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tion1.1 Introdu
tion on quantum 
haos and s
arred eigenstatesSemi-
lassi
al analysis: is a fruitful approa
h to understand wave equations in the regimewhere the wave length l is small in 
omparison with the size L of the domain (or size of thetypi
al variation of the potential), where the wave evolves. The semi-
lassi
al parameter is
h = l/L ≪ 1. In that regime, one shows that the evolution of a wave 
an be des
ribed interms of Hamiltonian 
lassi
al dynami
s in the same domain (or with the same potential)[27℄,[14℄.

L

l

For example in that regime, the Van-Vle
k formula (1928) [55℄ expresses the evolvingwave as a sum of the initial wave transported along several 
lassi
al traje
tories. Be
ausethe wave formalism enters in many area of physi
s (a
ousti
 waves, seismi
 waves, ele
tro-magneti
 waves, quantum waves ...), semi-
lassi
al analysis is an important mathemati
altool to understand physi
al phenomena.There is a standard way to pass from the 
lassi
al me
hani
s formulation to the quantum(wave) me
hani
s formulation, and vis et versa. In ea
h �eld there are some well de�nedobje
ts or 
on
epts. However, there is not always a simple and one to one 
orresponden
ebetween these two domains, espe
ially when the 
lassi
al dynami
s is not integrable.Quantum me
hani
s Semi-
lassi
al limit (~ → 0)=⇒ Classi
al me
hani
sparameter ~ ⇐= QuantizationHilbert spa
e Phase spa
eOperator Ĥ Hamilton fun
tion HEvolution |ψ (t)〉 Ergodi
ity, mixing,. . .Eigenstates of Ĥ Periodi
 orbitsInvariant measuresWe will be 
on
ern with uniform hyperboli
 dynami
al systems, with the propertythat every 
lassi
al traje
tory has a hyperboli
 instability (uniformly over phase spa
e).This property implies a very strong 
haoti
 behaviour of the dynami
s [11℄[35℄,[48℄. It is2



important to noti
e that although hyperboli
 systems form an open set in the spa
e ofdynami
al systems (i.e. properties are robust under perturbations), most of the �
haoti
�systems whi
h have some physi
al importan
e are not uniformly 
haoti
. They have mixedphase spa
e, with some regular part, with K.A.M. tori, and some 
haoti
 part with hyper-boli
 sets [27℄.For a quantum hyperboli
 dynami
al system, there is a (universal) 
hara
teristi
time, 
alled Ehrenfest time tE, whi
h is the time when the wave length size l is expandedto the size of the 
avity L, due to hyperboli
 instabilities. The Ehrenfest time tE, is givenby L ≃ leλtE , where λ is the maximal Lyapounov 
oe�
ient, i.e.
tE ≃ 1

λ
log (1/h) , h = l/L.1.1.1 Examples of waves in 
avities, in physi
s and mathemati
s

• Quantum waves (ele
trons) in atoms, mole
ules, nanos
opi
 ele
troni
 devi
es.
• Ele
tromagneti
 waves in 
avities.
• stationary A
ousti
 wave fun
tion of Aluminium Sinai stadium (C. Ellegaard, M.Oxborrow, P. Bertelsen and K. S
haadt): size L ∼ 10cm, wave length λ ∼ 3mm.

• Seismi
 wave in earth or in geologi
al valley.
• In mathemati
s: fun
tion ψ (x) on a (negative 
urvature) 
ompa
t Riemannian mani-fold. The wave equation ∂2ψ/∂t2 = ∆ψ properties or properties of the eigenfun
tionsof the Lapla
ian ∆ψ = λψ, for large |λ| are 
losely related with geodesi
s proper-ties on the manifold. Geodesi
s are the 
lassi
al traje
tories. Negative 
urvatureis responsible for divergen
e of 
losed traje
tories, and hyperboli
ity (i.e. 
haoti
properties) of the �ow.

3



1.1.2 Strange phenomena are observed: �S
arred� eigenfun
tions:The following �gure shows a stationary wave −~2∆ψ = Eψ in the stadium billiard withDiri
hlet 
onditions. The 
lassi
al �ow of this billiard is (non uniformly) hyperboli
.

As this example shows, some (ex
eptional) stationary �S
arred states�, are partiallylo
alized near (unstable) periodi
 orbits. Numerous studies of s
arred states have beendone by physi
ists (Heller 1984[32℄, mi
ro-wave 
avities, ele
tron in quantum dots...).1.1.3 Some questions whi
h are 
onsidered in these le
tures notes:For an hyperboli
 dynami
al system,1. Is it possible to understand the distribution of stationary waves, on 
on�gurationspa
e or on phase spa
e?Are they all equidistributed in the limit h = l/L → 0? (This is the property ofQuantum Unique Ergodi
ity, Q.U.E)2. Is it possible to des
ribe the evolution of a wave pa
ket from a semi-
lassi
alpoint of view? (spreading and interferen
es after long time evolution, in terms of
lassi
al traje
tories)Re
ent reviews on quantum 
haos: There are some re
ent reviews on the mathemat-i
al aspe
ts of quantum 
haos, and semi-
lassi
al measures. For example by S. De Bièvre[15℄,[16℄ or by S. Zeldit
h [59℄[62℄.1.2 Quantum map on the torus as 
onvenient models for quantum
haos studyIn this se
tion, we summarize the main results reported in these le
tures.4



1.2.1 Linear map on the torusIn the �rst part, we will study a linear hyperboli
 map M ∈ SL (2,Z) on Torus phasespa
e T2. For example
(
xi+1

pi+1

)
≡
(

2 1
1 1

)

︸ ︷︷ ︸
M

(
xi
pi

)
, modulo [1] (1)The hyperboli
ity of the map together with the modulo 1 operation are responsiblefor hyperboli
ity and 
haoti
 properties of the map. This map is one of the most simpleexample of a symple
ti
 
haoti
 map [11℄[35℄,[48℄. It 
an be 
onsidered as a Poin
aré se
tionof a hyperboli
 �ow.We will introdu
e a semi-
lassi
al parameter h = 1/N , N ∈ N, quantize the map M ,giving an operator M̂h, and 
onsider quantum stationary states (i.e. eigenstates) inthe semi-
lassi
al limit h→ 0:

M̂h|φh〉 = eiϕh |φh〉.The S
hnirelman theorem (�the Quantum Ergodi
 theorem�), states that in thesemi-
lassi
al limit h = 1/N → 0, most of stationary states are equidistributed. Theirlimit measure on the torus phase spa
e is the Lebesgue measure (for �nite h, there mayhave �u
tuations on a s
ale o (1)):Probability measure (|φh〉) ≡h→0 µLebesgue, for almost all sequen
es.

However, for this system, we will see that some (ex
eptional) stationary states arelo
alized on periodi
 orbits [23℄ (for a spe
ial subsequen
e hn → 0):5



Probability measure (|φh〉) ≡h=hn→0
1

2
δperiodic orbit +

1

2
µLebesgue,giving a 
ounter example to Quantum Unique Ergodi
ity. Noti
e that the measure is nottotally lo
alized ( 6= δperiodic−orbit), but half of the measure is equidistributed on phasespa
e.

q

p

q
p

(a) (b)For quantum linear map on the torus there is a strange phenomenon of �short quan-tum periods�: M̂P ∝ Îd, with a period P whi
h is sometimes equal to twi
e the Ehrenfesttime P ≃ 2tE . This means that at time t = 2tE, an initial lo
alized wave pa
ket has anexa
t revival. This revival phenomenon is very di�erent from the mixing property ofthe 
lassi
al map. The semi-
lassi
al explanation for this revival is that the wave pa
ketspreads along the unstable manifold, and at time t = tE equidistributes over all the torus.Then, due to very parti
ular interferen
e e�e
ts, it re
onstru
ts and 
omes ba
k along thestable manifold to the initial lo
alized state. We will indeed give a pre
ise interpretationof this revival, in terms of 
onstru
tive interferen
es along 
lassi
al homo
lini
 or-bits at time t = 2tE = 2 1
λ

log (1/h). The existen
e of strong s
arred states is a dire
t
onsequen
e of this revival: we superposing the time evolution of the wave pa
ket fromtime t = 0 to time t = 2tE , and obtain an eigenstate. In the interval t ∈ [0, 2tE ], the wavepa
ket is lo
alized half of the time, and equidistributes the other half. This explains the
lassi
al measure µ = 1
2
δp.o.+

1
2
µLeb.. Due to this unavoidable spreading, we will also provethat the maximal weight of a s
arred state on a periodi
 orbit is 1/2 [8℄[22℄.

• The short quantum period implies high degenera
ies in the spe
trum. The s
arredstates are some parti
ular ve
tors of the high dimensional eigenspa
es. On the op-posite, for the same example, P. Kurlberg and Z. Rudni
k have shown that the6



joint spe
trum of M̂ and He
ke operators has all eigenfun
tions equidistributed[38, 39℄. They also shown that for almost all sequen
e ~n → 0, Q.U.E holds.1.3 Non linear hyperboli
 map, and evolution of quantum wavepa
ketsLinear map on the torus are very parti
ular, but easy to handle. In the se
ond part, wewill 
onsider �perturbed map� of the form
M = M1M0 T2 → T2,

M0 ∈ SL (2Z) hyperboli
 linear, Perturbation: M1 = Hamiltonian Flow onT2Hyperboli
 map have the very important property to be �stable� under perturba-tions (stru
tural stability). It means that if the perturbation M1is small enough (in the
C1topology), then the map M is 
onjugate to M0:

M = QM0Q
−1, Q : T2 → T2 : Hölder 
ontinuousThe map M is still hyperboli
 (mixing,...), however stability Lyapunov 
oe�
ients ofthe periodi
 orbits, or 
lassi
al a
tions have 
hanged. The following �gure shows thestable/unstable foliation for a non linear hyperboli
 map:

It is not possible to extend in a simple way the 
onstru
tion of the s
arred eigenstatesof M̂0.However extension of some results have been obtained re
ently:
• J.M. Bou
let and S. DeBièvre [9℄, have showed that a stationary s
arred quantumstates (if it exists!) 
an not lo
alize to fast on a periodi
 orbit with ~ → 0: theyobtain an upper bound on α, for the radius r ∼ ~α, on whi
h the Husimi fun
tion
an fully 
on
entrate. 7



