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Wave turbulence ?	
fluid turbulence:

large ensemble of vortices 
with wide range of sizes and time scales

wave turbulence:
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• waves 
• large number of degrees of freedom 
• nonlinear 
• out of equilibrium

applicable to internal waves ?



Weak turbulence	

• large system (no discrete wave vectors and frequencies)

➤ keep the wave structure 
➤ scale separation TNL >> Tlinear

two major successive hypotheses:

• weak nonlinearity



Weak turbulence	

from Zakharov's 1992 book
wave equation 

(normal variables)

towards a statistical equation evolution in time of n(k)



Weak turbulence	

the evolution of J123 is ruled by J1234: 
hierarchy of equations ➤ closure ?

at the lowest order: J1234 comes for random waves 

from Zakharov's 1992 book

related to hypothesis of random phase and amplitude



Weak turbulence	

from Zakharov's 1992 book

kinetic equation



Weak turbulence	

kinetic equation of the wave action spectrum: 

slow evolution of the wave spectrum:

Partie I Théorie 
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I.1.2.4 Equation cinétique 

Une fois l’équation générale et les cumulants obtenus, l’étape suivante est d’exprimer l’équation 
cinétique en posant plusieurs hypothèses. Deux méthodes donnant des résultats équivalents existent. 
La première est la méthode dite RPA (« Random Phase Amplitude ») qui suppose un champ de vagues 
aléatoires ayant une distribution gaussienne en amplitude et en phase. La seconde est basée sur la 
hiérarchie des cumulants et ne fait pas d’approximation sur la distribution des ondes. Dans les deux 
cas il faut commencer par trouver la relation entre les cumulant 𝑄𝑁 et les amplitudes de Fourier 𝑎𝐤. 
En utilisant I-25, I-26 et I-27 on peut alors écrire pour 〈𝑎𝐤𝑎𝐤′〉 : 

 〈𝑎𝐤𝑎𝐤′〉 =
1

(2𝜋)4 ∫〈𝜂(𝐱)𝜂(𝐱 + 𝐫)〉𝑒−𝑖𝐤.𝐱−𝑖𝐤′(𝐱+𝐫)𝑑𝐱𝑑(𝐱 + 𝐫)

=
1

(2𝜋)4 ∫ 𝑅2(𝐫)𝑒−𝑖𝐤.𝐫𝑑𝐫 ∫ 𝑒−𝑖(𝐤+𝐤′).𝐱𝑑𝐱   

= 𝛿(𝐤 + 𝐤′)𝑄2(𝐤′) = 𝛿(𝐤 + 𝐤′)𝑄2(𝐤)     

 I-28 

Similairement, on obtient l’expression suivante pour le moment d’ordre 3 〈𝑎𝐤𝑎𝐤′𝑎𝐤′′〉 : 
 〈𝑎𝐤𝑎𝐤′𝑎𝐤′′〉 = 𝛿(𝐤 + 𝐤′ + 𝐤′′)𝑄3(𝐤′, 𝐤′′) I-29 

La construction de la hiérarchie des cumulants se fait en multipliant l’équation cinétique I-24 par 𝑎𝐤′ 
(et  𝑎𝐤′𝑎𝐤′′) puis en moyennant spatialement. En utilisant I-28 et I-29, il vient alors : 

 𝜕𝑄2(𝐤)
𝜕𝑡

= 𝑓2(𝑄2(𝐤), 𝑄3(𝐤, 𝐤′), 𝑄4(𝐤, 𝐤′, 𝐤′′), 𝑡)

𝜕𝑄3(𝐤, 𝐤′)
𝜕𝑡

= 𝑓3(𝑄2(𝐤), 𝑄3(𝐤, 𝐤′), 𝑄4(𝐤, 𝐤′, 𝐤′′), 𝑡)
 I-30 

Le détail des fonctions 𝑓𝑁 est visible dans [3]. En supposant la séparation d’échelle entre le temps 
linéaire et non-linéaire, il est alors possible d’exprimer les cumulants 𝑄𝑁 en une série asymptotique 
en puissance de 𝜖 : 

 𝑄𝑁(𝐤, … , 𝐤(𝑁−1)) = 𝑞0
𝑁 + 𝜖𝑞1

𝑁 + 𝜖2𝑞2
𝑁 + ⋯ I-31 

Cette dernière est injectée dans I-30 afin de le résoudre. On regarde ensuite le comportement des 
solutions aux temps longs en faisant plusieurs hypothèses. La première principale consiste à supposer 
le système infini pour éviter la discrétisation des modes dans l’espace de Fourier et ainsi assurer les 
conditions de résonances. Une fois cette première hypothèse réalisée, il est nécessaire de faire une 
seconde hypothèse à propos des non-linéarités : celles-ci doivent tendre vers zéro: 𝜖 → 0. Il existe 
également d’autres hypothèses : le système doit être homogène spatialement ; à l’état initial, deux 
points distants doivent être statistiquement non-corrélés;  𝑞0

𝑁 doit être constant ou varier très 
lentement en comparaison du temps linéaire 𝑇𝜔 (séparation d’échelle temporelle).  

Il vient alors l’équation cinétique suivante : 

 𝜕𝑛𝐤

𝜕𝑡
= 𝑇(𝑛𝐤) = 𝜖2𝑇2(𝑛𝐤) + 𝜖4𝑇4(𝑛𝐤) + ⋯ I-32 

Avec 𝑛𝐤 = 〈𝑎𝐤𝑎𝐤
∗ 〉 = 𝑄2(𝐤). Le terme 𝑇2(𝑛𝑘) fait part des interactions résonantes à 3 ondes tandis 

que 𝑇4(𝑛𝐤) concerne les interactions résonantes à 4-ondes. Pour des ondes qui admettent des 
solutions à 3-ondes (comme par exemple les ondes capillaires), on néglige 𝑇4(𝑛𝐤) et on obtient 
l’expression suivante : 

 𝜕𝑛𝐤𝟏

𝜕𝑡
= 𝜖24𝜋 ∫|𝑉𝐤1,𝐤2,𝐤3|2𝛿(𝐤2 + 𝐤3

− 𝐤1)𝑑𝐤2𝑑𝐤3𝑛𝐤1𝑛𝐤2𝑛𝐤3𝐹(𝜔1, 𝜔2, 𝜔3) 

I-33 
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  I.1 - Outils théoriques 
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𝐹(𝜔1, 𝜔2, 𝜔3) =   (

1
𝑛𝐤1

−
1

𝑛𝐤2

−
1

𝑛𝐤3

) 𝛿(𝜔1 − 𝜔2 − 𝜔3)

+ (
1

𝑛𝐤1

−
1

𝑛𝐤2

+
1

𝑛𝐤3

) 𝛿(𝜔2 − 𝜔1 − 𝜔3)

+ (
1

𝑛𝐤1

+
1

𝑛𝐤2

−
1

𝑛𝐤3

) 𝛿(𝜔3 − 𝜔1 − 𝜔2) 

I-34 

On remarque la double condition de résonance en 𝑘 et 𝜔 donnant lieu aux classiques équations 
d’interactions résonantes triadiques : 

 𝐤1 = 𝐤2 + 𝐤3
𝜔1 = 𝜔2 + 𝜔3

 I-35 

Dans la situation où les interactions à 3-ondes ne présentent pas de solutions (par exemple pour les 
ondes de gravité), on a 𝑇2(𝑛𝐤) = 0. Il faut alors considérer les interactions à 4-ondes 𝑇4(𝑛𝐤) 
donnant l’équation cinétique suivante : 

 𝜕𝑛𝐤𝟏

𝜕𝑡
= 𝜖44𝜋 ∫|𝑉𝐤1,𝐤2,𝐤3,𝐤3|2𝑛𝐤1𝑛𝐤2𝑛𝐤3𝑛𝐤4 (

1
𝑛𝐤1

+
1

𝑛𝐤2

−
1

𝑛𝐤3

−
1

𝑛𝐤4

)  𝛿(𝜔1 + 𝜔2

− 𝜔3 − 𝜔4)𝛿(𝐤1 + 𝐤2 − 𝐤3 − 𝐤4)𝑑𝐤2𝑑𝐤3𝑑𝐤4 

I-36 

Cette fois-ci les interactions résonantes peuvent s’écrire ainsi : 

 𝐤1 + 𝐤2 = 𝐤3 + 𝐤4
𝜔1 + 𝜔2 = 𝜔3 + 𝜔4

 I-37 

Au moyen de calculs laborieux, il est possible de trouver les expressions analytiques des coefficients 
de couplage 𝑉𝐤1,𝐤2,𝐤3et 𝑉𝐤1,𝐤2,𝐤3,𝐤4. Pour les ondes capillaires et gravitaires voir par exemple [23]. 

I.1.2.5 Propriétés de l’équation cinétique et solutions de Zakharov 

L’équation cinétique présente plusieurs propriétés remarquables : 

- Le mécanisme de transfert d’énergie ne se fait qu’au travers d’interactions résonantes. 
- L’équation I-36 admet une solution d’équilibre à flux d’énergie nul correspondant à une 

équipartition de l’énergie. Celle-ci n’est cependant pas adaptée à notre cas où la présence d’un 
flux d’énergie est nécessaire. 

- En l’absence de dissipation, l’énergie 𝐸 est conservée : 

 𝐸 =
1
2

∫ 𝜔𝐤𝑛𝐤 𝑑𝐤 = ∫ 𝐸𝐤 𝑑𝐤 = cte I-38 

- Il existe une solution stationnaire décrivant un flux d’une quantité conservée (Energie 𝐸 en 
particulier). Cette solution a été initialement obtenue par Zakharov et consiste en une avancée 
notable dans l’étude de la turbulence faible. C’est celle-ci qui va nous intéresser par la suite. 

Les solutions de Zakharov permettent de prédire le développement d’un spectre dans un système où 
l’énergie est conservée. En pratique, un système est généralement composé d’une ou plusieurs 
sources d’énergie émettant un flux 𝑃, ainsi qu’un ou plusieurs puits, dissipant ce flux d’énergie en 
chaleur. Les solutions de Zakharov étant supposées conserver l’énergie, on fait l’hypothèse d’une 
séparation d’échelle entre les puits et les sources dans l’espace de Fourier. Les solutions s’appliquant 
ainsi uniquement à la zone inertielle permettant le transfert d’énergie entre les puits et les sources : 
c’est la cascade d’énergie. Cette dernière est généralement directe avec un transfert des grandes aux 
petites échelles (situation générale s’appliquant pour les ondes de surface en 2D), mais peut aussi être 
inverse en allant des petites aux grandes échelles (situation plus rare s’appliquant par exemples aux 
ondes de gravité dans une configuration unidirectionnelle 1D). 
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energy transfers only through resonant waves
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hypotheses: large system and weak nonlinearity

➤ scale separation TNL >> Tlinear

see S. Nazarenko, Wave Turbulence 2011



Weak turbulence	

Kolmogorov-Zakharov spectrum: stationary solutions of out of equilibrium case

scale separation between forcing (usually at large scales)  
and dissipation (usually small scale)

• gravity surface waves (4 waves)
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3.1.3.2 Acoustic Turbulence. Waves in Isotropic Elastic Media

For acoustic turbulence, we have N = 3, d = 3 and x = csk, where cs ¼
ffiffiffiffiffiffiffiffiffiffi
cq=q

p

is the speed of sound (p is pressure, q is density), and thus a = 1 and k = cs. Using
(3.9) we may write the Zakharov-Sagdeev spectrum [8]:
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Similar situation arises in wave turbulence in isotropic elastic media. In this case
the waves have the same dispersion relation and the energy spectrum with pressure
cp replaced by the relevant elastic constant in the expression for the wave speed cs,
i.e. K1 þ 2K2 for the (longitudinal) P-waves and K2 for the the (transverse) S-
waves, where K1 and K2 are the first and the second Lamé moduli.

