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Séparation	d'échelles	en	magnétohydrodynamique:	l'effet	alpha	en	dynamo

François	Pétrélis,	CNRS,	Laboratoire	de	Physique	de	l’ENS

- Equations	de	la	magnétohydrodynamique
- Amplification	d'un	champ	magnétique	par	effet	alpha:	écoulement	de	
Roberts
- Cas	d'un	écoulement	turbulent:	grande	déviation	et	distribution	du	
Lyapunov
- Extension	à	des	effets	hydrodynamiques	(effet	AKA).



La	magnétohydrodynamique

Effet	Dynamo	(Larmor	1919)	

Applications	astrophysiques	et	industrielles



Les	équations:	champ	magnétique	B	et	champ	de	vitesse	v

On	considère	des	écoulements	à	v<<c	(non	relativiste)

Equations	de	Maxwell	sont	simplifiées



Loi	d’Ohm

Equation	d’induction

- Conditions	aux	limites	(problème	non	 local)

- Si	v	est	donnée,	 c’est	une	équation	 linéaire

- B=0	est	toujours	 solution.	 L’instabilité	dynamo	est	la	perte	de	stabilité	de	cette	solution



Problème	non	linéaire	en	tenant	compte	de	l’effet	de	B	sur	le	champ	de	vitesse:

Deux	paramètres	sans	dimensions	

ou	bien		Pm=Rm/Re= soit

Si	B	est	solution,	 	-B	est	solution	



Dimensionless parameters



Pm	est	très	petit pour	 les	métaux	liquides	 	Pm<

Pourquoi?

Ces	quantités	sont	déterminées	par	les	propriétés	microscopiques	de	la	matière.	En	ordre	de	
grandeur	elles	font	intervenir
On	obtient	



Pm	est	très	petit pour	 les	métaux	liquides	 	Pm<

Les	écoulements	sont	donc	turbulents	au	seuil	dynamo

On	ne	peut	résoudre	numériquement	les	équations	dans	le	bon	régime	de	paramètres

C’est	un	exemple	de	problème	de	bruit	multiplicatif



L’effet	alpha.
Séparation	d’échelle	entre	l’écoulement	(l)	et	le	champ	magnétique	(L)

Estimation	optimiste:

B	varie	sur	une	échelle	L,	tandis	que	v	varie	sur	une	échelle	l

Seuil	dynamo	quand	v	B/l=						B/L^2

Soit	 assez	grand



Séparation	d’échelles

On	écrit	v=<v>+v’			où	<>	est	une	moyenne	sur	les	petites	échelles	de	l’écoulement

On	suppose	<v>=0,	on	note	v’=v

Equation	pour	champ	moyen

Equation	pour	 fluctuations	

b	linéaire	en	Bo

On	peut	résoudre	en	« first	order smoothing »	



Exemple	(écoulement	ABC)

Calcul	b	(first	order smoothing)

Role de	l’hélicité

Eq.	Champ	grande	échelle

Seuil	pour	

Soit	2	V^2/(	η^2	k	K)	>1		donc	Rm=V	(l	L)^(1/2)/η



Extension:

Au	delà	du	 first	order smoothing

Effet	d’un	champ	de	vitesse	moyen	(dynamo	 alpha-omega)

Régime	non	linéaire	de	saturation	de	l’effet	alpha

Ecoulement	turbulent

Strange	eigenmode et	problème	dynamo:



Turbulent	dynamos:	
which moment	controls the	dynamo	onset?

Avec	KannabiranSeshasayanan



Multiplicative	game

Start	with 1	(euro,	pound….)

Each time	step:
With probability 1/100	multiply what you own by	10
With probability 99/100,	divide it by	10

Growth rate intermittency in a turbulent dynamo: an exact result in the class of
Kraichnan-Kazantsev model
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We consider the generation of magnetic field by a turbulent flow modeled by a delta-correlated in time process.
In the limit of scale-separation and for the linear regime, we map the problem onto the calculation of the injected
power by the random force acting on a Brownian particle. We are then able to calculate analytically the growth
rate of the moments of the magnetic field. These moments display multiscaling and in particular turn unstable
for different values of the control parameters. We explain the origin of this intermittency and show numerically
that the onset in a nonlinear simulation is predicted by the moment of order 0 (i.e. the logarithm of the magnetic
field).

PACS numbers: 45.70.-n, 45.70.Mg
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Dynamo is complicated, because flow is turbulent.
Model of turbulence is delta correlated in time flow.

Kraichnan, then Kazantsev. Usual prediction are made on the
second moment (energy).

Yet multiplicative noise is known for intermittent behavior
and different scalings of the moments.

We want to calculate the different growth rate and study
which one gives the onset.

We consider an electrically conducting fluid with magnetic
diffusivity h = µ0s . The flow is spatially periodic and we
note h.i the average over a period of the flow. The velocity
field is assumed to be delta-correlated in time and we write
v= z (t)ur, where ur is a prescribed function of space with di-
mension of velocity. The noise satisfies hz (t)z (0)i= 2Dd (t),
where D has the dimension of time.