• Stéphane Nonnenma
her [20℄ has shown a similar upper bound su
h that if some partof the fun
tion 
on
entrates in the disk, then another part should equidistribute.
• Nalini Anantharaman has shown a similar result for eigenfun
tions of the Lapla
ianon negative 
urvature manifold: the eigenfun
tions of the Lapla
ian do not 
on
en-trate on sets of small topologi
al entropy[3℄. She has shown that an eigenfun
tion
annot be 
ompletely 
on
entrated in a disk o (1).There remains the question of existen
e of s
arred eigenstates for non linear map. Our
onstru
tion of s
arred states for the linear map relies on revival e�e
t at time 2tE. We willsee that revival 
an not appear before that time. So a generalization requires a des
riptionof the evolution of a wave pa
ket beyond the Ehrenfest time. In the se
ond part of thele
tures, we will report some re
ent results on semi-
lassi
al des
ription of wave pa
ketevolution for long time (t ≃ C log (1/~) /λ = C tE , with any C > 0), i.e. beyond theEhrenfest time, for a hyperboli
 non linear map [21℄.1.3.1 Observation of the evolution of a wave pa
ket, and 
hara
teristi
 times
alesOne of the main 
hallenges in quantum 
haos is to deal with both the long time limit t→ ∞,and the semi-
lassi
al limit ~ → 0. Usual semi-
lassi
al results, su
h as the Ehrenfesttheorem, or Egorov theorem 
on
erns ~ → 0 �rst, and t → ∞ after. The 
hallenge isto try to reverse this order (in order to get informations on individual eigenfun
tions andeigenvalues), or more modestly, make t depending on ~.In order to have some intuition on typi
al 
hara
teristi
 time s
ales in quantum 
haosand asso
iated phenomena, we dis
uss now the evolution of a wave pa
ket on a numeri
alexample. Under a non linear hyperboli
 map M on the torus, a wave pa
ket (a 
oherentstate |x0〉) is laun
hed at time t = 0, at a generi
 position x0. Figure (1) shows theHusimi distribution (i.e. phase spa
e representation) of the evolved state |ψ (t)〉 = M̂ t|x0〉at di�erent time t ∈ Z. We re
all that the Husimi distribution of the initial state |x0〉has typi
al width ∆0 ≃

√
~, (due to un
ertainty prin
iple ∆x∆p ≃ ~, and spe
i�
 
hoi
e

∆x = ∆p = ∆0 ≃
√

~). During time evolution, the wave pa
ket 
enter is moving, and itsdistribution spreads, due to instabilities of the traje
tories. Figure 2 summarizes the maine�e
ts we dis
uss below.Finite time regime with �no dispersion�: We �rst 
onsider a �xed value of t = Cste,and ~ → 0 (of 
ourse t 
an be arbitrary large in prin
iple). The evolved state |ψ (t)〉 islo
alized at the 
lassi
al position x (t) = M tx0. In more pre
ise words, the semi-
lassi
almeasure of |ψ (t)〉 is a Dira
 measure at x (t) = M tx0. The evolved state |ψ (t)〉 spreadsbut its width is ∆t ≃ eλt∆0 ≃
√

~, still of order ~1/2 [33℄[31℄[42℄. Be
ause t 
an be 
hosenarbitrary large a priori, the ergodi
 nature of the dynami
s may have importan
e if x (t)follows a dense traje
tory for example. Some well known semi-
lassi
al results su
h assemi
lassi
al Egorov theorem, or S
hnirelman quantum ergodi
ity theorem use these �niterange of time [12℄[58℄. 8



1Figure 1: Husimi distribution of the evolution of a (generi
) 
oherent state at initial position
x0 = (0.4, 0.2), for di�erent time t = 0, 1, 2, . . . and h = 10−3.

No dispersion

Linear dispersion

0

Interference effects

t

?

Localized Equidistributed

No interference effects

Cste 3t  /2  2t  C.t  tt  /6 t  /2
E E E E HE

Figure 2: Chara
teristi
 times whi
h appear in the semi-
lassi
al limit h → 0, for theevolution of an initial 
oherent state. tE = 1
λ

log (1/h)is the Ehrenfest time, (very small �inpra
ti
e�) 
ompared to the Heisenberg time tH = 1/h.9



Linear dispersion regime: Some re
ent and very general results [13℄[4℄[28℄[10℄ des
ribethe evolved quantum state |ψ (t)〉, in the linear dispersion regime, whi
h means that nonlinear e�e
ts on the dispersion of the 
oherent state are supposed to be negligible withrespe
t to the linear e�e
ts. Be
ause the �rst non linear e�e
ts 
orrespond to 
ubi
 termsin the Hamiltonian, this imposes that ∆3
t ≪ ~, equivalently eλt~1/2 ≪ ~1/3, or t≪ 1

6
tE . Inour numeri
al example 1

6
tE = 1.2.Lo
alized regime: After that time, the 
oherent state spreads more and more. Butits width is still of mi
ros
opi
 size if ∆t ≪ 1, i.e. t ≪ 1

2
tE . In more pre
ise words, thesemi-
lassi
al measure of |ψ (t)〉 is still a Dira
 measure at x (t) in that range of time. Inour example 1

2
tE = 3.6.At a time around t ≃ 1

2
tE , the quantum state has size of order 1, and 
an be des
ribedas a �Lagrangian W.K.B. state� [20℄.Equidistribution regime: For time t larger than 1

2
tE , the wave pa
ket spreads andwraps around the torus phase spa
e, along unstable manifolds, like a 
lassi
al probabilitymeasure.Thanks to 
lassi
al mixing, a smooth 
lassi
al probability distribution is known to
onverge towards the uniform Liouville measure for large time. The Husimi distribution isexpe
ted to behave like a 
lassi
al measure, and equidistributes, if the di�erent bran
hesdo not �interfere� with ea
h other on phase spa
e. After the time 1

2
tE , we evaluate that thedistan
e between 
onse
utive bran
hes get smaller and smaller like d ∼ e−λ(t−tE/2)until the
riti
al value ~ is obtained at time t = 1

2
tE + tE = 3

2
tE . This is the ultimate value, be
auseif d ≫ ~, one 
an still insert a (squeezed) lo
alized wave pa
ket between two 
onse
utivebran
hes, whi
h means that the bran
hes do not yet interfere.Indeed, in [8℄, the authors show that for the linear map, the semi-
lassi
al measure

|ψ (t)〉 
onverges towards the Liouville measure, in the range of time 1
2
tE ≪ t≪ 3

2
tE . J.M.Bou
let and S. De Bièvre in [9℄ obtain a similar result for the non linear hyperboli
 map.,for t≪ 2

3
tE . S. Nonnenma
her in [20℄ rea
h the time t≪ 3

2
tE .In [52℄, R. S
hubert has des
ribed evolution of initial Lagrangian states under an hy-perboli
 �ow. He obtained similar results, namely equidistribution up to time t≪ tE . Thisis indeed similar, be
ause an initial 
oherent state be
omes a Lagrangian state at time 1

2
tE(see [20℄). This range of time is also 
onsidered and 
ontrolled in [3℄.Longer time and interferen
e e�e
ts: For longer time very little is known. Somearguments and numeri
al observations in [54℄ suggest that semi-
lassi
al formula appliesfor longer time. In [21℄ it is shown that in the range of time t ∈ [0, C.tE], where C isany 
onstant, the evolved state |ψ (t)〉 expressed by its Husimi distribution Hus (x) =

|〈x|ψ (t)〉|2, or Bargmann distribution 〈x|ψ (t)〉, 
an be expressed in general as a (�nite)sum over di�erent 
lassi
al traje
tories starting from the vi
inity of the initial state x0, andending in the vi
inity of the point x at after time t (similar to the semi-
lassi
al Van-Vle
kformula). These traje
tories give unavoidable interferen
es e�e
ts for time t ≥ 3
2
tE .10



Revival may o

ur at time t ≃ 2tE, however it is expe
ted that at least generi
ally,these di�erent 
ontributions are somehow un
orrelated, and as a result, the state |ψ (t)〉 is�generi
ally� equidistributed over phase spa
e as 
an be observed on �gure 1.An important 
hara
teristi
 time whi
h is not 
onsidered here, be
ause far mu
h largerthan the a
tual semi-
lassi
al approa
h 
ould rea
h, is the Heisenberg time tH = 1/h(= 1000 in our example). This time is related with the mean separation between eigenvaluesof M̂ . Some important e�e
t of quantum 
haos are numeri
ally observed at this range oftime, and explained by a Random Matrix Theory approa
h [6℄. Note that 
ontrary tothe mathemati
al works whi
h are �stopped� by the Ehrenfest time, the Heisenberg time isextremely dis
ussed in the physi
al litterature, essentially with the random matrix theory.This allows to des
ribe statisti
al properties of individual eigenfun
tions and eigenvalues.1.4 Semi-
lassi
al formulas beyond the Ehrenfest timeThis last se
tion of the introdu
tion is not presented with all the required explanations.(The 
ourse begins in se
tion 2.)We report here some re
ent results 
on
erning the �long time evolution� of quantumstates with a non linear hyperboli
 map on the torus [21℄. Long time means t ≃ CtE , withany C > 0, and tE = 1
λ

log (1/~), ~ → 0, i.e. possibly t larger than the Ehrenfest time
tE whi
h is the frontier time where �interferen
e� phenomena o

ur. We just present herethe main idea without proofs. The author think that the same analysis and results 
ouldbe easily generalize for any uniform hyperboli
 dynami
s, like hyperboli
 �ows. Also wethink that it 
ould be generalize for maximal hyperboli
 sets in non uniformly hyperboli
dynami
al systems (like systems with �mixed phase spa
e�).We just present the semi-
lassi
al �Gutzwiller tra
e formula� whi
h expresses Tr

(
M̂ t
)in terms of periodi
 orbits of period t, but the same approa
h gives also matrix elementsbetween 
oherent states (or any lo
alized states) 〈x′|M̂ t|x〉. The (�rst) main obje
tive ofthis work has been to try to answer to question (2.8), raised at the end of this le
ture.Our result is

11



Theorem 2. [21℄ For any K > 0, for any C > 0, and |t| < C 1
λ

log (1/~),
Tr
(
M̂ t
)

= Tsemi,t,J + O
(
~K
)with

Tsemi,t,J =
∑

xn∈Fix(M t)

exp

(
−iAn

~

)
1

2 sinh
(
λnt
2

) eSn (2)where xn if a �xed point of M t on T2 (a periodi
 orbit of M), An its 
lassi
al a
tion,
λn its Lyapounov exponent, and

Sn = ~S(1) + ~2S(2) + . . .+ ~[J/2]−1S([J/2]−1), eSn = 1 + ~S(1) + . . .is a �nite semi-
lassi
al series (semi-
lassi
al 
orre
tions), where ea
h term S(k), isexpressed in terms of the semi
lassi
al normal form of the periodi
 orbit xn, up to order
J , with J large enough:

J > 2 (K + C)More pre
isely, Tsemi,t,J is expressed uniquely from (semi
lassi
al) 
o
yle invariants1on the phase spa
e torus (ex
ept for the a
tion An whi
h needs to introdu
e a line bundleover T2). We explain in the next paragraph the basi
 ingredient of this result.1.4.1 Remarks:
• Noti
e that 2 sinh

(
λnt
2

)
=
√

det
(
DM t

xn
− I
) .

• Noti
e that at time t ≃ CtE, the number of �xed point xn is Nt ≃ eλt = (1/h)C , for
t ≃ CtE , whi
h has to be 
ompared to the number of Plan
k 
ells on phase spa
e(≃ 1/h) whi
h is mu
h less, if C > 1, i.e. after the Ehrenfest time.

