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Jupiter's Zonal Jets

We look for a theoretical description of zonal jets
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Jupiter’s zonal winds (Voyager and
Cassini, from Porco et al 2003)

Jupiter's troposphere
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Jupiter’'s Abrupt Climate Change

Have we lost one of Jupiter's jets 7

HST- WFPC2 - Jupiter White Ovals
18 Sept. o7
Jupiter's white ovals (see
Youssef and Marcus 2005)

140ct. 99
02 Sept. 00

The white ovals appeared in 1939-1940 (Rogers 1995). Following
an instability of one of the zonal jets?
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The Barotropic Quasi-Geostrophic Equations

@ The simplest model for geostrophic turbulence.

e Quasi-Geostrophic equations with random forces

d

8—;’ +v.Vg=vAw—aw+V2ufs,
where @ = (V Av).e; is the vorticity, g = @ + By is the Potential
Vorticity (PV), fs is a random Gaussian field with correlation
(fs(x,t)fs(X,t')) = C(x—x")8(t —t'), € is the average energy input
rate, A is the Rayleigh friction coefficient.

@ Spin up or spin down time = 1/a < 1 = jet inertial time scale.

@ A reasonable model for Jupiter's zonal jets.
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Rare Transitions in Geostrophic Turbulent Flows

Rare transitions for quasigeostrophic jets
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Bistability between 2 and 3 jets
(F. Bouchet, J. Rolland and E. Simonnet, PRL 2018 and JAS 2021)
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Atmosphere Jet “Instantons’ Computed using the AMS

AMS: an algorithm to compute rare events, for instance rare reactive trajectories
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Transition trajectories between 2 and 3 jet states
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@ The dynamics of turbulent transitions is predictable.
@ Asymmetry between forward and backward transitions.
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Path Large Deviation for Zonal Jets

@ Time scale separation. We decompose into slow (zonal flows)
and fast (eddy turbulence) variables

1
Vo = Ua(y)ex + vV avm with Ug(y)ex = E/@dxva

o We expect:

suppfOTdt {j Updrdv — H[U./p]})
o .

P [{Ua(t)}o<teT = {U(t)} o<t T] a0 &P (

e Can we compute H ? Through kinetic theory and large
deviation theory for slow fast systems.

@ We have a series of partial results on the subject, and
numerical computations of some properties of H, but no
complete explicit formula yet for H.
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Large Deviation Theory

@ Large deviation theory is a general framework to describe
probability distributions in asymptotic limits

Fx]

P(x,&) =P[X; = x] oy e ¢

For equilibrium statistical mechanics, .% is the free energy, and
e=kgT/N.

Maths: Cramer 30', Sanov 50', Lanford 70', Freidlin—Wentzell 70’
and 80', Varadhan, ... In parallel with theoretical physicists.

Feng and Kurtz book for stochastic processes.
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Path Large Deviation Theory

N
gn(rv,t) = — Z’ v—vp(t)) 6 (r—ru(t)).

@ For many kinetic theories one expects:

supp, fo dt {[gpdrdv— H[g-,p]}> |
€

P [{g/\/(t)}ogKT = {g(t)}0§t<T} ETO &xp (

@ What is € ? Can we compute H ?

o This is a statistical field theory for the effective large scale
dynamics.

@ H summarizes all the relevant statistical information. This is
the Holy Grail of any modern statistical mechanician.

@ This gives the most probable evolution, the Gaussian
fluctuations (stochastic differential or partial differential
equations) and the rare events beyond Gaussian fluctuations.
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Motivation 1: Joule Expansion and Large Deviations

(ST
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@ What is the probability of a dynamical rare fluctuation? The
answer is not known within the classical statistical equilibrium
framework.
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Boltzmann Equation for dilute gases

d d
875 +v.a—€ = [ dvadvidvo w(vi,vhiv,v2) [g (V1,r) g (Va,r) —g(v,r) g (va,r)].
@ A cornerstone of physics.

o The irreversibility paradox and the 19" century controversy
(Loschmidt, Zermelo, Poincaré).

@ Classical explanation of the paradox by Boltzmann, theoretical
physicists of the 20th century, Lanford work (1973).

