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Abstract

We show that any solution of the two-dimensional Navier-Stokes equation whose vorticity
distribution is uniformly bounded in L'(R?) for positive times is entirely determined by the
trace of the vorticity at ¢ = 0, which is a finite measure. When combined with previous
existence results by Cottet, by Giga, Miyakawa & Osada, and by Kato, this uniqueness
property implies that the Cauchy problem for the vorticity equation in R? is globally well-
posed in the space of finite measures. In particular, this provides an example of a situation
where the Navier-Stokes equation is well-posed for arbitrary data in a function space that is
large enough to contain the initial data of some self-similar solutions.

1 Introduction

We consider the two-dimensional incompressible Navier-Stokes equation

%—F(U-V)u:Au—Vp, diveu=0, zeR?, t>0, (1.1)
where u(x,t) € R? denotes the velocity field of the fluid and p(z,t) € R the pressure field.
Since this system is very well-known, we do not comment here on its derivation and rather refer
to the monographs [7], [21], [27] for a general introduction. The first mathematical result on
the Cauchy problem is due to Leray [22] who proved that, for any initial data ug € L%(R?),
system (1.1) has a unique global solution u € C%([0,+00), L2(R?)) such that u(-,0) = wug
and Vu € L%((0,+00), L2(R?)). The space L?(R?) is naturally associated with the Navier-
Stokes equation for two different reasons. First it is the energy space, because the square of
the L? norm of u is the total (kinetic) energy of the fluid, which is nonincreasing with time.
Next, the space L*(R?) is scale invariant, in the sense that [[Auo(A-)||z2r2) = [[uollL2(r2) for
any ug € L?(R?) and any A > 0. This is important because the transformation

u(z,t) — Az, \?t) ,  plz,t) — MpAz, %), A>0, (1.2)

is a symmetry of (1.1). This invariance was used by Kato [18] to prove that the Navier-Stokes
equation in the d-dimensional space R? is locally well-posed for arbitrary data in L¢4(R?) and
even globally well-posed for sufficiently small data in that space, see also [28], [14]. Kato’s result
was subsequently extended to larger scale invariant function spaces, such as the homogeneous



Besov space B}‘;q(Rd) with s = —1 + % and p,q < oo, see Cannone and Planchon [3], [4] and
Meyer [24]. A similar analysis was carried out for the vorticity equation in Morrey spaces by
Giga and Miyakawa [16]. One interest of dealing with larger function spaces is that they may
contain initial data which are homogeneous of degree —1 and therefore give rise to self-similar
solutions of (1.1). This is the case of the Besov space above if ¢ = oo, or of the larger space
BMO~}(R%) introduced by Koch and Tataru [20]. In such spaces, however, it is not known
whether the Cauchy problem is well-posed for large data, even locally in time.

We now return to the two-dimensional case d = 2 which is simpler for several reasons. First,
the a priori estimates allow in that case to prove that all solutions are global. For instance, in [10],
F. Planchon and the first author proved that, for arbitrary data in B;q(RQ) with s = —1 + %
and p,q < oo, there exists a unique global solution to the Navier-Stokes equation (1.1). This
result was recently extended by Germain [13] to the larger space VMO ~!(R?), which is the closure
of S(R?) in BMO~!(R?). To our knowledge, this is the largest space for the velocity field in which
one can solve the Navier-Stokes equation for arbitrary data. Note however that VMO ~!(R?)
does not contain any non-trivial homogeneous function of degree —1.

Another specificity of the two-dimensional case is that the vorticity w def O1ug — Oquy 1S a
scalar quantity which satisfies a remarkably simple equation, namely

88_C:+U~Vw=Aw, zeR*, t>0. (1.3)

The velocity field u(x,t) can be reconstructed from the vorticity distribution w(x,t) by the

Biot-Savart law N
1 T—y
U(l',t) = 2_/ (7)2(4}(:%75) dy ;
T Jr2 v —yl

where 2+ = (

Ty, 29) def (—x2,21). In terms of the vorticity, the invariance (1.2) reads
w(z,t) — Nw(hz, \%t) . (1.4)

A natural scale invariant space for the vorticity is thus L!'(R?). The Cauchy problem for (1.3)
in L!(R?) was studied for instance in [1], where results analogous to Leray’s and Kato’s theorems
for the velocity field are obtained. However, it is important to realize that a vorticity in L!(R?)
does not imply a velocity field in L?(R?). Indeed, if u € L?(R?) and if w = dyus —douy € L' (R?),
then it is easy to verify that necessarily ng wdz = 0. Since the integral of w (which is the
circulation of the velocity field at infinity) is conserved under the evolution of (1.3), it follows
that if the initial vorticity has nonzero integral then the associated velocity field will never be
of finite energy. This “discrepancy” between function spaces for the vorticity and the velocity
is 3Speciﬁc to the two-dimensional case. Indeed, if for instance w solves the vorticity equation in
L2 (R3), then the associated velocity field does solve the Navier-Stokes equation in L3(R3).

In this paper, we study the Cauchy problem for the vorticity equation (1.3) in M(R?2), the
space of all finite real measures on R?. If u € M(R?), the total variation of y is defined by

s = sup{ [ oo e Co®2). el <1}

where Co(R?) is the set of all real-valued continuous functions on R? vanishing at infinity. We
recall that M(R?) equipped with the total variation norm is a Banach space, whose norm is
invariant under the scaling transformation (1.4). Another useful topology on M(R?) is the
weak#-topology which can be characterized as follows: a sequence {u,} in M(R?) converges
weakly to puif [go @ dun — [gz@dpasn — coforall ¢ € Co(R?). In that case, we write jt,, — p.



Existence of solutions of (1.3) with initial data in M(R?) was first proved by Cottet [8],
and independently by Giga, Miyakawa, and Osada [15]. Uniqueness is a more difficult problem.
Using a Gronwall-type argument, it is shown in [15] that uniqueness holds if the atomic part
of the initial vorticity is sufficiently small, see also [19]. The fact that the size condition only
involves the atomic part of the measure is a consequence of the key estimate (see [15])

1
limsup '™ a [l e < Cyllullpp 1 <q= 00,

—

where ||p||pp denotes the total variation of the atomic part of u € M(R?). On the other hand,
the case of a large Dirac mass was solved recently by C.E. Wayne and the second author [12]
using a completely different approach, which we now briefly describe. We first observe that,
given any a € R, equation (1.3) has an exact self-similar solution given by

w(z,t) = %G(%) , u(z,t) = %UG<%) , zeR?, t>0, (1.5)
where
1
G = e A WS = %éﬁ (1-c ) | cer?. (1.6)

This solution is often called the Lamb-Oseen vortex with total circulation . In fact w(z,t) is
also a solution of the linear heat equation djw = Aw, because the nonlinearity in (1.3) vanishes
identically due to radial symmetry (this is again specific to the two-dimensional case). The
strategy of [12] consists in rewriting (1.3) into self-similar variables as in (2.9) below. Using a
pair of Lyapunov functions, the authors show that the Oseen vortices aG (a € R) are the only
equilibria of the rescaled equation. By compactness arguments, they deduce that all solutions
converge in L'(R?) to Oseen vortices as t — 00, and as a byproduct that (1.5) is the unique
solution of (1.3) such that ||w(-,t)||z1 < K for all ¢ > 0 and w(-,t) — ady as t — 0, where Jy is
the Dirac mass at the origin. Another proof of the same result is proposed in [9].

The goal of the present paper is to solve the uniqueness problem in the general case by
combining the result of [15], which works when the initial measure has small atomic part, with
the method of [12], which allows to handle large Dirac masses. Our main result is the following:

Theorem 1.1 Let u € M(R?), and fir T > 0, K > 0. Then the vorticity equation (1.3) has at
most one solution

w e C°((0,T), L' (R*) N L®(R?))
such that ||w(-,t)||p1 < K for allt € (0,T) and w(-,t) = p ast — 0.

Here and in the sequel, we say that w(t) = w(-,t) is a (mild) solution of (1.3) on (0,7) if the
associated integral equation

t
w(t) = A, (tg) — [ Vet <u(s)w(s)> ds (1.7)
to
is satisfied for all 0 <t <t < T.

If we combine Theorem 1.1 with the existence results in [8], [15], [19], we conclude that there
is a unique global solution to (1.3) for any initial measure in M(R?). In fact the method we use
to prove uniqueness also implies that this solution depends continuously on the data, so that
the Cauchy problem for the vorticity equation (1.3) is globally well-posed in the space M(R?2).
If in addition we use the results in [12] on the long-time behavior of the solutions, we obtain the
following final statement:



Theorem 1.2 For any i € M(R?), the vorticity equation (1.3) has a unique global solution
w € C°((0,00), L' (R*) N L™(R?))

such that ||w(-,t)||p1 < ||pllm for allt > 0 and w(-,t) = p ast — 0. This solution depends
continuously on the initial measure p in the norm topology of M(R?2), uniformly in time on
compact intervals. Moreover,

/ w(z,t)dr = « def w(R?) , forallt>0,
R?2
and . o .
tli)rglotl—z w(z,t) — 7 G<%)‘ = 0, forallpe]|l oo . (1.8)

Remark that the space M(R?) does contain nontrivial homogeneous distributions (the Dirac
masses at the origin), hence Theorem 1.2 gives an example of a situation where the Navier-Stokes
equation is well-posed for arbitrary data in a function space that is large enough to contain the
initial data of some self-similar solutions (the Oseen vortices). Remark also that Oseen’s vortex
plays a double role in Theorem 1.2: it is the unique solution of (1.3) when the initial vorticity p
is a Dirac mass at the origin, and on the other hand it describes the long-time behavior of all
solutions, see (1.8). In fact, it is possible to show that (1.8) is a consequence of the uniqueness
of the solution when p = adp, see [6] and [17]. Uniqueness with measure-valued initial data is
also a key tool for proving convergence of stochastic approximations of the vorticity equation,
see [23].

