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Abstract

After recalling the basics in quadratic algebras, Hochschild (co)homology, Grobner bases for
noncommutative algebras, and Fomin-Kirillov algebras FK(n) over a field for n > 2, we com-
pute the Hochschild (co)homology of the Fomin-Kirillov algebra FK(3) on three generators
over a field of characteristic different from 2 and 3, and the cyclic homology of FK(3) in case
the characteristic of the field is zero. Moreover, we compute the algebra structure and Gersten-
haber bracket of the Hochschild cohomology of FK(3) over a field of characteristic different
from 2 and 3. The latter is in part based on a general method we introduce to easily compute
the Gerstenhaber bracket between elements of HH’(A) and elements of HH"(A), the method by
M. Sudrez-Alvarez in [24] to calculate the Gerstenhaber bracket between elements of HH' (A)
and elements of HH" (A) for any n € Ny and any algebra A over a field, as well as an elementary
result that allows computing the remaining brackets from the previous ones. We also show that
the Gerstenhaber bracket of the Hochschild cohomology of FK(3) over a field of characteristic
different from 2 and 3 is not induced by any Batalin-Vilkovisky generator.

Keywords: Fomin-Kirillov algebra, Hochschild cohomology, Gerstenhaber bracket.

Résumé

Apres avoir rappelé les notions fondamentales en théorie des algebres quadratiques, la homo-
logie et cohomologie de Hochschild des algebres associatives, les bases de Grobner pour les
algebres non commutatives, et les algébres de Fomin-Kirillov FK(n) sur un corps pour n > 2,
on calcule la (co)homologie de Hochschild de l’algebre de Fomin-Kirillov FK(3) a trois généra-
teurs sur un corps de caractéristique différente de 2 et 3, et 'homologie cyclique de FK(3) dans
le cas d"un corps de caractéristique nulle. De plus, nous calculons la structure algébrique et de
Gerstenhaber sur la cohomologie de Hochschild de FK(3) pour un corps de caractéristique dif-
férente de 2 et 3. Le calcul de la structure de Gerstenhaber est en partie basée sur une méthode
générale que nous introduisons pour calculer facilement la parenthese de Gerstenhaber entre
les éléments de HH(A) et les éléments de HH"(A) pour tout n € Ny et toute algébre A sur un
corps, la méthode par M. Sudrez-Alvarez dans [24] pour calculer la parenthése de Gerstenhaber
entre les éléments de HH'(A) et les éléments de HH"(A), ainsi qu’une résultat qui permet de
calculer les cas restantes a partir des précédentes. Nous montrons aussi que le crochet de Gers-
tenhaber de la cohomologie de Hochschild de FK(3) sur un corps de caractéristique différent
de 2 et 3 n’est induit par aucun générateur de Batalin-Vilkovisky.

Mot-clés: Algébre de Fomin-Kirillov, Cohomologie de Hochschild, Crochet de Gerstenhaber.
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Bréve présentation

On sait que l'anneau de cohomologie H*(F1,,,Z) de la variété de drapeaux complete com-
plexe Fli, est isomorphe a Z[X;,...,X,]/I,, ou I, est l'idéal engendré par les polyndmes
symétriques. La cohomologie H*(F1,,Z) a une base formée par les classes de Schubert o,,,
indexées par les éléments w du groupe symétrique S,, . Sous l'isomorphisme ci-dessus, les
polynoémes de Schubert &,,, w € S,, représentent les classes de Schubert. Pour étudier la com-
binatoire de 'anneau de cohomologie de la variété de drapeaux, S. Fomin et A. Kirillov ont
introduit une famille d’algebres quadratiques, maintenant appelée algebres de Fomin-Kirillov
FK(n), indexé par les entiers positifs n € N (voir [8, 14, 15]). Ils prouvent que le sous-anneau
commutatif de FK(n) généré par les éléments de Dunkl 6; pour i € [1,n] est isomorphe a
H*(Fl,,Z), etles évaluations des polynémes de Schubert &,, (61, . . ., 6,,) aux éléments de Dunkl
agissent sur I’anneau de cohomologie H*(F'l,,,Z) par la multiplication & gauche de la classe de
Schubert o,,. IIs conjecturent que chacune de ces évaluations est une combinaison linéaire non
négative de monodmes dans les générateurs z; ;,7 < j de FK(n), et montrent que cette conjecture
implique la non négativité des constantes c;;,,, Ot 0,0y = >, c5 CityTuw-

L'algebre de Fomin-Kirillov FK(n) pour n € [3,5] est une algebre de Nichols de dimen-
sion finie (voir [10,17]), qui apparait dans la classification des algebres de Hopf pointées de
dimension finie dont les groupes d’éléments de type groupe sont abéliens (voir [3]). L'algebre
de Fomin-Kirillov FK(n) pour n € [3,5] produit une algebre de Hopf de dimension finie par
bosonisation, avec un groupe non abélien d’éléments de type groupe. La conjecture de P.
Etingof et V. Ostrik affirme que 1’algebre de Yoneda H*(H k) = Ext} (kk) de toute algebre
de Hopf (tréssée) H de dimension finie est de type fini. N. Andruskiewitsch, I. Angiono, J.
Pevtsova et S. Witherspoon ont prouvé la conjecture pour toute algebre de Hopf complexe de
dimension finie pointée avec un groupe abélien d’éléments de type groupe (voir [1]). L'algebre
de Yoneda de l'algebre de Fomin-Kirillov FK(3) a trois générateurs a d’abord été calculée par
D. Stefan et C. Vay dans [23], a I'aide de plusieurs calculs assez lourds avec des séquences spec-
trales. L'algebre de Yoneda de FK(3) a été plus récemment obtenue dans [11] par des méthodes
plus directes, a savoir en calculant explicitement la résolution projective minimale du module
trivial k dans la catégorie des modules graduées et inférieurement bornés.

Le but de cette these est de calculer explicitement la (co)homologie de Hochschild de FK(3)
sur un corps k de caractéristique différente de 2 et 3 (voir [12, 13]). En utilisant la description
explicite de la résolution projective minimale du bimodule standard de FK(3), nous calculons
la dimension de la (co)homologie de Hochschild de FK(3) sur un corps k de caractéristique dif-
férente de 2 et 3, et ’homologie cyclique si le corps k est de caractéristique nulle. La structure al-
gébrique (pour le produit cup) et le crochet de Gerstenhaber sur la cohomologie de Hochschild
de FK(3) sont également entierement calculés. Pour cela, on fournit une méthode générale de
nature homologique pour calculer facilement le crochet de Gerstenhaber entre les éléments de
HHC(A) et les éléments de HH" (A) pour tout n € Ny et toute algebre A sur un corps k.

La these est organisée de la fagon suivante. Dans le chapitre 1, nous rappelons les fonda-
ments de la théorie des algebres quadratiques et de ’homologie et cohomologie de Hochschild.
On introduit une résolution projective du module trivial de toute algebre quadratique satis-
faisant certaines hypothéses (voir Théoréme 1.2.5). Dans la Sous-section 1.4.1 nous introduisons
une méthode générale pour calculer le crochet de Gerstenhaber entre les éléments de HH"(A)
et les éléments de HH" (A) pour tout n € Ny et toute algebre A sur un corps k (voir le Théoreme
1.4.1). Dans la Sous-section 1.4.2 on rappelle brievement la méthode introduite par M. Sudrez-
Alvarez dans [24] pour calculer la parenthése de Gerstenhaber entre les éléments de HH' (A)
et HH"(A) pour n € Ny. Dans le Chapitre 2, nous rappelons les notions fondamentales de
la théorie de bases de Grobner pour les algébres non commutatives, ainsi que le lemme du
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losange de Bergman. Nous montrons également la base de Grobner de FK(3) comme exem-
ple. Au chapitre 3, nous rappelons les modules de Yetter-Drinfeld sur une algebre de groupe
et la définition des algebres de Fomin-Kirillov FK(n) pour n > 2 sur un corps k, qui sont des
modules de Yetter-Drinfeld sur 1'algebre de groupe kS,,. Au chapitre 4, aprés avoir rappelé
quelques résultats fondamentaux et la structure du module de Yetter-Drinfeld de 1’algebre de
Fomin-Kirillov FK(3) a trois générateurs, nous construisons explicitement la résolution pro-
jective minimale du bimodule standard de FK(3) dans la catégorie des bimodules gradués et
inférieurement bornés (voir la Proposition 4.1.15), en nous appuyant sur la résolution projec-
tive minimale du module trivial k dans la catégorie des bimodules gradués et inférieurement
bornés dans [11]. En utilisant cette résolution nous calculons ensuite des bases explicites pour
les groupes d’homologie et de cohomologie de Hochschild de FK(3) sur un corps k de carac-
téristique différente de 2 et 3. En particulier, on prouve le résultat suivant.