In the case of scale separation we search for an equation
for the part of the magnetic field that evolves at large scale
compared to the scale of the flow. We thus write

B = hBi+b .

where h.i is the average over a period of the flow. We obtain

∂ hBi
∂ t

= —⇥ (hv⇥bi)+h—2hBi . (1)

Substracting this equation to the induction equation we obtain
the equation for b

∂b
∂ t

�h—2b = —⇥ (v⇥B)�—⇥ (hv⇥bi) . (2)

Assuming scale separation, Eq. 2 writes

∂b
∂ t

�h—2b = hBi.—v = z (t)hBi.—ur . (3)

To ease notation, we assume that the fields are 2p peri-
odic in all directions and note f̂ = (2p)�3/2 R f expikr d3r the
Fourier transform of f . Eq. 3 leads to

∂ b̂
∂ t

+hk2b̂ = z (t)ihBi.kûr .(4)

and its solution is

b̂ = Yk(t)hk2b̂r , (5)

where br is the steady solution of Eq. 3 with z (t) = 1, i.e.
b̂r = ihBi.kûr/(hk2) and Yk(t) is solution of

dYk

dt
+hk2Yk = z (t) . (6)

Yk is an Ornstein-Uhlenbeck process, with a damping rate hk2.
We then obtain the effect of the small scale fields on the

large-scale one as

hv⇥bi= z (t)(2p)�3 Â
k

Yk(t)ûr(�k)ihBi.kûr(k) . (7)

If the velocity field contains only one wave vector, the expres-
sion is simplified and we obtain

hv⇥bi= z (t)Yk(t)hk2arhBi (8)

where ar is the alpha tensor that would be obtained with
z (t) = 1, namely

au, j = (2p)�3iSk
k j

hk2 (ûr(�k)⇥ ûr(k))u . (9)
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Multiplicative	game
Start	with 1	(euro,	pounds….)
Each time	step:
With probability 1/100	multiply what you own by	10
With probability 99/100,	divide it by	10

For	a	moment	of	order p
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For	p>1
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The	third moment	grows while the	first	one	decreases

Growth or	decay depend on	the	considered moment



A	canonical	model	of	bifurcation	



Linearize

The	onset depends on	the	moment

We can not	forget the	nonlinear term!

A	canonical	model	of	bifurcation	



A	canonical	model	of	bifurcation	

Solve the	associated Fokker-Planck	equation

The	onset of	 instability is µ=0

It	is the	same as	the	one	of	<log(X)>	 calculated from the	linear equation

To	calculate <log(X)>,	 we cando	<X^ε>	=	<e^(εlog(X))>	 ≈ <1+εlog(X)>	 for	ε<<1

So	<log(X)>=(<X^ε>	 -1)/ε

2µ



Why is that important	for	the	dynamo	 instability?

Turbulent	 fluctuations	act as	a	multiplicative	noise	in	the	induction	 equation

If	we consider the	linear problem (the	kinematic dynamo	problem),	
then we should have	the	same behavior as	for	the	canonical	model

in	particular,	the	moments	of	the	field are	unstable at different values	of	Rm

For	the	so-calledKazantsev dynamo,	most analytical results consider the	energy of	the	
magnetic field,	 thus <B^2>,	for	the	kinematic problem.

Are	the	predictions of	the	Kazantsev dynamo	of	any use?

We test	this numerically (A.Alexakis and	K.	Seshasayanan)



Rm

<B^2>



Using scale separation we canunderstand this in	the	dynamo	context

We consider with Ur		a	space-periodic flow			

Write

With <	.	>	the	spatial	average over	a	flow	period

We then have

and								

We Fourier	 transform and	get

The	amplitude	of	the	unstable mode,	 																												,		satisfies
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We consider the generation of magnetic field by a turbulent flow modeled by a delta-correlated in time process.
In the limit of scale-separation and for the linear regime, we map the problem onto the calculation of the injected
power by the random force acting on a Brownian particle. We are then able to calculate analytically the growth
rate of the moments of the magnetic field. These moments display multiscaling and in particular turn unstable
for different values of the control parameters. We explain the origin of this intermittency and show numerically
that the onset in a nonlinear simulation is predicted by the moment of order 0 (i.e. the logarithm of the magnetic
field).

PACS numbers: 45.70.-n, 45.70.Mg

Dynamo is complicated, because flow is turbulent.
Model of turbulence is delta correlated in time flow.

Kraichnan, then Kazantsev. Usual prediction are made on the
second moment (energy).

Yet multiplicative noise is known for intermittent behavior
and different scalings of the moments.

We want to calculate the different growth rate and study
which one gives the onset.

We consider an electrically conducting fluid with magnetic
diffusivity h = µ0s . The flow is spatially periodic and we
note h.i the average over a period of the flow. The velocity
field is assumed to be delta-correlated in time and we write
v= z (t)ur, where ur is a prescribed function of space with di-
mension of velocity. The noise satisfies hz (t)z (0)i= 2Dd (t),
where D has the dimension of time.

In the case of scale separation we search for an equation
for the part of the magnetic field that evolves at large scale
compared to the scale of the flow. We thus write

B = hBi+b .

where h.i is the average over a period of the flow. We obtain

∂ hBi
∂ t

= —⇥ (hv⇥bi)+h—2hBi . (1)

Substracting this equation to the induction equation we obtain
the equation for b

∂b
∂ t

�h—2b = —⇥ (v⇥B)�—⇥ (hv⇥bi) . (2)

Assuming scale separation, Eq. ?? writes

∂b
∂ t

�h—2b = hBi.—v = z (t)hBi.—ur . (3)

To ease notation, we assume that the fields are 2p peri-
odic in all directions and note f̂ = (2p)�3/2 R f expikr d3r the
Fourier transform of f . Eq. ?? leads to

∂ b̂
∂ t

+hk2b̂ = z (t)ihBi.kûr .(4)

and its solution is

b̂ = Yk(t)hk2b̂r , (5)

where br is the steady solution of Eq. ?? with z (t) = 1, i.e.
b̂r = ihBi.kûr/(hk2) and Yk(t) is solution of

dYk

dt
+hk2Yk = z (t) . (6)

Yk is an Ornstein-Uhlenbeck process, with a damping rate hk2.
We then obtain the effect of the small scale fields on the

large-scale one as

hv⇥bi= z (t)(2p)�3 Â
k

Yk(t)ûr(�k)ihBi.kûr(k) . (7)

If the velocity field contains only one wave vector, the expres-
sion is simplified and we obtain

hv⇥bi= z (t)Yk(t)hk2arhBi (8)

where ar is the alpha tensor that would be obtained with
z (t) = 1, namely

au, j = (2p)�3iSk
k j

hk2 (ûr(�k)⇥ ûr(k))u . (9)