• Ea
h semi-
lassi
al 
orre
tion is bounded ∣∣S(j)

∣∣ < Cjt, uniformly over traje
toriesand time. The error bound above 
an be understood from the naive requirements(if moduli of errors would add) Nte
−λmint/2

(
~J/2tCJ/2

)
< O

(
~K
) , implied by J >

2 (K + C). Figure (3), shows from numeri
al results, that the a
tual error seems tobe mu
h smaller. (this is be
ause the 
omplex numbers �annihilate� ea
h over).1For a given (
ontinuous) fun
tion ϕ : T2 → R, one 
an 
onstru
t a 
o
yle whi
h is the Birkho� timeaverage starting from point x:
ϕt (x) =

t∑

t′=1

ϕ
(
M t′x

)The 
ohomologi
al 
lass of ϕ is 
hara
terized by the values of ϕt (x), for every periodi
 point x, of period
t[35℄. For example if ϕ (x) is the expanding rate from x → Mx along the unstable Manifold, the asso
iated
ohom. 
o
y
le 
lasses is the 
olle
tion of Lyapounov 
oe�
ient (of all the periodi
 orbits). As an obvious
onsequen
e, useful for us, t min ϕ ≤ ϕt (x) ≤ t maxϕ.12
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|Trace(t)|

1/h

h=0.01   J=2 h=0.01   J=4Figure 3: Numeri
al results and 
omparison to estimations of the error.∣∣∣Trace(M̂ t
)∣∣∣ and

Errort,J =
∣∣∣Trace

(
M̂ t
)
− Tracesemi,t,J

∣∣∣have been 
omputed numeri
ally for t = 0 → 11.We plot the upper bound of the tra
e 1/h, the upper bound of the error εt,J = h
1

2
(J−t/tE),and the upper bound of the error for an individual term in the sum ε1 = hJ/2. We have
hoose Plan
k 
onstant h = 0.1 and h = 0.01 , and 
omputed normal forms of the periodi
orbits up to order J = 2 and J = 4. The unexpe
ted observed fa
t is that Errort,J < ε1,although Errort,J < εt,J has only been proved.
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1.4.2 A non stationary semi-
lassi
al normal form of the mapThe essential ingredient whi
h allows to 
ontrol the error for su
h long times in eq.(2), isthat every semi-
lassi
al normal form is a 
o
y
le, i.e. there is a global des
ription of thehyperboli
 dynami
s by �semi
lassi
al non stationary normal form�, �rst established by D.Delattes [18℄, for the 
lassi
al map. The main idea of non stationary normal form isthat every point x ∈ R2 (of the universal 
over), is sent to the point M (x), by the a
tionof the map M in the vi
inity of x, and the map has the general form
M ≡ TM(x)NxT −1

x (3)where Tx : R2 → R2 is a symple
ti
 transformation (parametrized by x), and Nx : R2 → R2is a hyperboli
 map expressed in a normal form. It means that Nx is the �ow over time1, of the normal form hyperboli
 Hamiltonian (a total Weyl symbol in fa
t)
Hx (q′, p′) = λ0,0,x + λ0,1 (q′p′) + λ0,2 (q′p′)

2
+ . . .

+~λ1,0 + ~λ1,1 (q′p′) + ~λ1,2 (q′p′)
2
+ . . .where ea
h 
oe�
ient λj,l (x) depends on x ∈ T2. See �gure 4.

M

q

p M(x)

x
ux

sx

uMx

sMx

q’

p’

xNMx

x

Τ

ΤFigure 4: This pi
ture tradu
es the 
onjugation relation of the normalization eq.(3). ux, sxis a unstable/stable frame at point x ∈ T2, sent respe
tively to axis q′, p′ by the 
onjugation.
Tx and Nx are 
ontinuous fun
tions of x ∈ T2.At the level of linear approximation, this result of non stationary normal form is nothingelse but the de�nition of uniform hyperboli
ity, with the result that the stable/unstablefoliation is 
ontinuous. The 
onstru
tion of D. Delattes is a re
ursive s
heme at all nonlinear orders, and 
an be extend to semi-
lassi
al 
orre
tions as well.This normal form expression is well suited to express M t for large time, by 
ompositionalong any orbit x→M t (x). For example

M2x ≡ TM2(x)NM(x)T −1
M(x)TM(x)NxT −1

x = TM2(x)

(
NM(x)Nx

)
T −1
x , etc...For a periodi
 orbit, Nx,t

def
= NM t(x) . . . NM(x)Nx is again a normal form whi
h 
an beexpressed from the time averages of the fun
tionλj,k (x) along the traje
tory. The property14



of 
ontinuity of Tx and Nx is the most important for us, be
ause it implies some uniform
ontrol of the resulting normal form for long (periodi
) orbits.Ea
h indi
es j, l, the fun
tion λj,l (x) generates a 
ontinuous 
o
yle on T2. The semi-
lassi
al tra
e formula Tsemi,t,J eq.(2), depends only on their 
ohomologi
al 
lass, i.e.the Birkho� average along periodi
 orbits: λ̃j,l (xo.p.) = 1
t

∑t
t′=1 λj,l

(
M t′x

), up to order
2 (j + l) ≤ J . For example the Lyapounov exponent is the 
o
yle λn = λ̃0,1 (xo.p.). TheAnosov 
o
yle is λ̃0,2 (xo.p.), and is known to be an obstru
tion for the stable/unstablefoliations to be smooth (C2), 
f [34℄, [30℄ p.289. The term S(1) in eq.(2) is given by

S(1) = −it
(
λ̃2,0 + λ̃1,1I(1) + λ̃0,2I(2)

)where I(j) =
(−i

2

)j
+ O

(
e−λ̃0,1t

) for large time. The other terms S(j) have similar expres-sions.The semi-
lassi
al tra
e formula has been expressed using normal forms in [60, 61℄ ,[26℄ and [53℄, but for �nite time, be
ause the 
o
yle property whi
h relies on hyperboli
ityof the �ow, was not used.1.4.3 An attempt to use thermodynami
al theory for long time semi-
lassi
sOne aim of the s
hool �Resonan
es and periodi
 orbits: spe
trum and zeta fun
tions inquantum and 
lassi
al 
haos� organised by Viviane Baladi is to 
on
iliate re
ent ideas andresults from one side �dynami
al systems� (thermodynami
al theory of Ruelle Polli
ott andothers,...) and from an other side �quantum 
haos�. We propose here in few words su
han attempt suggested re
ently by the author in view of formula (2) (this work is underprogress, but we present here some ideas in order to get some rea
tions).We 
onsider the prequantized line bundle over the torus L → T2, with Chern index
N = 1/h ∈ N. The non linear mapM 
an be lifted to a
t on L, and this indu
es a map M̃in the spa
e of C∞ (L) (C∞se
tions of the line bundle L. This is an in�nite dim. spa
e).We 
an 
onsider any potential fun
tion ϕ : T2 → C, and de�ne similarly M̃ϕ. Be
ause ofhyperboli
ity, we expe
t the map M̃ϕ to have Ruelle-Polli
ott resonan
es spe
trum. Itsregularized tra
e 
an be written (exa
tly):

Tr
(
M̃ t

ϕ

)
=

∑

xn∈Fix(M t)

exp

(
−iAn

~

)
eϕn

(
2 sinh

(
λnt
2

))2(noti
e the square from 
lassi
al Ja
obian, and the presen
e of the 
lassi
al a
tions whi
hare obtained as �holonomies� from the lifted a
tion).This has to be 
ompared with eq. (2) whi
h 
an be written:
Tr
(
M̂ t
)
≃

∑

xn∈Fix(M t)

exp

(
−iAn

~

)
1

(
2 sinh

(
λnt
2

))2 eSn
(
eλnt/2 − e−λnt/2

)

15



Now for large time t, we said that Sn is a 
o
y
le, so it is tempting to 
ompare Tr
(
M̂ t
)with the 
lassi
al tra
es

Tr
(
M̃ t

ϕ1

)
− Tr

(
M̃ t

ϕ2

) ?︷︸︸︷≃ Tr
(
M̂ t
) (4)with respe
tive potential fun
tions:

ϕ1 (x) =
1

2
λ0,1 (x) + S (x)

ϕ2 (x) = −1

2
λ0,1 (x) + S (x)Where S (x) = ~S(1) (x) + ~2S(2) (x) + . . . is a semi-
lassi
al 
orre
tion (due to nonlinearity).Su
h a result would be of great interest, be
ause from a knowledge of the resonan
espe
trum of M̃ϕ, one 
ould have a better 
ontrol on the semi-
lassi
al Gutzwiller tra
eformula (2). We re
all that physi
ists use the Gutzwiller tra
e formula for long time,without semi-
lassi
al 
orre
tion terms, i.e. they use:

TGutzwiller (t) = Tr
(
M̃ t

ϕ1

)
− Tr

(
M̃ t

ϕ2

)with ϕ1 (x) = 1
2
λ0,1 (x), ϕ2 (x) = −1

2
λ0,1 (x) (the se
ond term is expe
t to be negligible forlarge time be
ause of a smaller spe
trum radius). They expe
t that this formula is a goodapproximation of Tr

(
M̂ t
) for large time (up to t ≃ 1/~)[54℄. Figure (3), supports thisguess.In the spe
ial 
ase of a linear hyperboli
 map M ∈ SL (2,Z), then S = 0, one has anexa
t relation:

Tr
(
M̃ t

ϕ1

)
− Tr

(
M̃ t

ϕ2

)
= Tr

(
M̂ t
)We have also

Tr
(
M̃ t

ϕ1

)
= Tr

(
M̂ t
) (

1 − eλt
)−1

= Tr
(
M̂ t
) (

1 + e−λt + e−2λt + e−3λt . . .
)and we dedu
e the resonan
e spe
trum of M̃ϕ1

(and M̃ϕ2
) from the unitary spe
trum(

eiθk
)
k=1→N

of M̂ . We obtain respe
tively (eiθke−lλ
)
k=1→N,l≥0

and (eiθke−(l+1)λ
)
k=1→N,l≥0

.See �gure.

16



2 Linear 
at mapIn this se
tion we show how to quantize a hyperboli
 map M =

(
A B
C D

)
∈ SL (2,Z)on T2. There is a standard way to quantize a Hamiltonian �ow, so we have to express themap as an Hamiltonian �ow. Both in quantum and 
lassi
al me
hani
s, we will have �rstto express the dynami
s on the plane R2 (universal 
over of T2) and then pass to the torus

T2 = R2/Z2.2.1 Classi
al me
hani
s2.1.1 Classi
al dynami
s on the planeConsider a quadrati
 Hamiltonian on plane phase spa
e (R2, ω = dq ∧ dp):
H (q, p) =

1

2
αq2 +

1

2
βp2 + γqp, (5)with α, β, γ ∈ R.