The rest of this paper is devoted to the proof of Theorem 1.1 and of the continuity statement
in Theorem 1.2. Before entering the details, let us give a short idea of the argument. Previous
works on the subject assumed that the initial vorticity u either has a small atomic part [15],
[19], or consists of a single Dirac mass [12]. So it is natural to decompose  into a finite sum of
isolated Dirac masses, and a remainder whose atomic part is arbitrarily small (depending on the
number of terms in the previous sum). The idea is then to use the methods of [12] to deal with
the large Dirac masses, and the argument of [15], [19] to treat the remainder. The difficulty is of
course that equation (1.3) is nonlinear so that the interactions between the various terms have
to be controlled.

To implement these ideas, we start in Section 2.1 by recalling some general properties of
convection-diffusion equations, of the heat semi-group in self-similar variables, and of the Biot-
Savart law. The proof of Theorem 1.1 begins in Section 3, where we decompose the initial
measure as explained above and show that the solution w(z,t) also admits a natural decom-
position into a sum of Oseen vortices and a remainder. In Section 4, we derive the integral
equations satisfied by the remainder terms, and we state a few crucial estimates that will be
proved in an appendix (Section 6). These results are used in Section 5, where Theorem 1.1 is
proved by a Gronwall-type argument. The same techniques also establish the continuity claim
in Theorem 1.2.

Notations. We denote by Ky, K1, ... our main constants, the values of which are fixed through-
out the paper. In contrast, we denote by Cy, C1,... local constants which can take different
values in different paragraphs. Other positive constants (which are not used anywhere else in
the text) will be generically denoted by C. As a general rule, we do not distinguish between
scalars and vectors in function spaces: although u(z,t) is a vector field, we write u € L?(R?)
and not u € L?(R?)2. To simplify the notation, we denote the map z +— w(z,t) by w(-,t) or just
by w(t).

Acknowledgements. The authors thank D. Iftimie for fruitful discussions.



2 Preliminaries

This section is a collection of known results that will be used in the proof of Theorem 1.1.

2.1 Fundamental solution of a convection-diffusion equation

We consider the following linear convection-diffusion equation
Ow(z,t) + U(x,t) - Vw(z,t) = Aw(z,t) (2.1)

where v € R2, ¢t € (0,T), and U : R%2 x (0,T) — R? is a (given) time-dependent divergence-free
vector field. The results collected here are due to Osada [25], and to Carlen and Loss [5].
Following [5], we suppose that U € C°((0,7T), L>°(R?)) and that

K
UG Ol mey < 7(; ;o 0<t<T, (2.2)

for some Ky > 0. According to [25], we also assume that €2 def 01Uy —0xUy € CO((0,T), L' (R2))
with
1205 rmey < Ko, 0<t<T. (2.3)

Then any solution w(z,t) of (2.1) can be represented as
w(z,t) = / Ly(z,t;y,s)w(y,s)dy, zeR?, 0<s<t<T, (2.4)
R2

where I'yy is the fundamental solution of the convection-diffusion equation (2.1). The following
properties of I'y will be useful:

e For any (3 € (0, 1) there exists K7 > 0 (depending only on Ky and /) such that

K |z —y?
0 < Ty tyy,s) < <— ) , 2.5
< T'y(z,t;y,5) T, P 54@—3) (2.5)

for z,y € R? and 0 < s <t < T, see [5]. We also have a similar Gaussian lower bound, see [25].

e There exists v € (0,1) (depending only on Ky) and, for any § > 0, there exists Ko > 0
(depending only on K and ¢) such that

Tu(@,tiy,5) = To (@, U5y, )| < Ko (Ja—a/[" + 1=t 72 4 ly=y/|7 + [s=5/2) . (26)
whenever t — s > § and t' — s’ > 4, see [25].
eFor 0 <s<t<Tanduz,ycR?
/ Ly(z,tiy,s)dz = 1, / Ly(z,tiy,s)dy = 1. (2.7)
R2 R2

ForO0<s<r<t<Tanduz,ycR?

Ty(z,t;y,s) = / Ty(z,t;z,r)Ty(z,7my,8)dz . (2.8)
R2

Remark 2.1 If z,y € R? and t > 0, it follows from (2.6) that the function s — Ty(x,t;y,s)

can be continuously extended up to s = 0, and that this extension (still denoted by I'yy) satisfies

properties (2.5) to (2.8) with s = 0.



2.2 The heat semiflow in self-similar variables

Let w(x,t) be a solution of the linear heat equation d;w = Aw in R2. As is well-known, it is
natural to rewrite this system in terms of the “self-similar variables” £ = %, 7 = log(t). If we
set

(z,1) 1w(x log(t)) zeR?, t>0 (2.9)

Wiz, = 7 B ) ) ) .
t\Vi

then the new function w(&, 7) is a solution of the rescaled equation d,w = Lw, where L is the
Fokker-Planck operator

1
L= Ag+€-Vetl, (2.10)
This operator is the generator of a Cy semigroup S(7) = exp(7L) given by the explicit formula
s il S ety ae! R2 0 2.11
e a(T 2
(SO)© = oy [ TR e R rx0. (21

where a(7) = 1—e™7. The linear operators £ and S(7) are studied in detail in ([11], Appendix A).
For the reader’s convenience, we recall here the main properties that will be used in the proof
of Theorem 1.1.

Following [11], we introduce for ¢ > 1 and m > 0 the weighted Lebesgue space L?(m) defined
by

m
2

L9(m) = {w € LIR) | wlpopm < o0}, where [lwllpagn = 1+ Fwlze . (212)

We shall mainly use the Hilbert space L?(m), which satisfies L?(m) < L'(R?) if m > 1. In this
case, we define the closed subspace

Li(m) = {wELQ(m)‘ /R2w(f)d§:0}, m>1.

Proposition 2.2 Fix m > 1.
i) There exists K3 > 0 such that, for all w € L*(m),

K3
[S(Mwlr2my < Ksllwllpzimy s IVS(T)wllr2gm) < Tllwllz2(m) (2.13)
a(T)?
for all 7 >0, where a(t) =1—e77.
i) If moreover m > 2 and w € L3(m), then
IS(7)wl p2my < Kse 2|lwllpzgmy » 72>0. (2.14)

ii1) More generally, if q € [1,2] there exists K4 > 0 such that, for all w € LY(m),

K4 K4
[S(Mwllzzeny < ——<—<llwlzagm) »  IVS(T)wll2(m) < Tllwllzam) (2.15)
a(T)e 2 a(T)q

for all T > 0.

Proof: The bounds (2.13), (2.14) are proved in ([11], Proposition A.2). Estimate (2.15) follows
from (2.13) if we use in addition ([11], Proposition A.5). O

Since the operator £ has variable coeflicients, it does not commute with spatial derivatives,
nor does the associated semigroup S(7). However, the following useful identity holds:

VS(r) = e2S(1)V, 7>0. (2.16)



2.3 The Biot-Savart law

Finally we list some basic properties of the Biot-Savart law

o)t
u(m):%/rﬂﬁw(y)dy, reR2. (2.17)

We recall that L%(m) is the weighted Lebesgue space defined in (2.12).

Proposition 2.3 Assume that w € LP(R?) for some p € (1,2), and let u be the vector field
defined by (2.17). Then

i) u € LY(R?) where % =1 _1 and there exists C > 0 such that

1
p

[ullze < Cllwllze - (2.18)
ii) Vu € LP(R?) and there exists C > 0 such that

IVulle < Cllwllzs - (2.19)

In addition, div(u) =0 and dyuy — drug = w.

iii) Let b(x) = (1—1—\36[2)%. If w € L*(m) for some m € (0,1), or w € L&(m) for some m € (1,2),
2

then ™ au € LY(R?2) for any q € (2,00) and there exists C > 0 such that

m—2
167 aullLe < Cllwllrzgmy - (2.20)

Proof: The bound (2.18) is a direct consequence of the classical Hardy-Littlewood-Sobolev
inequality, see for instance ([26], Chapter V, Theorem 1). Estimate (2.19) holds because Vu is the
convolution of w with a singular integral kernel of Calderén-Zygmund type, see ([26], Chapter II,
Theorem 3). Finally, the weighted inequality (2.20) is proved in ([11], Proposition B.1). O

3 Decomposition of the solution

After these preliminaries, we begin the proof of Theorem 1.1. We fix p € M(R?), T > 0
and K > 0, and we assume that w € C°((0,T), L' (R?) N L>°(R?)) is a solution of the vorticity
equation (1.3) satisfying ||w(-,t)||;1 < K for all t € (0,7) and w(-,t) — p as t — 0. From [2]
we know that w(w,t) coincides for ¢+ > 0 with a classical solution of (1.3) in R? as constructed
for instance in [1]. In particular w(z,t) is smooth for ¢ > 0, and since the Cauchy problem
for (1.3) is globally well-posed in L!(R?) N L (R?), we could assume without loss of generality
that T'= +oco. In the sequel, however, we keep 1" > 0 arbitrary.

Since u € M(R?) is a finite measure, the set Epp, = {z € R?*| u({z}) # 0} of all atoms of p
is at most countable, and

def

e = D Izl < lplla < oo

r€FEpp

Therefore, given any € > 0, there exists N € N and z1,...,2ny € Epp with z; # z; for i # j such

that p can be decomposed as
N

w= Zaiézi + po (3'1)
=1



where a; = p({z;}) # 0 and || po||pp < €. Here &, denotes the Dirac mass located at z € R?. Of
course, it may happen that N = 0 so that y = p, but if the set E, is infinite we have to take IV
large if € is small. From now on we fix ¢ > 0 and assume that (3.1) holds with |[p|pp <e. We
denote

N
Myp = Dl < il s and d = min{|z = 5] [ij e {1 N}, i 25} . (32)
i=1

At the very end of the proof, in Section 5.2, we shall assume that ¢ is sufficiently small.