3.1.3.3 Alfvén Waves

For Alfvén waves, we have N = 3, d = 3 and x = cAkk, where cA is Alfvén
velocity and kk is the wavevector projection onto the external magnetic field.
With a = 1 and k = cA and using (3.9) we get the Iroshnikov-Kraichnan spectrum
[1, 9]:
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However, this spectrum ignores anisotropy. In reality, the MHD turbulence of this
kind tends to very anisotropic states with k\ ' kk, i.e. it becomes nearly 2D in the
plane transverse to the external magnetic field. Thus, it makes sense to take d = 2,
which leads to spectrum [10, 11]:
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p
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3.1.3.4 Surface Gravity Waves

Surface gravity wave turbulence is 2D, d = 2, and 4-wave, N = 4 (2?2). Thus
this is a dual cascade system. The dispersion relation for the surface gravity waves
is x ¼

ffiffiffiffiffi
gk
p

, i.e. k ¼ ffiffiffi
g
p

and a = 1/2, so that we find from (3.9) for the direct
energy cascade spectrum

Eð1DÞ
k # g1=2e1=3k$5=2: ð3:16Þ
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• capillary surface waves (3 waves)
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injected power

• elastic waves in a membrane  
(4 waves)

• elastic waves in vibrating plate  
(4 waves)
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Systems that we study in LEGI

water surface waves: 
capillary and gravity waves

elastic plates: 
flexion waves

membranes: 
tension

space and time resolved measurement



Cobelli et al. PRL 2009 
Mordant EPJB 2010

➥ weak wave turbulence...

observation of weak turbulence

vibrating plate experiment 
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space and time resolved measurement: 
Fourier transform profilometry



surface gravity waves: bound waves

bound waves
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Figure 10. (a) k � ! spectrum E⌘(k,!) for ✏ = 0.11 (“weak”
case). The spectrum has been normalized by its maximum
value and is displayed in log10 scale. The red line is the lin-
ear dispersion relation (6). Dashed lines correspond to bound
waves made from the forcing peak and waves on the disper-
sion relation. Dotted lines correspond to bound waves made
from successive harmonics of the forcing peak and waves on
the dispersion relation. (b) frequency spectrum constructed
by adding successively the contributions of the bound waves.
The transition at about 7 Hz on the black line is due to the
noise level of the measurement.

water surface (see [19, 24] for information on the tech-

nique). We seed the surface of water with small (700 µm)
buoyant particles to make the surface visible. The first
question is the impact of the particles on the wave statis-
tics. Strickland et al. suggested that a mechanism similar
to Marangoni damping could be operating when particles
are floating at the surface. Figure 9 displays the compar-
ison between surface elevation spectra obtain with clean
water and with floating particles (at a surface concen-
tration about 5%). At the weakest forcing the spectrum
seems actually slightly amplified. By contrast it is very
weakly damped at the strongest forcing. This damping
is weaker than that due to surface contamination and
occurs at higher frequencies. Thus the mechanism of
surface alteration due to floating particles seems quite
distinct to that of chemical surface contamination. The
weakness of the e↵ect of adding the particles makes us
confident that the particles do not alter the wave dynam-
ics for scales much larger than the particle size.

The space-time spectrum E⌘(k,!) is shown in
Fig. 10(a). The spectrum is obtained by performing a
Fourier transform in both space and time (over time win-
dow of duration XXs) providing ⌘(k,!). The squared
modulus of the Fourier transform is averaged over succe-
sive time windows (Welch method) and integrated over
directions of the wavevector k to give E⌘(k,!). The
main energy component is a continuous line of energy
on the dispersion relation that extends up to 4 Hz as ex-
pected for weak turbulence. Secondary curves are also
visible on each side of the dispersion relation that cor-
respond to so-called bound waves, which are not freely
propagating waves following the quasilinear dispersion re-
lation. They result from a triadic interaction between
freely propagating waves. The lines that we see can be
obtained by assuming that the forcing peak at (k0,!0)
is interacting with all free waves on the dispersion re-
lation propagating in the same direction. The equation
of the first line on the right of the dispersion relation
in in Fig. 10(a) is thus: !(1) = !(k � k0) + !0 where
!(k) is the dispersion relation (6). The line on the left
follows !(�1) = !(k + k0) � !0. The lines further from
the dispersion relation can be obtained assuming a sim-
ilar interaction with successive harmonics of the forcing
peak: !(±n) = !(k⌥ nk0)± n!0. It is worth noting that
at frequencies higher than 4 Hz, almost all the energy
lies in the bound waves. Fig. 10(b) shows the buildup of
the full frequency spectrum when adding progressively
the energy lying on the bound waves. It confirms that
the contribution to the spectrum at frequencies higher
than 4 Hz comes from those bound waves and not from
an extension of the weakly non linear cascade to higher
frequencies. The wave cascade seems to stop at 4 Hz in
agreement with the above discussion on time scales.

In summary, the development of the weak energy cas-
cade along the dispersion relation is strongly restricted by
the viscous cuto↵ and even more restricted is the surface
is contaminated. The extension of the frequency spec-
trum at higher frequencies at stronger forcing is actually
due to development of bound waves. In order to observe
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nique). We seed the surface of water with small (700 µm)
buoyant particles to make the surface visible. The first
question is the impact of the particles on the wave statis-
tics. Strickland et al. suggested that a mechanism similar
to Marangoni damping could be operating when particles
are floating at the surface. Figure 9 displays the compar-
ison between surface elevation spectra obtain with clean
water and with floating particles (at a surface concen-
tration about 5%). At the weakest forcing the spectrum
seems actually slightly amplified. By contrast it is very
weakly damped at the strongest forcing. This damping
is weaker than that due to surface contamination and
occurs at higher frequencies. Thus the mechanism of
surface alteration due to floating particles seems quite
distinct to that of chemical surface contamination. The
weakness of the e↵ect of adding the particles makes us
confident that the particles do not alter the wave dynam-
ics for scales much larger than the particle size.

The space-time spectrum E⌘(k,!) is shown in
Fig. 10(a). The spectrum is obtained by performing a
Fourier transform in both space and time (over time win-
dow of duration XXs) providing ⌘(k,!). The squared
modulus of the Fourier transform is averaged over succe-
sive time windows (Welch method) and integrated over
directions of the wavevector k to give E⌘(k,!). The
main energy component is a continuous line of energy
on the dispersion relation that extends up to 4 Hz as ex-
pected for weak turbulence. Secondary curves are also
visible on each side of the dispersion relation that cor-
respond to so-called bound waves, which are not freely
propagating waves following the quasilinear dispersion re-
lation. They result from a triadic interaction between
freely propagating waves. The lines that we see can be
obtained by assuming that the forcing peak at (k0,!0)
is interacting with all free waves on the dispersion re-
lation propagating in the same direction. The equation
of the first line on the right of the dispersion relation
in in Fig. 10(a) is thus: !(1) = !(k � k0) + !0 where
!(k) is the dispersion relation (6). The line on the left
follows !(�1) = !(k + k0) � !0. The lines further from
the dispersion relation can be obtained assuming a sim-
ilar interaction with successive harmonics of the forcing
peak: !(±n) = !(k⌥ nk0)± n!0. It is worth noting that
at frequencies higher than 4 Hz, almost all the energy
lies in the bound waves. Fig. 10(b) shows the buildup of
the full frequency spectrum when adding progressively
the energy lying on the bound waves. It confirms that
the contribution to the spectrum at frequencies higher
than 4 Hz comes from those bound waves and not from
an extension of the weakly non linear cascade to higher
frequencies. The wave cascade seems to stop at 4 Hz in
agreement with the above discussion on time scales.

In summary, the development of the weak energy cas-
cade along the dispersion relation is strongly restricted by
the viscous cuto↵ and even more restricted is the surface
is contaminated. The extension of the frequency spec-
trum at higher frequencies at stronger forcing is actually
due to development of bound waves. In order to observe
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Fourth order correlation in a surface gravity wave turbulence at finite non linearity.

Antoine Campagne, Roumaissa Hassaini, Ivan Redor, Thomas
Valran, Samuel Viboud, Joël Sommeria, Nicolas Mordant1, ⇤

1Laboratoire des Ecoulements Géophysiques et Industriels,
Université Grenoble Alpes, CNRS, Grenoble-INP, F-38000 Grenoble, France

Four-wave-interactions of gravity wave turbulence at finite non-linearity are characterized by four
order correlations of temporal spectrum of the water elevation. BLABLA

I. INTRODUCTION

blabla general sur les vagues
Four-wave-interaction is the elemental process of en-

ergy transfers in the framework of Weak Turbulence The-
ory (WTT) [10, 14] applied to surface gravity wave tur-
bulence. The applicability of the theory to gravity wave
turbulence relies on the hypotheses of a large domain
compared to the largest energetic scales and of weak non-
linearities. The second hypothesis implies that the lin-
ear time T

L = 2⇡/! is much smaller than the typical
non-linear time T

NL related to the non-linear wave in-
teractions. In this asymptotic limit, only the resonant in-
teractions are e�cient to transfer energy. Since the non-
linearity is quadratic, resonant interactions would involve
3-wave interactions at the lowest order which impose the
following resonant conditions:

!1 = !2 + !3, (1)

k1 = k2 + k3, (2)

where the wavenumber |k
i

| is defined by the linear dis-
persion relation (LDR) of linear gravity waves |k

i

| =
k

LDR

(!
i

). The LDR is

!

2 = g|k| tanh(|k|h), (3)

where h is the water depth (here h = 0.9 m) and g is
the acceleration of gravity. For kh < 1 (i.e. wavelength
shorter than 5 m) the equation reduces to

!

2 = g|k|. (4)

However, this set of resonance equations (1) (2) do not
have solutions due to the negative curvature of the linear
dispersion relation !

LDR

(k) =
p
gk. Hence higher order

terms i.e. four-wave interactions have to be considered
with the following resonant conditions:

!1 + !2 = !3 + !4, (5)

k1 + k2 = k3 + k4. (6)

This set of equations can be reduced to

⇤
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k

LDR

(�!2 + !3 + !4)e1 + k

LDR

(!2)e2 =

k

LDR

(!3)e3 + k

LDR

(!4)e4. (7)

where e
i

= cos ✓
i

e
x

+ sin ✓
i

e
y

.
The WTT, which is built upon this resonant inter-

actions, provides an analytical solution of the temporal
evolution of statistical quantities. In the situation of
an out of equilibrium and stationary forced system, it
leads to the so-called Kolmogorov-Zakharov (KZ) power
spectrum. For surface gravity waves, the prediction for
the 1D spatial spectrum of the surface elevation is given
by E

⌘(k) / g

�1/2
P

1/3
k

�5/2 where g is the acceleration
of gravity and P the averaged injected power. The use
of the linear dispersion relation of gravity waves makes
straightforward the deduction of its temporal spectrum
E

⌘(!) / gP

1/3
!