Proposition (voir Proposition 4.2.7). Soit A = FK(3). La dimension de HH,,(A) est donnée par

6, sin =0,

%n+5, sin = 4r pourr € N,
dim HH,,(A) = ¢ 5283 sin = 4r + 1 pour r € Ny,
2n+6, sin=4r+2pourr € Ny,

Snt9 " sin = 4r+ 3 pourr € Ny.

ot

(V)

On calcule aussi les séries de Hilbert par rapport au degré interne de FK(3) (voir Corollaire
4.2.8). De plus, la série de Hilbert de I'homologie cyclique est immédiatement obtenue a partir
de I'homologie de Hochschild au moyen du théoreme de Goodwillie (voir Corollaire 4.2.10)
dans le cas ot la caractéristique du corps est nulle. Nous calculons également des bases ex-
plicites pour les groupes de cohomologie de Hochschild de FK(3) sur un corps k de caractéris-
tique différente de 2 et 3. En particulier, on prouve le résultat suivant.
Proposition (voir Proposition 4.2.19). Soit A = FK(3). La dimension de HH" (A) est donnée par
Sn+4, sin=4rpourr € Ny,
dimHH"(A) = ¢ 3n+5, sin=4r+2pourr € Ny,
S ifn=2r+1forr € Ny.

La série complete de Hilbert de la cohomologie de Hochschild par rapport au degré interne
de FK(3) est dans le Corollaire 4.2.20. Dans le chapitre 5, en calculant les produits cup et en
utilisant des techniques issues des bases de Grobner, nous prouvons que la cohomologie de
Hochschild de FK(3) sur un corps k de caractéristique différente de 2 et 3 est donné comme
un quotient d’une algebre commutative graduée libre (pour le degré cohomologique) avec 14
générateurs homogenes (voir Proposition 5.1.5) modulo I'idéal homogene engendré par les 63
relations listées dans (5.1.5) (voir Corollaire 5.1.11). En utilisant les méthodes générales in-
troduites dans la section 1.4, on calcule les crochets de Gerstenhaber sur la cohomologie de
Hochschild de FK(3) sur un corps k de caractéristique différente de 2 et 3 entre éléments de
degré de cohomologie m pour m € [0,1] et éléments de degré de cohomologie n € Ny. Enfin,
nous présentons un résultat simple qui nous permet de calculer les crochets de Gerstenhaber
restants sous certaines hypothéses sur la structure algébrique de la cohomologie de Hochschild
d’une algebre (voir Lemme 5.2.12), qui sont vérifiées dans le cas de l'algébre de Fomin-Kirillov
FK(3) a trois générateurs sur un corps de caractéristique différente de 2 et 3. Nous résumons
tous les crochets de Gerstenhaber de la cohomologie de Hochschild de FK(3) dans le tableau
5.2.1. En utilisant I'expression explicite ci-dessus du crochet de Gerstenhaber, nous montrons
que la structure de Gerstenhaber sur la cohomologie de Hochschild de FK(3) n’est induite par
aucun générateur de Batalin-Vilkovisky (voir la proposition 5.2.15). Le résultat principal du
chapitre 6 est que FK(4) possede une donnée de résolution, ce qui nous permet de calculer une
résolution projective du module trivial.



Introduction

It is known that the cohomology ring H®*(F'l,,,Z) of the complex complete flag manifold F1,,
is isomorphic to Z[X1,...,X,]/I,, where I,, is the ideal generated by symmetric polynomials.
The cohomology H*(F'l,,,Z) has a basis formed by Schubert classes o,,, indexed by the elements
w of symmetric group S,,. Under the above isomorphism, the Schubert polynomials &,,, w € S,,
represent the Schubert classes. To study the combinatorics of the cohomology ring of the flag
manifold, S. Fomin and A. Kirillov introduced a family of quadratic algebras, now called the
Fomin-Kirillov algebras FK(n), indexed by the positive integers n € N (see [8, 14, 15]). They
prove that the commutative subring of FK(n) generated by Dunkl elements 6; for i € [1,n] is
isomorphic to H*(F1,,,Z), and the evaluations of Schubert polynomials &, (61, ..., 6,) at Dunkl
elements acts on the cohomology ring H*(F'l,,,Z) by the left multiplication of the Schubert class
ow. They conjecture that each of these evaluations is a nonnegative linear combination of mono-
mials in the generators z; j,i < j of FK(n), and show that this conjecture implies the nonnega-
tivity of constants ¢y, where 0,00, =} e iy 0w

The Fomin-Kirillov algebra FK(n) for n € [3,5] is a finite-dimensional Nichols algebra
(see [10,17]), which appears in the classification of finite-dimensional pointed Hopf algebras
with abelian groups of group-like elements (see [3]). The Fomin-Kirillov algebra FK(n) for
n € [3,5] produces a finite-dimensional Hopf algebra by bosonisation, with a non-abelian
group of group-like elements. The conjecture by P. Etingof and V. Ostrik claims that the Yoneda
algebra H*(H k) = Exty (kk) of every finite-dimensional (braided) Hopf algebra H is finitely
generated. N. Andruskiewitsch, I. Angiono, ]. Pevtsova and S. Witherspoon have proved
the conjecture for finite-dimensional complex pointed Hopf algebra with an abelian group of
group-like elements (see [1]). The Yoneda algebra of the Fomin-Kirillov algebra FK(3) on three
generators was first computed by D. Stefan and C. Vay in [23], using several calculations in-
volving spectral sequences. The Yoneda algebra of FK(3) was more recently obtained in [11]
by more direct methods, namely by explicitly computing the minimal projective resolution of
the trivial module k in the category of bounded below graded modules.

The aim of this thesis is to explicitly compute the Hochschild (co)homology of FK(3) over
a field k of characteristic different from 2 and 3 (see [12, 13]). Using the explicit projective
bimodule resolution of FK(3), we compute the dimension of the Hochschild (co)homology of
FK(3) over a field k of characteristic different from 2 and 3, and the cyclic homology if the field
k has characteristic zero. The algebraic structure (for cup product) and Gerstenhaber bracket
on the Hochschild cohomology of FK(3) are also entirely computed. To do this, we provide
a general method of homological flavour to easily compute the Gerstenhaber bracket between
elements of HH’(A) and elements of HH"(A) for any n € Ny and any algebra A over a field k.

The thesis is organised as follows. In Chapter 1, we recall the basics about quadratic algebras
and Hochschild (co)homology. We introduce a new construction of a projective resolution of
the trivial module of a quadratic algebra satisfying some assumptions (see Theorem 1.2.5). We
also introduce a general method to compute the Gerstenhaber bracket between elements of
HH(A) and elements of HH"(A) for any n € Ny and any algebra A over a field k (see Theorem
1.4.1) in Subsection 1.4.1. We also briefly recall the method introduced by M. Suérez-Alvarez in
[24] to compute the Gerstenhaber bracket between elements of HH'(A) and HH"(A) for n € N
in Subsection 1.4.2. In Chapter 2, we recall the Grobner bases and Bergman’s diamond lemma
for noncommutative algebras. We also show the Grobner basis of FK(3) as an example. In
Chapter 3, we recall the Yetter-Drinfeld modules over a group algebra and the definition of
Fomin-Kirillov algebras FK(n) for n > 2 over a field k, which are Yetter-Drinfeld modules
over the group algebra kS,,. In Chapter 4, after recalling some basic facts and Yetter-Drinfeld
module structure about the Fomin-Kirillov algebra FK(3) on three generators, we explicitly
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construct the minimal projective resolution of the FK(3) in the category of bounded below
graded bimodules (see Proposition 4.1.15), building upon the minimal projective resolution of
the trivial module k in the category of bounded below graded modules in [11]. Using this
resolution we then compute explicit bases for the Hochschild homology groups of FK(3) over
a field k of characteristic different from 2 and 3. In particular, we prove the following result.

Proposition (see Proposition 4.2.7). Let A = FK(3). The dimension of HH,,(A) is given by

6, ifn=20,
Sn+5, ifn=drforr €N,

dimHH, (A) = 222 ifn = 4r 4+ 1 for r € Ny,
Sn+46, ifn=4r+2forre Ny,

5t ifn =dr+3forr € Ny.

