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1 Introduction: stochastic perturbation of fluid equations
Ergodicity for 2D and 3D incompressible Navier-Stokes equations: see the review [4].
Construction of a Feller semi-group for 3D incompressible Navier-Stokes equations: [3].
Stochastic perturbation of incompressible Euler equations: see [2] and references therein. In [2],
the stochastic 2D Euler equations in vorticity form is considered. The equation is (with D the
torus T2)

dξ + u · ∇xξdt+
N∑
k=1

σk(x)∇xξ ◦ dβk(t) = 0, (1.1)

where β1(t), β2(t), . . . are independent 1D Wiener processes on a filtered space (Ω,F ,P, (Ft)t≥0),
σ1, σ2, . . . are divergence-free 2D vector fields and u is given by the Biot-Savart Law:

u = −∇⊥∆−1ξ, u(x) =
∫
D

KD(x, y)ξ(y)dy, KD(x, y) = ∇⊥xGD(x, y), (1.2)

where D is the spatial domain, GD the Green function of the Laplace operator with homogeneous
Dirichlet boundary conditions on D. The main result of [2] is that (1.1)-(1.2) has unique solution
when the initial vorticity is L∞(T2).
In the paper [7], Full well-posedness of point vortex dynamics corresponding to stochastic 2D
Euler equations by Gubinelli, Flandoli, Priola, the point vortex dynamics associated to (1.1)-
(1.2) is considered: taking

ξin =
n∑
j=1

ajδxj
, x1, x2, . . . ∈ D, (1.3)

as initial vorticity, the expected solution to (1.1)-(1.2) is ξt =
∑
j ajδxj(t), where the positions

xj(t) of the center of the vortices evolve according to the following system of SDEs:

dxj(t) =
∑
i 6=j

aiKD(xj(t), xi(t))dt+
∑
k

σk(xj(t)) ◦ dβk(t). (1.4)

Last bibliographic references: in the paper [6], Flandoli studies the 2D Euler equation with
(space) white noise initial condition and proves the convergence of the point vortex approxima-
tion. The result is extended to the stochastic 2D Euler equation (with the same structure of
noise as in (1.1), - and N =∞) in [8].
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2 Point vortex deterministic dynamics
We refer to the book [10] by Marchioro and Pulvirenti (chapter 4). Contrary to [7], the spatial
domain in [10, Chapter 4.] is the whole space R2 (the case of the 2D-torus was considered in the
anterior work [5]). For the deterministic version of (1.4) in the whole space:

dxj(t)
dt

=
∑
i 6=j

aiK(xj(t), xi(t)), K(x, y) = ∇⊥xG(x, y), G(x, y) = − 1
2π ln |x− y|, (2.1)

Marchioro and Pulvirenti show first that the vortices remain in a bounded domain under the
condition

∀π ⊂ {1, . . . , n},
∑
i∈π

ai 6= 0. (2.2)

More precisely, consider a regularized version of (2.1):

dxεj(t)
dt

=
∑
i 6=j

aiKε(xεj(t), xεi (t)), Kε(x, y) = ∇⊥xGε(x, y), Gε(x, y) = − 1
2π lnε |x− y|, (2.3)

where ε > 0 and lnε ∈ C∞(R) satisfies:

lnε(z) = ln |z| if |z| > ε, | lnε(z)| ≤ | ln |z|| and
∣∣∣∣ ddz lnε(z)

∣∣∣∣ ≤ |z|−1 for all z ∈ R. (2.4)

For the dynamics defined by (2.3), we have global existence and the following result.

Theorem 2.1 (See [10] p. 142). Let T > 0, ε ∈ (0, 1). Under (2.2), there exists a constant R ≥ 0
depending on T, n, a1, . . . , an only such that the solution to (2.3) satisfies xεj(t) ∈ B̄(xεj(0), R) for
all j ∈ {1, . . . , n}, t ∈ [0, T ].

