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Reynolds’ lubrication theory

Historical background

Reynolds (1883) Reynolds (1886)

L>h =v<u,w

L 2
Re:% % <1




Liquid entrainment problem

Introduction

(a) Journal & bearing lubrication

Bico et al. (PoF 2009) ;

(b) Wheels on wet tracks

(c) Off-set printing
.: £ =1

Brumm et al. (Coll. Int. 2009) ;



Coating flows in scientific literature

Introduction

(a) Rimming flows (b) Film-splitting flows (c) Self-metering film flows

Incoming
web Coated

Moffatt (1976) ; Taylor (JFM 1963); Landau & Levich (1942);
Hosoi & Mahadevan (PoF 1999) Ruschak (Ann. Rev. F. Mech. 1985) ; Deryaguin & Levi (1965)
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Rotary drag-out on a disk (4 cm wide)

Landau-Levich flow at Re,, > > 1

Rotating disc
Diameter=0.2,0.27,0.42 m

Width =4.5, 13.5 cm Sébastien Thévenin
Plexiglass tank @CEA/Paris-Saclay
Height=0.415m
Width=0.4m
Length=1m

Asynchronous Motor (IP55) coupled
with a Parker AC10 frequency controller
(10 - 400 rpm)

Jean-Philippe Matas @LMFA/UCBL




Life of a liquid sheet on a rotating disc

Water drag-out on a rotating disc

...at moderately LOW speeds

40 rpm
0.88m s




Drag-out flow rate (time-average)

Effect of speed and depth
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The drag-out, or the entrainment problem (at Res << 1)

Deryaguin’s model

 Plate speed (U)
% Gravity (g)

®\ Viscosity (1)

% Density (0)

e I O

Viscosity-Gravity regime

Film thickness (Sf — (grad(p) - hydrostatic) (plate drag/unit volume)
P9

Jeffreys (1930) ; Deryaguin (1945) ;

Deryaguin’s drag out problem




The drag-out, or the entrainment problem (at Res << 1)

Morey’s experiments for the bureau of standards to check Jeffrey’s drainage law..
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The drag-out, or the entrainment problem (at Res<<land Ca <<1)

Landau-Levich’s model

“:\ Plate speed (U) U

Groenveld (1970) ; ® Gravity (g)
| X ® Dynamic viscosity (L)
® Density (p)
® Surface tension (%)

Landau-Levich flow

m Capillary number, Ca = pU/~y

(Laplace pressure drop) (Plate drag/volume)

(y/l.) _ uU

A« 2
PO
(Curvature matching)

Landau & Levich (1942) ;
Wilson (1982) ;

B e.-vvo. [




The drag-out, or the entrainment problem (at Res << 1)

5.~ wu Jeffreys (1930) ; Deryaguin (1945) ;
"V pg

0= ﬂCaUG: ICCa2/3
rg
Ca=uUly ——
Non-dimensional Mass flux
B (Simulations) .

Overview

Landau & Levich (1942) ; Wilson (1982);

Entrained Film thickness
(Experiments)

1000 ——

100 |
=
=
W 10
ail Jinetal. (2005);
| 01 1 10 100

Malekietal. (2011);
1 : : : :
0.00001  0.0001 0.001 0.01 0.1 1 1E4 1E3 001
Ca Ca

E Capillary number, Ca = pU/~y




Comparison with Landau-Levich-Deryaguin flow rate scaling
Our experiments

Re,,=U"lgl, Re,,=U"lgl,

[Wilson (1982)’s 2" order Ca - corrections where used for viscous UCON/Water mixtures | _




Comparison with Landau-Levich flow rate scaling
Critical Weber for inertial effects

( 210 rpm

J=4.6ms!

> O & 0O g v A O

Water sheet

1 . ;J\. 2 ,. <& ‘E e iy _w \-...__ s \

b

Inertia overwhelms surface
tension effect, when U2> gA

100 10° 10t 10* 10°

[Wilson (1982)’s 2" order Ca - corrections where used for viscous UCON/Water mixtures | _




Inertial effect in rotating drum

Revisiting the Landau-Levich curvature matching

h/R

0.15+

Qi o1l

-1
(kgs™) 142 rpm

521 ms! < =IA ;._'.:_,_._'w: 1521 ms!