@ It is a very active contemporary subject both in physics and
mathematics.
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The Boltzmann Equation is a Law of Large Numbers

@ We consider the empirical distribution

1 N
gn(rv,t)= N Zlﬁ(r—r,,(t),v—vn(t))

@ We consider an ensemble of initial conditions {r,,vs};<,<n
where each gy(t =0) is close to gp.
@ The Boltzmann equation is a law of large numbers:

im gn(t) =g(t),

where g solves the Boltzmann equation with g(t =0) = go.

@ For large enough N, “for almost all initial conditions” and for a
finite time, gn(t) remains close to g(t) where g solves the
Boltzmann equation with g(t =0) = gp.

@ We should study the probabilities of gy, beyond the law of
large numbers. May be Gaussian fluctuations, but even more
interesting large deviations.
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Path Large Deviations for the Boltzmann Equation

@ Dynamical large deviations for the empirical distribution:
< sup, Jo dt {/gpdrdv — Hg [g,p]}>

P[{gs(t)}ogt<T = {g(t)}ogt<T] = exp

el0 €

€ is the inverse of the number of particles in a volume of size
the mean free path.

@ The large deviation Hamiltonian is Hg = Hc + Ht with the
collision part H. given by

Hclg.p]= % /drdvl?z‘l/jzr w(vy,vhivi,va)g(r,vi)g (r,va) {e[P(r>"1)+p(r,vZ)*P(r>"/1)*P("“’,z)] — 1} .

F. Rezakhanlou for a simpler stochastic dynamics with Boltzmann
like behavior (1998).

F. Bouchet (2020) for dilute gases.

T. Bodineau, |. Gallagher, L. Saint-Raymond and S. Simonella for a
mathematical proof for short times, (2020).
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Motivation 3: Large Deviations and the Geometric Structure
of Kinetic Equations

@ In many cases (diffusion, Vlasov—Mac-Kean, and so on),
kinetic equations can be seen as Gradient dynamics

d
p_ —Grad, 7,
ot
where the gradient is with respect to the Wasserstein distance

(Otto-Villani).

@ Where does this structure come from ?

@ From large deviation theory. The metric is given by the
dynamical large deviation Hamiltonian, .% is the
quasipotential. There is then a natural generalization

g’; = —Gradp.Z + 9 with (Grad,.#,9) =0
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© Path large deviations for the Balescu—Lenard—Guernsey equation
@ Quasilinear dynamics and large deviations for slow/fast
dynamics
@ Path large deviations for quadratic forms of Gaussian
processes using the Szeg6—Widom theorem
@ Hamiltonian for the Balescu—Lenard—Guernsey equation
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Particles with Mean—Field Interactions

dr dv 1 ¥ dw
cTt”:v,, and d—t":—ﬁmzztl—x(rnfrm). (rnERd or r,,G’]I‘d).
@ Energy

1¢v 1 N
KPRV

@ The empirical distribution gy (r.v.t) = & YN | 6 (r—ra(t);v—vs(t))
formally solves the Klimontovich equation

den ,  den dVign] den
5 TVg, oy =0 with V[gn](r) = /drdvW(r—r)gN(r v).

o Coulomb interaction: W(r) = —1/r? and N is the number of
particles in a volume of the size of the Debye length. N is
related to the plasma parameter I'.
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Vlasov Equation

@ We suppose an ensemble of initial conditions {gy} where each
gy is close to gp.

o Law of large numbers: “for almost all initial conditions”
limpy .. gy = g where g solves the Vlasov equation

Jdg , dg dVig] dg . . gy /
al_—s—v.ar— ar .aV—OW|th V[g](r,t)—/drdvW(r—r)g(r,v,t).

@ This is actually a stability result for the Vlasov (Klimontovich)
equation (Braun and Hepp, 1977 for smooth interactions).

@ This equation is Hamiltonian, conserves the energy and an
infinite number of Casimir conserved quantities.

