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É ¿�´%¹ Ê

Êr¦�Ëº¿@´%¹ªx¹¼�¼�¯�´Q©u¯�®1Ã'«HÁ�´%«H¨�¹¨;©x¶ Ì
Í ¦ÏÎº9²H¬rªk²Z©u¯�®�Ð�¯�Ñ�¹ªx¹¨;©u¯È²Z¼�¶ºÒ#¹ªx¶k²ÓÅÆ¼È²Z©�½@©uªu�®©uQªx¹-¶ ¥VÔ
Õr¦�Öº¨Q¨�«HQ¨�®-¹Á�¹¨;©
«Z·Æ©u¸�¹1ÃF¼È²H¶k¶u¯�Â9®V²Z©u¯�«H¨ É ¸�¹-«Hªx¹Á °O°
Ôr¦�Ö*®x×�¨�«VØ*¼�¹-¬rµOÁ�¹¨@©x¶ °OÊ
À}¹g·_¹ªx¹¨�®-¹-¶ °OÊ

¥O¦}Ù ¡C¢%Úy 2Û2ÜCÝz¢�Þß Æ¡
ÖàÁ�¹ªx«HÁ�«Hªu´Q¸Q¯�®�á;9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼

ψ
«H¨â²,À~¯�¹Á�²Z¨Q¨ã¶uQªJ·l²H®-¹

M2
g

«Z·'µL¹¨;�¶
g
¯�¶
¼�«�®V²Z¼�¼�¿³¬Q¹gÂ�¨�¹-¬

¾;¿
ψ = f(z)(dz)2

Ø*¸�¹ªx¹
f(z)

¯�¶�²�Á�¹ªx«HÁ�«Hªu´Q¸Q¯�®Ó·�Q¨�®©u¯�«H¨ã¬Q¹gÂ�¨�¹-¬³«H¨ã²,®x¸9²Zªu©
(U, z)

¦�§i·�Ø'¹Ó¸9²-ÄL¹4©u¸�¹
·_«HªuÁ

ψ = g(w)(dw)2
Ø*¸�¹ªx¹

g(w)
¯�¶F²�Á�¹ªx«HÁ�«Hªu´Q¸Q¯�®}·�Q¨�®©u¯�«H¨�«H¨

V ä ©u¸�¹~©uªk²Z¨�¶x¯�©u¯�«H¨�·�Q¨�®©u¯�«H¨�¶F«H¨ U ∩V¶k²Z©u¯�¶JÂ9¹-¶
f(z)

g(w)
=

(
dw

dz

)2

§�¨,©u¸Q¯�¶+´9²Z´%¹ª*ØF¹�®-«H¨�¶x¯�¬Q¹ª}á;9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼�¶}¸9²-Ä�¯�¨Qµ�«H¨Q¼�¿,¶x¯�Á�´Q¼�¹º´%«H¼�¹-¶ ä ¯�·S²Z¨;¿L¦Såã¹�¬Q¹¨�«H©x¹
¾@¿ Qg©u¸�¹*Á�«�¬rQ¼�¯9¶u´9²H®-¹-¶#«Z·�´9²Z¯�ªx¶
(M2

g , ψ) ä Ø*¸�¹ªx¹ M2
g

¯�¶�²�À}¯�¹Á�²Z¨Q¨�¶uQªJ·l²H®-¹}²Z¨�¬
ψ
²�Á�¹ªx«HÁ�«Hªu´Q¸Q¯�®�á@9²H¬rªk²Z©u¯�®

¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼2«H¨æ¯�©V¦Sçº«H©x¹�©u¸9²Z©}ØF¹�¸9²VÄL¹�¬r¯�Ä@¯�¬Q¹-¬�¾;¿,©u¸�¹�Á�²Z´Q´Q¯�¨Qµ�®¼È²H¶x¶~µOªx«HQ´æ±»«�¬
(g)
¦

è ¹©
(k1, . . . , kn)

¾z¹}©u¸�¹º«Hªx¬Q¹ªx¶+«Z·�¶u¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶+«Z·
ψ ä Ø*¸�¹ªx¹ ki > 0

®-«Hªuªx¹-¶u´%«H¨�¬Q¶'©x«1²�éV¹ªx«
zki(dz)2

«Z·

«Hªx¬Q¹ª
ki
²Z¨�¬

kj = −1
®-«Hªuªx¹-¶u´z«H¨�¬Q¶�©x«�²�¶u¯�Á�´Q¼�¹*´%«H¼�¹ 1

z
(dz)2

«Z·�²�á;9²H¬rªk²Z©u¯�®~¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼l¦�§i©S¯�¶�²�®¼È²H¶x¶u¯�®V²Z¼
ªx¹-¶uQ¼�©*·_«H¼�¼�«VØ*¯�¨Qµ�«Z·Æ©u¸�¹1ê�²Z�¶x¶dëíì+«H¨Q¨�¹©*·_«HªuÁ�Q¼È²�©u¸9²Z© ∑

ki = 4g − 4
¦

è «�®V²Z¼�¼�¿ ä ¯�¨»²�¶u¯�Á�´Q¼�¿@îi®-«H¨Q¨�¹-®©x¹-¬æ¨�¹¯�µO¸@¾z«Hªu¸�«�«@¬»«Z·�²Ó¨�«H¨�¶u¯�¨QµOQ¼È²Zª�´z«H¯�¨@© ä ²�á@9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼A®V²Z¨¾%¹}´Qªx¹-¶x¹¨@©x¹-¬�²H¶'²1¶xá@9²Zªx¹º«Z·2²Z¨�Ö}¾%¹¼�¯È²Z¨�¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼ ä ¾QQ©'µO¼�«H¾9²Z¼�¼�¿�¯�©F¯�¶F¨�«H©+©u¸�¹º®V²H¶x¹º¯�¨,µL¹¨�¹ªk²Z¼l¦S§i¨,©u¸Q¯�¶´9²Z´%¹ªºØ'¹4®-«H¨�¶x¯�¬Q¹ª
«H¨Q¼�¿»©u¸�«O¶x¹4á;9²H¬rªk²Z©u¯�®Ó¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼�¶�Ø*¸Q¯�®k¸?²Zªx¹4¨�«H©
µO¼�«H¾9²Z¼�¼�¿�©u¸�¹Ó¶xá@9²Zªx¹-¶
«Z·FÖ}¾%¹¼�¯È²Z¨
¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼�¶V¦
ï�ð �ß��Hñbòxjls = Tx�cd�'tOcdh�ñkógóbôX|
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É ¸�¹�Á�«�¬rQ¼�¯
¶u´9²H®-¹
Qg
¯�¶�¨9²Z©uQªk²Z¼�¼�¿ ¶x©uªk²Z©u¯�Â9¹-¬ ¾@¿ ©u¸�¹�©�¿@´%¹-¶�«Z·�©u¸�¹6¶u¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶V¦ åã¹æ¬Q¹¨�«H©x¹6¾;¿

Q(k1, . . . , kn) ⊆ Qg
©u¸�¹�¶u©uªk²Z©uQÁ�«Z·~á;9²H¬rªk²Z©u¯�®�¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼�¶

[M2
g , ψ] ∈ Qg

Ø*¸Q¯�®x¸�²Zªx¹�¨�«H©�©u¸�¹�µO¼�«H¾9²Z¼
¶xá@9²Zªx¹-¶*«Z·2Öº¾z¹¼�¯È²Z¨�¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼�¶ ä ²Z¨�¬�Ø*¸Q¯�®k¸�¸9²-ÄL¹
©u¸�¹
¶u¯�¨QµOQ¼È²Zªu¯�©�¿�´9²Z©u©x¹ªu¨ (k1, . . . , kn) ä Ø*¸�¹ªx¹ ki

©k²Z×L¹-¶
ÄO²Z¼��¹-¶Ó¯�¨

{−1, 0, 1, 2, . . . }
¦ §i¨�¶x«HÁ�¹�¶x¯�©u9²Z©u¯�«H¨�¶�ØF¹�®-«H¨�¶u¯�¬Q¹ª�©u¸�¹�¶x©uªk²Z©k²³«Z·º´9²Z¯�ªx¶

[ψ,M 2
g ]
Ø*¸�¹ªx¹�©u¸�¹

À~¯�¹Á�²Z¨Q¨ ¶xQªJ·_²H®-¹6¯�¶,´Qªx«VÄ�¯�¬Q¹-¬ Ø*¯�©u¸ ¶x«HÁ�¹»ÂQÇQ¹-¬í¨@QÁ�¾%¹ªæ«Z·�Á�²Zªu×L¹-¬ ´%«H¯�¨;©x¶ ä Ø*¸Q¯�®k¸ ²Zªx¹»¨�«H¨�¶x¯�¨QµOQ¼È²Zª´%«H¯�¨;©x¶�«Z·�©u¸�¹4á;9²H¬rªk²Z©u¯�®Ó¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼
ψ
¦�ì'¿æ®-«H¨@ÄL¹¨;©u¯�«H¨ãØ'¹4¼�¹©

ki = 0
Ø*¸�¹¨³©u¸�¹1´z«H¯�¨@©

Pi
¯�¶ ä ²H®©u9²Z¼�¼�¿ ä�J�¶u©�²,Á�²Zªu×L¹-¬?´%«H¯�¨;©V¦�½�«HÁ�¹©u¯�Á�¹-¶1ØF¹�¶x¸9²Z¼�¼#®V²Z¼�¼#©u¸�¹ÓÁ�²Zªu×L¹-¬ã´%«H¯�¨;©x¶�©u¸�¹��������
éV¹ªx«O¶ ä ²Z¨�¬ã©u¸�¹�éV¹ªx«O¶ PjØ*¯�©u¸

kj > 0
©u¸�¹
	�����'éV¹ªx«O¶V¦Aåã¹��¶x¹�©u¸�¹
¹gÇ�´%«H¨�¹¨;©u¯È²Z¼�¨�«H©k²Z©u¯�«H¨

km ·�«Hª k, k, k, . . . , k ªx¹´%¹V²Z©x¹-¬ m ©u¯�Á�¹-¶V¦Å�«Hª}¹gÇ�²ZÁ�´Q¼�¹ ä Q(14, 8, 2, 32)
¶x©k²Z¨�¬Q¶+·�«Hª

Q(1, 1, 1, 1, 8, 2, 3, 3)
¦

åã¹}²Zªx¹*¯�¨@©x¹ªx¹-¶u©x¹-¬�¯�¨�©u¸�¹~¬Q¹-¶x®ªu¯�´Q©u¯�«H¨�«Z·�®-«H¨Q¨�¹-®©x¹-¬�®-«HÁ�´%«H¨�¹¨;©x¶+«Z·%©u¸�¹*Á�«�¬rQ¼�¯9¶u´9²H®-¹-¶
Q(k1, . . . , kn)

¦
§�¨ ©u¸Q¯�¶Ó´9²Z´%¹ªÓØF¹�¬Q¹-¶x®ªu¯�¾%¹�²Z¼�¼*®-«H¨Q¨�¹-®©x¹-¬ ®-«HÁ�´z«H¨�¹¨@©x¶�«Z·
²6¶u´%¹-®¯È²Z¼+©i¿�´z¹���©u¸�¹���������������������	�� ��«H¨�¹-¶V¦ãÖ
®-«HÁ�´Q¼�¹©x¹�¬Q¹-¶x®ªu¯�´Q©u¯�«H¨6«Z·S²Z¼�¼C®-«H¨Q¨�¹-®©x¹-¬»®-«HÁ�´z«H¨�¹¨@©x¶}«Z·A©u¸�¹
Á�«@¬rQ¼�¯2¶u´9²H®-¹-¶

Q(k1, . . . , kn)
®V²Z¨æ¾z¹�·_«HQ¨�¬

¯�¨"! è ²O°�#i¦�§i©*Ø*¯�¼�¼C¾%¹
©u¸�¹�¶uQ¾$�u¹-®©}«Z·#²1·�«Hªu©u¸�®-«HÁ�¯�¨Qµ�´9²Z´z¹ªV¦
% ��&'�(���â¥�)'§�¨*!,+}«�-z«(#.+}«H¨;©x¶k¹Ä@¯�®k¸?²Z¨�¬/-z«Hªu¯�®x¸³®¼È²H¶x¶u¯�Â9¹-¬æ®-«H¨Q¨�¹-®©x¹-¬»®-«HÁ�´z«H¨�¹¨@©x¶
«Z·A©u¸�¹�Á�«@¬rQ¼�¯Æ¶u´9²H®-¹-¶
«Z·�Öº¾z¹¼�¯È²Z¨³¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼�¶ ä Ø*¸Q¯�®x¸³¯�Á�´Q¼�¯�¹-¶�©u¸�¹4®¼È²H¶x¶u¯�Â9®V²Z©u¯�«H¨?«Z·�©u¸�¹1Á�«@¬rQ¼�¯A¶u´9²H®-¹-¶
«Z·#©u¸�«O¶x¹1¸�«H¼�«HÁ�«Hªu´Q¸Q¯�®á@9²H¬rªk²Z©u¯�®�¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼�¶}Ø*¸Q¯�®k¸6²Zªx¹
µO¼�«H¾9²Z¼�¼�¿�©u¸�¹�¶xá@9²Zªx¹-¶~«Z·SÖ}¾%¹¼�¯È²Z¨�¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼�¶V¦
% ��&'�(���$°�)*§�¨0!n±³²1#'²Z¨�¬0! Ò#¹O¥2# ä ±³²H¶uQª1²Z¨�¬?Ò#¹-¹-®k¸$¸9²VÄL¹�¯�¨�¬Q¹´%¹¨�¬Q¹¨;©u¼�¿ã´Qªx«XÄL¹-¬â©u¸9²Z©1©u¸�¹ É ¹¯�®k¸QÁ43Q¼�¼�¹ª
µL¹-«�¬Q¹-¶u¯�®659«VØ ²H®©x¶�¹ªuµL«�¬r¯�®V²Z¼�¼�¿ã«H¨â¹V²H®x¸ ®-«H¨Q¨�¹-®©x¹-¬â®-«HÁ�´%«H¨�¹¨;©Ó«Z·~¹V²H®x¸$¶x©uªk²Z©uQÁÏ«Z·*©u¸�¹�Á�«@¬rQ¼�¯'¶u´9²H®-¹
«Z·~á;9²H¬rªk²Z©u¯�®�¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼�¶87S©u¸�¹�®-«Hªuªx¹-¶u´z«H¨�¬r¯�¨Qµ6¯�¨;ÄO²Zªu¯È²Z¨;©4Á�¹V²H¶uQªx¹�¾z¹¯�¨Qµ³²,Â�¨Q¯�©x¹ è ¹¾%¹-¶xá@�¹�¹-á@Q¯�ÄH²Z¼�¹¨@©
Á�¹V²H¶uQªx¹O¦
±6«H©u¯�ÄH²Z©x¹-¬6¾;¿æ©u¸Q¯�¶
ªx¹-¶uQ¼�© ä ©u¸�¹4®¼È²H¶k¶u¯�Â9®V²Z©u¯�«H¨?«Z·F®-«H¨Q¨�¹-®©x¹-¬?®-«HÁ�´z«H¨�¹¨@©x¶�«Z·�©u¸�¹Ó¶u©uªk²Z©k²,®-«H¯�¨�®¯�¬Q¹4Ø*¯�©u¸©u¸�¹�®¼È²H¶x¶x¯�Â9®V²Z©u¯�«H¨æ«Z·A¹ªuµL«�¬r¯�®�®-«HÁ�´%«H¨�¹¨;©x¶�«Z·Æ©u¸�¹ É ¹¯�®x¸QÁ93Q¼�¼�¹ª�µL¹-«�¬Q¹-¶u¯�®:59«XØ�¦
É ¸�¹*´9²Z´%¹ªS¸9²H¶#©u¸�¹'·_«H¼�¼�«VØ*¯�¨Qµ4¶u©uªu�®©uQªx¹O¦S§i¨�¶k¹-®©u¯�«H¨�°
ØF¹~´Qªx¹-¶x¹¨;©F²Z¨�«VÄL¹ªuÄ�¯�¹Øí«Z·%©u¸�¹*¾9²H¶u¯�®+´Qªx«H´%¹ªu©u¯�¹-¶
«Z·ºá@9²H¬rªk²Z©u¯�®�¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼�¶V¦?§i¨ ¶x¹-®©u¯�«H¨�Ê�Ø'¹�®-«H¨�¶u©uªu�®©Ó©u¸�¹�¸@¿@´%¹ªx¹¼�¼�¯�´Q©u¯�®�®-«H¨Q¨�¹-®©x¹-¬�®-«HÁ�´z«H¨�¹¨@©x¶�²Z¨�¬
´Qªx«VÄL¹ É ¸�¹-«Hªx¹Á�¥ ä ©u¸9²Z©�¯�¶�«HQª�¼�¯�¶u©Ó¯�¶�®-«HÁ�´Q¼�¹©x¹O¦ §i¨�¶x¹-®©u¯�«H¨ Í ØF¹�´Qªx¹-¶k¹¨;©�©u¸�¹�ØF¹¼�¼�îl×�¨�«VØ*¨íªx¹¼È²Z©u¯�«H¨¾%¹©iØF¹-¹¨³á@9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼�¶�²Z¨�¬�Á�¹V²H¶uQªx¹-¬�·�«H¼�¯È²Z©u¯�«H¨�¶X¦ É ¸�¹¨»ØF¹1�¶x¹�Á�¹V²H¶uQªx¹-¬�·�«H¼�¯È²Z©u¯�«H¨�¶º©x«�´Qªx«XÄL¹
É ¸�¹-«Hªx¹Á�°$�*¶u©uªk²Z©k²�Ø*¯�©u¸?²�¸@¿@´%¹ªx¹¼�¼�¯�´Q©u¯�®Ó®-«HÁ�´z«H¨�¹¨@©�²Zªx¹�¨�«H©�®-«H¨Q¨�¹-®©x¹-¬6¹gÇQ®-¹´Q©�¶x«HÁ�¹�´9²Zªu©u¯�®Q¼È²Zª�®V²H¶x¹-¶
¯�¨�¼�«VØ�µL¹¨�¹ªk²r¦Såã¹�¬rªk²VØ ·�ªx«HÁ «HQª*©iØF«�Á�²Z¯�¨�ªx¹-¶uQ¼�©x¶*©u¸�¹�·�«H¼�¼�«XØ*¯�¨Qµ
�4;=<�;?>�>�@�<1ACB=D

• E �$�4	��������F�2G(�H�IG(JK��LNM'O2����� ��O9GP�:O�	��Q��	R�S�HL
Qg

F2 = { Q(4(g − k) − 6 ; 4k + 2) | 0 ≤ k ≤ g − 2}
F3 = { Q(4(g − k) − 6 ; 2k + 1 ; 2k + 1) | 0 ≤ k ≤ g − 1}
F4 = { Q((2(g − k) − 3 ; 2(g − k) − 3 ; 2k + 1 ; 2k + 1) | −1 ≤ k ≤ g − 2}

��LTM���LU���P�
g ≥ 3

���Q�VL?G(L�WP��G(L�L����2	X�QY�)VZ[�����\��]�G(^��VO�	��Q��	�N&_�$G(O`O2��O`O2��OVG(LU�'��G(&a�$G�L���L=	[Jb�N�������cO
�N�`�����Q���H�d�e�U	����V�(L�YS��	f�I����O�	gG(L��
G�	��$����Jb��� ���h�HOiL?G�	X)

• E �$�j�2G(���kG(JK��LNM4O�	��Q��	R�6��G(������OR�$G�L?Y(��LNMV����OR���Q�2	���^����d�'	RGlMN��L�NO
1

�(L?Y
2

�(���i��G�L�L��Q�2	X��Ym�(L?Y
	��$�nJb�oG��I�
O�	��P�p	�N&q��G(��L?��� Y���O�JK��	��h��	�O:�������������H�d����	����6��G�L�L��Q�2	X��Yr��G(&a�$G(LU��L=	

{

Q(−1,−1, 2)

Q(−1,−1, 1, 1)
and







Q(2, 2)

Q(1, 1, 2)

Q(1, 1, 1, 1)
§�¨æ¶x¹-®©u¯�«H¨6Õ�ØF¹Ó²Z¨Q¨�«HQ¨�®-¹�©u¸�¹�µL¹¨�¹ªk²Z¼Æ®¼È²H¶k¶u¯�Â9®V²Z©u¯�«H¨»©u¸�¹-«Hªx¹Ár�+Q´»©x«�·_«HQª}¹gÇQ®-¹´Q©u¯�«H¨9²Z¼Æ®V²H¶x¹-¶º¯�¨æ¼�«XØ
µL¹¨�¹ªk²�©u¸�¹1¶u©uªk²Z©k²�«Z·#Á�¹ªx«HÁ�«Hªu´Q¸Q¯�®�á@9²H¬rªk²Z©u¯�®4¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼�¶�²Zªx¹4¹¯�©u¸�¹ª�®-«H¨Q¨�¹-®©x¹-¬ ä «Hª�¸9²-ÄL¹Ó¹gÇ�²H®©u¼�¿�©iØ'«®-«H¨Q¨�¹-®©x¹-¬æ®-«HÁ�´%«H¨�¹¨;©x¶ ä ²Z¨�¬�«H¨�¹�«Z·A©u¸�¹�©iØ'«�®-«HÁ�´%«H¨�¹¨;©x¶}¯�¶*¸;¿�´z¹ªx¹¼�¼�¯�´Q©u¯�®O¦s
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�
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§�¨?©u¸Q¯�¶�¶x¹-®©u¯�«H¨âØ'¹�´Qªx¹-¶x¹¨@©1¶x«HÁ�¹ÓµL¹¨�¹ªk²Z¼F¯�¨r·�«HªuÁ�²Z©u¯�«H¨ ®-«H¨�®-¹ªu¨Q¯�¨Qµæ©u¸�¹�Á�«�¬rQ¼�¯�¶u´9²H®-¹-¶1«Z·+á@9²H¬rªk²Z©u¯�®
¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼�¶V¦#Öº¼�¼9´Qªx«�«Z·_¶F²Z¨�¬�¬Q¹©k²Z¯�¼�¶+®V²Z¨�¾z¹~·�«HQ¨�¬�¯�¨�´9²Z´%¹ªx¶a!n±³²1# ä ! Ò#¹O¥2# ä !n±³²L½@Á6# ä ! Ò#¹V°(# ä !,+}«p# ä !,+º«�-z«�#i¦
�"!�#�;?<$#&%(' ±³²H¶uQªF²Z¨�¬�½@Á�¯�¼�¼�¯�¹*) D,+ G(L�O���Y����a�9^��Q�2	RG(�

(k1, . . . , kn)
JK��	��m�(�H�

ki ∈ N∪{−1}
).-= �p�$G�O8�l	��o��	

∑
ki = 0 mod4

�(L?Y ∑
ki ≥ −4

) E ����L 	��$�6��G(���Q��OR�$G(L�Y(�HLoM O�	��Q��	�o&
Q(k1, . . . , kn)

�cO�L�G(L�WP��&n�U	��mJK��	��
	��$�f�2G(�H�IG(JK��LNM[�2G(o�
�0/p���X��	�� G(L�O

Q(∅),Q(1,−1) (
�HL M���L=�O

g = 1)
�(L?Y

Q(4),Q(1, 3) (
��L M���L�NO

g = 2)
% ��&'�(���4Ê�)C§i©C¯�¶2®¼�¹V²Zª�©u¸9²Z©2¯�·y²*á;9²H¬rªk²Z©u¯�®F¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼r¸9²H¶2²~¶x¯�¨QµOQ¼È²Zªu¯�©i¿�«Z·�«@¬Q¬1«Hªx¬Q¹ª '

−1
·�«Hª2²~´z«H¼�¹*)%©u¸�¹¨

¯�©#Á�²V¿4¨�«H©�¾z¹}²�µO¼�«H¾9²Z¼9¶xá@9²Zªx¹~«Z·�²Z¨�Ö}¾%¹¼�¯È²Z¨�¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼l¦#ì'Q©#¯�·C²Z¼�¼�éV¹ªx«O¶F²Zªx¹}«Z·�¹ÄL¹¨�«Hªx¬Q¹ªx¶
ki

' ¹gÇQ®-¹´Q©
(k1, . . . , kn) = (∅)

«Hª
(4)
)F©u¸�¹¨�©u¸�¹ É ¸�¹-«Hªx¹Á ²Z¾%«VÄL¹�¶b²-¿r¶F©u¸9²Z©*©u¸�¹ªx¹�¹gÇr¯�¶u©*á@9²H¬rªk²Z©u¯�®�¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼�¶*Ø*¯�©u¸

©u¸�¹�¶u¯�¨QµOQ¼È²Zªu¯�©�¿ ´9²Z©u©x¹ªu¨
(k1, . . . , kn)

Ø*¸Q¯�®x¸í²Zªx¹�¨�«H©�¶ká;9²Zªx¹-¶�«Z·
Ö}¾%¹¼�¯È²Z¨ ¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼�¶V¦ Å�«Hª�¹gÇ�²ZÁ�´Q¼�¹ ä«H¨â¹V²H®k¸$®-«HÁ�´Q¼�¹gÇâ®QªuÄL¹�«Z·*µL¹¨@�¶
g = 2 ä ©u¸�¹ªx¹�¹gÇr¯�¶u©�á@9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼�¶1Ø*¯�©u¸â©iØ'«�éV¹ªx«O¶1«Z·*«Hªx¬Q¹ª©iØ'«?Ø*¸Q¯�®x¸ ���Q�rL?G�	+¶xá@9²Zªx¹-¶Ó«Z·�Öº¾z¹¼�¯È²Z¨ ¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼�¶ ' ¶k¹-¹�²Z¼�¶k«?Å2¯�µOQªx¹�Ê1) ä ²Z¨�¬ ©u¸�¹ªx¹�¹gÇ�¯�¶u©�á@9²H¬rªk²Z©u¯�®¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼�¶ºØ*¯�©u¸�©iØ'«�éV¹ªx«O¶}«Z·S«Hªx¬Q¹ª~©iØ'«�Ø*¸Q¯�®k¸ �(���+©u¸�¹�µO¼�«H¾9²Z¼�¶ká;9²Zªx¹-¶~«Z·SÖº¾z¹¼�¯È²Z¨æ¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼�¶X¦

�"!�#�;?<$#&% ' Ë4¦Q±6²H¶xQª87rå/¦rÒ#¹-¹-®k¸2) D 3 L��VO�	��P�p	�N&
Q(k1, . . . , kn)

�cO4�h��G(&a�?� �0/rG(�8]�� ��G��kYhGP�4Y(��&m��L�O�� G(L
dimCQ(k1, . . . , kn) = 2g + n− 2

% ��&'�(��� Í ) É ¸�¹1´Qªu¯�¨�®¯�´9²Z¼Æ¶x©uªk²Z©uQÁ ä ©u¸9²Z©�¯�¶�²Z¼�¼Æ¶u¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶
«Z·#©u¸�¹�·_«HªuÁ0²Zªx¹4«H¨Q¼�¿�¶u¯�Á�´Q¼�¹-¶ºéV¹ªx«@¹-¶ ä ®V²Z¨¾%¹
¯�¬Q¹¨;©u¯�Â9¹-¬�Ø*¯�©u¸æ©u¸�¹�®-«H©k²Z¨QµL¹¨;©}Â�¾z¹ª}«XÄL¹ª~©u¸�¹ É ¹¯�®x¸QÁ43Q¼�¼�¹ª
¶u´9²H®-¹O¦F½�«�©u¸�¹�¬r¯�Á�¹¨�¶u¯�«H¨æ¯�¨�©u¸Q¯�¶º®V²H¶x¹
¯�¶
2 ·
¬r¯�Á

CTg = 6g − 6
É ¸Q¯�¶æ®-«Hªuªx¹-¶x´z«H¨�¬ ©x« ©u¸�¹$²Z¾z«XÄL¹³·�«HªuÁ1Q¼È²�Ø*¯�©u¸

n = 4g − 4
¦ É ¸�¹?µL¹¨�¹ªk²Z¼�·_«HªuÁ�Q¼È² ¯�¶�«H¾Q©k²Z¯�¨�¹-¬ ¾@¿

¶uQ¾Q©uªk²H®©u¯�¨Qµ�²Ó¬r¯�Á�¹¨�¶u¯�«H¨»²Z¨;¿�©u¯�Á�¹�²4éV¹ªx«�¯�¶~®-«H¼�¼È²Z´�¶x¹-¬�©x«�¸Q¯�µO¸�¹ªº«Hªx¬Q¹ªV¦
��<�;54 ;26*798*7�;2:;' +º«H¨;©x¶x¹Ä�¯�®x¸2) D<3 L��VO�	��P��	�o&

Q(k1, . . . , kn)
JK��	�� ∑

ki = −4
�HO4��G(L�LU�Q�2	X�QY�)

= �QG8GP�8)*½@¯�¨�®-¹�©u¸�¹ªx¹�¯�¶�«H¨Q¼�¿ «H¨�¹æ®-«HÁ�´Q¼�¹gÇ�¶x©uªu�®©uQªx¹æ«H¨
C > 1 ØF¹�®V²Z¨ Ø'«Hªu× ¯�¨ ©u¸�¹�¶u©k²Z¨�¬�²Zªx¬�²Z©u¼È²H¶�«H¨