�4.
In situ measurement of ocean surface waves [6, 8, 11]

have shown a good agreement with those predicted spec-
tra. Such flows su↵ers however from uncontrolled param-
eters. The forcing, which is mainly due to the wind, is
most often strongly unidirectional and intermittent. In
addition, the range of scales of injection of energy is not
well known. A fine characterization or validation of the
WTT with those measurements remains very challenging
since it requires large dataset of well resolved measure-
ments in a quasi-stationary state. Experiment provides
then an interesting way to thoroughly investigate surface
gravity waves.
Experimental studies of weak gravity wave turbu-

lence [1–5, 9] report a strong variability of surface ele-
vation spectrum which stand steeper than the theoreti-
cal prediction. For technical reasons, experimental facil-
ities have sizes of the order of a couple times 10 meters
and the forced wavelengths are of the order of a meter.
At these scales, the ratio between the dissipative time
scale T

d = ⌫

�1
k

�2 = ⌫

�1
g

2
!

�4 and the period of the
waves T

L is not very large and decreases dramatically
as !

�3. The development of an inertial range is then
hardly achievable at such scales (REFS). We then expect
a non negligible dissipation which steepen the spectrum.
An other justification for the steep observed spectrum is
the e↵ect finite size. The resulting discretization in the
space of wavevectors makes the number of solutions of
resonant conditions 5-6 considerably lower than in the
infinite case. The energy flux towards smaller scales is
hence strongly reduced which leads to a steepening of the

space and time resolved measurement: 
stereoscopic imaging
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linear internal waves

2D Navier-Stokes equations (Boussinesq approx.)
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N2 ¼ " g
q0

@!q
@z

ð2Þ

where !q is the average density variation as a function of depth, g is
gravity, and q0 is the reference density. Internal waves only exist at
frequencies less than that of the buoyancy frequency.

Resonant wave–wave interactions were first believed to be
important when introduced by Phillips [28]. They have since been
the focus of many studies [29–32] which have shown their signif-
icant contribution to energy transfer between frequencies in the
Garrett and Munk spectrum [33]. Parametric subharmonic instabil-
ities (PSI) follow this resonant condition, wherein a large scale
(primary) wave is perturbed and, following the resonance condi-
tions above, it begins to emit two waves of approximately half
the primary wave frequency at smaller scales. Recent studies have
shown this may be an effective mechanism by which internal wave
energy is transferred to small enough scales that breaking may
occur [34–38]. Internal wave reflection also follows the resonant
condition, and Thorpe created an analytical model of nonlinear
plane wave reflection at a density interface and found harmonics
generated at twice the original wave frequency [14]. Higher
harmonics were also found during reflection from a sloping solid
surface in numerical models [1], experiments [17,21], and ocean
observations [18].

Despite the prevalence of studies on resonant wave–wave inter-
actions, there have been relatively few studies concerning nonres-
onant wave–wave interactions. These are wave–wave interactions
which do not conform to the resonance condition, however waves
of harmonic frequencies may be generated due to the nonlinear
collision of the waves. Tabaei et al. [1] and Jiang and Marcus [2]
estimated analytically the expected propagation directions of
waves of harmonic frequencies generated during an interaction be-
tween waves of nearly the same scale. As with resonant wave–
wave interactions, when two nonresonant internal waves collide,
harmonics at the sum and difference of multiples of the colliding
waves’ frequencies are formed. This phenomena can be character-
ized by

xharmonic ¼ jPx1 % Qx2j; ð3Þ

where xi represents the frequencies of the colliding waves
ði ¼ 1;2Þ, x1 > x2, and P and Q represent any pair of positive inte-
gers. Lower order harmonics, where P and Q are small, are generally
more important than higher order harmonics, and only harmonics
with x < N can develop into propagating internal waves. Harmon-
ics will only form if energy is transferred from the colliding waves
to the harmonics. To the author’s knowledge, no previously per-
formed laboratory experiments have attempted to quantify the
transfer of energy from two colliding internal waves of the same
scale to generated harmonics.

A nonresonant wave–wave interaction was created by McEwan
[39] as he explored the impact of interactions on the continuous
stratification of the fluid, but there was little focus on generated
harmonics. Chashechkin and Neklyudov [40] found harmonic fre-
quencies present in their experiments by inserting conductivity
probes in and around the interaction region of two colliding waves.
They found the amplitudes of the generated harmonics but did not
quantify the energy transferred to the harmonics. Internal wave
interactions were visualized by Teoh et al. [41], but no harmonic
internal waves were reported in this case due to symmetry and
the harmonic frequencies being higher than the Brunt–Väisälä fre-
quency. Instead, energy accumulated in the evanescent harmonics
until the fluid eventually overturned. Javam et al. [42] performed
numerical studies on interacting internal waves and confirmed
that if harmonic energy could not leave the interaction region in
the form of propagating waves, overturning would ensue. On the
other hand, if propagating harmonic waves were formed, the

harmonics would have frequencies in accordance with (3), and
the stratification would not be destroyed. Numerical studies were
also performed by Huang et al. [43] in their study of nonresonant
interactions in the atmosphere. The analytical work of Tabaei
et al. [1] derives equations predicting the amplitudes of harmonics
generated by two colliding internal wave beams assuming weakly
nonlinear theory. Their derivations predict that up to six first-order
harmonic waves are generated, all at different amplitudes. These
selection rules were augmented by Jiang and Marcus [2], who cre-
ated a complete set of directional propagation rules for the first-or-
der harmonics generated during these interactions.

This study performs laboratory experiments to visualize the
two-dimensional flow field when two nonresonant internal waves
collide. We compare qualitative results to Tabaei et al. [1] and Jiang
and Marcus [2], and determine the total kinetic energy transferred
to harmonics. As the two waves interact, harmonics are generated
within the interaction region and propagate from the interaction
site at a new frequency. In particular, the first-order harmonics,
where P and Q in (3) are equal to one, are analyzed as well as an-
other harmonic predicted by Tabaei et al. [1] with P ¼ 2 and Q ¼ 1.
Frequencies of the colliding wave beams are chosen to ensure that
these harmonic frequencies are not evanescent.

The laboratory setup and analysis techniques are described in
Section 2. Results are presented in Section 3, and Section 4 contains
conclusions.

2. Methods

2.1. Experimental setup

Experiments are performed in an acrylic tank of width 11.4 cm
and length 250 cm which was filled to a depth of approximately
100 cm. It is filled with linearly stratified salt water using the ‘‘dou-
ble bucket’’ method [44]. The density profile is determined by tak-
ing fluid samples at various depths. The density of each fluid
sample is measured using an Anton Paar 4100 density meter which
is accurate up to 0.1 kg/m3. The buoyancy frequency is found di-
rectly from the density profile and has a typical value of
N = 1.180 ± 0.005 s"1.

Two internal waves are created using wave generators based on
the design of Gostiaux et al. [45]. Each wave generator consists of
nine plates manufactured from 0.635 cm thick acrylic which form a
single wavelength (Fig. 1). The plates are separated by 0.1 cm
resulting in a total generator height of 6.5 cm and thus a vertical
wavenumber for all generated waves of m ¼ 2p=kz ¼ 97 m"1. The
plates are 11.2 cm wide, only 0.2 cm less than the width of the
tank, to ensure the generated wave is two-dimensional. Traversing
through the center of the plates is a cam which is driven by a shaft

Fig. 1. Wave generator consisting of 9 acrylic plates. A rotating shaft extends into a
cam through the center of the plates. The cam causes the plates to move in a
sinusoid profile, generating an internal wave beam.
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The high-frequency limit of the Garrett and Munk spectrum of internal waves in the ocean and the
observed deviations from it are shown to form a pattern consistent with the predictions of wave
turbulence theory. In particular, the high-frequency limit of the Garrett and Munk spectrum constitutes
an exact steady-state solution of the corresponding kinetic equation.
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Introduction.—Internal waves are an important piece
of the energy and momentum budgets for the earth’s
atmosphere and ocean. The drag associated with internal
wave breaking needs to be included in order to obtain
accurate simulations of the atmospheric jet stream [1],
and it has been argued that the ocean’s meridional over-
turning circulation [2] is forced by the diffusion of mass
[3] associated with internal wave breaking [4] rather than
by the production of cold, dense water by convection at
high latitudes. Both circulations represent important ele-
ments of the Earth’s climate system.

In a classical work [5], Garrett and Munk demonstrated
how observations from various sensor types could be
synthesized into a combined wave-number-frequency
spectrum, now called the Garrett-and-Munk (GM) spec-
trum of internal waves. Consistent only with linear in-
ternal wave kinematics, the GM spectrum was developed
as an empirical curve fit to available data. Even though
deviations have been noted near boundaries [6], and at the
equator [7], the last significant model revision [8,9] has
surprisingly stood the test of time. However, a review
of open-ocean data sets reveals subtle variability in
spectral power laws. We show in this Letter that predic-
tions based upon a weakly nonlinear wave turbulence
theory are consistent with both the high-frequency–
high-wave-number limit of the GM spectrum and the
observed variability.

In this Letter, we consider only the high-frequency–
high-wave-number limit of GM; for brevity, we denote
this henceforth as GMh. The GMh is given by

E!m;!" ’ Nm#2!#2: (1)

Here E is the spectral wave energy density, N the buoy-
ancy frequency, m the vertical wave number, and !
the frequency. The total energy density of a wave field is
E $

R

E!m;!" dmd!.
The possibility that the internal wave field might ex-

hibit a universal character represents an attractive theo-
retical target, and much effort (as reviewed in [10]) was
devoted to studying the issue of nonlinearity in the con-

text of resonant wave interactions. That line of work is
based on a Lagrangian description of the flow, with two
main approximations: that fluid particles undergo small
displacements, and that nonlinear interactions take place
on a much longer time scale than the underlying linear
dynamics. An approximate kinetic equation describing
the time evolution of the spectral wave energy was de-
rived, and it was shown [11] that the GMh spectrum (1)
was close to being a stationary solution.

An alternative to the Lagrangian formulation, based on
a Hamiltonian description in isopycnal (density) coordi-
nates, was recently proposed [12]. This approach does not
invoke a small-displacement assumption and yields a
comparatively simple kinetic equation with an exact
steady power-law solution in the high-frequency limit.
That steady-state solution [see (5) below] is close to the
GMh spectrum (1), yet there is a noticeable difference.
Motivated by this difference, we tried to estimate the
accuracy of the GMh power laws and thus reviewed extant
observations from the literature. In the process of analyz-
ing the data, we found that there was subtle variability in
the high-wave-number, high-frequency spectrum, form-
ing a distinct pattern.

We then reexamined the kinetic equation of [12] and
found its full family of steady-state solutions, of which
the solution reported in [12] is just one member. This
family of solutions compares well with the variability
found in the observations. Moreover, the GMh spectrum
(1) is a member of this family, thus describing the GMh
spectrum simply as an exact steady-state solution to the
kinetic equation derived in [12].