Remark 2.1 (Condition (2.2) is necessary). If n = 2 and a1 = −a2 = a > 0 with d = |x1(0) −
x2(0)| > 0, then the two vortices (solution to (2.1), but also (2.3) if d > ε) move in parallel,
in the direction orthogonal to the line (x1, x2). Some explicit computations gives that, at time
T , the vortices have travelled a distance a

πd , where d is their distance (constant in time thus).
Taking d = 2ε, we see that the condition (2.2) is necessary in Theorem 2.1.
Once Theorem 2.1 is established, Marchioro and Pulvirenti prove that (2.1) is well posed for
a.e. initial condition. The dynamics (2.1) and the regularized dynamics (2.3) coincide as long as
the vortices remain at distance at most ε from each other, that is to say dε(X) ≥ ε, where, for
X = (xj)1,n ∈ Dn (D = R2) the vector of initial positions,

dε(X) = min
i6=j

inf
t∈[0,T ]

|xεi (t)− xεj(t)|, (2.5)

with (xεj(t))1,n the solution to (2.3) starting from X. Therefore, in this approach to (2.1) by
the regularization (2.3), we have to estimate the occurrence of the event dε < ε. Consider
X ∈ B̄2n(0,M) and let λ be the normalized Lebesgue measure on B̄2n(0,M). We have the
following result.

Theorem 2.2 (See [10] p. 144). Let T > 0. Under (2.2), the probability of ε-collisions between
vortices vanishes when ε→ 0:

lim
ε→0

λ({X ∈ B̄2n(0,M); dε(X) < ε}) = 0.
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Proof of Theorem 2.2. Let Φεt (X) denote the flow associated to (2.3): Xε(t) := Φεt (X) is the
solution to (2.3) starting from X. Let Iε denote the functional

Iε(X) = −π
∑

1≤i6=j≤n
Gε(xi, xj) = 1

2
∑

1≤i6=j≤n
lnε |xi − xj |. (2.6)

The control of supt∈[0,T ] |Iε ◦ Φεt | in L1(λ) gives the result. Indeed, for ε small enough, we have

dε(X) < ε =⇒ sup
t∈[0,T ]

|Iε ◦ Φεt (X)| > 1
2 | ln ε|, (2.7)

and thus, by the Markov inequality,

λ({X ∈ B̄2n(0,M); dε(X) < ε}) ≤ 2
| ln ε|

∫
B̄2n(0,M)

sup
t∈[0,T ]

|Iε ◦ Φεt (X)|dλ(X). (2.8)

The argument for (2.7) is the following one: if |xi(t)−xj(t)| < ε for some indices i 6= j and some
t ∈ [0, T ], then i and j both give a contribution at least − ln ε to −P εt Φε(X), which can not be
compensated by some positive terms, due to Theorem 2.1, or at least not more than 1

4 | ln ε| if ε
is small enough. Therefore the negative part of Iε ◦ Φεt (X) is larger than 3

4 | ln ε|. Similarly, the
positive part of Iε ◦ Φεt (X) is smaller than 1

4 | ln ε| for ε small enough, due to Theorem 2.1. This
gives (2.7). In a second step, we try to get an estimate on the integral in (2.8), and for this, we
take advantage of the special form of Iε. Indeed,

d

dt
Iε ◦ Φεt (X) = 1

2
∑
i

∑
j 6=i

(∇Gε)(xεi (t)− xεj(t))
d

dt
(xεi (t)− xεj(t))

because, with a slightly improper use of notations, we can write Gε(x, y) = Gε(x − y). We use
(2.3) then and see that the most singular terms

(∇Gε)(xεi (t)− xεj(t)) · (∇⊥Gε)(xεi (t)− xεj(t)),

which appear twice (with weight ai and aj respectively), vanish. More precisely, we obtain∣∣∣∣ ddt Iε ◦ Φεt (X)
∣∣∣∣ ≤ Jε ◦ Φεt (X), (2.9)

where
Jε(X) = a

∑
i

∑
j 6=i

∑
k 6∈{i,j}

|∇Gε(xi − xj)||∇⊥Gε(xi − xk)|. (2.10)