H generates a �ow x(t) = (q(t), p(t)) on R2, given by x(t) = M(t)x(0) (t ∈ R), andexpli
itly (from Hamilton equations) by dq(t)/dt = ∂pH = γq + βp, dp(t)/dt = −∂qH =
−αq − γp. For ea
h t 6= 0, M(t) is a matrix in SL(2,R), and for t = 1:

M
def
= M(1) =

(
A B
C D

)
= exp

(
γ β
−α −γ

)
∈ SL (2,R) , (6)i.e. det (M) = AD − BC = 1Assuming γ2 > αβ, M is a hyperboli
 map with two real eigenvalues e±λ where

λ =
√
γ2 − αβ > 0 is the Lyapounov exponent. The two asso
iated real eigenve
tors
orresponding to an unstable and a stable dire
tion for the dynami
s.2.1.2 Classi
al dynami
s on the torusSuppose moreover that A,B,C,D ∈ Z, i.e. M ∈ SL (2,Z). Then for any x ∈ R2, n ∈ Z2,

M (x+ n) = M (x) +M (n) ≡M (x) mod1soM indu
es a map on the torus T2 = R2/Z2, see �gure 5. This map is Anosov (uniformlyhyperboli
), with strong 
haoti
 properties, su
h as ergodi
ity and mixing, see [35℄ p. 154.Remark: M is not the time 1 �ow of an Hamiltonian on the torus, otherwise it shouldbe homotopi
 to identity (by 
ontra
tion with time variable).The stable / unstable dire
tions have an irrational slope. They �ll densely the torus.
17
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2.2 Quantum dynami
s2.2.1 Quantum dynami
s on the planeThe quantum Hilbert spa
e asso
iated to the plane phase spa
e R2 is Hplane = L2 (R).A quantum state ϕ (q) ∈ Hplane is also written |ϕ〉 (ϕ (q) is 
alled the quantum wavefun
tion).We introdu
e the Plan
k 
onstant ~ > 0, and set h = 2π~. We will 
onsider thesemi-
lassi
al limit ~ → 0 later on.Re
all the usual position and momentum self-adjoint operators:
(q̂ϕ) (q) ≡ qϕ (q) , (p̂ϕ) (q) ≡ −i~dϕ

dq
(q) .18



[q̂, p̂] = i~ÎdThe Hamiltonian operator Ĥ is a self-adjoint operator, obtained by Weyl quantiza-tion2 of H eq.(5):
Ĥ = OpWeyl (H) =

α

2
q̂2 +

β

2
p̂2 +

γ

2
(q̂p̂+ p̂q̂) ,The S
hrödinger equation in Hplane = L2 (R) governs time evolution of quantum states

|ϕ (t)〉 ∈ Hplane:
i~
∂|ϕ (t)〉
∂t

= Ĥ|ϕ〉,and generates a unitary evolution operator M̂ between t = 0 → 1, written:
|ϕ(1)〉 = M̂ |ϕ (0)〉, M̂ = exp

(
− i

~
Ĥ

)
. (7)(M̂ is obtain by exponential of an operator quadrati
 in (q̂, p̂). These operators formthe Metaple
ti
 group)Unitary translation operators: For v = (vq, vp) ∈ R2, let

Tv : R2 → R2 (8)be the translation on 
lassi
al phase spa
e by v, i.e. Tv (x) = x + v. Tv is understood asthe �ow generated by the linear Hamiltonian fun
tion f (q, p) = (v1q − v2p).The 
orresponding unitary quantum translation operator is de�ned by:
T̂v = exp

(
− i

~
(v1p̂− v2q̂)

)
. (9)These quantum translations satisfy the algebrai
 identity

T̂v T̂v′ = e−iS/~ T̂v+v′ , (10)with S = 1
2
(v1v

′
2 − v2v

′
1) = 1

2
v ∧ v′ (this 
omes from [q̂, p̂] = i~Îd). The translationoperators generate an (irredu
ible) unitary representation of the Heisenberg group, withLie algebra q̂, p̂, Îd, [q̂, p̂] = i~Îd.2Remark: OpWeyl : ( quadrati
 fun
tionf on R2)→f̂ = OpWeyl (f) is 
hara
terized by requirements[15℄( prop. 12.1)1. OpWeyl (q) = q̂, OpWeyl (p) = p̂,2. [OpWeyl (f) , OpWeyl (g)] = i~OpWeyl ({f, g})3. OpWeyl

(
f
)

= (OpWeyl (f))
+ 19



For any matrix M ∈ SL(2,R), one trivially has M TvM
−1 = TMv. This intertwiningpersists at the quantum level:

M̂ T̂v M̂
−1 = T̂Mv. (11)This last relation will play a major role at many instan
es in these le
tures. It isimportant to remark that this relation holds be
ause M is a linear map. (It will be falsein the non linear 
ase).2.2.2 Quantum me
hani
s on the torusAt the 
lassi
al level, the torus phase spa
e was obtained by introdu
ing periodi
ity on R2with respe
t to the Z2 latti
e, generated by translations T(1,0) and T(0,1). The same 
onstru
-tion 
an be done in quantum me
hani
s. The di�eren
e is that we have to 
he
k now thatthese two translation operators 
ommute before we 
onsider their 
ommon eigenspa
es.From (10), we have T̂ (1,0)T̂ (0,1) = e−i/~T̂ (0,1)T̂ (1,0), so the two translation operators
ommute [T̂ (1,0), T̂ (0,1)

]
= 0 if and only if

N =
1

2π~
∈ N∗We will suppose this last 
ondition from now on.Then de�ne the 
ommon eigenspa
e of T̂ (1,0), T̂ (0,1) with eigenvalue 1:

HN =
{
|ϕ〉 ∈ S ′

(R) / T̂ (1,0)|ϕ〉 = |ϕ〉, T̂ (0,1)|ϕ〉 = |ϕ〉
}In order to have a 
on
rete expression of |ϕ〉 ∈ HN , remark that using ~-Fourier-Transform: ϕ̃ (p) = 1√

2π~

∫
dq ϕ (q) e−ipq/~, we have that ϕ ∈ HN i� ϕ̃ (p− 1) = ϕ̃ (p) and

ϕ (q − 1) = ϕ (q). The quasi-periodi
ity of ϕ̃ implies that ϕ (q) =
∑

n∈Z
anδ (q − qn), with

qn = n/N, n ∈ Z, and an ∈ C. The periodi
ity of ϕ (q) implies that an−N = an. So aquantum state |ϕ〉 ∈ HN is spe
i�ed by (an)n=1→N ∈ CN . We dedu
e that HN is a �nitedimensional phase spa
e: dimHN = N =
1

h
.

q

h=1/N

0 1The proje
tor P̂ from S(R) onto the spa
e HN is:
P̂ =

∑

(n1,n2)∈Z2

T̂ n1

(1,0) T̂
n2

(0,1) =
∑

n∈Z2

T̂n. (12)(assuming N even). 20



From (11) , we dedu
e:
M̂ P̂ = P̂ M̂ (13)and a 
ommutative diagram:

S (R) M̂−−→ S (R)

↓ P̂ ↓ P̂
HN M̂−−→ HNWe have an endomorphism

M̂ : HN → HN : (≡ N ×N matrix) (14)We will sometimes write M̂torus for this operator, to distinguish it from M̂plane eq.(7),a
ting in Hplane.2.3 Phase spa
e representation of Quantum dynami
sClassi
al dynami
s takes pla
e on the torus phase spa
e T2. We have seen that a quantumstate |ϕ〉 ∈ HN is a fun
tion (distribution) of q ∈ R alone. In order to investigate thesemi-
lassi
al limit, it would be better to represent quantum states as distributions onphase spa
e. For that purpose we introdu
e 
oherent states.2.3.1 Coherent states [56℄,[47℄The normalized state |0〉 ∈ Hplane is de�ned by a|0〉 = 0, where a = 1√
2~

(q̂ + ip̂). Thisstates |0〉 is the ground state of the Harmoni
 os
illator 1
2
(p̂2 + q̂2), and is semi-
lassi
allylo
alized at the origin x = (0, 0) ∈ R2. A �standard� 
oherent state of the plane is thende�ned as the translated

|x〉 def
= T̂x|0〉, x = (q, p) ∈ R2. (15)and is semi-
lassi
ally lo
alized at x = (q, p) ∈ R2. Indeed the wave fun
tion of |x〉 = |q, p〉,is ϕq,p (q′) = 1

(π~)1/4
exp

(
ipq

′

~

)
exp

(
− (q′−q)2

2(
√

~)
2

)
, and is lo
alized at q, with a width ≃

√
~(→ 0 for ~ → 0). Its ~-Fourier transform is ϕ̃q,p (ξ) = 1

(π~)1/4
exp

(
−i qξ

~

)
exp

(
− (ξ−p)2

2(
√

~)
2

)
,similarly lo
alized at p.

~   h

q

~   h

px

|ϕ|2 |ϕ|2∼

ξ21



There is a 
losure identity [56℄:̂
IdHplane

=

∫

R2

|x〉〈x|dx
h

(16)2.3.2 Husimi distributionThe Husimi distribution of a quantum state |ψ〉 ∈ Hplane is the positive measure onphase spa
e:
Husψ (x)

def
=

1

h
|〈x|ψ〉n|2 =

1

h

∣∣∣∣
∫
ϕq,p (q′)ψn (q′) dq′

∣∣∣∣
2Where |ψ〉n = |ψ〉/

√
〈ψ|ψ〉 is the normalized state. From (16), we 
he
k that this is aprobability measure: ∫

R2

Husψ (x) d2x = ‖ψn‖2 = 1This de�nition is very intuitive: for a given x, an important value of Husψ (x) meansthat the quantum state has �high probability of presen
e� at point x of phase spa
e. Semi-
lassi
al measure will give a more pre
ise sense of that, below.A 
oherent state on the torus is de�ned by periodi
ity:
|x〉torus def

= P̂ |x〉 ∈ HNand we de�ne similarly the Husimi distribution of a quantum state |ϕ〉 ∈ HN .There is a 
losure identity on the torus:
ÎdHN

=

∫

T2

|x〉torus〈x|
dx

hSo ∫
T2 Husϕ (x) d2x = ‖ϕ‖2 = 1.Remark: the de�nition of the Husimi distribution depends on the 
hoi
e of 
oherentstates family. In geometri
al quantization terms, it depends on the 
hoi
e of a 
omplexpolarization [57℄. However, the �semi-
lassi
al measures� we will de�ne below do not dependon this 
hoi
e.2.3.3 Example of Husimi distributionsLet x0 = (q0, p0) ∈ R2. The Husimi distribution of the 
oherent state |x0〉 = |q0, p0〉 is

Husx0
(x) = 1

h
|〈x|x0〉|2. Standard 
al
ulation with the Heisenberg group gives ([56℄,[24℄)

Husx0
(x) =

1

h
exp

(
− 1

2~

(
(q − q0)

2 + (p− p0)
2)
)

22



The Husimi distribution is a Gaussian 
entered at point x0 on phase spa
e, with width
∆x ≃ ~1/2. This distribution get lo
alized at point x0 for ~ → 0, and 
onverge towardsthe Dira
 measure δx0

. Coherent state |q0, p0〉 Eigenstate M̂ |ψh〉 = eiφh|ψh〉

N = 1/h = 98

N = 1/h = 414Semi-
lassi
alMeasure :measure for h→ 0 µ = δ(q0,p0) µ = µLebesgues(= dq.dp) (?)2.3.4 Weyl Quantization on the torus(Cf [15℄ page 45). If f ∈ C∞ (T2), x = (q, p) ∈ R2, n = (n1, n2) ∈ Z2, Fourier de
omposi-tion gives
f (x) =

∑

n∈Z2

fn exp (−i2π (n1p− n2q)) =
∑

n∈Z2

fn exp (−i2π (n ∧ x))then Weyl quantization of f is the operator:
f̂ = OpWeyl (f)

def
=
∑

n∈Z2

fn exp (−i2π (n1p̂− n2q̂)) (17)
=

∑

n∈Z2

fn exp

(
− i

~

(n1

N
p̂− n2

N
q̂
))