The non symmetric part of the a-tensor leads to an ad-
vection of the field and does not affect the growth rate. We
thus consider a symmetric alpha-tensor. We then change
coordinate to diagonalize the alpha-tensor so that ahBi =
(a1hBi1,a2hBi2,a3hBi3). The most unstable mode is ob-
tained by finding the two largest |ai|, say a1 and a2 and con-
sider a magnetic field of the form hBi = B̄e�iKz. For positive
a1,2, the eigenmode Bp =

pa1B̄1 + i
pa2B̄2 satisfies

dBp

dt
= Yk(t)z (t)ahk2KBp �hK2Bp . (10)

where a =
pa1a2, from which we obtain the large-scale

magnetic field as

Bp(t) = Bp(0)eahk2KI(t)�hK2t . (11)
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rate of the moments of the magnetic field. These moments display multiscaling and in particular turn unstable
for different values of the control parameters. We explain the origin of this intermittency and show numerically
that the onset in a nonlinear simulation is predicted by the moment of order 0 (i.e. the logarithm of the magnetic
field).

PACS numbers: 45.70.-n, 45.70.Mg

Dynamo is complicated, because flow is turbulent.
Model of turbulence is delta correlated in time flow.

Kraichnan, then Kazantsev. Usual prediction are made on the
second moment (energy).

Yet multiplicative noise is known for intermittent behavior
and different scalings of the moments.

We want to calculate the different growth rate and study
which one gives the onset.

We consider an electrically conducting fluid with magnetic
diffusivity h = µ0s . The flow is spatially periodic and we
note h.i the average over a period of the flow. The velocity
field is assumed to be delta-correlated in time and we write
v= z (t)ur, where ur is a prescribed function of space with di-
mension of velocity. The noise satisfies hz (t)z (0)i= 2Dd (t),
where D has the dimension of time.

In the case of scale separation we search for an equation
for the part of the magnetic field that evolves at large scale
compared to the scale of the flow. We thus write

B = hBi+b .

where h.i is the average over a period of the flow. We obtain

∂ hBi
∂ t

= —⇥ (hv⇥bi)+h—2hBi . (1)

Substracting this equation to the induction equation we obtain
the equation for b

∂b
∂ t

�h—2b = —⇥ (v⇥B)�—⇥ (hv⇥bi) . (2)

Assuming scale separation, Eq. ?? writes

∂b
∂ t

�h—2b = hBi.—v = z (t)hBi.—ur . (3)

To ease notation, we assume that the fields are 2p peri-
odic in all directions and note f̂ = (2p)�3/2 R f expikr d3r the
Fourier transform of f . Eq. ?? leads to

∂ b̂
∂ t

+hk2b̂ = z (t)ihBi.kûr .(4)

and its solution is

b̂ = Yk(t)hk2b̂r , (5)

where br is the steady solution of Eq. ?? with z (t) = 1, i.e.
b̂r = ihBi.kûr/(hk2) and Yk(t) is solution of

dYk

dt
+hk2Yk = z (t) . (6)

Yk is an Ornstein-Uhlenbeck process, with a damping rate hk2.
We then obtain the effect of the small scale fields on the

large-scale one as

hv⇥bi= z (t)(2p)�3 Â
k

Yk(t)ûr(�k)ihBi.kûr(k) . (7)

If the velocity field contains only one wave vector, the expres-
sion is simplified and we obtain

hv⇥bi= z (t)Yk(t)hk2arhBi (8)

where ar is the alpha tensor that would be obtained with
z (t) = 1, namely

au, j = (2p)�3iSk
k j

hk2 (ûr(�k)⇥ ûr(k))u . (9)

The non symmetric part of the a-tensor leads to an ad-
vection of the field and does not affect the growth rate. We
thus consider a symmetric alpha-tensor. We then change
coordinate to diagonalize the alpha-tensor so that ahBi =
(a1hBi1,a2hBi2,a3hBi3). The most unstable mode is ob-
tained by finding the two largest |ai|, say a1 and a2 and con-
sider a magnetic field of the form hBi = B̄e�iKz. For positive
a1,2, the eigenmode Bp =

pa1B̄1 + i
pa2B̄2 satisfies

dBp

dt
= Yk(t)z (t)ahk2KBp �hK2Bp . (10)

where a =
pa1a2, from which we obtain the large-scale

magnetic field as

Bp(t) = Bp(0)eahk2KI(t)�hK2t . (11)
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Kraichnan, then Kazantsev. Usual prediction are made on the
second moment (energy).

Yet multiplicative noise is known for intermittent behavior
and different scalings of the moments.

We want to calculate the different growth rate and study
which one gives the onset.

We consider an electrically conducting fluid with magnetic
diffusivity h = µ0s . The flow is spatially periodic and we
note h.i the average over a period of the flow. The velocity
field is assumed to be delta-correlated in time and we write
v= z (t)ur, where ur is a prescribed function of space with di-
mension of velocity. The noise satisfies hz (t)z (0)i= 2Dd (t),
where D has the dimension of time.

In the case of scale separation we search for an equation
for the part of the magnetic field that evolves at large scale
compared to the scale of the flow. We thus write

B = hBi+b .

where h.i is the average over a period of the flow. We obtain

∂ hBi
∂ t

= —⇥ (hv⇥bi)+h—2hBi . (1)

Substracting this equation to the induction equation we obtain
the equation for b

∂b
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�h—2b = —⇥ (v⇥B)�—⇥ (hv⇥bi) . (2)

Assuming scale separation, Eq. ?? writes

∂b
∂ t

�h—2b = hBi.—v = z (t)hBi.—ur . (3)

To ease notation, we assume that the fields are 2p peri-
odic in all directions and note f̂ = (2p)�3/2 R f expikr d3r the
Fourier transform of f . Eq. ?? leads to

