob80], and [CD94, Lemme 1.4]. We presents here the
same local decomposition results as a consequence of the original, and more geometric, techniques
of [Rob75a] and [DR77].

Robba’s and Dwork-Robba’s local decompositions take in account only spectral radii, because
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over-solvable radii are not invariant by localization. For this reason Dwork-Robba’s local decompo-
sitions (at the points of type 2, 3, and 4) do not glue, and they do not give the global decomposition.
We then augment the Dwork-Robba decomposition of the stalk %, by taking in account the de-
composition of the trivial submodule of .%, coming from the existence of solutions converging in a
disk containing z, i.e. taking in account over-solvable radii. This augmented decomposition of .%,
glues without any obstructions, and it provides the existence of .#;.

In Theorem 1 we actually use the continuity of the radii Rg;(—,.#) (cf. proof of Proposition
2.9.7). Implicitly we also use the local finiteness of I'g;(.%), since for ¢ > 2 the continuity is an
indirect consequence of the finiteness (cf. [Pull2] and [PP12b]).

In the second part of the paper, we provide an operative description of the controlling graphs,
that is essential, for instance, to fulfill the assumptions of the above theorems.

As a consequence we obtain, in section 7, a bound on the number of edges of I'g ;(.%). We prove
that this number is controlled by the knowledge of the slopes of the radii at a certain locally finite
family of points, that are roughly speaking those where the super-harmonicty fails.

If X is a smooth geometrically connected projective curve, then we find unconditional bounds,
in the sense that they depend only on the geometry of the curve and the rank of %, not on the
equation itself.

In particular, when ¢ = 1, we prove the following neat result:

THEOREM 5 (cf. Cor. 7.2.3). Let X be a smooth geometrically connected projective curve of genus g >
1. Let Eg be the number of edges of the skeleton I's of the weak triangulation. Then the number of
edges of I's 1(F) is at most

Eg+4r(g—1). (0.6)

Similar bounds are derived if ¢ > 2. The key point in the proof of Theorem 5 is the control of the
locus of failure of the super-harmonicity property of the partial heights of the convergence Newton
polygon, as in [Pull2]. In particular, in section 6.2, we use the local part of the decomposition
theorem to reprove a formula of [Ked10, Thm. 5.3.6] describing the Laplacian of the partial heights
of the convergence Newton polygon (cf. Thm. 6.2.26). We extend it by taking into account solvable
and over-solvable radii.

NOTE. This is a first draft, containing a maximum number of details. We plan to reduce its
volume in a next version. We shall also improve the bounds of section 7, with further developments.

Structure of the paper.

In Section 1 we recall some notations and basic results. In Section 2 we define the radii and their
graphs together with their elementary properties. In Section 3 we give Robba’s local decomposition
by the spectral radii over J#(z), for a point of type 2, 3, or 4. In Section 4 we descend that
decomposition to the local ring Ox, C 7 (z) following Dwork-Robba’s original techniques. In
Section 5 we obtain the global decomposition Theorem 5.3.1, and the criteria to have a direct sum
decomposition (cf. Theorems 5.4.3 and 5.4.10). In Section 6 we provide an operative description of
the graphs I'g;(.%), together with the control of the failure of super-harmonicity using Christol-
Mebkhout index theorems. In section 7 we obtain the bound on the number of their edges, and
the classification results for the elliptic curves (cf. Corollary 7.3.1). In Section 8 we provide explicit
counterexamples of the basic pathologies of over-solvable radii (incompatibility with duality, and
exact sequence, a link between super-harmonicity property and presence of Liouville numbers, by
means of the Grothendieck-Ogg-Shafarevich formula). In Appendix A we discuss the definition of
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the radius.

Acknowledgments. Thanks to Yves André, Francesco Baldassarri, Gilles Christol, Kiran S.

Kedlaya, Adriano Marmora, and Zoghman Mebkhout for helpful comments.
1. Definitions and notations

In this section we give definitions and notations that are used in the sequel of the paper.

Let K be an ultrametric complete valued field of characteristic 0. Let p be the characteristic of

its residue field k (either 0 or a prime number). We denote by K28 the completion of an algebraic
closure K2 of K.

Setting 1.0.1. Let X be a quasi-smooth K-analytic curve endowed with a weak triangulation S as
in [PP12b]. Without loss of generality from now on we assume that X is connected.

By a differential equation or differential module over X we mean a coherent Ox-module .7
endowed with an (integrable) connection V. Proposition 1.0.2 below shows that .# is automatically
a locally free Ox-module of finite rank. This is locally a differential module as defined in section
1.2. In the sequel of the article, we shall switch freely between the different terminologies.

Proposition 1.0.2. Let % be a coherent Ox-module with a connection V. Then F is locally free
of finite rank over Ox.

Proof. If Ox , is a field, then .#, is free and finite dimensional, hence we are done. Otherwise x
is L-rational for a finite Galois extension L/K. By Galois descent, one easily reduces to the case
x = 0 and d = d/dT. The ring Ox, C K]J[T]] of convergent power series at x = 0 is then a
discrete valuation ring without non trivial ideals stable by d/dT. A classical result then says that
a differential module over O , has no torsion, hence it is free (cf. the proof of [Ked10, 9.1.2]). See
also [And01, Cor. 2.5.2.2] and [Kat70, Prop.8.8]. O

Corollary 1.0.3. The category of locally free of finite rank Ox-modules with connection is an
abelian category. O

Recall that X is connected by Setting 1.0.1.

Proposition 1.0.4. Let 0 : % — %' be a morphism between two differential equations over X.
If there exists x € X such that o(z) : F(x) — F'(x) is an isomorphism (resp. monomorphism,
epimorphism) over F(x), then o is globally an isomorphism (resp. monomorphism, epimorphism,).

Proof. The ranks of the kernel and the cokernel of o are locally constant functions. O

1.1 Curves

Here we introduce some definitions and notations that will be frequently used in the paper.

Notation 1.1.1. Let A}fn be the Berkovich affine line with coordinate T. Let L be a complete
7
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valued extension of K and ¢ € L. We set

D+(c R) = {z € Ay™||(T - ¢)(z)| < R}, R>0 (1.1)
Dy (c,R) = {z € Ap™||(T - ¢)(z)| < R}, R>0 (1.2)

CHe R, Ry) = {2 € A)™ |[Ri < |(T—¢)(x)| <R}, Ro>Ri> (1.3)
Cr(e; R, Ry) = {x € Aj™ | Ry < (T —¢)(a)| < Re}.  Ro>Ry>0 (1.4)

If D C AlL’an is a disk, we denote by (D) (resp. B(D)) the ring of analytic (resp. bounded
analytic) functions on D. If D = D; (¢, R), then

O(D) = {Z an(T — )", an € L, lim|ay|p" =0, Vp < R} , (1.5)
n=0

B(D) := {Z an(T — )", a, € L, sup|a,|R" < +oo} . (1.6)
n=0 n

We write 07,(D) and Br(D) instead of ¢(D) and B(D) respectively when we want to specify the
base field.

The ring B (D) is a Banach algebra with respect to the sup-norm ||.||p on D. If D = D} (¢, R),
CORGIOIN:S

This norm is indeed multiplicative. Hence it defines a point of Berkovich line A}{an. We will denote
it by z¢ g.

this norm will be denoted by |.|c, . For f € B(Dj (c, R)) one has | f|. r = sup,>¢

More generally, for all complete valued field extensions L/K, and all pairs (¢, R), with ¢ € L,
R > 0, the formula |flyp = sup,so|2(45)"(f)(t) L'R", for all polynomial f € KT, defines a

1,an

point of A", We will denote it by z; g.

Definition 1.1.2. A wvirtual open disk (resp. annulus) is a connected analytic space that becomes

isomorphic to a union of open disks (resp. annuli) after base change to K28,

1.1.1 Radius of a point. If x € A}éan we define
r(z) := max (7‘ > 0 such that there exists t € L/K satisfying x = th,r) . (1.7)

This is the radius of the point (cf. [Ber90, 4.2]). The real number r(z) is not an invariant of the
point x because it depends on the coordinate T'. It is not invariant by arbitrary extension of K, but

it is stable under extension contained in K218, We refer to [Pull2, sections 1.3.1, 1.3.2] for additional
properties of r(x).

1.1.2 Modulus of an inclusion of virtual disks. The radius of a disk is not invariant by K-
linear isomorphisms. On the other hand, annuli carry an intrinsic numerical datum: their so-called
modulus.

Assume first that K is algebraically closed. The modulus of an annulus is the ratio Re/R; > 1
of the external radius Ry by the internal radius R; with respect to an arbitrary coordinate (cf.
[PP12a, Def. 2.2.2]). The definition is extended to a punctured disk D — {x} where z is a point of

type 1.

Assume now that K is not algebraically closed. Let C be a virtual annulus (resp. D — {z} be a
disk without a point z of type 1 or 4). Since the Galois group Gal(K?8/K) acts isometrically, all the

connected components of C® K28 (resp. (D — {x})®K?12) are isomorphic annuli (resp. punctured

8
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disks if x is of type 1, open annuli if x is of type 4) having all the same modulus. We call it the
modulus of C (resp. D — {x}).

Let D' C D be an inclusion of virtual open disks. If D # D’, the modulus of the semi-open
annulus D — D' is called the modulus of the inclusion D’ C D. If D = D’ we define the modulus of
the inclusion to be 1.

1.1.3 Branches, germ of segments and sections. Let X be a curve as in Setting 1.0.1. The
Berkovich space X is naturally endowed with a graph structure (cf. [Duc]). By a closed segment
[x,y] C X we mean the image in X of an injective continuous path [0,1] — X with initial point x
and end point y. We also call segments the images |z, y], |z, y], [z,y[ of |0, 1[, ]0, 1], [0, 1| respectively.
In this case we say that the segments are open, or semi-open. By convention a segment is never
reduced to a point nor to the empty set.

A germ of segment b out of x € X is an equivalence class of open segments |x,y[ given by
|z, y1[~]x, y2| if and only if there exists z such that O #]z, 2[C|z, y1[N]z, y2[. By abuse we often write
b =]z, y[ instead of |z, y[€ b.

If x is a point of type 2 or 3, then a germ of segment b out of z is always represented by an
open segment |z, y[ which is the skeleton of a virtual open annulus C. In particular z belongs to
the boundary of C'in X. If x is a point of type 1 or 4, then |z, y[ corresponds to D — {x}, where D
is a virtual open disk containing z. By abuse we say that |x,y[ is the skeleton of D — {z}, indeed
this is the set of points that do not admit a disk as a neighborhood in of D — {x}.

A section of a germ of segment b out of x in X is a connected open subset of U of X containing
such an annulus C' (resp. D — {x}), if x is of type 2 or 3 (resp. 1 or 4), and such that x belongs to
the closure of U in X, but not to U itself.

We refer to [Duc] for the definition of a branch. Roughly speaking a branch out of = corresponds
to a direction out of x. Germs of segments out of x correspond bijectively to branches out of .
They will often be denoted by the same symbol b. By a section of the branch b, we mean a section
of the corresponding germ of segment.

1.1.4 Slopes. Let b be a germ of segment out of x € X, let |z, y[ be a representative of b, and let
F : [z,y] — R be a continuous function. If it has a meaning, we use the symbol 9,F(x) to indicate
the log-slope at x of F' along b. The definition is the following.

Assume firstly that x is of type 2 or 3, and that K is algebraically closed. Then |z, y[ is the skele-
ton of an open annulus C, , in X. Choose a coordinate T" on C;,,, identifying C, , with C' 2 (0; Ry, R2).
Then we set

OF(z) == lim log(F(y)) —log(F(x))

e log(|T'(y)]) — log(|T'(x)]) -

(1.8)

If the resulting limit exists, then it is independent on the chosen coordinate, because |T'(y)|/|T ()]
is the modulus of C, . In general the definition descends from K ale to K as the modulus does. So
the slope 0y F'(x) is a K-rational notion, and it only depends on b and F.

If now z is of type 1 or 4, then |z, y[ is the skeleton of a virtual open disk D — {z}, with x
removed. We express D — {z} as a union of annuli C, ,, with z €]z, y[. In this case we define
HF(z) = lim OF(2). (1.9)
z€|x,yledb
We say that F' is log-affine over |z, y[ if it is continuous on |z, y[ and if its slope function z — 0, F'(2)
is constant on |z, y[.

The functions of this paper will always be piecewise log-affine. With the above settings, this
9
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implies that for all z € [z, y[ one has log(F'(z)) = alog(|T(z)|)+ 3, with o, 8 € R. Hence 0, F () = a.

1.1.5 Graphs. The reader can find in [Duc, 1.3.1] the definition of a graph. A single point and
the empty set are graphs. We say that a germ of segment b out of x belongs to a graph I' C X if b
is represented by a segment |z, y[C I'. A point x € T" is a bifurcation point if there is more than two
germs of segments out of z belonging to I'. A point « € I is an end point of T" if there is no open
segments |z, y[ in X such that z €]z, y[C T.

In this paper by a locally finite graph we mean a closed connected subset I' C X such that
i) Each point = € I' admits a neighborhood U in X such that I' N U is a finite union of segments
and points;
ii) X — T is a disjoint union of virtual open disks.

All the graphs of this paper are locally finite with the exception of those in the Appendix A.

1.1.6 Weak triangulations. Following [Duc, Section 4] and [PP12b, Section 2.1], a weak trian-
gulation of X is a locally finite subset S C X, formed by points of type 2, and 3, such that X — 5
is a disjoint union of virtual open annuli and virtual open disks. The skeleton I'g of S is then the
union of S and the skeletons of the open annuli that are connected components of X — S.

Remark that the empty set is a triangulation of a virtual open annulus or virtual open disk.

1.1.7 Star-shaped neighborhoods. A connected open neighborhood U of a point x € X will be
called star-shaped if

i) U is a virtual open disk containing z, if  is of type 1 or 4;

ii) U is an open subset of X such that {x} is a weak triangulation of U, if = is of type 2 or 3.
We define the canonical weak triangulation Sy of U as the empty set in the first case, and as
Sy = {z} in the second case. We define the pointed skeleton of U (as a neighborhood of x) as

iii) the open segment connecting x to the boundary of the disk U, if = is of type 1 or 4;

iv) the skeleton I's,, of Sy = {«z}, if z is of type 2 or 3.

Let us now consider a connected affinoid neighborhood Y of x in X. If Y denotes the topological
boundary of Y, we say that Y is a star-shaped affinoid neighborhood of z in X if the connected
component Uy of Y — 0Y containing x is a star-shaped open neighborhood of z in X, and the other

connected components of Y — dY are all virtual open disks. We define the canonical triangulation
of Y as 9Y U {z}, and the pointed skeleton as the union of the pointed skeleton of Uy with 9Y.

1.2 Differential modules and trivial submodules

Let A be a commutative ring with a non zero derivation d : A — A is called a differential ring.

Definition 1.2.1. A differential module (M, V) over (A,d) is a locally free A-module with finite
rank, together with a connection V : M — M, i.e. a Z-linear map satisfying the Leibnitz rule
V(am) = d(a)m + aV(m) for alla € A, m € M.

Remark 1.2.2. By [Bou98, I1.5.2, Thm. 1], M is locally free of finite rank over A, if and only if
M is projective of finite rank over A.

Denote by A(d) the Weyl algebra of differential polynomials. As an additive groups one has
A(d) = ®p>pAod", and the multiplication o is given by aod = doa+d(a) for all a € A. A differential
module is naturally an A(d)-module which is locally free of finite rank over A, and where the action

10
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of d on M is given by V. Morphisms between differential modules are A(d)-linear morphisms, or
equivalently A-linear maps commuting with the connections. The linear algebra constructions on
M are naturally A(d)-modules, so they acquire canonically a connection. As an example the dual
module M* := Homy (M, A) is endowed with the connection (V*(a))(m) =aoV —doa.

Let (A’,d’) be another ring with derivation, and let A — A’ be a ring morphism commuting
with the derivations. Let M be an A(d)-module. The scalar extension of M is the module M ® 4 A’
endowed with the connection V' := V @ Ids + Idy @ d'. A solution of M with values in A’ is an
element in the kernel of V'

HO(M, A) := w(M, A") := Ker(V': M4 4 - MoqA). (1.10)

The kernel of the derivation 490 := Ker(d : A — A) is a sub-ring of A. The group w(M, A) is
naturally an sub-A%=-module of M, and the rule M ~ w(M, A) is a covariant functor.

We denote the co-kernel by

H'(M, A") := Coker(V':M®4 A - MoqA). (1.11)
We often write H'(M) := H'(M, A), if no confusion is possible.
x(M, A") := rank H'(M, A") — rank H'(M, A') . (1.12)

Lemma 1.2.3 ([Bou62, 11.4.2]). If M is a differential module, then
w(M, A") = Homyq (M, A") . 0 (1.13)

Let M be a A(d)-module. The canonical arrow
M A ® ga=o w(M, A) — M, (1.14)

defined by jy(a ® v) :== a-v € M, is a morphism of differential modules, if A ® 4a—0 w(M, A) is
endowed with the connection V(a®wv) := d(a) ®v. The collection {ja }m is a natural transformation
of functors. We denote by M4 the image of jy. If f : M — N is a morphism, then f(My) C Ny,
and the rule M — My, is a functor. If N — M — P is exact, then Ny — M4 — P4 is a complex
(i.e. the image of N4 in M4 lies in the kernel of My — P 4).

Definition 1.2.4. We say that the A{d)-module M is trivial if jy; is an isomorphism. We say that
M is trivialized by A’ if M ®4 A’ is trivial as a differential module over A’.

Remark 1.2.5. If w(M, A) is a finite free A%=C-module, then M is trivial if and only if it is iso-
morphic, as A(d)-module, to A" with the connection V(ay,...,a,) := (d(a1),...,d(a;)).

Remark 1.2.6. Assume that the derivation d : A — A is a surjective map. Then for every trivial
A(d)-module M the connection V : M — M is surjective too. Indeed so is the connection d’ @ 1d of
A ® ga=o w(M, A).

Lemma 1.2.7 ([Ked10, 5.3.3, and 5.3.4]). Let M and N be two A(d)-modules. Denote by Ext! (M, N)
the Yoneda extension group of exact sequences 0 — N — P — M — 0. If M is projective as A-
module, then Ext'(M,N) 5 H'(M* @ N). m

Lemma 1.2.8. Let E: 0 - N — M — Q — 0 be an exact sequence of A{d)-modules. Then

i) The sequence w(E, A) is left exact, moreover w(N, A) = w(M, A) N N.

ii) Assume the derivation d : A — A is surjective, and that N is trivial. Then w(E,A) is also
right exact.

11
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iii) Assume that the derivation d : A — A is surjective, and that N and Q are both trivial. Then
M s trivial.

Proof. 1) Clearly w(N,A) C w(M,A). If x € M is killed by V, and if its image in Q is 0, then
x € w(M, A) NN = w(N, A). This proves the exactness of w(E, A).

ii) If moreover d : A — A’ is surjective, and N is trivialized by A’, then the connection V' :
N@yg A" — Ny A is surjective by Remark 1.2.6. So the snake lemma of the diagram V' : E@ A’ —
E ®4 A’ provides the exactness of the sequence w(FE, A").

iii) Assume moreover that Q is trivialized by A’ too. Let F' := E®4 A’ and M’ := M ®4 A'.
Then the five lemma applied to the diagram jz : A’ ®(ary=0 w(E', A’) — E’ implies that the middle
map jyr is an isomorphism, and M’ is trivial. O

Remark 1.2.9. Let A’ be a differential ring over A. With the notation of Lemma 1.2.8, ifTorf‘(Q, A =
0, then E®4 A’ is exact, and hence w(E, A") is left exact by i). Under this condition the statements

of 4) and i) holds replacing the word trivial by trivialized by A’, and the condition d is surjective

by d’ is surjective.

Recall that a derivation d’ on an integral domain A’ extends uniquely to a derivation on its
fraction field F'(A’). We will abuse notation and also denote it d’.

Lemma 1.2.10. Assume that A is an integral domain such that A%=0 = F(A)?=C. Then
i) If M is a A{d)-module which is projective as A-module, then jyi is injective.
ii) Assume that M trivial. Let 0 - N — M — Q — 0 be an exact sequence of A(d)-modules such

that Q is projective as A-module. Then N and Q are both trivial (in particular M, N and Q
are free A-modules).

iii) With the assumptions of ii), if moreover the derivation d : A — A is a surjective map, then
the sequence 0 — N — M — Q — 0 splits.

Proof. i) It A = F(A), then it is classical (cf. [Ked10, Lemma 5.1.5]). If A # F(A), we deduce
the injectivity of jym from the injectivity of jyig,r(4)- For this it is enough to prove that the
induced map w(M, A) ® ga=0 A — w(M ®4 F(A), F(A)) ® gqa=0 F(A) is injective. The inclusions
wM,A) CwM,F(A)) :=wM®a F(A), F(A)) follows by left exactness of w(M, —), using (1.13).
This is an inclusion of vector spaces over the same field A%=0 = F(4)?=0. We deduce that the maps
deduced by scalar extension w(M, A) ® ga=0 A = w(M, A) ® g4a=0 F(A) and w(M, A) ® ga=0 F(A) —
wM®ag F(A), F(A)) ® g4a=0 F(A) are injective. So the composite map w(M, A) ® g4a=0 A = w(M ®4
F(A), F(A)) ® ga=o F'(A) is injective.

i) If M is trivial, and if £ : 0 — N SME Q — 0is an exact sequence, we consider the morphism
of sequences jg : w(F, A) ® 4a=0 A — E. From the surjectivity of p o jyr we deduce the surjectivity
of jq. By i) one has its injectivity, hence Q is trivial. Moreover the map w(p, A) ® Id4 coincides
with p, so it is surjective. Now A?=0 is a field, hence A is flat over A%, and w(E, A) ® pd=0 A is
left exact. Then we can apply the snake lemma, and N is trivial.

iii) Now Ext'(Q,N) = H'(Q* ® N), by Lemma 1.2.7. Since all modules are trivial, Q* ® N is
trivial too. In this situation if d : A — A is surjective, then H'(Q* ® N) = 0 by Remark 1.2.6. O

Remark 1.2.11. The trivial sub-module M is rarely a direct factor of M. We provide explicit
examples of this in section 8.

Remark 1.2.12 (Duality and trivial sub-modules). The duality endo-functor M — M* is an additive
and exact equivalence of category of differential modules. Unfortunately it is not compatible with the
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functor M — M 4. Namely there exists a canonical composite morphism
(M4 — M* — (Ma)" (1.15)

which is often not an isomorphism. The dimensions of (M)* and (M*)4 can be different (see the
counterexamples of section 8). But even when the two dimensions are equal, there is no reasons to
have an isomorphism. This means that w(M*, A) can not be identified to the dual of w(M, A). This
is closely related to the assumption of Theorem 5.4.5.

Remark 1.2.13. The dual convention, which is often used in literature’, consists in defining the
solutions of M with values in A’ as the morphisms Hom g(q (M, A") = Hom g(q)(M @4 A', A').
With respect to the convention (1.10) these are the solutions of the dual module M*. Duality is an
equivalence of the category of differential modules, so each statement admits a dual statement.

1.2.1 Change of derivation. Let di,dy : A — A be two derivations satisfying do = ad; with a
invertible in A. The two categories of differential modules with respect to d; and to dy are isomorphic
as follows: to a dj-module (M, V1) one associates the da-module (M, Vs) with Vo = a- V3. Then an
A-linear morphism commutes with V1 if and only if it commutes with V5. In other words the functor
is the identity on the morphisms. A differential module is d;i-trivial if and only if it is do-trivial.

1.2.2 Filtrations of cyclic modules, and factorization of operators. We say that a differential
module M is cyclic if it is of the form A(d)/A(d)P, for some unitary differential polynomial P. The
latter module will be denoted by Mp. If A is a field, any differential module is cyclic (cf. [Del70,
Ch.II, Lemme 1.3], [Kat87]).

If P factorizes in A(d) as P = P; - P, then right multiplication L + L - P, by P, identifies
A(d)P; to A(d)P and one has an exact sequence

0—Mp, - Mp—Mp, = 0. (1.16)

If A is a field, then the converse is also true: given an exact sequence of differential modules 0 —
N — Mp — Q — 0, there exists a factorization P = P; - P, such that N =2 Mp, and Q = Mp, (cf.
[Chr83, 3.5.6] for more details).

2. Radii and filtrations by the radii

In this section we introduce the radii of convergence of a differential equation over X, and we
recall some results of [Pull2] and [PP12b]. Without explicit mention of the contrary, we assume
everywhere that the curve X is endowed with a weak triangulation S.

2.1 Generic disks

We begin by recreating the framework of Dwork’s generic disks, in the context of Berkovich analytic
curves.

Definition 2.1.1. Let € X. The map (7 (x)) — X lifts canonically to a map M (F(x)) —
X w(z) by the universal property of the Cartesian diagram X s (/7 () — X/K. We denote by
te € X yp(y) the H(x)-rational point so obtained.

There is another way of lifting the points of X:

2This is indeed the convention adopted in all the papers by Christol, Dwork, Mebkhout, Robba,. . .
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Proposition 2.1.2 ([PP12b]). Assume that K is algebraically closed. Let Q be a complete valued
field extension of A (x), and let Xq := X®xQ. Denote by mq : Xq — X the canonical projection.
For all x € X there exists a unique point oq(x) € o' (x) such that ng' (x) — {oq(x)} is a union of
virtual open disks D C Xgq such that their topological closure D in Xq is DU {oq(x)}. O

Definition 2.1.3. Assume that K is algebraically closed. For all field extensions L/K one has a
canonical section

gy, X—)XL (2.1)

associating to x the image of the point oq(x) € Xq of Prop. 2.1.2 by the canonical projection
Xq — X1, where Q/K contains L and F(x).

The map oy, is well defined and independent on the choice of Q (cf. [PP12b, Def. 2.1.10)).

Remark 2.1.4. The map oy, is defined in [Ber90, p.98], see also [Poil?2].

2.1.1 Generic disks. If now K is arbitrary, then X = Xﬁg/Gal(Kalg/K). This allows to

describe 7751(33) as follows. Consider the composite arrow mq : Xo — X =, — X, where the first

alg
projection is that of Proposition 2.1.2. If {x1,...,x,} is the set of points in X — lifting

Q/ﬁg Kale

x € X, then one has a disjoint union
n
mol@) = |J 7 (). (2.2)

By Proposition 2.1.2, 75" (z) — {oq(z1),...,00(x,)} is a disjoint union of virtual open disks.

Now if z is of type 1, then these disks are empty for all /K. Otherwise, if z is of type 2, 3, or 4,
then they are not empty as soon as J#(x) embeds into 2. In this case we call them Dwork generic
disks for x. The group Gal®™™(Q/K) acts transitively on these disks (cf. [PP12b, Cor. 2.1.14]). So
we often say “the” generic disk to indicate one of them, and we denote it by

D(z) C Xq. (2.3)

By construction D(z) exists if and only if z is not of type 1, and it always comes by scalar extension
from a .7 (x)-rational disk, still denoted by D(z).

Notation 2.1.5. In the sequel we choose t, as a canonical center of D(x).

2.1.2 Existence of a big field. The field 2 appears

i) in Prop. 2.1.2 to describe the structure of 75'(z) — {oa(z)};
ii) to prove the independence of the radii on the center ¢, (cf. Remark 2.3.2);
iii) when one needs a spherically complete field to make differential modules free over D(x) by
Lazard’s theorem [Laz62] (cf. also [Chr12, Ch.II}).

By convenience of notations, from now on we fix a field spherically complete and algebraically closed
field /K containing the family of fields {#(z)}zex. This is possible thanks to Proposition 2.1.7
below. The field 2 does not play any essential role, and it will not be specified anymore.

Remark 2.1.6. The point t, plays no particular role too, since two centers of two disks D(x) are
always conjugated by Gal®™(Q/K). We fix t, and 2 merely by convenience of notation.

Proposition 2.1.7. Let L be a valued field. Let I be a set and (L;)ier be a family of valued extensions
of L. Then, there exists a valued extension M of L such, for every i € I, there exists an L-linear
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isometric embedding j;: L; — M.

Proof. For every ¢ € I, consider an isometric embedding h;: L — L;. Fix a set W of cardinality at
least > .., Card(L;) + No.
Consider the collection .7 of tuples (M, o, har, J, (4i)ies) such that

i) M is a subset of W;

ii) oy is a valued field structure on M (which will be implicit in what follows);

111

)
)

) has is an isometric embedding of L into M;
iv) J is a subset of I;
)

)

v) for every i € J, j; is an L-linear isometric embedding of L; into M,

vi) the subfield generated by the union of the images of the j;’s is dense in M.

By the first condition, .7 is a set.

Remark that, if M is a valued field that satisfies all the conditions but the first one, then there
exists a valued field M’, that is isometrically isomorphic to M, and satisfy all the condition. Indeed,
the last condition implies that the cardinality of M is at most ) . ; Card(L;) + N, hence there
exists a bijection between M and a subset M’ of W. Transporting the structures, we are done. For
this reason, from now on, we will forget this first condition.

We endow .7 with the following order relation: (M, o, har, J, (Ji)ies) < (M’ opr, b, ', (30)iesr)
if

i) there exists an L-linear isometric embedding jps as of M into M,
ii) J is a subset of J' ;
iii) for every i € J, we have j! = ja a0 Ji-

By an inductive limit construction, it is easy to check that every totally ordered subset of 7

has an upper-bound. Hence, by Zorn’s lemma, there exists a maximal element (M, J, (j;)ics) in 7.

We claim that J = I, which proves the lemma. By contradiction, assume that J C I and choose
k e I\ J. It is known that there exists a valued field M’ that is both an extension of M and Ly:
we have isometric embeddings jyp a2 M — M’ and j; : Ly, — M’. Moreover, we may assume that
Jmr moha = ji.ohy, and that the subfield generated by jas ar(M)Ujk(Ly) is dense in M. Set hyyr =
Jaae o har and, for every i € J, ji = jnr a0 ji- Then the tuple (M, on, har, JU{EY, (57)ic sugry)
is an element of 7 that is greater than (M, o, has, J, (4i)ies)- O

2.2 Maximal disks

Definition 2.2.1. Let Z C X be any subset such that X — Z is a disjoint union of virtual open
disks or annuli. Let x € X, and let Q/ 7 (x) be any complete valued field extension. We define

D(z,Z) C Xq—o0q(Z) (2.4)
as the largest open disk centered at t, and contained in Xq — oq(Z).

Remark 2.2.2. If x € Z, then D(z,Z) = D(x). As a consequence if Z = X, then one has
D(z,Z) = D(x) for all x € X. Note however that the field Q) depends on x.

