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2D inhomogeneous incompressible Euler

The inhomogeneous and incompressible Euler equations are

Otp+u-Vp=0, (x,y) eTxR, t>0
p(Oru+ u - Vu) + VP = —p(0, g),
div(u) = 0.

> Well posedness? Problem: for w := V+ - u = 9,u” — d,u* there is the
baroclinic vorticity production by p=2V*p . VP
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2D inhomogeneous incompressible Euler

The inhomogeneous and incompressible Euler equations are

Otp+u-Vp=0, (x,y) eTxR, t>0
p(Oru+ u - Vu) + VP = —p(0, g),
div(u) = 0.

> Well posedness? Problem: for w := V+ - u = 9,u” — d,u* there is the
baroclinic vorticity production by p=2V*p . VP

» Boussinesq approximation (A. Oberbeck 1879 and J. Boussinesq 1903):
p(Oru+ u-Vu)+ VP = —p(0, g)

with p constant
> Well posedness Boussinesq? ...Blow-up Elgindi '19, Chen/Hou '20,'22,
Elgindi/Pasqualotto '23...

» Long-time behavior Boussinesq? ...Elgindi/Widmayer '14,
Castro/Cordoba/Lear '18, Kukavica/Wang '19, Kiselev/Park/Yao '22
Zillinger '20, Masmoudi/Said-Houari/Zhao '20...
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Stable steady state: ug =0, pi(y) <0
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Perturbing a stably stratified shear flow
Consider the equilibrium
ue = (U(y),0), pe=e™  (Boussinesq: pg=1—17y)

with b> 0 (v > 0). Let w = —U'(y) +w, p = pe + p. Define

p p p
0=—, BF=-"Eg=bg (0=—+, B>=1g)
—PE PE —PE

(0r + U(y)0x)0 = 0xtp + NLg
(0r + U(y)0y)(w — bdy1p) = — 20,0 + (U" — bU")0xtp + NL,,
Ay = w, v="Vty, (b=0)

[ Goal: study the long-time behavior of (w, 6). ]
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Linearized Boussinesq Couette: t = 0

Let us consider the Boussinesq case b = 0 with U(y) = y (the Couette flow).
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t =16

(61‘ + yax)e = aXA_lwv
(0 + ydy)w = —[0,0.
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Theorem (Bianchini/Coti Zelati/D '20)

Let 3% > 1/4, b >0, p™", vi" € HI(T x R). Assuming that U(y) ~ y, i.e.
U —1l|pgs + |U" || s <&, we have

10 = (@) 2 + 1(v* = (V) Bl2 + (X + ) IV (D)l 2 S (Htc)l/zf

When U(y) =y, i.e. ¢ =0, we have

I(w = @) ) ()2 + V(8 = (B))(D)l 2 = "VI+t.

» Upper bounds Boussinesq: Hartman '75 with asymptotics of hypergeometric
functions for Couette (rigorous by Yang/Lin '18).
Nualart/Coti Zelati '23 also in the channel T X [0, 1] with spectral method.

» Proof based on energy method in the spirit of Antonelli/D/Marcati '20 for
compressible fluids around Couette with constant density.
Works in other models as well (also with dissipation): 2D NS-Boussinesq
Zhai-Zhao, 2D NS-MHD D 23, 3D NS-Boussinesq Coti Zelati/Del
Zotto/Widmayer '24
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Linearized Boussinesq Couette: Fourier analysis

(0¢ + y0x)0x0 = 0 A M, (x,y)eT xR
(0r + yO )w = —20,0.

Change of coordinates: z = x — yt,v =y. Q,0© in the new frame.

Fourier transform: Q(z,v) = (2m) "1 32, oy €% [, € Qu(n)d).

— 1 —
(38 _ [0 s (28
de \ Q _g Pk 0777 Qx

where p is the symbol of ;! A in the new coordinates

pi(t,n) =1+ (n/k — t)?
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The symmetrization scheme
pi(t,n) =1+ (n/k — t). Define

Z(t) = (P Y*Qu(t,n),  Qt) = B(pH*D,0)(t. ).
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The symmetrization scheme
pi(t,n) =1+ (n/k — t). Define

Z(t) = (P Y*Qu(t,n),  Qt) = B(pH*D,0)(t. ).

Then

& (30) - (9 )G9 wo-

For k # 0, let

(o) = 3 (121 +107 + 22Re(Z0) ) (1)

Since |d/a| < 1/(28), E is coercive if 3> > 1/4 (Miles-Howard criterion).