∂ b̂
∂ t

+hk2b̂ = z (t)ihBi.kûr .(4)

and its solution is

b̂ = Yk(t)hk2b̂r , (5)

where br is the steady solution of Eq. ?? with z (t) = 1, i.e.
b̂r = ihBi.kûr/(hk2) and Yk(t) is solution of

dYk

dt
+hk2Yk = z (t) . (6)

Yk is an Ornstein-Uhlenbeck process, with a damping rate hk2.
We then obtain the effect of the small scale fields on the

large-scale one as

hv⇥bi= z (t)(2p)�3 Â
k

Yk(t)ûr(�k)ihBi.kûr(k) . (7)

If the velocity field contains only one wave vector, the expres-
sion is simplified and we obtain

hv⇥bi= z (t)Yk(t)hk2arhBi (8)

where ar is the alpha tensor that would be obtained with
z (t) = 1, namely

au, j = (2p)�3iSk
k j

hk2 (ûr(�k)⇥ ûr(k))u . (9)

The non symmetric part of the a-tensor leads to an ad-
vection of the field and does not affect the growth rate. We
thus consider a symmetric alpha-tensor. We then change
coordinate to diagonalize the alpha-tensor so that ahBi =
(a1hBi1,a2hBi2,a3hBi3). The most unstable mode is ob-
tained by finding the two largest |ai|, say a1 and a2 and con-
sider a magnetic field of the form hBi = B̄e�iKz. For positive
a1,2, the eigenmode Bp =

pa1B̄1 + i
pa2B̄2 satisfies

dBp
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where a =
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We consider the generation of magnetic field by a turbulent flow modeled by a random process delta-
correlated in time. In the limit of scale-separation and for the linear regime, we map the problem onto the
calculation of the injected power by the random force acting on a Brownian particle. We are then able to calcu-
late analytically the growth rate of the moments of the magnetic field. These moments display multiscaling and
in particular turn unstable for different values of the control parameters. We explain the origin of this intermit-
tency and show numerically that the onset in a nonlinear simulation is predicted by the moment of order 0 (i.e.
the logarithm of the magnetic field).
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The dynamo effect is an instability that converts kinetic en-
ergy of an electrically conducting fluid into magnetic energy.
It is the source of the magnetic field observed in most astro-
physical objects, Earth and most planets, Sun and other stars,
galaxies. This effect was identified by Larmor hundred years
ago and yet many questions are still unanswered. In particular
concerning the effect of turbulent fluctuations on the dynamo
process. Among the first approaches to tackle this problem is
the one of Kazantsev [1] who modeled a turbulent flow as a
delta-correlated in time process. A similar approach was made
independently by Kraichnan to describe the evolution of a pas-
sive scalar [2]. Kazantsev studied the evolution of the mag-
netic energy, i.e. the second moment of the magnetic field.
In that framework, several predictions were made depending
on the properties of the turbulent flow [3, 4]. These models
consist of a linear stochastic partial differential equation in
which the stochastic term (that models the turbulent fluctua-
tions) acts multiplicatively. In a different context, the study
of amplitude equations subject to noise [5] finds that multi-
plicative noises can create very intermittent behaviors which
affect the moments of the field. We thus wonder if a similar
phenomenon occurs for turbulent dynamos. In this letter, we
consider a canonical example of flow in the class of Kazant-
sev dynamo. We are able to calculate the statistical properties
of the growth rate of the moments of the field. We focus on
their intermittent behavior and discuss their relevance for the
realistic dynamo problem that takes into account nonlinear ef-
fects.

We consider an electrically conducting fluid with magnetic
diffusivity η = (µ0σ)−1. The velocity field is assumed to be
delta-correlated in time and we write v = ζ (t)u, where u is a
prescribed function of space with dimension of velocity. The
noise ζ (t) satisfies ⟨ζ (t)ζ (0)⟩s = 2Dδ (t), where D has the
dimension of time and ⟨.⟩s is the average over the realizations
of the noise. We use the Stratanovich interpretation for the
multiplicative terms that involve the noise.

Our strategy is to use scale separation to obtain an equation
for the part of the magnetic field that evolves at large scale
compared to the scale of the flow. We note ⟨.⟩ the average
over a wavelength of the flow and write B = ⟨B⟩+ b. The

fields satisfy

∂ ⟨B⟩
∂ t

= ∇× (⟨v×b⟩)+η∇2⟨B⟩ ,

∂b

∂ t
−η∇2b = ∇× (v×B)−∇× (⟨v×b⟩) .

In the framework of scale separation and for b small compared
to B, the second equation writes

∂b

∂ t
−η∇2b = ∇× (v×⟨B⟩) = ζ (t)(⟨B⟩ ·∇u−u ·∇⟨B⟩) .

(1)
To ease notation, we assume that the fields are 2π periodic
in all directions and note f̂ = (2π)−3/2

!

f eikrd3r the Fourier
transform of f . Eq. 1 leads to

∂ b̂

∂ t
+ηk2b̂ = ζ (t)∑

k

i
"

⟨B⟩ ·kû− û ·K⟨B⟩
#

. (2)

where ⟨B⟩, a large scale field is anticipated to be of the form
⟨B⟩ ∝ exp(iK.r). We can write the solution for b as

b̂ = Yk(t)ηk2b̂r , (3)

where b̂r is the steady solution of Eq. 1 with ζ (t) = 1, i.e.

b̂r = i
"

⟨B⟩ ·kû− û ·K⟨B⟩
#

/(ηk2) and Yk(t) is solution of

dYk

dt
+ηk2Yk = ζ (t) . (4)

Yk is thus an Ornstein-Uhlenbeck process, with a damping rate
ηk2. We then obtain the effect of the small scale fields on the
large scale one as

⟨v×b⟩=ζ (t)(2π)−3 ∑
k

Yk(t)
"

i⟨B⟩ ·kû(−k)× û(k)−

i û (k) ·Kû(−k)×⟨B⟩
#

. (5)

If the velocity field contains modes with wave vectors of same
norm k, the expression is simplified and we obtain