We also compute their full Hilbert series with respect to the internal degree of FK(3) (see Corol-
lary 4.2.8). Moreover, the Hilbert series of the cyclic homology is immediately obtained from
the Hochschild homology by means of Goodwillie’s theorem (see Corollary 4.2.10) in case the
characteristic of the field is zero. We also compute explicit bases for the Hochschild cohomol-
ogy groups of FK(3) over a field k of characteristic different from 2 and 3. In particular, we
prove the following result.

Proposition (see Proposition 4.2.19). Let A = FK(3). The dimension of HH" (A) is given by

%n—|—4, if n = 4r for r € Ny,
dim HH"(4) = %n+5, ifn=4r + 2 for r € Ny,
Bt ifn=2r+1forr € No.

The full Hilbert series of the Hochschild cohomology with respect to the internal degree of
FK(3) is in Corollary 4.2.20. In Chapter 5, by computing the cup products and using tech-
niques from Grobner bases, we prove that the Hochschild cohomology of FK(3) over a field
k of characteristic different from 2 and 3 is given as a quotient of a free graded-commutative
algebra (for the cohomological degree) with 14 homogeneous generators (see Proposition 5.1.5)
modulo the homogeneous ideal generated by the 63 relations listed in (5.1.5) (see Corollary
5.1.11). Using the general methods introduced in Section 1.4, we compute the Gerstenhaber
brackets on Hochschild cohomology of FK(3) over a field k of characteristic different from 2
and 3 between elements of cohomology degree m for m € [0,1] and elements of cohomology
degree n € Ny. Finally, we present a simple result that allows us to compute the remaining
Gerstenhaber brackets under some assumptions on the algebra structure of the Hochschild co-
homology of an algebra (see Lemma 5.2.12), which are verified in the case of the Fomin-Kirillov
algebra FK(3) on three generators over a field of characteristic different from 2 and 3. We
summarize all Gerstenhaber brackets of Hochschild cohomology of FK(3) in Table 5.2.1. By us-
ing the above explicit expression of the Gerstenhaber bracket, we show that the Gerstenhaber
bracket on the Hochschild cohomology of FK(3) is not induced by any Batalin-Vilkovisky gen-
erator (see Proposition 5.2.15). The main result of Chapter ¢ is that the Fomin-Kirillov algebra
FK(4) of index 4 has a resolving datum, which allows us to construct a projective resolution of
the trivial module.



Notations

We denote by N (resp., Ny) the set of positive (resp., nonnegative) integers, and Z the set of
integers. Given i € Z, we will denote by Zg; the set {m € Zlm < i}. Giveni,j € Z with
i < j, we will denote by [i,j] = {m € Z|i < m < j} the integer interval, and we define
Xn = 0if n is an odd integer and x,, = 1 if n is an even integer. Moreover, given r € R, we set
|r| = sup{n € Z|n < r} the usual floor function.

In the whole thesis, k is a field and k* = k\ {0}. All maps between k-vector spaces will be k-
linear and all unadorned tensor products ® will be over k. We denote by v* € V* = Homy (V k)
the dual element of v, for an element v in a finite-dimensional k-vector space V.

To reduce space in the expressions of the article we will typically denote the composition
fogofmaps f and g, the left action f - g, where f is an element in a group and g is an element
in a set, or the right action f - g, where g is an element in a group and f is an element in a set,
simply by their juxtaposition fg.






Chapter 1

Quadratic algebras and Hochschild
(co)homology

In this chapter, we are going to recall the definitions and basic properties of quadratic algebras
and modules, as well as the definition of Hochschild (co)homology. We also present a new
construction of a projective resolution of the trivial module of a quadratic algebra satisfying
some assumptions, and some methods to compute the Gerstenhaber bracket of Hochschild
cohomology.

1.1 Koszul complex of quadratic algebras and modules

All the following results can be found in [21]. Let A be a unitary associative k-algebra. The field
k embeds in A via the ring homomorphism 7 : k — A. Suppose that A has an augmentation,
i.e. there is a ring homomorphism € : A — k such that en = idk. The field k is an A-module via
the map e. The algebra A is called graded if there are vector subspaces {4, |n € Z} of A such
that A = ®pezA, and Ay, - A, C Apyyr, forall m,n € Z. A graded algebra A is called connected
if Ag =k, A, = 0forn € Z\ Ny and Ker(e) = @32, A4,,. We denote 72, A, by A,. A right
module M over a graded algebra A = @,z A, is called graded if there are vector subspaces
{My,|n € Z} of M such that M = &,z M,, and M,, - A,,, C M4, for all m,n € Z. Analogously,
we will have the definition of a graded left A-module. The elements of A,, or M,, are called
homogeneous, and n is called the Adams degree or the internal degree of the elements in A,,
or M,. A graded A-module M is called bounded below if M,, = 0 for n < 0. A graded algebra
A (resp., graded A-module M) is called locally finite dimensional if every vector space A,
(resp., M,) for n € Z is finite dimensional over k. For a graded A-module M and i € Z, we
denote by M (i) the same module with shifted grading M (i), = M;4,, for n € Z. Given two
graded A-modules M and N, a morphism f : M — N of A-modules is called homogeneous
of degree d € Z if f(M,,) C N,q for all n € Z. In particular, a morphism of graded modules
will be a homogeneous morphism of A-modules of degree zero. We assume that all graded
algebras are connected and locally finite-dimensional, and all graded modules M are bounded
below and locally finite-dimensional.

Let V be a vector space. The tensor algebra T(V') generated by V is given by T(V) =
@2 ,T"(V) where T°(V) = k and T"(V) = V®" for n € N. The multiplication in T(V') is given
by the tensor product T"(V) @ T™ (V) = T™*+"(V) for m,n € Ny. The tensor algebra T(V) is a
graded algebra.

Definition 1.1.1. A graded k-algebra A = ®pen, Ay, is called quadratic if A is generated by V = A,
as a k-algebra and the kernel of the natural surjection T(V) — A is generated as a two-sided ideal of
T(V) by a subspace RC T*(V) =V @ V.

More generally, given an integer N > 2, an algebra A is said to be N-homogeneous if it is
of the form T(V')/(R), where V is a k-vector space and R C V®N. An N-homogeneous algebra
with N = 2 is quadratic.

For a graded algebra A = ®,cn, Ay, the quadratic part of A is a quadratic algebra A =
T(A1)/(I N'T?(A;)), where I is the kernel of the natural morphism T(A4;) — A. There is a
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morphism A — A of algebras, which is bijective in degree 1 and injective in degree 2.
Let V* be the dual vector space of V and define the linear map v, : (V*)®" @ V®" — k by

'Vn(fl QR fn1® - ® Un) = fl('Ul) cee fn(vn) (1.1.1)
for all f1,...,fn, € V*and vy,...,v, € V. Let A = T(V)/(R) be a quadratic algebra. The
quadratic dual algebra of A defined by A' = T(V*)/(R*) = @®,en, A", is a quadratic algebra,
where R is the subspace of V* @ V* defined by

R* ={a e V*®@V*|y(ar)=0forallr € R}.

Note that A) = k, A" ; = V*, and the isomorphism (V*)®" = (V®")* induced by +,, induces
an isomorphism of vector spaces

*\®@n n—2 ) A\
AL, = ) =5 ( V¥ eR® V®("2’)>
Z (V*)@l ® RJ_ ® (V*)@(n—2—i) =0
=0

for n > 2. The space A", is concentrated in Adams degree —n for n € Ny, and we consider
A' to be Z-graded with A}, = 0forn € N. Lete = Y, ;ef ®e; € A} ® Ay, where {¢;]i €
I} is a basis of V and {e}|i € I} is the dual basis. Note that ¢ = 0 in the algebra A' ® A.
Indeed, by the isomorphism of vector spaces Homy (V1,V3) = Vi* ® V5 for any finite dimensional
vector spaces V1,V5, the multiplication map (V* ® V)®2 — A!_2 ® As can be identified with the
map Homy (V2 V®2) — Homy(R,V®?/R). Then e @ e corresponds to the identity element in
Homy (V®2V®2), and above map sends it to zero.

