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1 Introduction

1.1 Introduction on quantum chaos and scarred eigenstates

Semi-classical analysis: is a fruitful approach to understand wave equations in the regime
where the wave length [ is small in comparison with the size L of the domain (or size of the
typical variation of the potential), where the wave evolves. The semi-classical parameter is
h =1/L < 1. In that regime, one shows that the evolution of a wave can be described in
terms of Hamiltonian classical dynamics in the same domain (or with the same potential)
[27],[14].

For example in that regime, the Van-Vleck formula (1928) [55| expresses the evolving
wave as a sum of the initial wave transported along several classical trajectories. Because
the wave formalism enters in many area of physics (acoustic waves, seismic waves, electro-
magnetic waves, quantum waves ...), semi-classical analysis is an important mathematical
tool to understand physical phenomena.

There is a standard way to pass from the classical mechanics formulation to the quantum
(wave) mechanics formulation, and vis et versa. In each field there are some well defined
objects or concepts. However, there is not always a simple and one to one correspondence
between these two domains, especially when the classical dynamics is not integrable.

Quantum mechanics | Semi-classical limit (A — 0)==- | Classical mechanics
parameter h <= Quantization
Hilbert space Phase space
Operator H Hamilton function H
Evolution | (t) Ergodicity, mixing,. . .
Eigenstates of H Periodic orbits
Invariant measures

We will be concern with uniform hyperbolic dynamical systems, with the property
that every classical trajectory has a hyperbolic instability (uniformly over phase space).
This property implies a very strong chaotic behaviour of the dynamics [11][35],[48]. Tt is



important to notice that although hyperbolic systems form an open set in the space of
dynamical systems (i.e. properties are robust under perturbations), most of the “chaotic”
systems which have some physical importance are not uniformly chaotic. They have mixed
phase space, with some regular part, with K.A.M. tori, and some chaotic part with hyper-
bolic sets |27].

For a quantum hyperbolic dynamical system, there is a (universal) characteristic
time, called Ehrenfest time ¢, which is the time when the wave length size [ is expanded
to the size of the cavity L, due to hyperbolic instabilities. The Ehrenfest time ¢, is given
by L ~ le’?, where ) is the maximal Lyapounov coefficient, i.e.

1
thxlog(l/h), h=1/L.

1.1.1 Examples of waves in cavities, in physics and mathematics
e Quantum waves (electrons) in atoms, molecules, nanoscopic electronic devices.
e Electromagnetic waves in cavities.

e stationary Acoustic wave function of Aluminium Sinai stadium (C. Ellegaard, M.
Oxborrow, P. Bertelsen and K. Schaadt): size L ~ 10c¢m, wave length A ~ 3mm.

Alurninium plate; S3mm. 318.9 kHz, Geametry: Sinai.
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e Seismic wave in earth or in geological valley.

e In mathematics: function ¢ (x) on a (negative curvature) compact Riemannian mani-
fold. The wave equation 0% /0t> = A properties or properties of the eigenfunctions
of the Laplacian Ay = A, for large |\| are closely related with geodesics proper-
ties on the manifold. Geodesics are the classical trajectories. Negative curvature
is responsible for divergence of closed trajectories, and hyperbolicity (i.e. chaotic
properties) of the flow.



1.1.2 Strange phenomena are observed: “Scarred” eigenfunctions:

The following figure shows a stationary wave —h%Avy = E1) in the stadium billiard with
Dirichlet conditions. The classical flow of this billiard is (non uniformly) hyperbolic.

As this example shows, some (exceptional) stationary “Scarred states”, are partially
localized near (unstable) periodic orbits. Numerous studies of scarred states have been
done by physicists (Heller 1984|32|, micro-wave cavities, electron in quantum dots...).

1.1.3 Some questions which are considered in these lectures notes:

For an hyperbolic dynamical system,

1. Is it possible to understand the distribution of stationary waves, on configuration
space or on phase space?
Are they all equidistributed in the limit A = [/L — 07 (This is the property of
Quantum Unique Ergodicity, Q.U.E)

2. Is it possible to describe the evolution of a wave packet from a semi-classical
point of view? (spreading and interferences after long time evolution, in terms of
classical trajectories)

Recent reviews on quantum chaos: There are some recent reviews on the mathemat-
ical aspects of quantum chaos, and semi-classical measures. For example by S. De Biévre

[15],[16] or by S. Zelditch [59//62].

1.2 Quantum map on the torus as convenient models for quantum
chaos study

In this section, we summarize the main results reported in these lectures.



1.2.1 Linear map on the torus

In the first part, we will study a linear hyperbolic map M € SL (2,Z) on Torus phase
space T?. For example

(;Ii)zﬁ })(i) modulo [1] (1)
-

M

The hyperbolicity of the map together with the modulo 1 operation are responsible
for hyperbolicity and chaotic properties of the map. This map is one of the most simple
example of a symplectic chaotic map [11][35],[48]. It can be considered as a Poincaré section
of a hyperbolic flow.

We will introduce a semi-classical parameter h = 1/N, N € N, quantize the map M,
giving an operator Mh, and consider quantum stationary states (i.e. eigenstates) in
the semi-classical limit h — 0:

My|r) = €| ¢p).

The Schnirelman theorem (“the Quantum FErgodic theorem”), states that in the
semi-classical limit A = 1/N — 0, most of stationary states are equidistributed. Their
limit measure on the torus phase space is the Lebesgue measure (for finite h, there may
have fluctuations on a scale o (1)):

Probability measure (|¢n)) =n—0 [Lebesgues for almost all sequences.

| etat-stationnaire-N-414 |

However, for this system, we will see that some (exceptional) stationary states are
localized on periodic orbits [23| (for a special subsequence h,, — 0):



1 1

PrObablhty measure (|¢h>) =h=hn,—0 §5periodicorbit + iuLebesguea

giving a counter example to Quantum Unique Ergodicity. Notice that the measure is not
totally localized (# Operiodic—orbit), but half of the measure is equidistributed on phase
space.

(@) (b)

For quantum linear map on the torus there is a strange phenomenon of “short quan-
tum periods”: MP fd, with a period P which is sometimes equal to twice the Ehrenfest
time P ~ 2tg. This means that at time ¢ = 2tg, an initial localized wave packet has an
exact revival. This revival phenomenon is very different from the mixing property of
the classical map. The semi-classical explanation for this revival is that the wave packet
spreads along the unstable manifold, and at time ¢ = tg equidistributes over all the torus.
Then, due to very particular interference effects, it reconstructs and comes back along the
stable manifold to the initial localized state. We will indeed give a precise interpretation
of this revival, in terms of constructive interferences along classical homoclinic or-
bits at time ¢ = 2tp = 25log(1/h). The existence of strong scarred states is a direct
consequence of this revival: we superposing the time evolution of the wave packet from
time ¢t = 0 to time ¢t = 2tg, and obtain an eigenstate. In the interval ¢ € [0, 2tg], the wave
packet is localized half of the time, and equidistributes the other half. This explains the
classical measure u = %51,.0. + %uLeb.. Due to this unavoidable spreading, we will also prove
that the maximal weight of a scarred state on a periodic orbit is 1/2 [8][22].

e The short quantum period implies high degeneracies in the spectrum. The scarred
states are some particular vectors of the high dimensional eigenspaces. On the op-
posite, for the same example, P. Kurlberg and Z. Rudnick have shown that the



joint spectrum of M and Hecke operators has all eigenfunctions equidistributed
[38, 39]. They also shown that for almost all sequence f,, — 0, Q.U.E holds.

1.3 Non linear hyperbolic map, and evolution of quantum wave
packets

Linear map on the torus are very particular, but easy to handle. In the second part, we
will consider “perturbed map” of the form
M = M1M0 TZ — T2,
M, € SL (2Z) hyperbolic linear, Perturbation: M; = Hamiltonian Flow onT?

Hyperbolic map have the very important property to be “stable” under perturba-
tions (structural stability). It means that if the perturbation M;is small enough (in the
Cltopology), then the map M is conjugate to My:

M = QMyQ ™, Q:T? —T? :Hslder continuous

The map M is still hyperbolic (mixing,...), however stability Lyapunov coefficients of
the periodic orbits, or classical actions have changed. The following figure shows the
stable/unstable foliation for a non linear hyperbolic map:

varietes

It is not possible to extend in a simple way the construction of the scarred eigenstates
of Mo.

However extension of some results have been obtained recently:

e J.M. Bouclet and S. DeBiévre [9]|, have showed that a stationary scarred quantum
states (if it exists!) can not localize to fast on a periodic orbit with & — 0: they
obtain an upper bound on «, for the radius r ~ A%, on which the Husimi function
can fully concentrate.



e Stéphane Nonnenmacher [20] has shown a similar upper bound such that if some part
of the function concentrates in the disk, then another part should equidistribute.

e Nalini Anantharaman has shown a similar result for eigenfunctions of the Laplacian
on negative curvature manifold: the eigenfunctions of the Laplacian do not concen-
trate on sets of small topological entropy[3]. She has shown that an eigenfunction
cannot be completely concentrated in a disk o (1).