Definition 2.2.3 (Maximal disks). Let z € X. We call maximal disk of x (with respect to the weak
triangulation S) the disk

D(z,S) = D(z,T'g) . (2.5)
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If Q/K is algebraically closed and spherically complete, all maximal disks in Xq are isomorphic
under the action of Gal®™(Q2/K).

Remark 2.2.4. There are two possibilities for D(x,S). If x belongs to the skeleton ', then D(x, S)
is contained in 7o' (x), and D(x,S) = D(z) (cf. Remark 2.2.2). Otherwise, if x ¢ U's, then D(z,S)
contains 7151(33), and it is strictly larger than the generic disk. In this case D(z,S) has a K-
rational center, and its image in X is an open virtual disk containing x (cf. [Pull2, Lemma 1.5]).

2.3 Multiradius.

Assume that /K is algebraically closed and spherically complete. Choose an isomorphism D(z, S) =
Dg, (0, R) sending t, at 0. By a result of M. Lazard (cf. [Laz62] and [Chr12, Ch.IL, Section 4.4]) the

restriction .7 of .F to D, (0, R) is free of rank r = rank(.%,), and it is hence given by a differential
module over (D, (0, R)). Denote by

R (x) > 0 (2.6)
the radius of the maximal open disk centered at 0 and contained in D, (0, R) on which the connection
of .7 admits at least r — i + 1 horizontal sections that are linearly independent over €.

Definition 2.3.1 (Multiradius). We call multiradius of % at x the tuple
Rs(z,F) = (Rsa(z, F),...,Rsr(z, F)) (2.7)
where, for every i, one has

Rsile, 7) = RE,@)/R €]0,1]. (2.8)

The definition only depends on z and (%, V). Each Rg(z,.#) is the inverse of the modulus (cf.
1.1.2) of a well defined sub-disk Dg ;(z,.%#) C D(x,S), centered at t

0 # Dg1(xz,F) C Dgp(z,F) C --- C str(a;,,?) C D(x,5). (2.9)

For every 0 < R < 1, we denote respectively by
Dg(z,R) C D(x,S) (2.10
D(z,R) C D(z) 2.11)

the open sub-disks centered at ¢, of modulus equal to 1/R. With this convention one has

Dgi(x,.#) = Dg(z,Rs,i(x, F)) . (2.12)

Remark 2.3.2. Ift, is replaced by another center of D(x), the radius Rgl(:n) does not change. This

is because all centers of D(x) are permuted by the Galois group Gal®™(Q/K) that acts isometrically
(cf. [Pull2, Section 4.3]).

Remark 2.3.3. Let S, S’ be two weak triangulations of X. IfT's = U'ss, then Rg(—, F) = Rg/(—, F).
Indeed the disk D(x,S) only depends on T'g.

Definition 2.3.4 (Convergence Newton polygon). We call convergence Newton polygon of .Z at

x € X the epigraph of the unique continuous convex function h, : [—oo,r[— Rxq satisfying
i) hy(0) =0, and hy(i) — hy(i — 1) = —log(Rsy—it1(x,.F)), for alli=1,...,r;
ii) For alli=1,...,r the function hy is affine over [i — 1,i], and constant on | — 00, 0].

In other words it is the polygon whose slopes are —logRg,(z,#) < -+ < —logRgs1(z, F). For
alli=1,...,r the numbers hy(i) = >, ;.  —logRs (v, F) are called the partial heights of the
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polygon.

The following definition is convenient for technical reasons concerning the super-harmonicity
properties (cf. section 6.2):

Definition 2.3.5 (Partial heights of .#). Let i < r = rank(.%#). We call i-th partial height of %
the function

Hgi(z, Z) = [] Rsj= Z). (2.13)

.7:1777'

With the notations of Def. 2.3.4 one has
In(Hgi(x, F)) = ha(r—i+1) — hy(r). (2.14)

2.4 Controlling graphs
In [Pull2] and [PP12b] we obtained the following result.

Theorem 2.4.1 ([Pull2],[PP12b]). For all i = 1,...,r the functions v — Rg;(x, F) are continu-
ous. Moreover there exists a locally finite graph I' C X such that for all i the radius Rgi(—, %) is
constant on every connected components of X —I'.

If S = (), then, by definition X is a virtual open disk or annulus (recall that X is connected by
Setting 1.0.1). On the other hand I's = ) if and only if X is a virtual open disk with empty (weak)
triangulation. This is the unique case in which there is no retraction X — I'g. Any other connected
curve X admits a canonical retraction

org : X = Tg. (2.15)

The map 0r4 is the identity on I'g, and it associates to x ¢ I'g the boundary in I'g of the maximal
disk D(z,T's) = D(x,S). This makes sense since X — I'g is disjoint union of virtual open disks.

Definition 2.4.2. Let T be a set, and let f : X — T be a function. We call S-controlling graph
(or S-skeleton) of f the set I's(f) of points x € X that admit no neighborhoods® D in X such that

i) D is a virtual disk;
i) f is constant on D;
iii) DNTg =10 (or equivalently DNS =10).
In particular T's C Tg(f).
Remark 2.4.3. The graph U's(f) is different from the locus defined as the complement of the union
of the open subsets of X on which f is constant. Indeed f can be constant along some segments in

I's(f), and hence on the corresponding annulus in X. This is because the definition involves only
disks on which f is constant, and not arbitrary subsets.

We denote by I's;(.#) the controlling graph of the function Rg;(—,.#). By definition
s C I'si(Z). (2.16)

Hence X —I'g;(:#) is a disjoint union of virtual open disks. If X = D is a virtual open disk with
empty weak triangulation, and if Rg;(—,.%) is constant on D, then I's ;(.#) = I's = (). In all other

3Note that D(z) is not a neighborhood of z in X.
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cases I'g ;(.#) is not empty, and there is a canonical continuous retraction
5FS,¢(9) X = Ps7i(§) . (2.17)
The controlling graph I's(%) of (#,V) is by definition the union of all the I'g ;(.%):

Is(F) = |JTsi(F). (2.18)
i=1
One has I'g(%) = 0 if and only if X = D is a virtual disk with empty weak triangulation, and

Rs(—,.F) is a constant function on D. In all other cases I's(.%#) # () is the smallest graph containing
I's on which Rg(—, %) factorizes by the canonical continuous retraction

51—\5(’9*) X = Fs(y) . (2.19)

An operative description of the controlling graphs is given in section 6.

2.5 Filtered space of solutions
We now define the space of solutions of .% at a point z € X, and its filtration by the radii.

Definition 2.5.1. We say that a tuple (dy,...,d,) is a scale if
i) forallie{l,...,r} one hasd; € {1,...,r};
i) di=randd; >dy > -+ > d,;

i) Ifd; # di—1, thend; =r —i+ 1.

It follows from the definition that r — ¢+ 1 < d; <r, foralli=1,...,r.

Definition 2.5.2. Let V' be a vector space of dimension r over a field . A filtration by the radii
of V is a totally ordered family of r sub-spaces

Vi Vg ©-n SV =V (2.20)
such that the sequence (dy,...,d,) = (dim Vi,...,dim V}.) is a scale. Note that for i € {2,...,r}
Vi #Vio1 ifand only if dimV; = r—i+1. (2.21)

Ifi =1, orifi is an index such that (2.21) holds, we say that the index ¢ separates the filtration.

2.5.1 Filtration by the radii of the solutions. Let x € X, and let ¢, and /5 (x) be as in
Section 2.1.1. We call solution of & at x any element in the stalk 7, = 7, ®g, , Oxg 1, Which is
killed by the connection V. The kernel of V acting on .%#;, will be denoted by

w(z, F) . (2.22)
Let D C D(z,S) be an open disk containing ¢,. We define
w(D, F) (2.23)

as the image in w(z,.#) of the kernel of the connection of the &/(D)-differential module .% (D). The
rule .7 — w(D, ) is a left exact functor (cf. Lemma 1.2.8). We then define (cf. (2.9))

wsi(z, F) = w(Dsi(x, F),F) . (2.24)
The Q-vector space w(x,.#) admits a filtration:
0 # wgr(z,#) C wgp_1(z,#) C -+ C wgi(z,F) = w(x, F). (2.25)
Lemma 2.5.3. The filtration (2.25) is a filtration by the radii. O
18
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Condition (2.21) is then expressed by the following

Definition 2.5.4. Let i € {1,...,r}. We say that the index i separates the radii of # at z € X if
either i = 1 or if one of the following equivalent conditions holds:

1) RS,i—l(x7i0}\) <RS7Z'(‘T79);
i) wsi-1(z,#) D wg;(z, F).

We say that i separates the radii of .F if it separates the radii of F at all x € X.

Remark 2.5.5. The index i separates the radii of F (at all point) if and only if the function
x — dimq wgi(x,.F) is constant on X of value r — i+ 1.

2.6 Spectral, solvable, and over-solvable radii.
We say that the i-th radius Rg;(z,.%) is

spectral if Dgi(z,#) C D(x),
solvable if Dgi(x,#) = D(x), (2.26)
over-solvable if Dg;(z,.#) D D(z) .

Solvable radii are spectral by definition. We also say that the index i, or the i-th step of the filtration
ws,i(z,.F), or the disk Dg;(x, F) is spectral, solvable, over-solvable.

Definition 2.6.1. We denote by 0 < iy’ < il < r the indexes such that

X
1) Rgi(x, F) is spectral non solvable for i < i3,
ii) Rsi(x, F) is solvable for iy’ < i < i

)

iii) Rg,i(z,F) is over-solvable for is" < i.
We call iyY and z'if’l the spectral and over-solvable cutoffs respectively.

If i5°1 = 0 (resp. i%°! = ), then all the radii are over-solvable (resp. spectral). If i5° = 0 (resp.

iy’ = r), then all the radii are solvable or over-solvable (resp. spectral non solvable). If i;’ = i;"l,

then % has no solvable radii.

Remark 2.6.2. If x € I's;(.#), then the indexes 1,...,i are all spectral at x. Indeed if i is over-
solvable at x, then Dg;(z,S) is an open neighborhood of x in X on which Rsi(—,.F) is constant,
so x ¢ I's;(F). The case where i is solvable at x is also particular. It will be discussed in Lemma
6.1.4.

2.6.1  We now provide a criterion to test whether a point lies in I'g ;(.-#). Define the constancy
disk of F at x as the maximal open disk D¢ ,(x, %) centered at t, and contained in D(x, S) on which
Rsi(—,F) is constant. With the notations of Definition 2.2.1 one has D§ (x, F) = D(x,I'si(F)).
Then D(z) and Dg;(z,.#) are both contained in Dg ;(z, #) (cf. [Pull2, Eq. (4.9)]):

D(x) U Dg;(x,#) € D§,(z,#) C D(x,5) (2.27)
The following proposition follows immediately from Definition 2.4.2 (cf. [Pull2, Prop. 2.2, iv)]):
Proposition 2.6.3. A point x € X lies in I's;(F) if and only if D(z) = Dg ;(x, 7). Moreover

Isi(#) = X - |J D§i(x, %), (2.28)
Z‘EX[H

where X1 C X s the subset of points of type 1. O
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2.7 Change of triangulation
Here, we discuss how the radii depend on the triangulation. Let S and S’ be two triangulations of
X. From Definition 2.3.1 for all x € X one has

Dg i(z, F)N D(x,S) = Dg;(z,F)ND(z,5). (2.29)

Note that either D(z,S) C D(x,S’), or D(x,S") C D(z,S), because they are both disks centered at
tz. So either the left hand side of (2.29) is reduced to Dg ;(x,.%), or the right hand side is reduced
to Dg(z,.7). f I's C g/, then D(z,S") C D(z,S) for all z € X, and we have the following

Proposition 2.7.1 ([PP12b, (2.3.1)]). Let S, S" be two triangulations such that I's C T'si. Then
foralli=1,...,r one has
Dgi i(z,F) = Dg iz, #)ND(x,5) . (2.30)
In particular Dgr ;(z,. %) = Dgi(x, F) if D(x,S) = D(z,S"). Hence for alli=1,...,r one has
Rsilw, #) = min( 1, fss(@)- Rsie. #) ) | (231)

where fs g+ X — [1,+00[ is the function associating to x the modulus fs g(x) > 1 of the inclusion
of disks D(z,S") C D(z,S) (cf. (1.1.2)). O

Proposition 2.7.2 ([PP12b, 3.3.1]). Let S, S’ be two triangulations such that T's C I'g:. Then
Fslﬂ'(g) = T'g U Fs’i(ga) . (2.32)

Proof. Indeed fg g is determined by the following properties:
i) fss is constant on each connected component of X —I'gs (which is necessarily a virtual open
disks);
ii) fsg(z)=1forallz €'y CTg;
iii) Let z € I'ss—I's. Let R be the radius of D(z, S) in a given coordinate. Then fg ¢/(z) = R/r(z),

where 7(z) < R is the radius of the point x with respect to the chosen coordinate of D(z,.S5).

Let D be a virtual disk such that DN (I'ss UT'g;(.%)) = 0. Since DNTg;(F) =0, Rsi(—, F) is
constant on D. Since DNI'g: = ) then fg g is constant on D. So by (2.31) the function R ;(—, %)
is constant on D. This proves that I's/ ;(.%#) C (' UT's;(F)).

Conversely I's C I'sy C I'gr j(#). So it is enough to prove that I's;(#) C I'ss ;(.#). By Prop.
2.6.3 this amounts to prove that for all point x of type 1 one has D¢, ,(z,.#) C Dgl(:n,f) By
definition D¢, ,(x,.#) C D(x,S’), so we have to prove that if RS,Z-(—;,?) is constant on a disk
D C D(x, S’),7then so does Rgr i(—,-#). This follows from (2.31) since fg g is constant on D. O

2.8 Localization

One of the major differences between spectral and over-solvable cases is that the spectral terms of
the filtration are preserved by localization, while over-solvable ones result truncated.

The pre-image 7, L(z) is independent on S and X (cf. Proof of 2.1.2), as well as the generic disk
D(x), the separating index #5°!, and all the disks Dg;(x, %) for i < i5°l. Hence we obtain

Iy Iy

Proposition 2.8.1. Let U C X be an analytic domain. And let Sy be a weak-triangulation of U.
Foralli=1,...,r and all x € U one has

Dgy, i(z, Fly) N D(x,S) = Dgi(x,#) N D(x,Sy) . (2.33)
In particular Dy, i(z, Zy) = Dsi(x, F) if D(x,Sy) = D(x,S), or if i <. Then for all x € U
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and all i = 1,...,i" one has
wsi(z, F) = wsy.ilx, Fu) - (2.34)
For alli =44+ 1,...,r one has
wgi(xz,#) if Dgi(x,#) < D(x,Sy)
= ) ’ O
wsuil@ Fu) { w(D(x, S0). F) if Dsla,Z) > Dlx.Sy) . (2:35)

The proof of the following proposition is similar to those of section 2.7

Proposition 2.8.2. Let Y C X be an analytic domain. Let Sx and Sy be triangulations of X and
Y respectively such that (I's, NY) CTg, . Ify €Y, then for alli=1,...,r we have

Dsy i(z, Zy) = Dsyi(x, )N D(z,Sy) . (2.36)
and
Roy iy, Fiy) = min( 1, foys0 @) Rexily; F) ) . (2.37)

where fs, s, Y — [1,+00] is the function associating to y € Y the modulus fs, s, (y) > 1 of the
inclusion D(y,Sy) C D(y,Sx). Hence

sy i(Fly) = (Lsyi(F)NY)UTs, . O (2.38)

2.8.1 Local nature of spectral radii. Let x € X be a point of type 2, 3 or 4. By section 2.1.1 the
pull-back of an element f € J#(x) is a (constant) bounded function on D(xz), and |f(x)| coincides
with the sup-norm || f||p(z) on D(z). The inclusion

H(x) C Ba(D(x)) (2.39)
obtained in this way is isometric.

Let M be a differential module over O, or J#(z). Let Mp,) be the pull-back on D(z) of M,
considered as a free 0(D(x))-module with connection. More precisely one can consider D(x) as an
Q-analytic curve with empty triangulation and Mp(,) as an equation on D(z). Definition 2.3.1 then
applies, and it make sense to attribute to Mp(,) the multiradius

Ry (te, Mp(a)) - (2.40)
The vector space of solution w(t,, Mp(yy) is then filtered by the sub-spaces wp i (tz, Mp(y)), corre-
sponding to the disks Dy ;(tz,Mp)) € D(tz,0) = D(x). The i-th radius Ry ;(ts, Mp(y)) is the
inverse of the modulus of the inclusion Dy ;(tz, Mp(y)) € D(x).!

We now come back to our global sheaf .# on X. Since Fp ;) = F () ® () O(D(7)), the space
of convergent solutions around ¢, only depends on % (z) (cf. (2.22)):

W(te, Fplz)) = w(z,F). (2.41)

sol

By Proposition 2.8.1, the spectral steps of the filtration wg;(z, %), i < 5, are intrinsically
attached to z, so that w(ty, #p(,)) carries the spectral part of the filtration coming from the global
definition of the multiradius. More precisely

D@,i(tmyD(x)) = DS,Z'($73?) N D($) ) (242)

so that the corresponding i-th radius results truncated (cf. (2.12)). The vector space w(tz, #p(z))
then results filtered by

wsi(z, F) if i <!

. Z — T
w@,z(t:ca '/D(m)) . { ws7i§ol($,§) it > iiOI ] (2’43)

*Notice that the maximal disk here is D(t.,0) = D(z).
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2.9 Some results about morphisms and duality
Theorem 2.9.1. Let £ : 0 - %' — % — F" — 0 be an exact sequence of differential modules.
Let D be an open disk contained in the generic disk D(x). Then the sequence (cf. (2.23))

w(D,E) : 0= w(D,7") = wD,Z) = wD,Z") =0 (2.44)

18 exact.
Proof. The theorem is placed here for expository reasons, see Prop. 3.6.1 for the proof. O
Remark 2.9.2. Thm. 2.9.1 may fails if D(x) C D (over-solvable case). See Section 8.

Lemma 2.9.3. Let 7' — .F be an injective morphism of differential modules. Then the radii of
F' appears among the radii of F at least with the same multiplicity. O

Lemma 2.9.4. Let F' — % be an injective morphism of differential modules of ranks v’ and
r respectively. Assume that for some j',j one has wgj(z, F') = wsj(x, F). Let i’ and i be the
largest indexes separating the filtrations that are smaller than or equal to j' and j respectively. Then
r—i=r"—4 and for allk=1,...,r —1i one has

Reiru(x, F') = Ripu(z, F) , wsik(T, F') = wsipr(z, F) . (2.45)

Proof. One has wg(z, #') = wg ji(z, F') = wsj(x, F) = ws(z, F). By (2.21) they satisfy r'—i' =
r — 1. A solution in this space has a well defined radius of convergence which is independent on the
differential equation of which it is the solution. So the two filtrations of wg ;/(x, .#") coincide. O

Proposition 2.9.5. Let E : 0 — . F' — .F7 — .F" — 0 be an exact sequence of differential equations.
Let ', r, v be their respective ranks. The following conditions are equivalent:

i) Rgp(z, F) <Rsa(z, F');

i) Rei1(z,.7') = Reprs1(x, F) and Ry (x, F) < Rspri1(z, F);

iii) w(z, #') = wsmi1(z, F);

iv) Rgn(x, F") < Rsa(x, F');

v) Rsj(z,F)=TRsj(x, F") forallj =1,....7", and Rg,(x, F) < Rgri1(x, F).
If one of them holds, the multi-radius of & is given by:

Rs(zx, F) = Rga(z,F"),....Rg(x,F"),Rs1(x, F'),...,Rs(x,F")) . (2.46)

Moreover for all x € X and all disk D C D(x,S) containing t,, the sequence w(D, E) is exact.

Proof. i) = ii). The radii of .#’ are larger than Rg,»t1(z,.#), so by Lemma 2.9.3 one has
Rsj(x, F') = Rgij(x, F), for all j =1,...,7". Moreover 1" + 1 separates the radii of .%.

ii) = iii). The index 7" + 1 separates the radii of .#. So dimwg ,v41(z, F) =r— (" +1)+1 =1
by (2.21). Let D := Dgi(z,.#') = Dgyri1(x, #). Then w(z, #') = w(D, ') C w(D,F) =
wg p41(x,.F). Since they have the same dimension, they coincide.

iii) = iv). One has dim wg,41(z,.#) =1 =r — (" + 1) + 1, so the index r” + 1 separates
the radii of .#, since the dimensions of the terms of the filtration by the radii form a scale (cf. Def.
2.5.1). So Rgn(x, F) < Rgpny1(x, F) = Rgi(x, #'). Now F#' is trivialized by D := Dg1(z, F'),
and w(D,.#') = w(D,.Z). Then by Lemma 1.2.8 one has w(D,.#"”) = 0, hence Rg,»(z, F") <
RS,I (ZE, gﬂ)

iv) = v) and i). iv) implies that the sequence w(D, E) is exact for all D C D(z, S) containing t,.
Indeed if D strictly contains Dg,»(x, . #") one has w(D,#") = 0, and hence w(D, ') = w(D, F)
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by left exactness. On the other hand, for all D C Dg(z,.#’), the equation .#’ is trivialized by
O (D), hence the exactness follows in this case from point iii) of Lemma 1.2.8. This shows that iv)
implies (2.46), hence i) and v).

v) = i). Let D be an open disk such that Dg,(z,.#) C D C Dgr41(x, #). The sequence
0= wD, %) = wD,F)— w(D,F") verifies w(D, #") = 0, hence w(D, F') = w(D,.%). Since
r” + 1 separates the radii of # at z, then dimqw(D,#) = r — (" + 1) + 1 = 7’ because the
dimensions of the terms of the filtration by the radii form a scale (cf. Def. 2.5.1). This proves that
w(D,F)=w(x,F),s0 D C Dgi(x,.#) and i) holds. O

Proposition 2.9.6. Let # = F' @ F". Then for all x € X the set of radii Rgi(x, F) of F
at x with multiplicities is the union with multiplicities of the radii of F' and F" at x. In other
words if the value R appears m/-times in Rg(x, F') and m"-times in Rg(x, F"), then R appears
(m/ +m”)-times in Rg(x,.F).

Proof. One may assume X = D(zx,S) with empty weak triangulation. Then the proposition follows
from [Pull2, Prop. 5.5] O

Recall that X is connected (cf. Setting 1.0.1).

Proposition 2.9.7. Assume that the index i separates the radii of F (at all point of X, cf. Def.
2.5.4). Let (F',V) C (F,V) be a sub-object such that there exists a point x € X satisfying

ws(z, 7') = ws(z, 7). (2.47)
Then the rank of ' isT —i+ 1 and

ws,j(y, F) = wsjric1(y, F), forallye X and all j=1,...,7r —i+1, (2.48)
Rsily, F) = Rsj+i-1(y,F), forallye X and all j =1,...,7r —i+1. (2.49)

Proof. From (2.21) it follows that the rank of the locally free sheaf #’ is r — i + 1. By Lemma
2.9.4 it is enough to prove that wg(y,.-Z’) = ws,i(y,.Z) for all y € X. By Proposition 2.9.5 this
is equivalent to Rg1(y, #') = Rs,i(y, #) for all y € X. Let L C X be the locus on which the
equality holds. By assumption £ is not empty since z € L. By continuity of the radii it is a
closed subset of X. By Proposition 2.9.5 the condition Rg1(y,.-#') = Rs,i(y,#) is equivalent to
Rsi1(y, #') > Rs,i—1(y,F), hence L is open. Since X is connected, we deduce that £ = X. O

Proposition 2.9.8. For allz € X one has Rs1(x, #) = Rg,1(x, F*) (this holds even if Rg1(x, F)
is over-solvable). Moreover for all i = 1,...,i° (spectral case) one has Rgi(x, F) = Rs,i(z, F*).

Proof. The assertion about Rg is equivalent to “.# is trivial over a disk if and only if F* is”,

which is clearly true. The second assertion is well known if x is of type 2, or 3, and it will follow
from Section 3 in the general case. O

Remark 2.9.9. The statement of Prop. 2.9.8 may fail for over-solvable radii. In section 8 we give
an example of equation whose over-solvable radii are not stable by duality.

2.10 Notes

If i = 1, the radius Rg (2, .#) admits the following classical description. Let D C Xq be a maximal
disk. Let M be the restriction of .# to D. Fix an isomorphism D = D (0, R), and consider the
empty triangulation on it. The disk D is the maximal disk of all its points, and for all x € D one
has Rgi(x,. %) = Ry, (x, M). By (2.8) the function Ry ;(—, M) is determined by the function R%/Il(a:)
appearing in (2.6). If 7 = 1 this last has the following interpretation involving Taylor solutions. Since
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() is spherically complete, M is free over (D). Let G € M,,(€(D)) be the matrix of V: M — M
with respect to some basis of M. Namely the columns of G are the images of the elements of a basis
of M by V. If x € D, then a basis of solutions of M at ¢, is given by
(T —t,)"
Y(T,ta) =Y G (ta) ——"— . (2.50)
n=0

where Gy = Id, G; = G, and inductively G,.1 = G/, + G,G. For all z € D we set RY (z) :=
lim inf, (|Gy|(z)/|n!])~*/", then

R%/Il(:n) = min(R,RY(x)) , Rpa1(z,M) = Rgq1(x,.F) = min(l,RY(x)/R) . (2.51)

Exploiting this formula one can prove the continuity of the individual radius Rgi(—,.#). This
process is used in [BV07] for affinoid domains of the affine line, in [Ball0] (compact curves), [PP12a]
(curves without boundary).

For ¢ > 2 such an explicit expression of Rg;(—, %) is missing. In the practice Rg;(—, . #) behave
as a first radius only outside I'g 1 (%) UTg2(#) U--- UT'g;—1(#). The situation is described in
Remark 6.1.3.

3. Robba’s decomposition by the spectral radii over 7 (x)

In Sections 3 and 4, we generalize to curves Robba’s [Rob75a], and Dwork-Robba’s [DR77] theo-
rem of decomposition by spectral radii. Such decompositions are proved with different methods in
[Ked13]. Methods of [Ked13] and [Ked10] make a systematic use of spectral norm of the connection,
which permits to separate the radii thank to the Hensel factorization [Rob80] and [CD94, Lemme
1.4].

We show here that the original proofs of [Rob75a] and [DR77] can be generalized quite smoothly
to curves, up to minor implementations. The reason of our choice is that the point of view of Dwork’s
generic disks is more adapted to our global definition of radii. Working with spectral norms would
oblige us to a translate the terminologies, and loosing the evocative image of generic disks.

Hypothesis 3.0.1. In sections 3 and 4 we assume that K is algebraically closed.

In Lemma 5.1.2 we will descend the obtained decomposition to K. The hypothesis is due to our
use of Theorem 3.1.1 below, and it is unnecessary if x has a neighborhood which is isomorphic to
an affinoid domain of the affine line.

The statements as well as the proofs are similar to Dwork and Robba’s original ones (cf. [Dwo73],
[Rob75a], and [DR77]), as improved by Christol (cf. [Chrl2, Section 5], [Chr83, Section 5.3]). For
the convenience of the reader, and to permit a complete understanding of section 4, we provide a
complete set of proofs. This makes the paper self contained.

In Sections 3 and 4, z € X is a point of type 2, 3 or 4, M, (resp. M) is a differential module
over Ox , (resp. H(z)).

3.1 Etale maps.

We will construct nice étale maps from the curve X to the affine line, at least locally. To achieve
this, in the following sections, we assume that K is algebraically closed (cf. Hypothesis 3.0.1).

Theorem 3.1.1 ([PP12b, 3.2.1], cf. also [Duc|). Let x be a point of X of type 2. Let by,..., by be
distinct branches out of x. There exists an affinoid neighbourhood Y of x in X, an affinoid domain W
of P}éan and a finite étale map ¢:Y — W such that
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i) the degree [ (x) : (Y (x))] is prime to p;
i) v~ (y(2)) = {z};

)
)
iii) almost every connected component of Y \ {x} is an open unit disk with boundary {x};
)
)

iv) almost every connected component of W\ {¢(z)} is an open unit disk with boundary {i(x)};

v) for almost every connected component C of Y \ {x}, the induced morphism C — ¢(C) is an

isomorphism;
vi) for every i =1,...,t, the morphism v induces an isomorphism between a section of b; and a
section of ¥ (b;). O

Let C be the set of connected components C' of Y \ {x} such that ¢ induces an isomorphism
C 5 (C). Let & be the set of branches out of  that have no representative in C. Let b € 4.
If there exists a section of b such that v induces an isomorphism between it and its image, choose
such a section Sj that is a semi-open annulus. Otherwise, set S = (). Now, define

v=|JculJSuia} (3.1)
ceC be#
It is an affinoid domain of Y that contains almost every branch out of z.

By property vi), there exists a finite family Y7, ...,Y,, of affinoid neighborhoods of z, V1,...,V,
as in (3.1), and étale maps

Vit Yy — Wy C PR (3.2)
as above such that
a) V= U;L:1 Vj; is an affinoid neighborhood of x;

b) the map 9; induces an isomorphism between every connected component of V; \ {z} and its
image in Wj.

Lemma 3.1.2. Let x € X. There exists an integer n and, for every j = 1,...,n, an affinoid
domain V; of X containing x, an affinoid domain W; of ]P’}%an, and a finite étale map ;: V; — W;
such that

i) V= U?:l Vj is a star-shaped affinoid neighborhood of x in X (cf. 1.1.7);

ii) for everyy €V, there exists j such that (1j)q induces an isomorphism between generic disks

(j)a: D(y) = D(¥;(y))- (3.3)

iii) in case y = x, we have such an isomorphism for every j =1,...,n.

Proof. If x is of type 1, 3 or 4, then it has a neighborhood that is isomorphic to an affinoid domain
of P}éan and the result is obvious.

Let us assume that x is of type 2 and proceed as we did at the beginning of the section. Property 1)
holds by construction. By property b) after (3.2), property ii) holds for every y € V' \ {z}. For the
point z itself, use property i) of Theorem 3.1.1 and conclude (cf. also [PP12b, Lemma 3.4.1]). O

Remark 3.1.3. For technical reasons in some proof we need to work with the derivation d/dT, where
T is a coordinate of the generic disk D(y). We need to choose T in order that d/dT : Oq(D(y)) —
Oa(D(y)) stabilizes the sub-rings Ox ., and € (y). Such a particular coordinate is given by the
pull-back by v; of a K-rational coordinate on Wj.

More precisely fix a coordinate T; on W; and let d; be the derivation on Oy, corresponding to
1 ®d/dT; by the isomorphism
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In the situation of property ii) of Lemma 3.1.2, if y € V;, the rings O(D(y)), B(D(y)), Ox,y,
and S (y) are stable under d;.