Definition 1.1.2. Let A = T(V)/(R) be a quadratic algebra. A graded right A-module M = @,cz M,
is called quadratic if M,, = 0 for n € Z\ Ny, M is generated by W = My as a right A-module, and the
kernel of the natural surjection W @ A — M is generated as an A-submodule of W ® A by a subspace
JCWRV.

For a graded algebra A = ®,¢en, Ay and a graded A-module M = @,,¢cy, My, the quadratic
part of M is a quadratic module (M = (Mo®qA)/(IN(My®A1)) over the quadratic algebra 4 A,
where I is the kernel of the natural morphism My ® A — M. There is a morphism (M — M
of 4A-modules, which is bijective in degree 0 and injective in degree 1.

Let M = (W ® A)/(J) be a quadratic module over a quadratic algebra A. The quadratic
dual module of M defined by M' = (W* @ A')/(J*) = ©pen, M",, is a quadratic module over
A', where J= is the subspace of W* ® V* given by

Jt={acW*@V* |~ (ar)=0forallr e J},

and the linearmap 7' : W* @ V* @ W @ V — kis defined by +v/(f1 @ fo,v1 ® v2) = f1(v1) f2(v2)
forall fi € W*, fo € V*,v; € W and v, € V. Note that Mé =W*, M', = J*, and

n—2 . . *
ML, = (J @ Ver—ln( nwWevieRe V®<”‘“>)> (1.1.2)
7=

for n > 2. The space M" , is concentrated in Adams degree —n for n € Ny, and we consider M'

to be Z-graded with M}, = 0 forn € N.

Proposition 1.1.3 ([21], Proposition 3.1 of chapter 1). For a graded algebra A and graded A-module
M = ®nen, M, the cohomology spaces Ext’; ™7 (M k) concentrated in homological degree i and in-
ternal degree —j are zero for all i > j. Moreover, the diagonal subalgebra @@ Epof’(k,k) of the
algebra P, jcn, Ext'y 7 (k.k) is always quadratic. The diagonal submodule ¢y Ext’;™" (M k) of the
module @@ Extf[j (M k) is always a quadratic module over By, Extfjfi(lk,k). More precisely,

1€Np

1,7€Np

P Ext]i (k) = (4A), €D Exty T (Mk) = (M)
1€Ng 1€Np
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Lemma 1.1.4 ([21], Corollary 5.3 of chapter 1). Let A be a graded algebra and M = @nen, M, a
graded A-module.

(1) A is quadratic if and only if Ext’; 7 (k) = 0 fori < jand i = 1,2.

(2) Assume that A is quadratic. Then M is quadratic if and only if Ext}, ™7 (M k) = 0 for i < j and
i=0,1.

Let A = T(V)/(R) be a quadratic algebra and M = (W ® A)/(J) a quadratic right module
over A. The graded dual (M')# = &,en,(ML,)" is a graded left A'-module via the action
(uf)(v) = f(vu)foru € A',v € M'and f € (M")#. Then (M')#® A is a graded left module over
the algebra A' ® A by the above action and the multiplication in A. Let K,,(M) = (M',)* ® A
for n € Ny and the differential d,, : K,,(M) — K,,_1(M) for n € N be the morphism defined by
dp(u®v) = e(u @) foru € (M",)* and v € A. Since e = 0, we have d,,;1d,, = 0 forn € N.
The complex (Ko (M),d.)

o Ko (M) 225 K (M) -2 Ko(M) — 0

of free (bounded-below) graded right A-modules is called the (right) Koszul complex of the
quadratic module M over A. As usual, we can consider the Koszul complex as a complex
indexed by Z, with K,,(M) = 0 for n € Z\ Ny and d,, = 0 for n € Z \ N. By the composition
of the canonical isomorphism V& 5 (V®")** and the dual of (1.1.2) for M" ,, the differential
dy : Kp(M) — K,,—1(M) is the restriction of the map dn :WRVERA > WeVen-1)g A
determined by

VWM ® - Quy)®ar vy® (V1 Q- ®Vp_1) @ Vpa

forallvg € W, v1,...,v, € V,a€ Aandn € N. Let¢ : W ® A — M be the natural surjection.

Fact 1.1.5. We have Ker(¢') = Im(dy), and in fact (Ke(M),ds) coincides with the minimal projective
resolution of M in the category of bounded below graded right A-modules, up to homological degree 1.

Recall that the Koszul complex (K¢(M),ds) is minimal, i.e. the induced map d,, ® idx :
K,(M)®ask = K,_1(M) ®4 k vanishes for all n € N. Note that the trivial module k =
(W @ A)/(J) is a quadratic module over A with W = k and J = k® V. Since J*- = 0,
the quadratic dual module of k is k' = k* ® A' = A'. The Koszul complex (K,(A),d.) of a
quadratic algebra A is defined as the Koszul complex of the trivial module k over A. Then
K,(A) = (A",)* ® Aand (K.(A),ds) has the following form

s Ko(A) 25 K (A) 2 Ko(A) — 0.

Fact 1.1.6. We have Ker(e) = Im(d; ) and Ker(dy) = Im(dz), and in fact (Ko(A),ds) coincides with
the minimal projective resolution of the trivial right A-module k in the category of bounded below graded
right A-modules, up to homological degree 2.

Let A = T(V)/(R) be a quadratic algebra, and let M = (Viy ® A)/(Ry) and N = (Vy ®
A)/(Rn) be two quadratic right A-modules. Let us denote by hom 4 (M,N) the vector space
formed by all homogeneous morphisms f : M — N of A-modules of degree zero, and by
Hom((Var,Rar),(Va,Rn)) the vector space formed by all linear morphisms g : Vay — Vi satis-
fying that (¢ ® idy)(Rar) C Rn. Then, it is clear that the map

hOInA(M,N) — Hom ((VM,RM),(VN,RN))

sending f to its restriction fl|v,, : Var — Vi is an isomorphism. This tells us that f : M — N is
a monomorphism (resp., epimorphism) in the category of quadratic right A-modules with ho-
mogeneous morphisms of A-modules of degree zero if and only if f|, : My — Ny is injective
(resp., surjective). In particular, a morphism of the category of quadratic right A-modules with
homogeneous morphisms of A-modules of degree zero is an epimorphism if and only if it is a
surjection.

Remark 1.1.7. Assume the space of generators of the quadratic algebra A has a nonzero dimension.
Then, the category of quadratic right A-modules with homogeneous morphisms of A-modules of degree
zero is not abelian, since the canonical projection A — k is a monomorphism and an epimorphism but it
is not an isomorphism. In particular, the example shows that monomorphisms of the category of quadratic
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modules are not necessarily injective. For a less trivial example, consider k of characteristic different from
2, A =Kk(z,y)/(zy — yz) = k[zy], M = e A, M' = (e1.A P es.A)/(e1.2 + ea.z, 1.y — ea.y) and
the morphism f : M — M’ of A-modules sending e to eq is a non-injective monomorphism of quadratic
modules, since

flexy +eyx) = (e1.x + ea.x).y + (e1.y — e2.y).x

vanishes, but f|pg, and f|nr, are injective.

Given f € homa(M,N), define the homogeneous morphism f'= : N'm — M' of right
A'-modules of degree zero whose restriction to V} is precisely the dual (f|v,,)* of f|v,, : Var —
V. Since ((f|v,,)* ®@idy+)(R%) C Ri;, the map f'm is well defined. By taking the graded dual
(f'™)# . (M')# — (N'»)# we obtain a homogeneous morphism of left A'-modules of degree
zero.

Let Ko (M) and K(N) be the Koszul complex of M and N respectively. We finally define
the morphism

K, (f) K, (M) = K, (V)

of complexes of right A-modules by K, (f) = (f')# ®@ida. Itis clear that K, (fg) = K,(f)K,(g)
and K, (idy) = idk,(ar), for f € homa(M,N), g € homa(N',M) and N’ a quadratic right
A-module.

Remark 1.1.8. If f is injective, then f|v,, is also injective, which implies that its dual (f|v,,)* is
surjective, so f'™ is surjective as well, which in turn implies that (f'=)# and K, (f) are injective.

Definition 1.1.9. A graded algebra A is called Koszul if the following equivalent conditions hold:

(1) Ext’y 7 (k,k) = 0 for i # j.

(2) Ais quadratic and Ext% (kk) = A,

(3) k has a graded projective resolution (P,,ds) such that P, as a graded A-module is generated by
homogeneous elements of degree n.

Definition 1.1.10. Let A be a Koszul algebra. A graded A-module M is called Koszul if the following
equivalent conditions hold:

(1) Ext’y ™7 (M k) = 0 for i # j.