In (2.10), a := max1≤i≤n |ai|. Using (2.4), we have Jε(X) ≤ h1(X), where the function

h1 : X 7→ a
∑
i

∑
j 6=i

∑
k 6∈{i,j}

1
|xi − xj |

1
|xi − xk|

is in L1
loc(R2n). Indeed, the sum of h1 over a n-cell B̄2(0, R)× · · · × B̄2(0, R) in R2n is bounded

by
a
∑
i

∑
j 6=i

∑
k 6∈{i,j}

|B̄2(0, R)|n−2
∫
|xj |≤2R

dx

|xj |

∫
|xk|≤2R

dx

|xk|
,
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which is finite. Similarly, using (2.4), we obtain Iε(X) ≤ h0(X) where h0 is in L1
loc(R2n). By

(2.9), and the bounds by the functions hj , we have∫
B̄2n(0,M)

sup
t∈[0,T ]

|Iε ◦ Φεt (X)|dλ(X) ≤
∫
B̄2n(0,M)

h0(X)dλ(X) +
∫ T

0

∫
B̄2n(0,M)

h1 ◦ Φεt (X)dλ(X).

(2.11)
We use the fact that the flow Φεt preserves the 2n-dimensional Lebesgue measure (a consequence
of the identity div∇⊥ = 0 in 2D) and sends the ball B̄2n(0,M) into the ball B̄2n(0,M + R)
(Theorem 2.1) to deduce from (2.11) the bound∫

B̄2n(0,M)
sup
t∈[0,T ]

|Iε ◦ Φεt (X)|dλ(X) ≤
∫
B̄2n(0,M)

h0(X)dλ(X) + T

∫
B̄2n(0,M+R)

h1(X)dλ(X),

(2.12)
which is the desired estimate.

3 Point vortex stochastic dynamics
Let us consider now the full stochastic system (1.4). In [7], Gubinelli, Flandoli, Priola study
(1.4) and the regularized version

dxεj(t)
dt

=
∑
i6=j

aiK
]
ε(xεj(t), xεi (t)) +

∑
k

σk(xεj(t)) ◦ dβk(t), (3.1)

on the Torus T2. Since T2 is compact, there is no need to establish some bounds on Xε, solution
to (3.1), as in Theorem 2.1. Gubinelli, Flandoli, Priola show that (1.4) is well posed not only
a.e., but for all starting point Xin ∈ Γc, where

Γ =
⋃

1≤i 6=j≤n
{X ∈ (T2)n;xi = xj} (3.2)

is the set where collisions of vortices take place. To get such a result, Gubinelli, Flandoli, Priola
prove first that (1.4) is well posed a.e., a.s. (with a proof analogous to the proof of Theorem 2.2
in the deterministic case), and then use the fact that the law of Xt solution to (3.1) is absolutely
continuous with respect to the Lebesgue measure on T2, as soon as t > 0, to obtain

P(Xt ∈ Γc for all t ∈ [0, T ]) = 1. (3.3)

Actually, one has to consider not exactly Xt, but the process Xt killed at the time where collision
possibly occurs to establish (3.3) (see Section 3.2). A more important remark is that the absolute
continuity with respect to the Lebesgue measure on T2 of the law of Xt (t > 0) is not always
true. If Xt starts from X at time t = 0, then the absolute continuity is ensured if the vector
fields

Ak(X) := (σk(x1), . . . , σk(xn)) (3.4)
satisfy the following bracket generating condition:

V(X) = R2n, (3.5)

where

V0 = {Ak; 1 ≤ k ≤ n} , Vm+1 = Vm ∪ {[B,Ak];B ∈ Vm, 1 ≤ k ≤ n}, V = ∪m≥0Vm, (3.6)

and V(X) is the vector space generated by all the elements of V evaluated at X. The precise
statement of the main result in [7] is the following one.
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Theorem 3.1. Let σk ∈ C∞(T2) be divergence-free vector fields. Assume that the vector fields
Ak defined by (3.4) satisfy the bracket generating condition (3.5) at every point X ∈ Γc. Then,
for all X ∈ Γc, the system (1.4) has a unique global strong solution starting from X.