In the situation of property i) of Lemma 3.1.2, let Y C V be an affinoid neighborhood of x in
X. Then d; is a generator of Q%//[o forallj =1,... ,n. In particular the rings O(D(z)), B(D(z)),
Ox z, and 7€ (x) are stable under all the derivations dy,. .., dy.

Definition 3.1.4. We say that an affinoid neighborhood Y of x in X is elementary if Y C V.

3.2 Norms on differential operators.

Definition 3.2.1. Let (G, ||.||) be an abelian ultrametric normed group. If ¢ : G — G is a linear

map we set ||¢]lop,c = SUPgec_ {0} ||Sﬁ(5ﬂ)||

Recall that we denote by D(x,p) the sub-disk of D(z) with modulus p~!, where p €0, 1] (cf.
(2.11)).

Notation 3.2.2. Let P be a differential operator with coefficients in Bo(D(x)). For all p €]0,1] we
denote the norm of P as an operator on Bo(D(z,p)) by

HP(f)”D(m,p)

(3.5)
0£feBa(D(zp)) I fID(.p)

HPHop,D(x,p) = ||P||op,BQ(D(x,p)) =

Remark 3.2.3. By section 3.1, there exists a coordinate T on D(x) such that d/dT stabilizes
H(x) C Bo(D(x)). Let r(x) be the radius of D(x) with respect to the coordinate T'. Then the radius
of D(z,p) is p-r(x), and the norm of (d/dT)* is given by (cf. [Chr83, Prop.4.3.1])

1(d/dT)* lop,papy = Ko (@)™ = k! ld/dT |5, pap) - (3.6)
More generally if P =Y "p_, fi - (d/dT)*, with f € Bo(D(z,p)), then

= | . —k
op,D(z,p) kil(l)fiX, ‘k‘ ”fk”D z,p) (,0 T(x)) . (37)

> fu- aary
k=0

3.3 Topologies on differential modules
Consider the topology 7, on (a:)( ) induced by |.[lop, D(z,p)- For all ¢ > 1 we consider 7 (x)(d)? as

endowed with the norm : ||(P1,. .., Py)llop, D(z,p) = MaxXi=1,...q | Pillop,D(x,p)- Bach differential module
M over J#(x) then acquires automatically a canonical topology 7,(M) as follows. If
U (x)(d)! - M—0 (3.8)

is a presentation of M (i.e. a surjective morphism of J#(z)(d)-modules), then we endow M with the
quotient semi-norm ||m||y = infy(p, . py=m (P Py)llop,D(z,p)- The semi-norms on M relative
to two presentations are always equivalent (cf. [Chrl2, Prop. 7.7]), so that the topology 7,(M)
induced by ||.||w is independent on W.

3.4 Decomposition over .7 (x) by the bounded solutions on D(z,p)

The topology 7,(M) on M is not necessarily Hausdorff. Denote by M (resp. M) the Hausdorff
quotient of M (resp. the closure of 0 € M). The sub-module MY € M is a differential sub-module
because || P - m||y < || Pllop,D(z,p) - Im|lw, for all P € J(z)(d), m € M. One has a exact sequence of
differential modules

0-MU ML M—o0. (3.9)
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Remark 3.4.1. Let ||m||g := min, )= [|m||w be the norm on M induced by ||.||w. The correspond-

ing topology T,(M) on M is the canonical one : T,(M) = T,(M). This follows from the independence
of the presentation by choosing v o U as a presentation of M. Conversely the canonical topology
TP(MM) of MY is often non trivial, so it differs from the (trivial) topology induced by T,(M) and
MUY can be different from (MM (cf. section 3.5). This is a consequence of the fact that the functor
M — MU s not ezact.

Let M* be the dual module of M. Define
Mb = (MF)*, My = (MH)M), (3.10)
in order to have an exact sequence

0— M —M— My —0. (3.11)

Proposition 3.4.2. The sub-module M® of M controls the solutions of M with values in Bo(D(z, p))
(bounded solutions with radius > p). More precisely M? and M are trivialized by Bq(D(z, p)) and

w(M, Bo(D(z,p))) = w(M®,Bo(D(x,p)))
Hom sy ()(a) (M, Ba(D(x, p))) = Hom sz (M, Ba(D(z, p))) -

3.12)

(
(3.13)

Proof. The assertions (3.12) and (3.13) are equivalent by duality (1.13). We prove (3.13). Let
e1,...,e, denote the canonical basis of S (x)(d)9. If m = ¥(3, Pi(d)e;) € M and if s €
Hom (4)(ay (M, Ba(D(x, p))) one has

ls(m) D@ = llse ¥ Pidedp@e = 1D Pild)s o ¥(ei)llpa,p) (3.14)

< (mlax HPZHOp,D(x,p))(mZaX HS © \I/(el)”D (z,p) )
Since 0 = |[m||w = ming (s, p,e;)=m MaX; | Pi|op, D(2,p) On€ obtains |[s(m)||p(z,p) = 0, hence s(m) = 0.
So (3.13) holds.

Now we prove that M is trivialized by Bq(D(z, p)). For this choose a presentation ¥ such that
{W(e;)}i=1,..q is a basis of M as .#(x)-vector space and the image 7 := {m,...,m,} in M of the

first 7 vectors {W(e1),...,¥(e,)} is a basis of M. Since M is a vector space over the complete valued
field 57 (z), all norms on M are equivalent. So the sup-norm
1D fimmillm = max|f;(z) (3.15)
satisfies
| llm < Cll -y - (3.16)
Then by (3.7) one finds
D < C Dl 1
Hn' dT () m Hn' dT ) o (3.17)
= min max || |lop, (x, (3.18)
(wwz Prep=h(ymy o T )
1,d
< O | () = C(p-r(x)™, 3.19
G e = €l ra) (3.19)

where the last inequality follows by choosing P; = ( dT) and P; = 0 for j # 1.
Let V =d/dT : M — M. Let G,, be the matrix whose columns are the images by V" of the basis
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M, ..My I G = (gnig)igs then |Gullpa,p) = max;j [|gn;ijllp(z,p)- The bound (3.19) means that
||Gn||D(:c,p) o vn 1 i

) x| ) = x| ) @l < Clpere) (320
Since the entries gy ; of G, lie in J#(x) one has ||gn;ijllp@,p) = 9nij (%) = |gn;ij(te)|. This
proves that the Taylor solution Y (T') := >~ Gn(t:)(T —t2)" /n! € Q[T — t,] of the dual module

M" belongs to Ba(D(z, p)). Equivalently M is trivialized by Bo(D(z, p)), and then so is M. O

3.5 Decomposition over J#(z) by the analytic solutions

As observed in Remark 3.4.1 the canonical topology of MY is often non-trivial, so that one can
repeat the construction and define inductively MU+ = (MUY and M1 == (Mj)py- Then
My = ((M*)l1)*, The process ends because M is finite dimensional. One obtains a finite sequence
of surjective maps

M := M[O] — Mm — = M[k—l] — M[k} 5 (3.21)
where M[k-i—l} = M[k], and M[i-i-l} 75 MM for all i = O, cee ,k - 1. 0
Definition 3.5.1. Denote by M<? the module My}, and set M= := Ker(M — My). We have
0—M>* M- M+ —=0. (3.22)

Remark 3.5.2. Since My = M{;11), we have Ml[’k] =0, hence w(M, Ba(D(z, p))) = w(Ml[’k],BQ(D(x,p))) =

0. In other words the module M<F has no non trivial solutions with values in Bo(D(z, p)).

The following proposition shows that the module M?? takes into account the solutions of M
with values in Oq(D(x,p)):

Proposition 3.5.3. We have
i) w(M, Oa(D(z,p))) = w(M>*, Oa(D(z, p)));
ii) W(M=*, Go(D(x, p))) = 0;

iii) MZP is trivialized by Oq(D(x,p)).

Proof. iii) The kernels K; := Ker(M — My;)) of the sequence (3.21) define a filtration 0 C Ky C
Ky C --+ C K = M?? of M where every sub-quotient K;/K;_ is trivialized by Bq(D(z, p)), hence
also by Oq(D(z, p)). Point iv) of Lemma 1.2.8 then implies that M is trivialized by 0q(D(z, p)).
Indeed we can apply Lemma 1.2.8 because d is surjective on Oq(D(x,p)) since d = f;d;, with f;
invertible in Ox , (cf. Remark 3.1.3).

ii) By Remark 3.5.2, M<” has no nontrivial solutions in Bo(D(z, p)). Then ii) now follows from
Proposition 3.5.5 below.

i) now follows from ii) using also iii) together with points i) and ii) of Lemma 1.2.8. O

Remark 3.5.4. The following proposition asserts that a differential module having some non trivial
analytic solutions in 0q(D(z, p)) must have at least a non trivial bounded solution in Bq(D(z, p)).
This is a crucial point of the theory, and it is originally due to Dwork [Dwo73].

Proposition 3.5.5. The following statements hold:
i) If My =M, then w(M, Oq(D(x,p))) = 0.

5Tt can be shown that M(;) takes into account the solutions with logarithmic growth of order i — 1, so that the solutions
of M have at most logarithmic growth of order r = dimM (cf. [Chr83]).
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ii) If MU =M, then Hom () (M, Oq(D(z,p))) = 0.

Proof. The two assertions are equivalent by duality (see (1.13)). We prove ii). Let m € M, and s €

Hom yz(z)(a) (M, Oa(D(z, p))). The assumption implies that 0 = |[m|lw = infy (s, pe;)=m maX; | Pillop, D(z,p)-
Let Py, ..., Py be such that max; || P;|[op, p(z,p) < 1. Now for all p" < p the restriction of s belongs to

Hom y(z(a) (M, Ba(D(x, p'))), so

Is(m)lp@,py = 11> Pis(T(e))lpg,p) < max || Billop, pia,pn [15(¥ (€)) D@,y (3:23)
< m?X HPZ'Hop,D(:c,p’) ) m?x Hs(qj(ei))HD(x,p’) (3'24)

By (3.7) each map p' + || Pl op, D(z,p) is continuous, hence there exists p’ < p such that max; || Pi||op, p(z,p) <
1. For all 4 inequality (3.23) applied to m = ¥(e;) gives

IsC¥(ei) D@,y < max|ls(¥(ei))llpe,p) - (3.25)

Hence s = 0. O

3.6 Exactness, compatibility with dual, and direct sum decomposition

Proposition 3.6.1 ([Rob75al). The functors associating to an J(x)-differential module M the -
vector spaces Hom s,y gy (M, O (D(z, p))) and w(D(z, p), M) respectively are exact for all p €]0,1].

Proof. The two assertions are equivalent by duality (1.13). To prove the first one, it is enough to
show that, for all .7 (x)-differential modules M, one has Ext}%(x)(d) (M, Oq(D(z, p))) = 0. Since M>?
is trivialized by Oq(D(z, p)) one has (cf. [Chr12, Section 6.7])

Ext b (@) (M7, O (D(x, ) = Exty, iy (Ga(D(,p)) @p@) M7P, Oa(D(x,p)))  (3.26)
= Exth (pop@ (Oa(D(,p), Oa(D(x,p) M = 0, (3.27)

where the last equality follows from Lemmas 1.2.7 and 1.2.8. Writing 0 — M?? — M — M<* — 0
we are reduced to proving that

Ext by (M7, Oa(D(z,p))) = 0. (3.28)

So we may assume M = M<”. Let L € J#(z)(d) be such that M 2 M, (cf. section 1.2.2). By [Chr12,
Sections 6.6, 6.7], in order to prove (3.28) it is enough to prove that L is surjective as an operator
on Oq(D(zx,p)). This follows from Lemma 3.6.3 below. O

Remark 3.6.2. For all p/ < p close enough to p one has M>P = M>P and M<F' = M<F. Indeed
M is a finite dimensional vector space so the filtration {M>p}p has a finite number of steps, whose
dimensions equal those of the family {w(M, Oq(D(x,p)))}, by Prop. 3.5.5.

Lemma 3.6.3. Let L € 7 (x)(d), and let My, be the corresponding cyclic differential module over
H(x). Assume that My = M}? or, equivalently, that L is injective on Oq(D(z,p)). Then for all
e > 0 there exists Q- € Ox 4(d) such that

1) QL = 1lop,Bo(D(p)) < &5
il) Q: and L are bijective as endomorphisms of 7 (x), of Ba(D(z,p)) and of Oq(D(x,p)).

The same statements hold replacing p by a p' < p close enough to p, with the same operator Q..

Proof. Let ¢ > 0, we may assume that ¢ < 1. Consider the presentation ¥ : J#(x)(d) — Mg — 0
with kernel J#(x)(d)L. Since M, = M[Ll], there exists P € 7 (x)(d) such that || P||,, 5, (D(x,p)) < €

and W(P) = W(—1), that is P = —1 + Q.L for some Q. € ./ (x)(d). Let n be the order of Q., and
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let 7 (z)(d)S™ be the J# (z)-vector space of differential polynomials of order < n. Since all norms
on 7 (x)(d)S" are equivalent, ||.||op 5o (D(z,p)) IS €quivalent to the sup-norm with respect to the basis
Ld,....d" : || 300 9id' | s (x),q := max; |gi|(z). We deduce that Ox ,(d)S™ is dense in J(x)(d)<"
with respect to ||.||op, By (D(x,p))- Hence there exists Q. € Ox o, (d)S™ such that ||QcL—1|op 8o (D(x,p)) <
e. Since Bq(D(z,p)) is complete, Q.L = 1+ P is invertible as an endomorphism of Bq(D(z, p))
with inverse U := Zi;O(_l)iPi' It follows that Q. (resp. L) is surjective (resp. injective) as an
operator on Bo(D(z,p)). By Lemma 3.6.4 below, Q. (and hence also L) is invertible as operators
on Bq(D(x,p)).

To deduce that L is also invertible on @q(D(x, p)) one considers p’ < p such that M}’ C= M,
(cf. Remark 3.6.2). Then L is bijective on Bq(D(z, p")) for all p/ < p” < p, and on Oq(D(x,p))
since Oq(D(z,p)) = U, Ba(D(x,p")).

Now the inclusion ' (x) C Ba(D(z, p)) is isometric, 0 ||.||op, (@) < [|-llop,B80(D(z,p))- Hence, as
above, Q. L is invertible as an endomorphism of .7 (z) with inverse U. Moreover Q). is injective on
A (x) (because it is injective on Bo(D(x,p))). So L is bijective on J7(z).

Now by Lemma 3.6.4 below Q. is injective as an operator on &(D(x, p)), so we can reproduce
the above proof replacing L with Q. to prove the bijectivity of ). on the three rings.

Now to prove that the same holds for p’ < p close to p, we observe that L is then injective
in 0(D(z,p’)) by Remark 3.6.2, and we can reproduce the proof for p’. Note that p — [|Q.L —
Ulop,Bo(D(x,p)) 18 @ continuous function of p (cf. (3.7)), so for p’ < p close enough to p the inequality
i) is preserved, and the rest of the proof works identically. [l

Lemma 3.6.4 (cf. [Chr12, 15.4]). If Q € € (x)(d) is surjective as an endomorphism of Bo(D(z, p)),
then it is injective as an endomorphism of Oq(D(x,p)), hence also of Bo(D(x,p)) and of F(x).

Proof. By contrapositive if @) is not injective on Oq(D(z,p)), then, by Prop. 3.5.5 (cf. Remark
3.5.4), it is not on Bo(D(z,p)) either. Let u € Bq(D(x, p)) be such that Q(u) = 0. The primitive
of a bounded function is often not bounded. If T is a coordinate on D(x), as in Remark 3.2.3,
then d = f-d/dT, with f invertible. Hence d has an infinite dimensional cokernel as an operator on
Ba(D(z, p)). More precisely one may find an infinite dimensional Q-sub-vector space V- C &(D(z, p))
such that VNBq(D(x,p)) = 0and d(V) C Bq(D(x, p)), this is proven in [Chr12, 15.1] for d = d/dT,
since d = fd/dT, the same holds for d. The vector space uV satisfies

uV N Ba(D(z,p)) = 0, QuV) C Ba(D(z,p)) . (3.29)
Indeed if uf € Bo(D(w,p)), then f € Ba(D(z,p)) since for all pg < p’ < p one has | f|p@,p) =
”Wuﬁ'”;(j;;) < l”ﬁﬂ?;:g)), hence uV N Bq(D(x,p)) = 0. The inclusion Q(uV) C Bqo(D(x,p)) follows
from the fact that d"(uf) = d™(u)f + Y1y bid'(f) with b; = (})d"*(u), then Q(uf) = Q(u)f +
Pd(f) = Pd(f), with P € Bqo(D(z,p)){d). So if f € V, then Q(uf) € Bq(D(zx,p)). By (3.29) the
dimension of coker(Q, Bao(D(z, p))) is infinite, which contradicts the fact that @ is surjective. O

Corollary 3.6.5. M — M=” is an additive exact functor.

Proof. Additivity is clear. Let F(D(z,p)) be the fraction field of Oq(D(z,p)). Let E : 0 - N —
M — P — 0 be an exact sequence. By faithfully flatness of F(D(x,p))/7 (x), it is enough to
prove that E @ y(,) F(D(x, p)) is exact. This now follows from the exactness of the sequence
EZP @ yp(z) Oa(D(x, p)). Indeed E>P is constituted by modules trivialized by &o(D(x,p)), so the
sequence E=P ® .y Oa(D(x,p)) is exact as soon as the sequence

W(BZ" @y (z) Oa(D(x,p)), Oa(D(z,p))) = w(E>’,00(D(x,p))) = w(E,Oa(D(z,p))) (3.30)
is exact (cf. Lemmas 1.2.8 and 1.2.10). The exactness of w(E, Oq(D(x,p))) follows from Prop.
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3.6.1. 0

Lemma 3.6.6. All sub-quotients S of M<P satisfy S = S<P (i.e. S?P = 0). All sub-quotients of M=
are trivialized by Oq(D(x, p)).

Proof. By exactness each sub-module N and each quotient Q of M<” satisfy N* = Q> = 0. So
N = N<? and Q = Q<. The second assertion follows from Lemma 1.2.10. O

Proposition 3.6.7 (Compatibility with duals). The composite map

c: (M*)?P = M* — (M>P)* (3.31)
is an isomorphism.
Proof. Since M?? is trivialized by 0q(D(z, p)) then so does its dual, hence (M>P)* = ((M>r)*)>7.
The exact sequence E : 0 — (M<P)* — M* — (M??)* — 0 then gives E=* : 0 — ((M<P)*)>F —

(M*)ZP 5 (M?P)* — 0. In order to prove that ¢ is an isomorphism it is enough to prove that
((M=<P)*)2P = 0. Its dual is a quotient S of M<” satisfying S = S2”, so S = 0 by Lemma 3.6.6. [

Proposition 3.6.8. For all p €]0,1] one has M = M<° & M7,

Proof. By Proposition 3.6.7 the composite map M?? C M — ((M*)??)* is an isomorphism, and by
Lemma 3.6.6 one has ((M*)>?)* " M<? = 0 since ((M*)>P)* is trivialized by Oq(D(z, p)). O

Corollary 3.6.9 (Robba). The module M>? is the union of all differential sub- modules of M triv-
ialized by Oq(D(x,p)). Moreover one has a unique decomposition

M= P ™ (3.32)
0<p<1
with the following properties:
i) MP is trivialized by Oq(D(x, p)),
i) (MP)>F' =0, for all p< p' < 1.
One has moreover the following properties:
iii) For all p €]0,1] one has
(MP)* = (M*)”. (3.33)
iv) The module M? satisfies
Hom ) (M. G (Do, 1)) = { MO0 000
v) If M,N are differential modules over 7 (x), then for all p # p', one has
Hom () (MP,N') = 0. (3.35)

(3.34)

Proof. If N C M is trivialized by Oq(D(z, p)), then so is N + M?? by Lemma 1.2.8. Hence (N +
M=) " M<F = 0 by Lemma 3.6.6, and N C M>” by a dimension’s argument. This proves that M=
is the union of all differential sub-modules of M trivialized by Oq(D(z, p)).

The existence of decomposition (3.32) follows from Prop. 3.6.8 by setting M? := M>?/(U s~ ,M>*").

Compatibility with duals (3.33) then follows from Prop. 3.6.7.

Property (3.34) is equivalent, by (1.13), to

pYE  j /
S(W) Oa(D(e. ) = { NI O
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By (3.33) one has w((MP)*, Oq(D(x,p"))) = w((M*)?, Oq(D(z,p"))). So (3.36) follows from Prop.
3.5.3, since w(x, MP)* may be identified to w(x, (M?)*), and hence to w(x, (M*)?).

We now prove (3.35). Let a : M? — NP By (3.34), if p < p/, then soa = 0 for all s €
Hom sz () (a) (NP, Oq(D(x,p'))). Since N¥' is trivialized by € (D(z, p')), then (), Ker(s) = 0, where
s runs in Hom y(;)(q) (N?', Oq(D(z,p'))). Hence o = 0. If p > p/ the same argument proves, by
duality (3.33), that the dual of « is zero, and hence also « = 0.

Assume now that M = 6977@1\7[’7 is another decomposition satisfying i) and ii). By the fact that
this graduation has a finite number of non zero terms, and by ii), one has

M=P M7)=P ® M7 ~
M = L) ST RN v (3.37)
Upr>pM># Upr>p (D1 M7)>P Upr>p(Drefpr, M)

0

4. Dwork-Robba’s decomposition by the spectral radii over Ox

In this section we prove that, if M, is an differential module over &x ;, then Robba’s decomposition
of My ®gy , A () by the spectral radii descends to a decomposition over the ring Oy ,. Such a
decomposition was obtained by Dwork and Robba in [DR77, First Thm. of section 4] for a point
x € A}éan of type 2.

In this section, as in section 3, K is algebraically closed (cf. Hypothesis 3.0.1).

4.1 Statement of Dwork-Robba’s decomposition

Let x € X be a point of type 2, 3, or 4. Let M, be a differential module over Oy .

Theorem 4.1.1 ([DR77, 4.1]). There exists a unique decomposition

M, = € M (4.1)
0<p<l
such that for all 0 < p < 1 one has MQ@@@X@%(@ = (Mx@)gxyzc%”(a:))p. Hence (3.34) holds for
M?. Moreover if M3” := @pgp/Mgl then
i) The canonical composite map (M%)>P — M: — (MZ”)* is an isomorphism, in particular
(MZ)" = (M3)”.
ii) If M, and N, are differential modules over Ox 5, and if p # p, then Homg, () (M%, Ngl) = 0.

Proof. We firstly prove the uniqueness. Let M, = @ne}oﬂf/[g be another decomposition. One sees
that Mt ®g, , H(x) = Mk ®g, , #(x). Then, by (3.35), for all p # p’ the composite morphism
a: M, CM, — 1\~/I§/ is zero after scalar extension to J#(x). So o = 0 since Ox, is a field. This
proves that M? C MP , and the reverse of that argument gives the equality.

To prove the existence of (4.1) we claim that it is enough to show the existence, for all differential
module M over ##(z), and all 0 < p < 1, of an Ox ,-lattice Mz” of M>* such that :

The inclusion M?” C M is the scalar extension of an inclusion of Ox ,-lattices MZ* C M,,. (4.2)

Indeed, from (4.2) one shows that the scalar extension of the map (M%) — M* — (Mz”)* to
() has a non zero determinant, so the map itself has a non zero determinant. This proves the
compatibility with duals, and hence also that MZ” is a direct summand of M., as in Prop. 3.6.8. We
then define M4 := pr/(up/>prp ), and one sees that M, = @p€}071}M§, and that MY is a lattice
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of M”.

Now, to prove ii), we consider a non zero map Homgy ,(a) (M%, Ngl) exists, this produces a non
zero map in Hom sz, (q) (M, N*") which contradicts (3.35).

Claim (4.2) is proved in Theorem 4.3.1 below. O

Remark 4.1.2. It is possible to derive the proof of Dwork-Robba’s decomposition 4.1.1 over X from
the knowledge of the decomposition over the affine line as follows. Let Y be an affinoid neighborhood
ofxin X, andlet f: Y — ]P’kan be an étale map such that [ (x) : H(f(x))] is prime to p. Let My
be a differential module over Ox ,, and let M := Mm@)ﬁ}w%ﬂ(x). Then the radii of f*f.M, can be
easily computed by Lemma 6.2.13. By Corollary 3.6.9, v), the maps M, — f*f.M, and M — f*f.M
preserve the radii. From this it is possible to deduce the decomposition of M, by expressing it as
M, = f*fuM; N M inside f*f.M,. Then one shows that the decomposition of M and of f*f.M are
compatible, and gives the Dwork-Robba’s decomposition of M,,.

The fact is that the original proof of Dwork-Raobba [DR77] works on both the affine line, and
on X (up to minor implementations). In order to provide a complete set of proofs, in this section
we provide the entire proof of Dwork-Robba’s theorem directly on X.

4.2 Norms on differential operators

Let  be a point of type 2, 3, or 4 of X. Let {t;};=1,._» be the maps around = of Lemma 3.1.2. A
star around z is a subset U of X such that

i) Each germ of segment b out of x is represented by a segment [z, y] contained in U;
ii) There exists € > 0 such that for all z € U, and all j = 1,...,n, one has r(¢j(z)) > .
Let Y be an affinoid neighborhood of z. Let Uy C Y be a star around x such that the Shilov
boundary of Y is contained in Uy.
Define the product of Banach algebras P(Uy,p) := [[,cy, Ba(D(y,p)) as the set of tuples

(fy)yeuy, with fy € Ba(D(y, p)) such that ”(fy)yHP(Uy,p) ‘= SUPyeuUy nyHD(y,p) < +o00. Since Uy
contains the Shilov boundary of Y, the natural maps

o) - [[ # — PUy,p) (4.3)
yeUy

associating to f € O(Y') the tuples (f(y))yeuy and (fip(y,p)))yeu, are isometric.

A differential operator with coefficients in P(Uy, p) is a tuple (P,),cu, of differential operators
P, € Ba(D(y,p))(d). One easily proves that

H(Py)yeUyHop,’P(Uy,p) = Ssup ”PyHop,BQ(D(y,p)) . (4’4)
yeUy

As a consequence if P € 0(Y)(d) then the isometric inclusions of (4.3) imply
HPHop,ﬁ(Y) < HPHop,HyeUY H(y) < HPHop,P(Uy,p) . (4'5)

Recall that each point x € X admits a basis of elementary affinoids neighborhoods (cf. Def.
3.1.4).

Proposition 4.2.1. Let Y be an affinoid neighborhood of x in X such that ﬁ%,/K is free, and let

d:O0Y)— O) be a derivation corresponding to a generator of Q%,/K. For all P € O(Y){(d) and
e > 0, there exists a basis of elementary affinoid neighborhoods Yp. of x such that for all p €]0,1]
one has

[ Pllop,ove.y < NIPllop,Ba(D.p)) t€ - (4.6)
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More precisely for all p €]0,1] there exists an elementary affinoid neighborhood Yp. , such that

||P||OP’P(UYP,s,p’p) < HPHop,BQ(D(x,p)) +e, (47)

where Uy,  C Ype, is a star around z containing the Shilov boundary of Yp. .

Proof. The bound (4.6) follows from (4.7), with p = 1, since the function p — [|P||op B, (D(x,p)) i
non increasing by (3.7). Assume that Y is an elementary neighborhood of x (cf. Def. 3.1.4). Let
U’ C Y be a star around x containing the Shilov boundary of Y.

Let [z,y] C U’ be a segment. By Lemma 3.1.2, the segment [z,y] is contained in some V;, and
the map 1, : Y — W; gives the identification ¢ : D(2) = D(¢j(2)) for all 2 € Y NV;. Let r;(z)
be the radius of D(v;(z)) with respect to a coordinate 7; on W;. The radius of ¥;(D(z, p)) is then
p-1j(z). Let dj =1 ® d/dT}; be the corresponding derivation of (YY) (cf. Remark 3.1.3). Then for
all z € U'NV; one has (cf. Remark 3.2.3)

djllop.Ba(D@py = (pr7i(2)7 . (4.8)

As explained in Remark 3.1.3, P can be written as P = ) fid;'-, with f; € O(Y). Together with
(3.7), this proves that z = || P||op 8,(D(z,p)) 13 @ continuous function of z along [z,y]. Up to restrict
[z,y] we may assume that ||Pllop 8,(D(z,p) < 1Pllop,Bo(D(x,p)) + € for all z € [z,y]. This bound is
independent on the chosen maps ;.

Now for all germ of segment b out of x chose [z, y] € b with this property, and define the star U
as the union of all those segments. Then sup,cy | Pllop,Bo(D(y,0)) < 1P llop,Bo(D(z,p)) + €+ Now for all
star-shaped neighborhood Yp. C Y of z, with Shilov boundary in U, equation (4.6) follows from
(4.4) and (4.5) with Uy, :=UNYp.. O

4.2.1 Norms on A(d)S™. Let (A,||.||a) be a normed algebra with a derivation d : A — A. Let
(ore o f)la = max|filla (1.9

be the sup-norm on A". Now let A(d)S™ be the subset of differential operators > I g;d® of order
at most n. We can identify A(d)S" to A"™! by associating to > i, f;d" the tuple (fo,..., fn). We
denote the resulting norm on A(d)S™ by

1D fidlag = (o, fallla = max||filla- (4.10)

Lemma 4.2.2. If dy, dy are two derivations as above, then ||.||a,q, and ||.|[a,4, are equivalent on

A(d)=n,

Proof. The A-module A(d)S" is finite and free. The subsets {1,d1,...,d}} and {1,ds,...,d}} are
two basis. If U € GL,(A) is the base change matrix, then ||[U | ;" |||l a.a, < [|-llaa, < U |-l 4415
where ||(u; ;)[4 1= max; j ||u; ;] . -

Proposition 4.2.3. Let 0 < p < 1. The following claims hold:

i) Letd: Ba(D(z,p)) = Ba(D(z,p)) be a derivation generating QEQ(D@ )
ring, isometrically included in Bo(D(x, p)) and stable under d. Then ||.||lop 8o (D(z,p)) @nd ||| 4,d
are equivalent as norms on A(d)S™.

ii) LetY be an star-shaped elementary affinoid neighborhood of x (cf. Def. 3.1.J) such that Q%,/K

is free, and let d : O(Y) — O(Y) be a derivation corresponding to a generator of ﬁ%,/K, Let
Uy C Y be a star around x containing the Shilov boundary of Y. Then ”'”op,P(Uy,p) and
||-||ﬁ(y)7d are equivalent as norms on O(Y ){d)S™.

