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Principles

@ Raised temperatures “softens” the material in some way.

@ Temperature heterogeneities: localizing effect.
Hot spots’ local viscosity drop and material will flow.

@ Heat dissipation smoothes heterogeneities: stabilizing effect.
Homogeneizing the temperature homogeneizes the flow.
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Mathematical Description

@ Relevant quantities in simple shear:
deformation (shear) Dy
shear-rate y=u
velocity field (lagrangian) : v
scalar stress Lo
temperature 10

@ Equations (dimensionless)

OtV = Oxo,
gy = OxV,

0t = KOxx0 + o7
o =1(0,7,7)

@ In the following Arrhenius law: o = e~ *%4"
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Uniform Shear

Definition: solution whose shear-rate is independent of time and space:

’.}/s(t,X) = 1,
"}/s(t, X) = t,
vs(t, x) = X,

fs and o depend only on time and solve equations

9'3: f(937t71)

0'3203

J. Olivier (12M) On Shear-Banding in the Arrhenius Model March 2, 2023

7/41



Questions

@ Mathematical indication of the competition between dissipation
and thermal softening?

@ Mathematical description of the shear band velocity profile (if
any)?
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Shearing System

Shearing system is
81V — 8)(0',

81"7 = 8X v,
06 = Uat")/ + l‘iaxxea
o = e‘a"(ayy)”.

Setting u = 4 = Oy v it reduces to

atu == axxa',
8t9 =oU+ Haxxe,
o=e "

Rk: f01 u(t, x)dx = v(t,1) — v(t,0).
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Uniform Shear

The uniform shear reads

1
US(LX) = 17 93(t7X): alog(at"i_k())? US(t7X): Oét‘i‘ko,

Note that

t——+o0

What is an unstable perturbation of (us, fs,05)?
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Relative Perturbation

@ Introduce (i, 7~', S) the relative perturbation to the uniform shear:

. e—oz@

U= T — s=2Z.

’ e - e—a93 ) O-s

u
Us
° (U,T,S) satisfies

UsOU = 06(1) DS,
8{7— = O'S(t)usga — 8t05(t) + Haxx%7

os(1)S = ea0s(Dyng=aTyn
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Time Change

Introduce a new time variable 7 such that

ot (t) = os(t),
7(0) = 0.

@ For Arrhenius’ Law
1 «

@ Obtain the system

87-2/{ - 8)()(8,
O;T =8SU — 1+ kg™ Oxx T,
S = e—o/TZ/{n7
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Linearization around Uniform Shear

@ Investigate the linear stability of the uniform shear
u,7,8)=>1,0,1)
@ Linearized system:

é)rll - é)xx:g
aTT:u‘i‘S"‘%axxT
Si=nUd —aT

@ Study the differential system

Z)rZJ = ,7éyxxll — Clé%517r
é}r,7- == (I7‘+‘ 1 )ll — C117- 4‘ ;569X3(17-
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Fourier Analysis
@ Apply Fourier transform in x:
8, Uy = —Pnlf; + jaT;
8, T; = (n+ VU — oT; — PRT;

@ In the following, either x = 0 or ke is frozen to a constant value
@ Always diagonalizable
@ Sum of eigenvalues < 0. Product of eigenvalues:

2 (n%jZ - a)

If K = 0 all modes unstable;

» if n =0 Hadamard instability
» if n > 0 Turing instability

if & > 0 a few modes linearly unstable
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A word of caution

@ Frozen coefficient analysis can be misleading

X\ -1+ %cos(l‘)2 1 — 3 cos(t)sin(t)\ (x
y) \=1-3cos(t)sin(t) —1+ 3sin(t)? y
e Vit fixed, eigenvalues are —1 + ¥/
@ x(t) = —e'/2cos(t), y(t)e!/?sin(t) is a solution.
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Linear stability with time

When k > 0:

Theorem
@ Linearized system is L? stable in the sense that Ve > 0,35 > 0,

1(0), T(0))l|Le <& = sup 1@U(7), T(T)llLe <€

@ (us,0s) is linearly asymptotically stable.

.
k=0.5, a=0.5, n=0.05 k=0.5, a=0.5, n=0.05
08 7 %
,UDB . /\
04
02 3
00 10 1 10
PR “Toa g 2 o
0 00 0 00
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Ideas of proof

Take appropriate boundary conditions.

Lemma
There exists A,c > 0, and T > 0 such that for all = > T:

1 1
/0 qu(T) F %TQ(T) < </0 gl/lz(T) + %TZ(T)> e ¢(r=T)

Lemma
There exists B, Cg > 0 such that for all 7 > 0:

1 1
/0 %UZ(T) + gTz(r) < (/0 %uz(O) + gTZ(O)) eCer.
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Framework

@ x=0
@ Introduce a large time scale Tand s =7/T, y = x/V/T.
@ Rescaled equation:

1
S = e—aTun

@ and expandini1/T
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Main Order

@ Main order system:
é)sllb = é)xy:go

0 =UySy — 1
So = e“”f’ué’
@ How to solve:

1 n+1 1
- - | _ o
So U To " og(Uo), Oslhy = Oyy < L{0>
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Linearized Order

@ System:

0sTo = UpS1 + Splhy
S = e (U~ — alUg'Ty)

@ Only U4 needed for the sequel. From 2"9 equation:

U 1 n+1
S B log
81 ug—'-uo S( a Og 0)

@ Conclusion:

Uu 1 n+1
0
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Chapman-Enskog

@ Goal: find an effective equation approximating the system at order
1/T2.

e Define U = Uy + 1l

@ Combine equations for Uy and U;:

~ 1 Tn+1, 1 ‘I 1
u T « w2 T2

@ Red part: backward parabolic; unstable
@ Green part: fourth order; stabilizing as 2t > 0

J. Olivier (12M) On Shear-Banding in the Arrhenius Model March 2, 2023 24/41



Linearization+Fourier

@ Linearization around &/ = 1:

n-+1
Osh = —0yyh — To ——Oyyyyh.