=
∑

n∈Z2

fnT̂n/N 23



using eq.(9) and 2π~ = 1/N .2.4 Quantum periods phenomenonThe property of quantum periods des
ribed here is (at our level of understanding) the keypoint for the quantum revival phenomenon, and for the example of Non Quantum UniqueErgodi
ity des
ribed below. As we will see, this phenomenon is very spe
i�
 to the a
tionof quantum quadrati
 Hamiltonian on the torus Hilbert spa
e.2.4.1 Quantum periodsReferen
es: Etienne Ghys [25℄, or Hannay-Berry (1980)[29℄.Theorem 3. For any value h = 1/N , there exists PN ∈ N∗ and αN ∈ R, su
h that
M̂PN = Îd eiαN .Remarks
• it means that after time PN a quantum state 
omes ba
k to its initial value (up toa 
onstant phase). This is very di�erent with the 
lassi
al dynami
s, where due tomixing, any smooth distribution 
onverges towards the uniform Liouville measure.
• Be
ause M̂ is a �nite dimensional unitary matrix, we expe
t quasi-periodi
ity ingeneral. Periodi
ity means that the eigenvalues of M̂ are regularly distributed onthe 
ir
le. In 
ase where PN is mu
h smaller than N , it implies degenera
ies in thespe
trum.Proof. A translation T̂v, v ∈ R2, a
t inside HN if T̂v 
ommute with T̂(1,0), T̂(0,1) or with

T̂n, ∀n ∈ Z2. From (10), T̂vT̂n = T̂nT̂v exp (−i2πNv ∧ n)︸ ︷︷ ︸
=1

, if Nv ∈ Z2, i.e. v = k
N
, k ∈ Z2.These translations are therefore:

T̂k/N , k ∈ Z2But for k,m ∈ Z2, T̂k/N+mP̂ = T̂k/N T̂m
∑

n∈Z2 T̂n = T̂k/N
∑

n∈Z2 T̂m+n = T̂k/N P̂ . Sothere is the periodi
ity relation (T̂k/N+m

)
/HN

=
(
T̂k/N

)
/HN

, ∀m, k ∈ Z2. The translationoperators T̂k/N form a group, and HN is irredu
ible with respe
t to it. Using (11),
M̂P ∝ Î ⇔

[
M̂P , T̂k/N

]
= 0, ∀k [1, N ]2 ,

⇔ M̂P T̂k/NM̂
−P = T̂k/N ⇔ T̂MP k/N = T̂k/N

⇔ MP k

N
≡ k

N
[1]24



So
P (N) = minP

{
P /MP ≡ I [N ]

}The last relation has obviously a solution, be
ause M has integer 
oe�
ients. Its a
tionpreserves the latti
e on the torus with rational 
omponents k/N , and PN is given by theleast 
ommon multiple of the periods of this a
tion.
0 1

1

N

h=1/N

Theorem 4. General bounds ([36℄,[25℄):
∃C, ∀N, 2

λ
logN − C ≤ P (N) ≤ 3NFor almost all values of N ∈ N [39℄:
P (N) ≥

√
N

N=1/h

Ph

h
λ

 
:almost all

2T  =2  log(N)

3N

N

Numeri
al 
al
ulations for M =

(
2 1
1 1

):
25



N

P

N

P

Log(N)

PLog(P)

ln(N)

2ln(N)/ λ

N

3N

N1/2

N

2.4.2 Short quantum periodsWe 
al
ulate expli
itly the �shortest quantum period�, i.e. the lowest values of N for agiven period P ∈ N.

26



Proposition 5. For P = 2t1 even, t1 ∈ N, N = at1 is given by the sequen
e:
a0 = 0, a1 = 1, at1+2 = Tat1+1 − at1where T = Trace (M) > 2.For P = 2t1 + 1odd, t1 ∈ N, N = bt1 is given by the sequen
e:

b0 = 1, b1 = T + 1, bt1+2 = Tbt1+1 − bt1 ,In both 
ases, for large N ,
P = 2tE + C + O

(
1

N

)
∼ 2tEwith the Ehrenfest time

tE =
1

λ
logNand C is a 
onstant whi
h depends on the parity of P only.Example : for M =

(
2 1
1 1

), and P odd, one obtains the values
(N,P ) = (1, 1) , (4, 3) , (11, 5) , (29, 7) , (76, 9) , . . .Remark : we will obtain in se
tion (2.6.6), that P ∼ 2tE is the shortest quantum period.Démonstration. One has

Det (M − λI) = λ2 − Tλ+ 1with
T = Trace (M) > 2So (Cayley relation)
M2 = MT − I,Let t ∈ N∗, and

t1 = t2 =
t

2
, : if t is even

t1 =
t− 1

2
, t2 =

t+ 1

2
: if t is oddLet

Tt : R2 → R2, Tt (x) = M t2x−M−t1xthen
det (Tt) = det

(
M t − I

)
= 2 − eλt − e−λt < 0.27



From Cayley relation, one dedu
es
Tt+2 = TTt − Tt−2The �rst terms are

T−1 = I −M, T0 = 0, T1 = M − I = −T−1, T2 = M −M−1so
T2t1 = at1

(
M −M−1

)
, T2t1+1 = bt1 (M − I) (18)with at1 , bt1 ∈ N,

a0 = 0, a1 = 1, at1+2 = Tat1+1 − at1 ,

b0 = 1, b1 = T + 1, bt1+2 = Tbt1+1 − bt1 ,and for large t :
at1 =

(
det (T2t1)

det (M2 − I)

)1/2

=
eλt1

(T 2 − 4)1/2
+ O

(
e−λt1

)

bt1 =

(
det (T2t1+1)

det (M − I)

)1/2

=
eλt1eλ/2

(T − 2)1/2
+ O

(
e−λt1

)Finally
M2t1 − I =

(
M t1 −M−t1)M t1 = T2t1M

t1 = at1
(
M −M−1

)
M t1so :

M2t1 ≡ I [at1 ]be
ause (M −M−1)M t1 is an integer matrix.The sequen
e N = at1 ,with t1 ∈ N, gives a short quantum period P whi
h is even :
P = 2t1 = 2tE +

1

λ
log
(
T 2 − 4

)
+ O

(
e−λt1

)
∼ 2tESimilarly,

M2t1+1 − I =
(
M t1+1 −M−t1)M t1 = T2t1+1M

t1 = bt1 (M − I)M t1

M2t1+1 ≡ I [bt1 ]The sequen
e N = bt1 ,with t1 ∈ N, gives an odd short quantum period
P = 2t1 + 1 = 2tE +

1

λ
log (T − 2) − λ+ 1 + O

(
e−λt1

)
∼ 2tE28



2.5 Semi-
lassi
al measures and the quantum ergodi
 theorem2.5.1 Semi-
lassi
al measuresDé�nition 6. Let |ψh〉 ∈ Htorus,h be a sequen
e of quantum states, for h → 0. Let µhbe the Husimi measures, i.e. for f ∈ C∞ (T2), µh (f) =
∫

T2 dxHusψ (x) f(x). Then thesemi-
lassi
al measure µ is
µ = weak − lim

h→0
µhif it exists.Remarks:

• Borel probability measures on T2 is a 
ompa
t set, so any sequen
e has at least onea

umulation measure µ.
• The weak limit means that all the �u
tuations of the Husimi distribution at the s
ale√

h are washed out. It remains only the variations at a �nite s
ale with respe
t to ~.
• A sequen
e of states is said lo
alized at point x, if µ = δx. A sequen
e of states issaid equidistributed on the torus, if µ = µLebesgue.
• The semi-
lassi
al measure of a 
oherent state |x0〉 = |q0, p0〉 is the Dira
 measure
δx0

at point x0. So the 
oherent states |x0〉 are lo
alized at point x0. See se
tion2.3.3.Dé�nition 7. If |ψh〉 is a sequen
e of eigenstates of M̂ (i.e. M̂ |ψh〉 = eiϕh |ψh〉), then µis 
alled an invariant semi-
lassi
al measure.One important question is quantum 
haos is to determine the set of invariant semi-
lassi
al measures denoted Minv.semi−class..2.5.2 Invariant semi-
lassi
al measure are 
lassi
ally invariantProposition 8. Any invariant semi-
lassi
al measure is a 
lassi
al invariant measure,i.e.:
Minv.semi−class ⊂ Minv.classProof. Any test fun
tion f ∈ C∞ (T2) 
an be de
omposed into Fourier modes:

fn (x) = exp (−i2π (n1p− n2q)) = exp (−i2π (n ∧ x))29



with x = (q, p) ∈ R2, and n = (n1, n2) ∈ Z2. Weyl quantization (17), gives f̂n = T̂n/N .Then one has an �exa
t Egorov property� for transportation of observables:
M̂−1f̂nM̂ = M̂−1T̂n/NM̂ = T̂M−1n/N = f̂M−1n (19)

= OpW
(
exp

(
−i2π

(
M−1n ∧ x

)))
= OpW (f ◦M)using M−1n ∧ x = n ∧Mx, be
ause M preserves area.Let µ be an invariant semi-
lassi
al measure de�ned as the limit of measures µh froma sequen
e of stationary states |ψh〉, ~ → 0. First, we use the fa
t that [45℄,[14℄

µh (fn) = 〈ψh|f̂n|ψh〉 + O (~) (20)The left hand side is the Husimi measure, whereas the right hand side is the Wignermeasure of the normalized state |ψ′〉. Then
µh (fn)+O (~) = 〈ψ|f̂n|ψ〉 = 〈ψ|M̂−1f̂nM̂ |ψ〉 = 〈ψ|OpW (fn ◦M) |ψ〉 = µh (fn ◦M) = (Mµh) (fn)One 
on
ludes that µ = Mµ is a 
lassi
al invariant measure.2.5.3 The Quantum Ergodi
 theorem(S
hnirelman 1974 [51℄, Zeldit
h 1987 [58℄, Colin de Verdière 1985 [12℄, Hel�er MartinezRobert 1987 [2℄, Bouzouina DeBievre 1996 [1℄)Theorem 9. The �Quantum Ergodi
 theorem�:For an ergodi
 dynami
s, almost all of the invariant semi-
lassi
al measures µare equidistributed:

µ = µLebesgueMore pre
isely, for ea
h N , and any basis |ψj,N〉 ∈ HN , j = 1 . . .N , of eigenve
tors of
M̂N , there exists a subset S (N) ⊂ {1, . . . , N} of stationary states su
h that1. limN→∞

♯S(N)
N

= 1, i.e. the subset has �measure 1�.2. For any observable f ∈ C∞ (T2), for any sequen
e |ψjN ,N〉of stationary states, with
jN ∈ E (N) , N ∈ N,

lim
N→∞

〈ψj,N |f̂ |ψj,N〉 =

∫

T2

f dxi.e. the limit measure is µ = µLebesgue.Remarks:
• This theorem relies on ergodi
ity of the dynami
s, and not on the mixing (whi
h isa mu
h stronger property). 30



• This theorem does not ex
lude some ex
eptional sequen
e of eigenve
tors with semi-
lassi
al measure di�erent from µLebesgue.
• This theorem 
an be rephrased in terms of the Varian
e of the distribution of diagonalmatrix elements as follows.2.5.4 Varian
e of the distribution of diagonal matrix elementsFollowing [58℄, [1℄, [15℄ ,[62℄.Let f ∈ C∞ (T2), be an observable with spatial average 〈f〉 def

=
∫

T2 fdx, and f̂ =

OpWeyl (f). For any N ∈ N, let (|ψj,N〉)j=1→N be a basis of eigenstates of M̂ , and 
onsiderthe distribution Df,N of the N diagonal elements:
fj,N = 〈ψj,N |f̂ |ψj,N〉 ∈ R, j = 1 → NA �rst easy observation is that the mean value the distribution Df,N is equal to 〈f〉 inthe semi-
lassi
al limit N → ∞ (from general properties on symbols):