Hence, in this Letter we present evidence for variabil-
ity in the high-frequency–high-wave-number open-
ocean internal wave field, and find that a wave turbulence
approach predicts that both GMh and the observed vari-
ability are stationary states of the kinetic equation. The
variability itself, and its likely roots in variable forcing,
Coriolis effects, underlying stratification and currents, as
well as the low frequency range of the energy spectrum,
are fundamental problems posing exciting challenges for
future research.
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restrict contributions to the resonant set. Consider, for
example, the resonant set

k!k1"k2; m!m1"m2; !k;m!!k1;m1
"!k2;m2

:

Given k, k1, k2, and m, one can find m1 and m2 satisfying
this resonant condition by solving

k=m ! k1=jm1j" k2=jm#m1j:
This equation reduces to a quadratic equation for m1, and
then one can find m2 from m2 ! m#m1. After this
reduction, one is left with a two-dimensional integral,
over jk1j and jk2j. This infinite domain is further re-
stricted by the requirement that jk1j, jk2j, and jkj are
such that they can correspond to the sides of a triangle;
this restricted (though still infinite) domain is called the
kinematic box in the oceanographic literature. The next
problem for the numerical integration is that the inte-
grand diverges (typically in an integrable fashion) at the
boundaries of the domain. This is solved by a suitable
change of variables. Finally, a second substitution renders
the domain of integration finite.

The resulting family of zeros is depicted in Fig. 1.
Notice that the curve passes through the exact solution
(5). More importantly, it also passes through the point
$4; 0%, corresponding to the GMh spectrum (1). Hence this
classical spectrum is for the first time shown to corre-
spond to an exact steady solution to a kinetic equation
based on first fluid principles.

Finally, we note the integrals converge in the parameter
regime occupied by the observations. In regions of tightly
spaced contour lines (x < 1:7 and y < 0:7, x > 4:2 and
y <#0:4) (4) is nonintegrable.

The other points marked on the figure correspond to
the observational sets discussed above. Notice that, with
the exception of NATRE, they all lie very close to the
zeros of I. Therefore, the predictions of wave turbulence
are consistent with the observed deviations from GMh.

In fact, the NATRE point lies in an area of $x; y% space
where z ! I and z ! 0 are nearly tangential, thus making
the line of zeros effectively ‘‘thicker’’ (in other words, the
collision integral is not zero at the observed points, but it
is very small, possibly allowing other, typically smaller
effects to take over.)

Conclusions.—We have shown that the wave turbulence
formalism captures much of the variability apparent in
the oceanic internal wave field. This includes the charac-
terization of the spectral curve put together by Garrett
and Munk as an exact steady solution to a kinetic equa-
tion for the evolution of the wave field, derived from first
principles. In addition, the curve of steady solutions to
this kinetic equation is consistent with much of the ob-
served variability in the energy spectra. We conjecture
that the placement along this curve of individual obser-
vations depends on the nature of the forcing (for instance,
by tides and atmospheric winds), the local degree of
stratification, vorticity and shear, and the variable mag-

nitude of the Coriolis parameter. This is the subject of
ongoing research.
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Introduction.—Internal waves are an important piece
of the energy and momentum budgets for the earth’s
atmosphere and ocean. The drag associated with internal
wave breaking needs to be included in order to obtain
accurate simulations of the atmospheric jet stream [1],
and it has been argued that the ocean’s meridional over-
turning circulation [2] is forced by the diffusion of mass
[3] associated with internal wave breaking [4] rather than
by the production of cold, dense water by convection at
high latitudes. Both circulations represent important ele-
ments of the Earth’s climate system.

In a classical work [5], Garrett and Munk demonstrated
how observations from various sensor types could be
synthesized into a combined wave-number-frequency
spectrum, now called the Garrett-and-Munk (GM) spec-
trum of internal waves. Consistent only with linear in-
ternal wave kinematics, the GM spectrum was developed
as an empirical curve fit to available data. Even though
deviations have been noted near boundaries [6], and at the
equator [7], the last significant model revision [8,9] has
surprisingly stood the test of time. However, a review
of open-ocean data sets reveals subtle variability in
spectral power laws. We show in this Letter that predic-
tions based upon a weakly nonlinear wave turbulence
theory are consistent with both the high-frequency–
high-wave-number limit of the GM spectrum and the
observed variability.

In this Letter, we consider only the high-frequency–
high-wave-number limit of GM; for brevity, we denote
this henceforth as GMh. The GMh is given by

E!m;!" ’ Nm#2!#2: (1)

Here E is the spectral wave energy density, N the buoy-
ancy frequency, m the vertical wave number, and !
the frequency. The total energy density of a wave field is
E $

R

E!m;!" dmd!.
The possibility that the internal wave field might ex-

hibit a universal character represents an attractive theo-
retical target, and much effort (as reviewed in [10]) was
devoted to studying the issue of nonlinearity in the con-

text of resonant wave interactions. That line of work is
based on a Lagrangian description of the flow, with two
main approximations: that fluid particles undergo small
displacements, and that nonlinear interactions take place
on a much longer time scale than the underlying linear
dynamics. An approximate kinetic equation describing
the time evolution of the spectral wave energy was de-
rived, and it was shown [11] that the GMh spectrum (1)
was close to being a stationary solution.

An alternative to the Lagrangian formulation, based on
a Hamiltonian description in isopycnal (density) coordi-
nates, was recently proposed [12]. This approach does not
invoke a small-displacement assumption and yields a
comparatively simple kinetic equation with an exact
steady power-law solution in the high-frequency limit.
That steady-state solution [see (5) below] is close to the
GMh spectrum (1), yet there is a noticeable difference.
Motivated by this difference, we tried to estimate the
accuracy of the GMh power laws and thus reviewed extant
observations from the literature. In the process of analyz-
ing the data, we found that there was subtle variability in
the high-wave-number, high-frequency spectrum, form-
ing a distinct pattern.

We then reexamined the kinetic equation of [12] and
found its full family of steady-state solutions, of which
the solution reported in [12] is just one member. This
family of solutions compares well with the variability
found in the observations. Moreover, the GMh spectrum
(1) is a member of this family, thus describing the GMh
spectrum simply as an exact steady-state solution to the
kinetic equation derived in [12].

Hence, in this Letter we present evidence for variabil-
ity in the high-frequency–high-wave-number open-
ocean internal wave field, and find that a wave turbulence
approach predicts that both GMh and the observed vari-
ability are stationary states of the kinetic equation. The
variability itself, and its likely roots in variable forcing,
Coriolis effects, underlying stratification and currents, as
well as the low frequency range of the energy spectrum,
are fundamental problems posing exciting challenges for
future research.
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restrict contributions to the resonant set. Consider, for
example, the resonant set

k!k1"k2; m!m1"m2; !k;m!!k1;m1
"!k2;m2

:

Given k, k1, k2, and m, one can find m1 and m2 satisfying
this resonant condition by solving

k=m ! k1=jm1j" k2=jm#m1j:
This equation reduces to a quadratic equation for m1, and
then one can find m2 from m2 ! m#m1. After this
reduction, one is left with a two-dimensional integral,
over jk1j and jk2j. This infinite domain is further re-
stricted by the requirement that jk1j, jk2j, and jkj are
such that they can correspond to the sides of a triangle;
this restricted (though still infinite) domain is called the
kinematic box in the oceanographic literature. The next
problem for the numerical integration is that the inte-
grand diverges (typically in an integrable fashion) at the
boundaries of the domain. This is solved by a suitable
change of variables. Finally, a second substitution renders
the domain of integration finite.

The resulting family of zeros is depicted in Fig. 1.
Notice that the curve passes through the exact solution
(5). More importantly, it also passes through the point
$4; 0%, corresponding to the GMh spectrum (1). Hence this
classical spectrum is for the first time shown to corre-
spond to an exact steady solution to a kinetic equation
based on first fluid principles.

Finally, we note the integrals converge in the parameter
regime occupied by the observations. In regions of tightly
spaced contour lines (x < 1:7 and y < 0:7, x > 4:2 and
y <#0:4) (4) is nonintegrable.

The other points marked on the figure correspond to
the observational sets discussed above. Notice that, with
the exception of NATRE, they all lie very close to the
zeros of I. Therefore, the predictions of wave turbulence
are consistent with the observed deviations from GMh.

In fact, the NATRE point lies in an area of $x; y% space
where z ! I and z ! 0 are nearly tangential, thus making
the line of zeros effectively ‘‘thicker’’ (in other words, the
collision integral is not zero at the observed points, but it
is very small, possibly allowing other, typically smaller
effects to take over.)

Conclusions.—We have shown that the wave turbulence
formalism captures much of the variability apparent in
the oceanic internal wave field. This includes the charac-
terization of the spectral curve put together by Garrett
and Munk as an exact steady solution to a kinetic equa-
tion for the evolution of the wave field, derived from first
principles. In addition, the curve of steady solutions to
this kinetic equation is consistent with much of the ob-
served variability in the energy spectra. We conjecture
that the placement along this curve of individual obser-
vations depends on the nature of the forcing (for instance,
by tides and atmospheric winds), the local degree of
stratification, vorticity and shear, and the variable mag-

nitude of the Coriolis parameter. This is the subject of
ongoing research.
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other datasets:

Overview of observations: a family of spectra.—Below
we present a summary of historical oceanic internal wave
energy spectra. These observations are reanalyzed to
study whether the high-frequency, high-wave-number
spectra may form a pattern. We review seven data sets
available in the literature. We shall present a detailed
analysis of these data sets elsewhere; here we just list
them along with their high-frequency, high-wave-
number asymptotics. Let us assume that, in this limit,
the three-dimensional wave action n!k; m" can be ap-
proximated by horizontally isotropic power laws of the
form

nk;m # n0jkj$xjmj$y ; (2)

where k is the horizontal wave vector, k # jkj is its
modulus, m is the vertical wave number, and n0 is a
constant.

Using the linear dispersion relation of internal waves,
!k;m / jkj=m, this action spectrum can be transformed
from the wave-number space !k;m" to the vertical wave-
number-frequency space !!;m". Multiplication by the
frequency yields the corresponding energy spectrum,

E!m;!" / !2$xm2$x$y:

The total energy of the wave field is then

E #
Z

!!k; m"n!k; m" dkdm #
Z

E!!;m" d!dm:

Below we list extant data sets with concurrent vertical
profile and current meter observations and some major
experiments utilizing moored arrays, along with our best
estimate of their high-wave-number high-frequency
asymptotics (the order is chronological).

The Mid-Ocean Dynamics Experiment (MODE),
March–July 1973, Sargasso Sea (260%00 N, 69%400 W):
m$2:25!$1:6 [13].

The Internal Wave Experiment (IWEX), 40 d observa-
tions in November–December 1973, Sargasso Sea ther-
mocline (27%440 N, 69%510 W): k$2:4&0:4!$1:75 [14].

The Arctic Internal Wave Experiment (AIWEX),
March to May of 1985, Canada Basin thermocline,
(74% N, 143%–146% W): m$2:15!$1:2 [15,16].

The Frontal Air-Sea Interaction Experiment
(FASINEX), January to June of 1986, Sargasso Sea ther-
mocline (27% N, 70% W): m$1:9 to$2:0!$1:75 [17,18].

Patches Experiment (PATCHEX), 7.5 d during October
of 1986, eastern Subtropical North Pacific, (34% N,
127% W): m$1:75!$1:65 to$2:0 [19].

The Surface Wave Process Program (SWAPP)
experiment, 12 d during March, 1990, eastern Sub-
tropical North Pacific thermocline, (35% N, 127% W):
m$1:9!$2:0 [20].