Let u(x,t) be the velocity field obtained from w(z,t) via the Biot-Savart law (2.17). Since for
all t € (0,T) we have ||w(-,t)||;1 < K, it follows from ([1], Theorem B) that t2 llu(-,t)||pee < CK
for allt € (0,7), where C' > 0 is a universal constant. Thus w(z, t) is a solution of the convection-
diffusion equation (2.1) with U(x,t) = u(z,t), and assumptions (2.2), (2.3) are satisfied. It
follows that w(z,t) can be represented as in (2.4), where the fundamental solution T',(x,t;y, )
satisfies (2.5) to (2.8). In particular, using Remark 2.1, we have for all z € R? and all t € (0,7,

wle.t) = [ Tultsy 0wl s)dy
s [ Cutss) - Tl b0y s)dy . 0<s <t
R2

In view of (2.6), the second integral in the right-hand side converges to zero as s goes to
zero. On the other hand, since y — T'y(z,¢;y,0) is continuous and vanishes at infinity, and
since w(-,s) = p as s — 0, we can take the limit s — 0 in the first integral and we obtain the
following useful representation:

w(z,t) = /RQ Du(z,t;9,0)du(y), z€R?*, 0<t<T. (3.3)

Since I'y(x,t;y,0) is positive and satisfies (2.7), it follows that |w(-,t)||1 < ||p|lm for all ¢ €
(0,T). Thus we can assume that K = ||u|| o without loss of generality.
Inserting (3.1) into (3.3), we obtain the decomposition

N
w(w,t) =Y wilx,t) + o(x,t) , (3.4)
i=1
where
wi(z,t) = a;ly(z,t;2,0), ze€R?, te(0,T), (3.5)
and
aolant) = [ Tuletin0)dmo(y) . € R, te (0.7). (3.6)
R2

Thus, although (1.3) is a nonlinear equation, we see that the decomposition (3.1) of the initial
measure induces a natural decomposition of the solution w(z,t). Using the properties of the
fundamental solution I, listed in Section 2.1, one easily obtains the following results:

e Forallie{l,...,N}, w; € C°(0,T), L}(R?) N L>(R?)) is a solution of (2.1) with U(z,t) =
u(x,t), namely

awl-
ot
For any ¢ € (0,T), one has [go wi(x,t)dz = ay, |lwi(-,t)||11 = |a;], and

4+u-Vw;, = Aw; , te€ (0,T> . (3.7)

K1|Oéi| efﬁ‘x_iie

lwi(z,t)] < ; 1 reR?. (3.8)



In particular, w;(-,t) = a;d,, as t — 0.
e Similarly, &g € C°((0,T), L*(R?) N L>°(R?)) is a solution of
O

Moreover, [Go(- )l < lollae < allae for all ¢ € (0,T), and Go(-,£) — pg as t — 0.

Since u(z, t) is smooth for ¢ > 0, it is clear from (3.7), (3.9) that w;(z,t) and wy(z,t) are smooth
functions of x € R? and t € (0,7).

For i € {1,..., N}, we have seen that w;(z,t) is a solution of (3.7) with a Dirac mass «;d,,
as initial data. If we believe in uniqueness, we expect that w;(z,t) will be very close, for small
times, to an Oseen vortex located at z; with circulation «;. Thus if we further decompose

Tr — Z;

Vit

where G is defined in (1.6), we expect that the remainder @;(z,t) will be small as ¢t — 0.
Summarizing, we have

wilz, ) = %G( ) toii(zt), zeR?, te(0,T), (3.10)

w(z,t) = Z%G(x_zi) +w(z,t), u(z,t) = i%vG<x\_/;i> +u(x,t) (3.11)
i i=1

J}(x7 t) = ‘DO(ma t) + Z O‘iaji(w’ t) ) ’EL(LU, t) = ﬂO(x’ t) + Z aiﬂi('x’ t) )
i=1 i=1
and where (for i € {0,...,N}) @;(x,t) denotes the velocity field associated to @;(x,t) via the
Biot-Savart law. In (3.11), remark that the explicit terms in the sums depend only on the initial
measure f, not on the solution w(z,t).

4 Integral equations and main estimates

In this section we derive integral equations for the remainder terms @;(x,t) defined in (3.6)
and (3.10), and we also list a few important estimates which will be proved in Section 6. We
start in Section 4.1 with &g(x,t), which we call the “diffuse part” because it is associated to the
measure £ which (by construction) has small or no atomic part. The remaining terms @;(x,t)
(i € {1,...,N}), which originate from the large atoms of the initial measure p, will be dealt
with in Section 4.2.

4.1 The diffuse part

Let @o(x,t) be defined by (3.6). Our first result shows that @wg(z,t) is small in an appropriate
sense as t — 0, because the measure g has a small atomic part.

Lemma 4.1 For any p € (1,00], there exists K5 > 0 (depending only on p and K ) such that

1
limsup ¢~ 7 |@o (-, )l < Ks]luollpp - (4.1)

t—0



Proof: This property is established in ([15], Lemma 4.4) in the particular case where @q(-,t) =
e® g, By (2.5), the fundamental solution T, (z,t;y, s) satisfies a Gaussian upper bound which
has the same form as the heat kernel e=5)2(z,y), so using the same arguments as in [15] we
immediately obtain (4.1). O

Our next result reflects the fact that po({z;}) =0 fori e {1,...,N}.

Lemma 4.2 Assume that x : [0,+00) — Ry is continuous and nonincreasing, with x(0) = 1
and x(r) — 0 as r — oo. Then for all i € {1,..., N}, the following estimates hold:

lim ¢'2 |G, OX (S L) = 0, 1<p< o0, (4.2)

. i1 _ |z —2;|? _

lim ¢2 7 [|ag (2, )X (S )llg = 0, 2<g<+oo. (4.3)
Proof: See Section 6.1. ]

We now derive an integral equation for wg(z,t). Replacing in (3.9) the velocity field u(x,t)
with its expression (3.11) and using Duhamel’s formula, we obtain for 0 < s < t < T the integral
representation

n

t
o) = Sw(t, 5)@0(s) — / Sn(t, ) a(t') - Vao(t')) dt’ | (4.4)
where @o(t) = @o(-, 1), a(t) = a(-,t), and Sy(t,s) is the evolution operator associated to the
N o .G x—2
i=1 7 Y < Vi

convection-diffusion equation (2.1) with U(z,t) = >
that

>. From Section 2.1 we know

(Sn(t,8)f)(z) = /m Ty(z,tiy,s)f(y)dy, zeR?, 0<s<t,

where the fundamental solution I'; satisfies (2.5) to (2.8) for some constants K, Ky depending
on My, (but otherwise independent of N). By Remark 2.1, I'yy(x, t;y, s) can be continuously
extended to s = 0, so that Sy (t,s) is well-defined for 0 < s < t. The following properties of this
operator will be useful:

Proposition 4.3 Let p € [1,00].
i) There exists K¢ > 0 (depending on Myy) such that, for any measure v € M(R?),

Kg

1SN (t, s)v|r < lvllm, 0<s<t. (4.5)

(t—s)'""
i1) For any v € (0, %), there exists K7 > 0 (depending on My, and v) and to > 0 (depending
also on d) such that, for any function f € L*(R?),

Ky

t\"Y
I1Sn (¢, )V f]l2e < (2) Wl s 0<s<t<s+io. (4.6)

3_1
— )2

Proof: See Section 6.2. O

Remark 4.4 We believe that (4.6) holds for v = 0 and tg = +00, but we were not able to prove
that. In what follows, we assume without loss of generality that to < T.

As a consequence, if we write (t") - Voo (t') = V- (a(t')@o(t’)) in the right-hand side of (4.4)
and if we use the bound (4.6), we see that the integral in (4.4) has a limit in L!(R?) as s — 0.
Moreover, proceeding as in the proof of (3.3), we obtain Sy (¢, s)wo(s) — Sn(t,0)ug as s — 0.
Thus @y(t) satisfies the integral equation

Go(t) = Sn(t,0)uo _/O Sn(t,s)V - (@(s)ao(s))ds, 0<t<T. (4.7)
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4.2 The atomic part

We now fix i € {1,..., N} and consider the quantity @;(z,t) defined in (3.5), (3.10). Follow-
ing [11], [12], we introduce the self-similar variables

Tr — zZ;
\/Z_L/ ’

We define new functions w;(§, 7), 9;(£,7) by the relations

¢ =

7 = log(t) .

1 — 2 1 _ .
@i(x,t) = ;@i(x 2 ’ log(t)> , o Ui(x,t) = _?7@<m Z;

Vit Vi NV

where x € R?, t € (0,T), hence £ € R?, 7 € (—oo,log(T)). For notational convenience, we also
define

, log(t)> ) (4.8)

wl(g? 7-) = OéZG(f) + aiwi(é, 7-) ) Ui(&, T) = aivG(é) + aiﬁi(é’ 7-) ) (49)
where G and v are defined in (1.6). In view of (3.10), we thus have

Tr — zZ;

wi(z,t) = %w( = log(t)) . i) = %M% log (1)) . (4.10)

where u; is the velocity field associated to w; via the Biot-Savart law.
Inserting these definitions into (3.7), we obtain the following evolution equation for w;:

Owi
or

where £ is the Fokker-Planck operator (2.10) and

(577-) + vi(fvT) ) V'UJZ(E,T) + RZ(€7T) ’ vwl(§77) - (‘Cwl)(fvT) ) (411)

N
R;(& 1) = Z vi(€ = (zj—z)e"2,7) +e2ig(Ee? + z;,e7) . (4.12)

J=1
JF

The corresponding integral equation reads:
wi(1) = S(1 — 10)w;i(T0) — / S(r—1") <v,~(7') + Ri(T’)) -Vw; () dr | (4.13)
70

for —oo < 19 < 7 <log(T). Here S(7) = exp(7L) is the semigroup generated by £, and w;(7) =
wi(+,7), vi(T) = vi(+, 7). Alternatively, using (2.16) and the fact that v;, R; are divergence-free
vector fields, we have

wi(1) = S(1 — 10)wi(10) — / v S(r—1") <(vi(7/) + RZ‘(T/))U}Z‘(TI)) dr’ . (4.14)
70
It is clear from the definitions that w; € C%((—o0,log(T)), L*(R?) N L=(R?)). Moreover,
by (3.8), we have the pointwise bound
wi(€, 7| < Kilagle PB4 ¢ e R? | —co < 7 < log(T) . (4.15)

In particular, for any m > 1, the trajectory {w;(7)} is bounded in the weighted space L?(m)
defined in (2.12). Since w;(&,7) is smooth, it follows that w; € C°((—o0,log(T)), L?(m)) for
any m > 1. Our next result shows that w;(7) actually converges to o;G as 7 — —o0:

11



Proposition 4.5 For anyi € {1,...,N} and any m > 1, w;(7) — ;G in L*(m) as 7 — —oc.