With a Gronwall type estimate we deduce

E™ < E(t) < GE™, = |Z(t)|+|Q(t)| ~p E”
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@ Nonlinear Boussinesq around Couette
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Orr mechanism and the echoes in a nutshell

Since div(v) =0 = v -V = v{0x + vx - V. 2D Euler around Couette is

Oww + (y + v5(t,y))0xw = —vy - Vw,

=0 t=60

1=1000

An echo. Numerics by Shnirelman '13.
See also Vanneste et al. '98.
High-to-low (inverse) frequencies cascade
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Orr mechanism and the echoes in a nutshell
Since div(v) =0 = v -V = v{0x + vx - V. 2D Euler around Couette is

Oww + (y + v5(t,y))0xw = —vy - Vw,

=0 t=60

An echo. Numerics by Shnirelman '13.
See also Vanneste et al. '98.

Toy model used by
Bedrossian/Masmoudi '13
See also lonescu/Jia '19, 20,
Masmoudi/Zhao '20

M. Dolce

v=ViA~lu.

Toy Model: z = x — yt. Then
ViATIw - Vw — VEAIQ - VAQ.
Approximation:

0:Q ~ F(O,A,1Q 8,Q)x.
Bad term for t ~ n/k and n/k? > 1

n 1 ~

-1
f(aVAL Q)k = pmﬂk

High-to-low cascade k - k—1 — ... 1

(%) <(ki71)2> (%) ~ oV
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Rewrite 2D Euler-Boussinesq as
9:0 + (y + vg (t,5))0x0 = Oxtp — v - V0,
8tw—|—(y—|—v0( )) XW—_ﬁae—V?ﬁ Vw,
Ay = w, v =V

in ~ ¢ (in some space).

Consider an initial perturbation 6™, w
> v perturbative at most on a time-scale O(¢~!). Change of coordinates

1 t
z=x— vt v=y-+ ;/ Vg (7, y)dr, (mix Eulerian & Lagrangian)
0

> v echoes instability (at least). Some decay from inviscid damping.

» From the linearized dynamics, w, V6 ~ t1/2
On a time-scale O(¢~2) they might become of size O(1).

Out of a perturbative regime.

Claim: the linearized behavior persists up to t = O(c~2).
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Fix s > 1/2, the Gevrey-1/s is [|f[|2, = >, ez Jr @

Fi() Pdn.

Theorem (Bedrossian/Bianchini/Coti Zelati/D '21)

Let Ao >N >0and 0 <e < §<1. Assume ||[v|| 12 + [|[w™[|gro + [|67]|gr0 < €.
For all 0 < t < 622 we have ||v§(t)||gn S e and

ot x + v, ¥)llga + (1 4+ E)(Bx0)(t, x + vt, ¥ g S e(L+1)2,

[2:8(E)] 2 + [[(v = (VD) (E)lz + (X + D)V (D)2 S ﬁ

There exists K = K(8, Ao, s) > 0 such that if ||w™|| ,_, + [|6™]| 2 > Kde then

(@ = (@) ()l + [1V(6 = (B)) (D)2 = (1 + 1)2.

> Stratified fluids without gravity: same setting of us, modified scattering
(t = o00) and nonlinear inviscid damping Chen/Wei/Zhang/Zhang '23.
Zhao 23 in T x [0, 1], general strictly monotone shear and density pe.
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The nonlinear change of coordinates

The shear flow profile is now y + ug(t,y). The natural change of coordinates is

t
zZ = x — Vt, v:y—ﬁ—%/ uy (7, y)dr
0
vi=0v, Vv :=08,v, V=(9,0,),
Ay = 0z 4+ (V)2(0, — t,)* + V' (0, — td,).

Let (2,0,V¥)(t,z,v) = (w,0,¥)(t,x,y). Then

0©=0,V—-U-VO,
0,Q = —p3%9,0 — U - VQ,
U= (0, V) + V/VJ'\U;,A, AV = Q.

Remark: Equations for the coordinate change are the same as 2D Euler, but

Oe(t(l— V) = —wg Set? = [1—V|<et2
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Nonlinear Symmetrization scheme
Recall that py(t,n) = 1+ (n/k — t)? and Z = p~/4Q, @ = 3p*/*0,0.

10:p B —1/4
”Z=->-""7-LQ -p VFWU-VQ
' ap i B P T )
0,Q= Dz 100 —BpY*F(0.(U - VO)) —Bp*/* F((An. — AL)V)
VP 4 p

» Goal: || Z(t)|lgx + [|Q(t)llgr < e A direct estimate does not work (there are
regularity losses).

» Blue term is subtle: upper bound O(£2t7/2). Integrated in time
0(£2t1/?) = 0(e9d).
» Red terms are clearly dangerous: toy model to estimate high-to-low cascade.