There remains the question of existence of scarred eigenstates for non linear map. Our
construction of scarred states for the linear map relies on revival effect at time 2t;. We will
see that revival can not appear before that time. So a generalization requires a description
of the evolution of a wave packet beyond the Ehrenfest time. In the second part of the
lectures, we will report some recent results on semi-classical description of wave packet
evolution for long time (¢t ~ C'log(1/h) /A = C'tg, with any C > 0), i.e. beyond the
Ehrenfest time, for a hyperbolic non linear map [21].

1.3.1 Observation of the evolution of a wave packet, and characteristic time
scales

One of the main challenges in quantum chaos is to deal with both the long time limit ¢t — oo,
and the semi-classical limit A — 0. Usual semi-classical results, such as the Ehrenfest
theorem, or Egorov theorem concerns A — 0 first, and ¢ — oo after. The challenge is
to try to reverse this order (in order to get informations on individual eigenfunctions and
eigenvalues), or more modestly, make ¢ depending on A.

In order to have some intuition on typical characteristic time scales in quantum chaos
and associated phenomena, we discuss now the evolution of a wave packet on a numerical
example. Under a non linear hyperbolic map M on the torus, a wave packet (a coherent
state |zg)) is launched at time ¢ = 0, at a generic position z,. Figure (1) shows the
Husimi distribution (i.e. phase space representation) of the evolved state [t (£)) = M*|xp)
at different time ¢ € Z. We recall that the Husimi distribution of the initial state |z)
has typical width Ay ~ V/A, (due to uncertainty principle AxzAp ~ h, and specific choice
Ar = Ap = Ay ~ \/f_i) During time evolution, the wave packet center is moving, and its
distribution spreads, due to instabilities of the trajectories. Figure 2 summarizes the main
effects we discuss below.

Finite time regime with “no dispersion”: We first consider a fixed value of t = C'ste,
and h — 0 (of course t can be arbitrary large in principle). The evolved state [¢) (1)) is
localized at the classical position z (t) = M'zg. In more precise words, the semi-classical
measure of ¢ (¢)) is a Dirac measure at x (t) = M'z. The evolved state |1 (t)) spreads
but its width is A, ~ eMAg ~ v/h, still of order £'/? [33][31][42]. Because t can be chosen
arbitrary large a priori, the ergodic nature of the dynamics may have importance if x (t)
follows a dense trajectory for example. Some well known semi-classical results such as
semiclassical Egorov theorem, or Schnirelman quantum ergodicity theorem use these finite
range of time [12][58].
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Figure 1: Husimi distribution of the evolution of a (generic) coherent state at initial position
7o = (0.4,0.2), for different time t = 0,1,2,... and h = 1073,
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Figure 2: Characteristic times which appear in the semi-classical limit h — 0, for the

evolution of an initial coherent state. ¢z = 3 log (1/h)is the Ehrenfest time, (very small “in

practice”) compared to the Heisenberg time ty = 1/h.




Linear dispersion regime: Some recent and very general results [13][4][28][10] describe
the evolved quantum state [¢ (¢)), in the linear dispersion regime, which means that non
linear effects on the dispersion of the coherent state are supposed to be negligible with
respect to the linear effects. Because the first non linear effects correspond to cubic terms
in the Hamiltonian, this imposes that A? < h, equivalently eXh!'/? < hY/3 or t < %tE. In
our numerical example %tE =1.2.

Localized regime: After that time, the coherent state spreads more and more. But
its width is still of microscopic size if A; < 1, ie. t <K %tE. In more precise words, the
semi-classical measure of |¢ (t)) is still a Dirac measure at z (¢) in that range of time. In
our example %tE = 3.6.

At a time around ¢ ~ 1tz the quantum state has size of order 1, and can be described
as a “Lagrangian W.K.B. state” |20].

Equidistribution regime: For time ¢ larger than %tE, the wave packet spreads and
wraps around the torus phase space, along unstable manifolds, like a classical probability
measure.

Thanks to classical mixing, a smooth classical probability distribution is known to
converge towards the uniform Liouville measure for large time. The Husimi distribution is
expected to behave like a classical measure, and equidistributes, if the different branches
do not “interfere” with each other on phase space. After the time %tE, we evaluate that the
distance between consecutive branches get smaller and smaller like d ~ e~ *#~2/2until the
critical value A is obtained at time ¢t = %tE +tp = %tE. This is the ultimate value, because
if d > h, one can still insert a (squeezed) localized wave packet between two consecutive
branches, which means that the branches do not yet interfere.

Indeed, in 8|, the authors show that for the linear map, the semi-classical measure
|4 (t)) converges towards the Liouville measure, in the range of time $tp < t < 2tp. J.M.
Bouclet and S. De Biévre in [9] obtain a similar result for the non linear hyperbolic map.,
for t < 2tg. S. Nonnenmacher in [20] reach the time ¢ < 3¢5

In |52, R. Schubert has described evolution of initial Lagrangian states under an hy-
perbolic flow. He obtained similar results, namely equidistribution up to time t < tg. This
is indeed similar, because an initial coherent state becomes a Lagrangian state at time %tE
(see [20]). This range of time is also considered and controlled in [3].

Longer time and interference effects: For longer time very little is known. Some
arguments and numerical observations in [54] suggest that semi-classical formula applies
for longer time. In [21] it is shown that in the range of time ¢t € [0,C.tg|, where C is
any constant, the evolved state |t (t)) expressed by its Husimi distribution Hus (z) =
(x|t (t))|°, or Bargmann distribution (z|¢ (t)), can be expressed in general as a (finite)
sum over different classical trajectories starting from the vicinity of the initial state xy, and
ending in the vicinity of the point x at after time ¢ (similar to the semi-classical Van-Vleck
formula). These trajectories give unavoidable interferences effects for time ¢ > %tE.

10



Revival may occur at time t ~ 2tp, however it is expected that at least generically,
these different contributions are somehow uncorrelated, and as a result, the state |1 (¢)) is
“generically” equidistributed over phase space as can be observed on figure 1.

An important characteristic time which is not considered here, because far much larger
than the actual semi-classical approach could reach, is the Heisenberg time ty = 1/h
(= 1000 in our example). This time is related with the mean separation between eigenvalues
of M. Some important effect of quantum chaos are numerically observed at this range of
time, and explained by a Random Matrix Theory approach [6]. Note that contrary to
the mathematical works which are “stopped” by the Ehrenfest time, the Heisenberg time is
extremely discussed in the physical litterature, essentially with the random matrix theory.
This allows to describe statistical properties of individual eigenfunctions and eigenvalues.

1.4 Semi-classical formulas beyond the Ehrenfest time

This last section of the introduction is not presented with all the required explanations.
(The course begins in section 2.)

We report here some recent results concerning the “long time evolution” of quantum
states with a non linear hyperbolic map on the torus [21|. Long time means t ~ Ctg, with
any C' > 0, and tgp = %log (1/h), h — 0, i.e. possibly t larger than the Ehrenfest time
tg which is the frontier time where “interference” phenomena occur. We just present here
the main idea without proofs. The author think that the same analysis and results could
be easily generalize for any uniform hyperbolic dynamics, like hyperbolic flows. Also we
think that it could be generalize for maximal hyperbolic sets in non uniformly hyperbolic
dynamical systems (like systems with “mixed phase space”).

We just present the semi-classical “Gutzwiller trace formula” which expresses Tr <Mt>

in terms of periodic orbits of period ¢, but the same approach gives also matrix elements

between coherent states (or any localized states) («/|M*|x). The (first) main objective of

this work has been to try to answer to question (2.8), raised at the end of this lecture.
Our result is

11



Theorem 2. [21] For any K > 0, for any C >0, and |t| < C'+log (1/h),
Tr (Mt) = Toemisy + O (h5)

with

A, 1 s
Tsemz,t,J E €xXp ( ? A ) 2sinh ()\élt> € ( )

xn € Fig(M?)

where x, if a fized point of M* on T? (a periodic orbit of M), A, its classical action,
An its Lyapounov exponent, and

Sp = hSa) + th(g) + ...+ ﬁ[J/z}_lS([J/g}_l), e =14 hSuy + ...

is a finite semi-classical series (semi-classical corrections), where each term Suy, is
expressed in terms of the semiclassical normal form of the periodic orbit x,, up to order
J, with J large enough:

J>2(K+C(C)

More precisely, Tyemis. is expressed uniquely from (semiclassical) cocyle invariants'

on the phase space torus (except for the action .4,, which needs to introduce a line bundle
over T?). We explain in the next paragraph the basic ingredient of this result.