0.05

U(ms™1)

Capillary number, Ca = WU/« ; Morton number, Mo = p*g/py?; L2 = y/pg;




Inertial effect in rotating drum

Revisiting the Landau-Levich curvature matching

(y/l.)  wU

.

(Laplace pressure drop) (plate drag/volume)

~
~
) N
~
~

(Curvature matching

Film-thickness
0p~ Oy

Jfor U2 g

6R ‘
; .THZ rpm
S ERIRT

Entrained flow rate thickness

142 rpm
5.21 ms~

5/3
~U

Capillary number, Ca = WU/y; §,,,=I, Ca’"

5

Qf:




Inertial effect in rotating drum

Revisiting the Landau-Levich curvature matching

(y/,)  uU
NI/ .
A 0
(Laplace pressure drop)  (plate drag/volume)
% 9
2
A7 U
(Curvature matching) ">

~
~

Meniscus height

U’ 1/3 7 5. 1/6
A,~—Ca "~ Mo
g Jfor Uz g

Entrained sheet height

1072 10! 10°
A= ZCaB3MoV0
aq

n Capillary number, Ca = wU/v ; Morton number, Mo = p*g/py?; L2 = y/pg;




Conclusions J John Soundar Jerome et al. (JFM 2021)

e Inertia effect in rotary flow manifests in an unsteady and non-uniform flow with
strong 3D effects (liquid sheet formation)

e Surprisingly, the classical Landau-Levich (LL) model “holds on an average” despite
of these inertial effects if the sheet width is small (h/R < 0.5) !

§ Strong impact of inertia when U2/gA > 10

.. :ﬂw y
§ A modified LL provides an order of magnitude : _" gﬁ% ?

,,3 Jr
A 1/3 Hy, ( 210 rpm
3 ~ _‘-i:“'_ _- , S
Qf QLLD € b Reynolds number: B 0
2 Remb — Uz/glc : : J=4.6 1

U —1/3 1/6 ; Water sheet
= H o—Ca "~“Mo ——

g

Capillary number, Ca = WU/« ; Morton number, Mo = p*g/py?; L2 = y/pg; _




Axial-patterns in coating flows
Film-splitting flows at Re << 1 and thin gaps

25um gap

Thoroddsen &
Mahadevan (1997) ;

Pearson (1960) ;

Owens et al. (2011) ;




Rotary drag-out on a drum (30 cm wide)

Landau-Levich flow at Re, > 1

5 |
. totating drum )
(PVC) Jean-Philippe Matas
Y
' @ LMFA/UCBL
Bearings
- Axis of rotation
= .
3 os] ""I Tank (plexiglass)
v Working
Ligpid

00 mm

i
Aluminium A e

profies Pierre Trontin
@ LMFA/UCBL

410 mm




Wider discs = Multiple ribs occur!!

UCON /Water front view
/ \ ) Water
-"f'-"éui‘ . ; : .
: (front view)

R=21cm

Width=13 cm

h=02R

Apm

UCON/Water mixture 1.74ms"

m Rotary LLD flow at Rews, > 1 is 3D (strong axial flow) !!!




Rotating drum - rib detection

(a) UCON oil
80 w w ‘ 80
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Rib positions (pix)

Rotating drum - rib spacing evolution
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Axial pattern formation mechanism

Film-splitting flows

Rabaud’s printer

X G__8P>0
0X
P; P, A
- P N .
///’* Y 7 AN Z | /
£ 2 , E \\ / \\ /
10cm _ N - v NP \f —
. . . \\./l/ \’/
:

Schweizer & Kistler. (2012)