@ It could still converge to the Boltzmann distribution in a weak
sense, but it does not.
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Stationary Solutions of the Vlasov Equation

@ The Vlasov equation has an infinite number of stable
stationary solutions, for instance homogenous solutions
g (r,v) = fo(v) such that for any k and € R, € (k, @) > 0 with

kafo

o ¢ is called the dielectric susceptibility and plays the role of a
dispersion relation for the linearized dynamics.

e W is the Fourier transform of W.

@ Those stable homogeneous distributions fy (v) play the role of
attractors for the Vlasov equation.
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Stationary Solutions of the Vlasov Equation

@ The Vlasov equation has an infinite number of stable
stationary solutions: homogeneous distributions f; (v).

@ Those stable homogeneous distributions fy (v) play the role of
attractors for the Vlasov equation.

@ What will happen for the N particle dynamics if we start from
an ensemble of initial conditions {fy} which is close to a
homogeneous stable fy(v)?

@ The distribution are stable on the Vlasov time scale (of order
1), however an evolution will occur on a time scale of order
7= N. This evolution is governed by the
Balescu—Guernsey—Lenard equation.
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© Particles with long range interactions, the Landau and the
Balescu—Lenard—Guernsey equations

@ The Balescu—Guernsey—Lenard and the Landau equations

F. Bouchet CNRS-ENSL Path large deviations for kinetic theories



Particles with long range interactions and the Vlasov eq.
The Landau and Balescu—Lenard—Guernsey eq. The Balescu—Guernsey—Lenard and the Landau equations
Sketch of a derivation of the Balescu—Lenard—Guernsey eq.

The Balescu—Guernsey—Lenard Equation

@ We suppose an ensemble of initial conditions {gy} where each
gn is close to a stable homogeneous fy(v).

e Law of large numbers: after time rescaling t = N7, “for almost
all initial conditions”, limy_,..gy = f, where f solves the
Balescu—Lenard—Guernsey equation

Zf = LB[f] with LB[f]= — /dv2 B [f](v,v2) (—af_f(v)-i—f(Vz)gf) .
with
oo kk W (k)2
B [F] (va,v2) = L3/ dw;S(w—k.vl)é(w—k.vz)W.

o First derived by R.L. Guernsey (1960). (or Bogolyubov?)

@ For smooth enough W, there is an exact derivation of the
Balescu-Guernsey-Lenard equation in the sense of theoretical
physicists (see Lifshitz—Pitaevskii's book on kinetic theory, or
Nicholson's book on plasma).
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The Landau Equation

@ The Landau equation is an approximation the
Balescu—Guernsey—Lenard equation neglecting collective
effects, or equivalently assuming e(k,®) = 1.

@ Landau equation:

of 0 < of of
3= E./dvz B (v,v2) (7%f(v)+f(v2)x> ,
where ? does not depend on f:

o A 2
?(vl,vz)=%L: dw;é(wfk.vl)B(a)fk.vz)%:%/dqw(vl,vz;q)qébq,

see Lifshitz—Pitaevskii's book on kinetic theory, or Nicholson's book
on plasma.
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The Properties of the Balescu—Guernsey—Lenard equation

% — LB[f] with LB[f] = %/dvz‘g[f] (v,v2) (*Q&szf(v)”("?)%) ’

kk W (k)2

L Tt
with B [f](v1,v2) = F[m dw;S(wfk.V1)5(w7k.V2)W.

@ It conserves mass, momentum and kinetic energy

2
\%
@ It increases monotonically the entropy
S=- /dvflogf.

@ It converges towards the Boltzmann distribution for the
corresponding energy

/2 V2
fg(v) = Wexp <7B 3) .
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© Particles with long range interactions, the Landau and the
Balescu—Lenard—Guernsey equations

@ Sketch of a derivation of the Balescu—Lenard-Guernsey eq.
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Derivation of the Balescu—Lenard—Guernsey eq. 1:
Projection on homogeneous distributions

e We decompose
(rvt):lﬁﬁ(rfr(t)'va () = Fy (v, £) + ——gn (F.v, )
gN » — N n 1 n N I \/N gN b b

n=1

with the projection over homogeneous distributions:

fu(v,t) = L d t)= Ly 0 t
W00 = g5 [dran (v = gz L 80—w(®)
@ The dynamics (Klimontovich equation) then reads

ofy 1 V[5gn] Idgn
Se=ws /e (7& v )

ddgn dégy IV [bgn] dfw | 1 [dV[6gn] dogn 1 [ [(JdV[6gn] dogn
=—V + =+ TT La/dl’ —_— .