(2) M is quadratic and Ext® (M k) = M'.

(3) M has a graded projective resolution (P,, ds) such that P,, as a graded A-module is generated by
homogeneous elements of degree n.

Lemma 1.1.11 ([21], Corollary 3.2 of chapter 2). (1) A quadratic algebra A is Koszul if and only if
its Koszul complex (K4(A),ds) is exact in positive homological degrees.

(2) Let A be a Koszul algebra. A quadratic module M over A is Koszul if and only if its Koszul
complex (Ko (M),ds) is exact in positive homological degrees.

1.2 Resolving data on quadratic algebras

In this section, we introduce a new construction of a projective resolution of the trivial module
of a quadratic algebra satisfying some assumptions (see Theorem 1.2.5).

A resolving datum on a quadratic algebra A is a finite set Ml = {M°, ..., MN} of pairwise
non-isomorphic quadratic (right) A-modules with N € Ny such that M° = k is the trivial
module and a map

f [0, N]* x N? — N2

such that
(R.1) % has finite support,

(R.2) there are short exact sequences of right A-modules

71 (A (3,5,k,€)) . N . w2 (f(3,5,k,0))
)T s mE. ) - @ @ (M-0)

j=0¢EN

0— é D (Mj(—é) — 0 (121)

j=0¢EN

with homogeneous morphisms of degree zero for all (i,k) € [0, N] x N, where 7; : N3 —
Ny is the canonical projection on the i-th component for i € {1,2},
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(R.3) If (1.2.1) splits for some ig € [0, N] and k¢ € N, then 71 (% (40,7,k0,¢)) = 0 for all j € [0, N]
and ¢ € N.

Recall that a quiver is the datum of a set @)y, called set of vertices, and set (1, called set
of arrows, together with maps s,¢ : ()1 — (o called the source and target maps of the quiver.
We say the quiver is bigraded if we further have a map bideg : Q1 — Z2. We will denote the
bidegree of an arrow « of Q1 by bideg(a) = (bideg, («),bideg,(v)) € Z2. The difference degree
of an arrow « is defined as dfdeg(a) = bideg,(a) — bideg; (a) € Z.

We also recall that, given a quiver with a set of vertices () and set of arrows ()1, a path of

length n € Ny is a vertex if n = 0, and a tuple & = (a4, ..., a,) in QY for n € N such that t(«;) =
s(avip1) foralli € [1,n—1]. As usual, we define s(e) = t(e) = e for any vertexe, s(aq,...,a,) =
s(on) and t(ayq, ..., ap) = t(ay,) for every path @ = (a1, ..., a,) of length n € N. Furthermore,

if the quiver is bigraded, given a path & = (a1, ..., a,) of length n € N, we define its bidegree
bideg(a) = (bideg, (@),bideg,(@)) € Z? by (3>_;-, bideg, (a;), 5, bideg,(c;)). The bidegree of
a path of length zero given by a vertex e is defined as bideg(e) = (bideg; (e),bideg,(e)) = (0,0).
The difference degree of a path @ is defined as dfdeg(@) = bideg, (&) — bideg; (&) € Z.

Given a quadratic algebra together with a resolving data as in the first paragraph of this
subsection, we define the associated resolving quiver RQ 4 as the unique bigraded quiver
with set of vertices {M°,..., M}, and whose set of arrows of degree (d'.d") from M® to M7
has cardinality 71 (% (¢,5,d' —1,d")) + w2 (f(i,5,d' — 1,d")). To be able to manipulate these arrows,
assume we have chosen a fixed set sd#; ; ; 4 Of arrows of degree (d’,d") from M* to M7 of
cardinality  (.(i,j,d’ — 1,d")) and another fixed set sl#;; ;s 4 of arrows of degree (d’,d"”) from
M to M7 of cardinality 75 (% (i,j,d' —1,d")), such that A+ ; 4 4 and s+ ; ; 4. are disjoint. For
every i € [0,N] and d’ € N, we also set a strict partial order on the set of all arrows « of RQ 4
such that s(a) = M* and bideg, (o) = d’ by setting precisely that every arrow of *QqV;/,j,d/., a1
strictly less than every arrow of sl+; jrar.a forall j,j" € [0,N] and d”,d"" € N. Note that this
quiver is finite by (R.1). We will say that the resolving datum is connected if the associated
resolving quiver is connected.

As we will see, the resolving quiver RQ 4 contains some homological information about the
algebra A. The first clues in this direction are given by the following results, the first of which
is trivial.

Proposition 1.2.1. A quadratic algebra A is Koszul if and only if the resolving quiver associated to a
(equivalently, to every) connected resolving datum on A has no arrows.

Proposition 1.2.2. Let p,q > 2 be integers. A quadratic algebra A is (p,q)-Koszul (in the sense
introduced by S. Brenner, M. Butler and A. King in [5]) if and only if it is finite-dimensional with
dim(A,) # 0 and dim(A,11) = 0, the Koszul complex of A has finite length q and the resolving
quiver associated to a (equivalently, to every) connected resolving datum on A has only one vertex and
dim(4,) - dim(A}) arrows of bidegree (¢ + 1,q + p).

Proof. This is precisely Prop. 3.9 of [5]. O
We also have the following two examples of resolving quivers.

Example 1.2.3. Let m > 5 be an integer and let C be the quadratic algebra defined in Section 2 of [7],
which depends on m. We will follow the notation of that article. Let Ml = {k, M'} where M is the
standard right module C, and let o : {0,1}2 xN? — N2 be the map given by £.(0,1,m—1,m+1) = (0,1)
and h(i,5,k,£) = (0,0) if (4,5,k,€) # (0,1,m — 1,m + 1). Then, [7], Theorem 2.7, tells us that this gives
us a connected resolving datum on C, whose associated resolving quiver is

k C

such that its arrow has bidegree (m,m + 1).
Example 1.2.4. Consider the Fomin-Kirillov algebra FK(3) on three generators. Let M = {k} and let
A 2 {0}% x N2 — N3 be the map given by £(0,0,3,6) = (0,1) and A (i,j,k,0) = (0,0) if (i,5,k,0) #
(0,0,3,6). Then, Proposition 3.1 of [11], tells us that this gives a resolving datum on FK(3) whose
associated resolving quiver is

k)
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such that its unique arrow has bidegree (4,6).

From the resolving quiver associated to a resolving datum of the form given in the first
paragraph of this subsection, we can define the set of paths %« y: given as the set formed by
all paths @ of the quiver RQ 4 such that s(a) = M".

Moreover, we will define the following strict partial order on % i for every i € [0,N] as
follows. First, we set the vertex at M to be strictly greater than any other path of P« ;.. Given
a=(a,...,ay)and B = (Bi,...,Bm) in Pay: withn,m € N, we say thata < B if a; = ; for
all j € [1,jo] for some jy € [0, min(n,m)], and one of the following possibilities holds:

(O.1) nm > jo, bideg, (ajo+1) = bideg, (Bj,+1) and ajo+1 < Bjo+1;
(0.2) n,m > jo, bideg; (aj,+1) < bideg; (Bjy+1);
(0.3) jo=m < n.

It is clear that this defines a strict partial order on P« .
Given a connected resolving datum we have the following result, which gives a description
of a projective resolution of every quadratic module M*.

Theorem 1.2.5. Assume we have a connected resolving datum on a quadratic algebra A with a set of

quadratic modules Ml = {M°, ..., M™} and whose resolving quiver is denoted by RQ 4. Then, there

exists a projective resolution PM of M in the category of bounded below graded right A-modules such
that

Pé\ﬂ = @ @'anbidegl (&) (t(d))( - bldegz(d)) (122)
a e W@Mi,

bideg (&) < n

forall n € Ny and ¢ € [0,N], where the symbol & multiplying the Koszul complex on the left is only a
formal symbol used as a simple bookkeeping device. Moreover, if

dfdeg(a) # dfdeg(B3) — 1 (1.2.3)

forall &,3 € Payi such that & < B (e.g. if dfdeg(a) is even for all arrows o of RQ 4), then the
previous projective resolution is minimal.

