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NOTATIONS

• (K, |.|) =complete ultrametric field, OK =its valuation ring,

k =its residue field (not necessary perfect), of char. p > 0.

• RK =Robba ring.

• EK = {f(T ) =
∑+∞

−∞ aiT
i | supi |ai| < +∞, limi→−∞ |ai| = 0}.

• E†K,T = RK ∩ EK .

• For all L/K finite. Let Picsol(RL) be the group (under ⊗) of

isomorphism classes of rank one solvable diff. eq. over RL.

• For all algebraic H/K we put RH := RK ⊗K H. Then all diff.

eq. over RH come by scalar extension from an equation over

RL, with L/K fnite, L ⊆ H. Then we set

Picsol(RH) :=
⋃

L/K finite , L⊆H

Picsol(RL).



NOTATIONS IN LUBIN-TATE GROUPS

A L-T series over Qp is a series

P (X) = wX + · · ·+ Xp + · · · ∈ Zp[[X]]

where (· · · ) are things smaller than |p| and w = pu, with u ∈ Z×
p .

Theorem 0.1 (L-T) There exists a unique formal group law

GP (X, Y ) ∈ Zp[[X, Y ]] such that P (GP (X, Y )) = GP (P (X), P (Y )).

This group is endowed with an action of Zp. Namely for all a ∈ Zp

there exists a unique [a]P (X) ∈ Zp[[X]] such that

1. [a](X) = aX + · · · ;

2. GP ([a](X), [a](X)) = [a](GP (X, Y )) .

• By unicity we have P (X) = [w](X).

• Examples: P (X) = pX + Xp. P (X) = (X + 1)p − 1⇒ GP = Ĝm.



DWORK-ROBBA-MATSUDA EXPONENTIALS

When exp(πmT + πm−1
T p

p + · · ·+ π0
T pm

pm ) is convergent for |T | < 1?

Examples:

Dwork: exp(πT ), θ(T ) = exp(π(T − T p)),

πp−1 = −p;

Robba: exp(π(α1
T pm

pm + · · ·+ αm−1
T p

p + αmT )),

|π| = |p|1/p−1, but αi = unknown;

Matsuda: exp((ξpm

− 1)T pm

pm + · · ·+ (ξp − 1)T p

p + (ξ − 1)T ),

πj = ξpm−j

− 1, with ξpm+1

= 1 (primitive).



P−sequences and P−exponentials

Let P a L-T series. A P−sequence is a family {πj}j≥0 such that

P (πj+1) = πj , P (π0) = 0 , , π0 6= 0.

Theorem 0.2 The following formal series converges for |T | < 1:

Em(T ) = exp(πmT + πm−1
T p

p
+ · · ·+ π0

T pm

pm
).

Proof : Let φj(λ0, λ1, . . .) := λpj

0 + pλpj−1

1 + · · ·+ pjλj (phantom

comp.). Let E(T ) = exp(T + T p/p + · · · ) be the Artin-Hasse exp.

• Then: ∏

j≥0

E(λjT
pj

) = exp(φ0T + φ1T
p/p + · · · ).

⇒We need λ = (λ0, λ1, . . .) such that φ(λ) = 〈πm, . . . , π0, 0, 0, . . .〉.

• There exists a morphism sP : Zp[[X]] ↪→W(Zp[[X]]), satisfing

φj(sP (h(X))) = h(P (P (· · · (P (X))))), (j − times).



P−sequences and P−exponentials - 2

• Then λ = sP (X)|X=πm
. Now, to have convergence for |T | < 1,

we need that λ = (λ0, λ1, . . .) satisfies |λj | ≤ 1, ∀ j ≥ 0.

Lemma 0.1 Let h(X) =
∑

i≥0 aiX
i ∈ Zp[[X]]. Let

λ := (λ0, λ1, . . .) = sP (h(X))|X=πm
. Then

{|λ0|, . . . , |λr−1| < 1 and |λr| = 1} ⇐⇒ |a0| = |p|
r.