C > 1 = C ∪ (C∗ ∪ ∞)
¦�§�¨ã©u¸Q¯�¶�²Z©u¼È²H¶ ä ØF¹�®V²Z¨â¹V²H¶u¯�¼�¿6Â�¨�¬ãá@9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼�¶ f(z)(dz)2

Ø*¯�©u¸$²Z¨;¿
´Qªx¹-¶x®ªu¯�¾%¹-¬æ¶u¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶�²Z©
²Z¨;¿�´Qªx¹-¶x®ªu¯�¾%¹-¬�´%«H¯�¨;©x¶ ' Ø*¯�©u¸»©u¸�¹1¹Ä@¯�¬Q¹¨@©�®-«H¨�¬r¯�©u¯�«H¨6´Qªx¹-¶x®ªu¯�¾%¹-¬�¾@¿�¬Q¹µOªx¹-¹-¶
«Z·'¶x¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶ ä ∑ ki = −4

) �d�¶u©�¾;¿6®x¸�«�«O¶u¯�¨Qµæ²Z¨ã²Z´Q´Qªx«H´Qªu¯È²Z©x¹�ªk²Z©u¯�«H¨9²Z¼A·�Q¨�®©u¯�«H¨
f(z)
¦ É ¸�¹Ó¶u´9²H®-¹Ó«Z·

®-«H¨rÂ�µOQªk²Z©u¯�«H¨�¶*«Z·C´%«H¯�¨;©x¶+«H¨�²1¶u´Q¸�¹ªx¹º¯�¶F®-«H¨Q¨�¹-®©x¹-¬ 7r©u¸Q¯�¶F¯�Á�´Q¼�¯�¹-¶'©u¸�¹º¶x©k²Z©x¹Á�¹¨;©*«Z·�©u¸�¹ > ªx«H´z«O¶x¯�©u¯�«H¨C¦ �

�4;2:�6?88<A@CB18*7H;�:\BD' Ã+²Z¨�«H¨Q¯�®V²Z¼�¬Q«HQ¾Q¼�¹�®-«VÄL¹ªu¯�¨QµE) DGF ��	
M2

g

]��[� % �R��&'�(L�L9O�o�H�2�p�`�[��L?Yl�I�2	
ψ

]`�[� H�$��Y(�P�p	����
Y(� Ia������L=	�� �(��G(L ��	jJb�N�����'�HO L?G�	b�4OJH���(���iGP�a��L 3 ]`����� �(LTY(� Ia������L=	�� �(� ) E �����Q�i�K/(�cO�	�Ol�6���(L?G�L����`�(�
LX�P��&
� M �QYJN
YpG(�]�� �6��G(^�������LNM

π : M̃2
g̃ →M2

g

O�����r	��o��	
π∗ψ = ω̃2 O Jb�����Q�

ω̃
�cO��(L 3 ]����d���(L"Y(� Ia������L=	�� �(�.G�L

M̃2
g̃

)
E �$�[O2��	.GP�n������	�� ���(�=^1�(�d���O:GP�

π
G(L
M2

g

��G(��L?��� Y��i�0/p���2	����9JK��	��V	��$� O2�2	 GP�gO��HLNM�N�I�(����	��R��OnGP�nG8YpY6Y��RM(�Q�`��O:GP�
ψ

) E �$� ��G�^������HLNM
π : M̃2

g̃ →M2
g

�cOg	��$� &6��L��H&'�(��LR�Q�(&6� Mg�QYPN���G(^�������LNMiO�$���6	��o�p	 	��$�.H���pY(�Q��	�� �aY�� Ia������L=	�� �(�
π∗ψ

]��Q��G(&m��O6	��$��OJH���(���6GP�4�(L 3 ]����d����L Y�� Ia������L=	�� �(�bG(L
M̃2

g̃

)
= �QG8GP�8)*Ã'«H¨�¶u¯�¬Q¹ª�²Z¨í²Z©u¼È²H¶

(Ui, zi)i
«H¨

Ṁ2
g = M2

g \{
¶u¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶�«Z·

ψ}
Ø*¸�¹ªx¹�Ø'¹�´QQ¨�®©uQªx¹-¬�²Z¼�¼*©u¸�¹

éV¹ªx«O¶1²Z¨�¬ã©u¸�¹Ó´z«H¼�¹-¶1«Z·
ψ
¦�åã¹�²H¶x¶uQÁ�¹Ó©u¸9²Z©Ó²Z¼�¼S©u¸�¹�®x¸9²Zªu©x¶

Ui
²Zªx¹�®-«H¨Q¨�¹-®©x¹-¬ ²Z¨�¬ã¶u¯�Á�´Q¼�¿@îi®-«H¨Q¨�¹-®©x¹-¬�¦

É ¸�¹*á@9²H¬rªk²Z©u¯�®~¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼
ψ
®V²Z¨�¾%¹+ªx¹´Qªx¹-¶x¹¨;©x¹-¬�¯�¨�©u¸Q¯�¶�²Z©u¼È²H¶S¾;¿�²�®-«H¼�¼�¹-®©u¯�«H¨�«Z·%¸�«H¼�«HÁ�«Hªu´Q¸Q¯�®+·�Q¨�®©u¯�«H¨�¶

fi(zi) ä
Ø*¸�¹ªx¹

zi ∈ Ui ä
¶b²Z©u¯�¶J·�¿�¯�¨Qµ�©u¸�¹�ªx¹¼È²Z©u¯�«H¨�¶8�

fi (zi(zj)) ·

(
dzi

dzj

)2

= fj(zj)
«H¨

Ui ∩ Uj

½@¯�¨�®-¹�Ø'¹�¸9²-ÄL¹�´QQ¨�®©uQªx¹-¬ ²Z¼�¼#¶u¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶�«Z·
ψ
²Z¨@¿»·�Q¨�®©u¯�«H¨

fi(zi)
¯�¶�¨�«H¨QéV¹ªx«æ²Z©

Ui
¦�Ã'«H¨�¶x¯�¬Q¹ª�©iØ'«

®-«H´Q¯�¹-¶
U±

i

«Z·~¹ÄL¹ªu¿ã®x¸9²Zªu©
Ui

��«H¨�¹�®-«H´;¿³·_«Hª�¹ÄL¹ªu¿ã«Z·*©iØF«»¾Qªk²Z¨�®x¸�¹-¶
g±i (zi)

«Z·
g±(zi) :=

√

fi(zi)
' «Z·

Q



®-«HQªx¶x¹ ä ©u¸�¹�²H¶k¶u¯�µO¨QÁ�¹¨;©�«Z·�� + � «Hª�� − � ¯�¶�¨�«H©4®V²Z¨�«H¨Q¯�®V²Z¼9)g¦»çº«XØà·_«Hª1¹ÄL¹ªu¿ i ¯�¬Q¹¨@©u¯�·�¿â©u¸�¹�´9²Zªu©1«Z· U+
i®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµ�©x«

Ui ∩ Uj
Ø*¯�©u¸æ©u¸�¹�´9²Zªu©}«Z·S«H¨�¹�«Z·

U±
j

®-«Hªuªx¹-¶u´z«H¨�¬r¯�¨Qµ�©x«
Uj ∩ Ui

¯�¨æ¶u�®k¸�Ø'²V¿�©u¸9²Z©}«H¨
©u¸�¹�«XÄL¹ªu¼È²Z´æ¾Qªk²Z¨�®x¸�¹-¶}ØF«HQ¼�¬æÁ�²Z©x®x¸

g+
i (zi(zj)) ·

dzi

dzj
= g±j (zj)

«H¨
U+

i ∩ U±
j

Öº´Q´Q¼�¿1©u¸�¹}²Z¨9²Z¼�«HµL«H�¶�¯�¬Q¹¨;©u¯�Â9®V²Z©u¯�«H¨,©x«�¹ÄL¹ªu¿
U−

i

¦�åã¹~µL¹©�²
À~¯�¹Á�²Z¨Q¨�¶uQªJ·l²H®-¹+Ø*¯�©u¸�´QQ¨�®©uQªx¹-¶F´Qªx«VÄ�¯�¬Q¹-¬
Ø*¯�©u¸�²1¸�«H¼�«HÁ�«Hªu´Q¸Q¯�®�¥gî_·�«HªuÁ

ω̃
«H¨�¯�© ä Ø*¸�¹ªx¹ ω̃ ¯�¶'´Qªx¹-¶x¹¨@©x¹-¬�¾;¿�©u¸�¹�®-«H¼�¼�¹-®©u¯�«H¨�«Z·2¸�«H¼�«HÁ�«Hªu´Q¸Q¯�®�·�Q¨�®©u¯�«H¨�¶

g±i
¯�¨�©u¸�¹~¼�«�®V²Z¼y®k¸9²Zªu©x¶V¦#§�©#¯�¶+²Z¨�¹V²H¶u¿�¹gÇQ¹ªx®¯�¶x¹~©x«4®x¸�¹-®k×�©u¸9²Z©#Â�¼�¼�¯�¨Qµ4´QQ¨�®©uQªx¹-¶'ØF¹ºµL¹©+²�®¼�«O¶x¹-¬�À}¯�¹Á�²Z¨Q¨

¶uQªJ·l²H®-¹
M̃2

g̃ ä
²Z¨�¬ ©u¸9²Z©

ω̃
¹gÇr©x¹¨�¬Q¶�©x« ²Z¨íÖº¾z¹¼�¯È²Z¨�¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼�«H¨í¯�©V¦�åã¹�µL¹©,²ã®V²Z¨�«H¨Q¯�®V²Z¼ ' ´%«O¶x¶u¯�¾Q¼�¿

ªk²ZÁ�¯�Â9¹-¬5)*¬Q«HQ¾Q¼�¹�®-«VÄL¹ªu¯�¨Qµ
π : M̃2

g̃ →M2
g

¶u�®k¸�©u¸9²Z©
π∗ψ = ω̃2 ¦

ì'¿?®-«H¨�¶u©uªu�®©u¯�«H¨ ©u¸�¹�«H¨Q¼�¿?´%«H¯�¨;©x¶4«Z·~©u¸�¹�¾9²H¶x¹
M2

g

Ø*¸�¹ªx¹�©u¸�¹�®-«VÄL¹ªu¯�¨Qµ³Á�¯�µO¸;©4¾z¹�ªk²ZÁ�¯�Â9¹-¬ ²Zªx¹�©u¸�¹
¶u¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶F«Z·

ψ
¦A§�¨�²
¶uÁ�²Z¼�¼Q¨�¹¯�µO¸;¾%«Hªu¸�«�«@¬�«Z·%²
éV¹ªx«�«Z·�¹ÄL¹¨�¬Q¹µOªx¹-¹

2k
«Z·
ψ
Ø'¹~®V²Z¨�®x¸�«O¶x¹}®-«@«Hªx¬r¯�¨9²Z©x¹-¶

¯�¨�Ø*¸Q¯�®x¸
ψ
¯�¶'´Qªx¹-¶x¹¨@©x¹-¬æ²H¶

z2k(dz)2
¦S§i¨�©u¸Q¯�¶*®k¸9²Zªu©*ØF¹�µL¹©*©iØ'«�¬r¯�¶u©u¯�¨�®©*¾Qªk²Z¨�®x¸�¹-¶

±zkdz
«Z·2©u¸�¹
¶xá@9²Zªx¹

ªx«�«H©V¦ É ¸;�¶�©u¸�¹�éV¹ªx«O¶�«Z·�¹ÄL¹¨ ¬Q¹µOªx¹-¹-¶�«Z·
ψ
²Z¨�¬�©u¸�¹�Á�²Zªu×L¹-¬ ´z«H¯�¨@©x¶�²Zªx¹�©u¸�¹�ªx¹µOQ¼È²Zª�´z«H¯�¨@©x¶�«Z·
©u¸�¹

®-«VÄL¹ªu¯�¨Qµ
π
¦�Ëº«XØF¹ÄL¹ª ä ¯�©�¹V²H¶u¿»©x«�¶k¹-¹Ó©u¸9²Z©�©u¸�¹�®-«VÄL¹ªu¯�¨Qµ π ¸9²H¶�²,ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨â´%«H¯�¨;©�«XÄL¹ª1²Z¨;¿³éV¹ªx«�«Z·«�¬Q¬�¬Q¹µOªx¹-¹1²Z¨�¬�«VÄL¹ª
²Z¨;¿�¶u¯�Á�´Q¼�¹�´%«H¼�¹�«Z·

ψ
¦

�

�4;2! ;2%*;?>�;���7�Bp@�> Bp; ;?<���7 :j@ 8�#E6�D åã¹
�¶x¹
©u¸�¹
®-«H¨�¶u©uªu�®©u¯�«H¨»²Z¾%«VÄL¹�©x«Ó¬Q¹-¶x®ªu¯�¾%¹
©u¸�¹
¼�«�®V²Z¼C®-«H¸�«HÁ�«H¼�«HµO¯�®V²Z¼
®-«�«Hªx¬r¯�¨9²Z©x¹-¶}«H¨

Q(k1, . . . , kn)
´Qªx«H´z«O¶x¹-¬�¾;¿ +}«H¨;©x¶k¹Ä@¯�®k¸C¦

è ¹©
[M,ψ] ∈ Q(k1, . . . , kn)

¦æÃ'«H¨�¶u¯�¬Q¹ª4©u¸�¹�®V²Z¨�«H¨Q¯�®V²Z¼+¬Q«HQ¾Q¼�¹�®-«XÄL¹ªu¯�¨Qµ
π : M̃ → M

¬Q¹-¶x®ªu¯�¾%¹-¬$¯�¨
²Z¾%«VÄL¹�Ã'«H¨�¶u©uªu�®©u¯�«H¨ ¥Ó¶u�®k¸?©u¸9²Z©�©u¸�¹Ó´QQ¼�¼�îl¾9²H®x×

π∗ψ = ω2 ¾%¹-®-«HÁ�¹-¶�©u¸�¹ÓµO¼�«H¾9²Z¼#¶xá@9²Zªx¹4«Z·*²Z¨ãÖ}¾%¹¼�¯È²Z¨
¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼

ω
«H¨

M̃
¦ è ¹©

τ
¾%¹�©u¸�¹�¨9²Z©uQªk²Z¼�¯�¨@ÄL«H¼�Q©u¯�«H¨6«Z·

M̃
¯�¨;©x¹ªx®k¸9²Z¨QµO¯�¨Qµ�©u¸�¹�´z«H¯�¨@©x¶~¯�¨�©u¸�¹
Â�¾%¹ªx¶~«Z·

π
¦ è ¹©

P̃1, . . . , P̃r ∈ M̃
¾%¹+©u¸�¹4	�����AéV¹ªx«O¶�«Z·

ω
¦#½@¯�¨�®-¹*¾@¿�®-«H¨�¶u©uªu�®©u¯�«H¨

τ∗ω = −ω ä ©u¸�¹~¶x¹© {P̃1, . . . , P̃r}¯�¶~¶x¹¨@©~©x«Ó¯�©x¶x¹¼�·A¾;¿�©u¸�¹�¯�¨@ÄL«H¼�Q©u¯�«H¨
τ
¦�Ã'«H¨�¶u¯�¬Q¹ª~©u¸�¹�¯�¨�¬r�®-¹-¬æ¯�¨;ÄL«H¼�Q©u¯�«H¨

τ∗ : H1(M̃, {P̃1, . . . , P̃r}; C) → H1(M̃, {P̃1, . . . , P̃r}; C)
«Z·A©u¸�¹�ªx¹¼È²Z©u¯�ÄL¹�®-«H¸�«HÁ�«H¼�«HµO¿�µOªx«HQ´C¦ É ¸�¹�ÄL¹-®©x«Hªº¶u´9²H®-¹

H1(M̃, {P̃1, . . . , P̃r}; C)
¶u´Q¼�¯�©x¶*¯�¨;©x«�¬r¯�ªx¹-®©}¶uQÁ

H1(M̃, {P̃1, . . . , P̃r}; C) = V1 ⊕ V−1
«Z·º¯�¨@ÄH²Zªu¯È²Z¨@©�²Z¨�¬ ²Z¨;©u¯�îl¯�¨@ÄH²Zªu¯È²Z¨@©�¶uQ¾�¶x´9²H®-¹-¶�«Z·º©u¸�¹�¯�¨;ÄL«H¼�Q©u¯�«H¨

τ∗
¦âåã¹�¸9²-ÄL¹�²Z¼�ªx¹V²H¬r¿ ¶x¹-¹¨ ©u¸9²Z©

[ω] ∈
V−1
¦ Ö�¶uÁ�²Z¼�¼�¨�¹¯�µO¸@¾z«Hªu¸�«�«�¬ «Z·

[ω]
¯�¨ ©u¸�¹ã²Z¨@©u¯�îl¯�¨;ÄO²Zªu¯È²Z¨;©?¶uQ¾�¶u´9²H®-¹

V−1
µO¯�ÄL¹-¶æ² ¼�«�®V²Z¼�®-«�«Hªx¬r¯�¨9²Z©x¹

®x¸9²Zªu©�«Z·+²�ªx¹µOQ¼È²Zª�´%«H¯�¨;©
[M,ψ]

' ¨�«H©�²�ÂQÇQ¹-¬6´z«H¯�¨@©º·_«Hª�²�¹¼�¼�¯�´Q©u¯�®�¹¼�¹Á�¹¨@©�«Z·'±6«@¬
(g)
)}¯�¨³©u¸�¹Ó¶u©uªk²Z©uQÁ

Q(k1, . . . , kn)
¦

�

§�¨»Ø*¸9²Z©º·�«H¼�¼�«XØ~¶
ØF¹Ó®-«H¨�¶u¯�¬Q¹ª
ªk²ZÁ�¯�Â9¹-¬?®-«VÄL¹ªu¯�¨QµL¶
π : M̃2

g̃ → M2
g

«Z·+²Zªu¾Q¯�©uªk²Zªu¿»¬Q¹µOªx¹-¹
d
¦�åã¹Ó¬Q¹¨�«H©x¹

©u¸�¹�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨»¯�¨�¬Q¹gÇ�«Z·
π
²Z©º²4´%«H¯�¨;©

P̃ ∈ M̃2
g̃

¾;¿
eπ(P̃ )

¦#ì'¿,®-«H¨@ÄL¹¨;©u¯�«H¨6ØF¹�¸9²VÄL¹
eπ(P̃ ) = 1

²Z©}²Z¨@¿
ªx¹µOQ¼È²Zª~´%«H¯�¨;©

P̃
«Z·Æ©u¸�¹�®-«VÄL¹ªu¯�¨Qµ

π
¦ É ¸�¹�À}¯�¹Á�²Z¨Q¨	�@Ë}QªuØ*¯�©ué�·�«HªuÁ1Q¼È²ÓµO¯�ÄL¹-¶*©u¸�¹
ÄO²Z¼��¹�«Z·2©u¸�¹
µL¹¨@�¶

g̃
«Z·

©u¸�¹�®-«XÄL¹ªu¯�¨Qµ�À~¯�¹Á�²Z¨Q¨»¶uQªJ·_²H®-¹
M̃2

g̃

¦
� 79#&%"@�:
:�
C��@ <� 798���� ;=<A% @ >�@UD.F ��	

π : M̃2
g̃ →M2

g

]��9�(L��(L��(����	�� �i&'���\GQ�iYN� M(�����
d

]���	�JF�`��L"��G(&a�$�p�2	
% � ��&V��L�LrO�N�������`��O2) E �$�nMN��L�NO

g̃
GP�
M̃2

g̃

�(L?YS	��$�lM���L�NO
g

GQ�
M2

g

�(���������I��	X�QYT]��m	��$�f��G���&6o�k�

2g̃ − 2 = d · (2g − 2) +
∑

P̃∈M̃2
g̃

(eπ(P̃ ) − 1)

Jb�$�����
eπ(P̃ )

�HO�	��$�4�HL�Y��0/hGP�4	��$���P��&
� MF���p	���G(L"GP�
π

��	
P̃

)
Ë
²-Ä�¯�¨Qµ?²6ªk²ZÁ�¯�Â9¹-¬

d
î_·�«H¼�¬�®-«XÄL¹ªu¯�¨Qµ

π : M̃2
g̃ → M2

g

²Z¨�¬ ²6Á�¹ªx«HÁ�«Hªu´Q¸Q¯�®æá;9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼
ψ«H¨

M2
g

Ø*¯�©u¸ ² ¶u¯�¨QµOQ¼È²Zªu¯�©i¿�´9²Z©u©x¹ªu¨
(k1, . . . , kn)

ØF¹³Ø*¯�¼�¼
¨�¹-¹-¬�©x« ®-«HÁ�´QQ©x¹³©u¸�¹6¶x¯�¨QµOQ¼È²Zªu¯�©i¿�´9²Z©u©x¹ªu¨

(k̃1, . . . , k̃m)
«Z·Æ©u¸�¹
¯�¨�¬r�®-¹-¬»á;9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼

π∗ψ
«H¨

M̃2
g̃

¦
�



	 #&% %*@ B=D F ��	
π : M̃2

g̃ → M2
g

]���� LR�Q�(&6� M �QYPN*��G(^(������LNM O �(L?Y �I��	
ψ

]`�T�"&'���PG(&'G(�X�=��� � H�$��Y(�P�p	����
Y(� Ia������L=	�� �(�FG(L

M2
g

) 3 �$G(��L=	
P̃ ∈ M̃2

g̃

�cOm�rO���LNM(o�k���l�$G(��L=	aGP�V	��$�m��L?Y(��`�QY H���pY(�Q��	�� � Y(� Ia���Q��L?	����(�
π∗ψ����	��$���l� �n��	�On��&'�8M��

P = π(P̃ )
�cOa�9O��HLNM�N�I�(�f�$G(��L=	KGP�

ψ
G(�a� �

P̃
�cO:�
�P�(&6� MF����	�� G(L
�$G��HL=	KGP�

π
) E ���:Y�� M(�����

k̃
GP�
π∗ψ

�p	f	��$�[�$G(��L=	
P̃

�(L�YS	����4Y��RM(�Q�`�
k

GQ�
ψ

�p	F	��$�g�$G(��L=	
P = π(P̃ )

�(���4�Q���k��	X��Yr��O

k̃ = eπ(P̃ ) · (k + 2) − 2,
= �QG8GP�8) è ¹©

P ∈ M2
g

¾%¹�²�´%«H¯�¨;©Ó«Z·*©u¸�¹�¾9²H¶x¹�«Z·~©u¸�¹�®-«XÄL¹ªu¯�¨Qµ�¦ è ¹©1©u¸�¹�á@9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼+¸9²-ÄL¹�²
¶u¯�¨QµOQ¼È²Zªu¯�©�¿�«Z·%«Hªx¬Q¹ª

k
²Z©
P
¦ÆÀº¹-®V²Z¼�¼�©u¸9²Z©

k = −1
¯�·
P
¯�¶�²�¶x¯�Á�´Q¼�¹*´z«H¼�¹}«Z·

ψ ä ²Z¨�¬ k = 0
¯�·
P
¯�¶ ä ²H®©u9²Z¼�¼�¿ ä²�ªx¹µOQ¼È²Zª
´z«H¯�¨@©V¦ è ¹©

P̃
¾z¹1¯�¨³©u¸�¹4´Qªx¹¯�Á�²ZµL¹

π−1(P )
«Z·
P
¦�§i·

P̃
¯�¶�²�ªx¹µOQ¼È²Zª�´%«H¯�¨;©�«Z·�©u¸�¹Ó®-«XÄL¹ªu¯�¨Qµ

π©u¸�¹¨
π∗ψ
¸9²H¶º²Z©

P̃
²Ó¶u¯�¨QµOQ¼È²Zªu¯�©�¿�«Z·Æ©u¸�¹�¶k²ZÁ�¹�¬Q¹µOªx¹-¹

k
²H¶*©u¸�¹�¶u¯�¨QµOQ¼È²Zªu¯�©�¿

P
«Z·
ψ
¦

½@Q´Q´%«O¶x¹~©u¸9²Z©
P̃
¯�¶'²�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨�´%«H¯�¨;©+«Z·

π
«Z·�¯�¨�¬Q¹gÇ

eπ(P̃ ) = b
¦Aåã¹}®V²Z¨,®x¸�«�«O¶x¹º²�¼�«@®V²Z¼z®-«@«Hªx¬r¯�¨9²Z©x¹

z
¯�¨6©u¸�¹1¨�¹¯�µO¸;¾%«Hªu¸�«�«@¬?«Z·�©u¸�¹1´%«H¯�¨;©

P ∈ M2
g

¯�¨6¶u�®k¸³Ø'²-¿»©u¸9²Z©
ψ = zk(dz)2

¯�¨6©u¸Q¯�¶
®-«�«Hªx¬r¯�¨9²Z©x¹O¦�åã¹
®V²Z¨,¨�«VØ ®x¸�«O¶x¹º©u¸�¹}¼�«�®V²Z¼%®-«@«Hªx¬r¯�¨9²Z©x¹

w
¯�¨�²�¨�¹¯�µO¸;¾%«Hªu¸�«@«�¬�«Z·

P̃ ∈ M̃2
g̃

¯�¨,¶u�®x¸�Ø'²V¿�©u¸9²Z©'©u¸�¹}´Qªx«��u¹-®©u¯�«H¨
π
¸9²H¶*©u¸�¹�·�«HªuÁ

z = wb ¯�¨�©u¸Q¯�¶}®-«�«Hªx¬r¯�¨9²Z©x¹O¦ É ¸�¹¨æØF¹�µL¹©~©u¸�¹�·_«H¼�¼�«VØ*¯�¨Qµ�ªx¹´Qªx¹-¶x¹¨;©k²Z©u¯�«H¨³«Z·Æ©u¸�¹�¯�¨�¬r�®-¹-¬
á@9²H¬rªk²Z©u¯�®�¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼

π∗ψ
¯�¨æ©u¸�¹�¨�¹¯�µO¸;¾%«Hªu¸�«@«�¬�«Z·A©u¸�¹�´%«H¯�¨;©

P̃

π∗ψ = (z(w))k
(

d(z(w))
)2

∼ wb·k(wb−1dw)2 = wb·k+2b−2(dw)2

§�¨�´9²Zªu©u¯�®Q¼È²Zª ä ¯�·S©u¸�¹�«Hªx¬Q¹ª}«Z·A©u¸�¹�®-«VÄL¹ªu¯�¨Qµ,¯�¶ 2
©u¸�¹¨»²�¶u¯�¨QµOQ¼È²Zªu¯�©i¿�«Z·

ψ
µO¯�ÄL¹-¶º¹¯�©u¸�¹ªº«H¨�¹�¶x¯�¨QµOQ¼È²Zªu¯�©i¿

«Z·S«Hªx¬Q¹ª
2k + 2

«Hª~©iØ'«�¶u¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶º«Z·A«Hªx¬Q¹ª
k
«Z·
π∗ψ
¦

�

åã¹
�¶x¹
©u¸�¹
·_«H¼�¼�«VØ*¯�¨Qµ,«H¾;Ä�¯�«H�¶�Ã'«Hªx«H¼�¼È²Zªu¿�«Z· è ¹Á�Á�²�¥O¦

�4;=<�;?>�>�@�<1A��UD F �2	
π : M̃2

g̃ → M2
g

]��r�\�Q�(&6� M �QY*�`G(^������HLoM O �(L?Y �I��	
ψ

]��T�\&m���PG�&VG��R�=�N��� H�$��Y(�P�p	����
Y(� Ia������L=	�� �(�fG(L

M2
g

) 3 �?������&'�8M��
P̃ = π−1(P )

GP�V� O���LNM(o�I�(�a�$G(��L=	
P

GQ�
ψ

�cO'� ��� M(o�k���:�$G(��L=	 GP�
π∗ψG(L��d�'��L/	����K�2G(���kG(JK��LNMS	�JfGS�`��O2��O

•
	��$�4�Q�(&6� M ����	�� G(L���L?Y��K/

eπ(P̃ )
GP��	��$�[�$G��HL=	

P̃
�cO4�0H���(�b	RG

2 O �(L�Y
ψ

�o��O9�'O���&a�?� � �$G��I�6��	
P �

•
	��$�4�Q�(&6� M ����	�� G(L���L?Y��K/

eπ(P̃ )
GP��	��$�[�$G��HL=	

P̃
�cO4�0H���(�b	RG

1
�(L?Y

P
�HO4� �2���(��� ���PG GP�

ψ
)