Proof: See Section 6.3. u
This result implies that w;(7) converges to zero in L?(m) for any m > 1. In particular,

returning to the original variables, we obtain

lim ¢75 @i )l = 0, peL2 (4.16)

We now derive an integral equation for the remainder w;(&, 7). If we neglect for the moment
the term R; - Vw; in (4.11), and if we replace in this equation the functions w;,v; by their
expressions (4.9) and keep only the linear terms in w;, ¥;, we obtain the following equation:

Ow;
or

+ (v Vo + ;- VG) = Lab; .

As is shown in [12], this system defines a Cj semigroup in L?(m), which we denote by Ty, (7).
We have the following result, which generalizes Proposition 2.2:

Proposition 4.6 Fizx o € R and m > 1.
i) There exists Kg > 0 such that, for all w € L?(m),

[To(T)wlz20m) < Kslwllzzgny , 720 (4.17)
i) If moreover m > 2 and w € L3(m) then
I Ta(T)wll20m) < Kse 2llwllp2gmy » 72>0. (4.18)

iit) Finally if ¢ € (1,2] and m > 2, then To(7)V can be extended to a bounded operator
from L4(m) to L3(m) and there exists K9 > 0 such that

e
[Ta(T)Vwl[L2(m) < Ko s lwllpamy , 7>0, (4.19)

a\T)4q

(MR

where a(T) =1—e77.

Proof: See Section 6.4. O

Remark 4.7 One can show that the constants Kg, Kg in Proposition 4.6 are uniformly bounded
for a in compact intervals.

Now if we replace in (4.11) the functions w;, v; with their expressions (4.9) and if we use the
above notation, we see that w;(7) is a solution of the integral equation

Wi(1) = T, (T — 10)Wi(10) — / T, (T —17) (aif)l- -Vw; + R; - V(G + u?z)> (rydr',
70

for —0o < 179 < 7 < log(T). By Proposition 4.5, 1;(7) — 0 in L?(m) as 7 — —oo. Thus taking

the limit 79 — —oo and using Proposition 4.6, we obtain the desired equation:

wi(T) = — /T To, (T —7)V - <aiﬁi(7/)wi(7') + Ri(7) (G + ﬂ)i(T'))> dr’ . (4.20)

—00
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5 The contraction argument

This section is devoted to the proof of Theorem 1.1 and of the continuity statement in The-
orem 1.2. By (3.11), we know that our solution w(z,t) can be decomposed into a finite sum
of Oseen vortices and a remainder @(x,t) which is small due to (4.1), (4.16). Thus a natural
idea is to consider the equation satisfied by &(x,t) and to apply a Gronwall argument as in [15].
However, this approach requires very precise estimates on the evolution operator associated to
the linearized equation

oW N O (T — % L o T — z; -
aizl(%” () varav(F6(77)) = 2,

which are not easy to obtain. Instead we chose to apply a Gronwall argument directly to the
set of equations (4.7) (4.20), because the evolution operators Sy (t,s) and T,,(7) that appear
in these equations are simpler to estimate and were already studied in [25], [12]. The price to
pay with this approach is that (4.20) still contains linear terms in the right-hand side, some of
which will make the Gronwall argument rather delicate.

To make the computations easier to follow, we first deal with a single solution in Section 5.1,
and in Section 5.2 we deduce estimates on the difference of two solutions which will imply
Theorem 1.1. In Section 5.3 this argument is adapted to prove the continuity statement in
Theorem 1.2.

5.1 Estimates on a single solution

Let w be a solution of (1.3) satisfying the assumptions of Theorem 1.1, and let u be the cor-
responding velocity field. We recall that the initial measure pu can be decomposed as in (3.1),
with ||po|lpp < € for some € > 0 that will be fixed in Section 5.2. According to (3.11), w and u
can be decomposed as follows:

S

N o sr—z B N o -z _
w(z,t) = ZzlfG( 7 )—i—w(m,t), u(z,t) = Zzl th< 7 >+u(:v,t),

where
N N

Bx,t) = @ole,t) + Y aui(e,t) , ale,t) = do(z,t) + Y auii(x,t) .

i=1 i=1
Moreover, according to (4.7) and (4.20), the remainder terms @; satisfy the following integral
equations:

efori=0and 0<t<T,
(IJQ(t) = SN(t,O)/,LO —/O SN(t,S)V . (ﬂ(s)a)o(s))ds . (5.1)

eForie{l,...,N} and —oo < 7 < log(T),

Wi(7) = — / D ()Y <aﬂ7@-(7")1i)i(7'/) 4 Ri(7)(G + wi(T/))) dr' (5.2)

—00

where according to (4.8)
wi(&aT) = eT@i(ge%’eT) ) 6@(5’7) = e%ﬂi(ge%,eT) :
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Fix m > 2. For t € (0,T), we define M (t) = max{My(t), M1(t),..., Mn(t)}, where

1 . .

sup sif|@o(s)ll 4, Mi(t) = sup  |J@i(T)lg2gmy » i€ {L,...,N}.
—oo<1/<log(t)

Mo(t) = 0<s<t
s<

We have the following results:
Proposition 5.1 There exist positive constants K19, K11 (depending only on Mpy) such that
Mo(t) < (51(15) + KHMQ(t)M(t) , O<t<ty,

where tg > 0 is as in Proposition 4.3 and 61(t) < Kqge fort > 0 small enough (depending on ).

We recall that My, and d are the quantities defined in (3.2).
Proof: The first term in the right-hand side of (5.1) can be estimated as in Lemma 4.1, namely
(5.3)

: 1
lim sup £3[|Sn (1, 0)moll 4 < Kaolluollpn < Kioe ,
where Ko depends only on My,. To bound the integral in (5.1), we observe that ti ||i (t)HL% <
CM;(t) for 0 <t < T. This is obvious for ¢ = 0, whereas for i € {1,..., N} we have
1 . .
tilloi@®)ll 4 = llwi(log®))ll, 4 < Cllwi(log(®))llL2my < CMi(t) ,

since L2(m) < L3(R2). It follows that
N
1.0
o), 4 < Mo(t) +C Y laal Mit) < C1M ()

=1

)

MOME g crar

where C1 > 0 depends only on M. As a consequence, using (2.18) and Holder’s inequality, we

find
lLall@o(®) 4 < Cllo@)], 4 l[wo(®)]]

[a(t)wo()][ L < [la()]

Now, using Proposition 4.3, we obtain for ¢ € (0, t¢)
t
K7 N\, B
(5) lats)zo(s)llz ds

S

4 /0SN(t,s)V~(ﬂ(s)&o(s))ds‘Lg <ih | =
. [t C £\ Mo(s)M(s)
< t4/0 o (;> OTds < Ky Mo(t)M(2) .
O

Combining this estimate with (5.3) we obtain the desired result.
Proposition 5.2 There exists a constant K12 > 0 depending only on Mpyy, such that, for alli €

{1,...,N} and all t € (0,T),
M;(t) < 83(t) + ()M (t) + K12 M; (t)M(t) ,

where n(t) and d2(t) converge to zero ast — 0.
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Proof: We fix i € {1,..., N} and estimate successively all terms in the right-hand side of (5.2).
Using (4.12) and (4.9), we obtain

/T Too(r =)V - (0si(r" )i (7') + Ri(r')(G + (7)) ) dr' = Zm (5.4)

— 00

where

Fia(r) = Z/T Toi(T =7V - (ozij(g - (Zj—Zi)ef%)G> dr’,

j# Y T
Fa) = 2 [ Tulr =9 (osty(e e s )6 o'
j#i T

E,?’(T) - / TOéi (T - T,)V : (G%QO(ge% + 2, eT/)G) dT/ 9

Fa) = 3 [ a9 (e - (ymme D)) ar'
g T
N )

Fis(t) = Z/OO To,(r—7)V - (a]f)](g — (z]—zl)e’%,T')wl(T'» dr’,

T / / ,
Fig(t) = / To, (T =7V - (e%zlo(ﬁe? + z;,€e" )wi(T')) dr’ .
—00
(Remark that the quadratic term o;0;w; has now been included in F;5.)
We start with F; 1. Recalling that [[wl[2(my) = [[b™w] 12 with b(§) = (1+|£|2)%, we find using
Proposition 4.6

i ooaT—7'2

1Fa sz < KoY o] / prmers L SR S Ll L

K3 oy / NGy 0

]#Z OOG/T_TQ

IN

where

0;(r) % sup [b(€) WO (€ — (zj—z)e B) . G A
£eR?

Using the explicit expression (1.6), it is easy to verify that 6;(7) < Cez for some C > 0
depending only on d. It follows that

T

HFZ',I(T)”LQ(m) < Cilez, —0<T< IOg(T) , (55)

where C1 > 0 depends on M, and d.
To estimate Fj 2, we write similarly

1Fa ()l z2gmy < Ko 3ol /

J#i

0;(& — (Zj_Zi)e_%/’T/)meHLQ dr’ .

- 1
2
Next, we fix ¢ € (2,00) and v € (0, 1) such that v > %. Then, by Holder’s inequality,
22,
b(€ — (zj—zi)e” 2)e

v—2
b qﬁj(T’)

!
H?N)](f — (Zj—Zi)ei%,T/

La
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In view of (2.20) the first factor in the right-hand side can be estimated by C/||@w;(7")||12(m), and

a direct calculation shows that the second one is bounded by C’eT/(%fé), where C' > 0 depends
on d. Thus

/

Fe_1
IFiaiam < O legl |~ 8 0o

oy oo a(T —1') %
< CoM(eN)eT B (5.6)
where Cy > 0 depends on M, and d.

Now we consider F; 3. Using Proposition 4.6 and Holder’s inequality, we obtain

!