North Atlantic Tracer Release Experiment (NATRE),
February–October 1992, eastern Subtropical North

Atlantic thermocline, (26% N, 29% W): m$2:75!$0:6 (for
1<!< 6 cpd) [21].

These deep ocean observations (Fig. 1) exhibit a higher
degree of variability than one might anticipate for a
universal spectrum. Moreover, the deviations from the
GMh spectral power laws form a pattern: they seem to
roughly fall upon a curve with negative slope in the !x; y"
plane. We show in the next section that the predictions of
wave turbulence theory are consistent with this pattern.

A wave turbulence formulation for the internal wave
field.—In this section we assume that the internal wave
field can be viewed as a field of weakly interacting
waves, thus falling into the class of systems describable
by wave turbulence. Wave turbulence is a universal
statistical theory for the description of an ensemble of
weakly interacting particles or waves. This theory has
contributed to our understanding of spectral energy
transfer in complex systems [22], and has been used for
describing surface water waves since pioneering works
by Hasselmann [23], Benney and Newell [24], and
Zakharov [25,26].

The dynamics of oceanic internal waves can be most
easily described in isopycnal (i.e., density) coordinates,
which allow for a simple and intuitive Hamiltonian de-
scription [12]. To describe the wave field, we introduce
two variables: a velocity potential !!r;"" and an isopyc-
nal straining !!r;"". The horizontal velocity is given by
the isopycnal gradient r of the velocity potential,
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FIG. 1 (color). Ocean observations and analytical zeros of the
kinetic Eq. (4) in the !x; y" plane, with the high-frequency
action spectrum given by the power law (2). Solid red dots
represent the thermodynamical equilibrium solution, the
closed-form zero [5], and the GMh spectrum (1). Blue circles
represent different observational sets. The solid black curve
marks the numerically computed zeros of the kinetic equation.
Contour lines of the right-hand side of Eq. (4) with high-
frequency action spectrum given by the power law (2),
I!x; y", are also shown, with red curves corresponding to
positive values and blue curves to negative values.
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Overview of observations: a family of spectra.—Below
we present a summary of historical oceanic internal wave
energy spectra. These observations are reanalyzed to
study whether the high-frequency, high-wave-number
spectra may form a pattern. We review seven data sets
available in the literature. We shall present a detailed
analysis of these data sets elsewhere; here we just list
them along with their high-frequency, high-wave-
number asymptotics. Let us assume that, in this limit,
the three-dimensional wave action n!k; m" can be ap-
proximated by horizontally isotropic power laws of the
form

nk;m # n0jkj$xjmj$y ; (2)

where k is the horizontal wave vector, k # jkj is its
modulus, m is the vertical wave number, and n0 is a
constant.

Using the linear dispersion relation of internal waves,
!k;m / jkj=m, this action spectrum can be transformed
from the wave-number space !k;m" to the vertical wave-
number-frequency space !!;m". Multiplication by the
frequency yields the corresponding energy spectrum,

E!m;!" / !2$xm2$x$y:

The total energy of the wave field is then

E #
Z

!!k; m"n!k; m" dkdm #
Z

E!!;m" d!dm:

Below we list extant data sets with concurrent vertical
profile and current meter observations and some major
experiments utilizing moored arrays, along with our best
estimate of their high-wave-number high-frequency
asymptotics (the order is chronological).

The Mid-Ocean Dynamics Experiment (MODE),
March–July 1973, Sargasso Sea (260%00 N, 69%400 W):
m$2:25!$1:6 [13].

The Internal Wave Experiment (IWEX), 40 d observa-
tions in November–December 1973, Sargasso Sea ther-
mocline (27%440 N, 69%510 W): k$2:4&0:4!$1:75 [14].

The Arctic Internal Wave Experiment (AIWEX),
March to May of 1985, Canada Basin thermocline,
(74% N, 143%–146% W): m$2:15!$1:2 [15,16].

The Frontal Air-Sea Interaction Experiment
(FASINEX), January to June of 1986, Sargasso Sea ther-
mocline (27% N, 70% W): m$1:9 to$2:0!$1:75 [17,18].

Patches Experiment (PATCHEX), 7.5 d during October
of 1986, eastern Subtropical North Pacific, (34% N,
127% W): m$1:75!$1:65 to$2:0 [19].

The Surface Wave Process Program (SWAPP)
experiment, 12 d during March, 1990, eastern Sub-
tropical North Pacific thermocline, (35% N, 127% W):
m$1:9!$2:0 [20].

North Atlantic Tracer Release Experiment (NATRE),
February–October 1992, eastern Subtropical North

Atlantic thermocline, (26% N, 29% W): m$2:75!$0:6 (for
1<!< 6 cpd) [21].

These deep ocean observations (Fig. 1) exhibit a higher
degree of variability than one might anticipate for a
universal spectrum. Moreover, the deviations from the
GMh spectral power laws form a pattern: they seem to
roughly fall upon a curve with negative slope in the !x; y"
plane. We show in the next section that the predictions of
wave turbulence theory are consistent with this pattern.

A wave turbulence formulation for the internal wave
field.—In this section we assume that the internal wave
field can be viewed as a field of weakly interacting
waves, thus falling into the class of systems describable
by wave turbulence. Wave turbulence is a universal
statistical theory for the description of an ensemble of
weakly interacting particles or waves. This theory has
contributed to our understanding of spectral energy
transfer in complex systems [22], and has been used for
describing surface water waves since pioneering works
by Hasselmann [23], Benney and Newell [24], and
Zakharov [25,26].

The dynamics of oceanic internal waves can be most
easily described in isopycnal (i.e., density) coordinates,
which allow for a simple and intuitive Hamiltonian de-
scription [12]. To describe the wave field, we introduce
two variables: a velocity potential !!r;"" and an isopyc-
nal straining !!r;"". The horizontal velocity is given by
the isopycnal gradient r of the velocity potential,
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FIG. 1 (color). Ocean observations and analytical zeros of the
kinetic Eq. (4) in the !x; y" plane, with the high-frequency
action spectrum given by the power law (2). Solid red dots
represent the thermodynamical equilibrium solution, the
closed-form zero [5], and the GMh spectrum (1). Blue circles
represent different observational sets. The solid black curve
marks the numerically computed zeros of the kinetic equation.
Contour lines of the right-hand side of Eq. (4) with high-
frequency action spectrum given by the power law (2),
I!x; y", are also shown, with red curves corresponding to
positive values and blue curves to negative values.
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u!r;!" # r"!r;!". The straining ! # !=!@z!" can
also be interpreted as the fluid density in isopycnal
coordinates.

These two variables form a canonically conjugated
Hamiltonian pair, so that the primitive equations of
motion (i.e., conservation of horizontal momentum, hy-
drostatic balance, mass conservation, and the incompres-
sibility constraint) can be written in canonical form,

@t! # #H =#"; @t" # $#H =#!;

H # 1

2

Z
!

! jr"j2 $
"
"
"
"
"
"
"

Z ! !

!1
d!1

"
"
"
"
"
"
"

2
#

dr d!: (3)

The first term in the Hamiltonian clearly corresponds to

the kinetic energy of the flow, and the second term can be
shown to correspond analogously to the potential energy.

Perturbing an equilibrium reference profile !0 #
$g=N2, performing the Fourier transform, and introduc-
ing a complex field variable ap via

"p #
iN $$$$$$$!p

p
$$$$$$

2g
p

k
!ap $a%$p"; !p #

$$$
g

p
k

$$$$$$$$$

2!p
p

N
!ap &a%$p";

where p # !k; m" is the 3D wave vector, N is buoyancy
frequency, and g is gravity acceleration; the canonical
pair of equations of motion and the Hamiltonian (3) read

i
@
@t

ap # @H
@a%p

; where H #
Z

!pjapj2 dp&
Z

Vp3
p1p2

!a%p1
a%p2

ap3
& ap1

a%p2
a%p3

"#p1$p2$p3
dp1dp2dp3

&
Z 1

6
Vp3
p1p2

!a%p1
a%p2

a%p3
& ap1

ap2
ap3

"#p1&p2&p3
dp1dp2dp3;

with wave-wave interaction matrix elements given by
[12]: Vp

p1p2
# Up

p1p2
&Up1

pp2
&Up2

pp1
with

Up
p1p2

# $ N
4

$$$$$$

2g
p k2 ' k3

k2k3

$$$$$$$$$$$$$$$$

!p2
!p3

!p1

s

k1:

These field equations are equivalent to the primitive
equations of motion for internal waves (up to the hydro-
static balance and Boussinesq approximation); the work
reviewed in [10] instead resorted to a small-displacement
approximation to arrive at similar equations. We will
argue elsewhere that this extra assumption does not pro-
vide an internally consistent description of interactions
between extremely scale separated waves. For the
purposes of this Letter, it suffices to note that the two
kinetic equations are different and yield different steady
solutions.

We shall characterize the field of interacting internal
waves by its wave action #p$p0np # hapa%p0 i.

Under the assumption of weak nonlinear interaction,
one derives a closed equation for the evolution of the
wave action, the kinetic equation. Assuming horizontal
isotropy, the kinetic equation can be reduced further by
averaging over all horizontal angles, obtaining [with p #
!k;m" and dp1dp2 # dk1dm1dk2dm2]

dnk;m
dt

# 1

k

Z

!Rp
p1p2 $ Rp1

pp2 $ Rp2
p1p" dp1dp2="k

k1k2
;

Rp
p1p2 # #!p$!p1

$!p2
fpp1p2 jVp

p1p2 j2#m$m1$m2kk1k2; (4)

where fpp1p2 # np1
np2

$ np!np1
& np2

" and "k
k1k2

#
f2(!kk1"2 & !kk2"2 & !k1k2"2) $ k4 $ k41 $ k42g1=2=2.

A family of steady-state power-law solutions to the
kinetic equation.— In wave turbulence theory, three-
wave kinetic equations admit two classes of exact sta-
tionary solutions: thermodynamic equilibrium and
Kolmogorov flux solutions, with the latter corresponding

to a direct cascade of energy—or other conserved quan-
tities—toward the higher modes. The fact that the ther-
modynamic equilibrium—or equipartition of energy—
np # 1=!p is a stationary solution of (4) can be seen by
inspection, whereas in order to find Kolmogorov spectra
one needs to be more elaborate. In [12] we used the
Zakharov-Kuznetsov conformal mapping [25–27] to
show analytically that the following wave action spec-
trum constitutes an exact steady-state solution of (4) [note
the difference with (1)]:

nk;m # n0jkj$7=2jmj$1=2; E!m;!" /!$1:5m$2: (5)

Remarkably though, this is not the only steady-state
solution of the kinetic equation having nonzero spectral
energy fluxes. In fact, there is a full family of such power-
law steady solutions. To see this, consider the kinetic
Eq. (4), and substitute into it the ansatz (2). Let us
now denote the resulting right-hand side of (4) by
I!k;m". For steady states, I!k;m" needs to vanish for all
values of k and m, for appropriately chosen values of
!x; y". However, once I vanishes for one such wave number
!k;m", it does so for all, due to the fact that I is a
bihomogeneous function of k and m:

I!$k;%m" # $4&2x%1&2yI!k;m": (6)

Hence, we can fix k and m, and seek zeros of I as a
function of x and y. The exact analytical solution (5)
cannot correspond to an isolated zero of I, since
!@xI; @yI" is nonzero (it is proportional to the energy
flux in the Kolmogorov solution [22]). Hence, by the
implicit function theorem, there must exist a curve of
zeros of I!x; y".