We have to specify the last sentence in Theorem 3.1.

Definition 3.1. A strong solution on [0, T ] to (1.4) starting from X ∈ Γc is a continuous adapted
process (X(t))t∈[0,T ] satisfying (3.3) and the identity

xj(t) = xj +
∫ t

0

∑
i 6=j

aiK
](xj(s), xi(s))ds+

∑
k

∫ t

0
σk(xj(s)) ◦ dβk(s), (3.7)

for all t ∈ [0, T ].

The uniqueness assertion in Theorem 3.1 can be proved as follows. Given two solutions (X(t)),
(X̃(t)), show that for all δ > 0, a.s., X(t) = X̃(t) for all t ∈ [0, τδ], where τδ is the stopping time
defined as the minimal time at which X(t) or X̃(t) leaves the compact Λδ, where

Λδ = {X ∈ (T2)n; d(X,Γ) > δ}. (3.8)

Indeed, the drift part in (1.4) is Lipschitz continuous on Λδ. Then we use (3.3), which gives
τδ → T when δ → 0, to conclude that X = X̃. The sketch of the proof of the existence part of
Theorem 3.1 is given in Section 3.1 and Section 3.2 below.

3.1 Argument 1
Theorem 3.2. Let σk ∈ C2(T2) be divergence-free vector fields. Then, for almost all X ∈ Γc,
the system (1.4) has a unique global strong solution starting from X.

Proof of Theorem 3.2. It is sufficient to prove the result for X ∈ Λδ, where δ is arbitrary (Λδ,
defined in (3.8), is the complement of the closed δ-neighbourhood of Γ). In Section 2, the proof
of Theorem 2.2 on ε-collisions in the deterministic case uses the estimate

λ({X ∈ B̄2n(0,M); dε(X) < ε}) ≤ C

| ln ε| , (3.9)

where C is twice the right-hand side of (2.12) (we combine (2.8) and (2.12)). Assume we have
an equivalent result in our stochastic context: for ε < δ,

(λ⊗ P)({X ∈ Λδ; dε(X) < ε}) ≤ C

| ln ε| . (3.10)

Let (εk) be a decreasing sequence such that the series of general term | ln εk|−1 is convergent.
By the Borel-Cantelli Lemma, we deduce from (3.10) that, for λ⊗P-almost all (X,ω) ∈ Λδ ×Ω,
there is a k0(X,ω) such that dεk

(Xω) ≥ εk for all k ≥ k0(X,ω). This can be rephrased as

τX(ω) = T, (3.11)

for λ⊗ P-almost all (X,ω) ∈ Λδ × Ω, where τX is the stopping time defined by

τX = lim
ε→0

τεX = sup
0<ε<1

τεX , τεX = inf{t ∈ [0, T ];Xε(t) /∈ Λε}. (3.12)
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By the Fubini Theorem, we obtain: for λ-almost all X ∈ Λδ, P(τX = T ) = 1. This gives the
result. To establish (3.10), the procedure is the same as in (2.7)-(2.8): we need an estimate∫

(T2)n

E

[
sup
t∈[0,T ]

|Iε ◦ Φεt (X)|
]
dλ(X) ≤ C, (3.13)

where Φεt is the (stochastic) flow for (3.1), Iε is the functional defined by (2.6), and the constant
C is independent on ε. The argument is simply a perturbation of the argument used in the
deterministic case. We rewrite (3.1) in Itô form:

dxεj(t) =
∑
i 6=j

aiK
]
ε(xεj(t), xεi (t))dt+

∑
k

1
2(∇σk · σk)(xεj(t))dt+ σk(xεj(t))dβk(t). (3.14)