T e 3
IEs(lzem < Ko / ez

—o0 a(T — T/)%

/

!
e%ﬂo(ﬁe% + z;, eT/)

1 " ,
G2 4 Hb G2||L4d7'

< C / _C T @) A < Cahilen) (5.7)
o a(r—7)2

where C3 > 0 depends on M, and

lz— zz‘

Ai(t) = sup S%Hfbo(.%',s)e lra -

0<s<t

Applying Lemma 4.2 with ¢ = 4 and x(r) = exp(—7/8), we see that \;(t) converges to zero as t
goes to 0.
For the term Fj 4, we first remark that

1Fa () li2gmy < Ko 3 o] /

];él OOa/T_T

!

109 (& = (z5—2i)e” T)Wi(7") || L2gmydT’ . (5.8)

o \T
2

Since v& € L>®(R?), it follows that

IFal 2 < €S oyl /

L
J#i a(r —7')2

l

[0 (7' L2(my AT’ < C4M;(eT) (5.9)

where C > 0 depends on M,,. This bound will be used later on when estimating the difference
of two solutions. It is not sufficient for our present purposes because, unlike in (5.6), the prefactor
of M;(e™) does not converge to zero as 7 — —oo. To estimate Fj 4 more precisely, we observe
that, on the one hand,

! / !
T

ez = Y€~ (zz)e )| < Ce

l\'Jl&

€] <

where C' > 0 depends on d. On the other hand the bound (4.15) on w;(§, 7) implies that

d = -
> 5077 =l )] < O 3K < go Skl

It follows that

106 (€ — (z=21)e” )i llzzgmy < C (€T N() 2y + ™))
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where C' > 0 depends on d and ((t) = exp(—p/t) for some p > 0. Replacing into (5.8), we thus
find

1 Fia(T) 2 m) < 04(65Mz(67) +C(eT)) , (5.10)

where Cy > 0 depends on M, and d.
To estimate Fj 5 we have by Proposition 4.6, for 1 < p < 2,

!
T—T
2

N . _ ,

€ ~ _T ~
1E5(T) |22 (m) < KgZI%’I/ ——[15;(§ = (zj—zi)e™ 2, )i (') | Loy A7 -
j=1

—oo a(r —7')P

If b(g) = (1—1—\5]2)%, we have using (2.18) and Hélder’s inequality

1o5@illLomy = 0" 0l < 0" @il 219511 20
< Cllwillp2mylwsllr < Cllwill Lz my 10l 2(m) -
It follows that
N
1 Fo5(T) | 2 (m) < CZ|aj|Mj(eT)Mi(eT) < CsM;(e")M(e") , (5.11)
=1

where C5 > 0 depends on M.
Finally we consider the last term, F;¢. Choosing p = % € (1,2), we obtain as above

/

T efTT ! ! s
156 ()l 2m) - < K9/ ———|[e2do(§e? + 2i,e” )wi(7) dr’
oo a(T —1/)P Lr(m)
< Ky T i e%lao(ge%l + 2 er/)H 2 Hw(TI)H ) dr .
B 1@ || 2 IWRT L2 (m)

1
oo a(T —7')?P

Using (2.18), we find (with ¢t = e")

T T 1—-1, - 1-1, .
ez tip(Ee? +Zz,67)||Lz% =1 p||U0(',t)||Lg% < Ctpl|wo(-t)|lr < CMo(t) ,

hence finally

1Ei6(T)[L2(m) < CeMo(e")Mi(eT) , (5.12)
where Cg > 0 depends on My,,. Collecting estimates (5.5) to (5.12), we obtain the desired bound
on M;(t). This concludes the proof of Proposition 5.2. O

Note that Propositions 5.1 and 5.2 together imply that
M(t) < 8(t) +n(t)M(t) + KisM(t)* , 0<t<to, (5.13)
where K13 > 0 depends only on My, 1(t) goes to zero as t — 0, and 6(t) < Kjpe if ¢ > 0 is

small enough. Both functions 7(t), d(t) depend on the full initial measure p, not only on My
and d.
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5.2 The uniqueness proof

This section is devoted to the end of the proof of Theorem 1.1. Let w® and w® be two
solutions of (1.3) satisfying the assumptions of Theorem 1.1 with the same initial measure pu.
Each solution can be decomposed as in (3.11), namely

(67 Tr — z;
w(e)(ac,t) = Z7G< i

=1

N
) +aO@,t), o9, 1) = o, 1) +Zai@§f)(x,t) :
i=1

for ¢ € {1,2}. Estimate (5.13) becomes, with obvious notations,
MO@) < 6(t) +nt)MO@E) + KisMO )2, re{1,2}, 0<t<ty. (5.14)
Now, we define A(t) = max{Ag(t), A1(t),...,An(t)}, where

1,1 ~(2
Ao(t) = sup 5347 (5) = &7 ()4

and
Aty = sup [0 () = @ () pzmy i€ {1, N} (5.15)

7
—oo<7'<log(t)

Here and in the sequel, 11)2@ &) = eTJ)Z@ (¢ez,e7) for £ € {1,2}. We have the following result:
Proposition 5.3 There exists a constant K14 > 0 depending only on My, such that

A(t) < n(t)A(t) + Kia (M“)(t) +M® (t))A(t) +Ct), 0<t<ty,
where 1(t) goes to zero ast — 0 and C(t) = Ce=P/t for some p > 0. Moreover,

ds .

AW < nOA® + Kua (MO + MO ©) AW + Kua [ _AG)
0 2

(t—s) 52

Proof: The argument consists in mimicking the proofs of Propositions 5.1 and 5.2 above. We
start by estimating Ag(t). We have of course

2O 2P - _/0 S (b)Y (ﬂ(l)(S)cDél)(s) _a(Q)(s)(D(()Q)(s)> ds .

If we write 22(1)&)((]1) - 12(2)&)((]2) = (a) — 12(2))(})(()1) + 4 (&((]1) - @82)) and if we proceed exactly as
in the proof of Proposition 5.1, we obtain

Ao(t) < CoA(t) <M(1)(t) + M(Q)(t)) . 0<t<ty,

where Cy > 0 depends only on My,.

We now bound A;(t) for i € {1,...,N}. Let Gix(r) = F}) (1) — F) (1) for k € {1,...,6},
where Fﬁ) and Fﬁ) are defined in analogy with (5.4). Then obviously G;1 = 0. The quadratic
terms G; i, for k € {5,6} can be estimated as in the case of Ag above. In view of (5.11), (5.12),
we find

1Gis(T)lL2(m) + 1Gie(T)l2(m) < C1A(€T)<M(1)(6T) +M(2)(6T)) ,
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for 7 € (—o0,log(T")), where C; > 0 depends on M. It remains to bound the linear terms G; i,
for k € {2,3,4}. Proceeding as in the proofs of (5.6), (5.10), we obtain

(-1 z T T
1Giz (2o < C2AENTE™ D [Gaa()lrzomy < CaeB AT +¢(e7)

where Cy, Cy depend on My, and d, and ((t) = Ce —r/t for some p > 0. Furthermore, using the
analogue of (5.9), we have

-1/
T —

e 2

IGea(lzaomy < €5 [ 1) = & () 2y 7

—oo a(T — 7'/)%

where C)j depends on Mp,. Returning to the original time variable ¢t = 7, we thus find
s)3s3

t
\@M@MWWSQ/( i) 4y 0<ci<r.
0 (t—

Finally, according to (5.7), we have the bound

n@wmw)sc/ e
ooaT—T 2

< c/ _C T AT )dr < Cyh(eT)
o0 a T—T

2

%af)”(ge% —|—zl-,eT/) T? ((] (562 + z,e )HL4d7"

which is sufficient for our purposes since Ag(t) < CoA(t) (MW (t)4+ M@ (t)). Collecting all these
estimates, we obtain the desired bounds on A(t). This concludes the proof of Proposition 5.3.
O

Proof of Theorem 1.1: Let K = max{ K5, K0}, where K5 is as in Lemma 4.1 and Ko as in
Proposition 5.1. Assume that € > 0 is sufficiently small so that

16K3Ke <1, and 16K Ke < 1, (5.16)

where K3 is as in (5.14) and K4 as in Proposition 5.3. Finally, choose ¢ € (0, o] sufficiently
small so that

1 -
n(t)gz, and O(t) < Ke, for0<t<tp,

where §(t),n(t) are as in (5.14) and 7(t) appears in Proposition 5.3 as well. We shall prove
that A(t) = 0 for t € (0,t1], hence wM(t) = w®(t) on this time interval. Since w®(t;) €
LY(R?) N L*(R?) and since the Cauchy problem is well-posed in that space, it will follow that
w(t) = w®(t) for all t € (0,7T).

We claim that M©)(t) < 2Ke for ¢ € {1,2} and t € (0,t;]. Indeed, by Lemma 4.1 and
Proposition 4.5, this is true at least for ¢t > 0 sufficiently small. On the other hand, it follows
from (5.14) that

.1
MO < Ke+ ZM(f)(t) + KisMO@t)?, 0<t<ty,

hence MO (t) < 2Ke as long as K13sM©(t) < 1. Since K13(2K¢) < % this proves the claim.
Now, it follows from (5.16) and Proposmon 5 3 that

Al) < %A(t)+§(t), and A(t) < %A(t)+K14 /Ot%ds,

(t—s) 52
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for t € (0,%1]. The first inequality implies that A(t) = O(t*°) as t — 0. In view of Lemma 5.4
below, the second bound then implies that A(t) = 0 for ¢ € (0,¢1]. This concludes the proof of
Theorem 1.1. O

Lemma 5.4 Let f:[0,T7] — Ry be a continuous function satisfying

K/ ——5—ds, 0<¢t<T,
t—s’ 2

2

to

for some K > 0. If f(t) = O(t*) ast — 0 for all « > 0, then f = 0.