• This proves the theorem. But leads us to understand the situation:

Lemma 0.2 Let d = npm > 0,(n, p) = 1,(λ0, . . . , λm) ∈Wm(OK).

ed(λ, T ) := exp(πmφ0T
−n + πm−1φ1

T−np

p
+ · · ·+ π0φm

T−d

pm
)

converges at least for |T | > 1, where φj = φj(λ).

Proof : ed(λ, T ) =
∏m

j=0 Em−j(λjT
−npj

) and |λj | ≤ 1.2



P−sequences and P−exponentials - 3

• Since ed(λ, T ) converges for |T | > 1, hence Ld(λ) is solvable:

Ld(λ) := ∂T + n · (πmφ0T
−n + πm−1φ1T

−np + · · ·+ π0φmT−d).

Theorem 0.3 Ld(λ) is trivial if and only if |λ0|, |λ1|, . . . , |λm| < 1.

If |λ0|, . . . , |λr−1| < 1 and |λr| = 1, r ≤ m, then its irregularity is

Irr(Ld(λ)) = d/pr = npm−r.
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formal slope = d

p−adic slope = d/pr

d = npm

log(ρ)
log(Rρ/ρ)

Rρ := Ray(Ld(λ), ρ)



Classification of rk 1 differential modules

• Let Md(λ) be the isomorphism class of Ld(λ) over RK(πm). We

get then, in an evident way, a group morphism

Md : Wm(OK) −−−−−−→
λ 7→Md(λ)

Picsol(RK(πm)).

By the precedent theorem this map factorizes as follows:

Wm(OK)

��

Md // Picsol(RK(πm))

Wm(k)
*



Md

77
o

o

o

o

o

o

.

• Observe that this process produces only differental equations of

formal slope = d.

Now we want all formal slopes.



Classification of rk 1 differential modules - 2

• Let K∞ = ∪mK(πm). Write vp(d) instead of m, then

⊕d>0Wvp(d)(k)
⊗d>0Md
−−−−−→ Picsol(RK∞

).

What are its image and cokernel? Answer: If K = K, then

Coker ∼= {Isomorphism class of ∂T + a0 | a0 ∈ Zp}

Im ∼= (⊕d>0Wvp(d)(OK))/ ∼

The equivalence “∼” identifies (λ0, . . . , λm) with (0, λp
0, . . . , λ

p
m):

Wvp(d)(k̄)
(λ0,...,λm) 7→(0,λp

0 ,...,λp
m)

−−−−−−−−−−−−−−−−→Wvp(pd)(k̄).

• We have Picsol(RK) = [(⊕d>0Wvp(d)(OK))/ ∼]⊕ Zp/Z,

then, by Galois descent

Picsol(RK∞
) ∼= [(⊕d>0Wvp(d)(OK∞

))/ ∼]⊕ Zp/Z



• Actually: what is the Frobenius functor in terms of Witt vectors?

⊕d>0Wvp(d)(k)

?

##

⊗Md // Picsol(RK∞
)

Frob

{{
⊕d>0Wvp(d)(k)

⊗Md // Picsol(RK∞
)

• The frobenius functor sends

(λ0, . . . , λm) 7→ (0, λp
0, . . . , λ

p
m) : Wvp(d)(k̄)→Wvp(pd)(k̄).

• We prove that

Md(λ0, . . . , λm)
∼
→ Mpd(0, λp

0, . . . , λ
p
m)



FROBENIUS STRUCTURE

Example(Dwork): Let P (X) = pX + Xp (w = p). Then

e1(1, T ) = exp(π0T
−1). Dwork showed that θ(T ) is overconvergent:

θ(T ) =
exp(π0T

−1)

exp(π0T−p)
.

Hence M1(1)
∼

→ Mp(0, 1), since exp(π0T
−1) = e1((1), T ) and

exp(π0T
−p) = exp(π1 · 0 · T

−1 + π0p
T−p

p
) = ep((0, 1), T ).