ot ©or or ov VN ar v
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Derivation of the BGL eq. 2: Quasilinear approximation

Iy BV[5gN] Iy
It NL3 /d ( and

v
d8gn . d8gy +3V[5gN] aﬂ_‘_i dV[dgn] dégn 1 /vdr dV[égn] déen
at ~  Or ar  “ov N or v L3, oar  ov )|’

@ Neglecting the non-linear terms in the second equation and
rescaling time 7 = t/N, gives the quasilinear approximation

Ifn - _ /d (aV[5gN] a51fé“lv)

ot 3 T ov )’
Iéen  _ (_V dégy |, IV [dgn] ﬂ)
a7 " Or dr  ov )’

@ Solving this set of equations with the Bogoliubov hypothesis
(averaging a slow/fast set of equation) gives the
Balescu—Guernsey—Lenard equation.

F. Bouchet CNRS-ENSL
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Beyond the Law of Large Numbers: The Large Deviation
Action.

o We expect a large deviation principle for the empirical
distribution dynamics

T .
Plfy = f] P (—NL3SL;p/O dt {/fpdv—/"[fvpl})-

@ Why is N the large deviation parameter?

@ Expected properties of H? First the Lenard—Balescu equation should
be the most probable evolution

aof oH
ot LB[f]= Tp[fvp—ol
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Conserved Quantities

e If C is equal to either the mass
M = /drdvf7

or the momentum
P= /drdvvf,

or the kinetic energy
E= E/drdvv2f
=3 ,

H should have the symmetry related to the conservation law:

oC

Pl 570y =

OH
for any f and p, /drdv
g P 5p(v)
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The Quasipotential is the Entropy Constrained by the
Conserved Quantities

o We expect from equilibrium statistical, that

o1 S M= P00 i1 -
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Time Reversal Symmetry and Detailed Balance

o We expect

oS
Hlf,—p]|=H|f,p— = .
[f,—pl { Ps f]
@ As a consequence, —S solves the Hamilton—Jacobi equation
H [f, —‘;—ﬂ =0, and the quasipotential is the entropy
constrained by the conserved quantities.

@ How to find the large deviation Hamiltonian H?
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© Path large deviations for the Balescu—Lenard—Guernsey equation
@ Quasilinear dynamics and large deviations for slow/fast
dynamics
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Quasilinear Dynamics and Large Deviation Principle

e With time rescaling T = t/N, we have the slow/fast dynamics

BfN 8V[5g,\,] 85g,\,
-5 [ (PR,

ot Cov
86gN - Bﬁg,\, 8V[5g,\,] 8fN
9t *N{*"' o T ar av ]

@ This is a slow fast dynamical system. Large deviations for
slow-fast dynamical systems?

F. Bouchet CNRS-ENSL Path large deviations for kinetic theories



Quasilinear approximation and large deviations
Large deviations for the Lenard—Balescu eq
Large deviations for the Balescu—Lenard—Guernsey eq. Hamiltonian for the BLG eq.

Our plan to compute explicitly H

@ Describe the path large deviations for slow/fast dynamics.

© Compute path large deviations for quadratic observables of
Gaussian processes using Szegé—Widom theorems.

© Compute explicitly functional determinants and determinants
over infinite dimensional space.

@ Write the formula for H and verify all its symmetry properties
(time reversal symmetries, conservation laws, entropy and
quasipotential).