⟨v×b⟩ = ζ (t)Yk(t)
"

ηk2α̃αα⟨B⟩
#

= ζ (t)Yk(t)
"

ηk2ααα⟨B⟩−ηk2βββ iK⟨B⟩
#
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where the tensor α̃αα is obtained from ααα and βββ which are the
alpha and beta tensor [6] that would be obtained with ζ (t) = 1,
namely

αpq = (2π)−3i ∑
k,|k|=k

kq

ηk2
(û(−k)× û(k))p , (6)

βpqr = (2π)−3εpmq ∑
k,|k|=k

ûm (−k) ûr (k) . (7)

The antisymmetric part of the α̃αα-tensor leads to an advection
of the field and does not affect the growth rate. We thus con-
sider a symmetric tensor. We then change coordinate to di-
agonalize it so that α̃αα⟨B⟩ = (α1⟨B⟩1,α2⟨B⟩2,α3⟨B⟩3). The
most unstable mode is obtained by finding, among the αi of
same sign, the two largest |αi|, say α1 and α2 and considering
a magnetic field of the form ⟨B⟩ = B̄e−iKz. For positive α1,2,
the eigenmode Bp =

√
α1B̄1 + i

√
α2B̄2 satisfies

dBp

dt
= Yk(t)ζ (t)αηk2KBp −ηK2Bp . (8)

where α =
√

α1α2 from which we obtain the large-scale mag-
netic field as

Bp(t) = Bp(0)e
αηk2KI(t)−ηK2t . (9)

where I(t) =
! t

0 Yk(t
′)ζ (t ′)dt ′.

The magnetic field has thus a fluctuating growth rate con-
trolled by the random variable I(t). It is then pleasant to re-
alize that this quantity has been studied by Jean Farago [7].
Indeed, the velocity of a particle subject to a random force in
a viscous fluid satisfies Eq. 4 where ζ is the random force and
ηk2 the damping rate. The quantity of our desire, I(t), is then
the energy injected by the random force into the particle.

This quantity follows a law of large deviation and at long
time its probability density function takes the form

P(I = tε)≃ e−tg(ε) . (10)

where ≃ means that the log are equivalent and g the rate func-
tion is given for positive energy by

g(ε) =
ηk2D

4ε
(

ε

D
− 1)2 , (11)

and is infinite for negative ε [8].
We can now calculate the growth rate of the moments of the

magnetic field, defined by ⟨Bn⟩s ∝ eλnt . We have

⟨Bn⟩s ∝
"

enηk2αKεt−ηnK2tP(ε)dε ≃
"

e−t(g(ε)−nηk2αKε)−ηnK2t dε. (12)

For large t, this is evaluated by Laplace method. Let εc(n)
be solution of g′(ε) = nαηk2K, the growth rate of the n-th
moment is

λn =−g(εc)+ nεcηk2αK − nηK2. (13)
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is shown as a function of time t
for different Rm. The parameter K/k = 0.01.

Provided εc is real, we obtain

λn =−nηK2 +
ηk2

2
(1−

√
1− 4DnKα) . (14)

and the logarithm of Bp grows like
'

ηk2αKD−ηK2
(

t.
Using log(|Bp|)/t ≃ limn→0 λn/n, a standard evaluation in sta-
tistical mechanics, we say that the evolution of the log of the
field is obtained from the one of the 0-th moment.

We thus find multiscaling of the moments: their growth
rates vary non linearly with the order n. Consequently the on-
set defined by the vanishing value of the growth rate depends
on n as k2αD/|K|≃ 1−n(K/k)2. Moments for large n, larger
than (4DKα)−1, diverge faster than exponentially.

There have been very few numerical investigations of
Kraichan-Kazantsev like dynamos. Most numerical stud-
ies considered the dynamo instability by a flow due to a
random forcing in the Navier-Stokes equations [4, 9]. A
numerical solution for the dynamo instability by a delta-
correlated gaussian distributed velocity field was done in
[10]. We use the same code which is a modified version of
[11]. We consider a flow of the Roberts type [12] defined as
v = ζ (t)U (cos(ky),sin(kx),cos(kx)+ sin(ky)). The govern-
ing equations are solved in a domain [2πL,2πL] with periodic
boundary conditions. We choose a flow depending on 2 coor-
dinates as it is less computationally expensive thus allowing
us to do statistics over a long time series. This eventually
helps us to have more accurate estimates of the higher order
moments.

We show in fig. 1 the total magnetic energy defined as
%

|B2|
&

=
! !

B†B dxdy as a function of time t with K/k =
0.01. We calculate the growth rate λn of the moments of the
magnetic field from the numerical solution. Figure 2 shows
λn/n as a function of n for different values of Rm defined
as Rm = U/(ηk). The n = 0 value (limn→0 λn/n) gives the
growth of logarithm of the magnetic field. The numerical re-
sults and the theoretical solutions seem to agree very well. We
note that λn/n stays constant for different values n hence the
growth rate of the moments λn scales linearly in n.

We can thus write the	evolution of	 the	field

where

and

We recognize the	equation for	the	speed	of	a	Brownian particle (Yk)	and	the injected energy
by	the	fluctuating force	(I(t))

This	has	been	studied recently by	J.	Farago (J.	Stat.	Phys.	2002)

I	is a	random variable	and	satisfies a	law of	large	deviation

2

where the tensor α̃αα is obtained from ααα and βββ which are the
alpha and beta tensor [6] that would be obtained with ζ (t) = 1,
namely

αpq = (2π)−3i ∑
k,|k|=k

kq

ηk2
(û(−k)× û(k))p , (6)

βpqr = (2π)−3εpmq ∑
k,|k|=k

ûm (−k) ûr (k) . (7)

