MAT432 Year 2018-2019
A few reminders:
Alternated series, Abel summation process
and integral test for convergence

Alternated series

. (=)™
A typical example: Z )
n=1 \/ﬁ

show that, if (a,)nen is a decreasing sequence of positive numbers which converges to 0, then the series

Z(—l)"an converges.
neN
For that, we can show that (Sk)ren and (Tk)ren, defined for all £ € N by

2% 2k+1
Sk = Z(—l)”an and Ty = Z (=1)"ap,
n=0 n=0

are adjacent.

Partial sum error bound: under the previous hypotheses, show that for all N € N the partial sum error

o0

:Z(_

has sign (—1)", and that
Irn| < an
(we can try to regroup the terms in the sum by pairs as follow (—1)Vry = (anx — an41) + (ani2 —
any3) + - =an — (a1 —any2) — (a3 —ania) — .. ).
(="
2 /n+ (-1)"

can we apply these results to the following sequence Z

Abel summation process (summation by part).

(nd
A typical example: nz;l coi,/g )

where 0 is a fixed real number which is not a multiple of 2.

show that, if
e (an)nen € RY is a decreasing sequence of positive numbers which converges to 0,

e (bp)nen € CN is such that the sequence (B, )nen of partial sums B, = Z by is bounded,
k=0
then the series Z anby, converges.
neN
For that, we can show that, if 1 < p < ¢, then we have

Zan n = —apBy,_ 1+Z n — Gn+1)Bn + agBy.

Partial sum error bound: under the previous hypotheses, show that

VN €N, |Zanb| 2an B,

where B is an upper bound of {|B,|,n € N}.

Remark: we can replace the hypotheses on (an)neny by “(an)nen is a sequence of complexes number
which converges to 0 and such that the series ¥,,en(a, — an41) converges absolutely.”



Integral test for convergence.
let f: R4 — R be a decreasing continuous function such that f(x) converges to 0 when z tends to 4oc.
Show that, if 1 < p < ¢ then

Deduce from the previous inequalities that

o
e the series Z f(n) converges if and only if the integral / f(t)dt converges;
0

neN
o If there is convergence, then we have:

o0

Wp €N, /p £t dt < :pf(n) </p_1f(t) dt:

n

e if there is no convergence, then we have:

q+1 q q
Vq €N, /1 fBdt <) fn) < /O £(t)dt.
n=1
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This can for example be applied to the Riemann series Z — and Bertrand series Z W
n n®(In(n

n>1 n>1