)/ Let A be a normed
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Proof. In i) we can assume A = Bqo(D(z,p)). Let T be a coordinate on D(zx, p). By Lemma 4.2.2
we can replace d with d/dT. The radius of D(x,p) with respect to T is p - r(x), where r(z) is the
radius of D(z) in this coordinate. By (3.7) one has

| s - (ayary
k=0

= max [kl |fi|(@) - (pr(2)) 7" 411
op,Ba(D(z,p)) k:(],..}.(,n‘ ‘ ‘fk‘() (IO ()) ( )

Let C; := miny, |k!|(p - r(2)) ™% and Cy := maxy |k!|(p - r(2)) ™%, then

Cill-laaar < llopBoapp) < Coll-llaasar - (4.12)

We now prove ii). With the notations of Remark 3.1.3 one has Y C | ; Vj, hence
H'Hop,P(Uy,p) = m?XH'Hop,P(UyﬂVj,p) > (4'13)
I-llow)a = max [-llev;nyy.a - (4.14)

So it is enough to prove that [|.||,, p(uynv;,p) I8 equivalent to ||.[|ov;ny),q for all j. Now by Lemma
4.2.2 we can replace d by the derivation d; = d/dT; of Remark 3.1.3. The reason of this choice is
that the map v¢; : V; — W; identifies D(y, p) with D(¢;(y),p) for all y € V;. So the coordinate
T; on Wj is then simultaneously a coordinate on D(y, p), for all y € Uy NV;. We then can write
P =5, fjkdf € Ba(D(y, p)){d;)S", with f;, € O(V;), simultaneously for all y € Uy NV;. As a
consequence we have the explicit formula

n
I3 et loppoyowsn = b o W 1fesll0) (o)™ (49

where 7;(y) is the radius of D(1;(y)) with respect to T;. By the definition of V; the Shilov boundary
of V;NY is contained in the union of {z} with that of Y (cf. section 3.1). Hence Uy NV} contains
the Shilov boundary of Y N V. Then

—k
su max |k!|- ; (p-7; 5 < max |k Ay ( in T ) . (4.16
o e R Ukgl) - (oors() ™ < max R Webvor (it oeri0) - 016)

Now by definition of star (cf. point ii) at the beginning of section 4.2) one has inf,cu, v, 7j(y) > 0.
If r = infyeu,nv; p- r;(y), then from (4.15) and (4.16) one gets

=U,...,

n
1Y frgdiloppuyavyp) < Jmax KL figllvioy - (ry) 7" (4.17)
k=0

If Cy i= maxy [k!] - (7)) 7", then ||.llop,pcuy nv; ) < Calllloyav;) g

On the other hand let r;r 1= sup, ey, r(z), where r(2) is the radius of the point (cf. (1.7)). Then
T‘;_ < 400, because W; is an affinoid domain of A}fm. Since p < 1, then supyey, v, £ - 75(y) < r;-'.
If C := ming \k!\(r}r)_k, then as above one has ||.|[op p(Uynv;,p) = C1- lIllo(v;ny),q, as required. O

4.3 Lifting Robba’s decomposition to Ox ,

Let x € X be a point of type 2, 3, or 4. Let d : Ox, — Ox, be a derivation generating the
Ox z-module of K-linear derivations of O .. Since Ox ; is a field, any differential module M, is
cyclic (cf. section 1.2.2). Assertion (4.2) is then equivalent to the following

Theorem 4.3.1 (Dwork-Robba’s decomposition). Let p < 1. Let P € Ox (d) be a monic differen-
tial polynomials corresponding to M. Let P = P>?-P<P be a factorization in 7 (z)(d) corresponding
to the Robba’s decomposition (3.22)

0— M=M= M —0. (4.18)
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Then P>P and P<P also belongs to Ox ,{(d).

Proof. Let Y be an elementary affinoid neighborhood of @ (cf. Def. 3.1.4) such that the coefficients
of P lies in O(Y'). Assume moreover that QY /18 free, and choose a derivation d : & Y)— OY)

corresponding to a generator of Qy/K. Let A be one of the rings 0(Y'), 5 (), Bo(D(x, p)). Consider
the injective maps

Bp @ A" < A(d)S", Bn : A" < A(d)S" (4.19)
defined by Bn(QOy e 7gn—1) = ZZ 0 gde and 5n(907 .- 7911—1) =d" + 5n(907 .- ygn—l)- Let nq,

ne, n = nj + ny be the orders of P>, P<F P respectively. The multiplication in A(d) provides a
diagram

A(d)S™ x A(d)sm2 = A(d)S" (4.20)
Ga
where
m(Q1,Q2) = Q@2 — P, (4.21)

§ identifies A" with A™ x A" by (vi,...,vn) = ((V1,-- V), (Vny 41, Uny4ny)), and 7y =
(Bny % Bny) 0 d. The image of m o vy is contained in that of 3,,. We define G4 as the map A™ — A"
obtained in this way.

Let u € 57 (x)" be such that y(u) = (P??, P<F) € 2 (x)(d)S™ x 5 (x){d)S"2. Then

ij(x)(’u) =0. (4.22)
This is a non linear system of differential equations on the entries of u. We have to prove that there

exists an affinoid neighborhood Y of z in X such that uw € &(Y)™ (i.e. the coefficients of P; and P»
lie in (Y)). For all v = (vy,...,v,) € A", the vector G4(v) € A" is a finite sum in of the form

Ga(v) = > Cije-vi-d'(vj)—¢, (4.23)

ij=1,....n
k=0,...,n1

where C; j , € N, and the vector £ lies in &'(Y")" for some affinoid neighborhood Y of X (indeed £
is associated to P).

We linearize the problem as follows. Let {X Z-(k)}izl,...7n; k=0,...n; be afamily of indeterminates. For
all0 < k < npyset XF = (xW xPyand x = (x© x0 xW o xP xM x ),
With the notations of (4.23) let

F(X) = F(X©O, . X)) =S Cijp-x” - xM 2. (4.24)
1,5,k
This is a polynomial with coefficients in €(Y'). Denote by ¢ : A™ — A™™ the Z-linear map
((v) := (v,d(v),...,d" (v)). Then we have

Ga(v) = F((()) = F(X©O x® xm (4.25)

Dot

Remark 4.3.2. The above process of linearization corresponds to working on the jet-space (tangent
space if ny = 1) as recently done by B. Malgrange [Mal05].

Since F' is a polynomial expression in X, Taylor formula gives
F(X+Y) = F(X)+dFx(Y)+ Nx(Y) . (4.26)
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where
OF
(0) (n1)y — (k)
dFx (YO .. y(m)y = Z aX(k)(X) VY (4.27)
i=1,....,n 3
k=0,...,n1
is the linear part, and Nx(Y") is the non linear part. So
Ga(v+§&) = Ga(v) +dGaw(§) + New) (C(8)) (4.28)
where dG 4,,(§) = dF¢(,)(¢(£)). Applied to u € 7 (x)" (cf. (4.22)) this gives
0 = Gru)(u) = Gre)(v) +dG @) 0w —v) + New) (((u —v)) . (4.29)

In the following sections 4.3.1, 4.3.2, 4.3.3, 4.3.4, we prove that if the image of v € O(Y)" in J(z)"
is close to u, the map dG 4, : A" — A" is bijective, for A = J(z) and also A = 0(Y") for some
suitable Y. We then prove that, for both A = 5 (z) and A = 0(Y'), the map

bua€) = —dG3L, (Ga(v) + New)(C(€)) (4.30)

is a contraction of a poly-disk D7 (0, q) = {£ € A™ such that [|£]|4 < ¢}, with |lv— UH%(m < q. Then
¢v,4 has a unique fixed point in D+(O, q). Since it is compatible with the inclusion D oY) (0,q) C

D}(x) (0,q), the fixed point of ¢, s (,) coincides with the fixed point of ¢, 5(v). If A = 7 (x) the
fixed point is u — v by (4.29). This proves that u —v € DZ(Y)(O,q), hence u € O(Y)". O

4.3.1 Computation of dGa.. We consider (A(d)S™, ||.||a,4) as a normed K-vector space. It is
isomorphic to (A™,||.]|4) by (4.9). The definition of differential of a function A™ — A™ then has a
meaning.

If A= O(Y) (resp. A= #(x), Bo(D(z,p))), the product m : A{d)S™ x A(d)S"2 — A(d)S" is a
continuous K-bilinear map with respect to [|.|[op.p(Uy,p) (€SP ||-llop,Bo(D(a,p))); Where Uy is a star
around z containing the Shilov boundary of Y. By Proposition 4.2.3 the same is true with respect
to the equivalent norm ||.||4 on A™. The differential dG 4, is then given by

dGA,’U = dm(Plyv,sz—v) © (En1 X g’ng) o 5 ) (431)

where (P o, P24) := 7(v). Notice here that ES = (dBs)y and dd, = d for all v € A, and all s > 1
Now since the multiplication in A(d) is a continuous K-bilinear map, the differential of m is

dm(Pl,v7P2,v)(Q17 Q2) = Q1P2,’U + Pl,’l)Q2 . (432)

4.3.2 Some estimations. Let
D}(0,7) :={z e A™™ |lz|a <7}, (4.33)
and let HFHD}(O ry = MaX|z| <5 F(x). Let ¢ : A" — A™™ be as in (4.25).

Lemma 4.3.3. For A= 7(x),0(Y),Bq(D(x,p)), the following hold:
i) Letw be the zero of G yp(y) (cf. (4.22)), and letv € Ba(D(z, p))". If |V 8o (D(x,0))> 18]l Bo(D(@,p) <
THCHOP Ba(D(.p))’ then

|G B (D(e,0) (V)1 Ba(D(py) < 77 IF Il ot 0 lICllop B v = wllsa D) - (4-34)

B (D(a,

i) 17 [[olla < rliClgta and & € A", then [dGaw(©)]a <" [ Fllps 0, - ICllopall€]La:
i) If [for 4. o2l < rliClly s and € € A™, then
1o, — dGo)©)lla < 7 1Fll o ) ICIBp allor — vl allE]La (4.35)
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iv) If vlla, [€]la < rliClly,ar then
INe(w) (CEDILa <72 N Fll oo,y - €115, - €11 (4.36)
V) If ||vlla; €114, €204 < 7lICllo a0 then
INew) (€ (€1)) = Ne(o) (CEDlla < m 72 F Nl p 0,0 1S 155, all€1 — €l max([I€; |14, 1€2]14) - (4.37)

Proof. Write Taylor’s formula as FI(X +Y) =3, /50 Da(F)(X)Y® with the evident meaning of

the notations. The assumptions imply that X,Y € D¥}(0,7) (i.e. | X|/4,[|Y|la < r). Recall that
for X € D (0,7) one has ||Dy(F)(X)|/a < ”F”Dj(o,r)/rw

iv) One has Nx (Y) = 550 Da(F)(X)Y“. So for | X4, [Y]la < r one finds

o Y A || Y A\ 2
N (¥)lla < s 128 (EYLAIY < s 10, (P2) ™ = 10, (P12)

|o|>2 |o|>2 "
(4.38)
i) Consider (4.26) with X = ((u), and Y = ((v—u). Then use the fact that F'({(u)) = Ga(u) =
0, together with the bound (4.38), and the following inequality (cf. (4.27))

1Fx (V0 < 7 1E ] o ¥ ] - (4.39)

ii) follows from (4.27), and || 6(k) HDX(O,T’) < T_l”F”DX(O,T’)'

iii) Let H : D}(0,7) — A™ be any power series converging on D7 (0, 7). The Taylor expansion
of H(X1) around X gives for Z := X1 — X

H(X:) - H(X,) =H(X,+ Z) =) Daf : (4.40)
|a|>1
So for || X 1||a, [| X 2|4, || Z]|a < r one obtains
1Z]]a

,

(4.41)

We apply this to H(X) := dFx(Y), together with (4.39), to obtain [[(dFx, — dFx,)(Y)|la <
12 Pl 01 X1 — Xallal ¥ s

v) Taylor formula gives Nx (Y1) — Nx(Y2) = > |4/52 Da(F)(X)(Y] — Y3). Now v) follows as

in the above cases using the inequality |[Y¢ —Y$||a < ||[Y1— Yall4-max(]|[Y 1], || Y2|)!~!. Indeed

. 1Z]a
|H(X1)=H(X2) |4 < sup [ Da(H)(Xo) 4124 < sup 1 py 0 (F2) " = 1Hlpion

jf>1 jaf>1

n

YE-Ys = > (YT (Yi-Yy)? = > (Vi V2) Qa(Y1,Y2) . (4.42)
181>1 i=1

This is a sum of monomials of degree || so Q; o is a sum of monomials of degree |a| — 1 with integer
coefficients, and hence ||Q; o(Y1,Y2)|[a < max(||Y1]],||Y2|))!®/=!. This proves that [|[Nx (Y1) —
Nx(Yo)la <172l ps o, 1Y 1 = YVollamax(|Y 1, [[Y2].4). O

4.3.3 Bijectivity of dG gy

Notation 4.3.4. Let A be one of the rings O(Y), Ox 5, 7 (x), Ba(D(x,p)), and let v € A™. The
action of dG p(y) ., on A" is represented by a n x n matriz Ly, with coefficients in A(d). Note that
L, acts on each A{d)-module of the form B™, where B is any A(d)-module.
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Proposition 4.3.5. Let u be the zero of Gy () of (4.22). Then

~

def(x)’u : B — B" (4.43)
is bijective, for B = 7 (x), Ba(D(z,p)), Oa(D(z,p)).

Proof. Injectivity. Consider diagram (4.20) replacing A by the ring B. The map d(Bny X Bry)u =
Bny X Bn, is injective, and d is bijective, so by (4.31) we have to prove that the restriction of
dm(P>p7P<p) to the image B(d><"1_1 ><B(d><"2_1 of Bm XBM is injective. Let (Q1,Q2) € B<d><n1—1 %
B(d)S"2~! be such that dm(P2P7P<p)(Q1, @2) = 0. This means that

P?PQy = —QP<". (4.44)

Assume, by contradiction, that (Q1,Q2) # (0,0). Then @1 and @2 are non-zero and we may assume
that they are monic. With the notations of section 1.2.2 one has two exact sequences 0 = Mp>, —
Mpzpg, = Mg, = 0 and 0 — Mg, — Mg, p<» = Mp<p, = 0. Now w(Mp<,, Oq(D(z,p))) = 0, so
w(Mg,, Oa((z,p))) = w(Mg, p<e, Oa(D(x,p))). Moreover Mp>,q, = Mg, p<» by (4.44). Applying
the functor w(—, & (D(x, p))) one finds

w(Mpzp, Oa(D(x,p))) © w(Mpzsg,, Oa(D(z,p))) = wMq,p<e, Oa(D(z,p))) = w(Mg,, Oa(D(z,p))) -
This is a contradiction because Mp>, is trivialized by g (D(x, p)) and hence

dimg w(Mpss, Oq(D(x,p))) = rank Mp>, > rank Mg, > dimg w(Mg,, Oq(D(z,p))) . (4.45)
Surjectivity. It follows from Lemma 4.3.6 below. O

The following lemma is a generalization of Lemma 3.6.3. If M = (m; ;) is a matrix with coeffi-
cients in Bo(D(x, p)), we denote by || M ||op, 5o, (D(x,p)) the maximum of the norms ||1m; jl|op. 8o (D(a,p))
of the coeflicients of M.

Lemma 4.3.6. Let L be a square n X n matriz with coefficients in € (x)(d). Assume that L is
injective as an endomorphism of Oq(D(x,p))™. Then for all € > 0 there exists a n X n matriz Q.
with coefficients in Ox (d) such that

1) |QcL = Ulop,Bo(D(x,p)) < €-
il) Qe and L are bijective as endomorphisms of 7 (x), of Ba(D(x,p)), and of Oq(D(x,p)).

The same statements hold replacing p by a p' < p close enough to p with the same matriz Q..

Proof. Since J(x) is a field, the ring 5 (x)(d) is (left and right) Euclidean. In particular it is a
(left and right) principal ideal domain. So by the theory of elementary divisors, there exist invertible
matrices U,V € GL, (A (z)(d)) such that L = ULV is diagonal L = diag(Ly, ..., Ly). By assump-
tion L is injective on @ (D(z, p))", then so is L, and hence each L; is injective on Gq(D(z, p)). By
Lemma 3.6.3 L; is bijective on B, with B = s (z), B = Ba(D(z, p)), and B = Oq(D(z, p)). So L is
bijective on B", and so does L. Now by Lemma 3.6.3, for all ¢’ > 0, there exists Q; € 5 (z)(d) such
that the matrix Q := diag(Q1, ..., Qy) verifies |QL — Ulop,Bo(D(a,p)) < €' The matrix Q1 := VQU
verifies @ L—1=V(QL—1)V". Soif &’ < &/(|Vlop.50(Dwp)) |V lop.Ba(Diarp)))» then Qq verifies
i).

Let now Q. be a n x n matrix with coefficients in Ox ,(d) such that [|Q: — Q1llop,Bo(D(x,p)) 18
small this is possible because Ox ,(d)S? C ' (x)(d)S? is dense for the norm ||.||,p 5o (D(z,p) 2 in
the proof of Lemma 3.6.3. Then Q. verifies i), and hence QL is invertible as an endomorphisms of
Ba(D(z, p))™. So Q. is surjective on it.

Let now A, B € GL,(Ox4(d)) such that AQ.B = diag(Qc 1, .., Q). Each Q. ; is surjective
on Bo(D(z,p)), so by Lemma 3.6.4 it is injective on Oq(D(x, p)). This proves that Q. is injective
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on Oq(D(x,p))™. So we can reproduce the first part of this proof replacing L by Q., to prove that
Q: is bijective as endomorphisms of 7 (z), of Ba(D(x, p)), and of Oq(D(z, p)).

To prove the last statement we notice, in analogy with the proof of Lemma 3.6.3, that the kernel
of L on O(D(x,p'))"™ is a finite dimensional vector space over € (this is true if n = 1, and the case
n > 1 reduces to n = 1 by the theory of elementary divisors). The kernel has a filtration by the
radii of convergence of the entries of its vectors, and we conclude as in Lemma 3.6.3. O

Recall that L, is the matrix associated with the differential of G at v (cf. Notation 4.3.4).

Corollary 4.3.7. Let u be the zero of G () of (4.22). There exists a radius w > 0 such that

i) If v € Ba(D(z,p))" satisfies |v — u| gy (D(z,p)) < W, then Ly is invertible as endomorphism of
Ba(D(z,p))" and of Ga(D(x, p))".
i) If moreover v € F(x)", then L, is also invertible as endomorphism of 4 (x)".
i) If v € 0%, satisfies v — ullBy(D(z,p)) < w, then there exists a basis of elementary affinoid
neighborhoods Y of x in X (cf. Def. 3.1.J), such that L., is invertible as endomorphism of each
o).

In the situation of i) and ii) there exists a square matriz Q. with coefficients in Ox 5(d) such
that, for all v verifying ||v — ||, (D(z,p)) < W, one has [|QcLy — 1|op Bo(D(x,p)) < €, and also

4G5} (D )0 llop BB = 1QellopBa(Dien) - (4.46)
In particular this norm is independent of v.

If moreover v € O ., then for all € > 0 there exists a basis of elementary neighborhoods of x
in X (cf. Def. 3.1.]) satisfying

||dG_ yollon,ovy < 1QcllopBa(Di@,p)) € - (4.47)

Proof. 1) Let € > 0, and let Q. be the matrlx of Lemma 4.3.6 such that [|Qc Ly — 1llop, 8o (D(z,p)r < €-
Write QzLy — 1 = QcLy — 1 4+ Q-(Ly — Ly,). Then by (4.35), there exists w such that if |jv —
uHBQ(D(%p)) < w, then HQ&‘L'IJ — 1”017739([)(1,#)) < e. By (3.7), the map p — ||Q:Ly — 1”017739([)(1,#))
is continuous, so this proves that Q.L, is an isomorphism on Bqo(D(z,p’))" for all p/ < p close
enough to p. Since Q. is an isomorphism too, so is L,. Since this holds for all p’ < p close enough
to p, we deduce that L, is an isomorphism on &(D(z,p)) = Uy<,Ba(D(z,p')).

ii) By Lemma 4.3.6, L,, is also an isomorphism on ¢ (x)".

ili) Assume now that v € 0% . By Prop. 4.2.1 there is a basis of elementary neighborhoods Y’
of z in X (cf. Def. 3.1.4) such that v € O(Y)", the coefficients of Q. lie in O(Y), and ||QzLy
Ulop,ovy < & Then Q.L, = 1 — P, is invertible on &(Y)" with inverse Y, P}. Hence Q. is
surjective on O(Y)™. It is also injective because it is so as an operator on J#(x)". Finally Q. is
bijective on O (Y)", and S0 is Ly,.

Equality (4.46) follows from L,Qc = 1 — Py with || Pyllop o (D(x,p)) < 1. Inequality (4.47) follows
from (4.6). O

4.3.4 Contractiveness of ¢,. Let w > 0 be as in Corollary 4.3.7. Let v € ﬁ" be such that
[v—ul @) <w,sothat dG gy, is invertible on some affinoid neighborhood Y of zin X. Assume
that Y is small enough in order to have (4.47). Then for A = O(Y), or A = 5 (x), define for all
Ee A"

Gu,a(€) = —dG, (Gal®) + New) (C(€)) - (4.48)
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Proposition 4.3.8. There ezist an affinoid neighborhood Y of x in X, a v € O(Y)", and a real
number q > ||v — ul| s () such that

Gpa i AT — A" (4.49)
is a contractive map on the disk D% (0,q) for both A= 7 (x) and A= O(Y).

Proof. Choose r large enough to have ((u) € D>y (0,7), ie. |lullp@) < THCHOP () Fix a real
number 0 < C' < 1, and choose ¢ such that

0<g<C-r- HCHOp Bo(D(x.p)) - MIn(A, 1), (4.50)
where
-1
||<||Op Ba(D(z,p)) ||F||D§Q(D(z, )) ||Qs||0p Ba(D(z,p)) ° (4-51)
Then choose v € O% , such that
lo = ullrey < min(a, q-n. 7l ) - (4.52)
With these choices the following holds
i) ¢ () (D H(z )(0 q)) C D}(x)(OaQ)S
ii) There exists Y such that ¢, s(y) (ng(y)(O,q)) - DZ(Y)(O, q);
iii) There exists 0 < C” < 1 such that, for all £;,&, € D}(w)(o, q) one has
1Go,2) (1) = bor@) )@ < C"- 1€ = &allrw) (4.53)
iv) There exists Y satisfying ii), and 0 < C’ < 1, such that for all &;,&, € D}(Y) (0, q) one has
[¢w,00v)(&1) = Pv,oy(E)loyy < C'-[1€1 — Ealloy - (4.54)

We give the details of ii) since i) follows similarly from (4.34), (4. 36) and Corollary 4.3.7. By
(4.47) we can assume, restricting Y, that [[ul[gyy, [[v — ullgy) < THCHOP o(v) and that 1< llop,6(v)

1G o) (v)llo), and ||dGﬁ(Y ollop,o(y) are close enough to |[(|lop. 8o (D)) 1Go) (V) Bo(De,p)s
and HQaﬂop,BQ (D(z,p)) Tespectively. Then, by Corollary 4.3.7 and Prop. 4.2.1, for all £ € ng(y)(O,q)
one has:

90,001 @ llow) = [ ~dG5h0 (G0) + New (€@D) |, (4:55)

| = A6y lop.or) - max (IG (@)l ov), [ New) o ) (4.56)

(1Q¢llop,Bo(D(x,p)) +€1) - maX<||G(v)||BQ(D(x,p)) + €2, [[Ne () (CE N Bo (D(a,p)) + 63) -

N

N

Now (4.34) together with (4.52) gives [|G(v)||gq(D(z,p)) < qHQEH;pl’BQ(D(Lp
strict it is possible to chose €1, &2 in order that ([|Qc|lop,Bq(D(z,p) T€1) - (IG(V)| B (D(z,p)) T €2) < ¢-
Analogously, if [[£]|¢(y) < ¢, one also has || N¢() (C(€)) 8o (D(@,p) < q||Q€||;plBQ (D(xp)) T his follows
directly from (4.36) together with the inequality Hf”é(y <@ <qor HCHop Bo(D(x.p)) " k (cf. (4.50)).
Now we further restrict e1,e3 to have (||Qc|lop,Bo(D(,p)) T€1) - (IN¢(0) (CENBo (D(2,p)) +€3) < g- So
[6v,6(v)(€)lo(v) < ¢, and ii) holds.

We prove in detail iv), smce iii) follows similarly from (4.37) and Corollary 4.3.7. First restrict
Y further to have ¢ < 7||¢|| -} (Cf. (4.6), and (4.50)). This guarantee that if [|€;]/5y) < ¢, then

) Since this inequality is

op,0(Y
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(&) € D%(Y)( ,7). Then

v,00v)(&1) — Pv,o0v)(E)loyy = || — dGE(y) (New)(€(€1)) — Ne) (CEDN oy (4.57)
< (I1Qellop,Ba (D) T €1) * [Ne(w)(C(€1)) — Ne) (C(€2) lo(y)
Now by (4.37) one has

[ Ne@)(€(€1)) = Ne) (C(€)) oy < _2||F||D+(Y)

< (I Fllps 0 Fea) - (ICllopsa (D) ) +es)” - 1€ = &alloy) - a

Bo(D(x,

NICHZp o0y - 161 = Exllowyy - max((l€; oy, [1€2llor))

Now by (4.50) inequality (4.54) holds with

C=c. (”Qe\|op769(D<x,p>> o) (”F”DE 0 @0 T 54) (llCllop,an(:ap» *esy?

4.58
Qe llop,Bo(D(,p)) HFHD+ " 1< llop,Bo(D(,p)) (4.58)

D(z, ))(077’)

Restricting Y the last three factors can be made arbitrarily close to 1. So there exists Y such that
0<C' <1. O

4.4 Lifting to Ox , solutions of non linear differential equations with solutions in J#(x).

With the identical proof one proves the following result. We here do not assume that K is alge-
braically closed.

Let Y be a fixed affinoid neighborhood of z € X. Let Z := (Z1,...,Zy,.5), let m > n, and let

F:oy)* oY), F(Z) =) CaZ", (4.59)
|| >0
where a = (aq,...,ans) € 2, |a| = >, o4, Z° = Z7" - Z5ps, Co € O(Y)™ is a power series
satisfying [|Callg(v) rlel 0 as |a] = oo, i.e. F converges in a disk DZ(Y)(O,T’) C O(Y)". For
X = (Xy,...,X,) consider the non-linear differential equation
F(X,d(X),...,d*(X)) = 0. (4.60)

Denote in analogy with the above sections ¢ : 7(Y)" — 0(Y)™*, the map ((x) = (x,d(x),...,d*(x)).

Theorem 4.4.1 ([DR77, 3.1.6]). Let € 7 (x)" be a solution of (4.60). If the linearized map
dFezyo ¢ @ H(x)" — H(x)™ (4.61)

is injective, then x € O .

Proof. Assume that K is algebraically closed. As in the above sections dF¢(g) o ¢ acts by a matrix
Lay € Myyxn(O(Y)(d)). By the theory of elementary divisors there exists Square matrices U, V with
coefficients in Ox ,(d) such that the unique non zeros terms of UL,V are in the diagonal. The
terms in the diagonal are either zero or differential polynomials in Ox ,(d) that are injective as
linear maps . (z)" — € (x)™. If m > n then we can discard m — s components and reduce to the
case m = n. The proof is then equal to that in the above sections.

Consider now the case of an general field K. To descend the theorem from K28 to K, it is

enough to notice that if =4, .. eX oot are the points with image x € X, then for all z; one has

ﬁX@ = (,%”(x) N ﬁXK/aTg’xi) C ,%”(xz) [l

Remark 4.4.2. To prove the Theorem 4.1.1 of Dwork and Robba one can proceed as follows. The
condition ¢*> = q in Endgy ,(My) defines a projector. This condition is described by a non-linear
differential system of the above type. Robba’s theorem 3.6.9 provides a solution of such a system
with coefficients in F(x). Dwork and Robba then relate the injectivity of (4.61) to the radii.
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5. Augmented Dwork-Robba filtration and global decomposition theorem.

From now on K is again an arbitrary complete ultrametric valued field as in our original setting
1.0.1. We begin by descending Dwork-Robba’s decomposition from K28 to K.

5.1 Descent of Dwork-Robba filtration

Let x be a point of type 2, 3, or 4. Let A be one of the fields 7 (z) or Ox ,, and let A be one of the
étale algebras c%”(a:)@)[(ﬁg = [, 7 (x;), or ﬁX@@Kﬁg =IT%, ﬁXK’aTgvx“ where z1,..., 2,
are the points of X = whose image in X is . If M is a differential module over A we denote by
M := M®4A its scalar extension to A.

_ Werecall that a semi-linear action of G := Gal(K alg /) on a Z—mo@le M isamap p: G x M —
M where g(m) := u(g, m), such that for all g,g1,92 € G, m,m1,me € M, a € A one has

i) g1(g2(m)) = (g192)(m), and 1g(m) = m;
ii) g(m1+ma) = g(m1) + g(ma);
iii) g(am) = g(a)g(m).

We say that the action of G is trivial if M is isomorphic to the representation A together with its
natural action of G component by component.

Lemma 5.1.1. The category of differential modules over A is equivalent to the category of differen-

tial modules over A = A® i K38 together with a trivial action of G commuting with the connection,
and morphisms commuting with the connection and the action of G.

Proof. The derivation d®1 on A = A® Kﬁg commutes with the action of G, given by g(z ®y) :=
x ® g(y). We then have 9= 4 by Ax-Tate theorem. So for every vector space M over A we have
M~ = (M®a A)% = M. One sees that if M has a connection, then the corresponding connection of
M commutes with G, and can be descended.
Conversely if M has an action of G commuting with the connection, and which is trivial, then
M = MG® A, because the same holds for A'. Moreover the Leibnitz rule guarantee that the
connection of M is determined by its restriction to M := ME.
O

Lemma 5.1.2. Robba’s and Dwork-Robba’s decompositions (cf. (3.32) or (4.1)) by the spectral radii

of M over ﬁg descend to decompositions of M by its spectral radii over K. Moreover the statements
of Corollary 3.6.9, and of Theorem /.1.1, also descend to K.

Proof. Tt is enough to prove that for all g € G one has g((M)??) = (M)>. The semi-linear bijection

g : M 5 M produces a linear isomorphism Ly : g*M = M, where ¢)M = M ® Ko K?g is the

scalar extension of M by the map ¢ : K28 — K22 and L, = g ® 1. Since Ly is an isomorphism
of differential modules, the radii of ¢*M at x; coincide with those of M, and hence also the same

as those of M at x. The same holds for M>p, so the composite map ¢g* (M>p) CgMSM— M~
is the zero map (by decomposing the modules and apply either point v) of Corollary 3.6.9, or by
point ii) of Thm. 4.1.1). Hence Lg(g*(M>p)) M.