The antisymmetric part of the α̃αα-tensor leads to an advection
of the field and does not affect the growth rate. We thus con-
sider a symmetric tensor. We then change coordinate to di-
agonalize it so that α̃αα⟨B⟩ = (α1⟨B⟩1,α2⟨B⟩2,α3⟨B⟩3). The
most unstable mode is obtained by finding, among the αi of
same sign, the two largest |αi|, say α1 and α2 and considering
a magnetic field of the form ⟨B⟩ = B̄e−iKz. For positive α1,2,
the eigenmode Bp =

√
α1B̄1 + i

√
α2B̄2 satisfies

dBp

dt
= Yk(t)ζ (t)αηk2KBp −ηK2Bp . (8)

where α =
√

α1α2 from which we obtain the large-scale mag-
netic field as

Bp(t) = Bp(0)e
αηk2KI(t)−ηK2t . (9)

where I(t) =
! t

0 Yk(t
′)ζ (t ′)dt ′.

The magnetic field has thus a fluctuating growth rate con-
trolled by the random variable I(t). It is then pleasant to re-
alize that this quantity has been studied by Jean Farago [7].
Indeed, the velocity of a particle subject to a random force in
a viscous fluid satisfies Eq. 4 where ζ is the random force and
ηk2 the damping rate. The quantity of our desire, I(t), is then
the energy injected by the random force into the particle.

This quantity follows a law of large deviation and at long
time its probability density function takes the form

P(I = tε)≃ e−tg(ε) . (10)

where ≃ means that the log are equivalent and g the rate func-
tion is given for positive energy by

g(ε) =
ηk2D

4ε
(

ε

D
− 1)2 , (11)

and is infinite for negative ε [8].
We can now calculate the growth rate of the moments of the

magnetic field, defined by ⟨Bn⟩s ∝ eλnt . We have

⟨Bn⟩s ∝
"

enηk2αKεt−ηnK2tP(ε)dε ≃
"

e−t(g(ε)−nηk2αKε)−ηnK2t dε. (12)

For large t, this is evaluated by Laplace method. Let εc(n)
be solution of g′(ε) = nαηk2K, the growth rate of the n-th
moment is

λn =−g(εc)+ nεcηk2αK − nηK2. (13)
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Provided εc is real, we obtain

λn =−nηK2 +
ηk2

2
(1−

√
1− 4DnKα) . (14)

and the logarithm of Bp grows like
'

ηk2αKD−ηK2
(

t.
Using log(|Bp|)/t ≃ limn→0 λn/n, a standard evaluation in sta-
tistical mechanics, we say that the evolution of the log of the
field is obtained from the one of the 0-th moment.

We thus find multiscaling of the moments: their growth
rates vary non linearly with the order n. Consequently the on-
set defined by the vanishing value of the growth rate depends
on n as k2αD/|K|≃ 1−n(K/k)2. Moments for large n, larger
than (4DKα)−1, diverge faster than exponentially.

There have been very few numerical investigations of
Kraichan-Kazantsev like dynamos. Most numerical stud-
ies considered the dynamo instability by a flow due to a
random forcing in the Navier-Stokes equations [4, 9]. A
numerical solution for the dynamo instability by a delta-
correlated gaussian distributed velocity field was done in
[10]. We use the same code which is a modified version of
[11]. We consider a flow of the Roberts type [12] defined as
v = ζ (t)U (cos(ky),sin(kx),cos(kx)+ sin(ky)). The govern-
ing equations are solved in a domain [2πL,2πL] with periodic
boundary conditions. We choose a flow depending on 2 coor-
dinates as it is less computationally expensive thus allowing
us to do statistics over a long time series. This eventually
helps us to have more accurate estimates of the higher order
moments.

We show in fig. 1 the total magnetic energy defined as
%

|B2|
&

=
! !

B†B dxdy as a function of time t with K/k =
0.01. We calculate the growth rate λn of the moments of the
magnetic field from the numerical solution. Figure 2 shows
λn/n as a function of n for different values of Rm defined
as Rm = U/(ηk). The n = 0 value (limn→0 λn/n) gives the
growth of logarithm of the magnetic field. The numerical re-
sults and the theoretical solutions seem to agree very well. We
note that λn/n stays constant for different values n hence the
growth rate of the moments λn scales linearly in n.



We thus have	a	formula	 for	the	growth rate	of	the	n-th	moment

Multiscaling (growth rate	not	linear in	n,	larger n	faster than
exponential)	due	to	intermittency,

the	onset depends on	the	considered moment
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considering the full set of Navier Stokes along with
the induction equation. The velocity field is forced
by a forcing which is random in time of the form
f = ζ (t) f0 (cos(ky),sin(kx),cos(kx)+ sin(ky)) with
⟨ζ (t)ζ (0)⟩s = δ (t). The governing equations are

∂tv+ v ·∇v=−
1

ρ
∇p+ν ∆v+ f−

1

ρ
⟨(J×B)⟩z (17)

∂tB = ∇× (v×B)+η ∆B. (18)

Here J = 1
µ0

∇×B is the current, ⟨·⟩z denotes averaging along
the z-direction. The Lorentz force is averaged along the z-
direction to maintain the independence of the flow on z. We
solve for the system of equations for the parameters K/k =
0.25, Re =

'

f0/k/(νk) = 0.05. We plot the amplitude of the

time averaged magnetic field
%

|B|2
&

as a function of Rm de-

fined here as Rm =
'

f0/k/(ηk). The same conclusions as
for the first nonlinear model apply. In particular the thresh-
old is given by the 0-moment of the magnetic field and higher
moments underestimate the threshold [15].
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FIG. 6: The time averaged magnetic energy
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from the solu-

tions of Eq. 17, 18 is shown for different values of Rm. The contin-
uous vertical lines are the predictions of threshold Rmc for different
moments n using the kinematic simulations. The dotted lines dis-
play the error bar. The parameter corresponding to these runs are
K/k = 0.25, Re = 0.05.