1.4.1 Remarks:

e Notice that 2sinh (%2¢) = \/det (DM —1) .

e Notice that at time ¢ ~ C'tg, the number of fixed point z, is j ~ e* = (1/h)°, for
t ~ Ctg, which has to be compared to the number of Planck cells on phase space
(~ 1/h) which is much less, if C' > 1, i.e. after the Ehrenfest time.

e Fach semi-classical correction is bounded ‘S(j)} < Cjt, uniformly over trajectories
and time. The error bound above can be understood from the naive requirements
(if moduli of errors would add) Ne =it/ (R7/21C ;1) < O (RX) , implied by J >
2 (K + C). Figure (3), shows from numerical results, that the actual error seems to
be much smaller. (this is because the complex numbers “annihilate” each over).

'For a given (continuous) function ¢ : T2 — R, one can construct a cocyle which is the Birkhoff time

average starting from point x:

or(o) = 3 ()

t'=1
The cohomological class of ¢ is characterized by the values of ¢, (z), for every periodic point z, of period

t[35]. For example if ¢ () is the expanding rate from z — Mz along the unstable Manifold, the associated
cohom. cocycle classes is the collection of Lyapounov coefficient (of all the periodic orbits). As an obvious
consequence, useful for us, t min ¢ < ¢4 (z) < ¢ maxp.

12
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Figure 3: Numerical results and comparison to estimations of the error.}Trace (Mt) ‘ and

Errory ; =

Trace (Mt> — T'racesemi+,.7|have been computed numerically for t = 0 — 11.

We plot the upper bound of the trace 1/h, the upper bound of the error &, ; = h3(—t/te)
and the upper bound of the error for an individual term in the sum &; = h’/2. We have
choose Planck constant h = 0.1 and A~ = 0.01 , and computed normal forms of the periodic
orbits up to order J = 2 and J = 4. The unexpected observed fact is that Error,; < €1,
although Error, ; < &5 has only been proved.
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1.4.2 A non stationary semi-classical normal form of the map

The essential ingredient which allows to control the error for such long times in eq.(2), is
that every semi-classical normal form is a cocycle, i.e. there is a global description of the
hyperbolic dynamics by “semiclassical non stationary normal form”, first established by D.
Delattes [18], for the classical map. The main idea of non stationary normal form is
that every point z € R? (of the universal cover), is sent to the point M (z), by the action
of the map M in the vicinity of x, and the map has the general form

M = Ty N, T, (3)

where 7, : R? — R? is a symplectic transformation (parametrized by z), and N, : R? — R?
is a hyperbolic map expressed in a normal form. It means that N, is the flow over time
1, of the normal form hyperbolic Hamiltonian (a total Weyl symbol in fact)

H, (¢ p) = Xooa+ o1 (@0)+ o2 (dp) + ...
‘|‘h)\170 + h)\l,l (q'p') + h)\l,g (q'p')2 + ...
where each coefficient \;; (z) depends on x € T?. See figure 4.

P M\w) i
- qu TMx Y

Figure 4: This picture traduces the conjugation relation of the normalization eq.(3). u,, S,
is a unstable/stable frame at point 2 € T?, sent respectively to axis ¢/, p’ by the conjugation.

7. and N, are continuous functions of z € T2.

At the level of linear approximation, this result of non stationary normal form is nothing
else but the definition of uniform hyperbolicity, with the result that the stable/unstable
foliation is continuous. The construction of D. Delattes is a recursive scheme at all non
linear orders, and can be extend to semi-classical corrections as well.

This normal form expression is well suited to express M? for large time, by composition
along any orbit x — M" (z). For example

Mz = TM2(x)NM(x)T]\Z(1m)TM(m)N:c,];_l = TMZ(:C) (NM(:E)Nx) T_l, etc...

xr
For a periodic orbit, N, dof Nart(zy - - Nay(a) N, 1s again a normal form which can be
expressed from the time averages of the function), ;, (x) along the trajectory. The property

14



of continuity of 7, and N, is the most important for us, because it implies some uniform
control of the resulting normal form for long (periodic) orbits.

Each indices j, 1, the function \;; (z) generates a continuous cocyle on T?. The semi-
classical trace formula Tyepmir s €q.(2), depends only on their cohomological class, i.e.
the Birkhoff average along periodic orbits: 5\]-71 (Top.) = %Zi’:l Aji (Mt,x), up to order
2(j+1) < J. For example the Lyapounov exponent is the cocyle A\, = 5\0,1 (op.)- The
Anosov cocyle is Ay (2,,.), and is known to be an obstruction for the stable/unstable
foliations to be smooth (C?), cf [34], [30] p.289. The term Sy in eq.(2) is given by

Sqy = —it (XZO + Aty + Aol (2))

where ;) = (%Z)] +0O <e_)‘0»1t) for large time. The other terms S(;) have similar expres-
sions.

The semi-classical trace formula has been expressed using normal forms in |60, 61| ,
|26] and [53|, but for finite time, because the cocyle property which relies on hyperbolicity
of the flow, was not used.

1.4.3 An attempt to use thermodynamical theory for long time semi-classics

One aim of the school “Resonances and periodic orbits: spectrum and zeta functions in
quantum and classical chaos” organised by Viviane Baladi is to conciliate recent ideas and
results from one side “dynamical systems” (thermodynamical theory of Ruelle Pollicott and
others,...) and from an other side “quantum chaos”. We propose here in few words such
an attempt suggested recently by the author in view of formula (2) (this work is under
progress, but we present here some ideas in order to get some reactions).

We consider the prequantized line bundle over the torus L — T2, with Chern index
N =1/h € N. The non linear map M can be lifted to act on L, and this induces a map M
in the space of C* (L) (C*sections of the line bundle L. This is an infinite dim. space).
We can consider any potential function ¢ : T?> — C, and define similarly ]\;fw. Because of
hyperbolicity, we expect the map ]\;fw to have Ruelle-Pollicott resonances spectrum. Its
regularized trace can be written (exactly):

(ML) = Y e <_i%) 2 smfef(n%))z

en€Fix(M?)

(notice the square from classical Jacobian, and the presence of the classical actions which
are obtained as “holonomies” from the lifted action).
This has to be compared with eq. (2) which can be written:

Tr (Mt> ~ Z exp <_Zﬁ) 1 . Sn (exnt/2 B e—)\nt/2>
M) h (2 sinh

encbin (%)
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Now for large time t, we said that S,, is a cocycle, so it is tempting to compare Tr <Mt)

with the classical traces
)

rt rt A ot
T (825, ) = Te (022, ) =T (A1) (4)
with respective potential functions:

£1(2) = 30 () + 5 (2

£2(2) = =301 () + 5 (2

Where S (z) = hSqy (z) + h*S(e) (x) + ... is a semi-classical correction (due to non
linearity).

Such a result would be of great interest, because from a knowledge of the resonance
spectrum of MSD, one could have a better control on the semi-classical Gutzwiller trace
formula (2). We recall that physicists use the Gutzwiller trace formula for long time,
without semi-classical correction terms, i.e. they use:

TGutzwiller (t) =Tr <M;1) —Tr <M:;2>
with @1 (2) = 30,1 (%), 2 (¥) = =301 () (the second term is expect to be negligible for

large time because of a smaller spectrum radius). They expect that this formula is a good

approximation of Tr <Mt) for large time (up to t ~ 1/h)|54]. Figure (3), supports this
guess.

In the special case of a linear hyperbolic map M € SL(2,7Z), then S = 0, one has an
exact relation:

T (022,) = T (22, ) = T (21)
We have also
Te (018, ) = T (M17) (1= )™ =T (W17) (14 7 e e )

and we deduce the resonance spectrum of M% (and ]\;[@2) from the unitary spectrum
(), _,_ yof M. We obtain respectively (e"e~'*) and (ere= (DY)

See figure.

k=1—N,l>0 k=1—N,I>0"
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2 Linear cat map

o ) € SL(2,2)
on T2. There is a standard way to quantize a Hamiltonian flow, so we have to express the
map as an Hamiltonian flow. Both in quantum and classical mechanics, we will have first
to express the dynamics on the plane R? (universal cover of T?) and then pass to the torus

T? = R?/72.

In this section we show how to quantize a hyperbolic map M = (

2.1 Classical mechanics
2.1.1 Classical dynamics on the plane
Consider a quadratic Hamiltonian on plane phase space (R? w = dgq A dp):

1 1
H(q,p) = -aq®+ 55}92 + vqp, (5)

2
with o, 3,7 € R.
H generates a flow z(t) = (q(t),p(t)) on R?, given by z(t) = M(t)z(0) (¢t € R), and
explicitly (from Hamilton equations) by dq(t)/dt = 0,H = vq + Bp, dp(t)/dt = —0,H =
—aq — yp. For each t # 0, M(t) is a matrix in SL(2,R), and for t = 1:

def (A B\ v 0
M_M(l)_<C' D)_eXp<—a _V)ESL(Q,]R), (6)
i.e. det (M) = AD — BC =1
Assuming 72 > af, M is a hyperbolic map with two real eigenvalues e* where
A = /7?2 —af > 0 is the Lyapounov exponent. The two associated real eigenvectors
corresponding to an unstable and a stable direction for the dynamics.