1

N

N∑

j=1

fj,N =
1

N
Tr
(
f̂
)
→ 〈f〉 .Theorem 10. The varian
e of the distribution Df,N is zero in the semi-
lassi
al limit

N → ∞:
S2 (f)

def
= V ar (Df,N) =

1

N

N∑

j=1

|fj,N − 〈f〉|2 → 0This last result implies fj,N → 〈f〉 for �almost every sequen
e�, and gives the QuantumErgodi
 theorem above [15℄.Proof. See [58℄, [1℄, [15℄ ,[62℄, [49℄. Let us suppose that 〈f〉 = 0, to simplify notations.Let T ∈ N be a �xed time.
1

T

T∑

t=1

M̂−tf̂ M̂ t =
1

T

T∑

t=1

f̂ ◦M t = 〈̂f〉Tfrom Egorov relation (19), and with the time averaged observable
〈f〉T

def
=

1

T

T∑

t=1

f ◦M tBe
ause M̂ |ψj,N〉 = eiϕj,N |ψj,N〉,
fj,N = 〈ψj,N |f̂ |ψj,N〉 =

1

T

T∑

t=1

〈ψj,N |M̂−tf̂ M̂ t|ψj,N〉 = 〈ψj,N |〈̂f〉T |ψj,N〉31



so S2 (f) = S2 (〈f〉T ).From Cau
hy-S
hwarz inequality, and semi-
lassi
al property on quantization of ob-servables,
∣∣∣〈ψj|〈̂f〉T |ψj〉

∣∣∣
2

≤
∥∥∥〈̂f〉T |ψj〉

∥∥∥
2

‖|ψj〉‖2 = 〈ψj |〈̂f〉T 〈̂f〉T |ψj〉 = 〈ψj| ̂(〈f〉T )2|ψj〉 + O (~)So
S2 (f) ≤ 1

N
Tr

(
̂(〈f〉T )2

)
+ O (~) =

∫

T2

(〈f〉T )2 + O (~) = ‖〈f〉T‖L2 + O (~)We use that ‖〈f〉T‖L2 → 0, for T → ∞, from the mean ergodi
 theorem, to dedu
e thetheorem, with a suitable order of limits ~ → 0, and T → ∞.Remarks:
• In the proof, the time T (evolution of the dynami
s) is �xed, the semi-
lassi
al limitis taken ~ → 0, and after T → ∞. So the proof requires a 
ontrol of semi
lassi
alevolution at ��nite time�, with respe
t to ~.
• In [44℄, J. Marklo� and S. Okeefe 2004 show S
hnirelman theorem for a parti
ulardynami
s on �mixed phase� spa
e. In [17℄ S. DeBièvre and M. Degli Esposti 
on-sider Sawtooth map and stationary map. In [20℄, M. Degli Espoti et al. show theS
hnirelman theorem for the baker's map, together with a bound S2 (f) ≤ C/ logN .
• An important question is related with the rate of ergodi
ity S2 (f) → 0, and morepre
isely, to 
hara
terize the distribution Df , for N → ∞. A general result for linearmap is a log estimate [46℄:

S2 (f) ≤ λ

2
(1 + ε)

(|f |3)2

logNthis bound O (1/ log (1/~)) has been �rst obtained by S. Zeldit
h for Anosov geodesi
�ows [63℄.
• For a �generi
 non linear hyperboli
 map�, physi
ists expe
t (from Random Matrixtheory) that S2 (f) ≃ 1

N
, and more pre
isely that the res
aled distribution Df/

√
h isa Gaussian distribution with varian
e equal to the 
lassi
al varian
e, see [62℄,[19℄.

• In [40℄, P. Kurlberg and Z. Rudni
k show that the quantum varian
e is S2 (f) ∼ 1/Nfor He
ke eigenstates of 
at maps. They also 
onje
ture the form of the distribution.
• A quantum varian
e ∼ √

E ∼ ~ was obtained also for He
ke eigenstates of arithmeti
hyperboli
 manifolds by W. Luo and P. Sarnak [43℄.32



2.5.5 The problem of Quantum Unique Ergodi
ity or existen
e of �strongs
ars�We are still 
on
erned with hyperboli
 dynami
al systems. Quantum Unique Ergod-i
ity (Q.U.E.) is the property that every invariant semi-
lassi
al measure is equal tothe Liouville measure µLiouville = dqdp, i.e. Minv.semi−class. = {µLiouville} only, with noex
eption in the Quantum ergodi
 theorem.
• This property has been 
onje
tured for the Lapla
ian on 
ompa
t negative 
urvaturemanifold by Z.Rudni
k and P.Sarnak (1994)[50℄.
• For arithmeti
 surfa
e of 
onstant negative 
urvature, with the hypothesis that thespe
trum of ∆ is simple, E. Lindenstrauss has proved Q.U.E. in 2003 [41℄, 
f Coursde N. Bergeron [5℄. (Q.U.E. is proved for joint eigenstates of the Lapla
ian and He
keoperators).
• Similarly, P. Kurlberg and Z. Rudni
k have proved Q.U.E. for linear hyperboli
 mapon the torus, for joint eigenstates of the Lapla
ian and He
ke operators [38℄.On the opposite, one 
an wonder whether Minv.semi−class. 6= {µLiouville}? For example, isit possible to �nd a sequen
e of eigenstates whi
h lo
alize on a periodi
 orbit, i.e. with

µ = δperiodic orbit?This last possibility seems to be in 
ontradi
tion the un
ertainty prin
iple ∆q∆p ≥ h:an eigenstate should have a minimum size around a periodi
 orbit, and the unstable �owshould spread it, along the unstable manifold. This argument is indeed 
orre
t, and rigorousresults have been obtained using a 
ontrol of the semi
lassi
al spreading up to Ehrenfesttime t ≤ tE = 1
λ

log (1/~):
• Nalini Anantharaman has shown in 2004 [3℄ that eigenfun
tions of Lapla
ian on
ompa
t negative 
urvature manifold do not 
on
entrate on sets of �small�topologi
al entropy.
• For hyperboli
 linear map on the torus, F. Bone
hi and S. DeBièvre[8℄ show that if

µ = βδperiodi
 orbit + (1 − β) νwith ν(0) = 0, then β ≤ 0.6. (The bound has been improved to β ≤ 0.5 in [22℄).
• Similar results have been obtained for non linear hyperboli
 map on the torus, byJ.M. Bou
let, S. DeBièvre[9℄, S. Nonnenma
her[20℄.
• We show below the existen
e of ex
eptional sequen
es of �strong s
arred eigenstates�for whi
h

µ =
1

2
δperiodic orbit +

1

2
µLebesguegiving a 
ounter example to Q.U.E. in a very parti
ular example of linear hyperboli
map on the torus. 33



2.6 Evolution of 
oherent states2.6.1 Des
ription of the Husimi distribution on the planeWe �rst study the evolution of a 
oherent state on the plane R2. To simplify notations, inthis se
tion, the dynami
s is suppose to be given by the hyperboli
 normal form Hamilto-nian H = λqp, so:̂
H = OpW (H) = λ

1

2
(p̂q̂ + q̂p̂) , M̂t = exp

(
−iĤt/~

)With this Hamiltonian, the q axis is the unstable dire
tion, whereas p is the stabledire
tion. We suppose that at time t = 0, the quantum state is the 
oherent state at origin
|ψ (0)〉 = |0〉. The Husimi distribution at time t is:

Husψ(t) (x) =
1

h
|〈x|ψ (t)〉|2 =

1

h

∣∣∣〈x|M̂t|0〉
∣∣∣
2We 
an write 〈x|M̂t|0〉 = 〈0|T̂−xM̂t|0〉. This last quantity 
an be exa
tly 
al
ulatedfrom Heisenberg group and Metaple
ti
 group 
al
ulations te
hniques, see [56℄,[24℄. Weobtain:

Husψ(t) (x) =
1

h

1

cosh (λt)
exp

(
−1

2

((
q

∆qt

)2

+

(
p

∆pt

)2
)) (21)This distribution is a normalized Gaussian distribution with widths:

∆qt =
~1/2

√
1 − tanh (λt)

≃ ~1/2 e
λt

√
2
, for t≫ 1

∆pt =
~1/2

√
1 + tanh (λt)

≃ ~1/2 1√
2
, for t≫ 1

q

p

∆ p

∆
1/2

q~  h   exp(  t)λ

h1/2

So the main observation is that distribution spreads along the unstable dire
tion likea 
lassi
al distribution (length ∼ ~1/2eλt), whereas its width ∆p does not vanishes, butsaturates. This is due to the de�nition of Husimi distribution, whi
h 
an be seen as a
onvolution with a 
ir
ular Gaussian distribution of size ≃ ~1/2.34



Ehrenfest time: We observe that the state |ψ (t)〉 is lo
alized in phase spa
e if:
∆qt ≪ 1 ⇔ t≪ 1

2
tE (22)with the Ehrenfest time de�ned by

tE
def
=

1

λ
log (1/h) =

1

λ
log (N)In other words, for time |t| ≪ 1

2
tE , the sequen
e of states |ψ (t)〉~, ~ → 0, has semi-
lassi
al measure δ0 (Dira
 measure at the origin). Re
all that we have already met theEhrenfest time with the shortest quantum period P ≃ 2tE .2.6.2 Change of phase spa
e representationChoose 0 < α < 1/2, and de�ne a new family of 
oherent states:
|0, α〉 def

= M̂αtE |0〉

|x, α〉 def
= T̂x|0, α〉From above, the (sequen
e of) state |x, α〉, ~ → 0 is lo
alized at x (α should not be greaterthan 1/2). These new 
oherent states have position and momentum un
ertainty∆q ≃

~1/2−α,∆p ≃ ~1/2+α.The asso
iated Husimi representation of a state |ψ〉 is:
Husψ,α (x)

def
=

1

h
|〈x, α|ψ〉|2(In geometri
 quantization, this 
orresponds to 
hoose a 
omplex polarization whi
h de-pends on ~).Considering the state |ψ (t)〉 = M̂ t|0〉, we get

〈x, α|ψ (t)〉 = 〈0|M̂−αtE T̂xM̂
t|0〉 = 〈0|T̂M−αtExM̂

t−αtE |0〉This gives
Husψ(t),α (x) = Husψ(t−αtE)

(
M−αtEx

)
=

1

h

1

cosh (λ (t− αtE))
exp

(
−1

2

((
q

∆qα,t

)2

+

(
p

∆pα,t

)2
))with widths

∆qα,t ≃ ~1/2 e
λt

√
2
, for t≫ αtE

∆pα,t ≃ ~1/2+α 1√
2
, for t≫ 135



So the Husimi distribution is has the same length ∆qt but a mu
h �ner width ∆pα,t whi
h
an rea
h ~ if α is 
lose to 1/2.
q

∆
1/2

q~  h   exp(  t)λ

h

h

p
1/2−

1/2+

∆p

α

α

This 
hange of phase spa
e representation (i.e. 
hoi
e of parameter α) does not a�e
tthe semi-
lassi
al measure.2.6.3 Evolution of a 
oherent state on the torusWe 
ome ba
k to the initial hyperboli
 dynami
s M̂ on the torus.Let the initial state be the 
oherent state |ψ (0)〉 = |0〉torus at time t = 0, be lo
alizedon the �xed point x = 0 on the torus.Re
all that a quantum state on the torus is just obtained by periodization of its evolu-tion on the plane:
|ψ (t)〉torus = M̂ tP̂ |0〉plane = P̂

(
M̂ t|0〉plane

)
= P̂ |ψ (t)〉planewhere P̂ =

∑
n∈Z2 T̂n, eq.(12), �makes a 
opy� in ea
h 
ell of Z2.From the above des
ription of |ψ (t)〉plane we expe
t the Husimi distribution of |ψ (t)〉torusto behave like (rigorous results are given below):

• The distribution spreads along the unstable dire
tion and has length ∆t ≃ ~1/2eλt. Itis still lo
alized at 0 for |t| ≪ 1
2
tE . So we expe
t the semi-
lassi
al measure to beDira
 measure at 0.