�É «æ®-«HÁ�´Q¼�¹©x¹�©u¸Q¯�¶�¶x¹-®©u¯�«H¨ãØ'¹�´Qªx¹-¶x¹¨@©4²�®-«H¨�¶u©uªu�®©u¯�«H¨ «Z·+²�¨9²Z©uQªk²Z¼#Á�²Z´Q´Q¯�¨Qµ6«Z·F©u¸�¹�¶x©uªk²Z©k²�¯�¨�¬r�®-¹-¬
¾;¿æ²�ªk²ZÁ�¯�Â9¹-¬»®-«XÄL¹ªu¯�¨Qµ,«Z·#©u¸�¹�ÂQÇr¹-¬»®-«HÁ�¾Q¯�¨9²Z©x«Hªu¯È²Z¼A©i¿�´%¹O¦ É ¸Q¯�¶}Á�²Z´Q´Q¯�¨Qµ,Ø'²H¶º¯�¨;©uªx«�¬r�®-¹-¬6¯�¨*!,+}«�-z«p#2©x«
®-«H¨�¶u©uªu�®©�©u¸�¹�¸@¿@´%¹ªx¹¼�¼�¯�´Q©u¯�®Ó®-«H¨Q¨�¹-®©x¹-¬»®-«HÁ�´%«H¨�¹¨;©x¶
«Z·#©u¸�¹�Á�«�¬rQ¼�¯A¶u´9²H®-¹-¶º«Z·#Öº¾z¹¼�¯È²Z¨6¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼�¶V¦}§�¨
©u¸�¹�¨�¹gÇr©}¶x¹-®©u¯�«H¨»ØF¹1¶u¸9²Z¼�¼��¶x¹�©u¸Q¯�¶~Á�²Z´Q´Q¯�¨Qµ,©x«�®-«H¨�¶u©uªu�®©º©u¸�¹�¸;¿�´%¹ªx¹¼�¼�¯�´Q©u¯�®1®-«H¨Q¨�¹-®©x¹-¬»®-«HÁ�´z«H¨�¹¨@©x¶�«Z·
©u¸�¹�Á�«�¬rQ¼�¯�¶u´9²H®-¹-¶~«Z·Sá@9²H¬rªk²Z©u¯�®�¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼�¶V¦
è ¹©

M2
g

¾z¹Ó²�À}¯�¹Á�²Z¨Q¨6¶uQªJ·l²H®-¹1²Z¨�¬»¼�¹©
ψ0
¾z¹4²�á@9²H¬rªk²Z©u¯�®Ó¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼A«H¨»¯�©ºØ*¸Q¯�®k¸³¯�¶}¨�«H©
²�¶xá@9²Zªx¹

«Z·'²Z¨?Öº¾z¹¼�¯È²Z¨?¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼l¦ è ¹©
(k1, . . . , kn)

¾%¹�¯�©x¶�¶u¯�¨QµOQ¼È²Zªu¯�©�¿»´9²Z©u©x¹ªu¨C¦�åã¹Ó¬Q«�¨�«H©�¹gÇQ®¼��¬Q¹Ó©u¸�¹Ó®V²H¶x¹
Ø*¸�¹¨æ¶x«HÁ�¹�«Z·

ki
²Zªx¹�¹-á@9²Z¼�©x«�éV¹ªx«��S¾@¿,®-«H¨@ÄL¹¨;©u¯�«H¨6©u¸Q¯�¶~Á�¹V²Z¨�¶*©u¸9²Z©}ØF¹�¸9²VÄL¹�¶x«HÁ�¹
Á�²Zªu×L¹-¬æ´z«H¯�¨@©x¶V¦

è ¹©
π : M̃2

g̃ →M2
g

¾z¹�² ' ªk²ZÁ�¯�Â9¹-¬5)~®-«VÄL¹ªu¯�¨Qµ,¶u�®x¸»©u¸9²Z©~©u¸�¹�¯�Á�²ZµL¹�«Z·#²Z¨;¿�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨6´z«H¯�¨@©}«Z·
π
¯�¶

²�Á�²Zªu×L¹-¬6´%«H¯�¨;© ä «Hª�²�éV¹ªx« ä «Hª
²�´%«H¼�¹�«Z·#©u¸�¹1á;9²H¬rªk²Z©u¯�®Ó¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼ ψ0
¦~ÅÆ¯�Ç�©u¸�¹h��G�&']��HL?�p	RG(��� �(�.	��`���}«Z·

©u¸�¹�®-«XÄL¹ªu¯�¨Qµ
π

�F©u¸�¹�¬Q¹µOªx¹-¹�«Z·S©u¸�¹�®-«XÄL¹ªu¯�¨Qµ ä ©u¸�¹�¨;QÁ�¾%¹ª
«Z·S®ªu¯�©u¯�®V²Z¼�Â�¾z¹ªx¶�²Z¨�¬�©u¸�¹�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨³¯�¨�¬Q¹gÇ«Z·*©u¸�¹�´%«H¯�¨;©x¶1¯�¨$¹ÄL¹ªu¿ã®ªu¯�©u¯�®V²Z¼�Â�¾z¹ªV¦æÃ'«H¨�¶x¯�¬Q¹ª1©u¸�¹�¯�¨�¬r�®-¹-¬$á@9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼
π∗ψ0

«H¨
M̃2

g̃

7A¼�¹©
(k̃1, . . . , k̃m)

¾z¹
¯�©x¶~¶x¯�¨QµOQ¼È²Zªu¯�©i¿�´9²Z©u©x¹ªu¨C¦

�4;2:�6?88<A@CB18*7H;�:���' Àº²ZÁ�¯�Â9¹-¬6®-«VÄL¹ªu¯�¨Qµ�®-«H¨�¶u©uªu�®©u¯�«H¨2) D�� ����G(��&6�HLoMSO��d�kM��o	����h	��$�9�HL=��	�� �(�o�$G(��L=	
[M2

g , ψ0] ∈
Q(k1, . . . , kn)

JF�
���(L ��G(L�O���Y����
�S�P��&
� M �QYT��G(^�������LNMrG(^����
	��$�6YN����G���&m�QY % �R��&'�(L�L/O�o�H�2�p�`�6GQ�9	��$�4O2�(&m�
��G(&m]���L?��	RG���� �(�b	��`���V��O9	��$�'��G(^�������LNM

π
) E ���HO�L���J ��G(^(������LNM �o��OV�K/p�p�2	��d� 	��$�9O���&'�9�����I��	�� G(L ]���	�JF�`��L 	��$�

�$G�O���	�� G(L �(L?Yh	�������O9GP��	����9�P�(&6� MF����	�� G(Lm�$G(��L=	�O9�(L?YS	��$�
Y�� M��Q����OV�(L�Yi��G�O���	���G�L\GP��	����iO��HLoM(N�I�(����	��R��O9GP��	����
Y����2G(��&m�QY H�$��Y(�P�p	����iY(� Ia������L=	�� �(� ) E �N�cOg&m�Q�(L�O 	��o��	 	��$�n�HL�Y($���QY,H���pY(�Q��	����iY�� Ia������L=	�� �(�

π∗ψ
�o��O 	��$� O2�(&m�

�



O���LNM(o�I�(����	��:�$�p	 	X����L
(k̃1, . . . , k̃m)

��O
π∗ψ0

) E ��NO�JF�nM��2	 �S�IG8���(� &V���p�?��LNM

Q(k1, . . . , kn) → Q(k̃1, . . . , k̃m)

[M2
g , ψ] 7→ (M̃2

g , π
∗ψ)

ç�«H©x¹}©u¸9²Z©+¯�¨�µL¹¨�¹ªk²Z¼�©u¸�¹
®-«Hªuªx¹-¶u´z«H¨�¬r¯�¨Qµ'M(�IG�]Q���@Á�²Z´Q´Q¯�¨Qµ�¯�¶'Á�Q¼�©u¯�îlÄO²Z¼��¹-¬�¦�Å9«Hª~¹gÇQ²ZÁ�´Q¼�¹ ä ¯�·�©u¸�¹ªx¹
¯�¶*²´9²Z¯�ª
«Z·�¶u¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶�«Z·
ψ
«Z·#©u¸�¹1¶k²ZÁ�¹4«Hªx¬Q¹ª

k
¶u�®k¸»©u¸9²Z©�©u¸�¹�Â�ªx¶u©�«H¨�¹1¯�¶º©u¸�¹�¯�Á�²ZµL¹4«Z·F²�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨

´%«H¯�¨;©}«Z·A©u¸�¹�®-«VÄL¹ªu¯�¨Qµ�²Z¨�¬�©u¸�¹�«H©u¸�¹ª}«H¨�¹�¯�¶~¨�«H© ä ©u¸�¹¨�©u¸�¹�®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµ�Á�²Z´�¯�¶~Á�Q¼�©u¯�îlÄO²Z¼��¹-¬�¦ç�«H©x¹�²Z¼�¶x«�©u¸9²Z©*·_«Hª~ªk²ZÁ�¯�Â9¹-¬»®-«VÄL¹ªu¯�¨QµL¶
«Z·A¶k«HÁ�¹�¶u´%¹-®¯È²Z¼C©i¿�´z¹-¶}©u¸�¹�¯�Á�²ZµL¹�«Z·S©u¸�¹�Á�²Z´Q´Q¯�¨Qµ,¾%¹¼�«H¨QµL¶~©x«
²1¶u©uªk²Z©uQÁ�«Z·�¶ká;9²Zªx¹-¶'«Z·�Ö}¾%¹¼�¯È²Z¨�¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼�¶V¦ É ¸Q¯�¶'¯�¶�©u¸�¹�®V²H¶x¹ ä ·�«Hª+¹gÇ�²ZÁ�´Q¼�¹ ä ·_«Hª�©u¸�¹�®V²Z¨�«H¨Q¯�®V²Z¼�¬Q«HQ¾Q¼�¹®-«VÄL¹ªu¯�¨Qµ,¬Q¹-¶x®ªu¯�¾%¹-¬�¯�¨»Ã'«H¨�¶u©uªu�®©u¯�«H¨$¥O¦
� � ;?<��2#18�� @ >��à� @ 4FD Ã'«H¨�¶x¯�¬Q¹ªæ² ¶u©uªk²Z©uQÁ�«Z·4Á�¹ªx«HÁ�«Hªu´Q¸Q¯�®âá;9²H¬rªk²Z©u¯�®ã¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼�¶æØ*¯�©u¸

m
Á�²Zªu×L¹-¬

´%«H¯�¨;©x¶

Q(k1, . . . , kn, kn+1, . . . , kn+m)
Ø*¸�¹ªx¹

ki 6= 0
·_«Hª

i = 1, . . . , n
²Z¨�¬

ki+n = 0
·_«Hª

i = 1, . . . ,m
¦Aåã¹�¸9²-ÄL¹�©u¸�¹
·�«H¼�¼�«XØ*¯�¨Qµ�·_«HªuµL¹©J·�Q¼�Á�²Z´

Q(k1, . . . , kn, kn+1, . . . , kn+m) → Q(k1, . . . , kn)
% ��&'�(���³Õ�)*åã¹�²Zªx¹1¯�¨@©x¹ªx¹-¶u©x¹-¬?¾@¿æ©u¸�¹4©x«H´z«H¼�«HµO¿6«Z·F©u¸�¹Ó¶u©uªk²Z©k² ä ©u¸9²Z©�¯�¶�©u¸�¹�®¼È²H¶x¶u¯�Â9®V²Z©u¯�«H¨ã«Z·'®-«H¨Q¨�¹-®©x¹-¬®-«HÁ�´%«H¨�¹¨;©x¶~«Z·2¶x©uªk²Z©k²

Q(k1, . . . , kn)
Ø*¯�©u¸�²Z¼�¼

ki 6= 0
¦��º¨�¹�®V²Z¨�´Qªx«XÄL¹�©u¸9²Z©*©u¸�¹º©x«H´%«H¼�«HµO¿�«Z·Æ¶u©uªk²Z©k²1Ø*¯�©u¸

Á�²Zªu×L¹-¬�´%«H¯�¨;©x¶#²Z¨�¬Ó©u¸�¹+©x«H´%«H¼�«HµO¿4«Z·%¶u©uªk²Z©k²�Ø*¯�©u¸�«HQ©SÁ�²Zªu×L¹-¬�´%«H¯�¨;©#®-«H¯�¨�®¯�¬Q¹O¦Sç�¹ÄL¹ªu©u¸�¹¼�¹-¶x¶SØ'¹+�¶x¹+¶u©uªk²Z©k²
Ø*¯�©u¸�Á�²Zªu×L¹-¬�´%«H¯�¨;© ä ©u¸9²Z©~¯�¶~¶x«HÁ�¹ ki

¯�¶}¹-á;9²Z¼C©x«ÓéV¹ªx« ä ·�«Hª~©u¸�¹�²Z¾%«VÄL¹�®-«H¨�¶u©uªu�®©u¯�«H¨C¦åã¹,�¶x¹�Ã'«H¨�¶u©uªu�®©u¯�«H¨í°æ©x«6«H¾Q©k²Z¯�¨ ®-«H¨Q¨�¹-®©x¹-¬�®-«HÁ�´%«H¨�¹¨;©x¶�«Z·º©u¸�¹�¶u©uªk²Z©k²»Ø*¯�©u¸ L?G,Á�²Zªu×L¹-¬ ´z«H¯�¨@©x¶V¦
É ¸;�¶}ØF¹��¶k¹ ä ²H®©u9²Z¼�¼�¿ ä ©u¸�¹�®-«HÁ�´%«O¶u¯�©u¯�«H¨æ«Z·A©u¸�¹�Á�²Z´Q´Q¯�¨Qµ�¬Q¹gÂ�¨�¹-¬6²Z¾z«XÄL¹�Ø*¯�©u¸�©u¸�¹�·_«HªuµL¹©J·�Q¼CÁ�²Z´C¦
�4;2:���#E:�8*7�;2:fD ì'¿�®-«H¨;ÄL¹¨@©u¯�«H¨6Ø'¹1®-«H¨�¶x¯�¬Q¹ªº«H¨Q¼�¿�©u¸�«O¶x¹1®-«VÄL¹ªu¯�¨QµL¶

π : M̃ → M ä ©u¸9²Z©º¸9²-ÄL¹Ó²Z©}¼�¹V²H¶u©}«H¨�¹ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨æ´%«H¯�¨;©}¯�¨�©u¸�¹�Â�¾z¹ªº«VÄL¹ªº²Z¨@¿,Á�²Zªu×L¹-¬�´z«H¯�¨@©}«Z·
ψ
«H¨�©u¸�¹
Q¨�¬Q¹ªu¼�¿�¯�¨Qµ�¶uQªJ·l²H®-¹O¦

�,åã¹1¶u¸9²Z¼�¼2®V²Z¼�¼2©u¸�¹�¯�Á�²ZµL¹-¶�«Z·Sªk²ZÁ�¯�Â9®V²Z©u¯�«H¨³´z«H¯�¨@©x¶º©u¸�¹h������	�� ���(�.^1�(�d���O}«Z·
π
¦	�ºQª
®-«H¨;ÄL¹¨@©u¯�«H¨6Á�¹V²Z¨�¶

©u¸9²Z©~©u¸�¹�Á�²Zªu×L¹-¬�´z«H¯�¨@©x¶}«Z·
ψ
·�«HªuÁ0²Ó¶uQ¾�¶x¹©~«Z·A©u¸�¹�®ªu¯�©u¯�®V²Z¼CÄO²Z¼��¹-¶}«Z·

π
¦

åã¹�®-«HÁ�´Q¼�¹©x¹�©u¸Q¯�¶}¶x¹-®©u¯�«H¨�Ø*¯�©u¸�©u¸�¹
·_«H¼�¼�«VØ*¯�¨Qµ�¶u©k²Z©x¹Á�¹¨;©V¦
	 #&% %*@ �UD�
 ��	�� 	��$�
��]�G(^��V��G�L�^���L=	�� G(L 	��$�4&'���p�?��LNM

Q(k1, . . . , kn) → Q(k̃1, . . . , k̃m)
�HO:�IG8�����H�d�h�(L"��&m]��QY�Y(�HLoM�)
= �QG8GP�9GQ� F ��&6&'��$)Fåã¹*¨�¹-¹-¬�©x«�´Qªx«VÄL¹~©u¸9²Z©F©u¸�¹~Á�²Z´Q´Q¯�¨Qµ4®-«H¨�¶u©uªu�®©x¹-¬,²Z¾%«VÄL¹}¯�¶#¼�«�®V²Z¼�¼�¿Ó¯�¨(�J¹-®©u¯�ÄL¹}¨�¹V²Zª'²
ªx¹µOQ¼È²ZªA´z«H¯�¨@©

[M,ψ]
¯�¨

Q(k1, . . . , kn)
¦�åã¹'�¶x¹F©u¸�¹l�`G��oG(&'G(�IG�M(� ���(�U��G8G(�QY(��L?��	X��O ' ¶x¹-¹'²Z¾%«VÄL¹*)�¯�¨4©u¸�¹'¨�¹¯�µO¸rî

¾%«Hªu¸�«@«�¬ã«Z·
[M,ψ] ∈ Q(k1, . . . , kn)

²Z¨�¬ã¯�¨ã©u¸�¹�¨�¹¯�µO¸;¾%«Hªu¸�«�«@¬$«Z·+¯�©x¶�¯�Á�²ZµL¹
[M̃, ψ̃] ∈ Q(k̃1, . . . , k̃m) äØ*¸�¹ªx¹

ψ̃ = π∗ψ
¦ É ¸�¹-¶x¹�®-«�«Hªx¬r¯�¨9²Z©x¹-¶4¼�¯�¨�¹V²Zªu¯�éV¹�©u¸�¹�Á�²Z´Q´Q¯�¨Qµ ä ²Z¨�¬ã©u¸�¹�´Qªx«�«Z·~¾%¹-®-«HÁ�¹-¶4²Z¨ ¹gÇr¹ªx®¯�¶x¹�¯�¨²Z¼�µL¹¾Qªk²Z¯�®�©x«H´%«H¼�«HµO¿L¦

É ²Z×L¹�©u¸�¹�©iØ'«����(L�G(L�� ���(� YpG��]�� �6��G(^(������LNM�O ' ¶x¹-¹�Ã'«H¨�¶x©uªu�®©u¯�«H¨$¥*)

p : N →M
²Z¨�¬

p̃ : Ñ → M̃
¶u�®k¸æ©u¸9²Z©�©u¸�¹�´QQ¼�¼�îl¾9²H®x×

p∗ψ = ω2 «Z·S©u¸�¹�á@9²H¬rªk²Z©u¯�®1¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼ ψ ·�ªx«HÁ M
©x«
N
¾z¹-®-«HÁ�¹-¶º©u¸�¹�µO¼�«H¾9²Z¼

¶xá@9²Zªx¹�«Z·F²Z¨³Ö}¾%¹¼�¯È²Z¨³¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼
ω
«H¨

N ä ²Z¨�¬»©u¸�¹�´QQ¼�¼�îl¾9²H®k× p̃∗ψ̃ = ω̃2 «Z·#©u¸�¹1á@9²H¬rªk²Z©u¯�®4¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼
ψ̃
·�ªx«HÁ

M̃
©x«
Ñ
¾%¹-®-«HÁ�¹-¶Ó©u¸�¹�µO¼�«H¾9²Z¼*¶xá;9²Zªx¹�«Z·�²Z¨ Ö}¾%¹¼�¯È²Z¨�¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼

ω̃
«H¨

Ñ
¦ã§i·}©u¸�¹�á@9²H¬rªk²Z©u¯�®

¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼
ψ̃
¯�¶�²Z¼�ªx¹V²H¬r¿�©u¸�¹�µO¼�«H¾9²Z¼�¶xá;9²Zªx¹»«Z·�²Z¨íÖº¾z¹¼�¯È²Z¨�¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼�«H¨

M̃ ä ©u¸�¹æ¬Q«HQ¾Q¼�¹6®-«VÄL¹ªu¯�¨Qµ
p̃ : Ñ → M̃

¯�¶
¨�«H©�®-«H¨Q¨�¹-®©x¹-¬ ��¯�©�¯�¶�®-«HÁ�´%«O¶x¹-¬ã«Z·'©iØF«»®-«H´Q¯�¹-¶�«Z·
M̃ ä ²Z¨�¬³©u¸�¹�®-«Hªuªx¹-¶u´z«H¨�¬r¯�¨Qµ»Ö}¾%¹¼�¯È²Z¨¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼2«H¨

Ñ
®-«Hªuªx¹-¶u´%«H¨�¬Q¶*©x«�©�ØF«�¾Qªk²Z¨�®k¸�¹-¶

± ω̃
«Z·A©u¸�¹�µO¼�«H¾9²Z¼�¼�¿�¬Q¹gÂ�¨�¹-¬�¶xá@9²Zªx¹
ªx«@«H©º«Z·

ψ̃
¦

�



§�©+·�«H¼�¼�«XØ~¶+·�ªx«HÁ ©u¸�¹�¬Q¹gÂ�¨Q¯�©u¯�«H¨æ«Z·A©u¸�¹�®V²Z¨�«H¨Q¯�®V²Z¼2¬Q«HQ¾Q¼�¹�®-«XÄL¹ªu¯�¨Qµ ä ©u¸9²Z©~©u¸�¹�¬r¯È²ZµOªk²ZÁ

Ñ
p̃

// M̃

π

��

N
p

// M
®V²Z¨�¾%¹�®-«HÁ�´Q¼�¹©x¹-¬�©x«�²�®-«HÁ�Á1Q©k²Z©u¯�ÄL¹�¬r¯È²ZµOªk²ZÁ

Ñ

π̃

��

p̃
// M̃

π

��

N
p

// M
±6«Hªx¹-«VÄL¹ª ä ©u¸�¹
¯�¨�¬r�®-¹-¬ ' ªk²ZÁ�¯�Â9¹-¬5)*®-«VÄL¹ªu¯�¨Qµ π̃ : Ñ → N

®V²Z¨�¾z¹
®x¸�«O¶k¹¨�¯�¨�¶u�®x¸�Ø+²-¿,©u¸9²Z©
ω̃ = π̃∗ω

¦S§�¨
´9²Zªu©u¯�®Q¼È²Zª ä ¯�©*¯�¨@©x¹ªu©iØ*¯�¨�¹-¶�©u¸�¹�¨9²Z©uQªk²Z¼C¯�¨@ÄL«H¼�Q©u¯�«H¨�¶ τ̃ : Ñ → Ñ

²Z¨�¬
τ : N → N ä ©u¸9²Z©*¯�¶ π̃ ◦ τ̃ = τ ◦ π̃

¦
Ð
¹¨�«H©x¹*¾;¿

Q1, . . . , Qr
©u¸�¹+éV¹ªx«@¹-¶F«Z·

ω
«H¨
N
¦ É ¸�¹~¶x¹©

{Q1, . . . , Qr}
¯�¶#«H¾Q©k²Z¯�¨�¹-¬�²H¶F²Z¨�¯�¨;ÄL¹ªx¶x¹~¯�Á�²ZµL¹

p−1 «Z·A©u¸�¹�¶x¹©~«Z·A©uªu�¹�éV¹ªx«O¶ ä ©u¸�¹�Á�²Zªu×L¹-¬æ´z«H¯�¨@©x¶}²Z¨�¬�©u¸�¹�´%«H¼�¹-¶~«Z· ψ ¦ç�«H©x¹
©u¸9²Z©*ØF¹�¬Q«Ó¨�«H©*Á�²Zªu×�²Z¨;¿�´%«H¯�¨;©x¶}²Z©
M̃
' ØF¹�²Zªx¹
¯�¨@©x¹ªx¹-¶u©x¹-¬�¾@¿,®¼È²H¶x¶x¯�Â9®V²Z©u¯�«H¨æ«Z·Æ¶u©uªk²Z©k²�Ø*¯�©u¸�«HQ©

Á�²Zªu×L¹-¬�´%«H¯�¨;© ä ©u¸9²Z©~¯�¶+Ø*¯�©u¸�«HQ©~·_²Z×L¹�¶u¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶P)g¦ É ¸�¹¨�©u¸�¹�Ã'«H¨;ÄL¹¨@©u¯�«H¨»¬rªk²VØ�²H¶u¯�¬Q¹
©u¸�¹
©uªu¯�Ä�¯È²Z¼C®V²H¶x¹-¶Ø*¸�¹¨�©u¸�¹�Á�²Z´æ¯�¶~¬Q¹µL¹¨�¹ªk²Z©x¹-¬�¦
Ð
¹¨�«H©x¹�¾;¿

Q̃1, . . . , Q̃l
©u¸�¹�éV¹ªx«O¶}«Z·

ω̃
«H¨

Ñ
¦�½@¯�¨�®-¹

ω̃ = π̃∗ω ä ØF¹�¶k¹-¹�©u¸9²Z©º²Z¨;¿�éV¹ªx« Q̃i
«Z·
ω̃
¼�«�®V²Z©x¹-¬

²Z©1²,ªx¹µOQ¼È²Zª1´z«H¯�¨@©�«Z·'©u¸�¹�®-«VÄL¹ªu¯�¨Qµ
π̃
¯�¶�´Qªx«��u¹-®©x¹-¬ã¾@¿

π̃
©x«�²�éV¹ªx«�«Z·

ω
¦�§�©�·_«H¼�¼�«VØ~¶
·�ªx«HÁ�Ã'«H¨;ÄL¹¨@©u¯�«H¨

©u¸9²Z©~©u¸�¹�¯�Á�²ZµL¹1«Z·�²4éV¹ªx«
Q̃j
«Z·
ω̃
¼�«�®V²Z©x¹-¬æ²Z©º²�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨æ´%«H¯�¨;©º«Z·A©u¸�¹�®-«XÄL¹ªu¯�¨Qµ

π̃
¯�¶}²Z¼�¶k«�´Qªx«��J¹-®©x¹-¬

¾;¿
π̃
©x«�²ÓéV¹ªx«�«Hª~©x«�²�Á�²Zªu×L¹-¬�´z«H¯�¨@©}«Z·

ω
¦ É ¸@�¶

π̃({Q̃1, . . . , Q̃l}) ⊂ {Q1, . . . , Qr}
Ë�¹¨�®-¹�©u¸�¹�®-«VÄL¹ªu¯�¨Qµ�Á�²Z´

π̃
¯�¨�¬r�®-¹-¶}²ÓÁ�²Z´Q´Q¯�¨Qµ

' ¥*)
π̃∗ : H1(N, {Q1, . . . , Qr},C) → H1(Ñ , {Q̃1, . . . , Q̃l},C)

½@¯�¨�®-¹ ©u¸Q¯�¶³Á�²Z´Q´Q¯�¨Qµ ¯�¨;©x¹ªu©�Ø*¯�¨�¹-¶ã©u¸�¹ ¨9²Z©uQªk²Z¼Ó¯�¨;ÄL«H¼�Q©u¯�«H¨�¶
π̃∗ ◦ τ̃∗ = τ∗ ◦ π̃∗ ä ©u¸�¹ ¶uQ¾�¶x¹© V−1 ⊂

H1(N, {Q1, . . . , Qr},C)
²Z¨;©u¯�îl¯�¨@ÄH²Zªu¯È²Z¨@©�Q¨�¬Q¹ª�©u¸�¹�¯�¨;ÄL«H¼�Q©u¯�«H¨

τ∗
¯�¶�Á�²Z´Q´%¹-¬�¯�¨;©x«?©u¸�¹æ¶uQ¾�¶x¹©

Ṽ−1 ⊂
H1(Ñ , {Q̃1, . . . , Q̃l},C)

²Z¨@©u¯�îl¯�¨;ÄO²Zªu¯È²Z¨;©�Q¨�¬Q¹ª�©u¸�¹4¯�¨@ÄL«H¼�Q©u¯�«H¨
τ̃ ∗
¦ É ¸�¹Ó¯�¨�¬r�®-¹-¬³Á�²Z´

π̃∗ : V−1 → Ṽ−1ªx¹-¶u©uªu¯�®©x¹-¬â©x«»²Z¨$²Z´Q´Qªx«H´Qªu¯È²Z©x¹�¨�¹¯�µO¸;¾%«Hªu¸�«@«�¬Q¶4«Z·
[M,ψ] ∈ V−1

²Z¨�¬
[M̃, ψ̃] ∈ Ṽ−1

®-«H¯�¨�®¯�¬Q¹-¶1Ø*¯�©u¸ã©u¸�¹
Á�²Z´Q´Q¯�¨Qµ

Q(k1, . . . , kn) → Q̃(k̃1, . . . , k̃m)
Ø*ªu¯�©u©x¹¨æ¬Q«VØ*¨»¯�¨�©u¸�¹�®-«H¸�«HÁ�«H¼�«HµO¯�®V²Z¼Æ®-«�«Hªx¬r¯�¨9²Z©x¹-¶V¦

§�©*¯�¶*«H¾;Ä�¯�«H�¶~©u¸9²Z©~©u¸�¹�Á�²Z´»«Z·Æ©u¸�¹m�N]�O�G(�d$	X�*®-«H¸�«HÁ�«H¼�«HµO¿�µOªx«HQ´�¶

π̃∗ : H1(N ; C) → H1(Ñ ; C)
¯�¨�¬r�®-¹-¬?¾@¿6©u¸�¹�®-«VÄL¹ªu¯�¨Qµ

π : Ñ → N
¯�¶1²,Á�«H¨�«HÁ�«Hªu´Q¸Q¯�¶uÁ�¦�§�©�¯�¶�¨�«H©�¬r¯���®Q¼�©1©x«�¶x¹-¹Ó©u¸9²Z© ä Ø*¯�©u¸ã«HQª®-«H¨;ÄL¹¨@©u¯�«H¨ã«H¨»©u¸�¹Ó®-«XÄL¹ªu¯�¨Qµ