Since this family of steady-state solutions is not all
apparently amenable to a closed form, we sought the
zeros of I by numerical integration. This involves a
certain amount of work. First, the delta functions in (4)
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u!r;!" # r"!r;!". The straining ! # !=!@z!" can
also be interpreted as the fluid density in isopycnal
coordinates.

These two variables form a canonically conjugated
Hamiltonian pair, so that the primitive equations of
motion (i.e., conservation of horizontal momentum, hy-
drostatic balance, mass conservation, and the incompres-
sibility constraint) can be written in canonical form,

@t! # #H =#"; @t" # $#H =#!;

H # 1

2

Z
!

! jr"j2 $
"
"
"
"
"
"
"

Z ! !

!1
d!1

"
"
"
"
"
"
"

2
#

dr d!: (3)

The first term in the Hamiltonian clearly corresponds to

the kinetic energy of the flow, and the second term can be
shown to correspond analogously to the potential energy.

Perturbing an equilibrium reference profile !0 #
$g=N2, performing the Fourier transform, and introduc-
ing a complex field variable ap via

"p #
iN $$$$$$$!p
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2g
p

k
!ap $a%$p"; !p #
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k
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2!p
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where p # !k; m" is the 3D wave vector, N is buoyancy
frequency, and g is gravity acceleration; the canonical
pair of equations of motion and the Hamiltonian (3) read

i
@
@t
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; where H #
Z

!pjapj2 dp&
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with wave-wave interaction matrix elements given by
[12]: Vp

p1p2
# Up

p1p2
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with
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# $ N
4
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These field equations are equivalent to the primitive
equations of motion for internal waves (up to the hydro-
static balance and Boussinesq approximation); the work
reviewed in [10] instead resorted to a small-displacement
approximation to arrive at similar equations. We will
argue elsewhere that this extra assumption does not pro-
vide an internally consistent description of interactions
between extremely scale separated waves. For the
purposes of this Letter, it suffices to note that the two
kinetic equations are different and yield different steady
solutions.

We shall characterize the field of interacting internal
waves by its wave action #p$p0np # hapa%p0 i.

Under the assumption of weak nonlinear interaction,
one derives a closed equation for the evolution of the
wave action, the kinetic equation. Assuming horizontal
isotropy, the kinetic equation can be reduced further by
averaging over all horizontal angles, obtaining [with p #
!k;m" and dp1dp2 # dk1dm1dk2dm2]

dnk;m
dt

# 1

k

Z

!Rp
p1p2 $ Rp1

pp2 $ Rp2
p1p" dp1dp2="k

k1k2
;

Rp
p1p2 # #!p$!p1

$!p2
fpp1p2 jVp

p1p2 j2#m$m1$m2kk1k2; (4)

where fpp1p2 # np1
np2

$ np!np1
& np2

" and "k
k1k2

#
f2(!kk1"2 & !kk2"2 & !k1k2"2) $ k4 $ k41 $ k42g1=2=2.

A family of steady-state power-law solutions to the
kinetic equation.— In wave turbulence theory, three-
wave kinetic equations admit two classes of exact sta-
tionary solutions: thermodynamic equilibrium and
Kolmogorov flux solutions, with the latter corresponding

to a direct cascade of energy—or other conserved quan-
tities—toward the higher modes. The fact that the ther-
modynamic equilibrium—or equipartition of energy—
np # 1=!p is a stationary solution of (4) can be seen by
inspection, whereas in order to find Kolmogorov spectra
one needs to be more elaborate. In [12] we used the
Zakharov-Kuznetsov conformal mapping [25–27] to
show analytically that the following wave action spec-
trum constitutes an exact steady-state solution of (4) [note
the difference with (1)]:

nk;m # n0jkj$7=2jmj$1=2; E!m;!" /!$1:5m$2: (5)

Remarkably though, this is not the only steady-state
solution of the kinetic equation having nonzero spectral
energy fluxes. In fact, there is a full family of such power-
law steady solutions. To see this, consider the kinetic
Eq. (4), and substitute into it the ansatz (2). Let us
now denote the resulting right-hand side of (4) by
I!k;m". For steady states, I!k;m" needs to vanish for all
values of k and m, for appropriately chosen values of
!x; y". However, once I vanishes for one such wave number
!k;m", it does so for all, due to the fact that I is a
bihomogeneous function of k and m:

I!$k;%m" # $4&2x%1&2yI!k;m": (6)

Hence, we can fix k and m, and seek zeros of I as a
function of x and y. The exact analytical solution (5)
cannot correspond to an isolated zero of I, since
!@xI; @yI" is nonzero (it is proportional to the energy
flux in the Kolmogorov solution [22]). Hence, by the
implicit function theorem, there must exist a curve of
zeros of I!x; y".

Since this family of steady-state solutions is not all
apparently amenable to a closed form, we sought the
zeros of I by numerical integration. This involves a
certain amount of work. First, the delta functions in (4)
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u!r;!" # r"!r;!". The straining ! # !=!@z!" can
also be interpreted as the fluid density in isopycnal
coordinates.

These two variables form a canonically conjugated
Hamiltonian pair, so that the primitive equations of
motion (i.e., conservation of horizontal momentum, hy-
drostatic balance, mass conservation, and the incompres-
sibility constraint) can be written in canonical form,

@t! # #H =#"; @t" # $#H =#!;

H # 1

2

Z
!

! jr"j2 $
"
"
"
"
"
"
"

Z ! !

!1
d!1

"
"
"
"
"
"
"

2
#

dr d!: (3)

The first term in the Hamiltonian clearly corresponds to

the kinetic energy of the flow, and the second term can be
shown to correspond analogously to the potential energy.

Perturbing an equilibrium reference profile !0 #
$g=N2, performing the Fourier transform, and introduc-
ing a complex field variable ap via

"p #
iN $$$$$$$!p

p
$$$$$$

2g
p

k
!ap $a%$p"; !p #

$$$
g

p
k

$$$$$$$$$

2!p
p

N
!ap &a%$p";

where p # !k; m" is the 3D wave vector, N is buoyancy
frequency, and g is gravity acceleration; the canonical
pair of equations of motion and the Hamiltonian (3) read

i
@
@t

ap # @H
@a%p

; where H #
Z

!pjapj2 dp&
Z

Vp3
p1p2

!a%p1
a%p2

ap3
& ap1

a%p2
a%p3

"#p1$p2$p3
dp1dp2dp3

&
Z 1

6
Vp3
p1p2

!a%p1
a%p2

a%p3
& ap1

ap2
ap3

"#p1&p2&p3
dp1dp2dp3;

with wave-wave interaction matrix elements given by
[12]: Vp

p1p2
# Up

p1p2
&Up1

pp2
&Up2

pp1
with

Up
p1p2

# $ N
4

$$$$$$

2g
p k2 ' k3

k2k3

$$$$$$$$$$$$$$$$

!p2
!p3

!p1

s

k1:

These field equations are equivalent to the primitive
equations of motion for internal waves (up to the hydro-
static balance and Boussinesq approximation); the work
reviewed in [10] instead resorted to a small-displacement
approximation to arrive at similar equations. We will
argue elsewhere that this extra assumption does not pro-
vide an internally consistent description of interactions
between extremely scale separated waves. For the
purposes of this Letter, it suffices to note that the two
kinetic equations are different and yield different steady
solutions.

We shall characterize the field of interacting internal
waves by its wave action #p$p0np # hapa%p0 i.

Under the assumption of weak nonlinear interaction,
one derives a closed equation for the evolution of the
wave action, the kinetic equation. Assuming horizontal
isotropy, the kinetic equation can be reduced further by
averaging over all horizontal angles, obtaining [with p #
!k;m" and dp1dp2 # dk1dm1dk2dm2]

dnk;m
dt

# 1

k

Z

!Rp
p1p2 $ Rp1

pp2 $ Rp2
p1p" dp1dp2="k

k1k2
;

Rp
p1p2 # #!p$!p1

$!p2
fpp1p2 jVp

p1p2 j2#m$m1$m2kk1k2; (4)

where fpp1p2 # np1
np2

$ np!np1
& np2

" and "k
k1k2

#
f2(!kk1"2 & !kk2"2 & !k1k2"2) $ k4 $ k41 $ k42g1=2=2.

A family of steady-state power-law solutions to the
kinetic equation.— In wave turbulence theory, three-
wave kinetic equations admit two classes of exact sta-
tionary solutions: thermodynamic equilibrium and
Kolmogorov flux solutions, with the latter corresponding

to a direct cascade of energy—or other conserved quan-
tities—toward the higher modes. The fact that the ther-
modynamic equilibrium—or equipartition of energy—
np # 1=!p is a stationary solution of (4) can be seen by
inspection, whereas in order to find Kolmogorov spectra
one needs to be more elaborate. In [12] we used the
Zakharov-Kuznetsov conformal mapping [25–27] to
show analytically that the following wave action spec-
trum constitutes an exact steady-state solution of (4) [note
the difference with (1)]:

nk;m # n0jkj$7=2jmj$1=2; E!m;!" /!$1:5m$2: (5)

Remarkably though, this is not the only steady-state
solution of the kinetic equation having nonzero spectral
energy fluxes. In fact, there is a full family of such power-
law steady solutions. To see this, consider the kinetic
Eq. (4), and substitute into it the ansatz (2). Let us
now denote the resulting right-hand side of (4) by
I!k;m". For steady states, I!k;m" needs to vanish for all
values of k and m, for appropriately chosen values of
!x; y". However, once I vanishes for one such wave number
!k;m", it does so for all, due to the fact that I is a
bihomogeneous function of k and m:

I!$k;%m" # $4&2x%1&2yI!k;m": (6)

Hence, we can fix k and m, and seek zeros of I as a
function of x and y. The exact analytical solution (5)
cannot correspond to an isolated zero of I, since
!@xI; @yI" is nonzero (it is proportional to the energy
flux in the Kolmogorov solution [22]). Hence, by the
implicit function theorem, there must exist a curve of
zeros of I!x; y".

Since this family of steady-state solutions is not all
apparently amenable to a closed form, we sought the
zeros of I by numerical integration. This involves a
certain amount of work. First, the delta functions in (4)
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derivation of the kinetic equation 
for internal gravity waves

a family of solutions

Overview of observations: a family of spectra.—Below
we present a summary of historical oceanic internal wave
energy spectra. These observations are reanalyzed to
study whether the high-frequency, high-wave-number
spectra may form a pattern. We review seven data sets
available in the literature. We shall present a detailed
analysis of these data sets elsewhere; here we just list
them along with their high-frequency, high-wave-
number asymptotics. Let us assume that, in this limit,
the three-dimensional wave action n!k; m" can be ap-
proximated by horizontally isotropic power laws of the
form

nk;m # n0jkj$xjmj$y ; (2)

where k is the horizontal wave vector, k # jkj is its
modulus, m is the vertical wave number, and n0 is a
constant.

Using the linear dispersion relation of internal waves,
!k;m / jkj=m, this action spectrum can be transformed
from the wave-number space !k;m" to the vertical wave-
number-frequency space !!;m". Multiplication by the
frequency yields the corresponding energy spectrum,

E!m;!" / !2$xm2$x$y:

The total energy of the wave field is then

E #
Z

!!k; m"n!k; m" dkdm #
Z

E!!;m" d!dm:

Below we list extant data sets with concurrent vertical
profile and current meter observations and some major
experiments utilizing moored arrays, along with our best
estimate of their high-wave-number high-frequency
asymptotics (the order is chronological).