• For 1
2
tE ≪ t, the distribution on the plane has length ∆ ≫ 1, so the distributionon the torus wraps along the unstable manifold, whi
h �lls densely the torus. Thebran
hes get 
loser and 
loser as time in
reases. The minimal distan
e behaves like

δ ≃ exp
(
−λ
(
t− 1

2
tE
)). Be
ause ea
h bran
h has thi
kness ~1/2+α (with 0 < α <

1/2), di�erent bran
hes do not interfere if δ ≫ ~1/2+α ⇔ t ≪ (1 + α) tE . Choosing
α 
lose to 1/2, we expe
t that the semi-
lassi
al measure is the Liouville measure, if
1
2
tE ≪ t≪

(
3
2
− ε
)
tE, with any ε > 0.
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0E−t   /2 Et   /2 tE 3t   /2E−tEE −3t  /2

t

equidistributed localized at (0,0) equidistributed

<<1

Theorem 11. (F. Bone
hi-S. DeBièvre [7℄, and [23℄)(1) For any ε > 0, and |th| < 1
2
tE (1 − ε) the sequen
e |ψ (th)〉 is lo
alized at 0: µ =

δ(0,0).(2) For 1
2
tE (1 + ε) < |th| < 3

2
tE (1 − ε) the sequen
e |ψ (th)〉 is equidistributed : µ =

µLebesgue.(1) is quite obvious from the des
ription of the Husimi distribution we gave aboveeq.(22). The following theorem is a general result, that shows that (2) is a 
onsequen
e of(1):Theorem 12. (F. Bone
hi-S. DeBièvre [7℄, in the ArXiv preprint version)For any lo
alized sequen
e of states |ψ~〉 (i.e. µ = δ0), the sequen
e |ψ′
~
〉 = M̂ tE |ψh〉 isequidistributed (i.e. µ′ = µLebesgue).Proof. . To show that the semi-
lassi
al measure µ′ is Lebesgue, one has to show that forany Fourier mode on T2, fn (q, p) = exp (−i2π (n1p− n2q)), with n ∈ Z2:

µ′
h (fn) →h→0

∫

T2

dx fn = δn,0Suppose n 6= 0. One 
omputes (using eq.(20) and (11))
µ′
h (fn) + O (~) = 〈ψ′

h| exp (−i2π (n1p̂− n2q̂)) |ψ′
h〉 = 〈ψh|M̂−tE T̂hnM̂

tE |ψh〉
= 〈ψh|T̂hM−tEn|ψh〉Let us 
onsider the de
omposition of the ve
tor n = (nu, ns) in the frame of unsta-ble/stable dire
tions. Then

hM−tEn ≡ h
(
e−λtEnu, e

λtEns
)

=
(
h2nu, ns

)
≃ (0, ns)
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stable

n

nNow |ψh〉 is lo
alized at point 0, whereas T̂hM−tEn|ψh〉 is lo
alized at point (0, ns) 6=
(0, 0), so 〈ψh|T̂hM−tEn|ψh〉 → 0 for ~ → 0.Remarks: The pre
eding proof relies on spe
i�
 property of the linear map (11).2.6.42.6.5 Interpretation of the short quantum period as 
onstru
tive interferen
ee�e
ts along homo
lini
 orbitsLet us again 
onsider

|ψ (t)〉 = M̂ t|0〉toruswith |0〉torus = P̂ |0〉plane being the 
oherent state at �xed point x = 0. In the 
ase of shortquantum periods, we have seen that at time t = P ≃ 2tE , M̂P ∝ Îd, so |ψ (P )〉 ∝ |0〉torusis again a 
oherent state lo
alized at x = 0.We propose to explain this surprising fa
t from a semi
lassi
al point of view. For thatpurpose, we 
onsider the auto-
orrelation fun
tion C(t)
def
= 〈ψ (0) |ψ(t)〉torus. Of 
ourse

C (0) = 1, and the revival at time t = P means that |C (P )| = 1. To simplify thenotations, suppose t even. We have:
C(t)

def
= 〈ψ (0) |ψ(t)〉torus
= 〈ψ(−t/2)|ψ(t/2)〉torus
=

∑

n∈Z2

〈T̂nψ(−t/2)|ψ(t/2)〉plane

=
∑

n∈Z2

Ane
iSn/~with An, Sn ∈ R. We 
an 
al
ulate 〈T̂nψ(−t/2)|ψ(t/2)〉plane = Ane

iSn/~ exa
tly, usingmetaple
ti
 algebra, see [56℄,[24℄. Let (qn, pn) ∈ R2 be the 
oordinates of n ∈ Z2 expressedin the frame of stable/unstable dire
tions. To simplify notations we treat a 
ase of sym-metri
 matrix M , for whi
h the stable/unstable dire
tions are orthogonal. For example
M =

(
2 1
1 1

). It gives: 38



An =
1√

cosh (λt)
exp

(
−1

2

(
qn
Lt

)2

− 1

2

(
pn
Lt

)2
)

Lt = ~1/2eλt/2,

Sn = −1

2
tanh (λt) qnpn ≃ −1

2
qnpn, if t≫ 1

2
tEThe fun
tion An (qn, pn) has a 
ir
ular Gaussian shape, with radius Lt. So the sum ∑

n is
onvergent, and terms who 
ontribute signi�
antly are those su
h that |qn, pn| . Lt.Let us dis
uss the geometri
al meaning of the s
alar produ
t 〈T̂nψ(−t/2)|ψ(t/2)〉plane.We have seen that on the plane, the Husimi distribution of |ψ(t/2)〉 is 
entered at 0,and spreads along the unstable manifold, with length Lt ≃ ~1/2eλt/2. Similarly, the state
T̂n|ψ(−t/2)〉 is 
entered at point n ∈ Z2, and spreads along the stable dire
tion, withlength Lt ≃ ~1/2eλt/2. So the s
alar produ
t 〈T̂nψ(−t/2)|ψ(t/2)〉plane is asso
iated with ahomo
lini
 interse
tion, i.e. an interse
tion between the unstable and stable manifoldissued from the periodi
 point 0.

n1

n2

h eλ  t/2

q

p

Homoclinic intersections

L =t

• For time |t| ≪ tE, the length is Lt =
√
heλ|t|/2 ≪ 1, so |ψ(t/2)〉is still lo
alized at

x = 0, and T̂n|ψ(−t/2)〉 is still lo
alized at x = n. Only the term n = 0 
ontributesto the sum, giving|C(t)| = 1/
√

cosh (λt) ≃
√

2e−λt/2.
• For time |t| ≫ tE , then Lt ≫ 1. From the �gure, it is easy to guess that thestates |ψ(t/2)〉 and T̂n|ψ(−t/2)〉 will interse
t and have a signi�
ant s
alar produ
t,if |n| . Lt. There are Nt ≃ L2

t =
(√

heλt/2
)2

= heλt su
h terms who 
ontribute tothe sum. Ea
h term is bounded by e−λt/2. So we 
an bound |C (t)| from above:
|C(t)| < Bt

def
= CsteNte

−λt/2 ≃ heλt/2 (23)39



t
1/2log(h     )

1 0

t0 1

generic case

short period case

generic case

Upper bound Upper bound

tE
2tE

|C(t)| log |C(t)| tE
2tE

short period case

Remarks:
• Note the 
ompetition between Nt = heλt whi
h grows exponentially due to thein
reasing number of homo
lini
 orbits, and e−λt/2 whi
h de
reases slower due tospreading. At time t = 2tE , the bound rea
hes B2tE ≃ 1. This shows that a revival
|C (t)| = 1 
an not appear before time t = 2tE. After that time, some 
an
ellationsare ne
essary to make the s
alar produ
t be less than 1.

• Ehrenfest time tE is an important qualitative time for the auto
orrelation fun
tion:after that time C (t) is the sum of many terms, and interferen
e e�e
ts begin toappear. Be
ause the same analysis 
an be made for negative times, it is more 
orre
tto say that interferen
e e�e
ts are absent in the auto
orrelation fun
tionon a time interval of length 2tE.
• Heuristi
ally, for t≫ tE , Let us suppose a generi
 
ase where the phases Sn/~ are�not 
orrelated�, and behave as random variables. So the 
omplex numbers AneiSn/~add randomly on the 
omplex plane. C (t) is then a random variable with a Gaussiandistribution 
entered at 0, and 〈|C(t)|〉 ≃

√
N te

−λt/2 ≃
√
h, independent of t.This gives that the Husimi distribution at point x = 0, Husψt (x) = 1

h
|〈x|ψ (t)〉|2 =

1
h
|C (t)|2 is on average〈Husψt (x = 0)〉 ≃ 1 . A similar heuristi
 with other points

x, gives similarly that the Husimi distribution is 〈Husψt (x)〉 ≃ 1, ∀x, equal tothe Liouville measure (this is what gives mixing for evolution of smooth 
lassi
aldensities). One of the main 
hallenge in quantum 
haos is to make this lastheuristi
 more rigorous.
• On the opposite, in the short quantum period 
ase, M̂P ∝ Îd, with P ≃ 2tE , thephases exp (iSn/~) add 
onstru
tively up to time t = 2tE (in some spe
ial 
asesthey are all 
lose to 1). So all the 
omplex numbers An add 
onstru
tively.
• For future purpose, we have showed that for any 0 < α < 2, then |C (αtE)| → 0, for

~ → 0, i.e. |ψ (0)〉torus and |ψ (αtE)〉torus be
ome orthogonal to ea
h other.
• In ref. [23℄, we use Diophantine properties of number to dedu
e the upper bound of
|C (t)|. The present explanations, using the splitting t = t/2 + t/2, shows that it isnot ne
essary. 40



2.6.6 Interpretation of the short quantum period as 
onstru
tive interferen
ee�e
ts along periodi
 orbitsWe show now an alternative way to interpret the short quantum period, in terms of peri-odi
 orbits. This is not in 
ontradi
tion with the previous paragraph be
ause, it is wellknown that in hyperboli
 systems, there is a �strong rigidity� in the symboli
 dynami
sand 
lassi�
ation of periodi
 orbits or homo
lini
 orbits.A periodi
 point of period t ∈ Z, is a �xed point x of M t, i.e a solution of M tx =
x [1] ⇔ T̃t (x) = n, n ∈ Z, with the map T̃t (x) = M tx−x. The map T̃t is expansive, andthe number of periodi
 point on the torus (i.e. x ∈ [0, 1]2) is Nt =