@ Justify the quasi-linear approximation (or check the
self-consistency of this hypothesis).
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Stochastic Averaging for Slow/Fast Dynamical Systems

dX = F(Xe, Ye)
T»t/g = %g(X&Ye)‘*‘%h(X&YS)%

@ Time scale separation: € < 1. Y¢ is the fast variable and X; is
the slow one.

o 1 2 3 0 1 2 3

at at
A slow/fast dynamics. The averaged evolution.
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Path Large Deviations for Slow/Fast Dynamics

@ We have the large deviation principle

o L(x,x)dt

P(Xe = x) =, exp ( c

£

) and L (x,%) = sup {xp— H(x,p)},
P
. .1 T
with H(x,p) = Tllg“lm7 Iog]E{exp {p/o f(x, Yx(t))dt} } .
(See for instance Freidlin-Wentzell for stochastic processes, and Kifer

and Veretnikov for chaotic dynamical systems.)

@ For quadratic in y f, and linear g and h, H solves a nonlinear
Lyapunov eq.

F. Bouchet, T. Tangarife, and E. Vanden-Eijnden, J. Stat. Phys., 2016.
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Quasilinear Dynamics and Large Deviation Principle

e With time rescaling T =t/N, we have the slow/fast dynamics

af/\/ /d 8V[6gN] 86gN
EIENE “ov )’

Jdégn dogn | IV[dgn] Ifn
9t _N{*V' o T ar ov ]

@ Then we have the large deviation principle

P(fy=f) = efNL:’SuppfDT{fdrdvf-pr[ﬂp]}7 with

T 1T JdV[ogn] ddgn
HIf,p] = 7|_|21w7|0gIEf {exp(ﬁ/o dr/drdvp( ) ————— 5 oy )]
@ Those are path large deviations for time averages of quadratic
functionals of a Gaussian process.
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© Path large deviations for the Balescu—Lenard—Guernsey equation

@ Path large deviations for quadratic forms of Gaussian
processes using the Szeg6—Widom theorem
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Quasilinear Dynamics and Large Deviation Principle

e With time rescaling T = t/N, we have the slow/fast dynamics

Bf,\, 8V[5g,\,] 85gN
-5 [ (PR,

El3 “ov
BSgN _ Bﬁg,v 8V[5g,\,] 8fN
9t *N{*"' o T ar av ]

@ Then we have the large deviation principle
P(fy =f) < exp {—NL3Supp/ (/drdvfp—H[f,p])} , with
N—roo 0

1 9V [5gn] dogn
HI[f,p] = Tllnm?logEf {exp(lﬁ/ dr/drdvp(v /d 7 v |-
@ This is the large deviation for time averages of quadratic
functionals of a Gaussian process.
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Large deviations for quadratic functionals of stationary
Gaussian processes

@ Let Y; be a stationary Gaussian process with values on C".
We denote C(t) =E(Y; ® Yp) and assume E(Y:;® Yp) =0.

o Let M is an Hermitian matrix of size n x n.
@ Then

T —o0 T Mnn

T T ~
|ogIEexp</ tht*TMYt) ~ —5r | dolog det (In_MC(w)>7 (1)
JO

where C (@) = [pe/®tC(t)dt is the Fourier transform of C.
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Large deviations for the Lenard—Balescu eq.
Large deviations for the Balescu—Lenard—Guernsey eq. Hamiltonian for the BLG eq.

Gaussian integration of quadratic functionals

@ Let Y; be a stationary Gaussian process with values on C".
We denote C(t) =E(Y{® Yp) and assume E(Y:® Yp) =0.
@ Then

T
logE / dtYTMY, ) = —1 det  (Id—MCy),
° eXp( o o t) % (% o )

where MC is the integral operator over .% ([0, T],C") defined
by

If X € 7 ([0, T],C") then MC (t)[X] = /O'TMC(t—s)X(s)ds.
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Quasilinear approximation and large deviations
Large deviations for the Lenard—Balescu eq.
Large deviations for the Balescu—Lenard—Guernsey eq. Hamiltonian for the BLG eq.

The Szegdo—Widom theorem

@ Let K7 be an integral operator on .# ([0, T],C") defined by
_ T
KTX(t):/ K (t—s)X (s)ds,
0

where K € .7 ([0, T],C") is called the kernel of the operator Kr.
@ Then

7 T iot
Iogﬁ({(ﬂ%}CH)(ld—i—Kr) e E./d(o Iog'g}//e".tn (/n—&-'/Re K(t)dt) )
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Large deviations for the Balescu—Lenard—Guernsey eq. Hamiltonian for the BLG eq.

