


Linear solution: Ekman (1905)

Start from Boussinesq

Diu+fxu=-Vo+2b+V-1/pg

V-u=0

Assume: steady state, geostrophy, hydrostasy and incompressibility

-

~

fxu=-Vo+9,T/py -
d,0=b — J,0=0
V-u=»0

T/po =Ad;u



Linear solution

Separate into interior and boundary solutions

-

<
U=U;+UE 5 O = Qs+ OF
J

\_

fx (ug+ug)=—V(dg+ 0F) +Adz.(ug + u)

0, =0 — 0;0p=0 — ¢p=0



Linear solution

fx(ug+ug)=—Vo,+Ad, ug

Geostrophic component

fXu,=-Ve,

Equations for the boundary layer

(" )

f XUE :A8ZZuE

84ME . i 2
dz* A) "E
Up = Re (Cle(1‘|‘i)z/5E + Cze(l_i)Z/SE + C3e_(1+i)z/5E + C4e_(l_i)z/5E> ’ Op = \/ZA/f
———— ———

Surface Bottom



Linear solution

ur = Re (C1e(l+i)z/5'E + Crell02/% 1 CyeIH2/% | C4e_(1_i)2/5E>

Surface boundary condition and solution

Adup(z=0)=1,/po ; up(z— —o0)=0

Up = ﬁez/‘s’f (t*cos(z/0p —m/4) — ©Vsin(z/0p — /4))

Surface { /0

l VE = ﬁez/‘s’f (t'sin(z/0p — w/4)+ 1 cos(z/0p — m/4))
fOE

u(z=—-—H)=0 ; ug(z— +o)=0

{ up = —e WD/ (4 cos((z+H) /8g) + v sin((z+H) /8g))
l vg = e @H/% (y sin((z+H)/8E) — vecos((z+H)/8))

Bottom




Ekman Transport and Pumping

Top layer Ekman Transport

0 0
/h (f X UE = BZ’L'/po) dz with /h (V Urp = _aZWE)d @ ®
_hp .
ME P> <] LA -
fXUE:Ta/p() with V-Ug=-—wg  ~7777=°=° uid i el o I
Y VY
g ) WE WE
Ta X 2 T
wg=—V-Ug=V- ( a><z> —2%2-V x <_“>
pof pof
- y
Bottom layer Ekman Transport
f X UE — TBottom/pO ® @
f A Mg < Y Y Y >
Z-V X 6Eug 6E§g
WE — —
2p0 f 2p0f
\_ J
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Ekman Transport and Pumping

Wind stress
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Adding the atmospheric boundary layer
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Wind stress
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Nonlinear boundary layer



Nonlinear boundary layer

Steady state equations

u-Vu+ fxu=-Veo+9,T/pg

Separate into interior and boundary solutions similarly to Ekman

U=Uy+ UE

(ug +ug)-V(ug+ug) + f x (ug+ug) = —V(¢,) +9.7/po

Define the geostrophic component

Ug Vg + f xug=—-V(@) - Interior, balanced, ...

Equations for the boundary layer

[ )

ug -Vug + ug-Vuy, + u,-Vug + f xug = 9,T/po




Nonlinear boundary layer

ug-Vug + ug -Vuy + uy-Vug + f X ug = 9,T/po
b ——— —— S —— be—— e Ne—— ——

Self-advection Stern(1965) Higher order Ekman(1905)
(Higher higher order) Niiler(1969)
Hart(2000)

W&T(2016)



Stern (1965):

Interaction of a uniform wind stress with a geostrophic vortex

ug - Vu, + fxug=9.T/pg

(f+ Cg) X ug = —VB+9,T/po

Transport and Pumping

0
(f—|—§g>><UE:—V B+ 1T4/po

—hE

( )
Tg X 2
WE:—V-UE:V-< )
PO(f+Cg)
\_ J
But notice that
Uz fa <2 LV x A

B po(f + &)



Stern (1965): wg =2-V x (po( ta ):zz-w ta

_ f+Ge) y (POf(1+8£>
Rossby Number: € = E — %
L™ f
7 'V Ta 1 ¥
If f constant: R iy | (750, — 720 L)