2.1.2 Classical dynamics on the torus

Suppose moreover that A, B,C, D € Z, i.e. M € SL(2,7Z). Then for any x € R? n € Z?,
M(x+n)=M(z)+ M (n) =M (z) modl

so M induces a map on the torus T? = R? /Z?, see figure 5. This map is Anosov (uniformly
hyperbolic), with strong chaotic properties, such as ergodicity and mixing, see |35| p. 154.
Remark: M is not the time 1 flow of an Hamiltonian on the torus, otherwise it should
be homotopic to identity (by contraction with time variable).
The stable / unstable directions have an irrational slope. They fill densely the torus.
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.

MO on T2

Figure 5: Dynamics of M = ( f i ) € SL(2,Z) on R* and on T?
p
0.5
0 q
-0.5
-0.5 0 0.5

2.2 Quantum dynamics
2.2.1 Quantum dynamics on the plane

The quantum Hilbert space associated to the plane phase space R? is Hpjane = L* (R).
A quantum state ¢ (q) € Hpiane 1s also written |p) (¢ (¢) is called the quantum wave
function).

We introduce the Planck constant A > 0, and set h = 27h. We will consider the
semi-classical limit 2 — 0 later on.

Recall the usual position and momentum self-adjoint operators:

(@) (@) =qv(q),  (Pp)(q) = —ih—=(q).

18



4.5] = inld
The Hamiltonian operator His a self-adjoint operator, obtained by Weyl quantiza-
tion? of H eq.(5):

. a., B JUNN
H = Opwey (H) = §q2+§p2+%( D+ pq),

The Schrodinger equation in Hyane = L? (R) governs time evolution of quantum states
|2 (1)) € Hplane:

Jle®) _
inE — i),

and generates a unitary evolution operator M between t = 0 — 1, written:
o) = Al (O), 31 =exp (=1 11). )

(M is obtain by exponential of an operator quadratic in (¢, p). These operators form
the Metaplectic group)
Unitary translation operators: For v = (v,,v,) € R? let
T, : R? —» R? (8)

be the translation on classical phase space by v, i.e. T, (x) = x 4+ v. T, is understood as
the flow generated by the linear Hamiltonian function f (¢, p) = (v1g — vep).
The corresponding unitary quantum translation operator is defined by:

T, = exp (—% (v1p — Uz@)) - (9)

These quantum translations satisfy the algebraic identity
T, Ty =e "M,y (10)
with S = 3 (v} —wrf) = 2o A0 (this comes from [,p] = ihld). The translation

operators generate an (irreducible) unitary representation of the Heisenberg group, with
Lie algebra ¢, p, Id, [¢,p] = ihld.

?Remark: Opwey @ (quadratic function f on Rz)—>f = Opweyi (f) is characterized by requirements|15]
( prop. 12.1)

1. OpWeyl (Q) = Cj7 OpWeyl (p) = ]57
2. [OpWeyl (f) ) OpWeyl (g)] = ihOpWeyl ({fa g})
3. Opwey (7) = (OpWeyl (f))+
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For any matrix M € SL(2,R), one trivially has M T, M~! = T),. This intertwining
persists at the quantum level:

MT, M~ =T, (11)

This last relation will play a major role at many instances in these lectures. It is
important to remark that this relation holds because M is a linear map. (It will be false
in the non linear case).

2.2.2 Quantum mechanics on the torus

At the classical level, the torus phase space was obtained by introducing periodicity on R?
with respect to the Z? lattice, generated by translations T(1,0) and T{o,1). The same construc-
tion can be done in quantum mechanics. The difference is that we have to check now that
these two translation operators commute before we consider their common eigenspaces.
From (10), we have T(LO)TA(OJ) = e"'/hT(O,l)TA(l,o), so the two translation operators

commute [T(LO), T(OJ)] = 0 if and only if

1
N=—¢cN*
2mh

We will suppose this last condition from now on.
Then define the common eigenspace of T'; gy, T'(9,1) with eigenvalue 1:

Hy ={Ip) €5 ®) / Tugle) =16}, Tonle) =9}

In order to have a concrete expression of |¢) € Hy, remark that using h-Fourier-
Transform: ¢ (p) = \/21?‘1 [dq ¢ (q) eP9/", we have that p € Hy iff ¢ (p—1) = ¢ (p) and
¢ (q—1) = ¢(q). The quasi-periodicity of ¢ implies that ¢ (q) = >, ., and (¢ — ¢»), with
gn = n/N,n € Z, and a, € C. The periodicity of ¢ (q) implies that a,_y = a,. So a
quantum state |¢) € Hy is specified by (a,),_, .n € CY. We deduce that Hy is a finite
dimensional phase space:

) 1
dimHy = N = 7
h=1/N

N

1NN
0 1 9
The projector P from S(R) onto the space Hy is:

P= > TiyTen =2 Tn (12)

(n1,n2)€Z2 nez?

(assuming N even).
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From (11) , we deduce:

MP=PM (13)

and a commutative diagram:

P P
Hy M, Hy
We have an endomorphism
M : Hy — Hy : (= N x N matrix) (14)

We will sometimes write Mtoms for this operator, to distinguish it from Mplane eq.(7),
acting in Hpiane.

2.3 Phase space representation of Quantum dynamics

Classical dynamics takes place on the torus phase space T2. We have seen that a quantum
state |p) € Hy is a function (distribution) of ¢ € R alone. In order to investigate the
semi-classical limit, it would be better to represent quantum states as distributions on
phase space. For that purpose we introduce coherent states.

2.3.1 Coherent states [56],[47]

The normalized state |0) € Hpiane is defined by a|0) = 0, where a = \/%L (G +ip). This

states |0) is the ground state of the Harmonic oscillator 5 (p* + ¢*), and is semi-classically
localized at the origin z = (0,0) € R%. A “standard” coherent state of the plane is then
defined as the translated

def +
lz) = T,|0), z=(g,p) € R% (15)

and is semi-classically localized at z = (¢, p) € R% Indeed the wave function of |z) = |q, p),

is @, (¢) = W exp (i”—g) exp (—%) . and is localized at ¢, with a width ~ v/A

(— 0 for h — 0). Its h-Fourier transform is ¢, , (§) = W exp (—i%) exp (—;E:/%i) ,

similarly localized at p.

16]2 16]2

- -
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There is a closure identity [56]:

2y (2] (16)

Id
7t - h

plane

2.3.2 Husimi distribution

The Husimi distribution of a quantum state [¢)) € Hpiune is the positive measure on
phase space:

Husy (z) < — \xw ‘/goq,p ) ¥n (g )dq

Where [1)),, = |¥)/+/{(¥|1¥) is the normalized state. From (16), we check that this is a
probability measure:

/ Hus, (x) d’x = |, =
R2

This definition is very intuitive: for a given z, an important value of Hus, (x) means
that the quantum state has “high probability of presence” at point z of phase space. Semi-
classical measure will give a more precise sense of that, below.

A coherent state on the torus is defined by periodicity:

def
|I>torus i P|I> S HN

and we define similarly the Husimi distribution of a quantum state |p) € Hy.
There is a closure identity on the torus:

R dz
[dHN = / |x>torus<x
’]I‘Q
So [p» Hus, (z) d*x = ||<p||2 =

Remark: the definition of the Husimi distribution depends on the choice of coherent
states family. In geometrical quantization terms, it depends on the choice of a complex
polarization [57]. However, the “semi-classical measures” we will define below do not depend
on this choice.

2.3.3 Example of Husimi distributions

Let 79 = (qo,po) € R%. The Husimi distribution of the coherent state |x¢) = |qo, po) is
Hus,, (z) = 1 |(x|20)|*. Standard calculation with the Heisenberg group gives ([56],[24])

Hus,, () = %eXp ( 21h ((q - QO) +(p— po)z))

22



The Husimi distribution is a Gaussian centered at point xy on phase space, with width
Az ~ h'/?. This distribution get localized at point zy for & — 0, and converge towards

the Dirac measure d,,.

Coherent state |qo, po) ‘ Eigenstate M|yy,) = €' |¢)y,)
|__etat-coherent-N=88 | | etat-stationnaire-N=88 |
N=1/h =098
N =1/h =414
Semi-classical
Measure :
measure for h — 0 n = 5(q0,po) n = ,UfLebesgues(: dqdp) (7)

2.3.4 Weyl Quantization on the torus
(Cf [15] page 45). If f € C*(T?), z = (¢,p) € R?, n = (ny,ny) € Z?, Fourier decomposi-

tion gives

F@) =Y fuexp (=i (mp—n2g)) = 3 fuexp (—i2r (n A 2))

nez? nez2

then Weyl quantization of f is the operator:

F= Opwen (f) =Y faexp (—i2m (m1p — naq)) (17)
nez?
_ i, Mo
).
nezZ?
= Z fnTn/N
nez?
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using eq.(9) and 27h = 1/N.