The other claims of the Robba and Dwork-Robba’s statements descends as follows. As we have
proved, the composite morphism ¢ : (M*)?? — M* — (M>”)* gives the same morphism for M which

is an isomorphism over K28 commuting with G. So ¢ itself is an isomorphism. Let o : MP — G
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be a morphism with p # p’. This produces a morphism over K218 commuting with G which is 0. So
o itself is 0. O

5.2 Augmented Dwork-Robba decomposition
We now come back to the global situation.

Proposition 5.2.1 (Augmented decomposition). Let x € X. Assume that i is an index separating
the radii of F at the individual point x (cf. Def. 2.5.4). Then there exists a unique differential
sub-module (F=;)y C Fy of rank r —i+ 1 over Ox , such that

w(z, (Fi)z) = wsi(z, F) . (5.1)

Let 1 =iy < -+ < iy be the indices separating the radii of F at x. Then, according to (2.25), we
have a corresponding decreasing sequence of differential submodules:

0 7& (92%)1‘ - (ﬂg\?ihﬂ)l‘ c - C (3}\22'1)1‘ = Fy . (5’2)

Proof. By Dwork-Robba’s decomposition (cf. Thm. 4.1.1 together with Lemma 5.1.2, and Prop.
3.5.3), the result holds for spectral radii : if M, := .%#,, and if T is a coordinate of D(z,S), for
which the radii of D(z) and D(x,S) are r(z) and R(x) respectively, then the result holds with
(Fsi)e = MZ” for p=TRs,i(z,F)- %.

Let 7 be an over-solvable index. If K is algebraically closed then Dg;(x,.#) comes by scalar
extension from a disk in X containing . Then wg;(z, #) = w(Dg;(x, #),F) is contained in
w(Fy, Ox,z), and it generates by (1.14) a trivial differential sub-module (%s;), of %, (this is
obviously the unique sub-module of .# whose solutions at z are identified with wg;(z,.#)). If
K is not algebraically closed this sub-module can easily be descended by Lemma 5.1.1, because

G‘ral(l?;g /K) preserves the modulus of the disks, hence it preserves the radii of the solutions. O

Lemma 5.2.2. Let x € X. Let i be an index separating the radii at the individual point x (cf.
Definition 2.5./). Then there exists an open neighborhood U, of x, together with a weak triangulation
Sy, of Uy such that

x

i) The inclusion (Fi). C Fr comes by scalar extension from an inclusion (F=i)y, € Fu, of
differential equations over Uy;

ii) For all y € U, the following conditions hold
(a) one has ws;(y, F) C wsi—1(y, F) (i-e. i separates the global radii of F over Uy);
(b) the restriction to U, induces the equalities
wsi(y, ) = wsy,,i(y: Fu,) (5.3)
ws,i-1(y,F) = wsy, i1y, Fu,) - (5.4
In particular one has:

iii) Rsy, (¥, Fv,) > Rsy, i1y, #u,) for ally € Uy (i.e. the index i separates the radii of F
after localization at Uy, );

iv) Rsy, 1y, (F=i)v,) = Rsy, i-1(y, Fu,) for ally € Uy;

v) wsy, 1Y, (F=i)v,) = wsy, iy, Flu,) = ws,ily, F), for ally € U,.
Proof. First observe that iv) and v) are immediate consequences of i),ii),iii) by Proposition 2.9.7.
Now observe that (5.4) is a consequence of (5.3) by the rule (2.33). Moreover iii) is a consequence
of ii) by definitions (2.12) and (2.24). We now define U, and Sy, satisfying i) and ii).

Let U be a connected open neighborhood of x such that the coefficients of the matrix of the
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connection of (%=;), lie in &(U). Then i) holds for U. By continuity of the radii (cf. Thm. 2.4.1)
up to restricting U one has Rg;(y, #) > Rg,i—1(y,.#) for all y € U, hence (a) holds at each point
y € U. In order to find U, C U and a weak triangulation of U, satisfying (b), we now proceed as
follows. By Proposition 2.8.1, it is enough to define U, C U and Sy, such that

Dgi-1(y,.F) is strictly contained in D(y, Sy, ), for all y € U,. (5.5)

First assume that i is over-solvable at x, Dg;(x,.#) is a virtual open disk in X containing
z. Then set U, := Dg;(x, #) and Sy, = 0. Since Dg;(y, #) = Dgi(z,.#) = D(y, Sy,) for all
y € Dg;(z, #), this proves (5.5). Indeed by contrapositive the function Rg;—1(—,.#) is constant
on Dg;_1(y,.#) (cf. (2.27)), so the equality Dg;—1(y, F) = DSZ(m,ﬁ) implies Dg;—1(z,.#) =
Dsi-1(y,-#) = Dg,i(z,.#) which is absurd because the radii of .# are separated at x.
Assume now that 7 is spectral at . This may only happen if z is of type 2, 3, or 4. By continuity
and finiteness of the radii (cf. Thm. 2.4.1) we can choose U, C U such that
a) U, is a star-shaped neighborhood of x endowed with its canonical triangulation (cf. 1.1.7) ;
b) One has Rgi—1(y,-#) < Rs,i(y, F), for all y € U, (this is automatic since U, C U);

c) The radius Rg;—1(—,#) remains spectral and non solvable on the pointed skeleton of Uy (cf.

1.1.7);

d) either I's(:#)NU, is empty, or z € I'g(.#) and I's(:#) N U, is included in the pointed skeleton
of U,.

We claim that these properties imply (5.5). By c¢) this is clear over the pointed skeleton of U, by

the rule (2.35) (indeed the spectral steps of the filtration of the solution are stable by localization,
cf. also (2.42) and (2.43)). Now let y € U, be outside the pointed skeleton of U,. By contrapositive
assume that D(y, Sy,) C Dg;—1(y,-#), then ¢ — 1 is solvable at y with respect to Sy, . By (2.27) the
radius Ry, i—1(—, v, ) is constant on D(y, Sy, ). Hence, by continuity, Rs,, i—1(—, #y,) remains
solvable at the topological boundary z of D(y, Sy, ). Since z lies in the pointed skeleton of U, this
is a contradiction. 0

5.3 Global decomposition theorem
Recall that X is connected (cf. Setting 1.0.1).

Theorem 5.3.1. Assume that the index i separates the radii of F over X (cf. Def. 2.5.4). Then
F admits a sub-object (F=i, Vi) C (F,V) such that for all x € X one has

i) rank #>; = dimg wg(z, #) =r —i+ 1.
ii) Forall j=1,...,r —i+1 the canonical inclusion w(x, F=;) C w(x,.Z) identifies
ws,j(, F2i) = wsjvi-1(@, F) . (5.6)
Define F; by

0= P > F > F;—0. (5.7)
Then, for all x € X, one has
R iz, Fei) if j=1,...,i—1
Rs.j(x,F) = I e 5.8
sil@, 7) {R57j_i+1($,9;i) if j=d,...,7. (5.8)

Proof. By Lemma 5.2.2, for all point € X there exists a neighborhood U, of z, and a unique
sub-object

(Z=d) . (Vadw,) € (Fu,, Viu,) (5.9)
such that for all y € U, one has
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(A) rank (34}2-)“]1 = dimg wg,i(y, #) = r—i+1,
B) wly, (F=i)u,) = ws,ily, F).

Now, by local uniqueness (cf. Prop. 5.2.1), the family {((:#=)v,, (V=i)u,)}= glues to a global sub-
object .Z=;. By (2.21) this global sub-object satisfies point i). Point ii) follows from Proposition
2.9.7. The remaining claims follows from Proposition 2.9.5. O

Remark 5.3.2. In Section 8 we construct an example in which F>; is not a direct summand of
F . In Section 5./ below we provide criteria to guarantee that F=; is a direct summand.

Proposition 5.3.3 (Independence of S). Let S and S’ be two weak triangulations. Assume that the
index i separates the radii of F with respect to both S and S’ and denote by Fs>; and Fg >; the
resulting sub-modules. Then Fg>; = Fgr ;.

Proof. Since i separates the radii in both cases one has wgj(z, #) = wg j(z,.#) for all j < i,
and all x € X (this is a consequence of (2.29)). By uniqueness of the augmented Dwork-Robba
decomposition one has (Fg >;)z = (Fs/ >i)a, for all z € X. Hence the composite map Fg ; C .F —
Fs,<i is locally the zero map, so it is globally zero by Prop. 1.0.4. Then g/ »; C #g >;, and by a
symmetric argument Fg >; = Fgr >;. O

Remark 5.3.4. Let S, S’ be two weak triangulations of X such that T's C T'sr. Passing from S to S’
has the effect that over-solvable radii result truncated by the rule (2.31). So if the index i separates
the radii with respect to S’, then it also separates the radii with respect to S. This shows that, in
order to fulfill the assumptions of Thm. 5.3.1, the more convenient choice of triangulation is S.

5.4 Conditions to have a direct sum decomposition

In this section we provide criteria to test whether .#; is a direct summand.

Proposition 5.4.1. The following conditions are equivalent:
i) Tsi(F) =Tsi(F7);
ii) For all z € X one has Rg;(x, #) = Rg,i(x, F*).

Proof. Clearly ii) implies i). Assume then that i) holds. Set I" := I's;(.#) = I'gi(.Z™).

If ' = (), then X is a virtual open disk with empty triangulation, and both Rg;(—,.#) and
Rs,i(—,F*) are constant on X. If they are different, then one of them, say Rg;(—,.%), is strictly
less than 1. Then, for x approaching the boundary of the disk X, the radius Rg;(x,.#) is spectral
non-solvable. This contradicts Prop. 3.6.7. So ii) holds in this case.

Assume that T # (). Then X — T is a disjoint union of virtual open disks on which Rg;(z, %)
and Rg (x,.#*) are constant. So it is enough to prove that Rg;(z, #) = Rgi(x, F#*) for all z € T.
By Remark 2.6.2, if z € T, then Rg;(z,.#) and Rg;(z, #*) are spectral, so they coincide by
Proposition 2.9.8. [l

Proposition 5.4.2. If the index i separates the radii of # and of F* (at each x € X ), then for all
x € X one has Rgi(z, F) = Rg,i(x, F*) and I's;(F) =Lgi(F*).

Proof. Let x € X. It is enough to prove that Dg;(z, #) = Dg(x, F*). f Rgi(x, F) or Rgi(z, F*)
is spectral non solvable then they are equal by Prop. 2.9.8.

Assume then that both radii are solvable or over-solvable at x. By contradiction, assume that
Dgi(x, F) # Dgi(z, #*), we may assume Dg ;(z, #) C Dg;(xz, F*) (i.e. Rgi(z, F) < Rsi(x, F*¥)).
We prove that this is absurd, and then exchanging the roles of .# and .#* this will be enough to
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prove the equality of these two disks.

The radius Rg;(—,.#*) is constant over Dg;(z,.#*), and over-solvable at each point of it. By
compatibility with duals in the spectral case (cf. Prop. 3.6.7) this implies that Rg;(z,.%) is solvable
or over-solvable for all z € Dg ;(z,.#*). Moreover Rg ;(—,.#) is not constant on Dg ;(x, . #*). Indeed
Rsi(x, F) < Rg,i(z, Fx), so its constancy would imply that when z approaches the boundary of
Dg i(xz, #*) the radius Rg,(z,.#) becomes spectral non solvable. So I's ;(:#) N Dgi(x, #*) # 0.

Now consider an end-point 2z of I's ;(:#) in Dg;(x, #*). Since Rgi(—,.#) = Rs1(—,#>i), then
Rs.i(—,F) is a super-harmonic function on Dg ;(x,.#*) (cf. [Pull2, Thm. 4.7], see also Thm. 6.2.26).
However super-harmonicity is violated at zy because the function is constant on each open-disk with
boundary zp, and solvable along the segment I connecting zy to the boundary of Dg ;(z,.#*). Indeed
this implies that the slope of Rg1(—,.#>;) along I is 1, while the slope along each other germ of
segment out of x is zero. So the super-harmonicity of Rg1(—,.#>;) is violated at z. O

Recall that X is connected.

Theorem 5.4.3. Assume, as in Proposition 5.4.2, that i separates the radii of F and of F*.
Assume moreover that we are in one of the following situations:

i) X is not a virtual disk with empty triangulation.

i) X is a virtual disk with empty weak triangulation, and there exists x € X such that one of the
radii Ry ;1 (x, F) or Ry ,_1(x, . F*) is spectral non solvable.

Then F=; and (F*)si are direct summands of F and F* respectively.

Proof. 1t is enough to prove that the canonical composite morphism
c: (F)s — F¥ — (F)" (5.10)

is an isomorphism. This is a local matter. By Proposition 1.0.4 it is enough to show that c is an
isomorphism at an individual point z. By Prop. 5.4.2 one has Rg;(z, #) = Rg,i(z,.#F*) for all
x € X, so the two functions have the same controlling graphs I' := I'g ;(.%#) = I's;(:#*). If we are
in the case i), then T' # (), and if 2 € T', the radii are spectral at x, so ¢ is an isomorphism at z by
Prop. 3.6.7. The same holds in case ii) by the assumption. [l

Remark 5.4.4. The only pathological case which not contemplated by Thm. 5.4.5 is a virtual open
disk X, with empty triangulation, on which Rg;(—, %) and Rg:(—, F*) are both the constant
function with value 1, and such that Rs;—1(—,.%) and Rgi—1(—,F*) are both solvable or over-
solvable at all points of X. In this case if i separates the radii we do not know if F=; is a direct
factor of F. As soon as one of Rsi(—,F) and Rs(—, F*) is not identically equal to 1, then the
index i — 1 is spectral for F, or for F*, at some point close to the boundary of the disk (because i
separates the radii), and the conditions of the Thm. 5./.3 are fulfilled.

Remark 5.4.5. [t is interesting to notice that Thm. 5.4.3 holds with no assumptions on X if S is
a (non weak) triangulation. Indeed the definition of triangulation of [Duc] always prescribes S # ().

Corollary 5.4.6. Assume that i separates the radii of #, and that for j =i,i—1 one hasT'g j(F) =
s i(F*). Then Rsj(—,F) = Rsj(—, F*), j =i, — 1, so that i separates the radii of F*, and
the sub-objects F=; and (F*)=; are direct summands of .# and F* respectively. 0

5.4.1 A criterion not involving .%*. We now provide a criterion to have a direct sum decom-
position involving only properties of .# and not of its dual (cf. Thm. 5.4.10). The hearth of that
criterion is the following Proposition 5.4.7. Its proof is based on the Grothendieck-Ogg-Shafarevich
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(G.0.S) formula in the form expressed in (8.5). We apply the G.O.S. formula to a differential module
over an open disk having all the radii equal and constant as functions on the disk. So the G.O.S.
formula does not need any decomposition theorem in that case, and the proof of Proposition 5.4.7
is then not circular. Note moreover that Proposition 5.4.7 follows from the more general® result

[Ked10, Thm. 12.4.1], if D is K-rational, and by a Galois descent from K48 to K otherwise.

Proposition 5.4.7. Let X = D be a virtual open disk with empty triangulation. Let F be a dif-
ferential equation on D such that Ry j(—,.F) is a constant function on D for all j = 1,...,i. Let
j€{l,...,i} be an index separating the radii. Then the index j separates the radii of F* and all
the assumptions of Theorem 5.4.3 and Proposition 5.4.2 are fulfilled. In particular

i) (F=4,Vxj) is a direct summand of (F,V);
i) Ror(z,F)=Rpx(x,F*) forallk =1,...,i, and allz € X = D.

Proof. We proceed by induction on . If ¢ = 1 there is nothing to prove since .#>; = .%#. Let i1 > 1
be the smallest index separating the radii. It is enough to prove that i1 separates the radii of .F*.
Indeed in this case #=;, C # is a direct summand by point ii) of Thm. 5.4.3. The conditions of
Thm. 5.4.3 are fulfilled because 4; separates the radii of .7, so the radius Ry ;, _1(—,.%) is a constant
function with value < 1. Then if € D is close enough to the boundary of D, the index i1 — 1 is
spectral non solvable at z. Finally by (5.8) the induction is evident replacing .%# by %>, .

It remains to prove that i; separates the radii of .#*. We start by looking to the radii of (:F-;, )*.
By (5.8) the radii of .#;, are constant functions on D all equal to R := Ry (—,#). Now the same
is true for its dual:

Lemma 5.4.8. For all j =1,...,i; — 1 =rank(F;,), and all x € D, one has
Ry (x,(F<iy)") = Ryj(x, F<iy)) = R < 1. (5.11)

Proof. Let D = D~(0,1) be an isomorphism. Since i; separates the radii of .#, we have R =
Ry1(—,#) < 1. So the indexes 1,...,i; — 1 are all spectral non solvable for .#;, at each point
of the open segment |z g, zo1[. Hence compatibility with the dual holds over |zg r,x0,1[ by Prop.
3.6.7. Moreover (5.11) holds for j = 1 by Prop. 2.9.8, hence Ry ;(0,.7*) > Ry1(0,#) = R. Since
Ry (=, (F<iy)") is constant on [0, 2o », ;(0,(#.,, )|, that contains [0, zo, [, this forces Ry ;(—, (F<i,)*)
to be constant on [0,z¢1[ with value R. This is independent on the chosen isomorphism D =
D=(0,1), so Ry j(—, (F<i,)*) is constant on each segment [z, zg g[ of D, with z a rational point. If
K is spherically complete this proves the claim. In general, the claim over K is deduced from that
over a spherically complete extension 2/ K, since the radii are insensitive to scalar extension of K.
This proves that Ry ;(—, (F<;,)*) is constant over D. O

In addition to Lemma 5.4.8, for all x € D, and all j > 1, we have
R@,j(az,,?;il) = R@,j+i1—1('x7ﬂ0}\) . (512)

Moreover by Prop. 2.9.8, the first radius Ry 1(—, (#>i,)*) is a constant function on D and equal to
Rp1(= Fzir)-

Unfortunately this is not enough to guarantee that i; separates the radii of .#* because (F>;)*
is a quotient of .#*, and the radii of the latter can be different. One has to prove that one does not
have a pathology as in (8.11). For this Lemma 5.4.9 below proves that locally at each point .# is
the direct sum of .#>;, and .%.;, so that we have compatibility with duals by Prop. 2.9.6.

5As explained in section 5.8 the decomposition theorem [Ked10, 12.4.1] is more general because it does not assume a
priori that the radii are separated.
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Lemma 5.4.9 is based on the G.O.S. formula (8.5). Since the radii are insensitive to scalar
extension of K, we can assume that K is spherically complete. This guarantee that the G.O.S.
formula holds.

Lemma 5.4.9. For all x € D there exists a spherically complete field extension Q,/K, and a
star-shaped neighborhood Y, of x in D such that

i) Y. contains strictly Dy ; _1(z,F). In particular one has Rsy_i,—1(z, Fly,) < Rsy, i (T, Fly,)
(the radii remains separated after localization).” Moreover if iy — 1 is solvable or over-solvable
at x, then we may chose Y, to be a virtual open disk Y, = D, such that

Dy —1(x,.F) C Dy € Dy, (2, F) . (5.13)
ii) The restriction to Y, @1y of the sequence
E:0— % - F =% —0, (5.14)
splits over Y, 20,

Proof. If i1 — 1 is spectral non solvable at = the statement follows from Dwork-Robba Theorem
4.1.1. Assume that i; — 1 is solvable or over-solvable at x, so that D(x) C Dy, _1(z,.7). Note that
Dy i, —1(x,F) is not equal to D because i; separates the radii. Now let Q,/K be a field extension
such that the connected components of Dy ; _1(z, F) ® (2, are isomorphic to D' := D, (0,1). We
consider the sequence £ ® & T(D’ ), and we use the notations of section 8.2. We now prove that the
sequence splits over D, for a convenient € > 0. Since by assumption D(z) C D', then D. comes by
scalar extension from a virtual disk D, := Dé’ K-

By (2.33), for all € > 0 the radii of (F;,)|p, and (F>;,)|p, are constant over DL, and the index
i1 separates the radii of Z|p,. In particular (F;,)|p, does not verify (8.1), so the Grothendieck-
Ogg-Shafarevich (8.5) formula holds. Hence there exists a virtual open disk D’ as above such that
M ((Z<i))|pr, O(DL)) = 0 since the slope of —0,Hy ;, _1(0,1, (F<i)|pr) is zero.

The same happens for the dual ((#<;,)|p;)* by Lemma 5.4.8. Now, since (F=;,)|p, is trivial,
then by (8.5), one has

HY(((Z<i)ip.)" © (F=i)py) = H((F<i)ip)") " = 0. (5.15)
Now the Yoneda group Ext!(M,N) of extensions 0 — N — P — M — 0 of differential modules can
be identified with H'(M* ® N) (cf. Lemma 1.2.7). So the sequence splits over D_.. O

The behavior of the radii by localization to Y, is expressed by (2.35). To show that i; separates
the radii of .#*, we then prove that i; separates the radii of (#y,)*. Since the sequence (5.14)
splits over Y @, then so does the dual sequence 0 — (F;,)* — F* = (F=i,)* — 0. Now,
by Lemma 5.4.8, the radii of (#;,)* are all equal to R = Ry;, _1(—,.%). Hence, by (5.12), they
are strictly smaller than those of (.%#;,)*. This inequality is preserved by restriction to Y@k Qs
by (5.13). We then apply Proposition 2.9.6 to prove that the radii of .# *’Y:C@)KQ:C are the union of
these two families of radii, hence i1 separates the radii of .%# *|YI®KQI' So the same holds for .#* by
(2.33). This concludes the proof of Proposition 5.4.7. O

The assumptions of the following result only involve the properties of .%. A possible criterion to
guarantee condition (5.16) is discussed in section 6.3.

"Here Sy, denotes the canonical weak triangulation of Y, (cf. section 1.1.7), which is the empty set if Y is a virtual
open disk.
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Theorem 5.4.10. Assume that i separates the radii of %, and that
C I'si(F) . (5.16)

)

Loa(F)U---Ulgi1(F)
Then

i) The index i separates the radii of F* and all the assumptions of Theorem 5.4.3 are fulfilled.
In particular (F=i, Vi) is a direct summand of (F,V).

ii) Forallj=1,...,i and all v € X one has Rg j(x, F) = Rgs (x, F*), hence
In particular g1 (F*)U---Ulg;—1(F*) C I'gi(F*).

Proof. IfT'g;i(:#) = ), then X is a virtual open disk with empty triangulation, and the claim reduces
to Proposition 5.4.7.

Assume now that I'g;(:#) # 0. Then X — I'g;(.#) is a disjoint union of virtual open disks. We
shall prove that i separates the radii of .#*, and apply point i) of Theorem 5.4.3.

Firstly observe that ¢ separates the radii of .#* at the points of I's ;(.%). Indeed if z € I'g ;(.F),
then the radius Rg;(z, #) is spectral at = (cf. Remark 2.6.2). Hence Rg1(x,.#),...,Rsi-1(z,.F)
are all spectral and non solvable at x, because i separates the radii. So by compatibility with duality
in the spectral case (cf. Prop. 3.6.7) one has

Rsj(z,#) = Rsj(x,F*), forall j=1,...,i, and all z € I'g;(F) . (5.18)

Let now D be a virtual open disk in X with boundary z € I'g ;(.#). The assumption (5.16) implies
that the radii Rg1(—,.%),...,Rs,i(—,F) are all constant on D. Now consider the empty weak
triangulation on D. The rule (2.36) proves that the radii Ry ,(—, #|p),...,Rg(—,Fp) are all
constants and that Ry, _1(—, #|p) < Ryi(—,Fp) (i.e. the radii remains separated after localiza-
tion). Indeed if 2 € D, we have D = D§,(z,#), and hence Dg;(z,#) C D by (2.27). So for all
j=1,...,2—1 one also has
Ds,j(z,#) C Dsi(2,.7) € D. (5.19)

Now by Proposition 5.4.7 the first i radii of (#p)* are constant functions on D equal to those of 7 p.
Again by (2.36), this proves that for all j = 1,...,i — 1 one has Dg (2, #*) = Dg(2,#) C D.
Hence the radii Rgi(—,.#*),...,Rgs,i-1(—,F*) are constant functions on D, and are equal to
Rsi(—,F),...,Rsi-1(—,-F) respectively. Together with (5.18) this gives Rg j(—,.-#*) = Rs,;(—,F)
over the whole X.

Now (2.36) also proves that i separates the radii of .#* over D, and hence on the whole X by
(5.18). By Proposition 5.4.2 the i-th radius of .# and .#* coincide, and I'g;(.%) = I's;(F*).

By point i) of Theorem 5.4.3, we conclude. [l

Remark 5.4.11. Let S, S’ be two weak triangulations of X such that T's C T's:. The best choice in
order to fulfill condition (5.16) will be S’. By this we mean that T'sy C I ;(:F), so, as an example,
we may choose S’ in order to cover the pieces of s 1(F)U---UTg;_1(F) that are not in T'g;(F).5
In this way, by (2.32), we obtain I's: j(F) CTg i(F) forallj=1,...,i—1.

Unfortunately the increasing of S’ cuts the radii, so the S’-radii can be no more separated. In
fact, by Remark 5.5.4 we know that, in order to guarantee that i separates the radii, the best choice
of triangulation is S. The triangulation S is also convenient for Theorem 5.4.3 which is for this
reason more “natural” than Thm. 5./.10.

8This is possible because none of the I's ;(.F) contains points of type 1 or 4 by [Ked13].
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5.5 Direct sum over annuli.

In section 6 we provide criteria and methods to check conditions of Theorems 5.3.1, 5.4.3, and 5.16.
This section makes use of section 6, and is placed here for expository reasons.

Corollary 5.5.1. Let X be a virtual open annulus with empty triangulation. Let I be its skeleton,
and let i < r =rank(%). Assume that (cf. Corollary 6.5.7):

i) Forallz €1, and all j € {1,...,i— 1} one of the following condition holds:’
(a) there exists an open subinterval J C I containing x such that the partial height Hy ;(—,.F)
(cf. (2.13)) is a log-affine map on J (cf. Section 1.1.4)
(b) Ry j(x, F) is solvable or over-solvable at x.
i) Rp;—1(x, F) < Ryi(x, F) for all x 1.
Then the index i separates the radii of F globally on X, and I'y ;(#) =1 forall j =1,...,i—1.
Hence
F = f}\<i D f}\;i . (520)

Proof. By Corollary 6.3.7, one has I'y,_,(.#) = I. Then Ry, _1(—,.F) is constant outside it. Since
the index ¢ separates the radii over I, it separates the radii on the whole X. Indeed if D is a disk
with boundary x € I, then for all z € D one has

R@,i(z7§) = R@,i(‘ray) > R@,i—l('x7§) :R@,i—l(z7§) . (521)

This follows by concavity of Ry ;(—, %) outside I'y , | (F) (cf. point iv) of Remark 6.1.3). Then the
index i separates the radii of %, and I'y, ,(#) = I C Ty;(F). Theorems 5.3.1 and 5.4.10 then
apply. O

5.5.1 Solvable equations over the Robba ring. The so called Robba ring is the ring R :=
Uz @(Ce), where C. := C(0;1 —¢,1). Following a terminology of G. Christol and Z. Mebkhout,
a differential module M over R is solvable if lim, 1 Ry 1 (0, M) = 1. If M is solvable, then for all
i =1,...,r = rank(M), there exists ¢ > 0 such that Rg;(zo,, M) = pfr-i+1, for all p €]1 — ¢, 1].
The numbers 81 < B2 < --- < B, are called the slopes of M.'Y We say that M is purely of slope 3 if
pr=-=p =5

As a consequence of Corollary 5.5.1 we recover Christol-Mebkhout decomposition theorem:

Corollary 5.5.2 ([CM00]). Any solvable differential module over R admits a direct sum decompo-
sition
M = M) (522)
B=0
into sub-modules M(3) that are purely of slope 3.

Proof. The radii Rgs;(—,.#) are log-affine on the skeleton of a conveniently small annulus C.. Then
apply Corollary 5.5.1. O

5.6 Crossing points and filtration outside a locally finite set.

In this section we do not assume that the radii of % are separated globally on X. We investigate
the existence of a filtration of .% over some regions of X. The problem is that the radii are not

9In particular the condition is fulfilled if the radii Rs,i(—,F),7=1,...,i— 1 are all log-affine on the skeleton T'y.
10The original terminology of Christol and Mebkhout is p-adic slopes. We drop the term p-adic because we allow the
absolute value of K to be the extension of a trivially valued field, or to have a residual field of characteristic 0. So
everything works in a more general context.
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stable by localization, so we can not just localize and apply the above statements.

Definition 5.6.1. A separating neighborhood of x € X is a open neighborhood U of x such that
for all i # j one has either Rg;(y, #) = Rs;(y, #) or Rsi(y,F) # Rs;(y, F) at every point
y € U. In other words, each index i separates the radii either everywhere or nowhere on U.

Definition 5.6.2. A point x € X is called crossing point for .% if it has no separating neighborhoods.
We denote by Crg(.F) the subset of crossing points.

Lemma 5.6.3. The subset Crg(F) is a locally finite subset of X contained in I's(.F).

Proof. This results by finiteness (cf. Thm. 2.4.1), together with the fact that along a closed segment
each radius Rg;(—,.#) has a finite number of breaks (cf. [Pull2, Thm. 4.7 iii)] and [PP12b]). O

Lemma 5.6.4. Let § C X be a locally finite subset containing Crg(%), and let Y be a connected
component of X —§. Then Y is an separating open neighborhood of all its points. In other words
if t < j one has either Rg;i(y, ) < Rg,j(y, F) forally €Y, or Rs;(y, F) = Rs,;(y, F) for all
yeyY. O

Definition 5.6.5. We denote by Xg(.#) C X the open subset formed by the points x € X such
that © separates the radii of F at x.

Remark 5.6.6. By definition Xg1(F) = X.

If the open subset Xg;(.F) is not the whole X, then I's;(F) UTs;,—1(F) # 0, and in this
case Xg;(F) is the inverse image by the canonical retraction X — T'g;(F)UT'si—1(F) of a
possibly not connected open sub-graph. In particular a connected component D of Xg;(.F#) such that
DNTg;(F) =0 is necessarily a virtual open disk with boundary in 's;(F)UTg;—1(F).

Moreover this proves that, if C is a connected subset of X —Crg(.F) such that CNXg;(F) # 0,
then C C Xg;(.F).