> Based on toy model, design a weight Ax(t,7) to weaken the norms in energy
estimates (e.g. Nirenberg, Foias/Temam, Alinhac...).
Weight ~ artificial damping: choose A > 0 s.t. 0;A < 0:

0:(AZ) = —|0:A/AI(AZ) + AD.Z

> Use the linear energy functional (at least).
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Nonlinear growth: towards a Toy model

Consider the approximations
0:Zi = pYAF(VEAIQ - VQ)k = pVAF(0,A1Q 0,Q)y.
Note that

1 ~ n 1

—1 o n o
FlOB k= = e T o= kR

K21+ |t —n/k[?

The Orr mechanism: if /k? > 1 at time t ~ 1/k we have a growth.

Paraproduct: fg = fyigio + flogni + R. We are concerned with
0:Zic ~ P F((0, A Qi (0:2) o)k

since we expect (9,A; Q) ~ ct~3/2.
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The toy model: resonant vs non-resonant

> (0.Q) = ct2: concentrated at frequencies k =1 and n = 0.
» High-to-low cascade. Interactions k — k — 1. For times |t —n/k| < n/k?

K2\ /2 et
0:Z, = | — Y
ok <n> (1+ |t —n/kP)r/a 7
n 1/2 Et%
0: 2 1= |—= Z
Zea = (2) (1+ [t —n/k[2)3/4 "

» When ct2 < 1, maximal growth of order (1/k?)c.
Then, k —1 — k — 2 at time t ~ n/(k — 1) will grow (n/(k — 1)?)c. Overall

C k c
n_n N (1N oL ewm _
(kQ(k—l)Q"'l) ((k!)2> N\/ﬁe , when k=/n

» Our toy model predicts a different regularity unbalance between Z; and Z;_;
w.r.t. the homogeneous case (B/M '13).
In Zillinger '22 a more refined toy model potentially usefull for 672 < t < 79
(with more regularity).
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Let o > 10, s > 1/2. The weight A is chosen as follows
Ac(t,n) = (k[ + [nl) 2O (m=1w=1), (£,7),

where A = —1/(t)"°, my(t,n) = exp(Cp arctan(t — n/k)).

w1 is built on the toy model (different regularity unbalances w.r.t. B/M '13).

eV

> w is for nonlinear errors, m for the linear ones. Useful when /i <t <27
> \(t) is “classical” and useful when t < /5 and t > 21.
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Energy functionals and their bounds to bootstrap

Energy estimates are made in a bootstrap scheme up to times t < §2¢2.
» The linear energy functional (coercive if 5% > 1/4).

1 1 /0:p
E (t) = = [[|AZ])% + |AQ|? — = ( Z=EAZ, A .
(0= 3 (14215 + 141 - 5 (%2Az.AQ)
Goal: £,(t) < &2
Bounds on Z, @ are not enough to control the nonlinearities.

» The natural nonlinear energy (V. = (9,0, — t0;))

En(t) = = (1AQ]2 + B*|AV.LO|[3) .

N —

Goal: E,(t) <2t <62
At the highest level of regularity. Control on Z, Q is crucial to bound E,.

» Energy for the coordinate change E,(t) = ... (awful).
Goal: E,(t) < &%t <62
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Instability
Call X(t) = (Z(t), Q(t)), then

a.. _ (—d(t) —a(t)
7 X(0) = L)X (1) + N (& X(2)),  L(t) = ( a(t) d(t) ) ’

d(t) = +(0:p)/p, a(t) = B/\/P. p=1+ (n/k — t)* and N contains all the
nonlinearities.

> Let ®,(t,7) be the solution operator of the linear problem, we rewrite
t
X(t) = &.(t,0)X(0) +/ & (t,s)N (s, X(s))ds.
0
» From the linearized analysis, point-wise in t, k,7 we have
calF| < [®.(t,s)F| < Cp|F|.
» Combining these information with the stability part, we show that

(@ = @1z + 10 = O]l 2 ~ & (1)
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Possible future directions

» Energy approach for 32 < 1/4?

» What happens for times t > de~2? Zillinger '22 has a toy model that might
be useful (but not with lower bounds).

» The analogous result without the Boussinesq approximation should be true.
Can one use the method of Zhao '23 for inhomogeneous Euler without gravity
to address general strictly monotone shear flows and densities in T x [0, 1]?

» Long time growth as [|w?/r||2 + ||rv?||2 = v/t in 3D axi-symmetric Euler?

» Many questions are still unanswered also in the 2D homogeneous case...
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