2.4 Quantum periods phenomenon

The property of quantum periods described here is (at our level of understanding) the key
point for the quantum revival phenomenon, and for the example of Non Quantum Unique
Ergodicity described below. As we will see, this phenomenon is very specific to the action
of quantum quadratic Hamiltonian on the torus Hilbert space.

2.4.1 Quantum periods
References: Etienne Ghys [25], or Hannay-Berry (1980)[29|.

Theorem 3. For any value h = 1/N, there exists Py € N* and ay € R, such that
MPN = [d eten,

Remarks

e it means that after time Py a quantum state comes back to its initial value (up to
a constant phase). This is very different with the classical dynamics, where due to
mixing, any smooth distribution converges towards the uniform Liouville measure.

e Because M is a finite dimensional unitary matrix, we expect quasi-periodicity in
general. Periodicity means that the eigenvalues of M are regularly distributed on
the circle. In case where Py is much smaller than N, it implies degeneracies in the
spectrum.

Proof. A translation TU, v € R?, act inside Hy if Tv commute with T(l,o), A(O,l) or with
Tn, Vn € Z2. From (10), .71, =TT, exp (—i2rNv An), if Nv € Z?,ie. v = %, ke 72

J

~~
=1

These translations are therefore:
Tk/Na ke 7?

But for k,m c Z2, Tk/N—l—mp = Tk/NTm Znelz Tn = Tk/N Znelz Tm-{—n = Tk/Np So

there is the periodicity relation <Tk/N+m> = <Tk/N) ., Vm, k € Z?. The translation
/HN /HN

operators Tk/N form a group, and Hy is irreducible with respect to it. Using (11),

M xi e [MP,T,C/N} —0, Vk[1,N],

= MPTk/NM_P = Tk/N = TMPk/N = Tk/N
k

k
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So
P(N) =minp{P/M" =1 [N]}

The last relation has obviously a solution, because M has integer coefficients. Its action
preserves the lattice on the torus with rational components k/N, and Py is given by the

least common multiple of the periods of this action.
h=1/N

Theorem 4. General bounds ([36],[25]):

JC, VN, élogN—C'SP(N) < 3N

For almost all values of N € N [39]:

P(N)>VN

é_\almost all
Ph 3/N/
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2.4.2 Short quantum periods

We calculate explicitly the “shortest quantum period”, i.e. the lowest values of N for a
given period P € N.
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Proposition 5. For P = 2t, even, t; € N, N = ay, is given by the sequence:

ap = 07 a; = 1) Aty 42 = Tatl-i-l — Qg
where T' = Trace (M) > 2.
For P =2t; 4+ lodd, t, € N, N = by, is given by the sequence:
bO = 17 bl :T_'_l’ bt1+2 :Tbt1+1 _bt17
In both cases, for large N,

1

with the Fhrenfest time

1

and C' is a constant which depends on the parity of P only.

2 1

Example : for M = ( 11

), and P odd, one obtains the values

(N,P)=(1,1),(4,3),(11,5),(29,7),(76,9), ...
Remark : we will obtain in section (2.6.6), that P ~ 2t is the shortest quantum period.

Démonstration. One has

Det (M —X) =\ —TA+1

with
T =Trace (M) > 2

So (Cayley relation)

M?*=MT —1,
Let t € N*, and
t e,
t1:t2:§, :if ¢ is even
t—1 t+1
tl:T’ tgz% :if ¢ is odd
Let
T, : R? — R? T, (v) = M2z — M "z
then

det (T;) = det (M' — 1) =2 — M — e < 0.
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From Cayley relation, one deduces
Too =TT, — T s
The first terms are
T,.=1-M, T,=0, 1 =M-—-1=-T4, To=M—M"!

SO
7721‘/1 = Gy, (M - M_l) ) 7V2t1+1 = btl (M - I) (18)

with Ay, btl S N,
ap = 0) a; = 1) Aty 42 = Ta'tl-l—l — gy,

bo - ]_, bl - T ‘l— 1, bt1+2 - Tbt1+1 - btla

and for large ¢ :

B det (Ta,) 12 B e Aty
ay, = <det(M2—I)) - (T2—4)1/2+O(€ )

by, = det (Tot,+1) 2 — 7€At1€)\/2 + 0O (€_>\t1)
"o \det(M—T1)) (T —2)'"
Finally
M — ] = (M" — M"Y M" =Ty, M" = ay, (M — M~") M"
SO :

M2t1 = I [atl]

because (M — M~1) M*" is an integer matrix.
The sequence N = a;,,with ¢; € N, gives a short quantum period P which is even :

1
P = 2t1 = QtE + XlOg (T2 _ 4) +0 (e—)\t1) ~ QtE
Similarly,
M2t1+1 _J = (Mt1+1 o M_t1> Mt1 — 7'2t1+1Mt1 — bt1 (M o [) Mt1

MPFE =T [by]
The sequence N = b, ,with t; € N, gives an odd short quantum period

1
P:2t1—|-1:2tE+Xlog(T—2)—)\+1+O(e_’\t1) ~ g
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2.5 Semi-classical measures and the quantum ergodic theorem

2.5.1 Semi-classical measures

Définition 6. Let |¢}) € Hiprusn be a sequence of quantum states, for h — 0. Let p,
be the Husimi measures, i.e. for f € C*™ (T?), u, (f) = [p. dx Husy (z) f(z). Then the
semi-classical measure p is

= weak — i
p = weak —lim pu,

if it exists.

Remarks:

e Borel probability measures on T? is a compact set, so any sequence has at least one
accumulation measure .

e The weak limit means that all the fluctuations of the Husimi distribution at the scale
V'h are washed out. It remains only the variations at a finite scale with respect to 7.

e A sequence of states is said localized at point x, if © = J,. A sequence of states is
said equidistributed on the torus, if i = firepesgue-

e The semi-classical measure of a coherent state |zo) = |qo, po) is the Dirac measure
dz, at point xy. So the coherent states |zo) are localized at point xy. See section
2.3.3.

Définition 7. If |¢;) is a sequence of eigenstates of M (i.e. M|yy) = €n[yy)), then p
is called an invariant semi-classical measure.

One important question is quantum chaos is to determine the set of invariant semi-
classical measures denoted M,y semi—class.-

2.5.2 Invariant semi-classical measure are classically invariant

Proposition 8. Any invariant semi-classical measure is a classical invariant measure,
i.e.:
Minv.semi—class C Minv.class

Proof. Any test function f € C° (T?) can be decomposed into Fourier modes:

fo () = exp (—i27 (n1p — naq)) = exp (—i2w (n A x))
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with z = (¢,p) € R%, and n = (ny,ny) € Z2 Weyl quantization (17), gives f, = Th/n-
Then one has an “exact Egorov property” for transportation of observables:

M_lan - M_lfn/NM == TMfln/N == fAMfln (19)
= Opw (exp (—i2r (M~'n Az))) = Opw (f o M)

using M~'n Ax =n A Mz, because M preserves area.
Let p be an invariant semi-classical measure defined as the limit of measures p;, from
a sequence of stationary states [¢,), h — 0. First, we use the fact that [45],[14]

i (fa) = (nl falton) + O () (20)

The left hand side is the Husimi measure, whereas the right hand side is the Wigner
measure of the normalized state |¢)'). Then

i (fa)+0 (B) = (W1 fult)) = (G D) = (1Opw (fu 0 M) [$) = pn (Fa 0 M) = (Mpu) (f)
One concludes that p = My is a classical invariant measure. O

2.5.3 The Quantum Ergodic theorem

(Schnirelman 1974 [51], Zelditch 1987 [58], Colin de Verdiéere 1985 [12], Helffer Martinez
Robert 1987 [2], Bouzouina DeBievre 1996 [1])

Theorem 9. The “Quantum Ergodic theorem’
For an ergodic dynamics, almost all of the invariant semi-classical measures p
are equidistributed:

H = M Lebesgue

More precisely, for each N, and any basis |¢; ) € Hy, j = 1... N, of eigenvectors of
My, there exists a subset S(N) C {1,..., N} of stationary states such that

1. imy_ oo % = 1, i.e. the subset has “measure 1”.

2. For any observable f € O™ (T?), for any sequence |¢);, n)of stationary states, with
N € E(N),N €N,

]\}i_r)r(l)o<wj,N|f|1/}j,N> = /T2 fdzx

i.e. the limit measure is (& = [irepesgue-

Remarks:

e This theorem relies on ergodicity of the dynamics, and not on the mixing (which is
a much stronger property).
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e This theorem does not exclude some ezxceptional sequence of eigenvectors with semi-
classical measure different from pizepesgue-

e This theorem can be rephrased in terms of the Variance of the distribution of diagonal
matrix elements as follows.