∣∣∣det T̃t
∣∣∣ = eλt− e−λt− 2.The 
lassi
al a
tion of the periodi
 traje
tory passing through the periodi
 point

xn,t = T̃ −1
t (n) is An = 1

2
M t (xn,t) ∧ xn,t ∈ Q.For the linear map on the torus, there is an exa
t tra
e formula [37℄, whi
h gives:

Tr
(
M̂ t
)

=
∑

xn,t∈[0,1]2

eiAn/~

√
|det (M t − I)|Upper bound: Similarly with eq.(23), we 
an express an upper bound of Tr

(
M̂ t
)fromthe sum of moduli. For t > 0, √|det (M t − I)| = eλt/2 − e−λt/2 =

√Nt, and
∣∣∣Tr
(
M̂ t
)∣∣∣ ≤ B̃t

def
=
√

Nt ≃ eλt/2Of 
ourse ∣∣∣Tr
(
M̂ t
)∣∣∣ ≤ dim (HN) = N , and The bound B̃t rea
h this maximal value

N = eλtE for t = 2tE, giving the same 
on
lusion as (23). This bound 
an be e�e
tivelyrea
h at time t ≃ 2tE if the 
omplex phases exp (i2πAn/h) add 
onstru
tively together.This is the 
ase for short quantum periods.2.7 Constru
tion of strong s
ars, non Quantum Unique Ergodi
ityexampleWe 
onsider the subsequen
e of N = 1/h → ∞, giving short quantum periods P ≃ 2tE ,
M̂P = eiαÎd. Let ϕ ∈ [0, 2π] su
h that Pϕ ≡ α [2π]. (There are P possible values for ϕ,one for ea
h eigen-spa
e of M̂).Let |ψ (t)〉 = M̂ t|0〉torus and de�ne (we suppose P even to simplify notations):

|φ〉 def
=

P/2∑

t=P/2+1

e−iϕt|ψ (t)〉 (24)
41



Proposition 13. |φ〉 is an eigenstate of M̂ :
M̂ |φ〉 = eiϕ|φ〉Proof. Indeed,

M̂ |φ〉 =

P/2∑

t=−P/2+1

e−iϕt|ψ (t+ 1)〉 = eiϕ


e−iϕP/2−iϕ|ψ (P/2 + 1)〉 +

P/2∑

t=−P/2+2

e−iϕt|ψ (t)〉




= eiϕ


e−iϕ(P/2−P+1)|ψ (−P/2 + 1)〉 +

P/2∑

t=−P/2+2

e−iϕt|ψ (t)〉


 = eiϕ|φ〉Be
ause |ψ (P/2 + 1)〉 = M̂P |ψ (−P/2 + 1)〉 = eiPϕ|ψ (−P/2 + 1)〉.As explained in (11), half of the terms |ψ (t)〉 in this sum are lo
alized, whereas half ofthe terms are equidistributed. This givesTheorem 14. [23℄|φ〉 is a sequen
e of eigenstate of M̂ with non uniform semi-
lassi
al measure:

µ =
1

2
δ(0,0) +

1

2
µLebesgueThe partial sum (half part)

|φloc〉 def
=

tE/2∑

t=−tE/2
e−iϕt|ψ (t)〉is lo
alized (µ = δ0), whereas

|φequid.〉 = |φ〉 − |φloc〉is equidistributed (µ = µLebesgue).
t

0

|Φ  >

|Φ  > |Φ  >|Φ  >equ. equ.loc

−tE −t /2E t  /2E tE
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|φ   > |φ   > |φ   >loc. equi.

N=1/h=500

Proof. (idea of the proof.)We de
ompose the sum (24) in 4 similar terms (see �gure):
|φ1〉 =

−tE/2∑

t=−tE

e−iϕt|ψ (t)〉, |φ2〉 =

0∑

t=−tE/2+1

e−iϕt|ψ (t)〉,

|φ3〉 =

tE/2∑

t=1

e−iϕt|ψ (t)〉, |φ4〉 =

tE∑

t=tE/2+1

e−iϕt|ψ (t)〉,

|φloc〉 = |φ2〉 + |φ3〉, |φerg〉 = |φ1〉 + |φ4〉.43



In the study of C (t), we have showed that for any 0 < α < 2, then |C (αtE)| → 0, for ~ → 0,i.e. |ψ (0)〉torus and |ψ (αtE)〉torus be
ome orthogonal to ea
h other. Equivalently, for any
α, β ∈] − 1, 1[, α 6= β, then 〈ψ (αtE) |ψ (βtE)〉 → 0, for ~ → 0. It means that ea
h term ofthe sum (24) is (quasi-) orthogonal to the others. This gives: ∃C > 0, 〈φloc|φloc〉 ≃ C.tE ,
〈φerg|φerg〉 ≃ C.tE, 〈φi|φj〉 ≃ C (tE/2) δij , for ~ → 0.Remark that the number of terms in ea
h sum is ≃ tE , and goes to ∞, for ~ → 0. Theresult we obtain are not a�e
ted if we add or substra
t a �nite number of terms.First |φ2〉, |φ3〉, |φloc〉 are lo
alized, be
ause ea
h term |ψ (t)〉 in their sum is lo
alized,from to (11).One 
an write

|φ1〉 = M̂−tE |φ3〉, |φ4〉 = M̂ tE |φ2〉.From (12), we dedu
e that |φ1〉, |φ4〉, are equidistributed.To show that |φequid.〉 = |φ1〉+|φ4〉 is also equidistributed, one has to show that the 
rossterm n〈φ1|f̂ |φ4〉n vanishes on any observable. As in the proof of (12), we take a Fourier fun
-tion f̂n = T̂n/N , and write n〈φ1|f̂n|φ4〉n = n〈φ2|M̂ tE/2f̂nM̂
−tE/2|φ5〉n = n〈φ2|T̂M tE/2n/N |φ5〉n,using (11), and where |φ5〉 = M̂ tE |φ3〉 is equidistributed from (12). We get the s
alar prod-u
t between |φ5〉n whi
h is equidistributed and T̂−M tE/2n/N |φ2〉n whi
h is lo
alized; so thes
alar produ
t vanishes for ~ → 0.To show �nally that |φ〉 = |φloc〉+ |φequid.〉 has semi-
lassi
al measure 1

2
δ(0,0)+

1
2
µLebesgue,it remains to show that the 
ross term n〈φequid.|f̂n|φloc〉n = n〈φequid.|T̂n/N |φloc〉n vanishes.This is again a s
alar produ
t between T̂n/N |φloc〉n whi
h is lo
alized and |φequid.〉 whi
hequidistributes.Remarks:

• Similar s
arred eigenstates 
an be 
onstru
ted on any periodi
 orbit. Example : ona period 3 orbit :
q

p

q
p

(a) (b)� For any given periodi
 orbit, a set of mutually orthogonal �ex
ited s
arred eigen-states� , 
an be 
onstru
ted [23℄ (they have the same semi-
lassi
al measure) :44



p

q q

p

• If you don't suppose that N 
orresponds to a short quantum period, you 
an stillde�ne |φ〉, but it is no more an eigenstate: it is a quasi-mode with error εh = C
√

1/tE[23℄: ∥∥∥
(
M̂ − eiφ

)
|φ〉normalized

∥∥∥ ≤ εh

• The following theorem shows that an invariant semi-
lassi
al measure 
an not be apure Dira
 measure, and that the fa
tor 1/2 is optimal.Theorem 15. [8℄[22℄ If |ψ〉h is a sequen
e of eigenstates with semi-
lassi
al measure µsu
h that
µ = βδ(0,0) + (1 − β) νwith ν(0) = 0, then β ≤ 1/2.Remark: the bound was β ≤ 0.6 in [8℄ and has been improved to 1/2 in [22℄.Proof. (idea of the proof) De
ompose
|ψ〉h = |ψ0〉h︸ ︷︷ ︸

loc:β

+ |ψν〉h︸ ︷︷ ︸
equidis:1−βwith |ψ0〉 lo
alized, i.e. µψ0

= βδ0 and orthogonal to |ψν〉: 〈ψ0|ψν〉 →h→0 0.Then
|ψ〉h ∝ M̂ tE |ψh〉 = M̂ tE |ψ0〉︸ ︷︷ ︸

equidis.:β

+M̂ tE |ψν〉From th.(12), M̂ tE |ψ0〉 is equidistributed and has total �probability β�. If we 
omparewith the initial expression of |ψ〉h, we dedu
e that M̂ tE |ψ0〉 must �be a part� of |ψν〉h, i.e.
β ≤ ‖|ψν〉h‖2 ≃ 1 − β . Then β ≤ 1/2.
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2.8 Con
lusion. Suggestions to generalize these resultsIn this se
tion, we have 
onsidered only linear hyperboli
 map on the Torus. There isan important property in dynami
al system theory that hyperboli
 map are �stru
turallystable�, i.e. there hyperboli
ity properties (and therefore mixing) are kept under any smallenough enough perturbation. So a linear hyperboli
 map, 
an be seen as a very parti
ulardynami
al system in a (in�nite dimensional) open set of non linear hyperboli
 maps on thetorus.We have seen that for a linear hyperboli
 map on the torus, there exists some parti
ularsequen
es of eigenstates whi
h have a non uniform semi-
lassi
al measure: they are strongly�s
arred� on a periodi
 orbit (1/2 the Dira
 measure), and this gives a 
ounter exampleto Quantum Unique Ergodi
ity (Q.U.E) for hyperboli
 systems. A natural questionis:Question: �Is this example of s
arred eigenstates unique or not, in the setof non linear hyperboli
 map on the torus? are there other examples of nonQ.U.E. for non linear maps? or Q.U.E. is true everywhere else?�To my knowledge, there is no answer to that question at that moment. The examplewe gave relies on the existen
e of a �short quantum period�. This phenomenon of shortquantum period is very parti
ular to the linear map, and is due to arithmeti
al propertiesofM ∈ SL (2,Z). From that point of view, it seems di�
ult to have a dire
t generalisationto the non linear 
ase.But the 
onstru
tion of these �s
arred eigenstates� relies on a less stronger 
ondition:we essentially need that starting from a 
oherent state on periodi
 orbit |ψ (0)〉 = |0〉, then
|ψ (t)〉 returns to this original state at time 2tE. In se
tion (2.6.6) we have interpretedthis revival in terms of 
onstru
tive interferen
e e�e
ts among homo
lini
 orbits. We haveshown from a general upper bound of the auto-
orrelation fun
tion that this revival 
annot appear before time 2tE.1. This remark shows that a �rst task would be to �des
ribe the semi-
lassi
alevolution of quantum states for time larger than the Ehrenfest time tE�in the non linear 
ase. Long time su
h as t ≃ C.tE , for any C > 0, would be enoughfor that purpose.2. Theorem (15) does not require to 
ontrol the semi-
lassi
al evolution for su
h longtimes. As its proof shows, time evolution up to time tE only is needed. A generaliza-tion of this theorem in the non linear 
ase would not permit to show Q.U.E nor theexisten
e of s
arred states, but would 
onstrain the invariant semi-
lassi
al measure(not to be a Dira
 measure).As explained in se
tion 1.3, there are some re
ent results 
on
erning the se
ond dire
tion,for non linear map, or non linear hyperboli
 �ows [9℄[3℄[20℄. In [21℄, one 
an �nd somere
ent results 
on
erning the �rst dire
tion .46



In [3℄, Nalini Anantharaman 
ontrol time evolution along individual orbits (with inser-tions of quasi-proje
tors) up to times C log (1/~), with any C > 0.
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