The model investigated here displays strong intermittency
with the growth rate of the n-th moment depending non lin-
early on n. In particular the threshold of instability calculated
from the linear equation depends on n. When nonlinear effects
are considered, the threshold becomes uniquely defined and is
provided by the log of the field. We point out that most stud-
ies on Kazantsev dynamo focus on the n = 2 moment and are
likely to give at best an approximation of the onset. Out of the
dynamo context, it seems worth investigating whether simi-
lar behaviors play a role in other systems with multiplicative
noise, such as the advection of a passive scalar by a turbulent
flow.

Finally, our results draw a link between a highly out
of equilibrium system (turbulent dynamo) and a classical
example of stochastic process (Brownian particle). This has
two interesting consequences. First other tools of statistical
mechanics can be used to study the dynamo in that context, in
particular instanton methods and concentration of measure.
Second, a similar approach is expected to be of interest in
a variety of problems when scale separation can be used,
including but not restricted to other hydrodynamic instability
such as the anisotropic kinetic alpha effect (aka) for instance
[16].

Rh ∝
√

I B (19)

UL (20)

F.P. thanks W.R. Young for several enlightening discussions
on the large deviation function of the injected power to a
Brownian particles.

2

where the tensor α̃αα is obtained from ααα and βββ which are the
alpha and beta tensor [6] that would be obtained with ζ (t) = 1,
namely

αpq = (2π)−3i ∑
k,|k|=k

kq

ηk2
(û(−k)× û(k))p , (6)

βpqr = (2π)−3εpmq ∑
k,|k|=k

ûm (−k) ûr (k) . (7)

The antisymmetric part of the α̃αα-tensor leads to an advection
of the field and does not affect the growth rate. We thus con-
sider a symmetric tensor. We then change coordinate to di-
agonalize it so that α̃αα⟨B⟩ = (α1⟨B⟩1,α2⟨B⟩2,α3⟨B⟩3). The
most unstable mode is obtained by finding, among the αi of
same sign, the two largest |αi|, say α1 and α2 and considering
a magnetic field of the form ⟨B⟩ = B̄e−iKz. For positive α1,2,
the eigenmode Bp =

√
α1B̄1 + i

√
α2B̄2 satisfies

dBp

dt
= Yk(t)ζ (t)αηk2KBp −ηK2Bp . (8)

where α =
√

α1α2 from which we obtain the large-scale mag-
netic field as

Bp(t) = Bp(0)e
αηk2KI(t)−ηK2t . (9)

where I(t) =
! t

0 Yk(t
′)ζ (t ′)dt ′.

The magnetic field has thus a fluctuating growth rate con-
trolled by the random variable I(t). It is then pleasant to re-
alize that this quantity has been studied by Jean Farago [7].
Indeed, the velocity of a particle subject to a random force in
a viscous fluid satisfies Eq. 4 where ζ is the random force and
ηk2 the damping rate. The quantity of our desire, I(t), is then
the energy injected by the random force into the particle.

This quantity follows a law of large deviation and at long
time its probability density function takes the form

P(I = tε)≃ e−tg(ε) . (10)

where ≃ means that the log are equivalent and g the rate func-
tion is given for positive energy by

g(ε) =
ηk2D

4ε
(

ε

D
− 1)2 , (11)

and is infinite for negative ε [8].
We can now calculate the growth rate of the moments of the

magnetic field, defined by ⟨Bn⟩s ∝ eλnt . We have

⟨Bn⟩s ∝
"

enηk2αKεt−ηnK2tP(ε)dε ≃
"

e−t(g(ε)−nηk2αKε)−ηnK2t dε. (12)

For large t, this is evaluated by Laplace method. Let εc(n)
be solution of g′(ε) = nαηk2K, the growth rate of the n-th
moment is

λn =−g(εc)+ nεcηk2αK − nηK2. (13)
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FIG. 1: The magnetic energy
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is shown as a function of time t
for different Rm. The parameter K/k = 0.01.

Provided εc is real, we obtain

λn =−nηK2 +
ηk2

2
(1−

√
1− 4DnKα) . (14)

and the logarithm of Bp grows like
'

ηk2αKD−ηK2
(

t.
Using log(|Bp|)/t ≃ limn→0 λn/n, a standard evaluation in sta-
tistical mechanics, we say that the evolution of the log of the
field is obtained from the one of the 0-th moment.

We thus find multiscaling of the moments: their growth
rates vary non linearly with the order n. Consequently the on-
set defined by the vanishing value of the growth rate depends
on n as k2αD/|K|≃ 1−n(K/k)2. Moments for large n, larger
than (4DKα)−1, diverge faster than exponentially.

There have been very few numerical investigations of
Kraichan-Kazantsev like dynamos. Most numerical stud-
ies considered the dynamo instability by a flow due to a
random forcing in the Navier-Stokes equations [4, 9]. A
numerical solution for the dynamo instability by a delta-
correlated gaussian distributed velocity field was done in
[10]. We use the same code which is a modified version of
[11]. We consider a flow of the Roberts type [12] defined as
v = ζ (t)U (cos(ky),sin(kx),cos(kx)+ sin(ky)). The govern-
ing equations are solved in a domain [2πL,2πL] with periodic
boundary conditions. We choose a flow depending on 2 coor-
dinates as it is less computationally expensive thus allowing
us to do statistics over a long time series. This eventually
helps us to have more accurate estimates of the higher order
moments.

We show in fig. 1 the total magnetic energy defined as
%

|B2|
&

=
! !

B†B dxdy as a function of time t with K/k =
0.01. We calculate the growth rate λn of the moments of the
magnetic field from the numerical solution. Figure 2 shows
λn/n as a function of n for different values of Rm defined
as Rm = U/(ηk). The n = 0 value (limn→0 λn/n) gives the
growth of logarithm of the magnetic field. The numerical re-
sults and the theoretical solutions seem to agree very well. We
note that λn/n stays constant for different values n hence the
growth rate of the moments λn scales linearly in n.

Test	for	a	Roberts	flow	with random amplitude
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values of Rm. The parameter K/k = 0.25.