Cpo(fA L) pof+ Ge)?

l

=0 if 7, is constant »

Wind stress

-

>

X

Assuming uniform wind stress
over a nondivergent circular

eddy (Gaussian streamfunction)



4 )

Stern (1965): WE=V: (Poz;izg))

\_ J

V X T,4 | 1 . -
B po(f+8)  Po(f + &) (%8~ Tathe)

/ \

yA yA

If f constant:  we

Wind stress

g

Using a velocity dependent stress :

>x ’X

To = PaCy(u, —u)lu, — ul

Assuming uniform wind stress
over a nondivergent circular
eddy (Gaussian streamfunction)



Wenegrat and Thomas (2017):

Ekman Transport in Balanced Currents with Curvature

l—{ U, - Vug +ug-Vu, + fxug=09.7/py

Balanced natural coordinate system

{uZ(ﬁ—l-ue)é—l—veﬁ—l—wei)

O =1k
l [ = —ot/on + Q }
k= (98/ds) -0 =1/R

l Transport equations
_dv, T, oM
e ——=+ (1 +820)u, = {ga L+ (1+ e20)M =Tl
—> (M M )= <Ju dz, Jv dz>—>
_aue B 6‘7‘S >0 © € _aMS
eU 0 _(1+8§)U6 9z l EU Y —(1-|-8§)Mn=7'sj



Solution for a mesoscale vortex ¢ = 0.003

Response to a uniform wind stress over a horizontally nondivergent circular eddy (Gaussian streamfunction)

Anticyclone Anticyclone

Cyclone

Cyclone

| ol 2 | |




Solution for a submesoscale anticyclone ¢ = 0.3

M,

)

,67'0/ (Pf

Wind stress

r

.

/ — —
w = We WStern

~\

v,




What about the tendency and self-advection?

Geostrophic currents influence Ekman pumping

Above: Stern (1965), Niiler(1969), Hart(2000), Wenegrat and Thomas (2016)

Geostrophic currents influence near-inertial oscillations

NI energy quickly imprinted on mesoscale eddies by refraction, from cyclones to anticyclones
-> wave energy exits surface layer (Rocha et al. 2018; Asselin and Young 2020).

Ekman-Near-Inertial interactions?



Part 1

Interaction of Nonlinear Ekman Pumping,

Near-Inertial Oscillations, and Geostrophic Turbulence
(With Yanxu Chen and David Straub)

Using a "slab layer" :
Consider that boundary layer correction is embedded near the top of

the surface layer of a shallow water model



Interaction of Nonlinear Ekman Pumping,

Near-Inertial Oscillations, and Geostrophic Turbulence
(With Yanxu Chen and David Straub)

2 slab models :

0
Sl: &US_I_ (US°V)u1+(u1'V)Us +fi><Us:p1+Ds
0
0 1
S2: gus _I_ﬁ(Us V)Us T (Us .V)ul T (ul V)lJS _I_fiXUS :1+DS
s p()

—_— ) ee— — feee— —— ) SY—— —, Y NY—— —

?

\

Tendency Self-advection Stern Higher order Ekman



Response to a uniform
wind stress blowing over a
horizontally nondivergent
circular eddy

- fast time scale transients

- transients are evident
even when forcing is
ramped up over several
inertial periods

Stand-alone slab model

Cyclones

Anticyclones

x107° (me)

Wind stress

g




Stand-alone S1 slab model for a cyclone

Uek

Vek

0.05

"

-1.2

-1.3

-1.4

-0.05 -1.5

Ekman divergence ;¢ Ekman curl e
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Stand-alone S1 slab model using variable wind 7 = [, + 7,(9)]

| | ’ | |

1072 } =00l w=7 C}"ClOHeS ]
[ - - 1 = 0.017-(), W = 08f |
: ........ = 0.017’(}, W = OGf
71 — 0
10-10

e . f 2 Dy
Kinetic energy (m*® s <)