Proof: Given o > 0, we define

If F,(T) < oo, we have for t € (0,T):
ft) K [t s“F,(t

L < — — 2 _ds = KB(L,a+3E, (1),
to A 0 (t—s)%sé (2 2) ()
where ) D))
1o I'(p)I'(q
B(p, :/1—xp1xq1dx:7, ,g>0.
(p,q) 0( ) Totrq P

It follows that F, (T ) KB(,a+3)F,(T). Now, if f(t) = O(t*) we can take a > 0 large
enough so that KB(%,a+3) < 1. Then F,(T) = 0, which implies f = 0. O

5.3 The continuity proof

In this section we prove that the (unique) solution of (1.3) depends continuously on the initial
data in the norm topology of M(R?), as stated in Theorem 1.2. The arguments are very
similar to those leading to the uniqueness theorem, except for the fact that the initial measures
associated to both solutions are now different. So we shall merely sketch the proof and emphasize
where the arguments of the previous sections must be adapted to infer continuity.

Fix pM) € M(R?), and assume that ;(?) is another finite measure satisfying || — || <
¢ for some sufficiently small § > 0. This implies in particular that the large atoms of (), u(?)
are located at the same points in R2. More precisely, we can assume that both measures are
decomposed as in Section 3, namely

N
V=S a0, +ul), tefl2),

where a@({) = pO{z}) #0and || ,u((f)pr < e. The parameter € > 0 is independent of § and will

be assumed to satisfy a smallness condition similar to (5.16). By construction, we have

N
1V = 1@ ae = 3 log” = a4 g = 417l < 5

For £ € {1,2}, let w € C°((0,+00), L' (R?) N L>°(R?)) be the solution of (1.3) with initial
data p¥). Each solution can be decomposed as in (3.11), namely

olf

t

N
wO(z,t) = G(”” - ZZ) +6O@,t), O, t) = 6@+ ao(@,1) .

Vit
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Using the same notations as in the previous section, our goal is to control the quantity A(t) =

maX{Ao(t), Al(t), NN ,AN(t)}, where

- - 1. . -
No(t) = sup &8 (s) = O ()|l + sup 57357 (s) — & ()] 4
0<s<t 0<s<t L3

and A;(t) is defined by (5.15) for i € {1,..., N}. We shall prove that, for any v € (0,1), there
exists T > 0 and C' > 0 (both independent of §) such that A(T) < C¢”. In particular, this
implies

sup [lwM (@) =@ @)1 < Co¥ . (5.17)
0<t<T

Since the Cauchy problem for (1.3) in L'(R?) is globally well-posed and since the solution is a
locally Lipschitz function of the initial data in that space, uniformly in time on compact intervals,
it follows that (5.17) holds for any 7" > 0. This proves the continuity claim in Theorem 1.2.

To bound Ay(t) we write
s w-o 0 = (s§w0) - sP0)ul’ + L0 (1 - )
t
- (V9 - 80097 @D s)) ds
0

- /t S](\?) (t,s)V - (ﬂ(l)(s)djél)(s) - 71(2)(3)&82)(3)) ds ,
0

where S](é) (t,s) denotes the evolution operator associated to the convection—diffusion equa-

()
tion (2.1) with U(xz,t) = 3N, % UG(x_Zi). The difference S](\P(t,s) - S](\?) (t,s) is estimated

=7
using the following variant of Proposition 4.3, which can be proved by a standard perturbation
argument (we omit the details).

Proposition 5.5 Let p € [1,00] and let S’](\}) and S](\%) be defined as above.
i) There exists K15 > 0 independent of § such that, for any measure v € M(R?),

K156
< 2% _y|m, 0<s<t.

(s - s, = 2

it) For any v € (0,3), there exists Kig > 0 and to > 0 (both independent of §) such that, for
any function f € L'(R?),

K60 t\Y
< ()Wl O<s<t<sty.
Lp (t S

H (sWit.9) - 5P t.))vr ‘

1
_ 3)5_5

Using Propositions 4.3 and 5.5, and proceeding as in Section 5.2 above, it is not difficult to
show that

Ag(t) < Cod(1 + MV (1)) 4 Cy <M<1>(t) +M® (t))A(t) . 0<t<ty,

where Cy > 0 is independent of § and tg > 0 is as in Proposition 5.5.

To bound A;(t) for i € {1,...,N}, we consider the integral equations of the form (5.2)
satisfied by the rescaled functions 12)1(1)(7') and 11)2(2) (1), and we estimate the difference of both
expressions. To this end, we clearly need a bound on the linear operator (T (7) — Ty (7))V with

a # . This is the content of the following proposition, whose proof is again left to the reader.
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Proposition 5.6 Fiz o € R, m > 2, v € (0, 2) and q € [1,2]. Then there exists K17 > 0
and By > 0 such that if |3] < By then, for all f € Li(m),

Tarolr) = Tu) VI < KatlB S gy« 7> 0.
L2 (m)

a(T)

where a(T) =1—e77.

As in Section 5.2, we define G; ;(7) = FZ(}C) (1) — Fz(i) (1) for k € {1,...,6}, where FZ(}C) and

Fl(i) are defined in analogy with (5.4). Arguing as in the previous sections, we find the following
estimates:

1Gia (M lL2@my < C10€e”,
1Gi2(Tz2my < Co8 e’ ™MW (e7) + Che’™A(eT)
1Gis(M)l2my < C36MM(e7) + CsA0(e7)
1Gia(D iz < CdMD(E) + Cue7AE) +¢(eT)) .
where v € (0, 3) and ((t) = Ce ™/t for some p > 0. Here and in the sequel, all constants are

independent of §. As in Section 5.2, the term G; 4(7) can also be estimated as follows:

1G4 (log ()] r2my < CadMW(t) + Cy / #ds
— S)2

MIH

Finally
> Gk < CsoMD(EN)? + CsAEn) (MO () + M (eT)) .
ke{5,6}

Combining these estimates with the above bound on Ay(t), we finally obtain

A(t) < Kisd(1+ MO0 +n(t)A() + Kig (MO @) + MO@)A® +¢(1), (5.18)
as well as
AM) < Kisd(1+ MO0 + AW + Kig (MO @) + MO (1) A(t)
" A
+ K20/0 (t - S)%S2 ds . (519)

Now, proceeding as in the proof of Theorem 1.1 in Section 5.2, we can choose € > 0 sufficiently
small and then ¢; € (0,%o] sufficiently small (both & and ¢; independent of ) so that n(t) <
and K1g(MW (1) + M@ (1)) < L forall t € (0,#1]. The bounds (5.18), (5.19) then imply that, for
any v € (0,1), there exists K91 > 0 (independent of ¢) such that A(t) < K919” for all ¢ € (0,t4],
which is the desired result. Indeed, we have the following lemma, which is a generalization of
Lemma 5.4:

Lemma 5.7 Let f:[0,T] — Ry be a continuous function satisfying
1(t) < Cr3+ G / IO g5 o<i<r,
(t—s)zs2

for some C1,Cy > 0 and some 6 € [0,1]. Suppose moreover that f(t) < C16 + ((t) for all
€ [0,T], where ((t) = Csexp(—p/t) for some p > 0. Then for any v € (0,1), there exists a
constant Cy > 0 (independent of §) such that f(t) < Cy0” for all t € [0,T].
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Remark 5.8 What the proof really shows is that A(t1) < Cdlog(C/d)Y for some large v > 0.
Thus our method fails to show that the solution of (1.3) is a locally Lipschitz function of the
initial data. This is because we chose to apply the Gronwall argument directly to equation (4.20),
see the discussion at the beginning of Section 5.

6 Appendix

In this final section we prove the main estimates stated in Section 4.

6.1 Proof of Lemma 4.2

We argue as in the proof of ([15], Lemma 4.4). Fix p € [1,00], ¢ € (2,00], and 7 € {1,...,N}.
Without loss of generality, we can assume that z; = 0. Using the definition (3.6), the bound (2.5),
and the properties of the Biot-Savart law, it is easy to show that there exists C'y > 0 such that
Cl Cl
TI_1 HMOHM , te (OvT) : (6'1)

q

[ao(-,t)]|za <

loo(, O)lze <

Fix any § > 0. Since p0({0}) = 0 by assumption, there exists r > 0 such that |uo|(B4r) < §/C1,
where B, = {z € R?||z| < r} and |ug| denotes the total variation measure associated with p.
We decompose

anfent) = [ Tulotin0dpol) + [ Tuletin0)duoly) ot + o).
B4r R2\B4r

We also have dg(z,t) = uM (z,t) + u® (z,t), where ul9) is the velocity field obtained from w)

via the Biot-Savart law (2.17). By construction,

_1
sup £ rllwM(,0)e < Ciluol(By) <6, (6.2)
o<t<T
1_1
sup t2 7[[uV (-, t)|za < Cilpo|(By) <6
o<t<T

To bound w® (x,t), we further decompose
w®(z,t) = WP (z,t)1p, (z) +w? (z,t)1r2\ By, (7) def ,® (z,t) + w® (x,1) .

Accordingly we set u® (z,t) = u® (x,t) + u® (z,t). Using (2.5), we find

K T—Y 7‘2 K T—Y
WO 0] < 1m0 [ B ) < 0% [ Bt dul)
RQ\B4T~ t R2 t
since |« — y| > 2r in the first integral. It follows that
v 27 |[u®) < CoP%
Pllw® (1)l e + 6279 [ u® (1) L e 77 luollm —— 0 (6.3)
Finally [Jw® (z, t)x(Jz2/t) ||z < x(4r?/t)]|w™ (-, 1) v, hence
1= w® < Cyx(4r? 0. 6.4
t el (@ ) x (|2 /8] X7 Dol —— (6.4)

Combining (6.2), (6.3), (6.4), we obtain limsup,_, tlf%H&)o(x,t)xﬂx\z/t)HLg < 4. Since § > 0
was arbitrary, this proves (4.2).
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To bound u® (z,t), we use yet another decomposition:

U (@) = u® (2, )15, (@) + u® (@, )1ga 5, (@) L 0@ (@, 1) +u® (2,1) .