Rabaud (J. Phy. 1994

Figure I : Le montage expérimental & deux cylindres (a) Photographie de 'expérience.
(b) Schéma d'une section du montage.
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Adverse pressure gradient from lubrication model

dver]ap regiQn——
Groenveld (1970) ; 1h : 5 £ 8
_05 L $/ f

Reynolds’ Lubrication approximation and B _ _ _ .
Mass conservation between Film region and Overlap region... Film regiong— Overlap region —— — Meniscus region —»

& | L L L I (R S T | P

2 0 1 2

ﬂp h. h. R h 10 10 10
- psl1--L 1+_f_(ﬂ—_1]_f h(s)/hy
as h h h2

a = v3Ca'l./h;




Rib spacing, A (mm)

Rotating drum - Comparaison with Saffman-Taylor wavelength
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Rotating drum - Comparaison with Saffman-Taylor wavelength

A =27l \J3f(Ca)
UCON/WATER

. - 1 2 —_ ;
(~100 times more viscous) < =7/pg
(a) H/R = 0.05 (b) H/R = 0.10 (¢) H/R = 0.20 (d) H/R = 0.5
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Rotating drum - numerical experiments (basilisk)

(a) Basic case (b) p=4pg

L, =800mm

z
Ly =800 mm

)L&: 2 ﬂ;lc \/5 f ( CCI) Model:A=28 mm Model: A =14.01 mm

m 1? = v/pg; ...by Pierre Trontin (LMFA, UCBL) _

A=16.6 mm




Rotating drum - numerical experiments (basilisk)

{a) Basic case (., py, o) (b ¢ =4ag,
(a)
80

Basiccase (g, py o

Basic case (g, po, 7o) - sim
4, - 5im

dpy - sim

40
A (mm)

...by Pierre Trontin (LMFA, UCBL)

m : 20 cm il




Conclusions: Ribbing patterns on a rotating drum

e Inertia effect in rotary flow leads to axial flow patterns resulting in multiple liquid
sheets with a rim

e This can be related to the diverging flow near the meniscus in the classical Landau-
Levich (LL) flow — Adverse pressure gradient

§ Estimations based on free-surface flow with lubrication approximation
dp\  _ _(pU
~ (), =755 >0

§ Wavelength order of magnitude from Saffman-Taylor instability

> A=2m/3y(dplos)™"

* Numerical simulations using BASILISK for a longer cylinder : good match with
experiments, confirms scaling with density and surface tension




Bubble rise in Hele-Shaw

rl

Christopher Madec Benjamin Monnet
(These 2021) (These 2024)

Sylvain Joubaud Valérie Vidal
@ LPENS/ENS @ LPENS/ENS




Speed of a freely-rising single bubble

...in an infintely large tank (historical backgound)

Fig. 1
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Speed of a freely-rising single bubble

The Objective ..

: vy, X d 1
[Clift et al., 1978] b & v I% . a0 ]
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Speed of a freely-rising single bubble (small Re ?)

Previous works - Inclinced Hele-Shaw cell

. Scale
Eck & Siekmann (Ing. Arv 1978) Maxworthy (JFM 1986) i
[ S — |
sing = 0 sina = 00897
sina = 0,0359 sin & = 00575
_ ' . _ / sina = 01495 sine = 0,1765
5 b L Support
Fig. 7. Reduced gravity simulator Q Q




Hele-Shaw cell & Lubrication approximation
Taylor-Saffman bubble

g
“

Y
|/ WATER+UCON
a7 :

/ ' /h h
Injection d’air ,

Gap: h=2.3+0.05mm Dynamic viscosity:
Size: Ly=L,220cm ~ 100 to 2500 times water

Madec (These, ENS de Lyon 2021)




Hele-Shaw cell & Lubrication approximation

Taylor-Saffman flow
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Bubble rise in Hele-Shaw

...lubrication approximation in thin gaps (historical backgound)

Depth-averaged velocity field is irrotational !!




Bubble rise in Hele-Shaw

...lubrication approximation in thin gaps (historical backgound)

e Depth-averaged velocity field is irrotational,
e Constant pressure at the bubble interface,
» Absence, or weak, Surface Tension,
+ a lot of calculus, analysis complex-plane...