π ä ©u¸�¹1ªx¹-¶u©uªu¯�®©u¯�«H¨?«Z·#©u¸�¹�Á�²Z´Q´Q¯�¨Qµ π̃∗ : V−1 → Ṽ−1
©x«�©u¸�¹�²Z¨;©u¯�îl¯�¨;ÄO²Zªu¯È²Z¨;©

¶uQ¾�¶u´9²H®-¹æ«Z·
τ∗
¯�¶,²Z¼�¶x«â²³Á�«H¨�«HÁ�«Hªu´Q¸Q¯�¶xÁ ä Ø*¸Q¯�®x¸�®-«HÁ�´Q¼�¹©x¹-¶�©u¸�¹æ´Qªx«@«Z·�«Z· è ¹Á�Á�²â°r¦�çº«H©x¹�©u¸9²Z©�¯�¨µL¹¨�¹ªk²Z¼ ä ©u¸�¹
Á�²Z´Q´Q¯�¨Qµ π̃∗ ¬Q¹gÂ�¨�¹-¬æ«H¨�©u¸�¹�ªx¹¼È²Z©u¯�ÄL¹1®-«H¸�«HÁ�«H¼�«HµO¿,µOªx«HQ´æ¯�¶*¨�«H©º²4Á�«H¨�«HÁ�«Hªu´Q¸Q¯�¶uÁ�¦ �

Êr¦�� � � £�Ú�£� @Þ � ¢%Þ�Ý �
  ���  2¡�£�¡�¢�¤
Êr¦�¥O¦ � !C#,�G#&79BA!
%��.>�>�#�<�5 #�; �
# 6*7�B��[>�;	� D�É ¸�¹~µOªx«HQ´

GL(2,R)+
²H®©x¶�¨9²Z©uQªk²Z¼�¼�¿Ó«H¨�©u¸�¹*Á�«@¬rQ¼�¯z¶u´9²H®-¹

«Z·Sá;9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼�¶ 7�©u¸Q¯�¶}²H®©u¯�«H¨»´Qªx¹-¶x¹ªuÄL¹-¶*©u¸�¹�¨9²Z©uQªk²Z¼�¶x©uªk²Z©u¯�Â9®V²Z©u¯�«H¨»«Z·A©u¸�¹�Á�«@¬rQ¼�¯2¶u´9²H®-¹O¦
É ¸�¹�²H®©u¯�«H¨ã«Z·+©u¸�¹�¬r¯È²ZµL«H¨9²Z¼�¶uQ¾QµOªx«HQ´ã«Z·

SL(2,R)
«H¨?©u¸�¹ÓÁ�«@¬rQ¼�¯#¶u´9²H®-¹�«Z·*á@9²H¬rªk²Z©u¯�®�¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼�¶

®V²Z¨,¾z¹º¨9²Z©uQªk²Z¼�¼�¿�¯�¬Q¹¨@©u¯�Â9¹-¬�Ø*¯�©u¸,©u¸�¹ É ¹¯�®k¸QÁ43Q¼�¼�¹ªºµL¹-«@¬Q¹-¶u¯�®n59«VØ «H¨,©u¸�¹�Á�«@¬rQ¼�¯%¶u´9²H®-¹�«Z·2®QªuÄL¹-¶'·�«HªF©u¸�¹
É ¹¯�®k¸QÁ43Q¼�¼�¹ª
Á�¹©uªu¯�®O¦

�



±³²Z¨;¿6¯�Á�´z«Hªu©k²Z¨@©�ªx¹-¶uQ¼�©x¶�¯�¨?©u¸�¹�©u¸�¹-«Hªu¿³«Z·+¯�¨;©x¹ªuÄO²Z¼�¹gÇr®k¸9²Z¨QµL¹�Á�²Z´�¶ ä «Z·FÁ�¹V²H¶uQªx¹-¬³·_«H¼�¯È²Z©u¯�«H¨�¶1²Z¨�¬?«Z·¬r¿�¨9²ZÁ�¯�®-¶F«H¨�©uªk²Z¨�¶x¼È²Z©u¯�«H¨�¶uQªJ·l²H®-¹-¶F²Zªx¹*¾9²H¶k¹-¬�«H¨�©u¸�¹~·�«H¼�¼�«XØ*¯�¨Qµ�·�Q¨�¬�²ZÁ�¹¨;©k²Z¼ É ¸�¹-«Hªx¹Á ä ´Qªx«XÄL¹-¬�¯�¨�¬Q¹´%¹¨rî¬Q¹¨;©u¼�¿�¾@¿�Ë4¦n±³²H¶uQª�!n±6²1#2²Z¨�¬�¾;¿�å/¦ Ò#¹-¹-®k¸*! Ò#¹O¥�#X�
�"!�#�;?<$#&% ' Ë1¦S±³²H¶uQª87~å ¦AÒ#¹-¹-®x¸2) D E �$� E �������N&��o���I���hM��QG8Y���O�� ���gG(J �p�2	�O/��� MpG8Y��������H�d� G�LC��^(����� ��G(L�W
L��Q�8	X�QY\��G(&a�$G(L���L=	aGP�m��^(������LRL?G(��&'�(�d� �1�QYPNhO�	��Q��	�N& GQ�6	����V&'G8Y(o�d�FOX�$�p�`�hGP�,H���pY(�Q��	�� �hY�� Ia������L=	�� �(��O

�
	����

��G(������OR�$G�L?Y(��LNMh�HL=^1�(�����(L?	 &m�Q��O�N���9�cO4� M L���	X� F �8]���O?H���m�0H�o��^1�(� ��L=	 &m�Q��O�o���8)
��<�;54 ;26*798*7�;2: B?D E �$�m�p�2	�� G(L GP�

GL(2,R)+
G(L 	��$�
O�	��P��	R����G(&6&6o	X��O6JK��	���	��$�'&'���p�?��LNMrGQ� + G�L�O�	���$�2W

	�� G(L �$)
= �QG8GP�8)'§i¨�©u¸�¹}´Qªx«�«Z·�«Z· è ¹Á�Á�²Ó° ä ØF¹º�¶x¹º¶k«HÁ�¹}®-«�«Hªx¬r¯�¨9²Z©x¹-¶F©x«1¼�¯�¨�¹V²Zªu¯�éV¹�©u¸�¹}Á�²Z´Q´Q¯�¨Qµ�¦S§�©�¯�¶'¹V²H¶u¿�©x«4¶x¹-¹©u¸9²Z©~¯�¨�©u¸�¹-¶x¹�®x¸9²Zªu©x¶ ä ©u¸�¹�¼�¯�¨�¹V²Zªº²H®©u¯�«H¨æ®-«HÁ�Á�Q©x¹�Ø*¯�©u¸�©u¸�¹�Á�²Z´Q´Q¯�¨Qµ�¦ �

Êr¦\°r¦ � A�4G#�< #N>�> 794�8*7�B4�4;2% 4 ;2:�#E:�8�6�D
è ¹©2�¶2²Z´Q´Q¼�¿
©u¸�¹'Ã'«H¨�¶u©uªu�®©u¯�«H¨Ó°*¯�¨�©u¸�¹S·�«H¼�¼�«XØ*¯�¨Qµº´9²Zªu©u¯�®Q¼È²ZªA®V²H¶x¹O¦
Ã'«H¨�¶u¯�¬Q¹ª~²�Á�¹ªx«HÁ�«Hªu´Q¸Q¯�®�á;9²H¬rªk²Z©u¯�®
¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼

ψ
«H¨

C > 1 ¸9²-Ä�¯�¨QµÓ©u¸�¹º¶x¯�¨QµOQ¼È²Zªu¯�©i¿,´9²Z©u©x¹ªu¨ (2(g− k)−
3, 2k + 1,−12g+2) ä Ø*¸�¹ªx¹ k ≥ −1 ä g ≥ 1

²Z¨�¬
g − k ≥ 2

¦FÃ'«H¨�¶u¯�¬Q¹ª}²4ªk²ZÁ�¯�Â9¹-¬�¬Q«HQ¾Q¼�¹�®-«XÄL¹ªu¯�¨Qµ
π
«VÄL¹ª

C > 1 ¸9²VÄ@¯�¨Qµ�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨�´z«H¯�¨@©x¶S«VÄL¹ª 2g+2
´z«H¼�¹-¶S«Z·

ψ ä ²Z¨�¬4¨�«�«H©u¸�¹ªSªk²ZÁ�¯�Â9®V²Z©u¯�«H¨�´%«H¯�¨;©x¶X¦2åã¹+«H¾Q©k²Z¯�¨�²¸;¿�´%¹ªx¹¼�¼�¯�´Q©u¯�®*À~¯�¹Á�²Z¨Q¨�¶uQªJ·l²H®-¹
M̃
«Z·9µL¹¨;�¶

g
Ø*¯�©u¸�²�á@9²H¬rªk²Z©u¯�®*¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼

π∗ψ
«H¨�¯�©V¦ÆìF¿ è ¹Á�Á�²�¥F©u¸�¹

¯�¨�¬r�®-¹-¬Óá;9²H¬rªk²Z©u¯�®'¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼
π∗ψ
¸9²H¶2©u¸�¹F¶u¯�¨QµOQ¼È²Zªu¯�©i¿1´9²Z©u©x¹ªu¨

(2(g−k)−3, 2(g−k)−3, 2k+1, 2k+1)
¦

Ã'«H¨�¶u©uªu�®©u¯�«H¨³°4µO¯�ÄL¹-¶~�¶}²4¼�«�®V²Z¼CÁ�²Z´Q´Q¯�¨Qµ

Q(2(g − k) − 3, 2k + 1,−12g+2) → Q(2(g − k) − 3, 2(g − k) − 3, 2k + 1, 2k + 1),
Ø*¸�¹ªx¹

k ≥ −1, g ≥ 1
²Z¨�¬

g − k ≥ 2
¦FÃ'«HÁ�´QQ©u¯�¨Qµ�©u¸�¹�¬r¯�Á�¹¨�¶u¯�«H¨�¶}«Z·A©u¸�¹�¶u©uªk²Z©k²4Ø'¹�µL¹©

dimC Q(2(g − k) − 3, 2k + 1,−12g+2) = 2 · 0 + (2g + 4) − 2 = 2g + 2

dimC Q(2(g − k) − 3, 2(g − k) − 3, 2k + 1, 2k + 1) = 2g + 4 − 2 = 2g + 2
É ¸;�¶}©u¸�¹�¬r¯�Á�¹¨�¶u¯�«H¨�¶º«Z·Æ©u¸�¹�¶u©uªk²Z©k²�®-«H¯�¨�®¯�¬Q¹O¦�ì'¿ è ¹Á�Á�²�°Ó©u¸�¹
Á�²Z´Q´Q¯�¨Qµ�¯�¶~¨�«H¨rîi¬Q¹µL¹¨�¹ªk²Z©x¹O¦
å�¸�¹¨

2k + 1 6= −1
©u¸�¹�Á�²Z´Q´Q¯�¨Qµ

Q(2(g − k) − 3, 2k + 1,−12g+2) → Q(2(g − k) − 3, 2(g − k) − 3, 2k + 1, 2k + 1)
¯�¶�µO¼�«H¾9²Z¼�¼�¿ã¬Q¹gÂ�¨�¹-¬�¦�½@¯�¨�®-¹�©u¸�¹�¶u©uªk²Z©uQÁ

Q(2(g − k) − 3, 2k + 1,−12g+2)
¯�¶�®-«H¨Q¨�¹-®©x¹-¬ ä ²H¶1²Z¨@¿?«H©u¸�¹ª¶u©uªk²Z©uQÁ «H¨

C > 1 ¾@¿ > ªx«H´%«O¶u¯�©u¯�«H¨ã¯�¨?¶x¹-®©u¯�«H¨â° ä ¶x¹-¹�²Z¾%«VÄL¹ ä ©u¸�¹Ó¯�Á�²ZµL¹�«Z·'©u¸�¹ÓÁ�²Z´Q´Q¯�¨Qµ�¯�¨?©u¸�¹Ó¶u©uªk²Z©uQÁ
Q(2(g − k) − 3, 2(g − k) − 3, 2k + 1, 2k + 1)

¯�¶1²Z¼�¶x«æ®-«H¨Q¨�¹-®©x¹-¬�¦�åí¸�¹¨
2k + 1 = −1

©u¸�¹�Á�²Z´Q´Q¯�¨Qµ
¸9²H¶

2g + 3
¾Qªk²Z¨�®k¸�¹-¶4®-«Hªuªx¹-¶x´z«H¨�¬r¯�¨Qµ»©x«�©u¸�¹�®x¸�«H¯�®-¹�«Z·'©u¸�¹�¶u¯�Á�´Q¼�¹�´%«H¼�¹�«Z·

ψ
Ø*¸�¹ªx¹�Ø'¹�¬Q«�¨�«H©�¸9²-ÄL¹�²

ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨�«Z·%©u¸�¹~®-«XÄL¹ªu¯�¨Qµ�¦SËº«XØF¹ÄL¹ª ä ¶u¯�¨�®-¹*ØF¹}®V²Z¨�¬Q¹g·�«HªuÁà©u¸�¹~´z«O¶u¯�©u¯�«H¨�¶�«Z·z©u¸�¹+éV¹ªx«�²Z¨�¬�©u¸�¹+´z«H¼�¹-¶#«Z·
ψ
«H¨

C > 1 ²Zªu¾Q¯�©uªk²Zªu¯�¼�¿ ' ²-ÄL«H¯�¬r¯�¨Qµ�®-«H¼�¼È²Z´�¶x¹-¶ ä «Z·S®-«HQªx¶k¹*) ä ©u¸�¹�¯�¨@©x¹ªx¶x¹-®©u¯�«H¨?«Z·A©u¸�¹�¯�Á�²ZµL¹�¯�¶~¨�«H¨6¹Á�´Q©i¿ ä ¶x«©u¸�¹~Q¨Q¯�«H¨,«Z·�©u¸�¹~¯�Á�²ZµL¹-¶'«Z·C©u¸�¹~Á�²Z´Q´Q¯�¨Qµ
Q(2g−1,−12g+3) → Q(2g−1, 2g−1,−1,−1)

¯�¶�®-«H¨Q¨�¹-®©x¹-¬�¦
½@¯�¨�®-¹+©u¸�¹*¬r¯�Á�¹¨�¶u¯�«H¨�«Z·z©u¸�¹*¶u©uªk²Z©k²
®-«H¯�¨�®¯�¬Q¹ ä ²Z¨�¬Ó©u¸�¹'Á�²Z´Q´Q¯�¨Qµ�¯�¶A¨�«H¨rîi¬Q¹µL¹¨�¹ªk²Z©x¹ ä ØF¹~«H¾Q©k²Z¯�¨�²Z¨�«H´%¹¨¶x¹©*«H¨�©u¸�¹
¶u©uªk²Z©uQÁ

Q(2(g − k)− 3, 2(g − k)− 3, 2k + 1, 2k + 1)
¦�ìF¿ > ªx«H´z«O¶x¯�©u¯�«H¨ã¥ ä ©u¸�¹
²H®©u¯�«H¨�«Z·2©u¸�¹µL¹-«�¬Q¹-¶u¯�®:59«VØ ¯�¶*ªx¹¼�¹ÄH²Z¨@© ä ©u¸@�¶*¾;¿�¹ªuµL«�¬r¯�®¯�©i¿�«Z·Æ©u¸Q¯�¶ 59«VØ ä ©u¸�¹�¯�Á�²ZµL¹�«Z·Æ©u¸�¹�Á�²Z´Q´Q¯�¨Qµ

Q(2(g − k) − 3, 2k + 1,−12g+2) → Q(2(g − k) − 3, 2(g − k) − 3, 2k + 1, 2k + 1)
µO¯�ÄL¹-¶*�¶�²1·�Q¼�¼�Á�¹V²H¶uQªx¹�¶x¹©*¯�¨�©u¸�¹�®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµ�®-«H¨Q¨�¹-®©x¹-¬»®-«HÁ�´z«H¨�¹¨@©º«Z·A©u¸�¹�¶u©uªk²Z©uQÁ

Q(2(g − k) − 3, 2(g − k) − 3, 2k + 1, 2k + 1).
É ¸;�¶}ØF¹�«H¾Q©k²Z¯�¨6²�®-«H¨Q¨�¹-®©x¹-¬æ®-«HÁ�´%«H¨�¹¨;©�«Z·2©u¸�¹-¶x¹�¶x©uªk²Z©uQÁ�¦
½@¯�Á�¯�¼È²Zªu¼�¿�©x«Ó©u¸�¹�´Qªx¹Ä�¯�«H�¶}®V²H¶x¹
Ø'¹�®V²Z¨æ¹V²H¶u¯�¼�¿�®x¸�¹-®k×�®-«H¯�¨�®¯�¬Q¹¨�®-¹�«Z·A©u¸�¹�¬r¯�Á�¹¨�¶u¯�«H¨�¶}«Z·A©u¸�¹�¶u©uªk²Z©k²

Q(2(g − k) − 3, 2k,−12g+1) → Q(2(g − k) − 3, 2(g − k) − 3, 4k + 2),
Ø*¯�©u¸

k ≥ 0 ä g ≥ 1
²Z¨�¬

g − k ≥ 1
²Z¨�¬

Q(2g − 2k − 4, 2k,−12g) → Q(4(g − k) − 6, 4k + 2)
�



Ø*¯�©u¸
k ≥ 0 ä g ≥ 2

²Z¨�¬
g − k ≥ 2

¦
É ¸�¹
¯�Á�²ZµL¹-¶}«Z·A©u¸�¹-¶x¹�Á�²Z´Q´Q¯�¨QµL¶}µO¯�ÄL¹��¶~®-«H¨Q¨�¹-®©x¹-¬»®-«HÁ�´z«H¨�¹¨@©x¶~¯�¨�©u¸�¹�¶x©uªk²Z©k²

Q(2(g − k) − 3, 2(g − k) − 3, 4k + 2).
²Z¨�¬

Q(4(g − k) − 6, 4k + 2).
! #�� :
7�8*7�;�:*B?DSÉ ¸�¹'®-«H¨Q¨�¹-®©x¹-¬�®-«HÁ�´%«H¨�¹¨;©x¶S®-«H¨�¶x©uªu�®©x¹-¬�²Z¾z«XÄL¹+²Zªx¹+®V²Z¼�¼�¹-¬4©u¸�¹a��������������������	�� �a��G�&n��G(L���L=	�O
²Z¨�¬æ²Zªx¹�¬Q¹¨�«H©x¹-¬æ¾;¿U�

' ¥*)
Q(2(g − k) − 3, 2k + 1,−12g+2) → Qhyp(2(g − k) − 3, 2(g − k) − 3, 2k + 1, 2k + 1),Ø*¸�¹ªx¹

k ≥ −1, g ≥ 1, g−k ≥ 2
¦ É ¸�¹~®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµ1¬Q«HQ¾Q¼�¹}®-«XÄL¹ªu¯�¨Qµ�¸9²H¶�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨�´%«H¯�¨;©x¶

«XÄL¹ª
2g + 2

´%«H¼�¹-¶~«Z·AÁ�¹ªx«HÁ�«Hªu´Q¸Q¯�®�á@9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼Æ«H¨
C > 1 ¦

' °1)
Q(2(g − k) − 3, 2k,−12g+1) → Qhyp(2(g − k) − 3, 2(g − k) − 3, 4k + 2) äØ*¸�¹ªx¹

k ≥ 0 ä g ≥ 1
²Z¨�¬

g − k ≥ 1
¦ É ¸�¹,®-«Hªuªx¹-¶u´z«H¨�¬r¯�¨Qµ³¬Q«HQ¾Q¼�¹,®-«VÄL¹ªu¯�¨Qµ³¸9²H¶�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨

´%«H¯�¨;©x¶F«VÄL¹ª
2g+1

´z«H¼�¹-¶F²Z¨�¬�«VÄL¹ªF©u¸�¹*éV¹ªx«�«Z·C¬Q¹µOªx¹-¹
2k
«Z·%Á�¹ªx«HÁ�«Hªu´Q¸Q¯�®�á@9²H¬rªk²Z©u¯�®}¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼

«H¨
C > 1 ¦

' Ê1)
Q(2g − 2k − 4, 2k,−12g) → Qhyp(4(g − k) − 6, 4k + 2) äØ*¸�¹ªx¹

k ≥ 0 ä g ≥ 2
²Z¨�¬

g − k ≥ 2
¦ É ¸�¹,®-«Hªuªx¹-¶u´z«H¨�¬r¯�¨Qµ³¬Q«HQ¾Q¼�¹,®-«VÄL¹ªu¯�¨Qµ³¸9²H¶�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨

´%«H¯�¨;©x¶º«VÄL¹ªº²Z¼�¼2¶u¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶}«Z·A©u¸�¹�á;9²H¬rªk²Z©u¯�®1¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼2«H¨
C > 1 ¦

% ��&'�(����Ô�) É ¸�¹~®-«H¨Q¨�¹-®©x¹-¬�®-«HÁ�´z«H¨�¹¨@©
Qhyp(2(g−k)−3, 2(g−k)−3, 2k+1, 2k+1)

Ø+²H¶SÂ�ªx¶u©�¨�«H©u¯�®-¹-¬
¾;¿�± ¦�+}«H¨@©x¶x¹Ä@¯�®k¸C¦
% ��&'�(���»Ì�)FÅ�«Hª~©u¸�¹�Á�²Z´Q´Q¯�¨Qµ

Q(2g − 2k − 4, 2k,−12g) → Q(4(g − k) − 6, 4k + 2)
«H¨�¹�®V²Z¨â¶k¹-¹�©u¸9²Z©�©u¸�¹�ªx¹-¶uQ¼�©u¯�¨Qµ6á;9²H¬rªk²Z©u¯�®�¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼F¯�¶�¨�«H©�©u¸�¹�µO¼�«H¾9²Z¼F¶xá@9²Zªx¹�«Z·}²Z¨âÖº¾z¹¼�¯È²Z¨ã¬r¯�Ñ�¹ªJî
¹¨;©u¯È²Z¼�¯�¨?©u¸�¹4·�«H¼�¼�«XØ*¯�¨Qµ�Ø'²-¿L¦ É ²Z×L¹�²�´9²Z©u¸

γ
«H¨

C > 1 ²Zªx«HQ¨�¬³©u¸�¹ÓéV¹ªx«�«Z·*«Hªx¬Q¹ª 2k
²Z¨�¬ã²,´z«H¼�¹Ó«Z·'©u¸�¹

®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµæá@9²H¬rªk²Z©u¯�®�¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼l¦ É ¸�¹ÓÁ�«H¨�«�¬rªx«HÁ�¿?«Z·'©u¸�¹�®-«VÄL¹ªu¯�¨Qµ»²Z¼�«H¨Qµ�©u¸Q¯�¶
´9²Z©u¸?¯�¶
©uªu¯�Ä�¯È²Z¼#¶x«
¯�©�®V²Z¨ ¾z¹�¼�¯�·�©x¹-¬ «H¨ ²»´9²Z©u¸

γ̃
¯�¨
M
¦ É ¸�¹,¸�«H¼�«H¨�«HÁ�¿ «Z·º©u¸�¹S5y²Z©�¶u©uªu�®©uQªx¹�²Z¼�«H¨Qµ?©u¸�¹,´9²Z©u¸

γ̃
¯�¶4¨�«H¨

©uªu¯�Ä�¯È²Z¼ ä ØF¹
®V²Z¨�®-«HÁ�´QQ©x¹
¸�«VØ ©u¸�¹�©k²Z¨QµL¹¨;©*ÄL¹-®©x«Hª*©x«4©u¸�¹�®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµ�´9²Z©u¸ γ̃ «H¨ M ©uQªu¨�¶+¯�¨�©u¸�¹n5y²Z©
¶u©uªu�®©uQªx¹�¬Q¹gÂ�¨�¹-¬�¾@¿

ψ
' ¶k¹-¹}ÅÆ¯�µOQªx¹1¥*)g¦ É ¸�¹�®-«HQ¨;©x¹ªx®¼�«�®x×�Ø*¯�¶x¹
¬r¯�ªx¹-®©u¯�«H¨�¯�¶'®x¸�«O¶k¹¨�²H¶+²�¬r¯�ªx¹-®©u¯�«H¨�«Z·�©u¸�¹

´%«O¶u¯�©u¯�ÄL¹�©uQªu¨C¦

P̃1 P̃2
A1

A5

A2

A6

A3

A7
A4

A8

� Þ9�AÜCÚ�£���� Ö ´9²Z©u¸
γ̃
«H¨�©u¸�¹,®-«XÄL¹ªu¯�¨Qµâ¶uQªJ·l²H®-¹�«H¾Q©k²Z¯�¨�¹-¬ ¾;¿ ¼�¯�·�©u¯�¨Qµ?«Z·�©u¸�¹�´9²Z©u¸

γ
¦

½@¯�¨�®-¹
P̃1, P̃2 ∈ M̃

²Zªx¹�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨æ´%«H¯�¨;©x¶ ä ©u¸�¹�¶x¹µOÁ�¹¨;©x¶ A1A2
²Z¨�¬

A6A5
²Zªx¹
¼�«�®V²Z©x¹-¬

²Z©*©u¸�¹ ��¬r¯�Ñ�¹ªx¹¨;©º¶x¸�¹-¹©x¶ � «Z·A©u¸�¹�®-«VÄL¹ªu¯�¨Qµ
M̃ →M ä ²Z¨�¬�¨�«H©~¨�¹V²Zªu¾@¿L¦

åã¹�µL¹©Ó¶k«HÁ�¹,²Z¨QµO¼�¹
φ
·_«H¼�¼�«VØ*¯�¨Qµ?©u¸�¹,´9²Zªu©

A1A2
«Z·~©u¸�¹�´9²Z©u¸ Ø*¸Q¯�®k¸ µL«�¹-¶1·�ªx«HÁ «H¨�¹,¶u¯�¨QµOQ¼È²Zªu¯�©i¿ ©x«

²Z¨�«H©u¸�¹ªV¦ É ¸�¹¨ãØF¹�Á�²Z×L¹�²�©uQªu¨ã¾@¿
−π/2

µL«H¯�¨Qµ³²Z¼�«H¨Qµ
A2A3

¦ É Qªu¨Q¯�¨Qµ?²Zªx«HQ¨�¬?©u¸�¹�¶u¯�¨QµOQ¼È²Zªu¯�©�¿ ' ©u¸�¹
´9²Z©u¸

A3A4
)AØF¹~µL¹©�©u¸�¹}²Z¨QµO¼�¹

(k2 +2)π ä Ø*¸Q¯�®x¸�¯�¶S·�«H¼�¼�«XØF¹-¬�¾;¿�²Z¨�«H©u¸�¹ªF©uQªu¨�¾;¿ −π/2 ¨�«VØ ²Z¼�«H¨Qµ A4A5
¦

É ¸�¹�´9²Z©u¸
A5A6

µO¯�ÄL¹-¶4©u¸�¹�©uQªu¨ ¾;¿
−φ ä Ø*¸Q¯�®k¸�¯�¶�·_«H¼�¼�«VØ'¹-¬$¾@¿$²Z¨�«H©u¸�¹ª −π/2 ²Z¼�«H¨Qµ A6A7

¦ É Qªu¨Q¯�¨Qµ
²Zªx«HQ¨�¬?¶u¯�¨QµOQ¼È²Zªu¯�©�¿?²Z¼�«H¨Qµ

A7A8
Ø'¹ÓµL¹©�©u¸�¹�²Z¨QµO¼�¹

(k1 + 2)π ä ²Z¨�¬³©u¸�¹4¼�«@«H´³¯�¶�®-«HÁ�´%¹©x¹-¬³¾;¿6©u¸�¹1´9²Z©u¸
A8A1

µO¯�Ä�¯�¨Qµ�«H¨�¹�Á�«Hªx¹�©uQªu¨�¾@¿
−π/2

¦#Öº¼�¼�©x«HµL¹©u¸�¹ª}©u¸Q¯�¶~µO¯�ÄL¹-¶
(k1 + k2 + 2) · π

¦
�



§�¨,«HQª*¶u´%¹-®¯È²Z¼z®V²H¶k¹ ä ©u¸�¹�ªx¹-¶uQ¼�©u¯�¨Qµ�²Z¨QµO¼�¹º·_«Hª'©u¸�¹
®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµ�á;9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼�¯�¶ (2k+ 1) · π ä©u¸;�¶2©u¸�¹�®-«Hªuªx¹-¶x´z«H¨�¬r¯�¨Qµ�Á�¹V²H¶uQªx¹-¬�·�«H¼�¯È²Z©u¯�«H¨1¯�¶C¨�«H©2«Hªu¯�¹¨@©x¹-¬4²Z¨�¬4®-«H¨�¶x¹-á@�¹¨;©u¼�¿ ä ©u¸�¹Fá;9²H¬rªk²Z©u¯�®F¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼
ψ
«H¨