Indeed λ = (0, 1)⇐⇒ φ(λ) = 〈0, p〉.

Example(Matsuda): Let P (X) = (X + 1)p − 1, (w = p), then

πj = ξj − 1, with ξpj+1

j = 1 and ξpi

j = ξj−i. Then, (if p 6= 2),

θm(T ) :=
exp(πmT + · · ·+ π0T

pm

/pm)

exp(πmT p + · · ·+ π0T pm+1/pm)

is overconv. Hence Mpm(1, 0, . . . , 0)
∼

→ Mpm+1(0, 1, 0, . . . , 0).



FROBENIUS STRUCTURE - 2

Theorem 0.4 If w = p, then θd(λ, T ) is overconvergent for all λ

θd(λ, T ) :=
ed(λ, T−1)

ed(σ(λ), T−p)
Here σ : OK → OK is a lifting
of the p−th pwer map of k

Example of proof: Take ep((1, 0), T−1) = exp(π1T + π0T
p/p):

exp(π1T + π0
T p

p )

exp(π1T p + π0
T p2

p2 )
= exp

(
(
π1

π2
)π2T + (

π0

π1
− p)π1

T p

p
− pπ0

T p2

p2

)

=

overconvergent︷ ︸︸ ︷
exp(pπ2T ) · exp

(
φ∗

0︷ ︸︸ ︷
(
π1

π2
− p) π2T +

φ∗
1︷ ︸︸ ︷

(
π0

π1
− p)π1

T p

p
+

φ∗
2︷︸︸︷
−p π0

T p2

p2

)

• IDEA: If there exists λ∗ = (λ∗
0, λ

∗
1, λ

∗
2), such that φ∗

j = φj(λ
∗)

and |λ∗
j | < 1 for all j, then θ is overconvergent. Because

θp2(λ∗, T )′′ =′′ E2(λ
∗
0T ) · E1(λ

∗
1T

p) · E0(λ
∗
2T

p2

).



FROBENIUS STRUCTURE - 3

• Recall that we have a ring morphism

sP : Zp[[X]]→W(Zp[[X]])

such that the phantom component of sP (h(X)) is

〈h(X), h(P (X)), h(P (P (X))), . . .〉.

• Then h(X) = P (X)/X − p. Indeed specialize X 7→ π2, then

h(π2) = (
π1

π2
− p) = φ∗

0

h(P (π2)) = h(π1) = (
π0

π1
− p) = φ∗

1

h(P (P (π2))) = h(π0) = (
0

π0
− p) = −p = φ∗

2

• Moreover, by lemma 0.1, we can control the value |λ∗
j |. Precisely

|λ∗
0|, |λ

∗
1|, |λ

∗
2| < 1⇐⇒ |a0| = |w − p| ≤ |p|3 2



NOTATIONS:

• Λ/Qp =finite extension with residue field Fq. Let k/Fq be perfect.

• A P−sequence {πj}j≥0 is fixed. Suppose πs ∈ Λ. Then set

K = Λ⊗Fq
W(k), σ = IdΛ ⊗ F, E = k((t))

• Let α : GE → Z/ps+1Z. Denote by Vα the repr. of GE defined by

g(e) := ξα(g)
s · e , for all g ∈ GE = Gal(Esep/E),

where ξs is the unique ps+1−th root of 1 s.t. |(ξs − 1)− πs| < |πs|.

{ Rank one repr.

of E := k((t))

}
Local monodromy
−−−−−−−−−−−→

{ Rank one diff. eq.

over RK

}

{?} ←→ {P − exponentials}

• The Artin-Schreier theory says that we have a sequence:

0→ Z/ps+1Z→Ws(E)
F̄−1
−→Ws(E)

δ
→ Homcont(GE, Z/ps+1Z)→ 0.

• Then Vα is given by a Witt vector in Ws(k((t))).



APPLICATION: Lifting Artin-Schreier charachters

• Can we relate Witt vectors in Ws(k((t))) and in Wm(k)?