In order to observe a nonlinear scaling near the threshold
we need to reduce the scale separation. Indeed expanding Eq.
14 for the flow studied here, one gets

λn =− nηK2 +ηk2
!

n
DU2

η

K

k
(1−

K

k
)+

n2 D2U4

η2

K2

k2
(1−

K

k
)2 + · · ·

"

. (15)

Anticipating from the 0-moment the value of the onset to
be DU2/η = K/k(1 − K/k)−1, we obtain at onset λn =
ηk2n2K4/k4. Thus for K/k ≪ 1 and n ∼ O(1) the growth
rate λn scales linearly with n, but as we increase K/k we
can start to see contributions from higher orders of n. Us-
ing K/k = 0.25, we show λn/n as a function of n for different
values of Rm in figure 3. The scaling of λn is nonlinear with
respect to n.

The results presented so far show that the moments cal-
culated from the linear induction equation have different on-
sets. The reader familiar with usual instabilities should be
worried at that stage. This paradoxical behavior is actu-
ally reminiscent of any bifurcating system in the presence
of multiplicative noise. Consider the canonical model ẋ =

(µ + ζ (t))x − x3 where µ is the control parameter and ζ a
white noise of autocorrelation Dδ (t). Dropping the nonlinear

term, the solution reads x(t) = x(0)exp(µt+
# t

0 ζ (t′)dt′) so that

⟨xn⟩ ∝ exp(nµt+n2Dt/2). The onset of the n-th moment is given
by µc =−nD/2. This traces back to the intermittent behavior
of x: there exists, on rare occasion, coherent occurences of the
noise during which x keeps on growing exponentially for long
durations. These phases provide large contributions for large
moments of the field and are responsible for the decrease of
µc as a function of n [5]. It is important to realize that these
events are suppressed as soon as a nonlinearity is taken into
account. Indeed, the Fokker-Planck equation for the nonlin-
ear model can be solved easily. It shows that for negative µ , x

tends to 0 and that this solution is unstable for positive µ . The
onset when taking nonlinearities into account is thus µc = 0. It
is given by the onset of the n-th moment of the linear problem
when n tends to zero. In other words, the onset corresponds
to the onset of the logarithm of the field, the Lyapunov, when
calculated from the linear equation. This result holds even for
extended systems [13] .

In the context of Kraichnan-Kazantsev dynamo, the onset is
thus given by the change of sign of the variation of log of the
magnetic field calculated from the linear problem, and not by
the behavior of any other moment, in particular, not by the one
of n = 2 associated to the energy of the field. To test this pre-
diction we have performed numerical simulations that include
nonlinear effect for the magnetic field. If we solve for the
full MHD system of equations we need to solve a 3D flow as
the nonlinearity makes the 2D problem become 3D. In order
to remain computationally tractable we consider two simpler
forms of nonlinearity. First we consider a phenomenological
third-order nonlinearity in the induction equation to saturate
the magnetic field,

∂B

∂ t
= ∇×

$

v×B− |B|2B
%

+η∇2B . (16)

The time series of the magnetic field is shown in figure 4 for
different values of Rm. We can see that the field is highly
intermittent. We show the amplitude of the time averaged

magnetic field
&

|B|2
'

as a function of Rm in figure 5. The

solid dark line denotes a linear fit through the data points.
The x-intercept of the linear fit is the actual threshold of the
dynamo instability. The threshold from the kinematic dy-
namo results for different moments n are shown by vertical
lines. The vertical and horizontal error bars are calculated us-
ing standard bootstrap algorithm with 95%-confidence inter-
val [14]. We obtain Rmc(n = 0) = 0.1967±0.0016, Rmc(n =
1) = 0.1895± 0.0024, Rmc(n = 2) = 0.1717± 0.0035. The
error bars of the x-intercept of the linear fit which gives the
error in calculating the threshold of the instability for the non-
linear problem is also done by a bootstrapping algorithm. We
have Rmc(NL) = 0.1970± 0.0011. As we can see the predic-
tion from the 0-moment captures the instability clearly while
the 2-order moment underestimates the threshold.

A second model of nonlinearity is introduced by



Conclusion

For	a	turbulent	dynamo:
*	the	growth rate	of	 the	moment	of	order n	calculated from the	kinematic equation depends non	
linearly on	n
So	that the	onset then depends on	the	considered moment.

This	is due	to	the	multiplicative	effect of	the	fluctuations	
and	

To	considering the	linear induction	equation only

Indeed,	 there are	rare	events where the	fluctuations	act coherently and	increase the	field to	huge
values.

These rare	but	large	events contribute to	the	moments	of	high order
but	they would be erased if	we were to	consider the	full	nonlinear equations

*	the	onset of	instability is correctly predict by	the	behavior of	the	log	of	the	field (moment	of	0th	
order)

*	Predictions on	the	Kazantsev dynamo,	using the	kinematic equation and	based on	the	energy of	the	
field (2nd moment,	or	other moments	of	n>0)	are	at	best	approximations

K.	Seshasayanan and	F.	Pétrélis,	EPL	122,	64004,	2018



Effet	AKA	(Frish,	She et	Sulem)

Problème	hydro

Séparation	échelle,	Eq.	Petites	échelles

Pour	les	grandes	échelles,	tenseur	de	Reynolds

Exemple crée	une	instabilité	grande	échelle



Utilisation	de	détecteurs	CO2	pour	améliorer	l’aération	dans	les	locaux	confinés	
	
	
	
	
	
	
	
	
	
	
	
	
http://projetco2.fr/

Webinaires				(chaine	youtube	du	département	de	physique	de	l’ENS)		
	
https://www.youtube.com/watch?v=XAFM7LRgZ2k



log(B)

Illustration	on	a	typical turbulent	dynamo	simulation

Averaged spatially,	a	moment	of	 the	field (should be fine	if	not	too spatially intermittent)	
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