The Mid-Ocean Dynamics Experiment (MODE),
March–July 1973, Sargasso Sea (260%00 N, 69%400 W):
m$2:25!$1:6 [13].

The Internal Wave Experiment (IWEX), 40 d observa-
tions in November–December 1973, Sargasso Sea ther-
mocline (27%440 N, 69%510 W): k$2:4&0:4!$1:75 [14].

The Arctic Internal Wave Experiment (AIWEX),
March to May of 1985, Canada Basin thermocline,
(74% N, 143%–146% W): m$2:15!$1:2 [15,16].

The Frontal Air-Sea Interaction Experiment
(FASINEX), January to June of 1986, Sargasso Sea ther-
mocline (27% N, 70% W): m$1:9 to$2:0!$1:75 [17,18].

Patches Experiment (PATCHEX), 7.5 d during October
of 1986, eastern Subtropical North Pacific, (34% N,
127% W): m$1:75!$1:65 to$2:0 [19].

The Surface Wave Process Program (SWAPP)
experiment, 12 d during March, 1990, eastern Sub-
tropical North Pacific thermocline, (35% N, 127% W):
m$1:9!$2:0 [20].

North Atlantic Tracer Release Experiment (NATRE),
February–October 1992, eastern Subtropical North

Atlantic thermocline, (26% N, 29% W): m$2:75!$0:6 (for
1<!< 6 cpd) [21].

These deep ocean observations (Fig. 1) exhibit a higher
degree of variability than one might anticipate for a
universal spectrum. Moreover, the deviations from the
GMh spectral power laws form a pattern: they seem to
roughly fall upon a curve with negative slope in the !x; y"
plane. We show in the next section that the predictions of
wave turbulence theory are consistent with this pattern.

A wave turbulence formulation for the internal wave
field.—In this section we assume that the internal wave
field can be viewed as a field of weakly interacting
waves, thus falling into the class of systems describable
by wave turbulence. Wave turbulence is a universal
statistical theory for the description of an ensemble of
weakly interacting particles or waves. This theory has
contributed to our understanding of spectral energy
transfer in complex systems [22], and has been used for
describing surface water waves since pioneering works
by Hasselmann [23], Benney and Newell [24], and
Zakharov [25,26].

The dynamics of oceanic internal waves can be most
easily described in isopycnal (i.e., density) coordinates,
which allow for a simple and intuitive Hamiltonian de-
scription [12]. To describe the wave field, we introduce
two variables: a velocity potential !!r;"" and an isopyc-
nal straining !!r;"". The horizontal velocity is given by
the isopycnal gradient r of the velocity potential,
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FIG. 1 (color). Ocean observations and analytical zeros of the
kinetic Eq. (4) in the !x; y" plane, with the high-frequency
action spectrum given by the power law (2). Solid red dots
represent the thermodynamical equilibrium solution, the
closed-form zero [5], and the GMh spectrum (1). Blue circles
represent different observational sets. The solid black curve
marks the numerically computed zeros of the kinetic equation.
Contour lines of the right-hand side of Eq. (4) with high-
frequency action spectrum given by the power law (2),
I!x; y", are also shown, with red curves corresponding to
positive values and blue curves to negative values.
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Overview of observations: a family of spectra.—Below
we present a summary of historical oceanic internal wave
energy spectra. These observations are reanalyzed to
study whether the high-frequency, high-wave-number
spectra may form a pattern. We review seven data sets
available in the literature. We shall present a detailed
analysis of these data sets elsewhere; here we just list
them along with their high-frequency, high-wave-
number asymptotics. Let us assume that, in this limit,
the three-dimensional wave action n!k; m" can be ap-
proximated by horizontally isotropic power laws of the
form

nk;m # n0jkj$xjmj$y ; (2)

where k is the horizontal wave vector, k # jkj is its
modulus, m is the vertical wave number, and n0 is a
constant.

Using the linear dispersion relation of internal waves,
!k;m / jkj=m, this action spectrum can be transformed
from the wave-number space !k;m" to the vertical wave-
number-frequency space !!;m". Multiplication by the
frequency yields the corresponding energy spectrum,

E!m;!" / !2$xm2$x$y:

The total energy of the wave field is then

E #
Z

!!k; m"n!k; m" dkdm #
Z

E!!;m" d!dm:

Below we list extant data sets with concurrent vertical
profile and current meter observations and some major
experiments utilizing moored arrays, along with our best
estimate of their high-wave-number high-frequency
asymptotics (the order is chronological).

The Mid-Ocean Dynamics Experiment (MODE),
March–July 1973, Sargasso Sea (260%00 N, 69%400 W):
m$2:25!$1:6 [13].

The Internal Wave Experiment (IWEX), 40 d observa-
tions in November–December 1973, Sargasso Sea ther-
mocline (27%440 N, 69%510 W): k$2:4&0:4!$1:75 [14].

The Arctic Internal Wave Experiment (AIWEX),
March to May of 1985, Canada Basin thermocline,
(74% N, 143%–146% W): m$2:15!$1:2 [15,16].

The Frontal Air-Sea Interaction Experiment
(FASINEX), January to June of 1986, Sargasso Sea ther-
mocline (27% N, 70% W): m$1:9 to$2:0!$1:75 [17,18].

Patches Experiment (PATCHEX), 7.5 d during October
of 1986, eastern Subtropical North Pacific, (34% N,
127% W): m$1:75!$1:65 to$2:0 [19].

The Surface Wave Process Program (SWAPP)
experiment, 12 d during March, 1990, eastern Sub-
tropical North Pacific thermocline, (35% N, 127% W):
m$1:9!$2:0 [20].

North Atlantic Tracer Release Experiment (NATRE),
February–October 1992, eastern Subtropical North

Atlantic thermocline, (26% N, 29% W): m$2:75!$0:6 (for
1<!< 6 cpd) [21].

These deep ocean observations (Fig. 1) exhibit a higher
degree of variability than one might anticipate for a
universal spectrum. Moreover, the deviations from the
GMh spectral power laws form a pattern: they seem to
roughly fall upon a curve with negative slope in the !x; y"
plane. We show in the next section that the predictions of
wave turbulence theory are consistent with this pattern.

A wave turbulence formulation for the internal wave
field.—In this section we assume that the internal wave
field can be viewed as a field of weakly interacting
waves, thus falling into the class of systems describable
by wave turbulence. Wave turbulence is a universal
statistical theory for the description of an ensemble of
weakly interacting particles or waves. This theory has
contributed to our understanding of spectral energy
transfer in complex systems [22], and has been used for
describing surface water waves since pioneering works
by Hasselmann [23], Benney and Newell [24], and
Zakharov [25,26].

The dynamics of oceanic internal waves can be most
easily described in isopycnal (i.e., density) coordinates,
which allow for a simple and intuitive Hamiltonian de-
scription [12]. To describe the wave field, we introduce
two variables: a velocity potential !!r;"" and an isopyc-
nal straining !!r;"". The horizontal velocity is given by
the isopycnal gradient r of the velocity potential,
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FIG. 1 (color). Ocean observations and analytical zeros of the
kinetic Eq. (4) in the !x; y" plane, with the high-frequency
action spectrum given by the power law (2). Solid red dots
represent the thermodynamical equilibrium solution, the
closed-form zero [5], and the GMh spectrum (1). Blue circles
represent different observational sets. The solid black curve
marks the numerically computed zeros of the kinetic equation.
Contour lines of the right-hand side of Eq. (4) with high-
frequency action spectrum given by the power law (2),
I!x; y", are also shown, with red curves corresponding to
positive values and blue curves to negative values.
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ABSTRACT

Steady scale-invariant solutions of a kinetic equation describing the statistics of oceanic internal gravity
waves based on wave turbulence theory are investigated. It is shown in the nonrotating scale-invariant limit
that the collision integral in the kinetic equation diverges for almost all spectral power-law exponents. These
divergences come from resonant interactions with the smallest horizontal wavenumbers and/or the largest
horizontal wavenumbers with extreme scale separations.

A small domain is identified in which the scale-invariant collision integral converges and numerically find
a convergent power-law solution. This numerical solution is close to the Garrett–Munk spectrum. Power-law
exponents that potentially permit a balance between the infrared and ultraviolet divergences are investigated.
The balanced exponents are generalizations of an exact solution of the scale-invariant kinetic equation, the
Pelinovsky–Raevsky spectrum. A small but finite Coriolis parameter representing the effects of rotation is
introduced into the kinetic equation to determine solutions over the divergent part of the domain using
rigorous asymptotic arguments. This gives rise to the induced diffusion regime.

The derivation of the kinetic equation is based on an assumption of weak nonlinearity. Dominance of the
nonlocal interactions puts the self-consistency of the kinetic equation at risk. However, these weakly non-
linear stationary states are consistent with much of the observational evidence.

1. Introduction

Wave–wave interactions in continuously stratified fluids
have been a subject of intensive research in the last few
decades. Of particular importance is the observation of
a nearly universal internal-wave energy spectrum in the
ocean, first described by Garrett and Munk (Garrett and
Munk 1972, 1975; Cairns and Williams 1976; Garrett and
Munk 1979). However, it appears that ocean is too com-
plex to be described by one universal model. Accumulating

evidence suggests that there is measurable variability
of observed experimental spectra (Polzin and Lvov 2010,
manuscript submitted to Rev. Geophys., hereafter PL).
In particular, we have analyzed the decades of obser-
vational programs, and we have come to the conclusion
that the high-frequency–high-wavenumber part of the
spectrum can be characterized through simple power-
law fits with variable exponents.

It is generally thought (Müller et al. 1986; Olbers 1974,
1976; PL) that nonlinear interactions significantly con-
tribute to determining the background oceanic spectrum,
and this belief motivates the investigation of spectral
evolution equations for steady balances. A particularly
important study in this regard is the demonstration that
the Garrett–Munk (GM) vertical wavenumber spectrum
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McComas and Müller (1981) interpreted b 5 0 as a
no-action flux in vertical wavenumber domain, whereas
9 2 2a 2 3b 5 0 is a constant action flux solution.

We note that one can use the eikonal approach to
describe these types of interactions (Flatté et al. 1985;
Broutman et al. 2004; Müller et al. 1986; Henyey et al.
1986). An advantage of the eikonal approach versus our
scale-invariant analysis is that it allows us to consider
not only scale-invariant interactions in separable spec-
trum. The possible disadvantage of the eikonal ap-
proach is that construction of a transport theory is far
less rigorous. For a more detailed discussion on the dif-
ferences between the resonant interaction approximation
and the eikonal approach, we refer the reader to Polzin
(2004).

What is presented in this section is a rigorous as-
ymptotic derivation of Eq. (43). These ID solutions help
us to interpret observational data of Fig. 1 that are cur-
rently available to us. The value added associated with
a rigorous asymptotic derivation is the demonstration
that the ID stationary states are meaningful only in the
IR divergent part of the (a, b) domain.

7. Conclusions

The results in this paper provide an interpretation
of the variability in the observed spectral power laws.
Combining Figs. 1, 2, and 4 with Eqs. (4), (5), and (43)
produces the results shown in Fig. 6.