I

Illustration:
¥  Maxworthy (JFM 1986)

A NOTE ON THE MOTION OF BUBBLES IN A . :
Rise speed of a free isolated bubble
HELE-SHAW CELL AND POROUS MEDIUM (free = > no channel ﬂow)
By SIR GEOFFREY TAYLOR and P. G. SAFFMAN A h2 a
(Cavendish Laboratory, Cambridge) W = psi-a
/ 12n b
[Received 12 August 1968. Revise received 13 November 1958]
2
2 <+
w—_ " _% W ~ o __
120z  ox oy 1203y oy or - N
@ 2a




Hele-Shaw cell & Lubrication approximation

Taylor-Saffman speed as rederived by Maxworthy (JFM 1986)

Remember that the depth-averaged velocity field is irrotational ....

3vp {dy/2 A Y | I .
vy = ( ) 1 — (—,) (sin(f)e, — cos(f)eg) ¥r > d,/2. [..circular !]
2 ¥ hi2

P, : Dissipation rate

Y
Ps : Injected power to generate the flow ..
Py = Apg (W‘fh) g Taylor-Saffman bubble speed
! Ly, — 208h"a|
I2n b Telliptical

n ¥a little more elaborate for an elliptical bubble.. _




Hele-Shaw cell & Lubrication approximation

Taylor-Saffman bubble

| |
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Speed of a freely-rising single bubble (increasing Re\:)
..from Taylor-Saffman bubble to Taylor bubbles ?

(a) [not to scale] (b)

Front view

liquid

bubble

Top view




Speed of a freely-rising single bubble (increasing Re:)

B Apgh® a

UM

..from Taylor-Saffman bubble to Taylor bubbles ?

vV, 0.6

B

dy/h

T 125 b

1 (mPa.s) v, (mm/s) Resy,
2890 L4 ddxlo*
140 32 7.2x10*

17 120 2.0

8 150 5.5




Hele-Shaw cell & Lubrication approximation

...in the inertial limit ?

P : Viscous dissipation rate to push the flow in the thin gap..
h/2
fd[,f2 [—?T [ h/’?

P: : Energy required to move liquid per unit time..

P = ipvb(ﬂ:dgh) (ﬂd—)

3

3mnpuids

2
rdrdfdy =
h

Pp = P + 'PI
Ps : Injected power

.o 2UM
nd?h —
PB:APQ( : )“U.b Vb

U
1+ ./14+28 %
3




Speed of a freely-rising single bubble (large Re)

Viscous to Inertial regimes

Vp =

Solution

water
ethanol (95 %)
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o (kgm™)

997
TRY

1100
1187
1208

1011
1020
1032
1041
1048
1051
1057
1058
1066
1074
1075
1085

1187

Surface Tension
¥ (mNm~ by

72
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Monnet et al. (JFM 2022)




Speed of a freely-rising single bubble (inclined cell)

..from Taylor-Saffman bubble to Taylor bubbles ?

(a) (b) L

— liquid

W
f ]
M =
A
g
o
[ Y

(top pc-sitionj" . aI <——+— bubble

Optical pen

(down position) (©) v b
I }
= L e




Speed of a freely-rising single bubble (inclined cell)

..from Taylor-Saffman bubble to Taylor bubbles ?

f = 0°, vy, =35 mm/s

6 = 45°, v, = 22 mm/s

2 cm
Ly << o |
------ y 0s 034s 069s 1.03s 1.38s

0558 1.10s 166s 221s

6 = 80°, v, = 3.85 mm/s

bawf o zoom §
{top position)" / E 5}:‘ 0 = 680, vy = 10.2 mm/’s
% '
’
' A
Optical pen L-- 3
(down position)
0s 1.33s 2.73s 4.06s 5.46s

s +J| N
e
Os 36ls 723s 10.84s 14.46s




Speed of a freely-rising single bubble (inclined cell)
..from Taylor-Saffman bubble to Taylor bubbles ?