10
0.2 0.6 0.8 1 2
107 + n =0.01lm, w=f Anticyclones -
- - T1 = 0.017’0, W = 08f d
il Tl = 0.017'(), W = 06f :
1 = 0

e . / 2 Iy
Kinetic energy (m* s <)

0.2 0.6 0.8 1 2

Frequency (cpd)



Coupled model

( S1: %USJr + (U, - V)u, + (u, - V)U_ +fi><US=1+DS ]
Po

Slab
1
| s 20+l ou+ <000, +fix0-Zep, |
s Po

0 ) T
5“1 +(u - Viu, +fzxXu =-Vé, +D, +8;; @’
0
Shallow [ 5u2 +(u,-V)u, +fzXu,=—-Vop, +D,, ]
d
Water l ody TV (uyd) = (@g — DV - U, J
0

—d, + V- (u,d,) =0,



Coupled model

( S1: %USJr + (U, - V)u, + (u, - V)U, +fi><US=1+DS ]
Po

Slab
1
| s 20+l ou+ <000, +fix0-Zep, |
s Po

9 . ! T
gul+(ul.V)ul+fz><ul=—qul+D1+5 —J
\_

0
Shallow [ 5u2 +(u,-V)u, +fzXu,=—-Vop, +D,, ]

Water l id +V-(ud) =((5BF - DV USJ J

y
5612 +V- (uzdz) — O,




Coupled model Forcing/Dissipation

27Ty
T=|7,+7,)] cos(
Wind [ ! L
Forcin &
9 T (t) — z A Sin(w [ + 0, ) A chosen to correspond to an
1 = & 1 & Ornstein-Uhlenbeck process
with damping time scale of 5
days
_ 4
[ D =-A, V'U ]
. . . _ —2 4
Dissipation D, = rinVLapV u —A,Vu
_ 2 4.
l D2 o rinVLapV ll2 Abhv u2 rdraguz J
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S1 coupled model results with steady forcing (z,(r) = 0)
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Spinup under
steady forcing
using the S2 model

(pumping velocity)

(1P k) y (x10° km)

y (x10% km)
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Spinup instability using the S2 model

1
S2: %Us + ﬁ(Us VU, + (U, -V)u, + (u, - V)U, +fzXU =

T

+ D

| ,,0
4 )
U~ Vey + U Vex = =7/ (pyf) wgk = (0/0y)VEx
u; small compared to U'/H;
\ l ),
0 0 !
—U +=_U'=fV,
ot Jy v ] V. +oV + [V =
—
0 V.. 0 W = |H
_V/_|_ Ek V/:_ U/__EkV/ J 02 WEK/ L1
ot H_dy f H .




Coupled model results with synoptic wind

noptic wind) . Jms) Frequency spectra of wy

y (x10° km)
o

10 | =——S1 steady :
- — 52 steady
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0.5 : = AN -1 [ e S92 silfnogtié
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A S\ 7 D, g
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Frequency (cpd)
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Interior response
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Projections onto

surface pressure

How does the high-frequency signals project
onto surface pressure?

2
Vi =Ly~
gH 5~ H,

BFHP
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ical advection terms
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Ongoing work diagnosing non-linear pumping from GCM results
(Jan Klaus Rieck and David Straub)

T
.. going back to Sl : ugVUE +UE-Vug+f><UE: IAhVZUE

Po

Given ug, this is linear = Ax = b

T and velocity at 11 m depth temperature at 11 m depth ¢/fat 11 m depth
1.0 o
All fields are daily averages L7 2
1750 A 1750 1
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£ 1250 06 E £
@ 9 9
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3 3 :
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0.2
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Diagnosing non-linear pumping from GCM results

Wekman

le—5

le—5
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1.00 —==y 1.00

_ =

0.75 1750 1 = wodt 0.75

0.50 1500 &8 0.50

L o0.25

1250 0.25

2
-0.00 ¢

m/s

1000 =A% - 0.00

y coordinate km
y coordinate km

- —0.25

RS JTARNT £ B e \ ~ P AT RN
& 'R \ v aY . | - A vy ol ‘l.
gAY, 0 & R, | N e N £ :
‘e, P ol i . SO, S —