2.5.4 Variance of the distribution of diagonal matrix elements

Following /58], [1], [15] .[62].
Let f € C*(T?), be an observable with spatial average ( sz fdz, and f =

Opwey (f). For any N € N, let ([¢;n)),_, , be a basis of eigenstates of M , and consider
the distribution Dy y of the NV diagonal elements:

fin = Win|flYin) ER, j=1—N

A first easy observation is that the mean value the distribution Dy y is equal to (f) in
the semi-classical limit N — oo (from general properties on symbols):

Zf]N S (7) = ).

dd

Theorem 10. The variance of the distribution Dy y is zero in the semi-classical limit
N — oo:

N
e 1
$2(f) < Var (Dy.x) =NZ fin = (F)F =0

This last result implies f; y — (f) for “almost every sequence”, and gives the Quantum
Ergodic theorem above [15].

Proof. See [58], [1], [15] ,[62], [49]. Let us suppose that (f) = 0, to simplify notations.
Let T' € N be a fixed time.

1 & 1 ——
T MM =y (fo M=
t=1 t=1

from Egorov relation (19), and with the time averaged observable

1 T

def j:
T:T foMt

t=1

—

Because M|1/}j7N> = N o) n),

T
Fov = (Wl Flan) = o S0y 3T FNTRy ) = (W ()
t=1
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50 Sy (f) =S ((f)T)

From Cauchy-Schwarz inequality, and semi-classical property on quantization of ob-
servables,

2

—
—_—

(Wil {f)rles) ‘2 ) I” = @l () rls) = Wl () 1g) + O ()

So

(T

< |[ (Pl

—

S0 <1 ((00) 00 = [ (N0 + 00 =1l + 00

We use that [[(f),|;. — 0, for " — oo, from the mean ergodic theorem, to deduce the
theorem, with a suitable order of limits A — 0, and T" — oo. O

Remarks:

e In the proof, the time T" (evolution of the dynamics) is fixed, the semi-classical limit
is taken A — 0, and after T" — oo. So the proof requires a control of semiclassical
evolution at “finite time”, with respect to A.

e In [44], J. Markloff and S. Okeefe 2004 show Schnirelman theorem for a particular
dynamics on “mixed phase” space. In [17| S. DeBiévre and M. Degli Esposti con-
sider Sawtooth map and stationary map. In [20], M. Degli Espoti et al. show the
Schnirelman theorem for the baker’s map, together with a bound S, (f) < C/log N.

e An important question is related with the rate of ergodicity Sy (f) — 0, and more
precisely, to characterize the distribution Dy, for N — oo. A general result for linear
map is a log estimate [46]:

(1/13)°
log N

S2(f) <5 (1+¢)

this bound O (1/log (1/h)) has been first obtained by S. Zelditch for Anosov geodesic
flows [63].

e For a “generic non linear hyperbolic map”, physicists expect (from Random Matrix
theory) that Sy (f) ~ %, and more precisely that the rescaled distribution D, /. is
a Gaussian distribution with variance equal to the classical variance, see [62],[19].

e In [40|, P. Kurlberg and Z. Rudnick show that the quantum variance is Sy (f) ~ 1/N
for Hecke eigenstates of cat maps. They also conjecture the form of the distribution.

e A quantum variance ~ VE ~ h was obtained also for Hecke eigenstates of arithmetic
hyperbolic manifolds by W. Luo and P. Sarnak [43].

32



2.5.5 The problem of Quantum Unique Ergodicity or existence of “strong
scars”

We are still concerned with hyperbolic dynamical systems. Quantum Unique Ergod-
icity (Q.U.E.) is the property that every invariant semi-classical measure is equal to
the Liouville measure fipipuvire = dqdp, i.e. Miny semi—class. = {MLiowvitle} Only, with no
exception in the Quantum ergodic theorem.

e This property has been conjectured for the Laplacian on compact negative curvature
manifold by Z.Rudnick and P.Sarnak (1994)[50].

e For arithmetic surface of constant negative curvature, with the hypothesis that the
spectrum of A is simple, E. Lindenstrauss has proved Q.U.E. in 2003 [41], ¢f Cours
de N. Bergeron [5]. (Q.U.E. is proved for joint eigenstates of the Laplacian and Hecke
operators).

e Similarly, P. Kurlberg and Z. Rudnick have proved Q.U.E. for linear hyperbolic map
on the torus, for joint eigenstates of the Laplacian and Hecke operators [38|.

On the opposite, one can wonder whether M, semi—ciass. 7 {MLiowviie}! For example, is
it possible to find a sequence of eigenstates which localize on a periodic orbit, i.e. with
H = 5periodicorbit?

This last possibility seems to be in contradiction the uncertainty principle AgAp > h:
an eigenstate should have a minimum size around a periodic orbit, and the unstable flow
should spread it, along the unstable manifold. This argument is indeed correct, and rigorous
results have been obtained using a control of the semiclassical spreading up to Ehrenfest
time ¢t < tp = ;log (1/h):

e Nalini Anantharaman has shown in 2004 [3] that eigenfunctions of Laplacian on
compact negative curvature manifold do not concentrate on sets of *“small”
topological entropy.

e For hyperbolic linear map on the torus, F. Bonechi and S. DeBiévre[8] show that if
u = 65periodic orbit + (1 - 6) v
with (0) = 0, then 5 < 0.6. (The bound has been improved to 5 < 0.5 in [22]).

e Similar results have been obtained for non linear hyperbolic map on the torus, by
J.M. Bouclet, S. DeBiévre[9], S. Nonnenmacher|20)].

e We show below the existence of exceptional sequences of “strong scarred eigenstates”

for which
1 1

H = iéperiodicorbit + §,uLebesgue

giving a counter example to Q.U.E. in a very particular example of linear hyperbolic
map on the torus.
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2.6 Evolution of coherent states
2.6.1 Description of the Husimi distribution on the plane

We first study the evolution of a coherent state on the plane R2. To simplify notations, in
this section, the dynamics is suppose to be given by the hyperbolic normal form Hamilto-
nian H = A\gp, so:

~ 1 o ~ A
H=0Opy (H) = )\5 (pq + qp) , M, = exp (—th/h)
With this Hamiltonian, the ¢ axis is the unstable direction, whereas p is the stable

direction. We suppose that at time ¢ = 0, the quantum state is the coherent state at origin
|1 (0)) = ]0). The Husimi distribution at time ¢ is:

Husy () = 3 (el ) = | (I 3510}

We can write (z|M,]0) = (0|7_,M,|0). This last quantity can be exactly calculated
from Heisenberg group and Metaplectic group calculations techniques, see [56],[24]. We

obtain:
s () = S ey (1 <(A%)2 + (A%j)) o)

This distribution is a normalized Gaussian distribution with widths:

ﬁ1/2 At

Ag; = 271”26—, fort >1
o /1 — tanh (\t) V2
/2 1
Ap; = ~ pl2— fort >1
P 1 + tanh (At) V2

So the main observation is that distribution spreads along the unstable direction like
a classical distribution (length ~ A'/2¢M), whereas its width Ap does not vanishes, but
saturates. This is due to the definition of Husimi distribution, which can be seen as a
convolution with a circular Gaussian distribution of size ~ i!/2.
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Ehrenfest time: We observe that the state |1 (¢)) is localized in phase space if:

1
Ag <1t < St (22)

with the Ehrenfest time defined by

of 1
tp & Xlog(l/h) =

1

5 log (NV)

In other words, for time [t| < 1tg, the sequence of states [¢ (£))s, & — 0, has semi-
classical measure §p (Dirac measure at the origin). Recall that we have already met the
Ehrenfest time with the shortest quantum period P ~ 2tg.

2.6.2 Change of phase space representation
Choose 0 < o < 1/2, and define a new family of coherent states:

def

10, ) = M7 |0)

|z, ) € 77,00, )

From above, the (sequence of) state |z, ), h — 0 is localized at x (« should not be greater

than 1/2). These new coherent states have position and momentum uncertaintyAq o~
hl/2—o¢ Ap ~ h1/2+o¢_
The associated Husimi representation of a state [¢)) is:

def 1 2
Husyq (x) = 7 (@, aly)]
(In geometric quantization, this corresponds to choose a complex polarization which de-

pends on k). R
Considering the state |¢ (t)) = M?'0), we get

(.l (1)) = (0[N E T, N1110) = (O[T 3ot M=% 0)

This gives

s 1 1 1 g \° » \°
Hus .o () = Husy—aty) (M~ *"Fx) = hcosh (A (t —atg)) F <_§ <(AQO¢t) " <Apat)

with widths

6)\t

7

1
Apy, ~ BM2He— fort > 1
DPa,t \/5

Ao Rl/? for t > atgp
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So the Husimi distribution is has the same length Ag, but a much finer width Ap,, ; which
can reach A if « is close to 1/2.

This change of phase space representation (i.e. choice of parameter ) does not affect
the semi-classical measure.

2.6.3 Evolution of a coherent state on the torus

We come back to the initial hyperbolic dynamics M on the torus.

Let the initial state be the coherent state |¢) (0)) = |0)orus at time ¢ = 0, be localized
on the fixed point z = 0 on the torus.