Proof. We are going to use the following notation. Let

0 M’ M M 0

be a short exact sequence of right A-modules and let P, — M’ and P, — M" be two projective
resolutions (resp., up to homological degree m € N) with differentials d, and d], respectively.
Then, we will note by P, = P,&P) — M the projective resolution (resp., up to homological
degree m € N) given by the Horseshoe lemma (see [29], Lemma 2.2.8). We recall that P, =
P} @ P}/ foralln € Ny (resp., for all n € [0,m]) with differential d, satisfying that ds|p; = d, and
de|py = dy+ f, for some family { f,, : P}/ = P}, _; | n € N} (resp., {f. : P}/ = P;,_; | n € [1,m]})
of morphisms of A-modules.

Given i € [0, N], let m; € N be the largest positive integer such that H,,, (K,(M?")) # 0 and
Hy (K, (M?)) = 0 for all integers k > m;. If Hy(K,(M*)) = 0 for all k € N, then we set m; = 0.

We will denote by dj, , , = K1 (M*) — K, (M") the differential of the Koszul complex of M’
for k € Ny and ¢ € [0, N]. For every i € [0, N], we will construct a projective resolution P} of
M?*. By Fact 1.1.5 we will assume that P! = K, (M?) for i € [0, N] and n € {0, 1}. In particular,
P! coincides with (1.2.2) forall i € [0, N] and n € {0, 1}. We will in fact prove that P} coincides
with (1.2.2) for all ¢ € [0, N] and n € Ny by induction on the homological degree n. If m; = 0,
we set P! = K,(M?) for all € Ny. It is straightforward to see that the resolutions P{ and (1.2.2)
coincide.

We will now construct P! for all ¢ € Ny for i € [0, N] such that m; > 0. Let m € N.
Assume that we have defined P} for all i € [0, N] such that m; > 0 and n € [0, m] such that
P! coincides with (1.2.2) for all n € [0,m]. Using the Horseshoe lemma for (1.2.1), we get a
projective resolution of Hy, (K, (M")) of the form

ik _ <GNBED (P.j(g))ﬂl(ﬁ(tj,k,e)))@(é\é@ (P.j(g))ﬂg(fb(i,j,k,é))>

j=0 LeN =0 £eN
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defined for homological degrees ¢ € [0,m], i € [1,N] and k£ € [1,m;]. We will construct
by induction on the index k € [0,m;] a family of complexes of right A-modules ™ R%* for
e € [0,m + 1] such that ™RL* is a projective resolution of Im(d}, _;,,) up to homologi-
cal degree m + 1. For kK = 0, we set m Ry as the complex of right A-modules given by
(Ko, 1 (M),di s 1 1)een,- Note that ™R is a projective resolution of Im(di, . ) for i €
[0, N] such that m; > 0, and it is independent of m. Assume now we have defined a complex
of right A-modules ™R*~! for some k € [1,m;] and e € [0,m + 1] such that ™ RE* ! is a pro-
jective resolution of Im(df,, _, ) up to homological degree m + 1. Then, we define the complex
of right A-modules ™ RL* by

m pik i mpik _ m zk 1ﬂm lm17k+1
Ry" =K, r(M")and "RS" =" RJ"] & Q,”

for e € [1,m + 1], the differential di* for e > 2 is induced by that of ™ RE* 1 &mQL™ ~*1 and
dik . mREF _y m RLF s given as the composition of the augmentation ™ RY - QL ik —
Ker(d _ng1) and the inclusion Ker(dpm, —r+1) = K,,,, _41(M"). Using the Horseshoe lemma
for

0 —— Im(dl, ;o) — Ker(dl, ;1) —— Hp, k1 (Ky(M%)) —— 0

together with the projective resolutions m R and Q™ M for for e € [0,m], we obtain
that the complex ™ RS* ' & Qy™ "+ for e € [0,m] is a projective resolution of Ker(d’, ;. ,)
up to homologlcal degree m, and thus ™ R%" for for € [0,m + 1] is a projective resolut1on
of Im(d!, _,. ) up to homological degree m + 1, as was to be shown. In particular, mRy™
for e € [[O m + 1] is a projective resolution of Im(df) up to homological degree m + 1. Let
mRL =Ko (M?) and ™R, = ™RL™ for e € [1,m+2]. Then ™R. for e € [0, m + 2] is a projective
resolution of M* up to homological degree m + 2. A long but straightforward computation
shows that ™R}, coincides with (1.2.2) for ¢ € [0,m + 2], and that we can take the complexes
™R and ™1 R} to coincide up to homological degree m + 1. Hence, if i € [0, N] such that
m; > 0, we define the complex P to be equal to ™ R, up to homological degree m + 2. Since
this holds for every m € N, the first part of the theorem is proved.

To prove the last one, let us denote by P, ; the direct summand in (1.2.2) indexed by a €
P . The construction of the projective resolution P} given in the first part of the proof tells
us that, given a, 8 € P i, if the component

AP @aidy: Pl @ak — P! @k

of the differential of P! ® 4k is nonzero, then & < 3 and dfdeg(a) = dfdeg(3)—1. The minimality
result then follows. O

Remark 1.2.6. It is easy to check that conditions (1.2.3) are verified in the case of Proposztzon 1.2.2,
as well as in Examples 1.2.3 and 1.2.4, so the corresponding projective resolution (1.2.2) is minimal,
coinciding with the resolutions constructed in those references.

1.3 Hochschild (co)homology

All the following results can be found in [30]. Let A be a unitary associative k-algebra. We
denote by A°P the opposite algebra of A, which is the k-module A with the multiplication
defined by a - g0 b = ba for a,b € A. An A-bimodule is a left and right A-module M satisfying
(aam)az = ai(mag) for all a1,a2 € Aand m € M, and the left and right actions of k agree. We
recall that an A-bimodule M can be viewed as a left A°-module, where A° = A ® A°P is the
enveloping algebra of A with the multiplication defined by tensor product (a1 ®b;)- (a2 ®b2) =
ayag ® beby for all aj,aq,b1,b2 € A, and the action of A° on M is (a ® b)m = amb for a,b € A and
m € M. Analogously, an A-bimodule M can also be regarded as a right A°-module, where the
action is m(a ® b) = bma for a,b € A and m € M. The tensor product A®™ of A forn € Nis an
A-bimodule under left and right multiplications.
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Definition 1.3.1. Let M be an A-bimodule. The Hochschild homology HH,(A,M) of A with coef-
ficients in M is defined by HH,,(A,M) = Tor{" (M,A) for n € No. The Hochschild cohomology
HH*(A,M) of A with coefficients in M is defined by HH"(A,M) = Ext’i.(A,M) for n € Ny. If
M = A, we denote HH, (A, A) by HH,(A), and HH®(A,A) by HH® (A).

The bar resolution (B.(A),ds) of A in the category of A-bimodules is given by B, (4) =
A®(+2) for n € Ny, with the differentials d,, : B,,(A) — B,_1(A) given by

n
dn(aol ... lant1) = Z(—l)jao‘ laj-1lajajialajial . lang
=0

for ag,...,an+1 € Aand n € N, and the augmentation 7 : By(4) = A ® A — A defined by the
multiplication of A. We will typically use vertical bars instead of the tensor product symbols ®
for simplicity. The exactness of the bar resolution comes from the existence of the contracting
homotopy given by the k-linear map s,,(ao| - . . |an+1) = 1lag|...|ant1 for ag,...,ant1 € A and
n>-—1.

Let M be an A-bimodule. There is an isomorphism of k-vector spaces

M ® e By(A) = M @ A®™

given by m|ag]| ... |ant1 > ansimaglai]...la, for m € M and ag,...,an4+1 € A. The inverse
isomorphism is given by m|a|...|a, — m|l|ai|...|as|l for m € M and ay,...,a, € A. Ac-
cordingly, we will get the induced differential on the complex M ® A®* corresponding to the
map idy ® d,, on M @ g4e By, (A). There is also an isomorphism of k-vector spaces

F : Homye (B, (A), M) — Homy(A®" M)

givenby F(f)(a1|...|a,) = f(1|a1] ... |an|1) for f € Homae (B, (A), M) and a1, . .. ,a, € A. The
inverse map 3
G : Homy (A®" M) — Homye (B, (A), M)

of F is explicitly given by G(g)(ao| - .- |ant1) = aog(ai|. .. |an)ans1 for g € Homy(A®™ M) and
ag, - ,an+1 € A. We will get the induced differential on the complex Homy(A®®,M) corre-
sponding to the map d;,; on Homy.(B,(A), M). The Hochschild homology HH,,(A,M) is
given by the homology H,,(M ®4c Be(A)) = H,(M @ A®*), and the Hochschild cohomology
HH"(A,M) is given by the cohomology H" (Hom 4< (Be(A),M)) = H" (Homg (A®*,M)).