. o o, i Ry T & \ =
- S NG R p— ———
L | AR e =

5 A v ) A ’ -

~0.50 500 41 4% ~0.50

_0.75 250 ~F /1 ~0.75

0 2000 400 600 800 1000 0 200 800 1000

X coordinate km X coordinate km

—1.00



Diagnosing non-linear pumping from GCM results

W at 10 m depth les W at 10 m depth le-5
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NL Ekman solver interpolates ug vg. tau to Smoothed version of
an A grid and uses a vorticity-Bernoulli GCM model w-field

form of the equations. The interpolation

may serve to reduce the effective

resolution. Also, the viscous term may be

too big.
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Diagnosing non-linear pumping from GCM results

VXT
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Part 1: Future work

Goal: to ‘disentangle’ submesoscale w into Ekman, waves, ..
ldeally doing so from altimetry/scatterometer data

Various refinements: e.g. adding info from tendency and self-advection



Part 2: Linear Kinematic Features in sea ice
(with P. Bourgault, K. Duquette, D. Straub, B. Tremblay )
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Vertical ocean heat fluxes beneath Linear Kinematic Features in the Arctic Ocean

.. sea-ice shear strain rate 0.2 | y Tt w at 40m
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- 10.05

0.5

-0.5




Vertical ocean heat fluxes beneath Linear Kinematic Features in the Arctic Ocean

&,

Arctic Monitoring and Assessment Programme
AMAR Assessment Report: Arctic Pollution |ssues, Figure 5-40

3 Freezing and
Temperature, “C brine release

an-ﬁlini surface /
mixed [aye -

Depth
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Surface Forcings
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Vertical Velocity

Upwelling
only

Buoyancy flux
only
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Sensitivity on the size of the periodic domain

Surface Forcings

- jce-ocean Stress == gsalt flux
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y-averaged circulation

Deviations
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Vertical heat content change
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What explains the Upwelling/Downwelling asymmetry ?

0

—20

Upwelling only

—40 I i I
0

Downwelling only
| | |

Ta X2 Ta X 2
° ofl o : :V. :V°
Ist possibility, Stern: w: (po(f+§g)) (pof(l—|—8)>



2nd possibility,
Revisiting Stern (1965) using the self-advection term

ug -Vug + fxug =9,T/po

(f+Cf) Xug =—VB+9,7T/po

Transport and Pumping

bt v
“ T fL fL\ pofs



Modified model Setup with 2D LES
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Modified model Setup with 2D LES

77,
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Spinup using the body force (v, = 0)
e, = 0.01 e, =1
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Pumping asymmetry using body force (v, = 0)

. . B R > _
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Downwelling Upwelling
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Pumping asymmetry using the body force (v, = 0)



Com pa rison with Stern: Remove body force, varying ¢, = {,/f while fixing ¢, = 0.01

Vertical velocity (m s_l) A\, ¢ (S_l)
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Pumping asymmetry comparison: self-advection vs Stern

self-advection

41079
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Addition of both regimes
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Addition of both regimes: Spinup (no ramp)
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Mechanistic model

Consider the j component of the vorticity :

J-VX[Du+fxu=—-Vo+32b+AV-Zul

System of equations at steady state

- , ~
V20 =~ (J(y, )~ f) -
1
Vzazv — Z( (Vfa ZV) +f&zzl//)
Viy = o
N y




A mechanistic model

Assume v is given by (symmetric) linear Ekman solution :

V= Vg = \]/%Zyez/‘SE cos(z/0g —m/4) —
: 1
Vi = X(J(lljv ®)— fO.VE)
Vy = o
\_
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Conclusion Part 1 & 2

orug +ug -Vug + up-Vug, + ug-Vug + f xug = 9,T/po

—— —— —— —— ————

*

First order Higher order Ekman(1905)

€, approaches 1 Curvature of u,

Near-lnertial

Oscillations Y Wl
Fun Il

Instability
U, is small

€, approaches |