Recall that a quantum state on the torus is just obtained by periodization of its evolu-
tion on the plane:

|77D (t)>torus = Mtp|0>plane - p (Mt|0>plane> = pW (t)>plane

where P = p— Tn, eq.(12), “makes a copy” in each cell of Z2.
From the above description of ¢ (£))piane We expect the Husimi distribution of [¢) (£)) orus
to behave like (rigorous results are given below):

e The distribution spreads along the unstable direction and has length A, ~ B'/2e . Tt
is still localized at 0 for |t| < %tE. So we expect the semi-classical measure to be
Dirac measure at 0.

e For %tE < t, the distribution on the plane has length A > 1, so the distribution
on the torus wraps along the unstable manifold, which fills densely the torus. The
branches get closer and closer as time increases. The minimal distance behaves like
6 ~ exp (= (t — 3tg)). Because each branch has thickness h'/*** (with 0 < a <
1/2), different branches do not interfere if § > h'/?** & t < (14 a)tg. Choosing
a close to 1/2, we expect that the semi-classical measure is the Liouville measure, if
%tE Lt K (% — 5) tg, with any € > 0.
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|
<1 :
i / |
|
I
! t

I
3g/2 -t -t /2 0 te 12 t 3t /2

equidistributed localized at (0,0) equidistributed

Theorem 11. (F. Bonechi-S. DeBiévre [7], and [25])
(1) For any € > 0, and |t,| < 3tp (1 —¢) the sequence [ (t),)) is localized at 0: p =

5(070).

2) For tp (1+¢) < |ta] < 3t (1 —¢) the sequence | (t3)) is equidistributed : =
2 2

M Lebesgue -

(1) is quite obvious from the description of the Husimi distribution we gave above
eq.(22). The following theorem is a general result, that shows that (2) is a consequence of

(1):

Theorem 12. (F. Bonechi-S. DeBiévre [7], in the ArXiv preprint version)
For any localized sequence of states |tn) (i.e. = dy), the sequence |¢}) = M |1y,) is
equidistributed (i.e. ' = fiLebesgue)-

Proof. . To show that the semi-classical measure ' is Lebesgue, one has to show that for
any Fourier mode on T2, f, (q,p) = exp (—i2m (n1p — naq)), with n € Z:

/”L;'L (.fn) ~—7h—0 / dz fn = 571,0

’]TZ

Suppose n # 0. One computes (using eq.(20) and (11))

iy (fa) O (R) = (¢ exp (—i2m (mp —n2q)) [Wh) = (Wn| M= T M= )
= (Un|Thrr-tenltn)

Let us consider the decomposition of the vector n = (n,,ns) in the frame of unsta-
ble/stable directions. Then

hM ™ ‘Ep =h (e_’\tEnu, e’\tEns) = (hznu,ns) ~ (0, ny)
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' Nstable

Now [¢p,) is localized at point 0, whereas Tnr-ten|tn) is localized at point (0,n,) #
(0,0), so (Up|Thar-ten|ton) — 0 for B — 0. O

Remarks: The preceding proof relies on specific property of the linear map (11).

2.6.4

2.6.5 Interpretation of the short quantum period as constructive interference
effects along homoclinic orbits

Let us again consider A

¥ () = M"|0)torus
with |0)orus = P\O)I,lane being the coherent state at fixed point = 0. In the case of short
quantum periods, we have seen that at time ¢t = P ~ 2tz M* o Id, so |1 (P)) < |0)torus

is again a coherent state localized at x = 0.

We propose to explain this surprising fact from a semiclassical point of view. For that

purpose, we consider the auto-correlation function C(t) % (1 (0) [t)(t))torus. OF course

C'(0) = 1, and the revival at time ¢ = P means that |C'(P)| = 1. To simplify the
notations, suppose t even. We have:

Ct) = (1 (0) (1)) torus
= ((—t/2)|(t/2))torus
= S (T (—t/2) [ (t/2)) prane

nez?

_ Z Aneisn/h

nez?

with A,,S, € R. We can calculate (T,i)(—t/2)|1(t/2))piane = Ane’Sn/" exactly, using
metaplectic algebra, see [56],[24]. Let (gn, pn) € R? be the coordinates of n € Z? expressed
in the frame of stable/unstable directions. To simplify notations we treat a case of sym-
metric matrix M, for which the stable/unstable directions are orthogonal. For example

2 1 :
M_(l 1).Itglves.
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A L 1(%)2 1<pn)2

n=———exp|—=|—) —5(F

\/cosh (\t) Pl 2L, 2\ L
Lt — h1/2€>\t/2,

1 1 1
S, = ~3 tanh (A\t) gnpn =~ —§ann> if t > §tE

The function A, (¢, p,) has a circular Gaussian shape, with radius L;. So the sum ) is
convergent, and terms who contribute significantly are those such that |g,, p,| < L.

Let us discuss the geometrical meaning of the scalar product (Tp,1)(—t/2)[0(t/2)) prane-
We have seen that on the plane, the Husimi distribution of [¢(¢/2)) is centered at 0,
and spreads along the unstable manifold, with length L, ~ h!/2e*/2. Similarly, the state
To|1h(—t/2)) is centered at point n € Z2, and spreads along the stable direction, with
length L, ~ h'/2e*/2. So the scalar product (T,0(—t/2)[¢)(t/2))piane is associated with a
homoclinic intersection, i.e. an intersection between the unstable and stable manifold

issued from the periodic point 0.

|
|

Homoclinic intersections

71
!

e For time [t| < tp, the length is [, = Vhe /2 <« 1, so |1p(t/2))is still localized at
x =0, and T,|)(—t/2)) is still localized at © = n. Only the term n = 0 contributes

to the sum, giving|C(t)| = 1/4/cosh (\t) ~ /2e7 /2,
e For time [t| > ¢p, then L, > 1. From the figure, it is easy to guess that the
states [1(t/2)) and T,|¢(—t/2)) will intersect and have a significant scalar product,
2
if |n| < Ly. There are N; ~ L? = (\/Ee’\tm) = heM such terms who contribute to

—\t/2

the sum. Each term is bounded by e . So we can bound |C' (t)| from above:

IC(1)] < By & Cste Nje™ /2 o e o
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IC®)I Upper bound log [C(O)| (. Zt/Upper bounc

! .
: short period case short period case

: generic case : generic case
= —- log(ht/2 ) ~==------"~

0 1 t t
Remarks:
e Note the competition between N; = he* which grows exponentially due to the

increasing number of homoclinic orbits, and e */2 which decreases slower due to

spreading. At time ¢t = 2tg, the bound reaches By, ~ 1. This shows that a revival
|C'(t)| = 1 can not appear before time ¢t = 2tg. After that time, some cancellations
are necessary to make the scalar product be less than 1.

e Ehrenfest time tg is an important qualitative time for the autocorrelation function:
after that time C (¢) is the sum of many terms, and interference effects begin to
appear. Because the same analysis can be made for negative times, it is more correct
to say that interference effects are absent in the autocorrelation function
on a time interval of length 2¢5.

e Heuristically, for ¢ > tg, Let us suppose a generic case where the phases S,,/h are
“not correlated”, and behave as random variables. So the complex numbers A, e"/"
add randomly on the complex plane. C' (t) is then a random variable with a Gaussian
distribution centered at 0, and (|C(t)|) ~ VN,;e*/?> ~ \/h, independent of t.
This gives that the Husimi distribution at point z = 0, Husy, () = 5 [(z]¢ t)* =
2 |C (t)]” is on average(Husy, (x = 0)) ~ 1 . A similar heuristic with other points
x, gives similarly that the Husimi distribution is (Husy, (z)) ~ 1,Vz, equal to
the Liouville measure (this is what gives mixing for evolution of smooth classical
densities). One of the main challenge in quantum chaos is to make this last
heuristic more rigorous.

e On the opposite, in the short quantum period case, MP x IAd, with P ~ 2tg, the
phases exp (iS,/h) add constructively up to time ¢t = 2tg (in some special cases
they are all close to 1). So all the complex numbers A,, add constructively.

e For future purpose, we have showed that for any 0 < a < 2, then |C (atg)| — 0, for
h— 0, ie. [¥(0))orus and [0 (atg))iorus become orthogonal to each other.

e In ref. [23|, we use Diophantine properties of number to deduce the upper bound of
|C'(t)|. The present explanations, using the splitting ¢t = ¢/2 + ¢/2, shows that it is
not necessary.
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2.6.6 Interpretation of the short quantum period as constructive interference
effects along periodic orbits

We show now an alternative way to interpret the short quantum period, in terms of peri-
odic orbits. This is not in contradiction with the previous paragraph because, it is well
known that in hyperbolic systems, there is a “strong rigidity” in the symbolic dynamics
and classification of periodic orbits or homoclinic orbits.