This gives the differential equation

dXε(t) = (H](Xε(t)) +R(Xε(t)))dt+Q(Xε(t))dW (t), (3.15)

where Xε(t) is the matrix with ij-component xεj(t) − xεi (t), H](Xε(t)) is the deterministic part
(the one that remains when all the functions σk ≡ 0), W (t) is the vector with components
β1(k), . . . , βN (t) (an N -dimensional Wiener process) and

R(X)ij = 1
2
∑
k

[(∇σk · σk)(xj)− (∇σk · σk)(xi)] , |R(X)ij | . |Xij |, (3.16)

Q(X)kij = σk(xj)− σk(xi), |Q(X)kij | . |Xij |. (3.17)

To write the deterministic part in (3.15) as a function of X, we use the fact that, like1 the Green
function of the Laplace operator on the whole space, the Green function G](x, y) on the torus is
a function of x− y: G](x, y) = G](x− y) where

G](x) =
∑

m∈Z2\{0}

eim·x

|m|2
(3.18)

is an even function. (Note however that only the fact that (x, y) 7→ G](x, y) is symmetric does
matter). For the same reason, we have Iε(X) = Îε(X), where

Îε(X) = −π
∑

1≤i 6=j≤n
G]ε(Xij). (3.19)

By Itô’s Formula, we deduce from (3.15) that

Iε ◦ Φεt (X) = Iε(X) +
∫ t

0
DÎε(Xε(s)) · (H](Xε(s)) +R(Xε(s)))ds

+ 1
2
∑
k

∫ t

0
D2Îε(Xε(s)) · (Qk(Xε(s)), Qk(Xε(s)))ds+Mε(t), (3.20)

where Mε(t) is the martingale

Mε(t) =
∫ t

0
DÎε(Xε(s)) ·Q(Xε(s))dW (s).

1we also use the fact that G] defined by (3.18) has the same singularity that G at 0 and can be regularized in
a similar manner
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Since (3.1) is in Stratonovitch form and the σk are divergence free, the stochastic flow Φεt preserves
the Lebesgue measure λ on (T2)n. We can use the results of the deterministic case to get an
estimate∫

(T2)n

|Iε(X)|dλ(X) +
∫ T

0

∫
(T2)n

E|DÎε(Xε(t)) ·H](Xε(t))|dλ(X)dt ≤ C1. (3.21)

For the third and fourth term in the right-hand side of (3.20), we have, thanks to (3.16) and
(3.17), ∫ T

0

∫
(T2)n

E|DÎε(Xε(t)) ·R(Xε(t))|dλ(X)dt ≤ C2, (3.22)

and ∑
k

∫ T

0

∫
(T2)n

E|D2Îε(Xε(t)) · (Qk(Xε(t)), Qk(Xε(t)))|dλ(X)dt ≤ C3. (3.23)

To estimate the contribution of martingale term in (3.20), we use the Burkholder - Davis - Gundy
inequality [1, Theorem 5.70]: E

[
supt∈[0,T ] |Mε(t)|

]
≤ CE

[
〈Mε,Mε〉1/2T

]
, where

〈Mε,Mε〉t =
∑
k

∫ t

0
|DÎε(Xε(s)) ·Qk(Xε(s))|2ds

is the quadratic variation of (Mε(t)). Using again (3.17), we get∫
(T2)n

E

[
sup
t∈[0,T ]

|Mε(t)|
]
dλ(X) ≤ C4. (3.24)

Combining (3.21), (3.22), (3.23), (3.24), we get (3.13).