M
¯�¶}¨�«H©~©u¸�¹�µO¼�«H¾9²Z¼Æ¶xá;9²Zªx¹�«Z·#²Z¨»Ö}¾%¹¼�¯È²Z¨æ¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼l¦ É ¸�¹�¯�Á�²ZµL¹�«Z·�²Z´Q´Q¼�¯�®V²Z©u¯�«H¨?²Z¾z«XÄL¹�¾%¹¼�«H¨Qµ

¯�¨�¶u©uªk²Z©k²
Q(4(g − k) − 6, 4k + 2)

²Z¨�¬�©u¸�¹1²Z´Q´Q¼�¯�®V²Z©u¯�«H¨6²Z¾%«VÄL¹�¯�¶*Ø'¹¼�¼�¬Q¹gÂ�¨�¹-¬�¦
% ��&'�(������)F§i¨�©u¸�¹�¹V²H®k¸»«Z·A©u¸�¹�·�«H¼�¼�«XØ*¯�¨Qµ�®V²H¶x¹-¶

Q(−1,−1,−1,−1, 0, 0) → Q(2, 2)

Q(−1,−1,−1,−1, 0) → Q(−1,−1, 2)
' °1)

Q(−1,−1,−1,−1) → Q(−1,−1,−1,−1)
©u¸�¹
¯�Á�²ZµL¹�¶u©uªk²Z©uQÁ ²Z¼�¶k«1¸9²H¶~©u¸�¹�¶k²ZÁ�¹
¬r¯�Á�¹¨�¶u¯�«H¨»²H¶+©u¸�¹�«Hªu¯�µO¯�¨9²Z¼�«H¨�¹O¦SÖº¼�¼�©u¸�¹�®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµ�ªk²ZÁ�¯�Â9¹-¬
®-«VÄL¹ªu¯�¨QµL¶º¸9²-ÄL¹�¹ÄL¹¨æ¬Q¹µOªx¹-¹

2d ≥ 2
¦

§�¨�©u¸�¹
Â�ªx¶u©~®V²H¶x¹�©u¸�¹�®-«VÄL¹ªu¯�¨Qµ�¸9²H¶
d
ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨æ´%«H¯�¨;©x¶º«Z·A¬Q¹µOªx¹-¹

2
«VÄL¹ª�¹V²H®x¸»«Z·Æ·_«HQª~¶u¯�Á�´Q¼�¹�´%«H¼�¹-¶

«Z·A©u¸�¹
Á�¹ªx«HÁ�«Hªu´Q¸Q¯�®1á@9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼2«H¨
C > 1 7�²Ó¶u¯�¨QµO¼�¹�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨»´z«H¯�¨@©}«Z·A¬Q¹µOªx¹-¹

2
«XÄL¹ªº¹V²H®k¸

«Z·A©iØF«�Á�²Zªu×L¹-¬�´%«H¯�¨;©x¶ ä ²Z¨�¬�¨�«�«H©u¸�¹ª~ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨»´%«H¯�¨;©x¶X¦§�¨»©u¸�¹�¶x¹-®-«H¨�¬³®V²H¶x¹4©u¸�¹�®-«XÄL¹ªu¯�¨Qµ�¸9²H¶
d − 1

ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨ã´%«H¯�¨;©x¶�«Z·'¬Q¹µOªx¹-¹
2
«XÄL¹ª�«H¨�¹�«Z·F©u¸�¹4´z«H¼�¹-¶ 7

d
ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨»´z«H¯�¨@©x¶~«Z·A¬Q¹µOªx¹-¹

2
«VÄL¹ª}¹V²H®k¸æ«Z·2©u¸�¹�ªx¹Á�²Z¯�¨Q¯�¨Qµ�©u¸Qªx¹-¹�¶u¯�Á�´Q¼�¹
´%«H¼�¹-¶~«Z·2©u¸�¹�Á�¹ªx«HÁ�«Hªu´Q¸Q¯�®

á@9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼C«H¨
C > 1 7Q²4¶u¯�¨QµO¼�¹ºªk²ZÁ�¯�Â9®V²Z©u¯�«H¨�´z«H¯�¨@©*«Z·2¬Q¹µOªx¹-¹

2
«XÄL¹ª'©u¸�¹�Á�²Zªu×L¹-¬,´%«H¯�¨;© ä ²Z¨�¬,¨�««H©u¸�¹ª~ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨»´z«H¯�¨@©x¶V¦

§�¨�©u¸�¹�©u¸Q¯�ªx¬�®V²H¶x¹
©u¸�¹�®-«XÄL¹ªu¯�¨Qµ�¸9²H¶
d− 1

ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨6´z«H¯�¨@©x¶}«Z·S¬Q¹µOªx¹-¹
2
«VÄL¹ª�¹V²H®x¸æ«Z·A©iØ'«�´%«H¼�¹-¶87

dªk²ZÁ�¯�Â9®V²Z©u¯�«H¨Ó´z«H¯�¨@©x¶A«Z·y¬Q¹µOªx¹-¹
2
«VÄL¹ªA¹V²H®x¸�«Z·�ªx¹Á�²Z¯�¨Q¯�¨Qµ
©iØ'«�¶x¯�Á�´Q¼�¹�´%«H¼�¹-¶2«Z·�©u¸�¹FÁ�¹ªx«HÁ�«Hªu´Q¸Q¯�®*á@9²H¬rªk²Z©u¯�®

¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼2«H¨
C > 1 ä ²Z¨�¬�¨�«�«H©u¸�¹ª~ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨»´z«H¯�¨@©x¶V¦É ¸�¹�¶x©uªk²Z©k²
Q(−1,−1, 2)

²Z¨�¬
Q(2, 2)

²Zªx¹�¯�¨æ©u¸�¹1¼�¯�¶u©}«Z·#¸;¿�´%¹ªx¹¼�¼�¯�´Q©u¯�®1®-«HÁ�´%«H¨�¹¨;©x¶�¯�¨æ©u¸�¹1¬Q¹gÂ�¨Q¯�©u¯�«H¨
²Z¾%«VÄL¹�7C©u¸�¹�®-«Hªuªx¹-¶x´z«H¨�¬r¯�¨Qµæ¶xQªJ·_²H®-¹-¶�«Z·'µL¹¨;�¶

1
²Z¨�¬

2
²Zªx¹Óªx¹-¶u´%¹-®©u¯�ÄL¹¼�¿6¹¼�¼�¯�´Q©u¯�®�²Z¨�¬³¸@¿@´%¹ªx¹¼�¼�¯�´Q©u¯�®O¦Óåã¹

¶u¸�«XØ ¯�¨�¶k¹-®©u¯�«H¨ Í ä è ¹Á�Á�²�Ì�©u¸9²Z©+©u¸�¹-¶x¹-¶*¶x©uªk²Z©k²�²Zªx¹�®-«H¨Q¨�¹-®©x¹-¬ ä Ø*¸Q¯�®x¸�¯�Á�´Q¼�¯�¹-¶*©u¸9²Z©+©u¸�¹�®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨QµÁ�²Z´Q´Q¯�¨QµL¶º¸9²-ÄL¹�¨�«�¯�¨;©x¹ªx¹-¶u©}·�«Hª~«HQª~´QQªu´%«O¶x¹-¶V¦ É ¸�¹�¶u©uªk²Z©uQÁ
Q(−1,−1,−1,−1)

®-«Hªuªx¹-¶u´%«H¨�¬Q¶º©x«�á;9²H¬�î
ªk²Z©u¯�®�¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼�¶�«H¨

C > 1 ¶x«Ó¯�©*¯�¶}®-«H¨Q¨�¹-®©x¹-¬�¾;¿ > ªx«H´%«O¶u¯�©u¯�«H¨æ«Z·K+}«H¨@©x¶x¹Ä�¯�®x¸C¦ É ¸;�¶~©u¸�¹�©u¸Q¯�ªx¬�Á�²Z´Q´Q¯�¨Qµ
¯�¶~«Z·A¨�«Ó¯�¨;©x¹ªx¹-¶u©}·�«Hª*�¶~¨�¹¯�©u¸�¹ªV¦
É ¸�¹ É ¸�¹-«Hªx¹Á ¾z¹¼�«XØ�²H¶x¶x¹ªu©x¶#©u¸9²Z©#©u¸�¹ªx¹º²Zªx¹*¨�«�«H©u¸�¹ª�®-«H¨Q¨�¹-®©x¹-¬�®-«HÁ�´%«H¨�¹¨;©x¶FØ*¸Q¯�®x¸,®V²Z¨�¾%¹~«H¾Q©k²Z¯�¨�¹-¬
�¶u¯�¨Qµ�²Ó¶x¯�Á�¯�¼È²Zª}®-«H¨�¶u©uªu�®©u¯�«H¨C¦
�"!�#�;?<$#&% B=D F ��	

Q(k1, . . . , kn)
]��m�SO�	��Q��	�N&q��L 	��$�
&'G8Y(o���FOR���p�`�'GQ�4&m���QG(&'G(�R�?����� H�$��Y(�P�p	����SY(� Ia����W

��L=	�� �(��O4�(L?Ym�I��	
π : M̃ →M

]��6�h��G(^�������LNM GP� M L���	X�9Y�� M(�����
d > 1

) + G(L�O���Y����:	�����&'�����?�HLoM

Q(k1, . . . , kn) → Q(k̃1, . . . , k̃m)
��L?Y(��`�QY ]���	����m��G�^������HLNM

π
LRO2��� + G(L�O�	���$�2	�� G(L �?N�) -= �p�$G�O8�m	��$��	n	��$�'��&V� M��'O�	��Q��	�N& �cO6L?G�	l� O�	��P��	�o&

GP�lOJH2$�(����O4GP� 3 ]����d����L\Y(� Ia������L=	�� �(��O O �(L?YVO� �p�$G�O8��	��o�p	 	��$�:&'�����?�HLoMV�HOaL�����	��$����GP��G(LU��GP�:	��$�4	����Q�`��	�������O
��G(������OR�$G�L?Y(��LNM 	RGm�������������H�d����	����6��G�&n��G(L���L=	�O9L?G(�4GP�4G(LU�4GP�9	��$��	��N�Q���m�0/p�`�X�U	���G(L��(� 	�������O ' °1)8) E �$��L

dimC Q(k1, . . . , kn) < dimC Q(k̃1, . . . , k̃m)
= �QG8GP�8)Fåã¹�¯�¨@©uªx«@¬r�®-¹4©u¸�¹1¯�¨;©x¹µL¹ª
´9²Zªk²ZÁ�¹©x¹ªx¶

d, n,m, p, r
ªx¹-¶u´%«H¨�¶u¯�¾Q¼�¹�·�«Hª�©u¸�¹�©x«H´%«H¼�«HµO¯�®V²Z¼Æ©i¿�´z¹4«Z·#©u¸�¹

´9²Z¯�ª8� ' ®-«VÄL¹ªu¯�¨Qµ
π ä á;9²H¬rªk²Z©u¯�®1¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼ ψ )g¦ è ¹© d ¬Q¹¨�«H©x¹�©u¸�¹�¬Q¹µOªx¹-¹�«Z·S©u¸�¹�®-«XÄL¹ªu¯�¨Qµ ä n ©u¸�¹�¨;QÁ1¾z¹ª«Z·}©uªu�¹,éV¹ªx«O¶ÓØ*¸Q¯�®x¸ ²Zªx¹�®ªu¯�©u¯�®V²Z¼+ÄO²Z¼��¹-¶ ä m ©u¸�¹,¨@QÁ�¾%¹ª�«Z·}Á�²Zªu×L¹-¬ ´z«H¯�¨@©x¶ ä p ©u¸�¹,¨;QÁ1¾z¹ª�«Z·º¶x¯�Á�´Q¼�¹´%«H¼�¹-¶ ä r ©u¸�¹�¨;QÁ1¾z¹ª�«Z·A¶u¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶�«Z· ψ Ø*¸Q¯�®k¸6²Zªx¹�ªx¹µOQ¼È²Zª}ÄH²Z¼��¹-¶~·�«Hª*©u¸�¹�®-«XÄL¹ªu¯�¨Qµ π ¦F½�¹-¹�¾z¹¼�«XØ ·_«Hª²Z¨æ¹gÇr´Q¼�¯�®¯�©}¹gÇ�²ZÁ�´Q¼�¹�²Z¨�¬�¬Q¹©k²Z¯�¼�¶V¦

§�¨�©u¸�¹'Â�ªx¶u©S´9²Zªu©�«Z·%©u¸�¹*´Qªx«@«Z·%ØF¹}¬Q¹ªu¯�ÄL¹+·�ªx«HÁ ©u¸�¹~ªx¹¼È²Z©u¯�«H¨
dimQ = dim Q̃

¹¼�¹Á�¹¨@©k²Zªu¿�¯�¨�¹-á;9²Z¼�¯�©�¿ '�� )
·_«Hª�©u¸�¹�´%«O¶u¯�©u¯�ÄL¹�¯�¨;©x¹µL¹ªx¶

d, n,m, p, r
¦ É ¸�¹�¯�¨�¹-á@9²Z¼�¯�©i¿ã¸9²H¶1¨�«H©1¶k«�Á�²Z¨;¿$¶x«H¼�Q©u¯�«H¨�¶V¦�§�¨ è ¹Á�Á�²6Ê�Ø'¹

¶u¸�«XØ ©u¸9²Z©�¶x«H¼�Q©u¯�«H¨�¶�Ø*¯�©u¸
d ≥ 3 ä Ø*¸�¹ªx¹ d ¶u©k²Z¨�¬Q¶�·_«Hª�©u¸�¹Ó¨;QÁ�¾%¹ª�«Z·'¾Qªk²Z¨�®x¸�¹-¶�«Z·'©u¸�¹�®-«VÄL¹ªu¯�¨Qµ π ä ¬Q«¨�«H©�®-«Hªuªx¹-¶u´%«H¨�¬³©x«�²Z¨;¿6¨�«H¨;©uªu¯�Ä�¯È²Z¼#Á�²Z´Q´Q¯�¨QµL¶

Q → Q̃
¦4§i¨ è ¹Á�Á�² Í Ø'¹�¶u¸�«VØ ©u¸9²Z©�©u¸�¹�«H¨Q¼�¿6©iØ'«Zî_·�«H¼�¬

���



®-«VÄL¹ªu¯�¨QµL¶
π
Ø*¸Q¯�®k¸»µO¯�ÄL¹�ªu¯�¶k¹�©x«�©u¸�¹1¶x«H¼�Q©u¯�«H¨»«Z·S©u¸�¹�¹-á@9²Z©u¯�«H¨

dimQ = dim Q̃
²Zªx¹�¹gÇ�²H®©u¼�¿�©u¸�«O¶x¹�Ø*¸Q¯�®k¸

®-«Hªuªx¹-¶u´%«H¨�¬�©x«�¸@¿@´%¹ªx¹¼�¼�¯�´Q©u¯�®�®-«HÁ�´%«H¨�¹¨;©x¶V¦

π

π

M

M̃

P1,...,Pn
︸ ︷︷ ︸
���������	�	��
�

Pn+1,...,Pn+m
︸ ︷︷ ︸
��������	����
�������

Pn+m+1,...,Pn+m+p
︸ ︷︷ ︸

� ���������! �
���"�

Pn+m+p+1,...,Pn+m+p+r
︸ ︷︷ ︸

#$
��%"��� ����%&���('�������	�!
�)���*���%	
&'��	������+
π

� Þ9�AÜCÚ�£-, � É ¸Q¯�¶2¹gÇ�²ZÁ�´Q¼�¹�´Qªx¹-¶k¹¨;©x¶A²~®-«VÄL¹ªu¯�¨Qµ�«Z·�¬Q¹µOªx¹-¹
5
Ø*¯�©u¸

21
ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨1´%«H¯�¨;©x¶X¦

É ¸�¹ªx¹,²Zªx¹
9
®ªu¯�©u¯�®V²Z¼'ÄO²Z¼��¹-¶4«Z·

π
¦æË�¹ªx¹�Ø'¹,¸9²-ÄL¹

n = m = p = r = 3
¦ É ¸�¹,´z«H¯�¨@©x¶

P̃ ∈ π−1(Pi)
Ø*¸Q¯�®x¸ ®-«Hªuªx¹-¶u´z«H¨�¬$©x«»ªx¹µOQ¼È²Zª4´%«H¯�¨;©x¶4«Z·

π∗ψ
²Zªx¹�´9²Z¯�¨@©x¹-¬ ¯�¨$¾Q¼È²H®k×z¦»ìF¿

®-«H¨;ÄL¹¨@©u¯�«H¨»Ø'¹mYpGmL?G�	%Á�²Zªu×�©u¸�¹Á�¦

è ¹©��¶�Â�ªx¶u©�¯�¨;©uªx«�¬r�®-¹�¶x«HÁ�¹�¨�«H©k²Z©u¯�«H¨�¶V¦�ì'¿
(M,ψ)

Ø'¹�¬Q¹¨�«H©x¹�©u¸�¹�¯�¨Q¯�©u¯È²Z¼FÀ~¯�¹Á�²Z¨Q¨â¶uQªJ·l²H®-¹�²Z¨�¬â²
á@9²H¬rªk²Z©u¯�®�¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼�«H¨³¯�©V¦�åã¹Ó®-«H¨�¶u¯�¬Q¹ª�²�ªk²ZÁ�¯�Â9¹-¬?®-«VÄL¹ªu¯�¨Qµ

π : M̃ → M
«Z·+¬Q¹µOªx¹-¹

d
¦�åã¹4¬Q¹¨�«H©x¹

¾;¿
P1, . . . , Pn ∈ M

¾z¹�©u¸�¹�®ªu¯�©u¯�®V²Z¼*ÄH²Z¼��¹-¶Ó®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµ?©x«6©u¸�¹\	�����4éV¹ªx«O¶Ó«Z·
ψ ä ¯l¦n¹O¦?©x«6©u¸�¹�éV¹ªx«O¶«Z·º¬Q¹µOªx¹-¹-¶

ki > 0
¦ è ¹©

Pn+1, . . . , Pn+m ∈ M
¾%¹�©u¸�¹�®ªu¯�©u¯�®V²Z¼+ÄO²Z¼��¹-¶4®-«Hªuªx¹-¶x´z«H¨�¬r¯�¨Qµ?©x«»©u¸�¹,Á�²Zªu×L¹-¬

´%«H¯�¨;©x¶ ' «Hª ä ¯�¨�©u¸�¹}«H©u¸�¹ª'ØF«Hªx¬Q¶ ä ©x«�©u¸�¹ �2���(��éV¹ªx«O¶F«Z· ψ )g¦ è ¹© Pn+m+1, . . . , Pn+m+p ∈M
¾%¹*©u¸�¹�®ªu¯�©u¯�®V²Z¼

ÄO²Z¼��¹-¶F®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµ4©x«�©u¸�¹º¶u¯�Á�´Q¼�¹}´%«H¼�¹-¶'«Z·
ψ
¦ è ¹©

Pn+m+p+1, . . . , Pn+m+p+r ∈M
¾%¹~©u¸�¹~ªx¹Á�²Z¯�¨Q¯�¨Qµ

©uªu�¹1éV¹ªx«O¶
²Z¨�¬6¶u¯�Á�´Q¼�¹4´%«H¼�¹-¶º«Z·
ψ
Ø*¸Q¯�®x¸?®-«Hªuªx¹-¶u´%«H¨�¬6©x«�¨�«H¨rîi®ªu¯�©u¯�®V²Z¼AÄO²Z¼��¹-¶
«Z·

π
¦ ' ½�¹-¹Ó²Z¨6¹gÇ�²ZÁ�´Q¼�¹�²Z©

ÅÆ¯�µOQªx¹�°1)g¦
åã¹~®-«H¨�¶u¯�¬Q¹ª'«H¨Q¼�¿Ó©u¸�«O¶x¹*ªk²ZÁ�¯�Â9¹-¬,®-«VÄL¹ªu¯�¨QµL¶

π
·�«Hª#Ø*¸Q¯�®k¸�©u¸�¹~¯�¨�¬r�®-¹-¬�á@9²H¬rªk²Z©u¯�®}¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼

ψ̃ = π∗ψ«H¨
M̃
¯�¶~¨�«H©}µO¼�«H¾9²Z¼�¼�¿æ²�¶xá@9²Zªx¹�«Z·�²Ó¸�«H¼�«HÁ�«Hªu´Q¸Q¯�®,¥gî_·�«HªuÁ�¦'åã¹�¬Q«�¨�«H©º¹gÇQ®¼��¬Q¹�·�ªx«HÁ ®-«H¨�¶u¯�¬Q¹ªk²Z©u¯�«H¨»©u¸�¹

¶u¯�©u9²Z©u¯�«H¨�Ø*¸�¹¨æ©u¸�¹�®-«VÄL¹ªu¯�¨Qµ
π
¯�¶º²H®©u9²Z¼�¼�¿�²�ªx¹µOQ¼È²Zª}®-«VÄL¹ªu¯�¨Qµ�¦

è ¹©º�¶º¬r¯�¶x®�¶k¶}¨�«XØ�©u¸�¹1¼�«@®V²Z©u¯�«H¨³«Z·�¶u¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶
«Z·#©u¸�¹�á@9²H¬rªk²Z©u¯�®Ó¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼
ψ̃ = π∗ψ

«H¨
M̃
¦~ì'¿

®-«H¨;ÄL¹¨@©u¯�«H¨âØ'¹�¬Q«�¨�«H©�¹¨�¬Q«VØ
ψ̃
Ø*¯�©u¸â²Z¨@¿S�2���(�
éV¹ªx«O¶8��²Z¼�¼#¶u¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶�«Z·

ψ̃
²Zªx¹�¹¯�©u¸�¹ªm	������éV¹ªx«O¶ ä «Hª¶u¯�Á�´Q¼�¹�´%«H¼�¹-¶V¦

É ¸�¹~®-«HÁ�´QQ©k²Z©u¯�«H¨,«Z· è ¹Á�Á�²�¥*¶u¸�«VØ~¶�©u¸9²Z©
ψ̃
Á�²V¿Ó¸9²-ÄL¹}²�¶x¯�¨QµOQ¼È²Zªu¯�©i¿�²Z©F²�´%«H¯�¨;©

P̃ ∈ M̃
¹¯�©u¸�¹ª�Ø*¸�¹¨

ψ
¸9²H¶�²�¶u¯�¨QµOQ¼È²Zªu¯�©�¿6²Z©

π(P̃ )
«Hª�Ø*¸�¹¨

P̃
¯�¶�²�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨?´%«H¯�¨;©�«Z·

π
¦ É ¸@�¶�²Z¼�¼2éV¹ªx«O¶�²Z¨�¬»´z«H¼�¹-¶
«Z·

ψ̃²Zªx¹�¼�«�®V²Z©x¹-¬$²Z©1©u¸�¹�´Qªx¹¯�Á�²ZµL¹,«Z·*©u¸�¹�´%«H¯�¨;©x¶
P1, . . . , Pn+m+p+r

¦ è ¹©4�¶�¶u´%¹-®¯�·�¿³©u¸�¹Á ´Qªx¹-®¯�¶x¹¼�¿L¦ ' ½�¹-¹
²Z¼�¶x«�ÅÆ¯�µOQªx¹�°ÓØ*¸�¹ªx¹�¶u¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶º²Zªx¹�¬Q¹¨�«H©x¹-¬�¾;¿�Ø*¸Q¯�©x¹�¾QQ¼�¼�¹©x¶V¦ )
Ö+©�²Z¨;¿â´Qªx¹¯�Á�²ZµL¹�«Z·
²Z¨;¿$«Z·º©u¸�¹�éV¹ªx«O¶

P1, . . . , Pn
«Z·
ψ
Ø'¹�¸9²VÄL¹�²æ©uªu�¹,éV¹ªx«³«Z·

ψ̃ ä ¶x¹-¹ è ¹Á�Á�² ¥O¦åã¹4¸9²-ÄL¹�²�éV¹ªx«,«Z·
ψ̃
²Z©
²�´Qªx¹¯�Á�²ZµL¹

P̃ ∈ π−1(Pi)
«Z·'²�Á�²Zªu×L¹-¬6´%«H¯�¨;©

Pi ä n + 1 ≤ i ≤ n +m ä ¯�·'²Z¨�¬«H¨Q¼�¿³¯�·
P̃
¯�¶1²�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨$´%«H¯�¨;©4«Z·+©u¸�¹�®-«VÄL¹ªu¯�¨Qµ

π ä eπ(P̃ ) 6= 1
¦�åã¹�¸9²-ÄL¹�²�´z«H¼�¹�«Hª1²�©uªu�¹�éV¹ªx«æ«Z·

ψ̃
²Z©�²�´Qªx¹¯�Á�²ZµL¹

P̃ ∈ π−1(Pi)
«Z·*²�¶x¯�Á�´Q¼�¹Ó´z«H¼�¹

Pi ä n + m + 1 ≤ i ≤ n + m + p ä ¯�·*²Z¨�¬³«H¨Q¼�¿»¯�·�©u¸�¹ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨6¯�¨�¬Q¹gÇ
eπ(P̃ )

«Z·A©u¸�¹�®-«XÄL¹ªu¯�¨Qµ
π
²Z©
P̃
¯�¶~¬r¯�Ñ%¹ªx¹¨@©~·�ªx«HÁ ©iØ'« ä eπ(P̃ ) 6= 2

¦�Ö+©}²Z¨;¿�´Qªx¹¯�Á�²ZµL¹
«Z·~²Z¨;¿³¶u¯�¨QµOQ¼È²Zªu¯�©i¿

Pn+m+p+1, . . . , Pn+m+p+r
«Z·
ψ
Ø'¹�¸9²-ÄL¹�²�¶x¯�Á�´Q¼�¹�´z«H¼�¹�«Hª�²,©uªu�¹�éV¹ªx«�«Z·

ψ̃
¦ ' ½�¹-¹

²Z¼�¶x«�²Z¨æ¹gÇ�²ZÁ�´Q¼�¹�´Qªx¹-¶x¹¨@©x¹-¬»²Z©~ÅÆ¯�µOQªx¹�°r¦ )
ç�«VØ$¹ÄL¹ªu¿�©u¸Q¯�¨Qµ�¯�¶Cªx¹V²H¬r¿
·_«HªC©u¸�¹�®-«HÁ�´QQ©k²Z©u¯�«H¨�«Z·�¬r¯�Á�¹¨�¶u¯�«H¨�¶A«Z·Q©u¸�¹�¶u©uªk²Z©k²}«Z·rÁ�¹ªx«HÁ�«Hªu´Q¸Q¯�®+á@9²H¬rªk²Z©u¯�®
¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼�¶

Q
²Z¨�¬

Q̃
®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµ�©x«

ψ
²Z¨�¬

ψ̃
¦
�
�



è ¹©
g
¾%¹
©u¸�¹�µL¹¨@�¶}«Z·A©u¸�¹�À~¯�¹Á�²Z¨Q¨æ¶xQªJ·_²H®-¹

M
¦Såã¹
¸9²-ÄL¹

' Ê1)
dimQ = 2g + n+m+ p+ r − 2

Ð
¹¨�«H©u¯�¨Qµ�¾;¿
g̃
¾%¹
©u¸�¹�µL¹¨;�¶º«Z·Æ©u¸�¹�À~¯�¹Á�²Z¨Q¨æ¶uQªJ·l²H®-¹

M̃
ØF¹�µL¹©

dim Q̃ = 2g̃ +
¨;QÁ�¾%¹ªº«Z·S¶u¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶º«Z·

ψ̃ − 2 =

= 2g̃ +
n∑

i=1

¨@QÁ�¾%¹ªº«Z·A´Qªx¹¯�Á�²ZµL¹
P̃
«Z·
π−1(Pi) +

+

n+m∑

i=n+1

¨@QÁ�¾%¹ª}«Z·Æ´Qªx¹¯�Á�²ZµL¹
P̃
«Z·
π−1(Pi)

«Z·Æ¯�¨�¬Q¹gÇ
eπ(P̃ ) 6= 1 +

+

n+m+p
∑

i=n+m+1

¨;QÁ�¾%¹ªº«Z·A´Qªx¹¯�Á�²ZµL¹
P̃
«Z·
π−1(Pi)

«Z·A¯�¨�¬Q¹gÇ
eπ(P̃ ) 6= 2 +

+

n+m+p+r
∑

i=n+m+p+1

¨;QÁ�¾%¹ªº«Z·A´Qªx¹¯�Á�²ZµL¹
P̃
«Z·
π−1(Pi) − 2 =

= (2g̃ − 2) + d · r +

n+m+p
∑

i=1

¨@QÁ�¾%¹ªº«Z·A´Qªx¹¯�Á�²ZµL¹
P̃
¯�¨
π−1(Pi) −

'�Í )

−
n+m∑

i=n+1

¨@QÁ�¾%¹ª}«Z·Æ´Qªx¹¯�Á�²ZµL¹
P̃
¯�¨
π−1(Pi)