Using the Biot-Savart law (2.17), we find

c C
Wy 1) dy < —1p. (@)@ (D)l < —1,(@)polln -

) (@, 8)] < 1p,(x) /

R2\Ba, |z — |
hence t%75\|u(5)( t)||Le < C(t/r? )77‘1 llollam — 0 as t — 0. Finally,

1_1 1_1
t2 7 [[u® @, )x (e /)llg < x(? /02 a[u® () e < Ox(r? /) poll - 0

1 1
Summarizing, we have shown limsup, o ¢2 " «||do(x,t)x(|z|*/t)||p2 < &, which implies (4.3). O

6.2 Proof of Proposition 4.3

Estimate (4.5) follows immediately from the bound (2.5) on the integral kernel I'ys(x, t;y, s). To
prove (4.6), we first remark that it is sufficient to establish this estimate for p = 1. Indeed, once
t+s t+s
ISn(t,5)Vflln = || S (657 ) S (F5s)
%

this is done, we obtain using (4.5):
2 \1-3 t+s
£ Ko=) s (70)
2 = 0\t N

< Ko 2) TR () (Y 1 < rotn ()T () 0

It remains to prove (4.6) for p = 1. We proceed in two steps:

Step 1 : the case of 1 vortex

Fix a € R, and let S;(t, s) be the evolution operator associated to the non-autonomous equation

ow a (T 9
—(x,t) + —=v ( )-Vwa:,t = Aw(z,t), z€eR*, t>0.

o)+ (2] Vislant) = Aw(a)

Due to the particular form of the convection term, it is natural to rewrite this equation in the
self-similar variables ¢ = x/v/t, 7 = log(t). Defining w(&,7) as in (2.9), we obtain the equivalent
equation

20 er) + () - Vule,r) = (L)) (6.5)

where L is given by (2.10). We shall show that the autonomous equation (6.5) defines a strongly
continuous semigroup in L!(R?), which we denote by S1(7). We claim that, for any 7 > 0, the
operator S1(7)V can be extended to a bounded operator on L!(R?). Moreover, for any v > 0,
there exists C; > 0 (depending on 7 and |a|) such that, for any w € L'(R?),
o= (G=N7T
|S1(T)Vw|1 < ClﬁHUJHLI , >0, (6.6)

a\T)2

where a(1) = 1 — e~ 7. If we return to the original variables, we see that (6.6) is equivalent
to (4.6) with N =1, p =1, and ty = +o0.
To prove (6.6), we introduce the Banach space X — L!(R?) defined by

X = {w € Ll(RQ) w = 81f1 + 82f2 with fl,fg S Ll(RQ)} R
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equipped with the norm

hollx = il +inf{ I illos + 1l |w = 01f1 +2fa} -

We also consider the auxiliary equation for the vector field f = (f1, f2):

0 1

8—£+au0divf - (L—a)f. (6.7)
Using a fixed point argument as in the proof of Lemma 6.4 below, it is straightforward to
show that (6.7) defines a strongly continuous semigroup in L!(R?)?, which we denote by 77(7).

Moreover, there exists 79 > 0 and Cy > 0 such that, for all f € L*(R?)?,

(M)l < Collfllr s IVl < 1fllzr, 0<7<70. (6.8)

a(r >%
The evolutions defined by (6.5) and (6.7) are related via
div(Ti(n)f) = Si(r)divf, feX, 7>0.

This shows that, for 7 € (0, 7], S1(7)V can be extended to a bounded operator from L!(R?)
into X with bound CQG(T)_%; in particular (6.6) holds for 7 € (0,79]. Moreover Si(7) is a
strongly continuous semigroup in X. Thus, to prove (6.6) for all times, it remains to show that,
for any v > 0, there exists C'3 > 0 such that [|S1(7)[|z(x) < C3 e (G)7, Equivalently, we shall
show that the spectral radius of S;(7) in X satisfies pgp(S1(7)) < e 2 for all 7 > 0.

To prove this, we argue exactly as in ([12], Sections 4.1 and 4.2). We first observe that S1(7)
is a compact perturbation of S(7) = exp(7L), and it is easy to verify using (2.11) that the
spectral radius of S(7) in X satisfies psp(S(7)) = e_% for all 7 > 0. Thus, it remains to

show that all eigenvalues of the generator L = £ — -V of §;(7) are contained in the half-
plane {\ € C|Re()\) < —3}. Assume on the contrary that some A € C with Re (\) > —1 is

an eigenvalue of L in X. Since L is rotation invariant, we can use polar coordinates in R? and
assume that the eigenfunction ¢ associated to A has the form ¢(r cosf,rsinf) = 9 (r)e™ for
some n € Z. If we study the differential equation satisfied by 1, we find as in ([12], Lemma 4.5)
that

Y(r) ~ Ar?*=2 4 Br2A e o oo,

for some A, B € C. Now, since ¢ € X and Re()\) > —3, we must have A = 0, hence ¢ has
Gaussian decay at infinity, and ng (&) d¢ = 0. In particular, ¢ lies in the Hilbert space

Yy = {weLQ(RQ,C)( /RQG_1|w(§)|2d§<oo, /RQw(g)dgzo} .

But it is proved in [12] that £ is self-adjoint in Yy with spectrum {—2 |n € N, n > 1} and v%-V
is skew-symmetric in the same space Yy. Thus we necessarily have Re (\) < —%, which is a
contradiction.

Step 2 : the case of N vortices

We now assume that N > 2 and we study the evolution operator Sny(t,s) associated to the
equation

8t (x,t) gaj (x\;_zl) Vw(z,t) = Aw(z,t) . (6.9)
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As we shall see, if t/d? < 1 where d = min{|z; — z;| | i # j}, the N convection terms in (6.9) are
nearly decoupled, and we can bound Sy (t, s) using the previous estimates on Si(t, s).

Let y : R? — [0,1] be a smooth function equal to one for |z| < 7 and zero for |z| > 1.

For i € {1,...,N} we set x;(x) = x((z—2;)/d) and we define y( such that zgio xi(x) =1 for
all z € R2. Observe that 0 < xo < 1 and that there exists C; > 0 (independent of d and N)
such that || Zﬁio IVxil [ < C1d~! and || Z@']\Lo |Axi| ||z < C1d=2 for all i € {0,...,N}.

If w(z,t) satisfies (6.9), then for all i € {0,..., N} the function w;(z,1) def Xi(z)w(x,t) is a
solution of

Ow; o (T — % _ ;
5 % v < 7 > Vw; = Aw; — div(Rjw) + Qiw
where op = 0 and
A _ O G(T =2\ .
Ri(z,t) = 2 - v < 7 >Xz(36) +2Vxi(z) ,

N
Qle,t) = Y L% (T=H) - Vile) + Axila) -

By construction, R;(z,t) and Q;(w,t) are smooth functions of x € R? and t > 0. Moreover,
if R(x,t) = Zﬁo |R;(z,t)] and Q(x,t) = Z@'J\Lo |Qi(x,t)|, there exists Cy > 0 (depending on Mp,
but not on d) such that

C 2 CZ

1RGOl = — QG Ollze < 5, 20 (6.10)

If we denote by gl-(t, s) the evolution operator associated to the ith vortex, we find the following
integral equation

wi(t) = Si(t, s)wi(s / S;(t,t') div(Ri(t’)w(t’)) + Qi(t’)w(t’)) dt’, (6.11)

for 0 <s <t

Now, we fix s > 0, T > 0, and we assume that w;(s) = \;Vf = V(xif) — (Vx;)[f for some
f € LY(R?). Using (6.11) together with the bounds (4.5), (4.6) (for one vortex), we obtain for
s<t<s+T:

Ky
(t—5)3

i /st (th/); <t'> [ R (" )w(t')][ r dt” .

Summing over i € {0,..., N}, we thus find

lwi(®)l[rr <

t
(£>V||Xz’f||L1 + Ke||(Vxi) fll o + / Ke||Qs () w(t)|| 11 dt’

Ky t\7 ClKﬁ
lo@®llp < (t_s)%(;) Il + ==l + / Kol Q') | e |t d#
K7 t

.
=) IRl () 12 '

Thus, if we define (for a fixed s > 0)

lwllr = sup (t=5)3(2) Jw®lln |

s<t<s+T
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we obtain using (6.10)

1 1

T2 T T2
lwllz < Ca(1+=—=)lIf Il + Cazzlwllz +Cs

FHWHT )

where C5, Cy, C5 > 0 are independent of d. If we now assume that 7' is sufficiently small so that

T 1 1
< mnll, — ——
2 = mm{ » 40y (405)2} ’

then |lw||z < 4C5||f||11, hence

4C! t\"7
ISn(t )V I < ——(2) Il s<t<s+T.
(t—s)z \$
This concludes the proof of Proposition 4.3. U

6.3 Proof of Proposition 4.5

The proof follows the approach of [12]. Using parabolic regularization, we first show that the
trajectory {w;(7)} is relatively compact in L?(m). We next prove that the a-limit set .A; of this
trajectory is fully invariant under the evolution defined by the autonomous equation

(& 7) + i, 7) - Vwi(§,7) = (Lwi)(§,7) (6.12)

awi
or

which is obtained by setting R; = 0 in (4.11). Using the main result of [12] we conclude that
A; = {a;G}, which proves the claim. We start with the compactness result:

Lemma 6.1 For any i € {1,...,N} and any m > 1, the trajectory {w;(7)}r<iog %5 relatively
compact in L*(m).