3.2 Argument 2
A corollary of Theorem 3.2 is the following result: consider the resolution of (1.4) starting from
an initial state ξ which is a F0-measurable random variable such that ξ ∈ Γc a.s. In that
context, we use the integral formulation (3.7) with ξj in place of xj and the approximation by
regularization of the singular kernel K]. We also define τξ as in (3.11). Assume that the law µξ
of ξ is absolutely continuous with respect to the Lebesgue measure. Then, a.s., (X(t)) is defined
globally in time. To prove this result, we introduce ∆, an isolated point, and let (X̂(t)) be the
killed process which coincides with (X(t)) if t < τξ and is equal to ∆ if t ≥ τξ. Then (X̂(t)) is a
Markov process. In particular, we have

P(X̂(t1; ξ) ∈ B1, . . . , X̂(tm; ξ) ∈ Bm) =
∫

(T2)n

P(X̂(t1;X) ∈ B1, . . . , X̂(tm;X) ∈ Bm)dµξ(X),

(3.25)
for all 0 ≤ t1 ≤ . . . ≤ tm, for all Borel subsets B1, . . . , Bm of (T2)n ∪ {∆}. Take

B1 = . . . = Bm = Λδ

and let t1, . . . , tm be the elements of a dense countable subset (tk) of [0, T ]. By continuity of the
trajectories, (3.25) gives at the limit [m→ +∞],

P(X̂([0, T ]; ξ) ∈ Λδ) =
∫

(T2)n

P(X̂([0, T ];X) ∈ Λδ)dµξ(X), (3.26)
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where
{X̂([0, T ]; ξ) ∈ Λδ} = {X̂(·; ξ)([0, T ]) ⊂ Λδ}.

Taking then the limit δ → 0 gives

P(X̂([0, T ]; ξ) ∈ Γc) =
∫

(T2)n

P(X̂([0, T ];X) ∈ Γc)dµξ(X). (3.27)

By Theorem 3.2, under the hypothesis that µξ is absolutely continuous with respect to λ, we
obtain

P(X̂([0, T ]; ξ) ∈ Γc) = 1. (3.28)
This proves our corollary. Eventually, we will complete the proof Theorem 3.1 by means of
(3.28). Let X ∈ Γc. There exists δ > 0 such that X ∈ Λ2δ. Let η ∈ (0, T ). We make the
distinction between the case τ δX ≤ η and τ δX > η:

P(X̂([0, T ];X) ∈ Γc) =P(X̂([0, T ];X) ∈ Γc; τ δX ≤ η) + P(X̂([0, T ];X) ∈ Γc; τ δX > η)
=P(X̂([0, T ];X) ∈ Γc; τ δX ≤ η) + P(X̂([η, T ];Xδ(η)) ∈ Γc; τ δX > η) (3.29)
=P(X̂([0, T ];X) ∈ Γc; τ δX ≤ η)− P(X̂([η, T ];Xδ(η)) ∈ Γc; τ δX ≤ η)

+ P(X̂([η, T ];Xδ(η)) ∈ Γc) (3.30)

The identity (3.29) is clear: if τ δX > η, then X and Xδ coincide on [0, η], and the occurrence
of collision for X(t), t ∈ [0, T ] is equivalent to the occurrence of collision for the trajectory
X(t), t ∈ [η, T ], which starts from X(η) = Xδ(η). Identity (3.30) is clear also (formula of total
probability). By (3.28), we have P(X̂([η, T ];Xδ(η)) ∈ Γc) = 1. Indeed, under (3.5), the law of
Xδ(η) is absolutely continuous with respect to the Lebesgue measure. This is a non-trivial result
of course, see the discussion in Section 4. It follows from (3.30) that

P(X̂([0, T ];X) ∈ Γc) ≥ 1− P(τ δX ≤ η).

By continuity of the trajectories, we have limη→0 P(τ δX ≤ η) = 0, hence P(X̂([0, T ];X) ∈ Γc) = 1,
which concludes the proof.