«Z·Aªk²ZÁ�¯�Â9®V²Z©u¯�«H¨æ¯�¨�¬Q¹gÇ�«H¨�¹
−

−

n+m+p
∑

i=n+m+1

¨;QÁ�¾%¹ªº«Z·A´Qªx¹¯�Á�²ZµL¹
P̃
¯�¨
π−1(Pi)

«Z·Æªk²ZÁ�¯�Â9®V²Z©u¯�«H¨»¯�¨�¬Q¹gÇ�©iØF«

Ã'«HÁ�´QQ©u¯�¨Qµ�©u¸�¹
µL¹¨@�¶
g̃
«Z·A©u¸�¹�À}¯�¹Á�²Z¨Q¨æ¶uQªJ·l²H®-¹

M̃
¾@¿�À}¯�¹Á�²Z¨Q¨	�@Ë}QªuØ*¯�©ué�·�«HªuÁ1Q¼È²

2g̃ − 2 = d · (2g − 2) +
∑

������� � %"� � ��
��� 
��� ���
P̃

�)

π

(eπ(P ) − 1) =

= d · (2g − 2) +
∑

%	��� � ��%"��� '����� �"�
Pi


�)
π

(d−
¨;QÁ1¾z¹ª�«Z·Æ´Qªx¹¯�Á�²ZµL¹

)

= d · (2g − 2) + d · (n+m+ p) −

n+m+p
∑

i=1

¨@QÁ�¾%¹ªº«Z·A´Qªx¹¯�Á�²ZµL¹
P̃
¯�¨
π−1(Pi)

²Z¨�¬�¶uQ¾�¶x©u¯�©uQ©u¯�¨Qµ
2g̃ − 2

¯�¨�©u¸�¹
·_«HªuÁ�Q¼È² '�Í )+¾;¿�©u¸�¹
¼È²Z©u©x¹ª}¹gÇr´Qªx¹-¶x¶u¯�«H¨�Ø'¹�µL¹©~©u¸�¹�·_«H¼�¼�«VØ*¯�¨Qµ,²Z¨�¶xØF¹ª8�
dim Q̃ = d · (2g + n+m+ p+ r − 2)−

' Õ1)

−
n+m∑

i=n+1

¨@QÁ�¾%¹ªº«Z·A´Qªx¹¯�Á�²ZµL¹
P̃
¯�¨
π−1(Pi)

«Z·Aªk²ZÁ�¯�Â9®V²Z©u¯�«H¨æ¯�¨�¬Q¹gÇ�«H¨�¹
−

−

n+m+p
∑

i=n+m+1

¨;QÁ�¾%¹ªº«Z·A´Qªx¹¯�Á�²ZµL¹
P̃ ∈ π−1(Pi)

«Z·Aªk²ZÁ�¯�Â9®V²Z©u¯�«H¨æ¯�¨�¬Q¹gÇ�©iØF«

Ã'«HÁ�´9²Zªu¯�¨Qµ�©u¸�¹*¬r¯�Á�¹¨�¶u¯�«H¨�¶
dimQ

²Z¨�¬
dim Q̃

µO¯�ÄL¹¨�¾@¿1¹-á@9²Z©u¯�«H¨�¶ ' Ê1)2²Z¨�¬ ' Õ1)�ØF¹*¶k¹-¹F©u¸9²Z©A©u¸�¹+¹-á@9²Z©u¯�«H¨

dimQ = dim Q̃�Xs



¯�¶~¹-á@Q¯�ÄH²Z¼�¹¨@©~©x«�©u¸�¹
·_«H¼�¼�«VØ*¯�¨Qµ�«H¨�¹
' Ô1)

(d− 1) · (2g + n+m+ p+ r − 2) =

=

n+m∑

i=n+1

¨@QÁ�¾%¹ª}«Z·Æ´Qªx¹¯�Á�²ZµL¹
P̃
¯�¨
π−1(Pi)

«Z·Æªk²ZÁ�¯�Â9®V²Z©u¯�«H¨»¯�¨�¬Q¹gÇ�«H¨�¹
+

+

n+m+p
∑

i=n+m+1

¨;QÁ1¾z¹ª�«Z·Æ´Qªx¹¯�Á�²ZµL¹
P̃ ∈ π−1(Pi)

«Z·Aªk²ZÁ�¯�Â9®V²Z©u¯�«H¨æ¯�¨�¬Q¹gÇ�©iØ'«

ì'¿»®-«H¨@ÄL¹¨;©u¯�«H¨
Pn+1, . . . , Pn+m ∈ M

²Zªx¹�®ªu¯�©u¯�®V²Z¼�ÄH²Z¼��¹-¶�«Z·'©u¸�¹
d
î_·_«H¼�¬?®-«VÄL¹ªu¯�¨Qµ

π
¦4Ë�¹¨�®-¹ ä ²ZÁ�«H¨Qµ´Qªx¹¯�Á�²ZµL¹4«Z·F²Z¨;¿

P̃
¯�¨
π−1(Pi) ä n+ 1 ≤ i ≤ n+m

©u¸�¹ªx¹�¯�¶
²Z©}¼�¹V²H¶x©º«H¨�¹�´Qªx¹¯�Á�²ZµL¹1Ø*¯�©u¸»ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨
¯�¨�¬Q¹gÇ?¬r¯�Ñ%¹ªx¹¨@©�·�ªx«HÁ «H¨�¹O¦ É ¸Q¯�¶�¯�Á�´Q¼�¯�¹-¶�©u¸9²Z©�©u¸�¹�¨;QÁ1¾z¹ª�«Z·+´Qªx¹¯�Á�²ZµL¹

P̃
¯�¨
π−1(Pi)

«Z·'ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨
¯�¨�¬Q¹gÇ�«H¨�¹
¯�¶}²Z©~Á�«O¶u©

d− 2
¦

É ¸�¹Ó®-«VÄL¹ªu¯�¨Qµ
π : M̃ → M

¯�¶�«Z·'«Hªx¬Q¹ª
d
¦�Ë�¹¨�®-¹ ä ·_«Hª�²Z¨;¿6´z«H¯�¨@© Pi ∈ M

©u¸�¹1¨@QÁ�¾%¹ª�«Z·F´Qªx¹¯�Á�²ZµL¹
P̃ ∈ π−1(Pi)

«Z·Æªk²ZÁ�¯�Â9®V²Z©u¯�«H¨»¯�¨�¬Q¹gÇ�©�ØF«�¸9²H¶}©u¸�¹�·�«H¼�¼�«XØ*¯�¨Qµ�«H¾@Ä@¯�«H�¶}Q´Q´z¹ª~¾%«HQ¨�¬

' Ì ))¨;QÁ1¾z¹ª}«Z·A´Qªx¹¯�Á�²ZµL¹
P̃
¯�¨
π−1(Pi)

«Z·Aªk²ZÁ�¯�Â9®V²Z©u¯�«H¨æ¯�¨�¬Q¹gÇ�©iØF«

≤

{

d/2
Ø*¸�¹¨

d
¯�¶~¹ÄL¹¨

(d− 1)/2
Ø*¸�¹¨

d
¯�¶~«�¬Q¬

� ¶u¯�¨Qµ�©u¸�¹-¶x¹�©�ØF«�«H¾@Ä@¯�«H�¶}¾z«HQ¨�¬Q¶}ØF¹�¬Q¹ªu¯�ÄL¹�©u¸�¹�·�«H¼�¼�«XØ*¯�¨Qµ�¯�¨�¹-á;9²Z¼�¯�©�¿�·�ªx«HÁ ¹-á@9²Z©u¯�«H¨ ' Ô1)

' �1)
(d − 1) · (2g + n + m + p + r − 2) ≤

{

m · (d− 2) + p · d/2
Ø*¸�¹¨

d
¯�¶}¹ÄL¹¨

m · (d− 2) + p · (d− 1)/2
Ø*¸�¹¨

d
¯�¶~«�¬Q¬

²Z¨�¬�¯�©x¶*Ø'¹V²Z×L¹¨�¹-¬�ÄL¹ªx¶u¯�«H¨
'�� )

(d− 1) · (2g − 2 + n+ r) ≤ p · (1 − d/2) −m
§�¨æØ*¸9²Z©º·�«H¼�¼�«XØ~¶ºØ'¹1®-«H¨�¶x¯�¬Q¹ªº©u¸�¹1¨�«H¨Q¨�¹µ;²Z©u¯�ÄL¹4¯�¨;©x¹µL¹ª�¶x«H¼�Q©u¯�«H¨�¶
«Z·#¯�¨�¹-á;9²Z¼�¯�©u¯�¹-¶ ' �1)º²Z¨�¬ '�� )g¦ É ¸�¹ªx¹
²Zªx¹º¨�«H©'¶x«�Á�²Z¨;¿,«Z·C©u¸�¹Á ¶x¯�¨�®-¹*·_«HªFÁ�«O¶u©'©i¿�´%¹-¶F«Z·C©u¸�¹�®-«VÄL¹ªu¯�¨Qµ

π
©u¸�¹�¬r¯�Á�¹¨�¶u¯�«H¨

dim Q̃
¯�¶FµOªx¹V²Z©x¹ª+©u¸9²Z¨

dimQ
²Z¨�¬ã©u¸�¹�´9²Zªk²ZÁ�¹©x¹ªx¶

d, n,m, p, r
¬Q«�¨�«H©1«H¾%¹¿6¨�¹¯�©u¸�¹ªÓ¹-á@9²Z©u¯�«H¨ ' Ô1)
¨�«Hª4¹ÄL¹¨â¯�¨�¹-á@9²Z¼�¯�©u¯�¹-¶ ' �1)

²Z¨�¬ '�� )g¦4§i¨ è ¹Á�Á�²�Ê�Ø'¹�¶u¸�«VØ ©u¸9²Z©�©u¸�¹�¶x«H¼�Q©u¯�«H¨�¶�«Z·F¯�¨�¹-á@9²Z¼�¯�©u¯�¹-¶�Ø*¯�©u¸
d ≥ 3

¬Q«�¨�«H©�®-«Hªuªx¹-¶u´%«H¨�¬³©x«
²Z¨;¿ã²H®©u9²Z¼Fªk²ZÁ�¯�Â9¹-¬â®-«VÄL¹ªu¯�¨QµL¶

π
¦�§�¨ è ¹Á�Á�² Í ØF¹�¶u©u�¬r¿?¶x«H¼�Q©u¯�«H¨�¶1«Z·'¯�¨�¹-á@9²Z¼�¯�©u¯�¹-¶4®-«Hªuªx¹-¶u´z«H¨�¬r¯�¨Qµ»©x«

d = 2 ä ²Z¨�¬â¶u¸�«XØ ©u¸9²Z©1©u¸�¹�©iØ'«Zî_·�«H¼�¬ ®-«XÄL¹ªu¯�¨QµL¶ π µO¯�Ä@¯�¨Qµ6¶x«H¼�Q©u¯�«H¨�¶Ó«Z·~¹-á;9²Z©u¯�«H¨ ' Ô1)�²Zªx¹,¹gÇQ²H®©u¼�¿?©u¸�«O¶k¹Ø*¸Q¯�®x¸6®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµ�©x«�¸;¿�´%¹ªx¹¼�¼�¯�´Q©u¯�®�®-«HÁ�´%«H¨�¹¨;©x¶V¦
	 #&% %*@�� D�� �

d ≥ 3
	��$��L

dimQ < dim Q̃
)

= �QG8GP�9GQ� F ��&6&'���o)*½@Q´Q´z«O¶x¹Ó©u¸9²Z©�¬r¯�Á�¹¨�¶x¯�«H¨�¶�«Z·
Q
²Z¨�¬

Q̃
®-«H¯�¨�®¯�¬Q¹O¦Óåã¹�®V²Z¨$²Z´Q´Q¼�¿6©u¸�¹Ó¯�¨�¹-á;9²Z¼�¯�©u¯�¹-¶

²Z¾%«VÄL¹O¦
ÅÆ¯�ªx¶u©º«Z·F²Z¼�¼ ä ØF¹Ó²Zªx¹�µL«H¯�¨Qµ,©x«�¶x¸�«VØ/©u¸9²Z©ºµL¹¨@�¶ g «Z·#©u¸�¹�Q¨�¬Q¹ªu¼�¿�¯�¨Qµ�¶uQªJ·_²H®-¹ M Á��¶x©º¾%¹�¹-á@9²Z¼�©x« 0

¦
½@Q´Q´%«O¶x¹Ó©u¸9²Z©

g ≥ 1 ä ¶x«,¯�¨�¹-á;9²Z¼�¯�©�¿ '�� )ºµO¯�ÄL¹-¶ (d − 1)(n + r) ≤ −p/2 −m
¦Ó§l·

p > 0
«Hª
m > 0

©u¸�¹¨
n+ r

Á1�¶u©}¾%¹�¨�¹µ;²Z©u¯�ÄL¹ ä Ø*¸Q¯�®x¸6¯�¶~¯�Á�´%«O¶x¶u¯�¾Q¼�¹O¦*§i· p = 0
²Z¨�¬

m = 0
©u¸�¹¨

n = r = p = m = 0
²Z¨�¬�Ø'¹

«H¾Q©k²Z¯�¨6©u¸�¹�¶u©uªk²Z©uQÁ
Q(∅)

Ø*¸Q¯�®x¸6¯�¶º¹Á�´Q©�¿L¦ É ¸;�¶�©u¸�¹4²H¶x¶uQÁ�´Q©u¯�«H¨
g ≥ 1

¼�¹V²H¬Q¶º©x«�²�®-«H¨;©uªk²H¬r¯�®©u¯�«H¨ã²Z¨�¬
ØF¹�Á��¶u©~¸9²VÄL¹

g = 0
Ø*¸Q¯�®k¸æÁ�¹V²Z¨�¶*©u¸9²Z©

M ' C > 1 ¦
ç�«VØ ¶xQ´Q´z«O¶x¹�©u¸9²Z©

m > 0
¦»½@¯�¨�®-¹�©u¸�¹�ªu¯�µO¸;©Jîl¸9²Z¨�¬ ¶u¯�¬Q¹�«Z·~¯�¨�¹-á;9²Z¼�¯�©�¿ '�� )�¯�¶1¶u©uªu¯�®©u¼�¿?¨�¹µ;²Z©u¯�ÄL¹ ä ²Z¨�¬

d− 1 > 0 ä ©u¸�¹�¹gÇ�´Qªx¹-¶x¶x¯�«H¨ (2g − 2 + n+ r)
¶u¸�«HQ¼�¬,¾%¹�¶u©uªu¯�®©u¼�¿�¨�¹µ;²Z©u¯�ÄL¹O¦F½@¯�¨�®-¹

g = 0
©u¸Q¯�¶+¯�Á�´Q¼�¯�¹-¶*©u¸9²Z©

n+ r ≤ 1
ç�«VØ ¶uQ´Q´%«O¶x¹
©u¸9²Z©

m = 0
¦ � ¶u¯�¨Qµ�¯�¨�¹-á@9²Z¼�¯�©i¿ '�� ) ä Ø'¹�µL¹©

(d− 1) · (n+ r − 2) ≤ p · (1 − d/2) ≤ −p/2� Q



§i·
p = 0

©u¸�¹¨
n+ r ≤ 2

¶x«
r + p ≤ 2

Ø*¸Q¯�®k¸�¯�¶+¯�Á�´%«O¶x¶u¯�¾Q¼�¹�¶u¯�¨�®-¹�²4Á�¹ªx«HÁ�«Hªu´Q¸Q¯�®�á@9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼
«H¨

C > 1 ¸9²H¶º²Z©~¼�¹V²H¶u©+·_«HQª~´z«H¼�¹-¶X¦ É ¸;�¶ p > 0
²Z¨�¬�ØF¹�²Zµ;²Z¯�¨�µL¹©

n+ r ≤ 1
¦

É ¸�¹�²Z¾%«VÄL¹�ªx¹Á�²Zªu×r¶}¶x¸�«VØ ©u¸9²Z©}ØF¹�®V²Z¨æªx¹-¶u©uªu¯�®©}«HQª}®-«H¨�¶u¯�¬Q¹ªk²Z©u¯�«H¨�¶º©x«�©u¸�¹
·_«H¼�¼�«VØ*¯�¨Qµ�©u¸Qªx¹-¹ ' «XÄL¹ªu¼È²Z´rî
´Q¯�¨QµE)+®V²H¶x¹-¶ �

{

n+ r = 0

m = 0

{

n+ r = 1

m ≥ 0

{

n+ r = 0

m > 0
É « Â�¨Q¯�¶x¸ ©u¸�¹»´Qªx«�«Z·4«Z· è ¹Á�Á�² Ê$ØF¹ã²Zªx¹³µL«H¯�¨Qµ�©x«�¶x¸�«VØ ©u¸9²Z©æ²Z¼�¼�´z«O¶k¶u¯�¾Q¼�¹6Á�²Z´Q´Q¯�¨QµL¶�Ø*¯�©u¸

d ≥ 3¶k²Z©u¯�¶J·�¿�¯�¨Qµ ' Ô1)�²Zªx¹�¼�¯�¶u©x¹-¬â¯�¨ ' °1)¦�åã¹,¶u¸9²Z¼�¼F�¶x¹�©u¸�¹�·�«H¼�¼�«XØ*¯�¨Qµ³«H¾@Ä@¯�«H�¶4ªx¹Á�²Zªu×?Ø*¸Q¯�®k¸ ¯�¶�ÄH²Z¼�¯�¬â·_«Hª1²Z¨;¿
ªk²ZÁ�¯�Â9¹-¬æ®-«XÄL¹ªu¯�¨Qµ

π : M̃ →M
«Z·S¬Q¹µOªx¹-¹

d
²Z¨�¬æ²Z¨;¿,´%«H¯�¨;©

P ∈M
�

' ¥��1) ∑

P̃∈π−1(P )

eπ(P̃ ) = d

�"!�# Bp@ 6*#
n + r = 0

@�: �
m = 0

D ½@¯�¨�®-¹
n = r = m = 0

²Z¨�¬6µL¹¨;�¶
g = 0 ä ØF¹4µL¹©�²�Á�¹ªx«HÁ�«Hªu´Q¸Q¯�®á@9²H¬rªk²Z©u¯�®,¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼+Ø*¯�©u¸$·�«HQªÓ¶u¯�Á�´Q¼�¹�´z«H¼�¹-¶

P1, . . . , P4
«H¨

C > 1 ä p = 4
¦ è ¹©

ti
¾%¹�©u¸�¹�¨@QÁ�¾%¹ªÓ«Z·

´%«H¯�¨;©x¶~¯�¨�©u¸�¹�Â�¾z¹ª
π−1(Pi)

'
i = 1, . . . , 4

)+«Z·Æªk²ZÁ�¯�Â9®V²Z©u¯�«H¨»¯�¨�¬Q¹gÇ�©iØF«Q¦
É ²Z×�¯�¨Qµ�©u¸�¹�¶xQÁ «Z·A¹gÇr´Qªx¹-¶x¶u¯�«H¨�¶ ' ¥��1)*«VÄL¹ª

Pi ä i = 1, . . . , 4 ä ØF¹�µL¹©

4d =
4∑

i=1

∑

P̃∈π−1(Pi)

eπ(P̃ ) =
4∑

i=1

( ∑

P̃∈π−1(Pi)

eπ(P̃ )6=2

eπ(P̃ ) +
∑

P̃∈π−1(Pi)

eπ(P̃ )=2

eπ(P̃ )
)

=

=
4∑

i=1

∑

P̃∈π−1(Pi)

eπ(P̃ )6=2

eπ(P̃ ) + 2
4∑

i=1

ti

�º¨�©u¸�¹�«H©u¸�¹ª~¸9²Z¨�¬æ¹-á;9²Z©u¯�«H¨ ' Ô1)FµO¯�ÄL¹-¶

(d− 1) · (4 − 2) =
4∑

i=1

ti

ç�«H©x¹�©u¸9²Z© ä ²H¶ m = 0 ä ©u¸�¹�©x¹ªuÁ ®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµ
©x«}ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨�¯�¨�¬Q¹gÇ 1
¯�¨Ó¹-á;9²Z©u¯�«H¨ ' Ô1)�¬Q«@¹-¶Æ¨�«H©S²Z´Q´z¹V²ZªV¦

É ¸;�¶}ØF¹�«H¾Q©k²Z¯�¨
4∑

i=1

∑

P̃∈π−1(Pi)

eπ(P̃ )6=2

eπ(P̃ ) = 4

É ¸Q¯�¶ÆÁ�¹V²Z¨�¶�©u¸9²Z©S¹¯�©u¸�¹ªÆ©u¸�¹ªx¹'²Zªx¹F©iØ'«�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨4´%«H¯�¨;©x¶
P̃1, P̃2

«Z·�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨Ó¯�¨�¬Q¹gÇ1¬r¯�Ñ�¹ªx¹¨;©Æ·�ªx«HÁ
2 ä²Z¨�¬Ó©u¸�¹¨

eπ(P̃1) = 1, eπ(P̃2) = 3 ä «HªS©u¸�¹ªx¹}²Zªx¹'·_«HQªSªk²ZÁ�¯�Â9®V²Z©u¯�«H¨�´%«H¯�¨;©x¶ P̃i, i = 1, . . . , 4
«Z·%ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨

¯�¨�¬Q¹gÇ�¬r¯�Ñ%¹ªx¹¨@©*·�ªx«HÁ
2 ä ²Z¨�¬�©u¸�¹¨ eπ(P̃i) = 1

¦
É ¸�¹�Â�ªx¶u©}¶k«H¼�Q©u¯�«H¨æ¶uQµOµL¹-¶u©x¶*©u¸�¹�Á�²Z´�«Z·Æ©u¸�¹�Á�«�¬rQ¼�¯�¶u´9²H®-¹-¶

Q(−1,−1,−1,−1) −→ Q(−1, 1).
ì'Q©�©u¸�¹?¶u©uªk²Z©uQÁ

Q(−1, 1)
¯�¶�¹Á�´Q©i¿ ' ¶x¹-¹?²Z¾z«XÄL¹*)g¦ É ¸�¹³¶x¹-®-«H¨�¬ ¶k«H¼�Q©u¯�«H¨ ®-«Hªuªx¹-¶x´z«H¨�¬Q¶�©x« ©u¸�¹6Á�²Z´

Q(−1,−1,−1,−1) −→ Q(−1,−1,−1,−1)
Ø*¸Q¯�®x¸6¯�¶}«H¨�¹1«Z·#©u¸�¹�Á�²Z´�¶ ' °1) ä ²Z¨�¬»¸�¹¨�®-¹�¸9²H¶º¨�«�¯�¨;©x¹ªx¹-¶x©·_«Hª*�¶V¦

�"!�# Bp@ 6�#
n + r = 1

@�: �
m ≥ 0

D §i¨$©u¸Q¯�¶1®V²H¶x¹�¹¯�©u¸�¹ª
n = 1

«Hª
r = 1

7S¬Q¹¨�«H©x¹�¾;¿
k
©u¸�¹�«Hªx¬Q¹ª4«Z·

®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµã¶u¯�¨QµOQ¼È²Zªu¯�©i¿�«Z·
ψ
¦ É ¸�¹�¶u¯�¨QµOQ¼È²Zªu¯�©�¿$¯�¶�²»©uªu�¹�éV¹ªx«6¯�·

k > 0
«Hª�²»´z«H¼�¹�¯�·

k = −1
7'¾@¿

®-«H¨;ÄL¹¨@©u¯�«H¨»«H¨�¨�«H©k²Z©u¯�«H¨�¶
n, r
¯�©*®V²Z¨Q¨�«H©*¾%¹
²1Á�²Zªu×L¹-¬�´%«H¯�¨;©V¦Så�¯�©u¸�©u¸Q¯�¶+¨�«H©k²Z©u¯�«H¨

p = 4 + k
¦Aåã¹
¬Q¹ªu¯�ÄL¹

·�ªx«HÁ '�� )'©u¸�¹�·�«H¼�¼�«XØ*¯�¨Qµ�¯�¨�¹-á@9²Z¼�¯�©i¿U�
−(d− 1) ≤ (4 + k) · (1 − d/2) −m

Ø*¸Q¯�®x¸æµO¯�ÄL¹-¶
d ≤ 3 − k/2 −m

¦
� �



§i·
m ≥ 1 ä ²H¶ d ≥ 3 ä Ø'¹�«H¾Q©k²Z¯�¨ k ≤ −2

Ø*¸Q¯�®k¸�¯�¶'·�«Hªu¾Q¯�¬Q¬Q¹¨æ¶x¯�¨�®-¹
ØF¹�®-«H¨�¶u¯�¬Q¹ª~«H¨Q¼�¿�¶u¯�Á�´Q¼�¹
´%«H¼�¹-¶V¦ É ¸;�¶
ØF¹�Á��¶u©~¸9²VÄL¹

m = 0
²Z¨�¬�¶x«

k = −1
¦ É ¸Q¯�¶*¯�Á�´Q¼�¯�¹-¶~©u¸9²Z©

n = 0
²Z¨�¬

r = 1
¦

ì'¿æ¯�¨�¶x¹ªu©u¯�¨Qµ�¯�¨?¯�¨�¹-á@9²Z¼�¯�©i¿ '�� )ºØ'¹�«H¾Q©k²Z¯�¨
d = 3

«Hª
4
¦ É ¸�¹�¶u©uªx«H¨QµL¹ª�¯�¨�¹-á@9²Z¼�¯�©i¿ ' �1)�¹¼�¯�Á�¯�¨9²Z©x¹-¶�©u¸�¹

¶x«H¼�Q©u¯�«H¨
d = 3 ä ¶x«1Â�¨9²Z¼�¼�¿�ØF¹�µL¹©+©u¸�¹�¶x«H¼�Q©u¯�«H¨ d = 4 ä Ø*¸�¹ªx¹
©u¸�¹�ÄH²Z¼��¹-¶+«Z·Æ©u¸�¹�«H©u¸�¹ª+´9²Zªk²ZÁ�¹©x¹ªx¶}²Zªx¹�²H¶·_«H¼�¼�«VØ~¶8�
g = n = m = 0

7
r = 1 ä ²Z¨�¬�©u¸�¹�®-«Hªuªx¹-¶x´z«H¨�¬r¯�¨Qµ,´z«H¯�¨@©}¯�¶º²�¶u¯�Á�´Q¼�¹�´%«H¼�¹�7�©u¸�¹ªx¹4²Zªx¹�©u¸Qªx¹-¹�Á�«Hªx¹¶u¯�Á�´Q¼�¹�´%«H¼�¹-¶ ä ¶x« r = 3

¦
Ë�«VØF¹ÄL¹ª ä ©u¸Q¯�¶�¶k«H¼�Q©u¯�«H¨íµO¯�ÄL¹-¶�©u¸�¹æÁ�²Z´ Q(−1,−1,−1,−1) → Q(−1,−1,−1,−1)

«Z·�©u¸�¹�Á�«�¬rQ¼�¯
¶u´9²H®-¹-¶+·�ªx«HÁ ©u¸�¹�¹gÇQ®-¹´Q©u¯�«H¨9²Z¼�¼�¯�¶u© ' °1) ä ²Z¨�¬�¸�¹¨�®-¹�¸9²H¶*¨�«�¯�¨@©x¹ªx¹-¶u©*·_«Hª*�¶V¦
�"!�# B�@ 6�#

n+r = 0
@�: �

m > 0
D ½@¯�¨�®-¹

n = r = 0
²Z¨�¬�µL¹¨@�¶

g = 0 ä ØF¹}µL¹©F²�Á�¹ªx«HÁ�«Hªu´Q¸Q¯�®ºá@9²H¬rªk²Z©u¯�®¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼#Ø*¯�©u¸
p = 4

¶u¯�Á�´Q¼�¹4´z«H¼�¹-¶�«H¨
C > 1 ²Z¨�¬³Ø*¯�©u¸ m > 0

Á�²Zªu×L¹-¬³´%«H¯�¨;©x¶V¦ � ¶u¯�¨Qµ�¯�¨�¹-á;9²Z¼�¯�©�¿ ' �1)
ØF¹
¬Q¹ªu¯�ÄL¹�©u¸9²Z©'¯�·

d
¯�¶'«�¬Q¬ ä ØF¹�¸9²-ÄL¹ m = 0

Ø*¸Q¯�®x¸�¯�¶+²1®-«H¨@©uªk²H¬r¯�®©u¯�«H¨C¦'½�«
d
Á��¶u©+¾%¹º¹ÄL¹¨�²Z¨�¬�²Zµ;²Z¯�¨,¾@¿

�¶u¯�¨Qµ�©u¸Q¯�¶~¯�¨�¹-á;9²Z¼�¯�©�¿,Ø*¯�©u¸
d
¹ÄL¹¨ ä Ø'¹�¬Q¹-¬r�®-¹-¬�©u¸9²Z© 1 ≤ m ≤ 2