5.6.1 Ezistence of .#=;. We here study the existence of .#; over some regions of X.

Proposition 5.6.7. The restriction 7 |x (7) of F to Xs:(-F) admits a unique sub-object (F|x ,(7))>i
of rank r — i + 1 such that, for ally € Xg;(.#), one has

WY, (Fixg.(7))z1) = wsily, F) . (5.23)

Proof. The (global) radii {Rgs;(—,%#)}; induce a filtration {wg;(z,.#)}; on w(z,.#). From that
filtration we have defined in Prop.5.2.1 the augmented Dwork-Robba filtration of %, for all x € X.
Now the connected components of Xg;(.#) are the regions on which the i-th radius stays separated
from the (i — 1)-th one. So the gluing process works over such Xg;(.%), and it gives a sub-object of

‘/|Xs,i(e/) O

Corollary 5.6.8. Let Y be a connected component of X — Crg(F). Let 1 = i1 < g < ... < ip
be the inderes separating the radii {Rs,i(—,F)}i over Y. The restriction F|y of F toY admits a
filtration

0 # (Fy)si, C (Fy)zin-1 C - C (Fy)sin = Ay (5.24)
such that for all x € Y one has

w(@, (Fy)ziy) = wsip(2, 7). (5.25)
Proof. By Remark 5.6.6, Y is contained in Xg; (%) N Xg,(F) N--- N Xg;, (F). So we apply
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Proposition 5.6.7. 0

Remark 5.6.9. Note that we did not endow Y with any weak triangulation, so in these propositions
we do not speak about the radii of F|y. The proposition involves only the restriction to'Y of the global
radit Rs,i(—,.%). The reason is the following. It easy to see that there exists a weak triangulation
S" of X' := X — Crg(F) such that the graph Ug: is the minimum graph of a weak triangulation
satisfying Ts N X' C I'sr. However, in analogy with Remark 5./.11, the localization to X' cuts the
radii, and it may happens that the radii R ;(—, 9’|X/) are no more separated (i.e. after localization
to X').

5.6.2 Direct sum decomposition: condition on ¥ and #*. Here we gives conditions to have a
direct sum decomposition.

We firstly consider the open subset Xg;(.#,.7*) := Xg (%) N Xg,;(:#*), over which i separates
the radii of both . and .#*. Set I' :=T'g;(.% )UFSZ( FVUlgi1(F)Ulg1(F*). If Xgi(F, F*)
is not equal to X, then I # ), hence Xg,;(.#,.#*) is the inverse image by the retraction X — I" of
a possibly not connected open sub-graph of I.

Proposition 5.6.10. Let . be a differential equation over X, and let C' be a connected component
of Xsi(F, F*). If C satisfies C'N (Fsl( #)Ul'g; ( *)) =0, then assume moreover that there exists
x € C such that i — 1 is spectral for F, or for F*. Then (Z|y)>; is a direct summand of Fy .

Proof. It is enough to prove that the canonical composite morphism c : (ffl’g,)% C % Ty =
((Z|y)=i)* is an isomorphism. For this, by Prop. 1.0.4, we only need a point z € Y at which ¢ — 1 is
spectral non solvable for .% or Z* (as in the proof of Thm. 5.4.3). If Y N (I's;(#) Uls;(:F*)) # 0,
then we are done since, by Remark 2.6.2, i is spectral, for % and F*, at each point of that inter-
section (and hence i — 1 is spectral non solvable). 0

Corollary 5.6.11. Let Y be a connected component of X — (Crs(F) U Crg(F*)). Let 1 = i} <
iy < --- <y, be the indexes separating simultaneously the global radii of # and of F* overY . Let
C be the connected component of XSZ (F,F*) containing Y. Assume that for all 7). one of the two
situation is realized:

i) CN gy (F)UTgy (F7)) #0
i) CNTgy (F)Ulgy (F7)) = 0, and the index i), — 1 is spectral for F or for F* at some point
of C.

Then the terms of the filtration (5.24) of F over Y corresponding to an index of the family {i} }x
are direct summands of Fy . O

5.6.3 Direct sum decomposition: conditions on % . In analogy with Thm. 5.4.10, we now provide
conditions on the controlling graphs.

Denote by X|ry () the affinoid domain of X obtained removing the connected components of
X — I'g;(#) intersecting I's j(.#) for some j = 1,...,i — 1. Such connected components form a
locally finite family of virtual open disks.

Proposition 5.6.12. Let Y := Xg;(#) N X|rg (7). Then (Fy)si is a direct summand of F}y .

Proof. By definition I's C I'g;(.%) C Xrg.(7)- One sees that there exists a smallest weak trian-
gulation S’ of X IIs,;(#) containing S and the boundaries of the disks removed. and the bifurcation
points of I'g ;(.%). The set S’ is a locally finite set in I'g ;(:#). Then S’ verifies I's C I'ss C I'gi(.F).
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By Prop. 2.8.2, for all j = 1,...,i one has
Lgr, (f%\p{/) = (FS]( )ﬂX)UPS/ - PS’Z‘(%X’) = FSi(y), (5.26)

where X' := X II's,;(#)- Moreover the first ¢ S-radii are all spectral along I's;(#) by Remark 2.6.2.
So by (2.37), the index i separates the radii at y € Xrg,(#) with respect to S if and only if it
separates the radii with respect to S’. This proves that Xg,;(.#)NX s, (F) 18 the inverse image by
the retraction Xy, (7) = I's/, (7 Xirg g))) of the subset of points on which 7 separates the radii.
In other words Xg;(Z)NX' = XS, .(J|X/) whereX = Xrg,(#)- Hence, replacing X by Xir (%),
we can assume I'g j(F) C g (F), for all j =1,.

Now with the same proof as Thm. 5.4.10 one Shows that 7 separates the radii of .#™* at each point
of Xgi(F) (i.e. Xgi(F) = Xgi(F,.F*)), and the assumptions of Prop. 5.6.10 are fulfilled. O

Corollary 5.6.13. Let Y be a connected analytic domain of X — Crg(F). Let 1 =iy < --- < iy, be
the indexes separating the radii {Rgs;(—, F)}i over Y. If

Y (X\rs,h(ﬁ?) N Xng i, (2) O ”X\rs,ih(%) (5.27)
then (Z|y )i, is a direct summand of Fy for all k.

Proof. By Remark 5.6.6, Y C Xg;, (F) for all k, so (F|y )z, exists by Corollary 5.6.8. Now (5.27)
means Y C X|FS,ik (#) for all k. We then apply Proposition 5.6.12. O

5.6.4 Clean decomposition. Until now, we have restricted the module .# to a subset Y but
have always computed its radii with respect to the original weak triangulation S, which is a weak
triangulation on X. Now, we will allow us to change the weak triangulation as well and compute
the radii with respect to a weak triangulation of Y. In the process, the radii may be truncated,
which would lead to a decomposition that is less precise. On the other hand, we will show that such
a decomposition always exists.

Recall that, by [Ked13, Thm. 4.5.15], every radius of convergence is constant in the neighborhood
of a point of type 4. In particular, every graph I'g ;(.%) is the skeleton of a weak triangulation. It
is the only time in this paper where we shall use this difficult result.

Theorem 5.6.14 (Clean decomposition). Set r = rank(.#) = rank(.#*). There exists a weak tri-
angulation Sg of X containing S such that the following holds:

i) Ts, =Ts(F)UTs(F7) (cf. (2.18));
ii) for every x € X and every j € {1,...,r}, we have Rg, j(z,F) = Rs, ;j(z, F*);

iii) every connected component of X \ Sy is a separating neighborhood of all its points for both F
and F*, with respect to the weak triangulation Sy.

Moreover, let C' be a connected component of X \ Sy (necessarily a virtual open disk or annulus)
and endow it with the empty weak triangulation. Let 1 = i1 < ig < --- < 1y, be the indexes separating
the radii of #|c. Then, we have a direct sum decomposition

Fo = D (Fo)in (5.28)

1<m<h
such that, for every m € {1,...,h}, every j € {1,rank((F|¢)i,)} and every x € C, we have
R@j(x7 (%C)Zm) = R@,im($71gﬂ0) = de7im($’§?) : (529)
The same result hold for F* and, for every m € {1,...,h}, we have (F|c); (ﬂ’é)lm
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Proof. Let us first choose a weak triangulation S’ such that I'sy = T'g(%) U Tg(F*). Such an
S exists by [Ked13, Thm. 4.5.15]. By Proposition 2.7.1, one has I's/(%) = I's/(F*) = I's/, and
RS’,i(—a F) = Rsl,i(—,ﬂ*) for all i. Hence Crg/(.#*) = Crg/(#) C I'ss. Define Sy := SIUCTS/(LQ).
Proposition 2.7.1 then ensures that the S’-radii coincides with the Sy-radii, hence on an edge
of I's, two Sg-radii of .# (resp. .#*) are either always equal or always different. One sees that
X D, i(F) = X, for all 7. The statement is now a consequence of Proposition 5.6.12, and Corollary
5.6.11. [l

Remark 5.6.15. Without using Kedlaya’s result, it is still possible to prove a slightly weaker
statement by replacing X by X \ T, where T is the locally finite subset of X formed by the
type 4 points in U's(F) UTs(F*). Then Sy is a weak triangulation of X \ T whose skeleton is
I's, = (Ts(F)ULs(F*)) \T. The other properties hold unchanged.

Remark 5.6.16. An alternative proof of the global decomposition Theorem 5.5.1 is possible by
using the principle of Thm. 5.6.14. Namely if S}y is a weak triangulation of T's(.F), containing the
triangulation Sg of Thm. 5.6.14, and satisfying

i) Each connected component of X — S/, is either an open virtual disk or annulus;

ii) The radii are alllog-linear on each edge ofI‘SI/i (i.e. on the interior of each connected component
iii) Let C be an annulus which is a connected component of FS&' Then each index i =1,...,r is

either solvable at each point of I'c, or never solvable at the points of I'c.

One sees that in the situation of iii), if i is the smallest index which is over-solvable over I'c, then C
is contained in the disk Dg;(x, 7). So there exists (F|c)>i C F|c generated by wsi(x,S), for any
point x € T'c. Then uses [Ked10, 12.4.2] to decompose fﬁc by the spectral radii. This together with

the augmented Dwork-Robba decomposition at the points of Sl this glue, and one have the result of
Theorem 5.5.1.

5.7 Formal differential equations

Assume that K is trivially valued. This is a somehow degenerate situation since the punctured disk
Dy (0,1) — {0} coincides with the open segment |0,z 1.

Remark 5.7.1. Let K((T')) be the field of formal power series with coefficients in K. If f =
Sisnail" € K((T)), then |flo, = sup;s, |ai|p’, and |as| is either equal to 0 or 1. Hence for all
0< p <1 onehas|flo,=p'T7), where vr(f) = ming,20{i} is the T-adic valuation of f.

The Remark shows that we have equalities of rings

H(x0,p) for all p €]0,1[;
K(T)) = o(C) for all annulus C' C Dy(0,1) centered at 0; (5.30)
R:=U,00(C:) where C, := C(0;1 —¢,1) (this is the Robba ring).

A differential module M over K ((7")) then have 3 kind of decompositions:

i) If M is viewed as a module over J#(zo ,), one has the Robba’s decomposition (3.32);

ii) If M is viewed as a module over K ((7)), one has the decomposition [DMRO07, p. 97-107] below
by the slopes of its formal Newton polygon of B. Malgrange and J. P. Ramis (cf. [Ram78]);

iii) If M is viewed as a module over the Robba’s ring R, one has the decomposition by the slopes
of Christol-Mebkhout of section 5.5.1 (in fact we prove that such a module is always solvable);

Definition 5.7.2 (Formal Newton polygon). Let P := > }_o gi(T)(+%)* € K((T)){(4%), with g, =
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1, be a differential operator corresponding to a cyclic basis of M. For (u,v) € R? let Q(u,v) =
{(z,y) € R? | < u,y > v}. Then the formal Newton polygon is the convex hull of the family of
quadrants {Q(k,vr(gx) +n — k)}k=0,...n. The numbers

IrrFormal(P) = Ogllggxn{k - UT(gk)} - (n - UT(gn)) ) (531)
- vrlge)
tmax(P) = max< 0, kgfmx’n i 1 > . (5.32)

1s called the Formal irreqularity and the Poincaré-Katz rank of M respectively. These are height and
the largest slope of the formal Newton polygon respectively:

(r,0)

IrrFormal(P) Nmaz(P)

(5.33)

The formal Newton polygon is independent on the chosen cyclic basis of M.

In order to be coherent with the rest of the paper, by convention we say that the formal Newton
polygon has r slopes 1 < -+ < u, defined as p; := h(i) — h(i — 1), where h : [—oo,r] — R is the
function whose epigraph is the formal Newton polygon.

The module M is said pure of formal slope p if py = -+ = u, = p.

Theorem 5.7.3 ([DMRO7, p. 97-107]). Any solvable differential module over K((T')) admits a direct
sum decomposition

M = PM(p) (5.34)

p=0
into sub-modules M(p) that are purely of slope p. O

In this section we prove the following;:

Proposition 5.7.4. The above 3 decompositions of M coincide. More precisely let S be a weak

triangulation of D (0,1) — {0}."1 Let py < po < -+ < py be the slopes of the formal Newton
polygon of M. Then

i) For alli=1,...,r =rank(M) and all p €]0,1[ one has
Rs,i(T0,p, M) = phr=itt. (5.35)

In particular M viewed as a differential module over R is solvable following the terminology of
Christol-Mebkhout (cf. Section 5.5.1).

i) One hasT's;(M) =T'g =]0,z0,1[= Dy (0,1)—{0}. The radii of M are separated over D, (0,1)—
{0}, and there exists a global decomposition by the radii over K((T')) = 0(Dy(0,1) — {0}).

iii) The formal slopes p1 < -+ < p, coincide with the slopes f1 < -+ < B, of Christol-Mebkhout.

1 In this degenerate situation we automatically have I's =]0,xo,1[, and S is a sequence of points in ]0,zo,1[ whose
limit is 0.
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In particular one has

ORs1(xo1, M) = pr = Br = tmaz(P) , (5.36)
8bI_IS',T’(‘TO,17]\4) = IrrFormal(P) ) (537)

where Hg, = [[i, Rs,i(x, M) is the highest partial height of F (cf. (2.13)), and b =z 1—¢, z0.1|
is a germ of segment oriented as out of xg 1.

We sum up these facts by saying that the formal Newton polygon equals the Christol-Mebkhout
Newton polygon, and it coincides with the derivative of the convergence Newton polygon.

Proof. Decomposing the module with respect to all decomposition results Cor. 3.6.9, Cor. 5.5.2, and
Thm. 5.7.3 we can assume that the three newton polygons of M all have an individual slope with
multiplicity rank(M). The statement then follows from (5.35) for i = 1. Now with the notations of
(2.50) one has

Rs1(20,0,M) = min(1, R (z0,)/p) (5.:38)
where RY (g ,) = liminf,(|Gylo,/|n!]) /™. By Remark 5.7.1, the functions log(p) + log(|Gylo.,)

are all lines passing through the origin. Hence the same happens for the functions log(p) —
log Ry(azo,p) and log(p) — log Rs,1(z0,p, M). In particular one has
lim RSJ(ZEO,[),M) =1. (539)

p—1~
Now by [CM02, Thm.6.2] we obtain for all p €]0, 1]
Rs1(z0,p, M) = phmax(P) (5.40)
This proves the claim. O

Remark 5.7.5. A posteriori, one sees that the decomposition result of [DMRO7, p. 97-107], coin-
cides with that of the prior paper [Rob75b] exposed in section 3.

5.8 Notes.

The decomposition theorem 5.3.1 is not a simple consequence of Robba’s and Dwork-Robba’s de-
compositions by the spectral radii (cf. Cor. 3.6.9, and Thm. 4.1.1). Indeed the proof of Theorem
5.3.1 uses the continuity of all the radii (cf. Prop. 2.9.7), which is a consequence of the local finiteness
of I's(#). The proof of the finiteness involves again Robba’s decomposition, the results of [Ked10],
and in particular another decomposition result due to Kedlaya [Ked10, 12.4.1].

The decomposition theorem [Ked10, 12.4.1] is a crucial point for both proofs of the finiteness
of the controlling graphs of [Pull2] and [Ked13]. It is a kind of analogous of Prop. 5.4.7, and a
posteriori the assumptions of [Ked10, 12.4.1] implies those of Prop. 5.4.7. The power of [Ked10,
12.4.1] is really that it does not assume that the radii are separated, but it implies the separateness
condition. In fact theorem [Kedl10, 12.4.1] is actually used in [Pull2] and [Ked13] to prove that
the radii are separated and constant on certain regions (see point iii) of Remark 6.1.3, and [Ked13,
Lemma 4.3.11]), this is the heart of both proofs of the finiteness result.

6. An operative description of the controlling graphs

In this section we provide a description of the controlling graphs which is useful to control the
conditions of Theorems 5.3.1, 5.4.3, and 5.16.
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6.1 Partial heights and their behavior.
In this section we recall some results and methods of [Pull2].
Set I'g o(F) :=I's, and for i = 1,...,7, set

g7l(9) = FSJ(?) U---u Fs,i(ﬂ) . (6.1)
The graph I'g ;(7) is a substitute of I's ;(.#). Remark that
Is = Tso(F) C Is1(F) C Tgp(F) € -+ C T, (F). (6.2)

For this reason, it is more convenient to use Iy ,(.#) in proofs by induction on 4.

Lemma 6.1.1 ([Pull2, Thm.4.7]). Let i < r. Let I C T'g be the skeleton of an annulus in X. Then
the index i is spectral on I, and Hgi(—,.F) is log-concave on I. O

Lemma 6.1.2 ([Ked10, 11.3.2]). Let i < r. Let D C X be a disk such that D NS = 0. Let |x,y[ be
an open segment in D oriented towards the exterior of D. If the index i is spectral non solvable at
each point of |z, y[, then Hg;(—,.%) is decreasing on it. O

Remark 6.1.3 (From [Pull2]). The graphs ngz(gf ) satisfy the following properties.

i) For every i = 0,...,r, the topological space X — ng(ﬁ) 1 a disjoint union of virtual open
disks of the form D(y,Ts ;(F)) (cf. Def. 2.2.1), where y ¢ T's ,(F) is a rigid point.

ii) The radii Rs1(—,F),...,Rsi-1(—,F) are constant functions on the disk D(z,I's, |(F)),
for all z € X. In particular the ratio Rsi(—, F)/Hsi(—,F) is constant on D(z,I's; |(F)).
This implies that the controlling graphs and the log-slopes of Rgi(—, %) and Hgi(—,.%) co-
incide on D(x,T', ((F)) (cf. Def. 2.4.2):

Tsi(F)N(X =T, 1(F)) = Ts(Hsi(—, 7)) N (X =T, 1(F)) . (6.3)
Hence '
Is.(F) = | JTs(Hs (- %)) . (6.4)
j=1

iit) Either Rsi-1(—,F) = Rs,i(—,F) as functions over D(z,I'y,; |(F)), or they are separated
at each point of it by [Pull2, Prop. 7.5]. This follows from the fact that the restriction of F to
D= D(z,Tg; (F)) decomposes by [Ked10, 12.4.1] as a direct sum F|p = (F|p)>i®(F|p)<i-
Hence Rgi(—, %) and Hgi(—,.F) behave as first radii of convergence outside I's;—1(.#). So
they have the concavity property of point iv) below.

Point iii) is used in [Pull2, Section 7.4] to prove that the radii are separated over D(z,I's; ,(F)).
As a consequence they have the following property:

w) Let |z,y[ be a segment in X such that Uy, (F)N]z,y[= 0. We consider |z,y[ as oriented
towards the exterior of the disk D(x,I"g; (%)) containing it. Then the functions R ;(—,.F)
and Hg ;(—, %) are log-concave and decreasing on |z, y[ (¢f. [Pull2, sections 3.1,3.2]). We refer
to this property by saying that Rsi(—,.#) and Hsi(—,.F) have the concavity property outside
I 1(F).

In particular let D C X be a virtual disk with boundary x € X, such that D N F’Si_l(?) =0, and
let b be the germ of segment out of x inside D. Then (cf. (1.8)):

bels;(F) if and only if OpRsi(x,F) # 0. (6.5)
Namely by iv) one has
WRs,i(z, F) =0 if and only if Rgi(—,.F) is constant on D . (6.6)
58



CONVERGENCE NEWTON POLYGON III : DECOMPOSITION AND GRAPHS
The same is true replacing Rs; by Hg; in (6.5) and (6.6).

The following lemma studies the structure of the controlling graphs in the solvable case. It is
somehow a key lemma in what follows.

Lemma 6.1.4 ([Pull2, Lemma 7.7]). Assume that the indexi € {1,...,r} is solvable at x € X, and
that x € T's i(.F). Then the following holds:
i) Ifx €lsi(F)—Tg,; 1(F), then x is an end point of T's;(F);

ii) Ifx € Iy, 1(F), then I'si(F) C 'y, ((F) around x (i.e. if [x,y[C I's;(F), then [z,y[C
I's, 1(F) if y is close enough to z).

Proof. Let D be a virtual disk in X —I'y; ;(#) with boundary = € T's;(#). With the notations
of (6.5), solvability at = implies OyRg(z,.#) < 0, while the concavity property iv) of Remark 6.1.3
implies ORgi(x, F) = 0. So Rs,i(z,#) =0 and DNITg,;(.F) = 0. O

Reasoning as in [Pull2, Remark 7.1] one proves the following characterization of I'g ,(#). It
does not follow directly from from Definition 2.4.2 as explained in Remark 2.4.3.

Proposition 6.1.5 ([Pull2, Thm.4.7 iii), iv)]). Let I'; be the union of the closed segments [x,y] C X
on which at least one of the partial heights Hg1(—, %), ..., Hsi(—, %), or equivalently one of the
radit Rs1(—, F),...,Rs,i(—,F), is never constant on [z,y]. Then

s, (F) = TgUT;. (6.7)

Proof. The proof is an induction on 7. Namely R 1(—,.#) = Hg,1(—,.%) has the concavity property
iv) of Remark 6.1.3 outside I'g, so (6.7) holds for ¢ = 1. Assume inductively that (6.7) holds for
i — 1. Again Hg; has the concavity property outside F’Sﬂ-_l(f), so (6.7) holds for 1. O

Remark 6.1.6. In section 6.3 we give another, more operative, description of ng(f)

6.2 Weak super-harmonicity of partial heights

In this section, we are interested in super-harmonicity properties of the partial heights Hg;(—, .%).
Using Dwork-Robba’s Theorem 4.1.1, we give a proof of a formula that was first stated by K. Kedlaya
(see [Kedl3, Thm. 5.3.6]) for spectral radii. We generalize it somewhat by taking into account
solvable and over-solvable radii too.

We begin with a few definitions.

Definition 6.2.1. Let x be a point of X and b be a branch out of x. The preimage of the branch b
on Xﬁg s a finite number of branches and we define the degree of the branch b as

deg(b) = card(w;a\lg/K(b)) . (6.8)

The degree of a branch may also be computed another way. Let us first recall a definition.

Definition 6.2.2 ([Duc, 3.1.1.4]). For any non-empty connected open subset U of X, we denote s(U)
the algebraic closure of K in O(U). It is a finite extension of K.

Proposition 6.2.3 ([Duc, 4.4.26]). Let = be a point of X of type 2 or 3 and b be a branch out of .
For every open virtual annulus C that is a section of b and whose closure contains x, we have

deg(b) = [s(C): K] . (6.9)
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Notation 6.2.4. For every point x in X, we denote by Ng(x) the number of branches out of x,
counted with their degrees, that belong to I'g.

Definition 6.2.5 (Laplacian). Let x € X. Let f: X — R be a map such that Opf(x) = 0, for almost
every branch b out of x. Set

dde f( Zdeg ) - Opf(x) , (6.10)

where b runs through the family of branches out of x.
Let I' C X be a graph containing x, or, more generally, a set of branches out of x. We set

ddgrf(x) =) deg(b) - 9/(z) , = _deg(b) - &b/ () - (6.11)

beT bel

Remark 6.2.6. It is actually possible to define a Laplacian operator for a much larger class of
maps. See [Thu05] (briefly summarized in [PP12a, Section 3.2]) for a detailed treatment of those
questions.

In [PP12b, Section 2.2], we carefully investigated the fibers of the base- change maps 7y, /KD XL —
X, where L is a complete valued extension of K. Thanks to those results, it is possible to compute
the behavior of the previous quantities after extension of scalars.

Lemma 6.2.7. Let L be a complete valued extension of K. Let Ly be the completion of the algebraic
closure of K in L. Let ﬂgol/K(a;) = {z1,...,2p}. Then for all i we have Ng, (z;) = Ns(z)/n, and

for every point y € 7TZ/1LO (x;), we have

B 0 if y#op(n)
Ns, (y) = { NSLO(xi) if y=or(z)

Lemma 6.2.8. Let x € X. Let f: X — R be a map such that, for almost every branch b out of x,
we have Opf(x) = 0. Let L be a complete valued extension of K. Set fr, = fomp . Then,

(6.12)

i) for every point y in WZ/lK(x) and almost every branch ¢ out of y, we have 0.fr.(y) = 0;

ii) With the notations of Lemma 6.2.7, we have dd° fr,,(z;) = dd° f(x)/n, and for ally € 7TZ/1LO (x;)
we have

dd°fr(y) = { ddcho(xi) if yzai(xi) . U (6.13)

We will now study the Laplacian of the partial heights. Let us begin with the points that lie on
the skeleton of the curve.

Lemma 6.2.9. Let S and S’ be two weak triangulations of X. Let x € T's NTg. Then, for all
spectral non-solvable index i,"> we have

dd“Rg i(x,.F) — Ng/(z) = dd°Rgi(z,F)— Ng(z) . (6.14)
Proof. We may assume that K is algebraically closed. Let b be a branch out of z. If b belongs to
the complement of I's UT'gs, or to I's NT'g/, then we have OyRg ;(x, F) = OpRs,i(x, F).
Assume that b belongs to I'gs, but not to I'g. Remark that we are reduced to computing radii
on an annulus. By [PP12b, Lemma 3.3.3, (c)], we have OyRg ;(z,.F) = OyRs,i(x, F) + 1.
Analogously if b belongs to I'g, but not to I's/, then OyRg ;(x,.F#) = OyRs,i(x, F) — 1.

2Note that 4 is spectral non-solvable with respect to S if and only if it is so with respect to S’.
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The result follows by summing up all the contributions. O

Definition 6.2.10 (Vertex free of solvability). We say that i = 1,...,r is a vertex at x, of the
convergence Newton polygon, if i = r, or if i + 1 separates the radii at x. We say that i is a vertex
free of solvability at x if i is a vertez at x, and if none of the indexes j € {1,...,i} is solvable at x.

Proposition 6.2.11. Assume that X is an analytic domain of A}gan, and let S be a weak triangu-
lation of X. Let i € {1,...,r}. For every x € I's N Int(X), we have

dd°Hgs ;(xz, F) < (Ng(x)—2) - min(z,0) . (6.15)
Moreover equality holds if i is a vertex free of solvability at x.

Proof. We may assume that K is algebraically closed. First assume that i < 45 . Then, for all
j < i, Rs,(z,F) is spectral non-solvable. Let ¥ C X be an affinoid domain of A}, which is a
neighborhood of x in X. Assume moreover that I's N'Y is the skeleton of Y corresponding to its
minimal triangulation. Then Y contains the maximal disks D(y,S) C X of all its points y € Y.
Then the radii and their Laplacians are stable by localization to Y by Proposition 2.8.2. Hence we
may assume that X is an affinoid domain of the affine line.

By Lemma 6.2.9, we may endow X with any weak triangulation, as soon as it contains x. Up
to reducing X again, we may assume that x belong to its minimal triangulation Sy. With the
notations of [PP12b, Section 2.4.2], and obvious generalizations, by [Pull2, Thm. 4.7], we have
dd°H™P (2, ) < 0, and equality holds if z is a vertex free of solvability.

By [PP12b, Formula (2.4.2)], for every j € {1,...,i}, we have
b
R (x,.7)
PSo (:E)

The map pg, is constant outside I'g,, has slope 1 on the branch of I'g, out of = towards infinity
(in AZ™) and slope -1 on every other branch of I'g, out of z. The result follows.

Rspj(x, F) = (6.16)

Now assume that i > i3". Since x € I'g, then i is solvable at by Remark 2.6.2. In this case, we
have Rgi(x,.#) = 1, hence OyRg(z, #) < 0 for every branch b out of z, and dd°Rg;(x,.#) < 0.
We deduce that the result for every index i > i is a consequence of the result for i = iy . O

6.2.1 Generalities. We will now extend this result to arbitrary curves. To do so, we will map
the curve to the affine line by a finite étale morphism and use the previous proposition. We will need
to understand how the radii of convergence change in the process. For this we recall some notions
of [Duc].

Let f: X — Y be a finite flat morphism between quasi-smooth K-analytic curves. Recall that
if y € Y the inverse image of a connected affinoid domain V containing y is an affinoid domain
U = f~1(V) of X such that the algebra &(U) is a locally free &(V')-module of finite type (cf. [Duc,
3.1.13, 3.1.14]). The local rank of &(U) over €/(V) is independent on the choice of U and V, and is
called the degree deg, (f) of f at y. It coincides with the rank of the free Oy,,-module [] Fla)=y Ox -
The degree y — deg, (f) is a locally constant function on Y, and if Y is connected it is called the
degree deg(f) of f. The rank of the free Oy -module O , is called the degree deg®(f) of f at .
By [PP12b, Lemma 3.2.1], if Ox , is a field, then deg”(f) = [#(z) : 7 (y)].