• What are the vectors corresponding to P−exponentials?

Lemma 0.3 We have the following symmetry (m ≤ s):

ed((a0, . . . , am), T ) = eps((0, . . . , 0, a0T
−n, . . . , am−1T

−d/p, amT−d), 1)

Proof : Let md(T ) := (0, . . . , 0, a0T
−n, . . . , am−1T

−d/p, amT−d).

Then φ(md(T )) = ps−m〈0, . . . , 0, φ0T
−n, . . . , φmT−d〉.2

Examples:

• e1((a), T ) = exp(π0(a)T−1) = exp(π0(aT−1)) = e1((aT−1), 1)

• enp((a0, a1), T ) = exp(π1φ0T
−n + π0φ1

T−np

p
)

= exp(π1φ0(a0T
−n) · 1 + φ1(a0T

−n, a1T
−np)

1

p
)

= ep2((a0T
−n, a1T

−np), 1)



• Then P−exponentials correspond to “monomials” md(T ).

• In general we can write ed(ad, T ) = eps(md(T ), 1), (s ≥ m).

• Nice property:
∏

d

ed(ad, T ) =
∏

d

eps(md(T ), 1) = eps(
∑

d

md(T ), 1)

Lemma 0.4 For all s ≥ 0 we have a decomposition

Ws(E) = ⊕d>0W
(−d)
s (k)⊕Ws(k)⊕Ws(tk[[t]])

W
(−d)
s (k) = {Monomials : md(T ) = (. . . , am−1t

−d/p, amt−d)}.

• We get the usual one for s = 0: k((t)) = ⊕d>0kt−d ⊕ k ⊕ tk[[t]].

{ Every solution of diff.eq.

is product of P − exp.

}
∼
←→

{ Every f(t) ∈Ws(E)

is sum of monomials

}

• For all f(T ) =
∑

d<0 md(T ), write

eps(f(T ), 1) =
∏

d

eps(md(T ), 1) =
∏

d

ed(ad, T )



• Keep attention to the fact that eps(f(T ), 1) has meaning if and

only if f(T ) ∈Ws(T
−1OK [T−1]).

Example: 1) Z 7→ θps(λ, Z) converges for |Z| < 1 + ε.

One can consider its value at 1. Then

Lemma 0.5 For all complete ring (A, |.|) and all Witt vector

λ ∈Ws(A),

θps(λ, 1)

has a meaning.

2) The same is true for Z 7→ eps(λ, Z)ps+1

(overconvergent).

3) But we can not take for example

eps((1), 1) = exp(π0) = has no meaning.

But for example e1(T
−1, 1) = exp(π0T

−1) has a meaning.



Theorem 0.5 Let ϕ : O† → O† be a Frobenius.

0→ Z/ps+1Z //

o

��

Ws(E)
F̄−1 // Ws(E)

δ // // H1(GE, Z/ps+1Z)

e

��

Ws(O
ϕ=1
K )

�

� //

OOOO

��

Ws(O
†)

ϕ−1 //

OOOO

θ
(ϕ)
ps (−,1)

��

Ws(O
†)

OOOO

eps (−,1)ps+1

��
1→ µps+1 // (E†)×

f 7→fps+1

// (E†)×
δKum

// // H1(GE† , µps+1)

where Oσ=1
K := {a ∈ OK | a

σ = a} and GE† := Gal(E†/E†). More

explicitely θ
(ϕ)
ps (−, 1) induces the identification

1 7→ ξ−1
s : Z/ps+1Z

∼
→ µps+1

where ξs is the unique ps+1−th root of 1 such that

|(ξs − 1)− πs|.



Explicit computation of Local monodromy functor

• This gets us an explicit section of the henselian correspondence:
{
Unramified ext.of O†

}
; {Separable ext.of E = k((t))}

0→ Z/ps+1Z→Ws(E)
F̄−1
−→Ws(E)

δ
→ Homcont(GE, Z/ps+1Z)→ 0.