4 Hörmander’s condition
The condition (3.5) is not exactly Hörmander’s condition (the latter involves the vector field
which appears in the drift part of the equation). We will not discuss (3.5) however, but the more
simple condition

∀X ∈ Γc, span(Ak(X))1≤k≤N = (R2)n. (4.1)
Let µt denote the law of the solution Xt to the SDE (Itô form)

dXt = A0(Xt)dt+
N∑
k=1

Ak(Xt)dβk(t), Xt ∈ R2n. (4.2)

The evolution equation for µt is the Fokker-Planck equation ∂tµt + Lµt = 0, where

Lµ = ∇X · (A0(X)µ)−D2
X : (K(X)µ). (4.3)

The diffusion matrix in (4.3) is Kij(X) = 1
2
∑
k A

i
k(X)Ajk(X). For Y ∈ R2n, we have

K(X)Y · Y = 1
2
∑
k

|Ak(X) · Y |2,
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hence (4.1) implies that det(K(X)) > 0, which in turn implies that µt is absolutely continuous
with respect to the Lebesgue measure for t > 0 (we use the representation of µt thanks to the
Green function of ∂t + L, see [9, Chapter IV-11]).

Theorem 3.1 holds true under the hypotheses that the vector fields σk ∈ C2(T2) are divergence
free and (4.1) is satisfied. In [7, Section 4], the authors show that (4.1) is a generic condition.

Theorem 4.1. Let N > n2. There exists a residual subset Q of{
(σk)1,N ;σk ∈ C∞(T2); div σk = 0

}
,

such that, for every (σk)1,N ∈ Q, the vector fields Ak defined by (3.4) satisfy (4.1).

References
[1] F. Baudoin. Diffusion Processes and Stochastic Calculus. EMS Textbooks in Mathematics.

European Mathematical Society (EMS), Zürich, 2014.

[2] Z. Brzeźniak, F. Flandoli, and M. Maurelli. Existence and Uniqueness for Stochastic 2D Eu-
ler Flows with Bounded Vorticity. Archive for Rational Mechanics and Analysis, 221(1):107–
142, July 2016.

[3] G. Da Prato and A. Debussche. Ergodicity for the 3D stochastic Navier–Stokes equations.
Journal de Mathématiques Pures et Appliquées, 82(8):877–947, Aug. 2003.

[4] A. Debussche. Ergodicity Results for the Stochastic Navier–Stokes Equations: An Intro-
duction. In Topics in Mathematical Fluid Mechanics, volume 2073, pages 23–108. Springer
Berlin Heidelberg, Berlin, Heidelberg, 2013.

[5] D. Dürr and M. Pulvirenti. On the vortex flow in bounded domains. Communications in
Mathematical Physics, 85(2):265–273, June 1982.

[6] F. Flandoli. Weak vorticity formulation of 2D Euler equations with white noise initial
condition. arXiv:1707.08068 [math], July 2017.

[7] F. Flandoli, M. Gubinelli, and E. Priola. Full well-posedness of point vortex dynamics
corresponding to stochastic 2D Euler equations. Stochastic Processes and their Applications,
121(7):1445–1463, July 2011.

[8] F. Flandoli and D. Luo. $\rho$-white noise solution to 2D stochastic Euler equations.
arXiv:1710.04017 [math], Oct. 2017.

[9] O. A. Ladyženskaja, V. A. Solonnikov, and N. N. Ural′ceva. Linear and quasilinear equations
of parabolic type. Translated from the Russian by S. Smith. Translations of Mathematical
Monographs, Vol. 23. American Mathematical Society, Providence, R.I., 1967.

[10] C. Marchioro and M. Pulvirenti. Mathematical Theory of Incompressible Nonviscous Fluids,
volume 96 of Applied Mathematical Sciences. Springer New York, New York, NY, 1994.

9


	Introduction: stochastic perturbation of fluid equations
	Point vortex deterministic dynamics
	Point vortex stochastic dynamics
	Argument 1
	Argument 2

	Hörmander's condition