Notation 6.2.12. Let x be a point of X of type 2. If K is algebraically closed, then the residue

field 7 (x) of A (x) is the function field of a unique projective smooth connected curve C, over K.
Moreover if x € Int(X), there is a canonical bijection between the set of branches out of x and the
set of rational points of C, (cf. [Duc, 4.2.11.1]). In the sequel we identify these two sets.
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Let now f : X — Y be an étale morphism between quasi-smooth K-analytic curves. Let = €
Int(X) be a point of type 2, and let y := f(x). If K is algebraically closed, the following properties
hold:

i) [(x): H(y)] = [H(x) : H(y)] (cf. [Duc, 4.3.15]);

ii) The map f induces a morphism C, — C, of algebraic curves over K , associating to each branch
b out of = the branch f(b) out of y;

ili) Reciprocally if C, — C, is a morphism, then we may lift it into a morphism ¢: Z — W,
where Z and W are affinoid neighborhoods of x in X and of y in Y respectively;
iv) There exist open annuli Cp and Cj ), that are sections of b and f(b) respectively, such that

a) f induces an étale morphism Cj, — C/ ). We denote by dp, or deg(f),) its degree;
f(b) |
b) the inverse image in C} of the skeleton Iy of Crpy is the skeleton I, of Cp, and for all
f(b) f(b)
point z € I, one has [5€(z) : H(f(2))] = dp.

v) If Q@ € C, is the point corresponding to b, then the degree d; coincides with the ramification
index eg of C, — Cy at @ (cf. [Duc, 4.3.15]).

vi) For all branch ¢ out of y = f(x), we have
deg”(f) = [H(x): H(y)] = Y dy. (6.17)
flb)=c

Lemma 6.2.13 ([PP12b, Lemma 3.4.2]). Assume that K is algebraically closed. Let Y and Z be
quasi-smooth K-analytic curves with weak triangulations S and T respectively. Let f: Y — Z be a
finite étale morphism. Let y € Ts N f~YT'7). If dy = [ (y): S(f(y))] is prime to p, then for all

i€{l,...,r} and all j € {1,...,dy}, we have Ry g, (i—1)+;(f(y), f+F) = Rsi(y, F):
RT(f(ZJ))f*‘g;) = (RS,l(yv‘/)v"sz,l(yv‘/)7 ey RS,T(yﬁ/))"' 7RS,T(y7gD .0 (618)
dy times dy times

Corollary 6.2.14. Assume that K is algebraically closed. Let Y and Z be quasi- smooth K -analytic
curves with weak triangulations S and T respectively. Let f:Y — Z be a finite étale morphism.
Lety € Ts N f~YT'r). Let b be a branch out of y such that the branches b and f(b) belong to I's
and Uy respectively. There exzists sections Cy and Crp) of b and f(b) that are open annuli such
that f induces a finite étale morphism fyp: Cp — Crp) of degree d = deg(f‘b) Endow Cpy with
the empty weak triangulation. For z € Cygyy, denote by Oy, 1) Roi(— (fip)«(F|c,)) the slope of
Roi(— (fip)«(F|c,)) on [z, f(y)[- If dy is prime to p, then the limit when z tends to f(y) of the
tuple of slopes {9, (y)Roi(2, (fip)«(F|c,)) i1, ey S

1 1 1
<db ab,R’S 1(y7 ) teey abRS,l(y7 g) ; abRS,T(y7 g)’ ey abRS,T(y7 Cgf)> . (619)

d " db dy

dy, times dy times

Proof. Endow C} with the empty weak triangulation. With obvious notations, the last tuple is the
limit when 2’ € C}, tends to y of the same tuple with 9,Rg;(y, %) replaced by o1 y[Ro,i(—s o, )-
The result now follows from Lemma 6.2.13 and [Duc, Thm 4.4.33] in order to take into account the
dilatation of distances induced by the finite map f. O

Corollary 6.2.15. Assume that K is algebraically closed. Let Y and Z be quasi-smooth K -analytic
curves with weak triangulations S and T respectively. Let f:Y — Z be a finite étale morphism.
Lety € Tg N f~1(T'r) such that f~*(f(y)) = {y}. Let ¢ be a branch out of f(y) that belongs to I'r.
Assume that every branch over b belongs to I's and that all the degrees dy are prime to p. Then we
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have
WHsr(y, F) = OrwyHsraeg(s)(f(Y), f&F) . (6.20)

Proof. Let by, ...,b; be the branches out of y over ¢. There exists a section C. of ¢ and sections Cj;’s
of the b;’s such that f induces finite étale morphisms f;: C; — C. of degree dp,. We may assume
that all those sections are open annuli. Let U denote the union of the C;’s. We have f.(Fy) =
Di<i<i(fi)«(F|c,) and the result now follows from the previous corollary. O

We need to find conditions ensuring that we can apply the previous results.

Notation 6.2.16. Let = be a point of X of type 2. If K is algebraically closed, we denote by g(x)
the genus of the curve C,. In general, we set

gx) = Y. 9. (6.21)
yéwl’éﬁgm(r)

Let x be a point of X of type 3. We set g(x) = 0.

Definition 6.2.17. Let x be a point of X of type 2. If K is algebraically closed, we say that the
point x satisfies the condition (T R) if there exists a finite morphism

. 1
fiCo—PL (6.22)

that is tamely ramified everywhere and unramified almost everywhere, i.e. the degree of f is prime
to the characteristic of K at a finite number of closed point of C, and equal to 1 at every other.

In general, we say that the point x satisfies the condition (T'R) if one of its inverse image of x

on X =, satisfies the condition (T R) (by Galois action all other inverse image of x satisfies (TR)).

We say that X satisfies the condition (TR) if, for every point x of type 2 of X, the curve Cy
satisfies the condition (T'R).

Proposition 6.2.18. Let = be a point of X of type 2. If g(x) =0 or z'fchar(f() # 2, then x satisfies
the condition (T'R).

In particular, if the curve X o contains no type 2 points of positive genus (for instance, if X

may be embedded in ]P’}fm, a Tate curve or, more generally, a Mumford curve) or if char(IN() #* 2,
then X satisfies the condition (T'R).

Proof. We may assume that K is algebraically closed. If g(z) = 0, then C, is isomorphic to ]P’}? and
the result is obvious.

If char(K') # 2, then the result follows from [Ful69, Prop. 8.1]. O

Proposition 6.2.19. Let z be a point in I's N Int(X) of type 2 that satisfies the condition (T'R).
Assume that all the radii are spectral non-solvable at x. Then, we have

dd°Hg,(x,.7) = (29(x) — 2+ Ng(x)) - r . (6.23)

Proof. We may assume that K is algebraically closed. By assumption, there exists a finite morphism
f:Cp — P}? that is tamely ramified everywhere, and unramified almost everywhere. We may lift
it to a morphism ¢: Y — W, where Y is an affinoid neighborhood of z in X and W an affinoid
domain of P}gan. By restricting Y, we may assume that ¢~ '(¢(z)) = {z}. By [Duc, Thm. 4.3.15],
the degree of the restriction of ¢ to any branch of Y out of x is prime to p and it is equal to 1 for

almost all of them.
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By Lemma 6.2.9, the result does not depend on the chosen triangulation on X. We may endow Y’
and W with triangulations S and T respectively such that

i) ¢ (I'r) =Ts,
ii) I'g contains all the branches b out of x at which the degree of the restriction of ¢ is not 1,

iii) the radii are locally constant outside I's and T'p.
By applying Corollary 6.2.15 to every branch of I'g out of =, and by (6.17), we show that
dd°Hg,(x,.F) = dd°Hrp g (p(x), 0xF), (6.24)

where d = [ (x) : 7 (p(x))] is the degree of p at x.
Moreover, by Proposition 6.2.11, we have

dd®Hr gr(p(2), p+F) = (Nr(p(x)) —2) - d- 7. (6.25)
Denote by I's(z) the set of branches of I's out of 2. We have
Nr(p())-d = ) deglpp) = Ns(z)+ D (deg(ep) — 1) (6.26)
bel's () bel's(z)

Recall that we chose I'g in order that it contains every branch of I's(x) where the degree of ¢ is
not 1. Hence, by Riemann-Hurwitz formula (cf. [Har77, Cor. 2.4]), we have

Y (deglpp)—1) = Y (ecly) = 1) = 2d + 29(x) — 2, (6.27)

bels () ceCs(K)

where e.(¢) denotes the ramification index of ¢ at ¢. The result follows. O

Proposition 6.2.20. Let x be a point in T's NInt(X). If it is of type 2, assume that it satisfies the
condition (TR). Then, for every i € {1,...,r}, we have

dd°Hs ;(z, F) < (29(z) — 2+ Ng(z)) - min(s, i5P). (6.28)

Moreover equality holds if i is a vertex free of solvability at x.

Proof. If x has type 3, then it has a neighborhood that is isomorphic to an annulus, and the result
follows from Proposition 6.2.11.

Assume that z has type 2. As in the proof of Proposition 6.2.11, the result for i > 3" follows

from that for i = i’.

Assume that i < 4y, i.e. the radius Rg;(z,.#) is spectral non-solvable. As in the proof of
Proposition 6.2.11, this allows us to localize in the neighborhood of z. Recall that, by Dwork-Robba’s
Theorem 4.1.1, the differential module .%, may be written as a direct sum %1, @ - © Fs D Fsi1 2
where, for every k € {1,...,s}, the radii of %}, at x are spectral non-solvable and equal, and the
radii of F,41, at x are all equal to 1. It is easy to see that the result for .%, follows from the
result for the .7 ,’s with k < s. Replacing .%, by one of those .7}, ,’s, we may assume that all the
Rsi(z, F)’s are equal.

Let ¢ < j € {1,...,r}. Since Rg;(z,#) = Rg,j(z,.F), for every branch b out of z, we have
ORs,i(x,F) < ORs,j(x, F), hence dd“Rg;i(x,F) < dd°Rg;(x,F). Now, consider the polygon

whose vertices are the points (i,dd“Hg;(z,.#)) with i € {1,...,r}. The previous inequalities show
that it is convex, so we have dd°Hg ;(x, #)/i < dd°Hg,(x,.#)/r. By Proposition 6.2.19, we have
dd°Hg ,(x, F)/r < 2g9(x) — 2+ Ng(x) and the result follows. O

We will now consider points outside the skeleton of the curve. We will be interested in super-
harmonicity properties of the partial heights. We will use a notation for the exceptional set where
this property does not hold.

64



CONVERGENCE NEWTON POLYGON III : DECOMPOSITION AND GRAPHS

Definition 6.2.21. For everyi € {1,...,r}, set
85i(F) = {v € X |dd°Hg,(z, F) > 0} . (6.29)

In the sequel, if no confusion is possible, we write &s; := &si(F) for short.

)

This set has been precisely investigated by the second author in the case of the affine line
(see [Pull2, Thm. 4.7, (v)]).

Definition 6.2.22. We define inductively a sequence of locally finite sets
Cs1(F) C ... C €s5,.(F) C X (6.30)
as follows. Let Xy := (), and for 2 < i < r let X; be the locally finite set of points v € X — I'g
satisfying
i) Rsi(—,.F) is solvable at x;
ii) x is an end point of I'si(.F);
iii) x €, (F)NTsi(F)NTs(Hsi(—,.F))."
Define
Cs.(7) = |J . (6.31)
]:1772
In the sequel if no confusion is possible we write €s; == €s,i(.F) for short.

Remark 6.2.23. Let i € {1,...,r}. By definition one has
¢siNTs = 0, si C T 1(F) . (6.32)

The graph I's ;(F) N Pi@,i—1(9) contains I's and the points of €s; are some of its end-points. We
deduce that the cardinal of €s; is at most the number of end-points of F’Sﬂ-_l(ﬂ) that do not belong
toI'g.

Lemma 6.2.24. Let i € {1,...,r}. For every x € €s,;, we have
dd°Hg i(z, F) <i—1. (6.33)

Proof. Let © € €g;. Since z ¢ I's, we may assume that X is an open disk with empty weak
triangulation. By definition %1 = (), and the first radius is super-harmonic on each maximal disk
of X. So the claim holds for i = 1.

Let i > 2. By definition Ry ;(—,.#) is solvable at . For all j < i3 one has dd“Hy ;(x, #) < 0,
so it is enough to prove that for all max(1,43") < j < i one has dd°Ry ;(z,.#) < 1.

If b is a branch out of = going towards the interior of the disk, then 9yRg ;(z,.#) < 0. Indeed
otherwise Dg j(z,.%) is a virtual disk in X containing x, so x ¢ I's j(.%), and the indexes j, j+1, ..., 1
are over-solvable at x, which is absurd.

If b is the branch going towards the exterior of the disk, then 9,Ry j(x,.#) < 1. Indeed otherwise

we would have as above over-solvability at x, hence a contradiction. The result follows. O
Proposition 6.2.25. Let i € {1,...,r}. For every z ¢ (SU%s,), we have
dd°Hgi(x,.#) < 0. (6.34)

In other words, we have &s; C S U €s;. In particular, the set &s; is locally finite.
Moreover equality holds in (6.34) if i is a vertex free of solvability at x (cf. Def. 6.2.10).

3Here T's(Hs,i(—,.F)) have been defined in Def. 2.4.2.
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Proof. Let x € X \ (S U %s;). Let us first assume that € I'g. Since ¢ S, we have g(z) =
0, which ensures that condition (T'R) is satisfied, and Ng(z) = 2, hence the result follows from
Proposition 6.2.20.

Let us now assume that x ¢ I's. We may also assume that K is algebraically closed. Let D be
the connected component of X \I's containing x. It is an open disk. Let us identify it with D~ (0, R)
for some R > 0 and endow it with the empty triangulation. Remark that, for every j € {1,... 7},
the maps Rgj(—, %) p and Ry ;(—,Fp) coincide, hence €5 ;(F) N X = €y ;(Fp) (cf. defini-
tion 6.2.22). We will now consider the embedded radii in the sense of [PP12b, Section 2.4.2]. By
[PP12b, Formula (2.4.2)], for every j € {1,...,r}, we have

R (2, F
Ro,;(x, Fp) = —L—%—— (R 'D), (6.35)
hence it is enough to prove the results for the embedded partial heights.

The % j (.7 ) now coincide with the €;’s of [Pul12, Thm. 4.7]. Namely, assume first that R¢™ (z,.7|p) €
10, R[. Let R’ € |R¢™(x, %), R and set D' = D*(0, R'). By continuity, there exists a neighbor-
hood V of x in D’ such that, for every j € {1,...,i} and every z € V, we have R;mb(z,f%\m) < R,
and

RI™(2, Fip) = RI™(2, Fpr). (6.36)
When restricted to D', the €}’s increase by the individual point z¢ r # x, and we may replace D
with D’. Since D’ is an affinoid domain of the affine line, the result now follows from [Pull2,
Thm. 4.7].

Now, assume that R‘fmb(:n,gﬂ p) = R. Then the map Rfmb(:n,gﬂ p) is constant on D, hence
dchfmb(a:,,% p) = 0. If i = 1, then we are done. Otherwise, the result follows from the result

for ¢ — 1 and we may proceed by descending induction until we reach a case where we have either
t=0or Rfmb(a;,,%[)) < R. O

Let us now sum up the results.

Theorem 6.2.26. Let © € X. If it is of type 2, assume that it satisfies the condition (T'R). Let
ie{l,...,r}.
i) If v € s NInt(X), then
dd°Hgi(z,.#7) < (29(z) — 2+ Ng(zx)) - min(¢,35°). (6.37)
ii) If x ¢ (SU%s,), then
dd°Hg ;(z, F) < 0. (6.38)
Moreover equalities hold in (6.37) and (6.38), if i is a vertex free of solvability at x (cf. Def. 6.2.10).

6.3 An operative description of F’Sl(?)

Notation 6.3.1. Let I' C X be a locally finite graph.'* Let x € T, and let b ¢ T be a germ of
segment out of x. We denote by Dy, C X the virtual open disk with boundary x containing b.

Proposition 6.3.2. Let i < r, let I' C X be a locally finite graph containing I's. Let x € T'. The
following conditions are equivalent:

i) One has Ty (F)N Dy =0, for all direction b out of x such that b ¢ " (i.e. I's ;,(F) C T around

MRecall that X — I is a disjoint union of virtual disks, cf. 1.1.5.
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il) Forallj=1,...,i, and for all germs of segment b out of x such that b ¢ T, one has

OhRsj(zx,F) = 0 (resp. OpHg j(z, F) = 0). (6.39)
ili) Forall j=1,...,i the function Rg j(—,F) (resp. Hs j(—,.F)) verifies
ddgrRsj(z, ) = 0 (resp. ddgrHsg j(z,7) = 0). (6.40)

iv) Same as iii), replacing the equalities by <.
v) Same as ii), replacing the equalities by <.
In particular these equivalent conditions holds at each x € T" if, and only if, one has
i(F) CcT. (6.41)

Proof. We can assume K algebraically closed. Clearly i) = ii) = iii) = iv), and ii) = v) = iv).
We now prove that iv) imply i). We proceed by induction on i.

If i = 1, the first radius has the concavity property on each disk D’ such that D'’ N I's = ). So
both iv) and v) imply ii) for Rg(x,.#). By (6.5) one has i).

Let now ¢ > 0. Assume inductively that all conditions hold for ¢ — 1. Firstly notice that, for
all b ¢ T, one has OyRgi(z,F) = OpHgi(x,.#) by point ii) of Remark 6.1.3. In fact by i) one
has I's;—1(-%#) N Dy = 0. Now, since Rg,i(—,-#) has the concavity property on Dy, (cf. point iv) of
Remark 6.1.3), then 0,Rgs;(x,.#) > 0 for all b ¢ I'. Hence both v) and iv) imply ii), and by (6.5)
one has I's ;(F) N Dy = 0, for all b ¢ I'. This implies i) since I'y ;(F) =Ty, (F)UTg:(F). O

Lemma 6.3.3. If iy’ = 0 (i.e. if all the radii are solvable or over-solvable at x), the conditions of
Proposition 6.3.2 are automatically fulfilled at x € T'.

Proof. Let b ¢ I' be a germ of segment out of z. Since the first radius satisfies the concavity property
outside I's (cf. point iv) of Remark 6.1.3). Then Rg1(—,.#) is constant and over-solvable at all
point of Dy. This will imply the same property for Rg;(—,.#), for all i > 1. O

Combining Theorem 6.2.26, Lemma 6.1.4, and Prop. 6.3.2, one finds the following result.

Definition 6.3.4. Let I' C X be a locally finite graph containing T's. We denote by B(T') the set of
points © € I such that either x € 0X, or x does not satisfy the (T'R) condition.

Corollary 6.3.5. Let i < r. Let I' C X be a locally finite graph containing I's. Assume that the
following conditions hold:

i) For all x € B(T'), one of the equivalent conditions of Proposition 6.3.2 holds at x;
ii) For allx € T — B(I"), either the conditions of Proposition 6.5.2 holds at x, or T' # {z} and for

all j =1,...,min(i,iy’), one has
0 if x¢Tg
C . o >
ddcrHs (@, 7) > { (2g(x) —2+c(z))-j if zeTs. (6.42)
Then
gz(ﬂ) cr. (6.43)

Proof. We can assume K algebraically closed. We fix x € I'— B(T"), and we prove that (6.42) implies
that the equivalent conditions of Proposition 6.3.2 at x.

Assume that i < 45" . Then the indexes j = 1,...,7 are all spectral-non solvable, hence x ¢ €.
By Theorem 6.2.26, condition (6.42) implies Ebgﬂ‘ OpHg j(xz, #) <0, for all j =1,...,i. So we are
done by iv) of Proposition 6.3.2.
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Assume now that i > zx . If j < min(i3°, 1), we proceed as above to prove that I'. ]( F)Cr

around z. So we consider iy’ < j < 4, and, inductively, we assume that for all k = 1,...,5 — 1,
and all b ¢ T' one has OpRsk(z,.#) = 0 (ie. I'g; (F) C I' around z). If = ¢ FSJ( Z), then
ORs,j(z,.F) = 0 for all b, so we are done. Assume then that z € I's ;(.F). In this case, since j > i3 is
solvable or over-solvable at x, Lemma 6.1.4 shows that dyRs j(v, #) =0, forall b ¢ I'y . ,(F) C T
In particular this holds if b ¢ T', and Proposition 6.3.2 implies I" ;(#) €T around z. O

Remark 6.3.6 (Annuli in I'). Let T" be a locally finite graph containing U's. Assume that |y, z[C T is
the skeleton of a virtual open annulus in X, such that no bifurcation point of T' lie in |y, z[. Condition
(6.42) means, in this case, that the radii that are spectral non solvable at x are all log-affine over an
open interval in |y, z[ containing x, while radii that are solvable or over-solvable at x, are allowed to

have a break at x. Indeed (6.42) implies convexity of Hgs ;(—,.%) along |y, z[, and it is known that

Hg j(—,.F) is concave if j is spectral non solvable at x [Pull2, Thm. 4.7, i)].

Corollary 6.3.7 (Annuli). Let X be an open annulus with empty triangulation. Let I be the skeleton
of the annulus. Let i < r = rank(.%). Assume that at each point x of I, and for all j € {1,... i}
one of the following conditions holds:

i) there exists an open subinterval J C I containing x such that the partial height Hg j(—, F)
(cf. (2.13)) is a log-affine map on J (cf. section 1.1.} or [PP12a, Def. 3.1.1])

ii) Rg,j(x,F) is solvable or over-solvable at x.
Then
I's;j(#) = I’igd(?) =1, forallj=1,...,1. (6.44)
Proof. Apply Corollary 6.3.5 to ' = 1. U

Remark 6.3.8. Let 1 < iy < iy < r. Let I' be a locally finite graph containing I's. Assume that

i) For all germ of segment b in I' — I's at least one of the radii Rs;(—, %), j € {1,...,i2}, has
a non zero slope on b.

ii) The conditions of Corollary 6.5.5, are fulfilled for i = iy.
Then by Prop. 6.1.5 we have

() C T C Th(). (6.45)
If we replace condition i) by
i') For each end point x of I' such that x ¢ I's, one has DS, (v, ) = D(z) (cf. section 2.6.1).
Then by Prop. 2.6.3 one obtains
i (F) €T C Tgpp(F) . (6.46)

Indeed the X —T's;,(:F) is a disjoint union of virtual open disks. So if an end point x of I belongs
to I's i, (F), the whole segment joining x to I's is also included in I'g;,(F).

7. Explicit bounds on the size of the controlling graphs

In this section, using techniques based on section 6, we provide explicit bounds on the size of the
controlling graphs I' ;(7).

In this section, we assume that the curve X satisfies the condition (T'R) (see Definition 6.2.17).
Recall that, by Proposition 6.2.18, this is always the case if char K # 2 or if X is locally embeddable
into the line.
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Recall that the curve X is assumed to be connected and that r denotes the rank of the locally
free sheaf .#. Let us remark that Theorem 6.2.26 gives a bound on dd“Rg i(—,.#) at every point
of X outside the topological boundary. In particular, if this boundary is empty, we find a bound
that holds everywhere. In order for a global finiteness result to be possible, we will also need the
curve to be compact. Putting this conditions together, we are led to consider smooth projective
curves (cf. [Duc, Thm. 3.2.82]). In this case, we show that the controlling graph I's ;(.:#) may only
contain at most max(4r(g — 1),0) more edges than the skeleton of the curve, where g is the genus
of the curve. This gives an explicit version of the finiteness result for the first radius of convergence
from [PP12b] and [PP12a].

As for the higher radii, the situation is more intricate since it is not clear whether the bounds of
Theorem 6.2.26 always hold. However, there are many interesting case where they do hold, and then
the controlling graph I's j(.#) may only contain at most max(4jr(g — 1),0) more edges than the
skeleton of the curve. Let us mention that our results apply unconditionally for elliptic curves (still
under condition (T'R)). We deduce that every radius of convergence on such a curve is constant and
that differential modules split as direct sums of modules with all radii equal.

When the result of Theorem 6.2.26 fails to hold, we also manage to compute bounds, though
more complicated, on the size of the Fi@, j(ﬂ )’s by relying on the study of the locus where super-
harmonicity fails (see Definition 6.2.21 and the results that follow).

7.1 Local and global effective estimations

Recall that we started with a triangulation S and associated a graph I's to it. We did it in such a
way that the set of vertices of I'g is S. In particular, every point of x of positive genus is a vertex
of I S-

Next, in Section 6.1, for every j € {1,...,r}, we extended this graph to a graph F’& ; (Z), which

is the smallest graph containing I'g outside which the maps Rg1(—,-%), ..., Rg,;(—, %) are locally

constant. In this section, we will work with a further refinement.

Definition 7.1.1. Let j € {1,...,r}. Let I'g ;(F) be the graph built from T’y ;(F) by adding a
vertex at every break-point of one of the maps Rgi(—, F), withi € {1,...,j}.

Remark 7.1.2. As Ffs’y,j(g“ ) contains I's as a subgraph, it is understood that all points of S are
vertezes of I' /(F).

Remark 7.1.3. The graph Féj(? ) may be characterized as the smallest locally finite subgraph of
X, containing I's, such that the maps Rgi(—,F),...,Rsj(—,F) are all

i) locally constant outside F’éj(ff );

ii) log-affine on every edge of Fg](f)

We would like to be able to count the number of vertices and edges of graphs with some degrees
taken into account.

Definition 7.1.4. Let x be a point of X. We set
deg(z) = Card(ﬂo(ﬂ%g(a:))). (7.1)
It is also the degree over K of the algebraic closure of K inside F(x).

Definition 7.1.5. Let V' be a finite subset of X. We define the weighted cardinal of V' as the sum
of the degrees of its points.
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Let us now adapt these definitions in the case of segments.

Definition 7.1.6. Let J be a segment whose interior lie inside X \ S. Its interior is the skeleton of
a unique open virtual annulus C. We set

deg(J) := [s(C): K] = Cal‘d(ﬂ'()(ﬂ%g(C))) = Card(mo( %g(J))) (7.2)

Definition 7.1.7. Let " be a finite graph whose open edges contain no points of S. We define the
weighted number of edges of I' as the sum of the degrees of its edges.

These notions behave well with respect to extensions of scalars.

Lemma 7.1.8 ([PP12b]). Let Q/K be a complete valued field extension of K, and let L be the
completion of the algebraic closure of K in Q. Let V C X be a finite set and let I' C X be a finite
graph, the interiors of all of whose edges lie in X \ S. Then Vi, := 7TZ/1K(V) is a finite set and its
weighted cardinal is that of V. Similarly, T'f, := WZ/IK(P) is a finite graph, the interiors of all its
edges lie in X1, \ Sr, and its weighted number of edges equal to that of T'.

Moreover the projection mq,r, identifies Vo := aq/r(VL) with Vi, T'q := 0q/ (L) with T'r, and
does not change the weighted number of points or edges. O

Let us begin with a few easy computations.

Proposition 7.1.9. Let j € {1,...,r}. Let D be a virtual open disc inside X. Assume that D N

g,j_l(f) = (). Assume that there ewists a segment I approaching the boundary of D such that the
map Hg j(—,F) is linear on I. Let o be its slope, computed towards the interior of D. Then o > 0,
and it is zero if and only if F’éd(ﬁ) ND = 0. If o > 0, the weighted number of edges of F’éd(ﬁ) NnD
is at most deg(I)(2ro — 1) and its weighted number of end-points is at most ro.

Proof. By point iii) of Remark 6.1.3, outside I‘fgd_l(ﬂ ), the map Hg ;(—,.%) behaves like a first
radius of convergence, hence we may assume that j = 1.

By Lemmas 6.2.8 and 7.1.8, we may assume that K is algebraically closed and spherically
complete (hence deg(I) = 1). Indeed if K is algebraically closed, then T's, (Z®x ) C Xq coincides
with O’Q(Fs(f%\)).

Let a be a rational point of D. The map Rg1(—,.#) is constant in the neighborhood of a and
non-increasing along the segment I, joining « to the boundary of D. Since I, and I coincide in the
neighbourhood of the boundary of D, we have ¢ > 0. The same argument proves that any slope
on D is non-negative (when computed towards the interior).

Moreover, the map Rg1(—,.#) is super-harmonic on D and its slopes are of the form m /i with
m € N and 1 < ¢ < r. In particular, o takes its values in a well-ordered set and we may argue by
induction. If o = 0, then, by the same argument as above, the map Rg1(—,.#) is constant on every
segment inside D, hence on D and the number of edges of gl(ﬂ )N D is 0, as well as its number
of end-points.

Let us now assume that o > 0 (hence o > 1/r) and that we proved the result for every smaller
value. Let us start from the boundary of D and consider the first edge J of Fél(ﬂ‘ )N D. Let y
be its endpoint. Denote by C the set of branches out of y. For every ¢ € C, denote by o, the slope
of Rg1(—,.#) out of y in the direction of c. Denote by b the direction associated to J. We have
op = —0.

By super-harmonicity, we have Z#b 0. < 0. Recall that every o, is non-negative, hence, for
every ¢ # b, we have o. < 0. Moreover, if there exists ¢ # b such that o, = o, then every other o
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is 0 and Rg,1(—,.#) is constant in the corresponding directions. This implies that J is not an edge
of T'g ( #)ND and we get a contradiction. We deduce that, for every ¢ # b, we have o, < o, hence
O¢ < o1 /r.

Let ci,...,cs be the branches out of y different from b such that o., > 0 (since a positive
slope is always at least 1/r, we actually have s < ro). For every i € {1,...,s}, let D; be the
connected component of X \ {y} that lies in the direction of ¢;. By induction, the number of edges
of I'G ; (#) N D; is at most 2ro., — 1.

If s =0, then I'} ( #)N D = J and the result holds, since 2rc —1 > 1 and ro > 1.
If s =1, the total number of edges of I'g ; (F) N D is at most

142ro,, —1 < 2r(c—1/r) < 2ro—1 (7.3)

and its number of end-points is 1 < ro.

Finally, assume that s > 2. Then the total number of edges of I’ 1(F)N D is at most
S
1—1—2(27‘002.—1) < 1+42r0—s < 2ro—1, (7.4)

since we have Y 7, ro., < ro by super-harmonicity. Similarly, the total number of end-points of
', (#) N D is at most

s

ZTUQ < ro. (7.5)
i=1
O

Corollary 7.1.10. Let x € X. Letj € {1,...,r}. Let Z3 be a set of connected components of X \{z}
that are virtual open discs and do not meet I ;_(F). Set Dy = <UD€% D) U{z}. Let

ol = dd°

T

¢ i Hs (@, 7). (7.6)

Then o > 0, and it is zero if and only if I‘” ( F) N DI = . If 0 > 0, the weighted number of

edges of T", s, j( F)N D2 is at most 27"01, 1, and its weighted number of end-points is at most rag.D

Recall that, in Definition 6.2.21, we introduced a subset &5 ; of X outside which the map Hg j(—,.%)
is super-harmonic. By Proposition 6.2.25, it is locally finite.

Lemma 7.1.11. Let j € {1,...,r}. Let C be a virtual open annulus of skeleton J inside X . Assume
that CNT;_ CJ and JN&Esj = 0. Then the map Hg j(—, F) is log-concave on J.

Proof. Let x € J. Let o_ and o4 be the slopes of the map Hg j(—,.%#) at « in the two directions that
belong to J. Let 27 be the set of the other directions. Every one of them corresponds to a virtual
open disk with boundary x that does not meet I' -1 By Corollary 7.1.10, the sum o? of the slopes
of Hgj(—, %) at = in those direction is non-negative. Since z ¢ &5 ;, we have dd°Hg j(z,.%#) < 0
and we finally deduce that

deg(J) - (0_ +oy) = dd°Hsj(z,.F) —a? < 0. (7.7)
O

Proposition 7.1.12. Let j € {1,...,r}. Let C be a virtual open annulus of skeleton J inside X.
Assume that C'N Pis,j—l CJ and JNé&s; = 0. Assume that there exists two disjoint segments J_
and J4 inside J approaching the two boundaries of C' on which the map Hg ;(—, %) is linear. Let o_
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and o be the respective associated slopes, computed towards the interior of C. Then o_ + o4 > 0,
and it is zero if and only if ng(ﬁ) NC = J. If o_ 4+ oy > 0, the weighted number of edges
of I's ;(#) N C is at most deg(J)(1 + 2r(o0— + o)) and its weighted number of end-points is at
most r(o— 4+ o4).