There are some interpretations for Hochschild (co)homology in low degrees (see [30], Sec-
tion 1.2).

Remark 1.3.2. (1) HHY(A,M) = {m € M | am = maforall a € A}. In particular, HH®(A) =
Z(A), the center of A.
(2) HH'(A,M) = Der(A,M)/InnDer(A,M), where

Der(AM)={f:A— M| f(ab) = f(a)b+ af(b) forall a,b € A}
is the space of derivations from A to M, and
InnDer(AM) ={f:A— M |3m e M such thatf(a) = am — ma forall a € A}

is the space of inner derivations from Ato M.
Definition 1.3.3. Let m,n € Ny, f € Homy(A®™ A) and g € Homy(A®", A), the cup product
[ — g is the element of Homy (A®(™+7) A) defined by

(f =9 ar] .. [am+n) = flar]...lam)g(ams1|. - |amsn)

foray, ... .amin € A. If m =0, then (f — g)(a1]...lan) = f(1)g(ai|...|an). Similarly if n = 0,
then (f — g)(a1|...|lam) = g(1)f(a1]...|am).
Remark 1.3.4. To avoid any confusion, we remark that the definition of cup product on Hochschild

cohomology in the previous definition is the one given in [9], Section 7. A different convention, in the
spirit of Koszul’s sign rule, includes a sign (—1)™" (see [30], Definition 1.3.1 and Remark 1.3.3).

14



Let 0 be the differential in the complex Homy (A®®,A). Then
f—g)=0(f) =g+ (=1)"f—0(g)

for f € Homy(A®™, A) and g € Homy(A®™,A). The cup product on the complex Homy (A®*®,A)
induces a graded associative product —: HH™(A) x HH"(A) — HH™""(A) on Hochschild
cohomology of A for all m,n € Ny, that we also call the cup product. The cup product on
HH*(A) is graded commutative, i.e.

f—g=)""g—f

for f € HH™(A), g € HH"(A) and m,n € Ny (see [30], Theorem 1.4.4). Then the Hochschild
cohomology with the multiplication given by the cup product is a graded commutative asso-
ciative algebra.

We will use the following definition of cup product (see [30], Sections 2.1 and 2.2) for later
computations in Section 5.1. Let (F,,0,) be a projective bimodule resolution over A with aug-
mentation y : Py — A. Let f € Hom < (F,,,A) and g € Hom 4 (P,,A) be cocycles for m,n € Ny.
Extend g to a chain map {g; : Py+i — Pi}ien, such that gy = g and 0;9; = g;—10p+; forn € N.
The cup product f — g € Homge(P,,45,A4) is defined by the composition

fvg:fgm-

This cup product at the chain level induces the cup product on the Hochschild cohomology. At
the level of cohomology, this definition does not depend on the choice of resolution (P,,0). If
we take (P,,0, ) to be the bar resolution (B, (A), ds ), this definition coincides with the Definition
1.3.3.

Definition 1.3.5. Let m,n € Ng, f € Homy (A®™ A) and g € Homy(A®™, A). The Gerstenhaber
bracket [f,g] is defined at the chain level as the element of Homy (A®(m+n=1) A) given by

[f.91 = foc g — (=)D Vg og f,
where f og g is defined by

m

(fogg)ai|...|lamin-_1)= Z(—l)(nfl)(ifl)f(aﬂ coaicalg(a] . —1)]aignl .. \am+n—1)-
=1

Moreover, if m = 0, then f og g = 0, while if n = 0, then the formula should be interpreted by taking
the value g(1) in place of g(a;| . .. |Gitn—1)-

Recall that there is an isomorphism
F : Homye (B, (A), A) — Homy (A®",A) (1.3.1)

given by F(f)(a1]...lan) = f(1]a1|...|an|1) for f € Homye(B,(A), A) and ay, ... ,a, € A. The
inverse map
G : Homy (A®",A) — Hom e (B, (A), A) (1.3.2)

of F is explicitly given by G(g)(ao|...|an+1) = aog(a1]...|an)ans1 for g € Homy(A®™ A) and
ag, - . . ,ant1 € A. Using the isomorphisms F' and G of chain complexes given above, one defines
the Gerstenhaber bracket in Hom 4-(B.(A),A) by

[f.91 = G([F(f),F(g)]) € Homae(Bpmin-1(A),A)
for f € Hom e (B, (A),A), g € Hom ge (B, (A),A) and m,n € Ny. Since
a(Lf.g) = (=1)"""a(f).g] + [£.0(9)]

for f € Homy(A®™, A) and g € Homy(A®" A), the Gerstenhaber bracket given before induces a
well-defined bilinear map

[,]: H™ (Hom e (Ba(A),A)) x H" (Hom 4 (Ba(A),A)) — H™ 1 (Hom . (B (A),A))

15



for all m,n € Ny, that we also call the Gerstenhaber bracket.

More generally, let (P,,0,) be a projective bimodule resolution over A with augmentation
w: Py — A Letis : Po — Be(A) and ps : Be(A) — P, be morphisms of complexes of A-
bimodules lifting id 4, 50 peis is homotopic to idp, and ieps is homotopic to idg, (4). We also
recall that the morphisms i, and p, induce the quasi-isomorphisms i} : Homge(Bs(A),A) —
Hom 4e (Ps,A) and p} : Homye(P,,A) — Homg-(B.(A),A) given by ii(f) = fie. and p}(g) =
gpe for f € Homae(Bo(A),A) and g € Homy.(P,,A), respectively. Moreover, H(:}), H(p}) :
HH*(A) — HH®*(A) are independent of the choice of i, and p,. The Gerstenhaber bracket

[,]: H™ (Hom e (Py(A),A)) x H" (Hom 4 (Pa(A),A)) — H™ " (Hom s (Ps(A),A))

for all m,n € Ny is then defined by transport of structures. More generally, given cocycles
f € Homye(P,,,A) and g € Hom 4. (P,,,A), we define the Gerstenhaber bracket

[f.9) € H"F ) (Homae (Pa,A)) = HH™ 1 (4)

as the cohomology class of i} ([p:(f), pi(9)])-
The following properties of the Gerstenhaber bracket are classical (see for instance [9], equa-
tion (2), ¢f. [30], Lemmas 1.4.3 and 1.4.7).

Lemma 1.3.6. Let k be a field and A a k-algebra. Then
[e.y] = —(=1)" VO D]y aland [z, [y2]] = [[wyl2] + (1" Dy[ee], (13.3)
and
[2 = y2] = [2,2] — y+ (-1)"P Dz — [y.2] (1.3.4)
forall x € HH™(A), y € HH"(A) and z € HH? (A).

The previous result is typically rephrased by stating that the Hochschild cohomology is
a Gerstenhaber algebra, i.e. a graded-commutative algebra H = @,¢cyn,H" endowed with a
bracket [,] : H® H — H satisfying [H™, H"] C H™*"~! for m,n € Ny, (1.3.3) and (1.3.4).

Assume that A is a graded k-algebra. For graded A-modules M,N, let Hom 4 (M,N) be the
k-vector space consisting of all morphisms of A-modules from M to N. Let

Homa(M,N) = ) Homa(M,N)a,
deZ

be the graded k-vector space, where Hom 4(M,N), is the subspace of Hom 4 (M,N) consisting
of all homogeneous morphisms of degree d.
The following result is classical (see [19], Corollary 2.4.4).

Lemma 1.3.7. If M is a finitely generated graded module over a graded algebra A, then Hom 4 (M,N) =
Homa(M,N).

Corollary 1.3.8. Let (P,,0,)

16} 7] 13}

be a projective bimodule resolution of a graded k-algebra A, where P; is finitely generated as left A°-
module for i € No, and p and 0; are homogeneous of degree 0 for i € N. Then Homx(P;,A) =
Hom a< (P;,A) for i € Ny. Hence, the Hochschild cohomology HH® (A) = @;cn, H' (Hom 4 (Ps,A)) of
A is a bigraded algebra, for the cohomological degree i and the internal degree induced by that of A and
P,. Moreover, the cup product and the Gerstenhaber bracket on HH® (A) preserve the internal degree.