¦
§i·
m = 1 ä ©u¸�¹¨âØ'¹�¸9²-ÄL¹,²�¶u¯�¨QµO¼�¹�Á�²Zªu×L¹-¬â´z«H¯�¨@© P0 ∈ M

¦�åã¹�¬Q¹ªu¯�ÄL¹�©u¸�¹Ó·_«H¼�¼�«VØ*¯�¨Qµ»ªx¹¼È²Z©u¯�«H¨ã·�ªx«HÁ
¹-á@9²Z©u¯�«H¨ ' Ô1)��

(d− 1) · (1 + 4 − 2) =

=
∑

��
���	�
Pi

¨@QÁ�¾%¹ªº«Z·A´Qªx¹¯�Á�²ZµL¹
P̃
¯�¨
π−1(Pi)

«Z·Æªk²ZÁ�¯�Â9®V²Z©u¯�«H¨»¯�¨�¬Q¹gÇ�©�ØF«
+

+
¨;QÁ�¾%¹ªº«Z·A´Qªx¹¯�Á�²ZµL¹

P̃ ∈ π−1(P0)
«Z·Aªk²ZÁ�¯�Â9®V²Z©u¯�«H¨æ¯�¨�¬Q¹gÇ�«H¨�¹

è ¹©
t
¾z¹�©u¸�¹
¨;QÁ�¾%¹ª
«Z·Æ´Qªx¹¯�Á�²ZµL¹

P̃ ∈ π−1(P0)
«Z·Æªk²ZÁ�¯�Â9®V²Z©u¯�«H¨»¯�¨�¬Q¹gÇ�«H¨�¹�«VÄL¹ª~©u¸�¹�Á�²Zªu×L¹-¬�´%«H¯�¨;©

P0
¦

ì'¿³Ã'«H¨@ÄL¹¨;©u¯�«H¨ ä ²Z©�¼�¹V²H¶u©�«H¨�¹Ó´Qªx¹¯�Á�²ZµL¹�«Z·~²�Á�²Zªu×L¹-¬ã´z«H¯�¨@©�¸9²H¶�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨ã¯�¨�¬Q¹gÇ³µOªx¹V²Z©x¹ª�©u¸�¹¨ã«H¨�¹ ä©u¸;�¶ ' ¥��1)º¯�Á�´Q¼�¯�¹-¶
t ≤ d − 2

¦ É ²Z×@¯�¨Qµæ¯�¨;©x«�®-«H¨�¶u¯�¬Q¹ªk²Z©u¯�«H¨ ' Ì )ºØ'¹�«H¾Q©k²Z¯�¨³·�ªx«HÁ�©u¸�¹�¹-á;9²Z¼�¯�©�¿³²Z¾%«VÄL¹Ó©u¸�¹
·_«H¼�¼�«VØ*¯�¨Qµ�¯�¨�¹-á@9²Z¼�¯�©i¿

3 · (d− 1) ≤ 2 · d+ t
²Z¨�¬�¸�¹¨�®-¹�Ø'¹�¸9²-ÄL¹

d− 3 ≤ t ≤ d− 2
§�©*¯�¶*¨�«H©}¬r¯���®Q¼�©~©x«�¶k¹-¹
©u¸9²Z©~¯�·

t = d− 3
Ø'¹�«H¾Q©k²Z¯�¨�©u¸�¹
·_«H¼�¼�«VØ*¯�¨Qµ�Á�²Z´

Q(−1,−1,−1,−1, 0) → Q(4)
¾QQ©

Q(4)
¯�¶~¹Á�´Q©i¿L¦

§i·
t = d− 2

©u¸�¹�¹-á@9²Z¼�¯�©i¿�²Z¾%«VÄL¹�¯�Á�´Q¼�¯�¹-¶}©u¸9²Z©
∑

Pi

� 
���	�

¨@QÁ�¾%¹ªº«Z·A´Qªx¹¯�Á�²ZµL¹-¶
P̃
¯�¨
π−1(Pi)

«Z·Aªk²ZÁ�¯�Â9®V²Z©u¯�«H¨6¯�¨�¬Q¹gÇ,©�ØF«
= 2 · d− 1

²Z¨�¬�©k²Z×�¯�¨Qµ�¯�¨�®-«H¨�¶u¯�¬Q¹ªk²Z©u¯�«H¨ ' ¥��1)'ØF¹�µL¹©

4∑

i=1

∑

P̃∈π−1(Pi)

eπ(P̃ )6=2

eπ(P̃ ) = 2

Ø*¸�¹ªx¹
P1, . . . , P4

²Zªx¹�©u¸�¹�¶u¯�Á�´Q¼�¹�´%«H¼�¹-¶V¦S§�©*¯�¶*¨�«H©}¬r¯���®Q¼�©~©x«�¶x¹-¹
©u¸9²Z©~¯�¨�©u¸Q¯�¶}®V²H¶k¹
ØF¹�«H¾Q©k²Z¯�¨�©u¸�¹�Á�²Z´

Q(−1,−1,−1,−1, 0) → Q(−1,−1, 2)
Ø*¸Q¯�®x¸»¾z¹¼�«H¨QµL¶~©x«�©u¸�¹
¼�¯�¶u© ' °1)*²Z¨�¬�¸�¹¨�®-¹�¬Q«@¹-¶*¨�«H©}¯�¨;©x¹ªx¹-¶u©~�¶X¦
ì'¿�¶u¯�Á�¯�¼È²Zª�²ZªuµOQÁ�¹¨;©x¶ºØF¹�®-«H¨�®¼��¬Q¹�©u¸9²Z©~¯�·

m = 2
Ø'¹�µL¹©~©u¸�¹�Á�²Z´

Q(−1,−1,−1,−1, 0, 0) → Q(2, 2)
Ø*¸Q¯�®x¸»¾z¹¼�«H¨QµL¶~©x«�©u¸�¹
¼�¯�¶u© ' °1)*²Z¨�¬�¸�¹¨�®-¹�¬Q«@¹-¶*¨�«H©}¯�¨;©x¹ªx¹-¶u©~�¶X¦

� �



è ¹Á�Á�²�Ê�¯�¶+´Qªx«VÄL¹-¬�¦
�

§�©*ªx¹Á�²Z¯�¨�¶~©x«�®-«H¨�¶u¯�¬Q¹ª~©u¸�¹�©iØF«Zî_·_«H¼�¬æ®-«XÄL¹ªu¯�¨QµL¶}¯�¨�«Hªx¬Q¹ª}©x«�®-«HÁ�´Q¼�¹©x¹�©u¸�¹�´Qªx«�«Z·A«Z· É ¸�¹-«Hªx¹Á ¥O¦
	 #&% %*@�� D�� �

d = 2
	��$��L 	��$��O�	��Q��	R�hG�]���� 	��$�4�����k�p	���G(L

dimQ = dim Q̃
G(L��d�'��L/	����4���(O2��O4�d�HO�	X�QYS��L E �$�QG��Q��&��S�(L?YS�HL �0/p�`� ��	���G�L?�(�.���HO�	 ' °1)8)
= �QG8GP�9GQ� F ��&6&'����)Fåã¹�¶xQ´Q´z«O¶x¹�©u¸9²Z©*©u¸�¹
¬r¯�Á�¹¨�¶u¯�«H¨�¶~®-«H¯�¨�®¯�¬Q¹O¦�Öº¶+©u¸�¹
¬Q¹µOªx¹-¹�«Z·2©u¸�¹�®-«XÄL¹ªu¯�¨Qµ�¯�¶'©iØ'« ä©u¸�¹ªx¹1²Zªx¹�¨�«�ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨»´%«H¯�¨;©x¶º¯�¨

M̃
«Z·S¯�¨�¬Q¹gÇ�«H¨�¹�«VÄL¹ª}Á�²Zªu×L¹-¬æ´z«H¯�¨@©x¶

Pn+1, . . . , Pn+m
«H¨

M ä ²Z¨�¬©u¸�¹ªx¹*¯�¶#¹gÇ�²H®©u¼�¿�«H¨�¹*´%«H¯�¨;©�«XÄL¹ª�¹V²H®x¸�´z«H¼�¹
Pn+m+1, . . . , Pn+m+r

¯�¨�©u¸�¹~¶x¹©#«Z·�®ªu¯�©u¯�®V²Z¼9ÄO²Z¼��¹-¶#«Z·
π
¦ É ¸;�¶

©u¸�¹�¹-á@9²Z©u¯�«H¨ ' Ô1)F©uªk²Z¨�¶J·_«HªuÁ�¶~¯�¨@©x«�©u¸�¹
·_«H¼�¼�«VØ*¯�¨Qµ�«H¨�¹

2g + n+m+ p+ r − 2 = 0 + p = p

2g + n+m+ r − 2 = 0
É ¸Q¯�¶}¹-á@9²Z©u¯�«H¨æ¶u¸�«XØ~¶~©u¸9²Z©~©u¸�¹
µL¹¨@�¶

g
«Z·Æ©u¸�¹�Q¨�¬Q¹ªu¼�¿�¯�¨Qµ�¶uQªJ·l²H®-¹�Á�¯�µO¸@©~¾z¹�¹¯�©u¸�¹ª

1
«Hª

0
¦#§i·

g = 1
ØF¹

µL¹©
n = m = r = 0

²Z¨�¬»¸�¹¨�®-¹4©u¸�¹1Á�¹ªx«HÁ�«Hªu´Q¸Q¯�®�á@9²H¬rªk²Z©u¯�®4¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼#«H¨?²�¶uQªJ·_²H®-¹4«Z·�µL¹¨@�¶
g = 1¬Q«�¹-¶º¨�«H©�¸9²-ÄL¹�¹¯�©u¸�¹ª
éV¹ªx«O¶�¨�«Hª
Á�²Zªu×L¹-¬6´z«H¯�¨@©x¶V¦
Ëº¹¨�®-¹4¯�©
¬Q«@¹-¶�¨�«H©
¸9²-ÄL¹Ó¶u¯�Á�´Q¼�¹4´%«H¼�¹-¶}¨�¹¯�©u¸�¹ª ä Ø*¸Q¯�®k¸¯�Á�´Q¼�¯�¹-¶~©u¸9²Z©}¯�©*¯�¶*©u¸�¹�¶xá@9²Zªx¹�«Z·S²Z¨»Ö}¾%¹¼�¯È²Z¨�¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼l¦

É ¸;�¶
g = 0

²Z¨�¬
n+m+ r = 2

¦Såã¹�®-«H¨�¶u¯�¬Q¹ªº¶x¹´9²Zªk²Z©x¹¼�¿�©u¸�¹º·_«H¼�¼�«VØ*¯�¨Qµ�©u¸Qªx¹-¹�®V²H¶x¹-¶8�
{

n+m = 0

r = 2

{

n+m = 1

r = 1

{

n+m = 2

r = 0
É ¸�¹æÂ�ªx¶u©�©�ØF« ®V²H¶x¹-¶�µO¯�ÄL¹»�¶,¹¯�©u¸�¹ª�©u¸�¹æÂ�ªx¶u©�©�ØF«$Á�²Z´�¶�·�ªx«HÁ Ð�¹gÂ�¨Q¯�©u¯�«H¨ ¥»«Hª�©u¸�¹6¹gÇr®-¹´Q©u¯�«H¨9²Z¼�Á�²Z´
Q(−1,−1,−1,−1) → Q(−1,−1,−1,−1)

·�ªx«HÁ ©u¸�¹
¼�¯�¶u© ' °1)g¦
É ¸�¹
©u¸Q¯�ªx¬�®V²H¶x¹�µO¯�ÄL¹-¶*©u¸�¹�Á�²Z´Q´Q¯�¨Qµ ' Ø*¸�¹¨æ¯�©*¯�¶~¬Q¹gÂ�¨�¹-¬5)

' ¥O¥*)
Q(k1, k2,−1k1+k2+4) → Q(2k1 + 2, 2k2 + 2)

Ø*¯�©u¸
ki ≥ 0

¦
Ö ªk²ZÁ�¯�Â9¹-¬³¬Q«HQ¾Q¼�¹Ó®-«VÄL¹ªu¯�¨Qµ�«VÄL¹ª

C > 1 ¸9²H¶
¹ÄL¹¨»¨@QÁ�¾%¹ª�«Z·#ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨?´z«H¯�¨@©x¶V¦�½@¯�¨�®-¹�¯�¨³«HQª�®V²H¶x¹
ØF¹}¸9²-ÄL¹}ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨,´%«H¯�¨;©x¶F«VÄL¹ª'©u¸�¹*©iØ'«1¶x¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶F«Z·C¬Q¹µOªx¹-¹-¶

k1
²Z¨�¬

k2
²Z¨�¬�«XÄL¹ª+²Z¼�¼y¶u¯�Á�´Q¼�¹~´%«H¼�¹-¶ ä©u¸Q¯�¶º¯�Á�´Q¼�¯�¹-¶}©u¸9²Z©�©u¸�¹�¨@QÁ�¾%¹ª

k1 + k2 + 6
¯�¶º¹ÄL¹¨ ä ²Z¨�¬�¸�¹¨�®-¹ k1

²Z¨�¬
k2
¸9²H¶~©u¸�¹4¶k²ZÁ�¹�´9²Zªu¯�©i¿L¦~å�¸�¹¨
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Í ¦�¥O¦ � ;�:�� B�;2:
:C#EB 8�# ��:C#E6�6 ; ��8*!C#���88<�@ 88@UD ç�«VØ ä ØF¹�´Qªx«VÄL¹F©u¸9²Z©2¶u©uªk²Z©k²~Ø*¯�©u¸Ó²+¸@¿@´%¹ªx¹¼�¼�¯�´Q©u¯�®'®-«H¨Q¨�¹-®©x¹-¬®-«HÁ�´%«H¨�¹¨;©4²Zªx¹Ó¨�«H©1®-«H¨Q¨�¹-®©x¹-¬?¯�¨ãµL¹¨�¹ªk²Z¼l¦Óåã¹�´Qªx¹-¶x¹¨@©1²,´9²Zªu©u¯�®Q¼È²Zª�µL¹-«HÁ�¹©uªu¯�®�´Qªx«H´z¹ªu©�¿³«Z·*¶uQªJ·l²H®-¹-¶ ä©u¸9²Z©+¾z¹¼�«H¨Qµ4©x«Ó²�¸@¿@´%¹ªx¹¼�¼�¯�´Q©u¯�®�®-«HÁ�´z«H¨�¹¨@© ä ²Z¨�¬,©u¸�¹¨�Ø'¹�®-«H¨�¶x©uªu�®©*²Z´Q´Qªx«H´Qªu¯È²Z©x¹l5y²Z©+¶uQªJ·l²H®-¹-¶'Ø*¸Q¯�®x¸�¬Q«
¨�«H©~ÄL¹ªu¯�·�¿�©u¸Q¯�¶~´Qªx«H´z¹ªu©�¿L¦
è ¹©'�¶+®-«H¨�¶u¯�¬Q¹ª+²�5y²Z©+¶uQªJ·_²H®-¹

(M,ψ)
¯�¨�²�¸@¿@´%¹ªx¹¼�¼�¯�´Q©u¯�®
®-«HÁ�´z«H¨�¹¨@©~«Z·C©u¸�¹º¶x©uªk²Z©uQÁ

Q(4k+2, 4(g−
k) − 6),

Ø*¸�¹ªx¹
k ≥ 0, g ≥ 2, g − k ≥ 2

¦ ì'¿�¬Q¹gÂ�¨Q¯�©u¯�«H¨ ä ©u¸�¹ªx¹æ¹gÇr¯�¶u©�²³ªk²ZÁ�¯�Â9¹-¬í¬Q«HQ¾Q¼�¹æ®-«XÄL¹ªu¯�¨Qµ
π : M → C > 1 ¶u�®x¸³©u¸9²Z© ψ = π∗ψ0
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®-«H¨�¶u¯�¬Q¹ªA©u¸�¹+®V²Z¨�«H¨Q¯�®V²Z¼9²Z©u¼È²H¶A«H¨
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¶x�®x¸Ó©u¸9²Z©A¼�«@®V²Z¼�¼�¿

ψ = dz2 ¯�¨�²~¨�¹¯�µO¸@¾z«Hªu¸�«�«@¬Ó«Z·z²ºªx¹µOQ¼È²ZªA´%«H¯�¨;©#²Z¨�¬
ψ = zkdz2 ¯�¨�²�¨�¹¯�µO¸@¾z«Hªu¸�«�«@¬�«Z·Æ²1¶u¯�¨QµOQ¼È²Zªu¯�©�¿L¦#§i¨,©u¸Q¯�¶*²Z©u¼È²H¶ ä ©u¸�¹º¸@¿@´%¹ªx¹¼�¼�¯�´Q©u¯�®�¯�¨;ÄL«H¼�Q©u¯�«H¨ τ : M →M¯�¶
² ��¨�¹O¦�±6«Hªx¹-«VÄL¹ª ä τ ¯�¶�²Z¨»¯�¶x«HÁ�¹©uªu¿»«Z·#©u¸�¹45y²Z©�Á�¹©uªu¯�®Ó¬Q¹gÂ�¨�¹-¬6¾;¿

ψ
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ψ
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τ
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½@Q´Q´%«O¶x¹+©u¸9²Z©#©u¸�¹ªx¹~¹gÇr¯�¶u©�²�µL¹-«�¬Q¹-¶u¯�®~¶k²H¬Q¬r¼�¹~®-«H¨Q¨�¹-®©u¯�«H¨4�J«H¯�¨Q¯�¨Qµ�©u¸�¹~©iØF«�éV¹ªx«O¶Æë ²�µL¹-«�¬Q¹-¶u¯�®~¶x¹µOÁ�¹¨@©
¯�¨�©u¸�¹l5y²Z©*Á�¹©uªu¯�®�¬Q¹gÂ�¨�¹-¬�¾@¿

ψ
¸9²VÄ@¯�¨Qµ�¨�«�¶x¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶*¯�¨�¯�©x¶*¯�¨;©x¹ªu¯�«Hª ä ²Z¨�¬�¸9²-Ä�¯�¨Qµ�©u¸�¹
©iØ'«�éV¹ªx«O¶*«Z· ψ²H¶+©u¸�¹
¹¨�¬r´z«H¯�¨@©x¶V¦ É ¸�¹¨�©u¸Q¯�¶+¶k²H¬Q¬r¼�¹�®-«H¨Q¨�¹-®©u¯�«H¨�¸9²VÄL¹�²Z¨,¯�Á�²ZµL¹
¾@¿
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²Ó¶k²H¬Q¬r¼�¹�®-«H¨Q¨�¹-®©u¯�«H¨C¦
½�«,¯�·F©u¸�¹ªx¹Ó¯�¶�²�¸�«Hªu¯�éV«H¨;©k²Z¼'¶k²H¬Q¬r¼�¹�®-«H¨Q¨�¹-®©u¯�«H¨ ' Ø*¸Q¯�®k¸?¯�¶�²�¶u¯�¨QµOQ¼È²Zª�¼�¹V²�·'«Z·'©u¸�¹Ó¸�«Hªu¯�éV«H¨;©k²Z¼S·_«H¼�¯È²Z©u¯�«H¨

�u«H¯�¨Q¯�¨Qµæ©u¸�¹�©�ØF«6¶u¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶ )
©u¸�¹¨$©u¸�¹ªx¹�¹gÇr¯�¶u©x¶1²Z¨�«H©u¸�¹ª4«H¨�¹�«Z·+©u¸�¹�¶k²ZÁ�¹�¼�¹¨QµO©u¸$µL«H¯�¨Qµæ¯�¨ã©u¸�¹�¶k²ZÁ�¹
¬r¯�ªx¹-®©u¯�«H¨C¦
§�¨4´9²Zªu©u¯�®Q¼È²Zª ä ¯�·%²�á@9²H¬rªk²Z©u¯�®*¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼ ψ ¸9²-Ä�¯�¨Qµ�©iØ'«�éV¹ªx«O¶#«Z·%«Hªx¬Q¹ªx¶ 4k+2

²Z¨�¬
4(g−k)−6

¬Q¹gÂ�¨�¹-¶
²}¸�«Hªu¯�éV«H¨;©k²Z¼r·_«H¼�¯È²Z©u¯�«H¨4¶u�®k¸Ó©u¸9²Z©A²Z¼�¼�¸�«Hªu¯�éV«H¨;©k²Z¼�¶k²H¬Q¬r¼�¹'®-«H¨Q¨�¹-®©u¯�«H¨�¶S¾%¹©iØ'¹-¹¨4©u¸�¹F©iØ'«
éV¹ªx«O¶Æ¸9²-ÄL¹+¬r¯�Ñ%¹ªx¹¨@©
¼�¹¨QµO©u¸�¶ ä ©u¸�¹¨ (M,ψ)

¬Q«�¹-¶�¨�«H©4¾%¹¼�«H¨Qµ»©x«»©u¸�¹�¸@¿@´%¹ªx¹¼�¼�¯�´Q©u¯�®�®-«HÁ�´z«H¨�¹¨@©�«Z·
Q(4k + 2, 4(g − k) − 6)
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Q(2(g − k) − 3, 2(g − k) − 3, 2k + 1, 2k + 1)²Z¨�¬
Q(2(g − k) − 3, 2(g − k) − 3, 4k + 2)
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åã¹,�¶x¹,©u¸Q¯�¶Ó¯�¬Q¹V²6©x«?®-«H¨�¶u©uªu�®©�²Z´Q´Qªx«H´Qªu¯È²Z©x¹ 5y²Z©�¶uQªJ·l²H®-¹-¶�¶u�®x¸�©u¸9²Z©�©u¸�¹�®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµâá@9²H¬rªk²Z©u¯�®
¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼�¶�¬Q«�¨�«H©�¾%¹¼�«H¨Qµ�©x«�¸@¿@´%¹ªx¹¼�¼�¯�´Q©u¯�®�®-«HÁ�´%«H¨�¹¨;©x¶V¦Óåã¹Ó�¶x¹Ó©u¸�¹4·_«H¼�¼�«VØ*¯�¨Qµ»©iØ'« è ¹Á�Á�²H¶�Ø*¸Q¯�®k¸
²Zªx¹
´9²Zªu©u¯�®Q¼È²Zª}®V²H¶x¹-¶*«Z·A©u¸�¹
®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµ è ¹Á�Á�²H¶}«Z·��#¶u×�¯�¨ ä ±6²H¶xQª*²Z¨�¬T-z«Hªu¯�®k¸ ' !��#¶x±³²p-z«(# ä !n±³²p-z«(#�)�7
¶x¹-¹�²Z¼�¶x«�²Z¨9²Z¼�«HµL«H�¶ > ªx«H´%«O¶u¯�©u¯�«H¨ 4.7(b)

¯�¨�©u¸�¹
´9²Z´%¹ª4!nË}�±³²1#�«Z·SË}Q¾Q¾9²Zªx¬æ²Z¨�¬æ±6²H¶uQªV¦
	 #&% %*@��UD + G(L�O���YN���4�mO�o�H�2�p�`�4��L

Q(k1, . . . , kn)
) + �$G8G�O2�

l1, l2 ∈ {−1, 1, 2, 3, 4, . . . } O ��OK�2G(�H�IG(JbO
•

� �
k1

�cO�G8YpY O l1 + l2 = k1
O li

�(L���)
•

� �
k1

�cO4��^���L O l1 + l2 = k1
O li

��^���L�)
� G��4�(L��

ψ0 ∈ Q(k1, k2, . . . , kn)
��L?Y �2G(�4�(L=�VO�	�0���R��L=	��d�VO�&'�(���

ε > 0
L Y�� ����L?Y(��LNM G(L

ψ0
NV��	f�cO �$G�O�O��R]�� �

	RG6��G(L�O�	�����2	 �6Y����2G(��&'��	���G�L
ψ ∈ Q(l1, l2, k2, . . . , kn)

GP�
ψ0

O�����m	��o�p	.	����:��G(���Q��OX�$G(L?Y��HLNM �g��	 &m��	������a�o�(O
�'�oG(��� � G(L=	R�(�UO2�pYpY$� �
��G(L�L����2	���G�L GQ���I��LNM�	��

ε 
 G(��L���LNMm	����:O��HLNM�N�I�(����	��R��O
P1

�(L�Y
P2

GP�4G��PY����`O
l1

�(L?Y
l2

)
E �$� Y�����G(��&'��	�� G(L0���(L ]`�r���oG(O2��L0	RG"]`� �IG8���(����	��$� �[��	:&m��	���� � YpG ��OhL?Gp	:���o�(LNM��rG(o	�O���YN� GP�h�\O�&'�(���

L����IM��$]�G(�`�$G8G8YrGP��	���� �1���QGhGQ�i&
o�k	��e�?�d� ����	��
k1

)
	 #&% %*@� D + G(L�O���Y����h�/O�N�������`� ��L

Q(k1, . . . , kn)
) F ��	

k1
]`�rG8YpY �(L?Y/� ��	

k1 = l1 + l2 + l3
O Jb�$�����

li ∈ {−1, 1, 2, 3, 4, . . . }
�(���'�(��O�G�G8YpY�) � G(�V�(L��

ψ0 ∈ Q(k1, k2, . . . , kn)
�(L?Y:�2G(�V�(L��hO�	�0���R��L=	��d�SO�&'�(�H�

ε > 0
L YN�X����L?Y��HLNM�G(L

ψ0
Nh��	 �HO[�$G�O�O��R]��I�'	RGr��G(L�O�	���$�2	a�rY����2G(��&V�p	���G(L

ψ ∈ Q(l1, l2, l3, k2, . . . , kn)
GQ�
ψ0O�����r	��o��	F	��$�
��G(���Q��OR�$G(L�Y(�HLoM �g��	F&m��	��������o��O4	�JfG'�oG(��� � G(L=	R�(�UO2�pYpY$� �9��G(L�L����2	���G�L*GP�i�I��LNM�	��

ε 
 G(��L���LNM'	��$�
O���LNM(o�I�(����	��R��O

P1
O P2

�(L�Y
P2, P3

GP�4G(�QY�����O
l1, l2, l3

��G(���Q��OX�$G(L?Y��HLNM�����)
� �



E �$� Y�����G(��&'��	�� G(L0���(L ]`�r���oG(O2��L0	RG"]`� �IG8���(����	��$� �[��	:&m��	���� � YpG ��OhL?Gp	:���o�(LNM��rG(o	�O���YN� GP�h�\O�&'�(���
L����IM��$]�G(�`�$G8G8YrGP��	���� �1���QGhGQ�i&
o�k	��e�?�d� ����	��

k1
)

= �QG8GP�9GQ� F ��&6&'���N) è ¹©
P0 ∈ M

¾%¹�©u¸�¹4¶u¯�¨QµOQ¼È²Zªu¯�©�¿æ«Z·
ψ0
«Z·�«Hªx¬Q¹ª

k1
¦
Ã'«H¨�¶u¯�¬Q¹ª
²�¶uÁ�²Z¼�¼ÆÁ�¹©uªu¯�®1¬r¯�¶u×

D
Ø*¯�©u¸ã©u¸�¹�®-¹¨@©x¹ª�¯�¨

P0
²Z¨�¬$«Z·'ªk²H¬r¯��¶

R
¯�¨
M
¯�¨ã©u¸�¹65y²Z©1Á�¹©uªu¯�®�«H¨

M
¬Q¹gÂ�¨�¹-¬ã¾@¿6©u¸�¹�á;9²H¬rªk²Z©u¯�®

¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼
ψ0
¦'åã¹1®x¸�«�«O¶x¹

R
©x«�¾z¹�¶xÁ�²Z¼�¼2¹¨�«HQµO¸ ä ¶x«�©u¸9²Z© D ¬Q«�¹-¶~¨�«H©�®-«H¨;©k²Z¯�¨³«H©u¸�¹ª�¶x¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶º«Z·

ψ0
¦
§�¨�·l²H®© ä D ¯�¶+µO¼��¹-¬,·�ªx«HÁ k1 + 2

�S�®¼�¯�¬Q¹V²Z¨æ¸9²Z¼�·ßîi¬r¯�¶u×r¶*«Z·2ªk²H¬r¯��¶
R
Ø*¸�¹ªx¹
©u¸�¹�®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµ�ªk²H¬r¯�¯C«Z·

©u¸�¹Ó¸9²Z¼�·�îi¬r¯�¶u×�¶�²Zªx¹Ó´9²Z¯�ªuØ*¯�¶x¹Ó¯�¬Q¹¨@©u¯�Â9¹-¬ ä ¶x¹-¹4©u¸�¹Ó¼�¹g·�©�¶u¯�¬Q¹-¶�«Z·'ÅÆ¯�µOQªx¹-¶ Í ²Z¨�¬?Õr¦�ç�«H©x¹Ó©u¸9²Z©�©u¸�¹4´Q¯�®©uQªx¹-¶²Zªx¹�¶x®k¸�¹Á�²Z©u¯�®��#©u¸�¹�²Z¨QµO¼�¹�«Z·S¹ÄL¹ªu¿�¶x¹-®©x«Hª~¯�¶}²H®©u9²Z¼�¼�¿�¹-á@9²Z¼�©x«
π
¦