Proof. By Lemmas 6.2.8 and 7.1.8, we may assume that K is algebraically closed. Consider the
map Hg j(—,.%) along J in the direction from the boundary associated to J_ to the one associated
to J;. By Lemma 7.1.11, it is concave. By assumption, its first slope is o_ and its last slope is —o .
We deduce that o_ + 04 > 0. As in the proof of Proposition 7.1.9, all the slopes of Hg ;(—,.%#) are
of the form +m/i, with m € Z, and 1 < ¢ < r, and we deduce that there are at most r(oc_ + o)
break points on J. Let us call them x1,...,zs. For each i, let 7; < 0 be the difference between the
slope going out and the slope going in at the point x;. We have >°7 | 7, = —(o— + o).

Let z € J. Denote by dalgZ sHs (z, F) the sum of the slopes out of z, in the directions that do
not belong to J. Since J N &s; = 0, we have dd°Hg j(z,.#) < 0.

If z is not a break-point, then the sum of the two slopes in the directions that belong to J is zero,
hence ddSCgJHs,j(z,,?) < 0. By Corollary 7.1.10, we deduce that the number of edges of I'g ,(.7)
out of z outside J is 0, as well as its number of end-points.

If z = x; for some %, we find ddéJHgJ(xi,ﬂ) < —7;. By Corollary 7.1.10, the number of edges
of F’éd(ﬁ) out of z outside J is at most —2r7; — 1, and its number of end-points is at most —27;.

Summing up, we find that, inside J, the number of edges of Fg’v’j(ﬁ‘) is s + 1 and, out of J, at

most
S

Z(—QT’TZ' —1) = 2r(c_+o04)—s. (7.8)
i=1
As for the number of end-points, it is at most

S

Z —rr; = r(o— +oy4). (7.9)

i=1
O
Remark 7.1.13. From the above Lemmas it is possible to derive the following simple criterion.
Assume that the following conditions are fulfilled :
i) Rsi(s,#) =1 forallse S,
ii) Let C be an open virtual annulus such that
(a) C is a connected component of X — S.
(b) The topological closure I of T'c in X is an open or semi-open interval (not a loop).
Identify Tc with 10,1[. If I =T'¢ is open, then assume that
lim Rgi(z,#) = lim Rgi(z,.7) = 1. (7.10)
z—0t z—1-
If I —T¢ is a point, say {0}, then assume that
lim Rgi(z,#) = 1. (7.11)
zelc, z—1~
Then
Rsi(z,F)=1, foralli=1,...,r, and allxz € X . (7.12)

In alternative, consider a triangulation S’, i.e. a weak triangulation such that each connected
component of X —S' is relatively compact in X. Then (7.12) holds if R/ 1(z,.F) =1 for allz € S'.
This is a slight generalization of [Ball0, Theorem 0.1.8].

72



CONVERGENCE NEWTON POLYGON III : DECOMPOSITION AND GRAPHS

Let us put the results together.

Proposition 7.1.14. Assume that X is compact. Let j € {1,...,r}. Let E] ; be the weighted
number of edges of I'G ;1 (F). Let Vi_y be the set of vertices of TG ; 1 (F). Set &' = &5;\ V4
and, for every e € é"” let de be the degree of the edge of FSJ 1(F) containing e. Then, if 2 is any
set such that &s; C Q C V_ U &s,j, the weighted number of edges of ng-(ﬂ) is at most

EY  + Z de + 27 - Z dd°Hg j(z, F) (7.13)
eeé’(’ r€2

and its weighted number of end-points that are not end-points of FSJ 1(F) is at most

r- Y dd°Hgj(z,.F) . (7.14)
re2

Proof. We can assume K algebraically closed. By Proposition 6.2.25 and Definition 6.2.22, the
set &' is contained in I'g ;| (7). Let us first modify I'g ; (%) by adding a vertex at each point
of @‘"” The number of edges E7” ; of the resulting graph Fg’]_l(ﬁ) is at most E7_; + Zeeg]ﬂ de.

Let z € V/'; U &/ Let o be the sum of the slopes of Hg j(—,.%) at x in the directions that
do not belong to I'y; ,(F). Let 2’ € (V/"; U &)\ {z} such that [z,2'] is an edge of I'g; (7).
Denote by o . the slope of Hg j(—,.#) at « in the direction of x’.

By Corollary 7.1.10, for every x € V;’; U &', the number of edges of I'g ;(7) out of x outside
I‘”’J ((F) is at most 2rad. By Proposition 7.1.12, for every x # 2’ in V"1 U & such that [z,2/]
is an edge of I'g;_;(7), the number of edges of I ;(.7) inside the virtual annulus whose skeleton
is |z, is at most 1 + 2r(0y 4 + 04 ;). This proves (7.13) with 2 = V", U &g ;. Now for all
x € V' | — &g one has dd°Hg j(z,.#) < 0. This proves (7.13) in the general case.

As regards, the number of end-points of I'¢ ;(.#) that are not end-points of I'g ; (%), it is
the sum of the number of end-points of the trees that grow out of each open edge and each vertex
of Fé j—l(fj ). The result is now proved as in the previous paragraph. [l

Remark 7.1.15. By Proposition 6.2.25 one has &s; € SU%s,;, so
& C oy, (7.15)

because S C V', by definition. In particular, by Remark 0.2.23, the cardinality Card(&}) <
Card(€s,;) is less than the number of end-points of I'g ; 1(F) (and the same results holds with
degrees taken into account). This number will be bounded in Corollary 7.2.8.

7.2 The case of smooth, geometrically connected, projective curves.

We will now assume that X is a smooth geometrically connected projective curve in order to get a
more concrete result. We will also assume that X satisfies the condition (T'R). By Theorem 6.2.26,
for every s € S and every j € {1,...,r}, we have

dd°Hg j(s,.-#) < max(2g(s) —2+ Ng(s),0)-j. (7.16)
The following lemma computes the sum of the terms at the right-hand side of the inequality.

Lemma 7.2.1. Assume that K is algebraically closed. Assume that X is a smooth connected pro-
jective curve of genus g. We have

D (29(s) —2+ Ng(s)) = 29—2. (7.17)

ses
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Proof. Extending the base field K does not change any of the quantities above, hence we may
assume that K is non-trivially valued.

Let Eg be the number of edges of I'g. We have
Z 2¢9(s) — 2+ Ng(s) = 2(2 g(s)) —2Card(S) + 2Es . (7.18)

seS ses
Moreover, by [Ber90, p.82, before Theorem 4.3.1], we have

Zg(s) +1—Card(S)+Es = ¢ (7.19)
ses

and the result follows. O

Remark 7.2.2. The number 2g(s) —2+ Ng(s) may only be negative if g(s) = 0 and Ng(s) € {0,1}.
Assume that K is algebraically closed and that g(s) = 0. If Ng(s) = 0, then X is isomorphic

to P}%an. If Ns(s) = 1, then the skeleton T's contains a branch that ends at an interior point of
genus 0, hence is not minimal (cf. [Duc, 5.2.2.5]).

By GAGA, differential modules on the projective line are algebraic, hence trivial. We may then
concentrate on curves of positive genus.

Corollary 7.2.3. Assume that X is a smooth geometrically connected projective curve of genus g >
1 that satisfies the condition (T'R). Let Eg be the weighted number of edges of I's. Then the weighted
number of edges of Fg’l(ﬁ) is at most

Eg+4r(g—1) (7.20)

and its weighted number of end-points that are not end-points of T's is at most 2r(g — 1).

Proof. By Lemma 7.1.8, we may assume that K is algebraically closed. We may also assume that
the triangulation is minimal. Recall that &g; C S C V' U &s1. By Proposition 7.1.14 applied to
2 = S, the number of edges of I'g | (F) is at most Eg+2r-3 5 dd“Rg1(x, F) and its number of
end-points that do not belong to I's is at most r - ) ¢ dd“Rg1(x,.F).

In order to prove the result, it is now enough to bound from above the number » g dd“Rs,1(s, 7).
By Theorem 6.2.26 and Remark 7.2.2, for every s € S, we have dd“Rg (s, #) < 2g(s) —2+ Ng(s),
hence the result follows from Lemma 7.2.1. O

For higher radii, we may use the same proof in order to get a similar result under additional
hypotheses. We will first handle the cases where super-harmonicity holds everywhere outside I'g.

Corollary 7.2.4. Assume that X is a smooth geometrically connected projective curve of genus g >
1 that satisfies the condition (T'R). Let j € {2,...,r}. Assume that &s; C S. Let Ej_| be the
weighted number of edges of Ffs’v’j_l(ﬂ). Then the weighted number of edges of ng(f) s at most
EY  +4r(g—1)j.

Proof. Using (7.16), the proof is the same as that of Corollary 7.2.3. O

Corollary 7.2.5. Assume that X is a smooth geometrically connected projective curve of genus g >
1 that satisfies the condition (TR). Let j € {1,...,r}. Assume that Ulgigj &si; C S. Let Eg be
the weighted number of edges of I's. Then the weighted number of edges of Fg’j(ﬁ) is at most
Es+2r(g—1)j( +1). O

Remark 7.2.6. In Prop. 8.2.2, we show that the condition &s; C S is related to the presence of
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Liouville numbers in the equation at the points of €s.;.

We now give more general results by taking arbitrary exceptional sets & ; into account.

Corollary 7.2.7. Assume that X is a smooth geometrically connected projective curve of genus g >
1 that satisfies the condition (TR). Let j € {2,...,r}. Let E;-’_l be the weighted number of edges
of TS ; 1(F), and let LY_; be its number of end-points that are not end-points of I's. Then the
weighted number of edges of ng(ﬂ) s at most

Ef 4+ L} +4r(g—1)j+2r(j— 1)L, (7.21)
and its weighted number of end-points that do not belong to Fg,j—l s at most
2r(g —1)j +r(j — L], . (7.22)
In particular, if 7 <r — 1, the weighted cardinal of €5 j+1 s at most
2r(g—1)7+(r(G—-1)+1) 9’_1 . (7.23)

Proof. We may assume that K is algebraically closed. Remark 6.2.23 implies that the cardinal
of €5, is at most L ;. Set 2 = SU &g, hence &5; C 2 C V' U5, and &' C €5 ; by Remark
7.1.15. By Lemma 6.2.24, for every x € €5, we have dd°Hg j(x,.#) < j — 1, hence

> dd°Hs (v, 7)< dd°Hg;(x,F)+ > dd°Hg;(z,.F) (7.24)
T€E2 z€eS x€85,jNCs, ;
<(g-2j+ (- DI, (7.25)
The result now follows from Proposition 7.1.14. O

Corollary 7.2.8. Assume that X is a smooth geometrically connected projective curve of genus g >
1 that satisfies the condition (T'R). Let Eg be the weighted number of edges of T's and let Lg be
its number of end-points. Define sequences (€n)n>0 and (en)n>0 by Lo = 0, eg = Eg and, for every
n >0,
b1 =2r(g—1)(n+ 1)+ (rn+ 1), ; (7.26)
ent1=¢€n+4r(g—1)(n+1)+ 2rn+1)4, . (7.27)

Let j € {1,...,r}. Then the weighted number of edges offgd(ﬂ) is at most e, its weighted number
of end-points is at most Lg + £; and the weighted cardinal of €s ; is at most £;_1. O

Remark 7.2.9. One has
by = O™ Hn—1)), en = O(r"nl). (7.28)

7.3 Elliptic curves.

Let X be an elliptic curve over an algebraically closed field. By [Ber90, p.82, before Thm. 4.3.1], we
have

> g(s) +x(Tg) =1, (7.29)

ses
where x(I's) denotes the Euler-Poincaré characteristic of the skeleton.

There are two cases.

i) If x(I's) = 1, then I'g is homotopy equivalent to a circle and X contains no points with positive
genus. In this case, X is a Tate curve and it has bad reduction.
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ii) If x(I's) = 0, then there exists point xy € X such that g(xg) = 1 and every other point has
genus 0. It is easy to check that the singleton {z(} is a triangulation of X. In this case, X has
good reduction.

Corollary 7.3.1. Assume that X is an elliptic curve that satisfies the condition (TR). '° Let
je{l,...,r}. Then the map Rs;(—,.F) is constant on X and I's ;(F) =Tg.
Moreover, the module with connection (F,V) admits a direct sum decomposition

7= 7 (7.30)
p€]0,1]
with the property that, for every p €]0,1] such that %P # 0 and every i € {1,...,rank(F"?)}, one
has Rgsi(—,F°) = p.

Proof. As before, we may assume that K is algebraically closed and that X is endowed with a
minimal triangulation S. From Corollary 7.2.3 it follows that I'S (%) =T's.

Moreover, by Proposition 6.2.25 and Remark 6.2.23 we have &2 C F’SJ(,?) and &soNI'g C S.
Hence &52 C S. We may now prove that ng(f) =Tg for all j € {1,...,7} by induction on j by
using the same arguments and Corollary 7.2.4 instead of Corollary 7.2.3.

Let j € {1,...,r}. Over a non-archimedean algebraically closed field, there are two types of
elliptic curves.

a) Assume first that X has good reduction. Then its skeleton I'g is a point. As a consequence,
the map Rg ;(—, %) is constant on I'g, hence on X.

b) Assume now that X has bad reduction, i.e. X is a Tate curve. Then its triangulation is a
singleton S = {7} and its skeleton is a circle. The graph I's has one vertex: v and one edge:
I's. By the definition of I ;(#), the map R ;(—,.#) is log-affine and continuous on I's and
we deduce that it is constant.

The second part of the theorem now follows from Theorem 5.4.10. O

Remark 7.3.2. The same proof applied to ]P’}%an, with a minimal triangulation consisting on a point,
gives that any differential equation F on it satisfy Rei(x,.#) = 1, for all x € X. This confirms

1,an

the fact that all differential equation over PR is trivial, because it is algebraic by GAGA.

8. Some counterexamples.

In this section we provide the following counterexamples:

i) Non compatibility of solvable and over-solvable radii with duals (cf. section 8.4);
ii) Uncontrolled behavior of solvable and over-solvable radii by exact sequences (cf. section 8.4);

iii) An explicit example of differential module over a disk for which .#>; is not a direct summand
(cf. section 8.3);

iv) Some basic relations between the Grothendieck-Ogg-Shafarevich formula and super-harmonicity
of partial heights (cf. Remark 8.2.3).

All the examples involve a differential module over an open disk with empty triangulation. Indeed
any possible counterexample to the above situations is reduced to this case by localizing to a maximal
disk D(z,S). This is because on I'g all the radii are spectral and are compatible with duality and

'51f it is a Tate curve, this is automatic. Otherwise, there is one condition to check at the only point of X that has
positive genus. Recall that it is always satisfied if char K # 2.
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spectral sequences. Concerning iv) the potential failure of super-harmonicity at some points was
one of the crucial difficulties of [Pull2], we here relate this to the presence of Liouville numbers.

8.1 Setting.

Let D := D=(0,1) be the unit open disk, and let T" be its coordinate. In this section all differential
module will be defined over the ring &T(D) := U0 (D.), where D, := D~(0,1 + ¢). Namely
01(D) is formed by power series f(T) = > iso @il ' satisfying lim; |a;|p? = 0, for some unspecified
p > 1. The data of a differential module M over &f(D) is equivalent to that of a differential module
M. over 0(D.) for some unspecified € > 0. The triangulation on D, will always be the empty one.
Moreover the radii are assumed to be all solvable or over-solvable at the boundary zg; of D. By
Lemma 6.1.4, this implies M is trivial on all sub-disks of D. with boundary ;.

All differential modules will have the property NL of non Liouville exponents. By definition this
means that the exponents, and their differences, are not Liouville numbers (cf. [CM93], [CM97],
[CMO00], [CMO1]). Under this condition H'(M, &T(D)) := Coker(V : M — M) has finite dimension.

The NL condition is quite implicit. The effective way to ensure it is to assume either that the
restriction of M to the annulus C. = {|T'(z)| €]1,1 + £[} has a Frobenius structure, or that none of
the radii Ry ;(—, M) of M verifies the Robba condition along b = [zg,1, Z0,14¢[:

Ry,i(—, M) is solvable at xq1, and Ry (w01, M) = 1. (8.1)

Remark 8.1.1. Condition (8.1) differs from the same condition for the radii of Mc. . Indeed over-
solvable radii over D, are truncated by localization to C. and become solvable. This corresponds
to the existence of trivial submodules of M. that of course satisfy the condition NL. So the NL
condition really arises from the presence of a break of some Ry ;(—,M) at xo1, as in (8.1), before
localization.

8.2 Grothendieck-Ogg-Shafarevich formula and super-harmonicity

In this section M is a differential module over &7(D) of rank r = rank(M), and b =]z 1,20 14¢] is
a germ of segment oriented as out of xg 1.

Definition 8.2.1 ([CMO00],[CMO01]). One defines the p-adic irregularity of M at oo as
II‘I‘OOM = —8bH@7T($071,M|CE) = — ZabR@7i(x071,M‘Cg) . (82)
=0

Over-solvable radii of M corresponds to solutions of M on some D.. These radii are truncated by
localization to C.. As a result their slope remains zero, but the localization to C. adds —1 to the slope
of each other radius (cf. Prop. 2.8.2). One finds 0, Hy,,(w0,1, M|c,) = OpHy ,(w0,1, M) — 7 + h°(M):

Irroo (M) = rank(M) — 9yHy (20,1, M) — h*(M) . (8.3)

Assume now that M has the NL property, and that K is spherically complete. Then one has the
Grothendieck-Ogg-Shafarevich formula (often called Euler-Poincaré formula):

RO(M) — R (M) = rank(M) — Trreo (M) . (8.4)
By (8.3) this formula can be written as :
h'(M) = —0yHp,,(z0,1, M) . (8.5)

Proposition 8.2.2. Let M. be a differential module over a disk D, , such that Ry 1(—, M.) is solvable
or over-solvable at xq 1, and such that M. has the NL property. Then for alli =1,...,r = rank(M,)
the i-th partial height Hy;(—, M) is super-harmonic at xq1: dd°Hy;(—, M) < 0.
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Proof. Super-harmonicity is insensitive to scalar extensions of K. So we can assume that K is
spherically complete. If R@,l(—,ME) is over-solvable at xq 1, then M, is trivial over D, for some
g, and the statement is trivial. Over-solvable radii do not contribute to super-harmonicity, so by
Prop. 2.9.5, we can assume that M, has no trivial submodules over D,, i.e. R@7i(x071,M5) =1 for
all . For small values of ¢, the radii are all log-affine on [z 1,20 14c[. So Lemma 6.1.4, together
with Cor. 6.3.5, and Remark 6.3.6 prove that I'g;(M.) is either equal to [zg1,Z0,14¢[, Or empty if
Ry.i(—, M) is constant. By (8.5), Hy,.(—,M.) is concave at g 1, and constant outside [xo,1,%0,14<[,
hence Hy ,(—,M.) is super-harmonic on D.. The assertion for Hp;(—,M.) is deduced from that
of Hy,(—,M.) by interpolation. Namely by convexity of the convergence Newton polygon one
has Hy;(—,M.) < LHy,(—,M.), moreover these two functions coincide at zq ;. This proves that
Hy ;(—, M;) is super-harmonic. O

Remark 8.2.3. In [Pull2, Thm.4.7] one proves that Hy;(—,M.) are super-harmonic over D, out-
side the finite set €; of Def. 06.2.22. However Hy,(—,M,) is super-harmonic on the whole disk.
Proposition 8.2.2 shows that if Hy;(—,M.) is not super-harmonic then M. has some Liouville ex-
ponent, or possibly some non solvable radii in order to be outside the range of validity of G.O.S.
formula.

Remark 8.2.4. Since Irroo(M) involves spectral radii, these are stable by duality and one has
Irroo (M) = Trreo(M*). Hence h®(M) — hY(M) = hO(M*) — h*(M*) as soon as Grothendieck-Ogg-
Shafarevich formula holds.

8.3 An example where .#-; is not a direct summand.

The Yoneda group Ext!(M,N) of extensions 0 — N — P — M — 0 of differential modules can be
identified with H!'(M* ® N) (cf. Lemma 1.2.7).

Lemma 8.3.1. Assume that M has the property NL. If OyHy ,(x01,M:) < —1 there exists a non
splitting exact sequence 0 — M, — P. — 0(D.) — 0.

Proof. h'(M) = —9yHy (20,1, M) > 1. So Ext'(07(D),M) = H'(M ® 01(D)) = H'(M) #0. O

Let M be a rank one differential module over &7(D) such that Ry (zo1,M.) is solvable, and
Irreo (M) > 2 (i.e. 9pHy (20,1, M) < —1). Such differential modules have been classified in [Pul07].
Consider the dual of the non splitting sequence of Lemma 8.3.1

0—0(D.) =P, M. —0. (8.6)
By Prop. 2.9.5 the radii of P} are the union of those of M* and &(D;):

\log(1+5) \1og(1+s) \log(1+5)
Radius of &(D.) Radii of P? Radius of M (8.7)
The functions of the pictures are precisely
ﬁ = lOg(R@,i(xo,oxp(m7.)) s (88)

where ¢ is unspecified, in order to avoid complicate behavior of the radius of M}. The dotted line
denotes the region of solvability. At the left hand side of this line one has over-solvable radii (always
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constant functions), and on its right hand side one has spectral non solvable radii. By section 6 (cf.
Corollary 6.3.5) one sees that

L1 (MZ) =T 1 (P7) = [v0,1, T0,1+¢[ Ly o(P7) =Ty 1(O0(D:)) = 0. (8.9)

The radii of P} are then separated on the whole disk D, if ¢ > 0 is small enough. In this case
O(D;) = (P})=2. Moreover, by construction, P} in not isomorphic to the direct sum of M} = (P})
and (P})se = O(Dy).

8.4 Non compatibility of solvable or over-solvable radii with duality and with exactness.

Consider now the sequence of Lemma 8.3.1
0—-M;—=P.—O0(D;)—0. (8.10)

We now show that over-solvable radii of this sequence do not behave as spectral one (cf. Thm.
2.9.1). Indeed a solution on D, of P. generates a trivial submodule whose intersection with M. is
zero because M, is not trivial. This is absurd since the sequence does not split. On the other hand
spectral non solvable radii are stable by duality (cf. Prop. 2.9.8) so the pictures of the radii of (8.10)
coincides with (8.11) under the doted line. By continuity one finds:

N[

Radius of M, Radii of P, Radius of &(D;) (8.11)
This proves that over-solvable radii of P, (nor their controlling graphs) are not preserved by duality
(cf. Remark 2.9.9 and Prop. 2.9.8). Indeed by section 6 (cf. Corollary 6.3.5) one sees that

Lp1(Me) =T (Pe) = Tpo(Pe) = [w0,1, T0,14¢ - (8.12)

log(1l + ¢€) log(1l+ ¢€)

Remark 8.4.1. Among all the extensions of O (D.) by M, the unique non trivial extension P} is
also the unique one for which the radii are not separated. And its controlling graphs contradicts the
assumption of Theorem 5.4.10. Notice that that information is written in the radii of P, and P%,
while the radii and the controlling graphs of M., O(D¢), and their duals, are stable by duality.

Remark 8.4.2. The differential module P, satisfies €1 = €2 =0 (cf. (6.30)). Indeed Hy o(—, P:) is
a constant function on D, and T'(Hpo(—,Pc)) = 0 (cf. point iii) of Def. 6.2.22).
Also Pf verifies €1 = €> = 0, but the reason is that Ry o(—,PZ) is constant and T o(P%) = 0.

Notes.

— The global decomposition results of this paper, together with those of [Pull2] and [PP12b],
are of a pre-cohomological nature, in the sense that they do not involve any cohomological
consideration.

— The graphs I'g;(.%#) are essentially unknown at the present state of technology. No general
algorithms are known. In rank one case there exists an algorithm due to Christol [Chrll],
based on [Pul07], that actually computes explicitly the radius of a rank one equation of the
form y' = g(T")y, with ¢g(T') € K[T]. In a work in progress we extended such an algorithm to
equation over an affinoid domain Y of the affine line (i.e. g(T") € (X)) to find the graphs on
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a maximal disk, but not to the whole X.

Remark 8.4.3. A result of [Kedl3] proves that the controlling graphs of % do not contain any
point of type 4. The proofs of this paper work on points of type 4, so that result of Kedlaya is not
used in the present paper.

Appendix A. A note about the definition of the radius

As already observed the radii only depends on the skeleton I'g, in the sense that if I'g = I'gs then
Rsi(—,—) = Rg,i(—,—) (cf. Remark 2.3.3).

In this section we consider a more general definition of the radii based on the idea that the
datum defining the radii is a graph I's instead of a triangulation. So we define the radii starting
from a graph which is not necessarily the skeleton of a weak triangulation. We here show that such a
point of view is not a real generalization, in the sense that the main theorems (finiteness, continuity,
and decomposition) in this new context can be deduced from the same results in the framework of
weak triangulations. For this reason the framework of weak triangulations seems to us the optimal
one.

A.1 Definition of the radii

As a mater of fact all one needs to define the radii is the notion of maximal disks. For this we
proceed as follow. Let % be a differential equation over X, and let z € X.

A graph & C X is called a weakly admissible graph if X — & is a disjoint union of virtual open
disks.'0

For all z € X we call maximal disk the Q-rational disk D(z, ®) (cf. Def. 2.2.1). The disk D(z, ®)
is empty if and only if z € & and if x is a point of type 1. In this case set Rg ;(z,.#) := 1, for all
1=1,...,r.

Otherwise, imitating section 2.3, choose an isomorphism D(z,&) = Dg (0, R) sending t, into
0. Consider the restriction .Z of .Z to D, (0,R). And then define Rg ,(x) as the radius of the
largest open disk D centered at 0, contained in Dg, (0, R), such that 7 has at least 7 — i + 1
linearly independent solutions on D, where r = rank(.#). Now set R i(z, F) := Rg ;(z)/R, for all
1=1,...,7.

We call &-multiradius of .% the tuple (Re 1(z, %),..., Re,(x,.F)).

The following definition coincides with Def. 2.4.2 replacing I'g with &.

Definition A.1.1 (cf. Def. 2.4.2). We call &-controlling graph, or &-skeletons, of Re i(—,-F) the
set of points x € X that do not admit as a neighborhood in X a virtual open disk D, such that
DN& =0, on which Re i(—,F) is constant on D. We denote it by T's ;(F).

It follows by the definition that & C I'g ;(.F).

A.2 Properties

In this section we prove that the radii R ;(z,.#) are subjected to analogous properties of the radii
Rs.i(x, F) attached to a weak triangulation S. Indeed their restriction to a maximal disk D(z, ®)

!6This generalizes a terminology of Ducros [Duc, (5.1.3)], where one defines an analytically admissible graph as a
weakly admissible graph such that the disks that are connected components of X — & are relatively compact in X.
In analogy with the definition of weak triangulations, we allow the empty set of a virtual open disk to be a weakly
admissible graph.
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is determined by the functions Rg ;(z) in the spirit of [Pull2]. Below, one shows how to reduce the
study of the &-radii to the case of the radii defined by a weak triangulation.

Proposition A.2.1 ([Duc, (1.3.15.2)]). A weakly admissible graph is a closed connected subset of
X, hence it is a graph (cf. Section 1.1.5).

Proposition A.2.2. Let & be a weakly admissible graph. Then there exists a weak triangulation S
of X such that I's C &.

Proof. Let S’ be an arbitrary triangulation. The intersection I' := & N g/ is a locally finite graph
whose complement X — I' is a disjoint union of virtual disks. Since I" is contained in I'g/, then I is
the skeleton of a weak triangulation S by [Duc, 5.2.2.3]. O

Proposition A.2.3. Let I's C & be the skeleton of a triangulation contained in the weakly admis-
sible graph &. Then for all i =1,...,r one has

Rei(w,7) = min( 1, fse(®) Rz, 7)) (A1)

where fge : X — [1,400[ is the modulus of the inclusion of disks D(z,®&) C D(z,S) (cf. (1.1.2)).
O

The following Proposition A.2.4 together with Theorem 2.4.1 shows that the &-controlling graph
I'g,i(-F) is locally finite if and only if so & is.

Proposition A.2.4. One has I'g ;(.#) = 8 UT'g;(F).

Proof. The proof coincides with that of Proposition 2.7.2 (replacing S’ with &). O
Lemma A.2.5. The function v — fs () is continuous if and only if & is a locally finite graph.O
Theorem A.2.6. If & is a locally finite graph, the functions Re i(—,-F) are continuous.

Proof. This follows directly from (A.1) and the continuity of both Rg;(—,.#) and fge. O

Remark A.2.7. The trivial equation (Ox,d) satisfies Re1(x,-F) =1 for all x € X and all weakly
admissible graph &. So it is always continuous.

Remark A.2.8. If & is not locally finite, then there are differential equation with non continuous
radii. Here we provide a basic explicit example.

Let X be the the disk Dy (0,1) with empty weak triangulation. Denote by F, the rank one
differential equation over X, given by v = a -y, with a € K. A direct computation of the Taylor
expansion of its solution shows that for all x € X the function Ry (x,.%,) is constant on X with

1
value Ry = min(1, [p|?=T /|a|). If the valuation of K is non trivial, it is then possible to construct
differential equations having arbitrarily small and constant radii on a disk.

Let now & be a weakly admissible graph in X. By (A.1), this shows that, for all bifurcation point
x € &, there exists a € K, such that Re 1(y, %a) = fs,6(y) - Ra for all y close enough to x. This
proves that I's 1 (#,) = & around x.

If & is not locally finite, then, by Lemma A.2.5, the function Re1(y, %) is not continuous. So
locally finiteness of & is a necessary condition to have continuity.

Theorem A.2.9. If Rg i—1(z,F) < Re,i(x,.F) for all x € X, then there exists a sub-object F=;
of F satisfying analogous properties to Thm. 5.5.1, and of section 5./, replacing everywhere the
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index S by &. Moreover ¥; is independent on the choice of .

Proof. Let S be a weak triangulation such that I's C &. For all € X one has D(z,®) C D(z, S).
So wgj(x, F) = we j(x, F) for all j < i. the index 7 also separates the I's-radii. By Theorem 5.3.1
we have the existence of a submodule .#g >; separating the S-radii. As in Remark 5.3.4, and Prop.
5.3.3 one shows that g >; also separates the &-radii : Fg>; = Fg >i- O

Remark A.2.10. According to Remark 5.4.11, to prove that F=; is a direct factor, it is convenient
to chose & as small as possible. This can be done by replacing & by a convenient weak triangulation
S such that I's C &,
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