1) Let f(T ) ∈Ws(O
†), let α = δ(f(T )), α : GE → Z/ps+1Z.

2) Let F/E be the extension defined by the kernel of α.

3) Let F† = E†
L,eT /E† be the corresponding unramified extension.

4) Let g(T̃ ) ∈ F† be such that F̄
(
g(T̃ )

)
− g(T̃ ) = f(T ).

5) Then F† = E†
(
θps(g(T̃ ), 1)

)

• Exemple of Dwork: exp(π0T
−1) = e1((1), T ) = e1((T

−1), 1),

s = 0, W0(E) = E, f(T ) = T−1, g(T̃ ) = ?, g(T̃ )p − g(T̃ ) = T−1,

θps(g(T̃ ), 1) = ?.



Explicit computation of differential equation

• Let D†(Vα) = (Vα ⊗Λ O
†,unr)GE the ϕ−module attached to Vα.

Then

e⊗ θps(g(T̃ ), 1)

is a basis of D†(Vα) = (Vα ⊗Λ O
†,unr)GE .

• Actually let g ∈ GE, then, by the big diagram

g(e⊗ θps(g(T̃ ))) = g(e)⊗ g
(
θps(g(T̃ ), 1)

)

= ξα(g)
s · e⊗ ξ−α(g)

s θps(g(T̃ ), 1)

• Can we describe the differential equation ∂T −
∂T (θps (g(eT ),1))

θps (g(eT ),1)
?

• We observe that

θps(g(T̃ ), 1)ps+1

= eps(f(T ), 1)ps+1

But eps(f(T ), 1) has no meaning!

• If f(T ) ∈Ws(T
−1OK [T ]), actually eps(f(T ), 1) has a meaning.



• Write

f(T ) = f−(T ) + f0 + f+(T ),

f− ∈Ws(T
−1OK [T−1]), f0 ∈Ws(OK), f+(T ) ∈Ws(OK [[T ]]).

• We can suppose f+(T ) = 0, because δ(f+(T )) = 0.

• Then separe the Problem:

yps+1

= eps(f0, 1)ps+1

θps(g(T̃ ), 1) = y︸︷︷︸
constant

· eps(f−(T ), 1)
︸ ︷︷ ︸

has meaning

• Then

∂T −
∂T (θps(g(T̃ ), 1))

θps(g(T̃ ), 1)
= ∂T −

∂T

(
eps(f−(T ), 1)

)

eps(f−(T ), 1)

This is the Fontaine-Katz equation!



Example: s = 0, Ws(E) = E, α = δ(āt−1), then the diff.eq. is

∂T + π0aT−1, (∂T = T
d

dT
)

its solution at infinity is exp(π0aT−1). (a =arbitrary lift of ā). And

F† = E†(e1(aT−1, 1)) = E†(exp(π0aT−1)).

F†

?

E†

���
(((

���
(((

θ1(g(eT ), 1) = exp(π0T−1) converge for |eT | > 1 − ε

exp(π0T−1) = e1(T
−1, 1) converge for |T | > 1

1

1

In other words the analytic function exp(π0T−1) become

overconvergent and equal to θ1(g(eT ), 1) in the new variable eT .



• General algorithm:

1)Start from f(t) ∈Ws(E). α = δ(f(t)).

2)Lift it into f(T ) ∈Ws(OK [[T ]][T−1]) in an arbitrary way.

3)Take φ(f(T )) = 〈φ0(T ), . . . , φs(T )〉, then separe the degrees:

φj(T ) = φ−
j (T ) + φ0

j (T ) + φ+
j (T ) ,

with φ−
j ∈ T−1OK [T−1], φ0

j ∈ OK , φ+
j ∈ OK [[T ]], for all j ≥ 0.

4) The Fontaine-Katz differential equation is then

THE END

∂T +

s∑

j=0

πs−j∂T (φ−
j (T ))

1

pj
.