da /h(6) 7




Speed of a freely-rising single bubble (inclined cell)

..from Taylor-Saffman bubble to Taylor bubbles ?
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Conclusions : bubble rise speed in thin gaps

e Taylor-Saffman bubble speed is verified for vertical bubble rise in thin gap cells

e Bubble aspect ratio is crucial and inertia flattens the bubbles !
(but why?)

e Bubble speed between viscous and inertial regime
is modeled by an power balance argument

e Bubble speed in inclined cells depends non-trivially on the
inclination angle due to symmetry loss in lubrication films

_Apghza
"M =12 b
2UM
Vp =
1+\/1+2ﬁ( el )
V843

. . A h2
Perspectives : S P8 {d = whand) a
12n b

e Bubble pair interactions

e Lubrication films ? Taylor-Saffman analysis with symmetry loss near bubble ?
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Hele-Shaw cell & Lubrication approximation

Taylor-Saffman bubble in suspensions

Particules
! . Mlss Pfs d’O
i Air,
i 'U‘b
p 29
A XA
’a" 290
F)
v A
4 3
g 3 &>
2 o
L 2
@ 3
'M;
22 T,V
~— aooia‘)%:g
Sl s . | ese

dp € {80,230} pun
pp = 1057 x 3 kg.mﬁo’ = pf




Hele-Shaw cell & Lubrication approximation

Faster than a TS bubble without particles?
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Hele-Shaw cell & Lubrication approximation

Taylor-Saffman bubble in suspensions
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Hele-Shaw cell & Lubrication approximation

Shear-induced migration => less dissipation in the gap !

CX. Observations expérimentales
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Conclusions : bubble rise speed in suspensions within thin gaps

e Taylor-Saffman bubble speed is verified for vertical bubble rise in thin gap cells, if the
dissipation is appropriately modified !

§ Shear-Induced-Migration increases particle fraction at the center of the cell gap
§ This in turn decreases local viscosity and hence the shear near the wall

§ Overall dissipation is smaller than in a Newtonian fluid of same bulk viscosity
§ Bubble rise is thus faster !

e Bubble aspect ratio remains unchanged (but why ?)

Perspectives :

e Shear Induced Migration during bubble ? How much ?

o Effect of inclination and inertia ?




For questions ...?

J John Soundar Jerome

LMFA CNRS UMR - 5509

Université Claude-Bernard Lyonl (France)




The drag-out, or the entrainment problem (at Res<<land Ca <<1)
Landau-Levich’s asymptotics
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The drag-out, or the entrainment problem (at Res<<land Ca <<1)

Landau-Levich’s asymptotics

[
cSe) lb("l;‘]): Ut -Z'HC';_')\j(j—zk) N @

9 k] 9 o .
N ot M—f;lm@vmﬂl%m wob ol D Gvens ba
NG
Ger= [wepy) dyop vhr L koo ¥,

o]

dwe Ko = -8 od b= §, o 1 -,
g .

& Gravity (g) f f
Y Dynamic viscosity ()
& Density ()

& Surface tension ()

0 commmne oo |

& Plate speed (U) Uh + = KOO B = y&, - €0 53
SEA AL g




The drag-out, or the entrainment problem (at Res<<land Ca <<1)

Landau-Levich’s asymptotics
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Inertial effect in rotating drum: depth effect
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Inertial effect in rotating drum: depth effect
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Inertial effect in rotating drum: We> 1
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A wiggling rib (sheet)
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Water sheet height Vs Linear speed & Depth
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Rib height: ballistic mechanism
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Rotating drum - Maximum rib spacing
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Speed of a freely-rising single bubble (small Re ?)

...in large Hele-Shaw cell

Maxworthy (JFM 1986)

\
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Bubbles in Hele-Shaw cells
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Speed of a freely-rising single bubble (large Re)

...in large Hele-Shaw cell

(a) [not tu HLdlE']
Front view
liquid
bubble
—nozzle

Top view 5o g

-!




Hele-Shaw cell & Lubrication approximation

Taylor-Saffman flow
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