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AN INTERDISCIPLINARY COLLABORATION

Y. Colin de VerdièreMyself = Geophysicist

Vidal & Colin de Verdière, 2024, Inertia-gravity waves in geophysical vortices, PRSA (accepted)
Colin de Verdière & Vidal, 2024, The spectrum of the Poincaré operator in an ellipsoid, arXiv:2305.01369
Colin de Verdière & Vidal, 2024, On gravito-inertial surface waves, Preprint

Waves in fluidsLiquid 
core

Mantle

+ Astrophysical flows
+ Lab. experiments

Series of papers
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https://arxiv.org/abs/2305.01369
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OUTLINE

1. Context: from oceans to stars
2. Idealised model of Inertia-Gravity Modes (IGM)

➢  Quadratic eigenvalue problem
➢  A few examples

3. Ellipsoidal model for geophysical vortices
➢  Motivations
➢  Pure point spectrum

4. From free waves to turbulence?
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Physics
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Inertia – Gravity
Waves (IGWs)

Effect

Restoring force

Existence

Rotation Stratification

CONTEXT: FROM OCEANS TO STARS

2 key ingredients!
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CONTEXT: FROM OCEANS TO STARS

Oceans Earth/Planets Astrophysics

Gent & Luyten
(1985)

Outermost stratified layer?

Gastine et al. (2020)

Convective
Stratified
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CONTEXT: FROM OCEANS TO STARS

IGWs are (likely) ubiquitous in natural systems : many applications!
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Dissipation

Instabilities

Transport/Mixing

Dinstran & Rieutord
(1999)

Radko (2023)

Alvan (2014)

Bourget el al. (2013)
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ELLIPSOIDAL MODEL FOR GEOPHYSICAL VORTICES

At all length scales!

Jupiter’s pole
(Juno)

< m ~ km

‘‘What is [a vortex] ? It is like pornography. It is hard to defined but if you see it, 
you recongnise it immediately.’’

G. K. Vallis

River Sea of Japan 
(Taylor & Thompon, 2023)
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Boussinesq equations

+ Boundary Conditions (BC)

➔ Global rotation
➔ Density stratification

Elongated vortices Pancake-like vortices

or

R >> S R << S

Davidson (2013) Davidson (2013)

ELLIPSOIDAL MODEL FOR GEOPHYSICAL VORTICES
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Yan et al. (2006)

‘‘Meddies’’

➔ Anticylonic vortices (→ 50 cm.s-1)
➔ 109-1011 tons of salt per eddy
➔ Lifetime > 1 year

ELLIPSOIDAL MODEL FOR GEOPHYSICAL VORTICES
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Jovian vortices (e.g. GRS)

Juno - NASA - JPL-Caltech

➔ Horizontal: 103 - 104 km
➔ Vertical: a few hundred of km
➔ Lifetime can exceed O(102) years

Strongly flattened

Artist view

ELLIPSOIDAL MODEL FOR GEOPHYSICAL VORTICES
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https://youtu.be/40EaY7K7qgE
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ELLIPSOIDAL MODEL FOR GEOPHYSICAL VORTICES

Aubert et al. (2012)
Lemasquerier et al. (2020)
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ELLIPSOIDAL MODEL FOR GEOPHYSICAL VORTICES

1960 - 1990

Jacobi, Dirichlet, Riemann...

1800 - 1880 Poincaré Cartan

1880 - 1930
Chandra

Friedlander

Lebovitz

> 2020 CdV

14

Long-standing mathematical history



   Jérémie Vidal Inertia-gravity waves in a stratified fluid, geophysical applications

An ill-posed (self-adjoint) problem
➔ (Almost empty) point spectrum  
➔ Continuous spectrum

Rieutord et al. (2001)Vidal (2018)

! Shell ≠ Ellipsoid !

ELLIPSOIDAL MODEL FOR GEOPHYSICAL VORTICES
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Principal symbol

Elliptic in V
Hyperbolic in V

2 wave families? 

ELLIPSOIDAL MODEL FOR GEOPHYSICAL VORTICES
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Poincaré & buoyancy operators (bounded & self-adjoints)

Pure point spectrum in ellipsoids

ELLIPSOIDAL MODEL FOR GEOPHYSICAL VORTICES
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ELLIPSOIDAL MODEL FOR GEOPHYSICAL VORTICES

2015 – 2017
● Separation of variables
● Brute-force proof

2017
● Functional analysis in L2

● Dimension arguments

Extension of the pure inertial wave problem in an ellipsoid

> 2020

Kerswell (1993)
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➔ Galerkin polynomial basis {ej} in ellipsoids (Lebovitz, 1989)

➔ Symbolic projection method

➔ Numerical solutions (exact up to machine precision)

IGMs are exact polynomials => Bespoke numerical algorithm

ELLIPSOIDAL MODEL FOR GEOPHYSICAL VORTICES
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ELLIPSOIDAL MODEL FOR GEOPHYSICAL VORTICES
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No attractor modes!
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➔ Similar properties than (coastal & equatorial) Kelvin waves
➔ Dense essential spectrum when 0 < |ω| < ω-

c/a = 0.1

ELLIPSOIDAL MODEL FOR GEOPHYSICAL VORTICES
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Proof: - Weyl asymptotics of the equivalent matrix
  operator

Asymptotic measure (ω- < |ω| <ω+)

Rescaled dispersion relation of inertia-gravity waves

Microlocal
Numerics

Agreement with numerics

b/a=1
c/a=0.1

ELLIPSOIDAL MODEL FOR GEOPHYSICAL VORTICES
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Some differences with pure inertial modes
Ball b/a=c/a=1

➔ Non-uniform distribution in the ball
➔ Gap size function of the orientation of Ω

ELLIPSOIDAL MODEL FOR GEOPHYSICAL VORTICES
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Expected for planets (A3/A1 ~ 1)

Experiments / Simulations (A3/A1 ~ 3)

Shape affects the eigenvalue distribution (even in an ellipsoid)
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D
en

sit
y Geometry mismatch

ELLIPSOIDAL MODEL FOR GEOPHYSICAL VORTICES
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FROM FREE WAVES/MODES TO TURBULENCE?
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➔ Differential rotation (not of uniform-vorticity)
➔ Bulk (smaller-scale) turbulence

Largest-scale vortices

➔ Triadic Resonant Instability (TRI)
➔ Elliptical Instability (EI)
➔ ...

Bourget el al. (2013)
Boury et al. (2023)

Instabilities?

Grannan et al. (2014)

https://youtu.be/40EaY7K7qgE
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CONCLUSION & PERSPECTIVES
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Inertial modes Inertia-gravity modes

Future works

➔ Low-frequency (Kelvin) waves in arbitrary geometries 
➔ Vortex stability (EI, TRI?)

Perspectives
➔ Unstable stratification (N2<0)
➔ Planet’s (radial) gravity?

https://youtu.be/40EaY7K7qgE