Large deviations for quadratic functionals of stationary
Gaussian processes

@ Let Y; be a stationary Gaussian process with values on C".
We denote C(t) =E(Y; ® Yp) and assume E(Y:;® Yp) =0.

o Let M is an Hermitian matrix of size n x n.
@ Then

T T ~
|ogIEexp</ tht*TMYt) ~ —5r | dolog det (In_MC(w)>7 (2)
JO

T —o0 T Mnn

where C (@) = [pe/®tC(t)dt is the Fourier transform of C.
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Large deviations for the Balescu—Lenard—Guernsey eq. Hamiltonian for the BLG eq.

Outline

© Path large deviations for the Balescu—Lenard—Guernsey equation

@ Hamiltonian for the Balescu—Lenard—Guernsey equation

F. Bouchet CNRS-ENSL Path large deviations for kinetic theories



Quasilinear approximation and large deviations
Large deviations for the Lenard—Balescu eq
Large deviations for the Balescu—Lenard—Guernsey eq. Hamiltonian for the BLG eq.

Large Deviation Principle

@ We have the large deviation principle

P(fy=1) = e NL3Supy o {[drdvip—HIfpl} \ith

o

T 1 1 T 8V[5g,v] 85g,v
HI[f,p] = 7|_|an7|ogIEf {exp(p/o dr/drdvp(v)T.ﬁ)] .

@ This is the large deviation for time averages of quadratic
functionals of a Gaussian process.

HIF,p] = —%/da) logdet (1~ MC (0)).
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Quasilinear approximation and large deviations
Large deviations for the Lenard—Balescu eq
Large deviations for the Balescu—Lenard—Guernsey eq. Hamiltonian for the BLG eq.

Computing determinants on the space of complex functions

of the velocity space

@ We need to compute the determinant of an operators U that
acts on complex-function ¢ over the velocity space:

Ul () = 0(ua) +1W (k- [ dvadva Ceg (kovaiva) { 52 (uz) = 52 () fo ).
@ A critical remark: U is the identity plus a rank two linear
operator
U:pr—o+(w,Q0)v+(v,Q0)w,
then
det U=142R[(v, Qw)]+ (v, Qw) (v, Qw)* — (w, Qw) (v, Qv).

@ The determinant of U only depends on the two-point
correlation function of the quasi-linear problem.
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The Large Deviation Hamiltonian for the Lenard—Balescu
equation

@ The large deviation Hamiltonian reads

HIf,p] = f%g‘/dw log {1~ 7 [f.p] (k. 0)},

with
B ap > of of
(/[f,p](k,a))_47r‘/dv1dv2a—vl. A (k,(o,vl,vz).{a—wf(vl)— f(vz)a—\/l}
dp dp dp dp | »
+47r'/dv1dvz{a—\lla—\llfa—vla—v2 D (k, @,v1,v0) Fv1)F(va),  (3)
where
Y 2
W(k7w7vl7vQ):nws(w—k.vl)é(w—kw).
e (o, k)|
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Large deviations for the Balescu—Lenard—Guernsey eq. Hamiltonian for the BLG eq.

Conclusion: The Landau and Balescu—Lenard—Guernsey
Large Deviation Hamiltonians

o With O. Feliachi, we have derived the Hamiltonian for the
path large deviations for the empirical density of systems with
long range interactions (related to the BLG equation).

@ We have justified the Hamiltonian for the path large deviations

for the Landau equation, both from the Boltzmann and from
the BLG Hamiltonians.

Hug[f.pl = /duf{b[f] —+£ (D[f] aav” )+ DIfl: ;vpl aavi} '/‘dvldvzf(vl)f(vz)?[f](vl,vz);TPI;TZ.

Hayr1F.] Hiif p)

@ The large deviations are non-Gaussian for BLG and Gaussian
for Landau. We can identify a gradient structure for both.

@ The Hamiltonians are time reversal symmetric, conserve mass,
momentum and energy. Entropy is the quasipotential.

F. Bouchet CNRS-ENSL
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