
MAT432 Year 2018-2019
A few reminders:

Alternated series, Abel summation process
and integral test for convergence

Alternated series

A typical example:
∑
n>1

(−1)n√
n

.

show that, if (an)n∈N is a decreasing sequence of positive numbers which converges to 0, then the series∑
n∈N

(−1)nan converges.

For that, we can show that (Sk)k∈N and (Tk)k∈N, defined for all k ∈ N by

Sk =
2k∑
n=0

(−1)nan and Tk =
2k+1∑
n=0

(−1)nan,

are adjacent.

Partial sum error bound: under the previous hypotheses, show that for all N ∈ N the partial sum error

rN =

∞∑
n=N

(−1)nan

has sign (−1)N , and that
|rN | 6 aN

(we can try to regroup the terms in the sum by pairs as follow (−1)NrN = (aN − aN+1) + (aN+2 −
aN+3) + · · · = aN − (aN+1 − aN+2)− (aN+3 − aN+4)− . . . ).

can we apply these results to the following sequence
∑
n>2

(−1)n√
n+ (−1)n

?

Abel summation process (summation by part).

A typical example:
∑
n>1

cos(nθ)√
n

, where θ is a fixed real number which is not a multiple of 2π.

show that, if
• (an)n∈N ∈ RN is a decreasing sequence of positive numbers which converges to 0,

• (bn)n∈N ∈ CN is such that the sequence (Bn)n∈N of partial sums Bn =

n∑
k=0

bk is bounded,

then the series
∑
n∈N

anbn converges.

For that, we can show that, if 1 6 p < q, then we have

q∑
n=p

anbn = −apBp−1 +

q−1∑
n=p

(an − an+1)Bn + aqBq.

Partial sum error bound: under the previous hypotheses, show that

∀N ∈ N, |
∞∑
n=N

anbn| 6 2aNB,

where B is an upper bound of {|Bn|, n ∈ N}.
Remark: we can replace the hypotheses on (an)n∈N by “(an)n∈N is a sequence of complexes number
which converges to 0 and such that the series Σn∈N(an − an+1) converges absolutely.”



Integral test for convergence.

let f : R+ → R be a decreasing continuous function such that f(x) converges to 0 when x tends to +∞.

Show that, if 1 6 p 6 q then ∫ q+1

p
f(t) dt 6

q∑
n=p

f(n) 6
∫ q

p−1
f(t) dt.

Deduce from the previous inequalities that

• the series
∑
n∈N

f(n) converges if and only if the integral

∫ ∞
0

f(t) dt converges;

• If there is convergence, then we have:

∀p ∈ N,
∫ ∞
p

f(t) dt 6
∞∑
n=p

f(n) 6
∫ ∞
p−1

f(t) dt;

• if there is no convergence, then we have:

∀q ∈ N,
∫ q+1

1
f(t) dt 6

q∑
n=1

f(n) 6
∫ q

0
f(t) dt.

This can for example be applied to the Riemann series
∑
n>1

1

nα
and Bertrand series

∑
n>1

1

nα(ln(n))β
.