Proof: Fix i € {1,...,N}. By (4.15), for any m > 1, there exists C},, > 0 such that
[wi (T)[|2(my < Cm for all 7 < log(T). Let H'(m) be the weighted Sobolev space defined
by

H'(m) = {w e L*(m)|Vw € L*(m)} ,  [[wllfpmy = [wlZ2gny + V0720 - (6.13)

By Rellich’s criterion, the inclusion H!(m+1) < L?(m) is compact. Therefore, to prove
Lemma 6.1, it is sufficient to verify that Vw;(r) is bounded in L2?(m) for all m > 1. To
this end, we proceed as in ([12], Lemma 2.1). Fix m > 1, 79 < log(7"), and consider the integral
equation

Vw;(1) = VS(1 — 10)w;(10) — /T VS(1 — s)(vi(s) - Vw;(s) + Ri(s) - Vw;(s))ds ,

where R; is given by (4.12). If 79 < 7 < log(T"), we can bound, using Proposition 2.2,

K3 T K4
IVwi(T)l L2 (m) < 71“101'(70)“L2(m)+/ — l(vi(s) + Ri(s)) - Vwi(s)l| Lo gm) ds
a(T—70)? 70 a(r—s)?P
where 1 < p < 2. If % = % — 1, we have according to (2.18)

[oj(s)l[Le < Cllwj(s)lle < Cllw;(s)llL2gny < CCm s
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and according to (6.1)
leZao(¢e? +2i,¢) o = ™20 o€ [0 = £2 74 o B)llze < Cilpollm -
Therefore, we find
[(vi(s) + Ri(s)) - Vwi(s)l|lLogny < [[vi(s) + Ri(8)l|Lal[Vwi(s)l12m) < ClIVwi(s)lL2(m)

hence o . o
IVwi(T)|z2(m) < 721+/ —— | Vwi($) | 2y ds (6.14)
T0

a(T—79)2 a(t—s)»
where Cs, C3 > 0 are independent of 7y. Now, choose T > 0 small enough so that

1 1
T C _ 5 T C 5
sup / 3a(lT 70)2 _ds = sup / Lﬁpds <
ro<r<mo+T /10 a(t—s)ra(s—y)2 0<r<TJ0 a(r—s)ra(s)

DN | =

1
2

Then (6.14) implies that [|[Vw;(7)|r2(m) < 2(3'2@(7'—70)_% for 79 < 7 < min(ro+T,log(T)).
Since 79 < log(T') was arbitrary and since T is independent of 7, there exists Cy > 0 such
that [|[Vw;(7)||12(m) < Cy for all 7 < log(T). O

We next show that the term R;(§,7) in (4.11) is negligible as 7 — —o0:
Lemma 6.2 For anyi € {1,...,N}, any m > 1, and any p € (1,2), the following holds:

im (1R (7)wi (7)o m) = 0 -

Proof: Let g € (2,00) be such that % = % G (1—i—|§|2)%, we have for all 7 < log(T")
IR:(T)wi ()| o my = 0" Ri(T)wi(7)llze < 67 Ri(n)|[zallb™ wi(r)]l g2 < Callb™ Ri(7)l| e

where C'1 > 0 is independent of 7. We claim that the last term in the right-hand side converges
to zero as T — —oo. Indeed, f 0 < v <1 — % and j # i, we have

b7 (Jos (- = (zg=z)e ™2, D)l < CIOH()b( — (z—2i)e™ 2) ™ L= |6 v;(7) | 1 -
The first factor in the right-hand side is @(e”Z) as 7 — —oo, and using (2.20) the second one
can be bounded by C'|w;(7)| r2(m) < C2, where C2 > 0 is independent of 7. On the other hand,
applying Lemma 4.2 with y(r) = (H—r)*%, we obtain (with ¢t =€)

— 0,

167" (§)e do(ée> + a0ty = 12 L 120

Thus |61 R;(7)||Le — 0 as 7 — —oc. O

Now, fix m > 1 and let 4; be the a-limit set in L?(m) of the trajectory {w;(7)}-<iog(r)- As is
well known, A; is nonempty, compact, and attracts w;(7) in the sense that dist 72 () (wi(7), A;) —
0 as 7 — —oo. Let also ®(7) -, be the semiflow in L?(m) defined by the limiting equation (6.12),
see ([11], Theorem 3.2). Our last result is:

Lemma 6.3 For anyi € {1,...,N} and any 7 > 0, we have ®(7)A; = A;.
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Proof: It is clearly enough to prove the result for 0 < 7 < 1. If ws € A;, there exists a
sequence 7, going to —oo such that [|w;(7n) — Weollp2(m) — 0 as n — co. From (4.14) we have

wi(mn +7) = S(T)w;(1,) — / efé(T*T/)V -S(r — ) (vsw; + Ryw;) (1, + 7)) dr
0
for 7 € [0,1]. On the other hand, W;(7) def D (T)wso satisfies

.
Wi(r) = S(T)weo — / ¢ 2TV S(r — ) (ViWy) (P A, 0<T <1,
0
where V(1) is the velocity field obtained from W;(7) via the Biot-Savart law. Now we compute
the difference of both expressions. Using Proposition 2.2 and proceeding as in ([11], Lemma 3.1)
we obtain, for any p € (1,2),

|wi(T +7) = Wi(T) | 12(m) < Ksl|wi(T) — Weol| L2 (m)

T / 1
+Ky / R L )71 | R (Tr + 7w (0 + T/)||Lp(m) dr’

0 a(t —1')?

’ —l(’r—’r’) C / /
+Ky [ ez ——— ([lwi(mn + ™) 2(m) + IWi(T) 12(m))
0 a(t —1")r
X [|w; (T, + T') — Wi(T/)||L2(m) dr’ .

The first term in the right-hand side converges to zero as n — oo, and so does the second one

(uniformly in 7 € [0,1]) by Lemma 6.2. Thus using the uniform bound on [|w;(7)|[z2(m) We
deduce that

T 1
|wi(7 +7) = Wi(T)l22(m) < €(n) +C | ——llwilmn +7") = Wi(#" )| 12(m) A7,
0 a(r—1")?
where £(n) — 0 as n — oo uniformly in 7 € [0,1], and where C' > 0 is independent of n and 7.
Gronwall’s lemma then implies
lim sup |wi(m, +7)— W,‘(T)HL2(m) =0.

In particular W;(7) = ®(7)ws € A; for any 7 € [0, 1], hence ®(7)A; C A; for any 7 € [0,1].

Conversely let wy € A; and 0 < 7 < 1. There exists a sequence 7, going to —oo such
that ||w;(Tn) — Weollp2(m) — 0 as n — oo. Up to the extracting a subsequence, we can suppose
that w; (7, —7) converges in L?(m) towards some W, € A; as n goes to infinity. By the argument
above, we have ®(7)W, = ws, hence A; C ®(7).A;. O

In ([12], Lemma 3.3) it is shown that, if A is a bounded subset of L?(m) satisfying ®(7).A = A
for all 7 > 0, then necessarily A C {aG|a € R}. Applying this result to the a-limit set
of {w;(7)}, we obtain A; = {a;G}, since any w € A; satisfies [z. w(§) d§ = ;. This concludes
the proof of Proposition 4.5. O

6.4 Proof of Proposition 4.6

Estimates (4.17) and (4.18) are established in ([12], Section 4.2). To prove iii), we first observe
that it is sufficient to establish (4.19) for 0 < 7 < 79, where 79 > 0 is arbitrary. Indeed, once
this is done, we have for 7 > 7¢:

[Ta(T)VWlL2m)y = Talr—70)Ta(10) V|| L2(m)

_(r=mq) KsKy e_%
< Kge 2 | To(r0)Vwllpepny < ————

| Lagm) -

Q=

a\To
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To prove (4.19) for small 7, we consider the auxiliary equation in L?(m)?:

0 ~ 1
—f+a(deivf+vd‘VfG) = <£——)f. (6.15)
or 2
Here, f(z,t) € R? is a vector field, and v1V/ denotes the velocity field obtained from the
scalar div f via the Biot-Savart law (2.17). As we shall see, this equation defines a semigroup
in L2(m)2, which we denote by 7,(7). A straightforward calculation shows that the semi-

groups T, (7) and T,(7) are related via
T.(r)div f = div(To(7)f), feH'(m)®, 720,

where H!(m) is defined in (6.13). Assertion iii) in Proposition 4.6 is now a direct consequence
of this identity and of the following result:

Lemma 6.4 Equation (6.15) defines a strongly continuous semigroup Ta(T) in L?(m)? for
anym > 1. If g € (1,2] and 7 > 0, T,,(7) can be extended to a bounded operator from L9(m)?
to HY(m)?, and there exist 70 > 0 and C' > 0 such that
. C . c
1Ta(T) fll2gmy < THfHLq(m) v IVTu(T) fllL2my < w1 fllLa(m) > (6.16)
2

a(T)e 2 a(T)q

for T € (0,79].

Proof. We consider the integral equation associated with (6.15), namely
f(r) = e_%TS(T)fo - a/ e_%(T_S)S(T—s) <vG div f(s) + Udivf(S)G> ds . (6.17)
0

We assume that fo € L9(m)? for some ¢ € (1,2] and some m > 1. Given 79 > 0, we shall
solve (6.17) in the Banach space X def {f € C°(0,10), H*(m)*) | || fllx < oo}, where

Q[

Iflx = sup a(®)s 2| FOllz2m + sup a(m)al|V @) z2gm) -

0<7<719 0<7<719

Let f € X and denote by F(7) the expression in the right-hand side of (6.17). Using the
estimates collected in Proposition 2.2, we obtain for 7 € (0, 7¢]:

1
K4 e 27

1
T K4e_§(7_5)
IE(T) L2 (m) < ﬁ\\fOHLq(m) +lal [ ————

T [0 div £ (s) + v O G| Loy ds

1
a(t)e 2

T_1
a(t—s)r 2

where 1 < p < 2. If I% == — %, we obtain using (2.18) and Holder’s inequality

1
P

[0 div £() vy < 10111 div F($)l 22y < ClIGell v ()] oy
104 IO Gl oy < Clo O G g2y < CHliv £ 1G 22 -

hence both terms can be bounded by C||G|| 2 () || div f(5)||2(m)- Therefore,

11 _1
a(r)e 2|F ()| 2m) < Ce™ 27| follLam) + ClalA(T) || f]Ix

where

1
Aq(7) :/ 73779 ar)7 ds .
0



Using similar estimates, one finds

1 _1l,
a(T)? [[VE(T)| L2(my < Ce™ 27| follLa(m) + ClelAa ()| flx

where
a(r)q

M) = [t 2y,
0 a(t—s)ra(s)a

Thus, there exist positive constants C7, Cy such that, for all f € X

[Fllx < CillfollLagm) + CalalA(mo)[fllx

where

A(1p) = sup Ai(7)+ sup Aq(7) .
0<7<719 0<7<79

If we now choose 79 > 0 small enough so that Ca|a|A(7y) < 1, it follows from these estimates

that (6.17) has a unique solution f € X, with || f||x < 2C1| follza(m). This proves (6.16). O
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