A periodic point of period t € Z, is a fixed point z of M?, i.e a solution of M'x =
z[l] & T, () =n, n € Z, with the map 7; (z) = M'z — x. The map 7, is expansive, and
the number of periodic point on the torus (i.e. z € [0,1]%) is N; = ‘det T|=eM—e M2

The classical action of the periodic trajectory passing through the periodic point
Ty =T, (n)is A, = LM (2,0) A2y € Q.

-2
For the linear map on the torus, there is an exact trace formula |37|, which gives:

oiAn/h

N
o <M> - m%”z J]det MV = 1))

Upper bound: Similarly with eq.(23), we can express an upper bound of Tr <Mt>from

the sum of moduli. For t > 0, y/|det (M? — I)| = e*/?2 — e=/2 = \/N}, and
}Tr <Mt) < B, Y /N, ~ M

Of course ‘Tr (Mt> < dim (Hy) = N, and The bound B, reach this maximal value

N = &M= for t = 2tp, giving the same conclusion as (23). This bound can be effectively
reach at time ¢ ~ 2tp if the complex phases exp (12w A,,/h) add constructively together.
This is the case for short quantum periods.

2.7 Construction of strong scars, non Quantum Unique Ergodicity
example

We consider the subsequence of N = 1/h — oo, giving short quantum periods P ~ 2tg,
MP = eId. Let ¢ € [0,2n] such that Py = « [27]. (There are P possible values for ¢,

~

one for each eigen-space of M).
Let |4 (t)) = M"|0)40rus and define (we suppose P even to simplify notations):

P/2

= ) (24)

t=P/2+1
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Proposition 13. |¢) is an eigenstate of M:

M|g) = ¢*|¢)
Proof. Indeed,
P/2 P/2
Mgy = 3 ) =6 e (PR )+ YD e 1))
t=—P/2+1 t=—P/2+42
P/2
= o e (P )+ Y ) | = elo)
t=—P/2+2

Because |1 (P/2+ 1)) = MP|ip (=P/2+1)) = e (—P/2 + 1)).

As explained in (11), half of the terms |¢) (¢)) in this sum are localized, whereas half of
the terms are equidistributed. This gives O

Theorem 14. [23/|¢) is a sequence of eigenstate of M with non uniform semi-
classical measure:

= Lo + 2
on = 5 (0,0) 2,“Lebesgue

The partial sum (half part)

tr/2

o) Y e (1))

t=—tg/2

is localized (1 = &), whereas

|¢equid.> = ‘¢> - ‘¢l00>
is equidistributed (1 = [iLcbesgue)-

-t ~t/2 0 te/2 te
| | | | |
N~ — ~— t
l CDeqﬁ | cl)Ioc l(%qu>
o >
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etat

- = N=1/h=500 [=

0.4

0.3

I(ploc.>

Proof. (idea of the proof.)
We decompose the sum (24) in 4 similar terms (see figure):

—tp/2 0

o) = > e (), )= > e ),
t=—tp t=—tg/2+1
te/2 175]

[fs) =D e (1), o)=Y e (),
t=1 t=tp/2+1

|Proc) = |P2) + |b3), |Perg) = |61) + |@4).
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In the study of C' (t), we have showed that for any 0 < o < 2, then |C (atg)| — 0, for h — 0,
i.e. [ (0))orus and |¢ (atg))iorus become orthogonal to each other. Equivalently, for any
a,B €] —1,1[, a # 3, then (¢ (atg) | (Btg)) — 0, for A — 0. It means that each term of
the sum (24) is (quasi-) orthogonal to the others. This gives: 3C > 0,  (@joc|Pi0c) =~ C'tg,
(Gerglerg) > C.tg, (9il@;) ~ C (tp/2) 6, for b — 0.

Remark that the number of terms in each sum is ~ tg, and goes to oo, for h — 0. The
result we obtain are not affected if we add or substract a finite number of terms.

First |¢9), |03), | o) are localized, because each term | (t)) in their sum is localized,
from to (11).

One can write

1) = M7'%|¢s),  |da) = M| ).

From (12), we deduce that |¢1), |¢4), are equidistributed.

To show that |@equia.) = |#1)+]|¢a) is also equidistributed, one has to show that the cross
term P<¢1|Jfl¢4>" vanishes on any observable. Asin the proof of (12), we take a Fourier func-
tion f, = n/N, and write n<¢1|fn|¢4>n = n<¢2|MtE/2an_tE/2|¢5>n = n<¢2|TMtE/2n/N|¢5>na
using (11), and where |¢5) = M'?|¢s) is equidistributed from (12). We get the scalar prod-
uct between |¢s), which is equidistributed and T_MtE/zn/N|q52>n which is localized; so the
scalar product vanishes for A — 0.

To show finally that |¢) = |@ioc) +|Pequia.) has semi-classical measure %5(0,0) +%uLebesgue,
it remains to show that the cross term n<¢eqmd.|fn|¢zoc>n = n<¢equid.|fn/N|¢loc)n vanishes.

This is again a scalar product between Tn/N|q5lOC)n which is localized and |¢equia.) Which
equidistributes. ]

Remarks:

e Similar scarred eigenstates can be constructed on any periodic orbit. Example : on
a period 3 orbit :

(b)

For any given periodic orbit, a set of mutually orthogonal “excited scarred eigen-
states”, can be constructed [23] (they have the same semi-classical measure) :
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e If you don’t suppose that N corresponds to a short quantum period, you can still
define |¢), but it is no more an eigenstate: it is a quasi-mode with error ¢, = C'y/1/tg
[23]:

” (M B ei¢) |¢>normalized

<ep

e The following theorem shows that an invariant semi-classical measure can not be a
pure Dirac measure, and that the factor 1/2 is optimal.

Theorem 15. [8/[22] If |1)),, is a sequence of eigenstates with semi-classical measure [
such that

p=Bo00 +(1=0)v
with v(0) = 0, then § < 1/2.

Remark: the bound was # < 0.6 in [8] and has been improved to 1/2 in [22].

Proof. (idea of the proof) Decompose

[V = [Yo)n+  [Yu)n
~—— ——
loc: B equidis:1—f3
with |¢g) localized, i.e. py, = B0y and orthogonal to |),): (o|t,) —n—0 0.
Then

[)n o MUE|ey) = M2 |ipg) +ME |ih,)
N——

equidis.:(3

From th.(12), MtE|’l/}0> is equidistributed and has total “probability 5. If we compare
with the initial expression of |¢),, we deduce that M#|iy) must “be a part” of |1, ), i.e.
B <N)ul* =1~ 5. Then § <1/2. O
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2.8 Conclusion. Suggestions to generalize these results

In this section, we have considered only linear hyperbolic map on the Torus. There is
an important property in dynamical system theory that hyperbolic map are “structurally
stable”, i.e. there hyperbolicity properties (and therefore mixing) are kept under any small
enough enough perturbation. So a linear hyperbolic map, can be seen as a very particular
dynamical system in a (infinite dimensional) open set of non linear hyperbolic maps on the
torus.

We have seen that for a linear hyperbolic map on the torus, there exists some particular
sequences of eigenstates which have a non uniform semi-classical measure: they are strongly
“scarred” on a periodic orbit (1/2 the Dirac measure), and this gives a counter example
to Quantum Unique Ergodicity (Q.U.E) for hyperbolic systems. A natural question
is:

Question: “Is this example of scarred eigenstates unique or not, in the set
of non linear hyperbolic map on the torus? are there other examples of non
Q.U.E. for non linear maps? or Q.U.E. is true everywhere else?”

To my knowledge, there is no answer to that question at that moment. The example
we gave relies on the existence of a “short quantum period”. This phenomenon of short
quantum period is very particular to the linear map, and is due to arithmetical properties
of M € SL(2,7). From that point of view, it seems difficult to have a direct generalisation
to the non linear case.

But the construction of these “scarred eigenstates” relies on a less stronger condition:
we essentially need that starting from a coherent state on periodic orbit |¢ (0)) = |0), then
|t (t)) returns to this original state at time 2tg. In section (2.6.6) we have interpreted
this revival in terms of constructive interference effects among homoclinic orbits. We have
shown from a general upper bound of the auto-correlation function that this revival can
not appear before time 2tg.

1. This remark shows that a first task would be to “describe the semi-classical
evolution of quantum states for time larger than the Ehrenfest time ¢5”
in the non linear case. Long time such as t ~ C'.tg, for any C' > 0, would be enough
for that purpose.

2. Theorem (15) does not require to control the semi-classical evolution for such long
times. As its proof shows, time evolution up to time tg only is needed. A generaliza-
tion of this theorem in the non linear case would not permit to show Q.U.E nor the
existence of scarred states, but would constrain the invariant semi-classical measure
(not to be a Dirac measure).

As explained in section 1.3, there are some recent results concerning the second direction,
for non linear map, or non linear hyperbolic flows [9][3]|[20]. In [21], one can find some
recent results concerning the first direction .
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In [3], Nalini Anantharaman control time evolution along individual orbits (with inser-
tions of quasi-projectors) up to times C'log (1/A), with any C' > 0.
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