A nonrotating scale-invariant analysis provides two
subdomains in which the kinetic equation converges in
either the UV or the IR limit (light gray shading), two
subdomains in which the kinetic equation diverges in
both UV and IR limits but with oppositely signed values
(dark gray shading) and a single domain with similarly
signed UV and IR divergences (black shading). In this
nonrotating analysis, a stationary state is possible only
for oppositely signed divergences: that is, within the
dark gray shaded regions. Six of the observational points
lie in IR and UV divergent subdomains, and a seventh
(Site-D) is on the boundary with the IR divergent–UV
convergent subdomain. Two of the observational points
lie in the domain of IR and UV divergence having sim-
ilar signs, which does not represent a possible solution
in the nonrotating analysis. These two points lie close to
the boundaries of the ‘‘forbidden’’ (black shaded) re-
gion, and subtracting the vortical contribution from one
(NATRE1) returns a ‘‘best’’ estimate of the internal-
wave spectrum (NATRE2) that lies outside of the for-
bidden region.

All the data lie in an IR divergent regime and hence
a regularization of the kinetic equation is performed by
including a finite lower frequency of f. This produces

a family of stationary states, the induced diffusion
stationary states. These stationary states collapse much
of the observed variability. The exception is the NATRE
spectrum.

Summarizing the paper, we have analyzed the scale-
invariant kinetic equation for internal gravity waves and
shown that its collision integral diverges for almost all
spectral exponents. Figure 6 shows that the integral
nearly always diverges at zero, at infinity, or at both
ends. This means that, in the wave turbulence kinetic
equation framework, the energy transfer is dominated by
the scale-separated interactions with large and/or small
scales.

The only exception where the integral converges is
a segment of a line, 7/2 , a , 4, with b 5 0. On this
convergent segment, we found a special solution, (a, b) 5
(3.7, 0). This new solution is not far from the large-
wavenumber asymptotic form of the Garrett–Munk spec-
trum, (a, b) 5 (4, 0).

We have argued that there are two subdomains of
power-law exponents that can yield quasi-steady solu-
tions of the kinetic equation. For these ranges of expo-
nents, the contribution of the scale-separated interactions

FIG. 6. The observational points and the theories: The filled
circles represent the PR spectrum, the convergent numerical so-
lution determined in section 4c, and the GM spectrum. Circles with
stars represent power-law estimates based on 1D spectra. Circles
with crosshairs represent estimates based on 2D datasets. See Fig. 1
for the identification of the field programs. Light gray shading
represents regions of the power-law domain for which the collision
integral converges in either the IR or UV limit. The dark gray
shading represents the region of the power-law domain for which
the IR and UV limits diverge and have opposite signs. The region
of black shading represents the subdomain for which both the IR
and UV divergences have the same sign: that is, when large con-
tributions from interactions with very small and very large wave-
numbers have the same sign. Overlaid as solid white lines are the
ID stationary states.
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ABSTRACT

The spectral energy density of the internal waves in the open ocean is considered. The Garrett and Munk
spectrum and the resonant kinetic equation are used as the main tools of the study. Evaluations of a resonant
kinetic equation that suggest the slow time evolution of the Garrett and Munk spectrum is not in fact slow are
reported. Instead, nonlinear transfers lead to evolution time scales that are smaller than one wave period at
high vertical wavenumber. Such values of the transfer rates are inconsistent with the viewpoint expressed in
papers by C. H. McComas and P. Müller, and by P. Müller et al., which regards the Garrett and Munk
spectrum as an approximate stationary state of the resonant kinetic equation. It also puts the self-consistency
of a resonant kinetic equation at a serious risk. The possible reasons for and resolutions of this paradox are
explored. Inclusion of near-resonant interactions decreases the rate at which the spectrum evolves. Conse-
quently, this inclusion shows a tendency of improving of self-consistency of the kinetic equation approach.

1. Introduction

Wave–wave interactions in stratified oceanic flows have
been a fascinating subject of research in the last four
decades. Of particular importance is the existence of a
‘‘universal’’ internal wave spectrum, the Garrett and
Munk (GM; Garrett and Munk 1972, 1975, 1979) spec-
trum. It is generally perceived that the existence of a
universal spectrum is, at least in part and perhaps even
primarily, the result of nonlinear interactions of waves
with different wavenumbers. Because of the quadratic
nonlinearity of the underlying primitive equations and
the fact that the linear internal wave dispersion relation
can satisfy a three-wave resonance condition, waves inter-
act in triads. Therefore, the question arises, how strongly
do waves within a given triad interact? What are the
oceanographic consequences of this interaction?

Wave–wave interactions can be rigorously character-
ized by deriving a closed equation representing the slow
time evolution of the wave field’s wave action spectrum.
Such an equation is called a kinetic equation (Zakharov
et al. 1992), and significant efforts in this regard are listed
in Table 1.

A kinetic equation describes, under the assumption of
weak nonlinearity, the resonant spectral energy transfer
on the resonant manifold. The resonant manifold is a set
of wave vectors p, p1, and p2 that satisfy

p 5 p1 1 p2, vp 5 vp
1
1 vp

2
, (1)

where the frequency v is given by a linear dispersion
relation relating wave frequency v with wavenumber p.

The reduction of all possible interactions between three
wave vectors to a resonant manifold is a significant sim-
plification. Even further simplification can be achieved by
taking into account that, of all interactions on the reso-
nant manifold, the most important are those that involve
extreme scale separations (McComas and Bretherton
1977) between interaction wave vectors. It is shown in
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c. Direct numerical simulations of the dynamical
equations of motion

Direct numerical simulations of the dynamical equations
of motion are not limited by the dynamical assumptions
inherent in the weakly nonlinear resonant or near-resonant
representations. They are however subject to other com-
putational restrictions and do significantly depend upon
details of forcing.

D’Asaro (1997) present spindown simulations based
upon the GM76 spectrum with varying amplitude. The
domain considered there consists of a rectangular box
80 km 3 10 km 3 1 km on a side with resolved wave-
lengths of 1 km in the horizontal and 50 m in the verti-
cal. Note that this domain does not include regions in
Fig. 5 exhibiting large values of the normalized Boltz-
mann rate. Interactions in the resolved domain may be
dominated by PSI transfers as discussed in McComas
and Müller (1981a).

Forced nonrotating simulations are presented in Furue
(2003). The computational domain is a box of horizontal
size 100 m 3 100 m 3 128 m height. The forcing is iso-
tropic in wavenumber and peaks at a horizontal wave-
length of 25 m. The forcing is controlled so that amplitudes
are consistent with GM76 and the resulting dissipation is
a significant fraction of that associated with GM76.

It is an interesting task for the future research to relate
these numerical simulations with evaluations of the ki-
netic equations we are performing here. The first steps in
this direction were performed in Lvov and Yokoyama
(2009).

8. Conclusions

Our fundamental result is that the GM spectrum is not
stationary with respect to the resonant interaction ap-
proximation. This result is contrary to the point of view
expressed in McComas and Müller (1981a) and Müller
et al. (1986) and gave us cause to review published results
concerning resonant internal wave interactions. We also
arrived at the point where we can say that the resonant
kinetic equation does not constitute a self-consistent ap-
proach. We then included near-resonant interactions and
found significant reductions in the temporal evolution of
the GM spectrum.

This is the first step in building a self-consistent theory
of the interactions of internal waves. The main point of
this paper is that we reopen the challenge of how to cal-
culate from first principles the spectral energy density of
internal waves.

We compared the interaction matrices for three differ-
ent Hamiltonian formulations and one non-Hamiltonian
formulation in the resonant limit. Two of the Hamiltonian

formulations are canonical and one (Lvov and Tabak
2004) avoids a linearization of the Hamiltonian prior to
assuming an expansion in terms of weak nonlinearity.
Formulations in Eulerian, isopycnal, and Lagrangian co-
ordinate systems were considered. All four representa-
tions lead to equivalent results on the resonant manifold in
the absence of background rotation. The two repre-
sentations that include background rotation, a canoni-
cal Hamiltonian formulation in isopycnal coordinates and
a noncanonical Hamiltonian formulation in Lagrangian
coordinates, also lead to equivalent results on the res-
onant manifold. This statement is not trivial given the
different assumptions and coordinate systems that have
been used for the derivation of the various kinetic equa-
tions. It points to an internal consistency on the resonant
manifold that we still do not completely understand and
appreciate.

We rationalize the consistent results as being asso-
ciated with potential vorticity conservation. In the
isopycnal coordinate canonical Hamilton formulation,
potential vorticity conservation is explicit. In the Lagrang-
ian coordinate noncanonical Hamiltonian, potential vor-
ticity conservation results from a projection onto the linear
modes of the system. The two nonrotating formulations
prohibit relative vorticity variations by casting the ve-
locity as the gradient of a scalar streamfunction.

We infer that the nonstationary results for the GM
spectrum are related to a higher-order approximation of
the elastic scattering mechanism than considered in
McComas and Bretherton (1977) and McComas and
Müller (1981b). Our numerical results indicate evolution
rates of an inverse wave period at high vertical wave-
number, signifying a system that is not weakly nonlinear.
To understand whether such nonweak conditions could
give rise to competing effects that render the system sta-
tionary, we considered resonance broadening. We used a
kinetic equation with broadened frequency delta function
derived for a generalized three-wave Hamiltonian system
in (Lvov et al. 1997). The derivation is based upon the
Wyld diagrammatic technique for nonequilibrium wave
systems and utilizes the Dyson–Wyld line resummation.
This broadened kinetic equation is perceived to be more
sophisticated than the two-dimensional direct interaction
approximation representation pursued in Carnevale and
Frederiksen (1983) and the self-consistent calculations of
DeWitt and Wright (1984), which utilized the resonant
interaction matrix of Olbers (1976). We find a tendency of
resonance broadening to lead to more stationary con-
ditions. However, our results are limited by an un-
controlled approximation concerning the width of the
resonance surface.

Reductions in the temporal evolution of the internal
wave spectrum at high vertical wavenumber were greatest
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no weak turbulence  
of internal waves ?



excite stratified turbulence with waves

experiments in the Coriolis facility numerical simulations

Buoyancy fields at stationary state
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2D and 3D pseudospectral DNS

first results, work in progress…



linear stratification



forcing of the waves
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experiments in Coriolis facility
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time-resolved Particle Image Velocimetry (PIV) measurement

horizontal laser sheet:  
horizontal velocity

vertical laser sheet:  
vertical velocity

polystyrene particles matched in density 
(for stratified flows)

now: laser sheet static 
future : scanned vertically for 3D measurement



Particle Image Velocimetry (PIV) measurement: velocity field

horizontal laser sheet:  
horizontal velocity

vertical laser sheet:  
vertical velocity



forcing of the waves



forcing of the waves



spectral content
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 & nonlinear !

peaks in spectrum: modes of the tank 
➤ waves

what about the continuum ?
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space correlations, full field
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waves or vortices ?

issue: 2D cut of the flow ➤ requires additional assumption  
ex: axisymmetry 

see Campagne et al. 2015 for inertial waves in a rotating fluid

better: full 3D measurement ! 
maybe in Spring 2019 !!

issue: how to disentangle waves from vortices ? 

look if energy lies on the dispersion relation 



Conclusion

not very clear… 

experiments: it is non linear and there are waves, more analysis needed 

simulations: complex… 
not simply a wave cascade, but there are waves ! 
time-space analysis required

work in progress…