É «³Á�²Z×L¹»²6¼�«@®V²Z¼~¬Q¹g·_«HªuÁ�²Z©u¯�«H¨ «Z·º©u¸�¹ �#�®¼�¯�¬Q¹V²Z¨ Á�¹©uªu¯�®�¯�¨�¶u¯�¬Q¹
D
ØF¹�ªx¹µO¼��¹�©u¸�¹�ªk²H¬r¯�¯*¾%«Hªx¬Q¹ªx¶�«Z·

�S�®¼�¯�¬Q¹V²Z¨?¸9²Z¼�·�îi¬r¯�¶u×r¶º¯�¨ã²,¬r¯�Ñ�¹ªx¹¨;©�Ø'²V¿L¦�ÅÆ¯�µOQªx¹ Í ¯�¼�¼��¶x©uªk²Z©x¹-¶
¸�«VØ ©x«,¾Qªx¹V²Z×6²�éV¹ªx«�«Z·'¹ÄL¹¨?¬Q¹µOªx¹-¹
k1Ø*¸�¹¨»¹ÄL¹¨6¨;QÁ1¾z¹ª

k1 + 2
«Z·S¸9²Z¼�·�îi¬r¯�¶u×�¶�²Zªx¹1²H¬��x²H®-¹¨;©�©x«�©u¸�¹�ÄL¹ªu©x¹gÇ�¯�¨;©x«�©iØF«�éV¹ªx«O¶�«Z·S¹ÄL¹¨6¬Q¹µOªx¹-¹-¶

l1²Z¨�¬
l2
¦Aç�«VØ ©u¸�¹ªx¹�²Zªx¹

l1 + 2
²Z¨�¬

l2 + 2
¸9²Z¼�·�îi¬r¯�¶u×r¶*²H¬��u²H®-¹¨@©*©x«1©u¸�¹
®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµ�ÄL¹ªu©u¯�®-¹-¶V¦Sç�«H©x¹�©u¸9²Z©

©u¸�¹1²Z¨QµO¼�¹-¶
«Z·�²Z¼�¼2¶k¹-®©x«Hªx¶�²Zªx¹ ä ²H®©u9²Z¼�¼�¿ ä ²Zµ;²Z¯�¨»¹-á@9²Z¼�©x« π ¦*ÅÆ¯�µOQªx¹4Õ�¯�¼�¼��¶u©uªk²Z©x¹-¶�¸�«VØ/©x«�¾Qªx¹V²Z×æ²�éV¹ªx«�«Z·«�¬Q¬�¬Q¹µOªx¹-¹
k1
¯�¨@©x«�²4éV¹ªx«�«Z·S¹ÄL¹¨æ¬Q¹µOªx¹-¹

l1
²Z¨�¬æ²4éV¹ªx«�«Z·S«@¬Q¬�¬Q¹µOªx¹-¹

l2
¦

6π

ε

εε

2δ

2δ ε + δε + δ

ε + δ ε + δ

ε − δε − δ

ε − δ

ε − δ ε − δ

ε − δ

ε − δε − δ

� Þ9�AÜCÚ�£�� � ì'ªx¹V²Z×@¯�¨Qµ�Q´æ²4éV¹ªx«�«Z·S«Hªx¬Q¹ª
4
¯�¨;©x«�©�ØF«�éV¹ªx«O¶~«Z·S«Hªx¬Q¹ªx¶

2
¦Sç�«H©x¹
©u¸9²Z©~©u¸�¹

¶uQªuµL¹ªu¿�¯�¶F¼�«@®V²Z¼R�ÆØ'¹º¬Q«1¨�«H©'®k¸9²Z¨QµL¹�©u¸�¹ 5y²Z©+Á�¹©uªu¯�®�«HQ©x¶u¯�¬Q¹º«Z·2©u¸�¹}¨�¹¯�µO¸@¾z«Hªu¸�«�«@¬,«Z·�©u¸�¹
éV¹ªx«Q¦

5π
ε

ε

εε

ε

ε

δ

δ

ε + δ

ε + δ ε + δ

ε − δ

ε − δ

ε − δε − δ ε − δ

� Þ9�AÜCÚ�£�� � ì'ªx¹V²Z×@¯�¨Qµ�Q´â²,éV¹ªx«�«Z·*«Hªx¬Q¹ª
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¯�¨;©x«�©iØF«�éV¹ªx«O¶�«Z·+«Hªx¬Q¹ªx¶
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²Z¨�¬
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®-«Hªuªx¹gî
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«Z·Æ©u¸�¹�¨�¹¯�µO¸;¾%«Hªu¸�«@«�¬�«Z·A©u¸�¹�éV¹ªx«Q¦
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ε

εε δ

δδ

δδ

ε − 2δ

ε − 2δ ε + δ

ε + δε + δ

ε + δε − δ ε − δ ε − δ

ε − δε − δ

� Þ9�AÜCÚ�£�� � ì'ªx¹V²Z×�¯�¨Qµ�Q´â²,éV¹ªx«�«Z·'«Hªx¬Q¹ª
3
¯�¨@©x«�©u¸Qªx¹-¹�éV¹ªx«O¶�«Z·'«Hªx¬Q¹ªx¶

1
¦4ç�«H©x¹4©u¸9²Z©

©u¸�¹º¶xQªuµL¹ªu¿�¯�¶�¼�«�®V²Z¼R�ÆØF¹�¬Q«�¨�«H©+®x¸9²Z¨QµL¹�©u¸�¹n5y²Z©+Á�¹©uªu¯�®º«HQ©x¶u¯�¬Q¹�«Z·�©u¸�¹º¨�¹¯�µO¸;¾%«Hªu¸�«@«�¬,«Z·
©u¸�¹�éV¹ªx«Q¦

�"!�#�;?<$#&% �UD E ���9O�	��Q��	R� Jb��� ���V��G�O`O8��O`OV�S�������������H�d����	����S��G(&a�$G(LU��L=	n�(���6L�G(L*��G(L�LU�Q�2	X�QY\�0/p�`� ��	 �2G(�9	����
�2G(�H�IG(JK��LNMh����O2��O9��G(���Q��OX�$G(L?Y��HLNM �Q��OX���Q�2	���^����d� 	RG9MN��L�NO

1
�(L?Y

2

{

Q(−1,−1, 2)

Q(−1,−1, 1, 1)
and







Q(2, 2)

Q(1, 1, 2)

Q(1, 1, 1, 1)Jb�$��L\	��$�4Jb�oG(� ��O�	��Q��	�o& ��G(��L?��� Y���O�JK��	�� ��	�O:��������������������	�� �V��G(L�LU�Q�2	X�QYr�`G(&a�$G(L���L?	X)
= �QG8GP�9GQ� E �$�QG(����& �o)�åã¹�¬Q¹-®-«HÁ�´z«O¶x¹�©u¸�¹�´Qªx«@«Z·+¯�¨;©x«�©u¸Qªx¹-¹ è ¹Á�Á�²H¶V¦�§�¨³©u¸�¹ÓÂ�ªx¶u© ä Ø'¹�´Qªx«VÄL¹�©u¸9²Z©�©u¸�¹¶u©uªk²Z©k²�«Z·#©u¸�¹�¼�¯�¶u©�²Z¾%«VÄL¹Ó²Zªx¹�®-«H¨Q¨�¹-®©x¹-¬�¦
§i¨»©u¸�¹�¶x¹-®-«H¨�¬ ä Ø'¹�´Qªx«XÄL¹ É ¸�¹-«Hªx¹Á °Ó·_«Hª
¶u©uªk²Z©k²�Ø*¯�©u¸ 2

²Z¨�¬
3¶u¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶V¦�§i¨�©u¸�¹�©u¸Q¯�ªx¬�ØF¹�´Qªx«XÄL¹�©u¸�¹ É ¸�¹-«Hªx¹Á ·_«Hª~¶u©uªk²Z©k²ÓØ*¯�©u¸�·�«HQªx¶~¶x¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶V¦

	 #&% %*@��?D E �$�f�2G(�H�IG(JK��LNM6O�	��P�p	R�h���Q�
��G(L=L��Q�2	X�QY
Q(−1,−1, 2),Q(−1,−1, 1, 1)

��L MN��L�NO
1

Q(2, 2),Q(1, 1, 2),Q(1, 1, 1, 1)
��L M���L�NO

2	��$��� ��G(��L?��� Y��4JK��	�� 	��$�
��G(������OR�$G�L?Y(��LNMS��������������������	�� �V��G(&a�$G(L���L=	X)
= �QG8GP�9GQ� F ��&6&'����)Fåã¹1�¶k¹Ó²Z¨³¯�¬Q¹V²�¬rªk²VØ*¨³·�ªx«HÁ ©u¸�¹4¾z«�«H×»«Z·'Å9²Zªu×H²H¶uîX+
ªk²\!nÅ9²(+
ªQ#i¦4½�¹-¹�²Z¼�¶x«\! è ²O°(#Æ·_«Hª
²Z¨�«H©u¸�¹ª~´Qªx«�«Z· ä �¶u¯�¨Qµ�©u¸�¹�®-«HÁ�¾Q¯�¨9²Z©x«Hªu¯�®-¶�«Z· �iµL¹¨�¹ªk²Z¼�¯�éV¹-¬æ´%¹ªuÁ�Q©k²Z©u¯�«H¨�¶ � ¦åã¹�´Qªx«XÄL¹�©u¸Q¯�¶ è ¹Á�Á�²�·_«Hª

Q(2, 2)
¦�Å�«Hª1©u¸�¹�«H©u¸�¹ª1¶x©uªk²Z©k² ä ©u¸�¹�¬Q¹Á�«H¨�¶u©uªk²Z©u¯�«H¨$¯�¶1¶u¯�Á�¯�¼È²ZªV¦,Å2¯�ªx¶x©�«Z·²Z¼�¼ ä ©k²Z×L¹1²Ó´z«H¯�¨@© [M,ψ] ∈ Q(2, 2)

¦*§i¨�µL¹¨@�¶
2 ä ²Z¼�¼�®QªuÄL¹-¶�²Zªx¹�¸;¿�´z¹ªx¹¼�¼�¯�´Q©u¯�®4¶x«ÓØF¹1®V²Z¨»¶uQ´Q´%«O¶x¹
©u¸9²Z©
²ªx¹´Qªx¹-¶x¹¨@©k²Z©u¯�ÄL¹1«Z·

M
¯�¶*µO¯�ÄL¹¨æ¾;¿�²Z¨»²Z¼�µL¹¾Qªk²Z¯�®�®QªuÄL¹

w2 =
6∏

i=1

(z − zi) (w, z) ∈ C
2

Ø*¸�¹ªx¹
zi 6= zj

·_«Hª
i 6= j

²Z¨�¬
zi ∈ C

¦ É ¸�¹ªx¹�¯�¶�² ' ªk²ZÁ�¯�Â9¹-¬5)
¬Q«HQ¾Q¼�¹�®-«XÄL¹ªu¯�¨Qµ
π : M → C > 1 ¬Q¹gÂ�¨�¹-¬

¾;¿
π(w, z) = z

¦ è ¹©
τ
¾%¹�©u¸�¹1¸;¿�´z¹ªx¹¼�¼�¯�´Q©u¯�®1¯�¨;ÄL«H¼�Q©u¯�«H¨

τ(w, z) = (−w, z)
¦�å�¯�©u¸æ©u¸�¹-¶x¹1¨�«H©k²Z©u¯�«H¨�¶ ä ØF¹

®V²Z¨ã¶x¹-¹4©u¸9²Z©
ω1 =

dz

w

²Z¨�¬
ω2 = z ·

dz

w

·_«HªuÁ�²�¾9²H¶u¯�¶�«Z·'¸�«H¼�«HÁ�«Hªu´Q¸Q¯�®�Öº¾z¹¼�¯È²Z¨ã¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼�¶�«H¨
M
¦�§�©

¹V²H¶u¿�©x«�¶x¹-¹�©u¸9²Z©
ω2

1, ω
2
2

²Z¨�¬
ω1 · ω2

²Zªx¹1¼�¯�¨�¹V²Zªu¼�¿�¯�¨�¬Q¹´z¹¨�¬Q¹¨@©
¯�¨»©u¸�¹1¶u´9²H®-¹1«Z·#¸�«H¼�«HÁ�«Hªu´Q¸Q¯�®Óá@9²H¬rªk²Z©u¯�®
s �



¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼�¶SØ*¸Q¯�®k¸4¸9²H¶A¬r¯�Á�¹¨�¶u¯�«H¨
3g−3 = 3

¦#½�«}©u¸�¹F·l²ZÁ�¯�¼�¿
{ω2

1 , ω
2
2 , ω1 ·ω2}

·_«HªuÁ�¶A²}¾9²H¶u¯�¶Æ¯�¨Ó©u¸�¹+¶u´9²H®-¹
«Z·�¸�«H¼�«HÁ�«Hªu´Q¸Q¯�®�á@9²H¬rªk²Z©u¯�®�¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼�¶�«H¨

M
¦�ì'¿�¬r¯�ªx¹-®©�®-«HÁ�´QQ©k²Z©u¯�«H¨ ä ØF¹Ó®V²Z¨?¶x¹-¹1©u¸9²Z© τ∗ωi = −ωi²Z¨�¬�®-«H¨�¶x¹-á@�¹¨;©u¼�¿ ä ²Z¨;¿��oG(�IG(&'G(�X�=��� �~á@9²H¬rªk²Z©u¯�®�¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼2¯�¶+¯�¨@ÄH²Zªu¯È²Z¨@©ºQ¨�¬Q¹ª

τ
¦

è ¹©
(M,ψ) ∈ Q(2, 2)

²Z¨�¬�¼�¹©
P1
²Z¨�¬

P2
¾z¹
©u¸�¹�©iØF«�éV¹ªx«O¶}«Z·

ψ
¦Såã¹
¸9²-ÄL¹

0 = ψ(P1) = τ∗ψ(P1) = ψ(τ(P1))
¸�¹¨�®-¹

τ
¹¯�©u¸�¹ª*ÂQÇQ¹-¶*©u¸�¹�©�ØF«�éV¹ªx«O¶}«Hª~¯�¨;©x¹ªx®k¸9²Z¨QµL¹-¶º©u¸�¹Á�¦

½@Q´Q´%«O¶x¹
©u¸9²Z©*©u¸�¹�¶x¹-®-«H¨�¬�®V²H¶x¹�«�®-®Qªx¶V¦ è ¹©
z0 = π(P1) = π(P2)

¦'½@¯�¨�®-¹�¾;¿�²H¶x¶uQÁ�´Q©u¯�«H¨
τ(P1) 6= P2 äØF¹�¶x¹-¹�©u¸9²Z©

z0
¯�¶�²�¨�«H¨�®ªu¯�©u¯�®V²Z¼�ÄO²Z¼��¹�«Z·*©u¸�¹�®-«XÄL¹ªu¯�¨Qµ ä ²Z¨�¬ã¸�¹¨�®-¹ z0 6= zi

·_«Hª1²Z¨;¿
i = 1, . . . , 6

¦,åã¹
®V²Z¨ã®-«H¨�¶u©uªu�®©1²,á@9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼

ψ0
«H¨

C > 1 Ø*¯�©u¸ã¶u¯�Ç³¶u¯�Á�´Q¼�¹Ó´%«H¼�¹-¶�²Z©�©u¸�¹Ó¯�Á�²ZµL¹-¶ zi ∈ C > 1 «Z·
©u¸�¹Óªk²ZÁ�¯�Â9®V²Z©u¯�«H¨�¶�´%«H¯�¨;©x¶ ä ²Z¨�¬ã²,éV¹ªx«�«Z·'«Hªx¬Q¹ª 2

²Z©
z0
¦ É ¸�¹¨ã©u¸�¹�®-«VÄL¹ªu¯�¨Qµ

π : M → C > 1 ¯�¶�¹gÇQ²H®©u¼�¿
©u¸�¹
®-«VÄL¹ªu¯�¨Qµ�«Z·SÃ'«H¨�¶u©uªu�®©u¯�«H¨â¥
¶x«

π∗ψ0 = ω2 ´%«O¶x¶x¹-¶x¶k¹-¶�©�ØF«ÓéV¹ªx«O¶*«Z·Æ«Hªx¬Q¹ª+©�ØF«�²Z©+©u¸�¹
¶k²ZÁ�¹�´z«H¯�¨@©x¶~²H¶
©u¸�¹1©iØF«,éV¹ªx«O¶�«Z·

ψ
¦}Ë�¹¨�®-¹

ψ = const · ω2 Ø*¸Q¯�®x¸³®-«H¨;©uªk²H¬r¯�®©x¶
©u¸�¹Ó²H¶x¶uQÁ�´Q©u¯�«H¨6©u¸9²Z© ψ ¯�¶º¨�«H©
²�µO¼�«H¾9²Z¼¶xá@9²Zªx¹�«Z·S²Z¨»Ö}¾%¹¼�¯È²Z¨�¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼l¦
É ¸;�¶�©u¸�¹�©�ØF«ãéV¹ªx«O¶

P1
²Z¨�¬

P2
²Zªx¹�©u¸�¹�ÂQÇQ¹-¬�´%«H¯�¨;©x¶,«Z·�©u¸�¹æ¸;¿�´z¹ªx¹¼�¼�¯�´Q©u¯�®»¯�¨;ÄL«H¼�Q©u¯�«H¨C¦ è ¹©

z0 =
π(P1), z

′

0 = π(P2)
¦ åã¹�®V²Z¨ ®-«H¨�¶u©uªu�®©�²³á@9²H¬rªk²Z©u¯�®�¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼

ψ0
«H¨

C > 1 Ø*¯�©u¸ ·�«HQª�´%«H¼�¹-¶�²Z©�©u¸�¹
¯�Á�²ZµL¹-¶Ó«Z·~ªk²ZÁ�¯�Â9®V²Z©u¯�«H¨�¶Ó´z«H¯�¨@©x¶ ä ²Z¨�¬$Ø*¯�©u¸$©�ØF«æ·_²Z×L¹�éV¹ªx«O¶�²Z© z0

²Z¨�¬
z
′

0

®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨QµO¼�¿L¦6Öº¶Ó²Z¾z«XÄL¹ ä
ψ = const · π∗ψ0

¦Sì'Q©*¾@¿,®-«H¨�¶u©uªu�®©u¯�«H¨
π∗ψ0

¾%¹¼�«H¨QµL¶+©x«Ó©u¸�¹
¸;¿�´z¹ªx¹¼�¼�¯�´Q©u¯�®�®-«H¨Q¨�¹-®©x¹-¬æ®-«HÁ�´z«H¨�¹¨@© ' ¶x¹-¹
®-«H¨�¶u©uªu�®©u¯�«H¨³°1)g¦ É ¸;�¶

p ∈ Qhyp(2, 2)
²Z¨�¬�¸�¹¨�®-¹

Q(2, 2) = Qhyp(2, 2)
¯�¶~®-«H¨Q¨�¹-®©x¹-¬�¦

É ¸Q¯�¶4®-«HÁ�´Q¼�¹©x¹-¶�©u¸�¹�´Qªx«@«Z·~«Z· è ¹Á�Á�²³Ì,¯�¨$©u¸�¹�®V²H¶x¹�«Z·~©u¸�¹�¶u©uªk²Z©uQÁ
Q(2, 2)

¦ É ¸�¹�´Qªx«@«Z·+·_«Hª1«H©u¸�¹ª
®V²H¶x¹-¶*¯�¶}®-«HÁ�´Q¼�¹©x¹¼�¿�²Z¨9²Z¼�«HµL«H�¶X¦

�

ç�«VØ ØF¹�´Qªx«VÄL¹ É ¸�¹-«Hªx¹Á °1·�«Hª*©u¸�¹�µL¹¨�¹ªk²Z¼�¶u©uªk²Z©k²ÓØ*¯�©u¸
2
²Z¨�¬

3
¶u¯�¨QµOQ¼È²Zªu¯�©u¯�¹-¶V¦

	 #&% %*@�� D E �$��O�	��Q��	R�
Q(4(g − k) − 6, 4k + 2)

JK��	��
k ≥ 0, g ≥ 3

��L?Y
g − k ≥ 2�(L?Y

Q(2(g − k) − 3, 2(g − k) − 3, 4k + 2)JK��	��
g ≥ 3, k ≥ 0, g − k ≥ 1

G(�
g = 2

�(L?Y
k = 1�(���4L?G(L�WP��G(L�L����2	X�QY�)

= �QG8GP�9GQ� F ��&6&'���o)'ìF¿³©u¸�¹ É ¸�¹-«Hªx¹Á�«Z·}±³²H¶uQª1²Z¨�¬ ½@Á�¯�¼�¼�¯�¹�!n±³²L½@ÁV# ' ¶x¹-¹,²Z¼�¶x«�©u¸�¹�¶u©k²Z©x¹Á�¹¨;©Ó«Z·*©u¸�¹
©u¸�¹-«Hªx¹Á)²Z©�©u¸�¹,¾z¹µO¯�¨Q¨Q¯�¨Qµã«Z·
¶x¹-®©u¯�«H¨ °1)�©u¸�¹�¶u©uªk²Z©uQÁ

Q(4g − 4)
¯�¶Ó¨�«H¨rîi¹Á�´Q©i¿ Ø*¸�¹¨�µL¹¨;�¶

g ≥ 3
¦

Ã'«H¨�¶u¯�¬Q¹ª�² 5y²Z©#¶uQªJ·l²H®-¹'®-«Hªuªx¹-¶x´z«H¨�¬r¯�¨Qµ�©x«
¶x«HÁ�¹
[M,ψ0] ∈ Q(4g−4)

¶u�®x¸�©u¸9²Z©A©u¸�¹'¸�«Hªu¯�éV«H¨;©k²Z¼9Á�¹V²H¶uQªx¹-¬
·_«H¼�¯È²Z©u¯�«H¨1¯�¶ÆQ¨Q¯�á@�¹¼�¿�¹ªuµL«@¬r¯�® ä ¯�¨4´9²Zªu©u¯�®Q¼È²ZªAÁ�¯�¨Q¯�Á�²Z¼l¦ '�É ¸�¹FµL¹¨�¹ªu¯�®¯�©i¿Ó«Z·�©u¸Q¯�¶2´Qªx«H´z¹ªu©�¿�¯�¶2´Qªx«VÄL¹-¬4¯�¨h!n±³²1#
²Z¨�¬�¯�¨�! Ò#¹O¥�#i¦ )ÓÃ'«H¨�¶u¯�¬Q¹ª*²�¶xÁ�²Z¼�¼y¬r¯�¶u×�²Zªx«HQ¨�¬�©u¸�¹~éV¹ªx«4«Z·C©u¸�¹ºá@9²H¬rªk²Z©u¯�®�¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼l¦#Ö}´Q´Q¼�¿�¯�¨Qµ è ¹Á�Á�²
²Z¾%«VÄL¹ ä ØF¹�®V²Z¨ ¾Qªx¹V²Z× ©u¸�¹�éV¹ªx«ã«Z·�«Hªx¬Q¹ª 4g − 4

¯�¨;©x«â©iØ'«?éV¹ªx«O¶�«Z·�«Hªx¬Q¹ªx¶
4(g − k) − 6

²Z¨�¬
4k + 2®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨QµO¼�¿âØ*¯�©u¸�²�ÄL¹ªu¿$¶u¸�«Hªu©1¸�«Hªu¯�éV«H¨@©k²Z¼~¶k²H¬Q¬r¼�¹,®-«H¨Q¨�¹-®©u¯�«H¨

γ
�u«H¯�¨Q¯�¨Qµ6©u¸�¹Á�¦6ì'¿ã®-«H¨�¶u©uªu�®©u¯�«H¨

©u¸�¹ªx¹�²Zªx¹Ó¨�«�«H©u¸�¹ª
¶x¸�«Hªu©�¸�«Hªu¯�éV«H¨@©k²Z¼�¶k²H¬Q¬r¼�¹Ó®-«H¨Q¨�¹-®©u¯�«H¨�¶V¦Ó½�«�©u¸�¹Óá@9²H¬rªk²Z©u¯�®�¬r¯�Ñ%¹ªx¹¨@©u¯È²Z¼
ψ ∈ Q(4(g −

k) − 6, 4k + 2)
©u¸;�¶�®-«H¨�¶u©uªu�®©x¹-¬6¬Q«@¹-¶}¨�«H©~¾z¹¼�«H¨Qµ�©x«�¸@¿@´%¹ªx¹¼�¼�¯�´Q©u¯�®�®-«H¨Q¨�¹-®©x¹-¬6®-«HÁ�´z«H¨�¹¨@©�«Z·

Q(4(g −
k) − 6, 4k + 2)

' ¶x¹-¹�©u¸�¹
¾%¹µO¯�¨Q¨Q¯�¨Qµ�«Z·A©u¸Q¯�¶~¶x¹-®©u¯�«H¨2)g¦ É ¸Q¯�¶~´Qªx«VÄL¹-¶º©u¸�¹�Â�ªx¶u©}¶u©k²Z©x¹Á�¹¨@©V¦
Ã'«H¨�¶u¯�¬Q¹ª~¨�«XØ ©u¸�¹�¶u©uªk²Z©uQÁ

Q(2(g − k) − 3, 2(g + k) − 1)
Ø*¯�©u¸

k ≥ 0 ä g − k ≥ 1
¦Sì'¿,©u¸�¹ É ¸�¹-«Hªx¹Á

«Z·S±6²H¶uQª}²Z¨�¬6½@Á�¯�¼�¼�¯�¹'!n±6²L½@Á'#C©u¸Q¯�¶~¶u©uªk²Z©uQÁ ¯�¶*¨�«H¨rîi¹Á�´Q©�¿�¯�·
g ≥ 3

«Hª*¯�·
g = 2

²Z¨�¬
k = 1

¦
É ²Z×L¹³²\5y²Z©,¶uQªJ·l²H®-¹æ®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµ$©x« ²ãá@9²H¬rªk²Z©u¯�®»¬r¯�Ñ�¹ªx¹¨;©u¯È²Z¼º·�ªx«HÁ)©u¸Q¯�¶,¶u©uªk²Z©uQÁ ¶x�®x¸ ©u¸9²Z©�©u¸�¹
®-«Hªuªx¹-¶u´%«H¨�¬r¯�¨Qµ ¸�«Hªu¯�éV«H¨;©k²Z¼�·�«H¼�¯È²Z©u¯�«H¨ ¯�¶�Á�¯�¨Q¯�Á�²Z¼ ' ¶x¹-¹ã²Z¾%«VÄL¹*)g¦ É ¸�¹¨ ¯�·ÓØF¹³¾Qªx¹V²Z× ©u¸�¹³éV¹ªx«�«Z·�«Hªx¬Q¹ª
2(g + k) − 1

¯�¨@©x«³©iØ'«³éV¹ªx«O¶�«Z·º«Hªx¬Q¹ªx¶
2(g − k) − 3

²Z¨�¬
4k + 2

�J«H¯�¨�¹-¬ ¾@¿ ²æÄL¹ªu¿$¶u¸�«Hªu©Ó¸�«Hªu¯�éV«H¨;©k²Z¼
¶k²H¬Q¬r¼�¹~®-«H¨Q¨�¹-®©u¯�«H¨�ØF¹*µL¹©'²
¶uQªJ·_²H®-¹+Ø*¸Q¯�®k¸�¾%¹¼�«H¨QµL¶S©x«�©u¸�¹*¨�«H¨rîl¸@¿@´%¹ªx¹¼�¼�¯�´Q©u¯�®}®-«HÁ�´%«H¨�¹¨;©'«Z·z©u¸�¹}¶u©uªk²Z©uQÁ
Q(2(g − k) − 3, 2(g − k) − 3, 4k + 2)

¦
É ¸�¹,«H¨Q¼�¿â¶u©uªk²Z©k²æ©x«æØ*¸Q¯�®k¸ Ø'¹�®V²Z¨Q¨�«H©Ó²Z´Q´Q¼�¿ã©u¸Q¯�¶4Á�¹©u¸�«�¬�²Zªx¹�©u¸�¹,¶u©uªk²Z©uQÁ�Ø*¯�©u¸ ©�ØF«6´%«H¼�¹-¶Ó²Z¨�¬ ²
¶u¯�Á�´Q¼�¹�éV¹ªx«

Q(−1,−1, 2)
¯�¨ µL¹¨;�¶

1
²Z¨�¬�©u¸�¹�¶u©uªk²Z©uQÁ Ø*¯�©u¸ ©iØ'«â¶u¯�Á�´Q¼�¹-¶�éV¹ªx«O¶�²Z¨�¬ ²?¬Q«HQ¾Q¼�¹�éV¹ªx«

s��



Q(1, 1, 2)
¯�¨âµL¹¨@�¶

2
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Q(2(g − k) − 3, 2(g − k) − 3, 2k + 1, 2k + 1)JK��	��
g ≥ 3, k ≥ −1, g − k ≥ 2
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g = 2
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Q(2(g − k) − 3, 2(g −
k) − 3, 2k + 1, 2k + 1)
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ψ′ ∈ Qhyp(2(g − k) −
3, 2(g − k) − 3, 2k + 1, 2k + 1)
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3, 2(g − k) − 3, 4k + 2)
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