@ Fourier:

as/“vzgz( ”“52)
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Localization

@ Go back to the perturbation system (x = 0)

éirll - é)xxé;,
0. T =SU —1,
S = e—oz'Tz/{n7

@ Goal: examine the possibility for some solutions to concentrate.
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Self-similarity

Looking for concentrating solution set

X

R(r)

S(T’X) =

@ Find R such that lim,_,. R(7) =0
@ Find profile solutions satisfying:

T(r,x) = © (RZ‘T)) _ ”Z ! 1og R(7),

S(r,x) = R(r)T <%> :
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Profile Equations

@ Plugging the ansaetze for (U, T, S) yields

o-R X B
- (U+ﬁagu) = DY,

0,R x n+10,R
Y = e 2®U"

@ Set—2%f —c (R(r)=e™)
e Define c. =1+ ¢
@ Assume U, ©, X even
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Goal

We aim to find solutions to

(Z/ — €U7
’
0 =5U - (1 e )
(0]
— ——
Ce
Y = e “OUn.

\

@ Singular when ¢ — 0
@ Singular whene — 0

@ We want C' solutions on [0, 4oc.
Consequence: ¥ (0) and U(0) are positive
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“Algebraicity”

@ SetV =¢e1°,
@ Obtain the system

( s1/n
Y =
g w Y
eV = % (cgw - z1+1/") ,
s1/n
\ U= v

@ Same singularity, no exponential
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Far-field

@ For &£ away from 0: exact solution

U = ¢ w(g) =&, T(¢) =
corresponds physically to U(t, x) = |>1<|

@ Correct features but unbounded at x = 0.
@ Build on that solution: introduce

UE) = 1T(e),  w(e)="m0(e),  5(e) = £5(6).

£

4 |im§%0 f(f) = +o0,
limg0"1/7(c-W(¢€) - X&) =0
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Near-field

@ The system on (U,

V. %)
=1/n
— > —
Z/:T—Z,
§ v
/_g — 1+1/n
«f\U—ng(\U x )’
zj B §f1/n
ST

@ Singularity at £ = 0: now removable!
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Near-field

@ The systemon (U, V,X):
=1/n
— > _
2:/ _ T — 2:7
¢ v
3 _ % (5 1+1/n
V= ne <\U r )’
zj B §f1/n
. v

@ Singularity at £ = 0: now removable!
@ Sety = log¢ and f(¢) = f(n):

€0c1(€) = 0,(n)

@ Resulting system is autonomous
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From Infinite to Finite
° (f, \Tl) now satisfies:

@ Its asymptotic properties:

im ¥ (n) =400 ,im (n) =1
jlim () = +oo im W(n) =1

@ Bring infinite to finite:

v

B= Sttt

: A=

M) —
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Final System

e (B, ) satisfies:

xf:ﬁ(<1+e”“)x_1_5”+1§2)

ne o o

@ We look for solutions satisfying:

im B(n) = lim B(y) = 1
im_B(n) =0, m_B(n) =1,
nhToo A(n) < 400, 771!'1100 A(n) =1
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Theoretical Result

Theorem

@ The (B, \) system has the following properties:
@ Exactly two stationary hyperbolic points P = (0,1/c.) Q= (1,1). P
is a pure node while Q is a saddle point.
@ Forall s > 0, there exists an heteroclinic orbit that connects P to Q.

o Let (Bo, /\0) generate the heteroclinic orbit and let

By (1) = Bo(n + n0) and Ay (1) = Ao(n + o).
We have
. e
lim — =%, >0
=0 By (n)

and the function ng — ¥, is a bijection from R to R’ .
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Proof

@ Phase portrait

A
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@ Global estimation:

0 < B < B(1 — B?) implies =

J. Olivier (12M)
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Existence of Shear Band Profiles

Theorem
The family (depending onr > 0)

[« \/r B B, (Iogf)
Ut x) = (k—0t+ 1) fl\no(logﬁ)

_ A 2 11/n_ Am(log€)
(=" s (g 11) - T (§+ Byy(log €)' +1/7
1 ¢

S(t,x) = - = ,
(kﬁot+1)1/ By, (log )

1

where {(t, x) = ( = F 1> X, describes a shear-band.
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Numerical illustration

12

J. Olivier (12M)

u(z,t), =0.5,n=0.1,1=0.1

t=200
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Summary

@ In adiabatic regime, perturbations of the uniform shear are
Hadamard unstable for fluids following Arrhenius’ Law.

@ In the long time asymptotics, an effective equation recovers some
stability.
@ There exist a solution describing a shear band.
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