Remark 1.3.9. The existence of a projective bimodule resolution of the graded k-algebra A satisfying
the conditions of the previous corollary clearly holds if the graded k-algebra A° is noetherian (e.g. if A is
finite-dimensional over k).
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1.4 Methods computing the Gerstenhaber bracket on Hochschild
cohomology

In this section, we will consider A to be a unital associative k-algebra. Let (B4 (A), ds) be the bar
resolution of A with the augmentation 7 : By(A) — A defined in Section 1.3. We will typically
write ag| . . . |ap+1 instead of ap ® - - - @ ay, 41 for simplicity. The maps F and G are givenin (1.3.1)
and (1.3.2).

1.4.1 Method computing the bracket between HH"(A) and HH"(A)

In this subsection, we introduce an elementary method to compute the Gerstenhaber bracket
between the cohomology groups HH’(A) and HH"(A) for n € Ny of any algebra A using any
projective bimodule resolution of A (see Theorem 1.4.1). We were unable to explicitly find
this method in the existing literature (see Remark 1.4.6), although we suspect it could be well-
known to the experts. These results were published in [13].

Let p be an element of the center Z(A) = HH"(A) of A and ¢, € Hom s (By(A),A) be the
morphism defined by ¢,(1|1) = p. Let (P,,0.) be a projective bimodule resolution over A with
augmentation p : Py — A, and let iy : Py — By(A) be the 0-th component of a morphism
e : Py — Be(A) of complexes of A-bimodules lifting id 4. The main aim of this subsection is to
prove the following theorem, which tells us that we can compute the Gerstenhaber bracket be-
tween HH(A) and HH"(A) for n € Ny using a simple homological procedure on any projective
bimodule resolution of A.

Theorem 1.4.1. Consider the same assumptions as in the previous paragraph. Let n,, : P, — P, be the
map given by n,(v) = pv —vp for v € P, and n € Ny. Since ne = {1y, : P, = Pp}nen, is a lifting
of the zero morphism from A to itself, ne is null-homotopic, i.e. there is a family hy = {h? : P, —
P11 }nen, of morphisms of A-bimodules such that

No = 5’1716) and  n, = hﬁ—lan + Ony1hf (1.4.1)
forn € N. Then, if ¢ € Hom g (P,,A) is a cocycle for some n € N, the Gerstenhaber bracket [¢,{,io] €
HH"~'(A) is given by the cohomology class of ph’_,.

Remark 1.4.2. It is easy to see that if $ € Hom ae(P,,A) is a cocycle (resp., coboundary), then ¢h’,

n—1
is a cocycle (resp., coboundary) by applying (1.4.1). On the other hand, in general we have Py = By =
A® Aand iy =idaga, so we can forget about iy in Theorem 1.4.1.

The rest of this subsection is devoted to proving Theorem 1.4.1. In order to do that, we first
need to prove some preliminary results.
Let ¢, : B,(A) = Bp+1(A) be the morphism of A-bimodules given by

n
tuaol .. lans1) = S (=Diao| .. |aslplazaal .. . lanss
j=0

for ag,....ant1 € Aand n € Ny. Let & = {&, : Bp(A) = Bnp(A)}nen, be the family of
morphisms of A-bimodules defined by &, (u) = pu — up for u € B,,(A) and n € Ny.

Lemma 1.4.3. We have that £, = dito and &, = t,—1d, + dpy1t, forn € N
Proof. For ag,...,ant1 € Aandn €N,
dito(aolar) = di(aolplar) = aoplar — aolpar = paglar — aolarp = o(aolar),

and

dn-i—ltn(ao‘ cee |an+1) = dn+1 (

n
(1Yol laslolaga] o ) = S+ 52
7=0

S1 = Z(l)j{(l)jaol colajalagplagial . Jang + (=1 agl . aj|pajiilajal . .. |an+1}
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=app|...|ant1 — aol ... |an|panii

= fn(aO‘ cee |an+1)a
and
n j—2
Sy = (~1) (=1)"aol...lar—1larariilaria| .. |ajlplaj11]. . |ants
7=0 r=0
+ (=17 ag| .. |ajslajrajlplajia| .. Jani
+(=1)"2aql ... aj|plajirajolajis] . Jant
n
30 0 e agplasial oo lersal - fansa |
r=j+42
n n
= Z { Z (=) (=1)'aol ... lai-1|aiaisi|aiya|. . |ajlplajii] . . [anis
i=0 © j=i+2
— a0| . |ai,1|aiai+1|p|ai+2\ . |an+1 + a0| . \ai,1|p|aiai+1\ai+2| . ‘an+1
i—2
+ ) (1 (=) agl .. |ajlplajial - - ai1]aaitilairal . .. |an+1}
=0
n i—2 .
= =3 0 Tl asllasial - laioslostisilasal - fones
i=0 =0
+ (=1 agl .. |ai-a|plaigiiilaita] . . |ani1 + (=1)'aq| ... |ai-1]aiaii|plaital . . |ania
n
+ D (_l)j1a0-.-|ai_1|0,iai+1|ai+2...|Clj|p|aj+1|...|a,n+1}
J=i+2
= —tn,ldn(a0| N |an+1).
Hence, &, = t,,—1dn + dnt1tn. O

Lemma 1.4.4. The Gerstenhaber bracket [p,{,] € Homae(B,,—1(A),A) is given by [¢,£,] = @t,_1
for ¢ € Hom e (B, (A),A) and n € N.

Proof. For ag, . ..,a, € A,

olF(#),F(p)l(ar]. . - [an—1)an

[‘pvzp](a0|---|@n) = (
o(F(p) og F(£,))(a1] ... |an—1)an

Hence, [p,¢,] = ptn_1. O

Lemma 1.4.5. We assume the same hypotheses as those of Theorem 1.4.1. Then, there exists a family
Se = {8n : Py = Bpnia(A)}nen, of morphisms of A-bimodules such that iyhf, — toig = daso and
in—&-lhﬁ - tnin = dn—i—25n - Sn—lanfor nec N

Proof. Since dy (i1hf — toio) = i001hf — ditoio = im0 — &oio = 0, where we used that iy is a

morphism of A-bimodules in the last equality, there exists a morphism sg : Py — Ba(A) of
A-bimodules such that dysg = i1hf — toip. We now claim that there exists a family s, = {s,, :
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P, = Bp12(A)}nen, of morphisms of A-bimodules such that d,, 128, = in41h% — tpin + Sp—10n
by induction on n € Ny (where s_; = 0). Indeed,

dnt1(ing1hf = tpin + $n-10p) = dypsy1ing1hf, — dpgatyin + (inhl 1 — th_1in—1+ Sp—20,-1)0n
= lnOnt1hf, — (& — tno1dy)in +inhl 10y — ty—1ip—10n
= in(anJrlhz + hfhlan) - gnln = Z.n77n - fnln = 01

where we used the inductive assumption in the first equality, Lemma 1.4.3 in the second equal-

ity, the definition of 7, in the third equality and the fact that i,, is a morphism of A-bimodules
in the last equality. The result thus follows. O

Proof of Theorem 1.4.1. Let ¢ = ¢p, € Homue (B, (A),A). Then ¢ is a cocycle and [¢,i}(¢,)] =
15 ([P5(#).£,]) = [¢, £p)in—1 = @tn_1in—1 by Lemma 1.4.4. Since p,i, is homotopic to the identity
of P,, there exists ¢ € Hom e (P,,—1, A) such that ¢ — pi,, = ¢ — Ppnin = ¢10,. Then,

(bh'fl—l — Plp_1ip_1 = (@Zn + ¢lan)hﬁ_1 — @tn_1in—1
= @(dnt+15n—1 — Sn—20n_1) + ¢1(Nn—1 — hzfzanfl)
= —pSp—20p_1 — P1hl_50,—1 € Homge(P,_1, A)

is aboundary, where we used Lemma 1.4.5 and the definition of 7, in the second equality and
the fact that ¢; is a morphism of A-bimodules in the last identity. Hence, [¢, i5(£,)] € HH" *(A)
coincides with the cohomology class of ¢h! _,, as was to be shown. O

Remark 1.4.6. The homotopy maps hj in Theorem 1.4.1 are presumably homotopy liftings in the sense
of [27]. However, our maps hiy do not directly follow the scheme of that definition —as well as being far
simpler, for they are restricted to a much easier situation— since they do not require the computation of
any map A : Py — Py ®4 P, lifting the isomorphism A — A ® 4 A, which is also the case in [20].

1.4.2 Method computing the bracket between HH'(A) and HH"(A) (after M.
Suirez-Alvarez)

In this subsection, we will briefly recall the method introduced by M. Suarez-Alvarez in [24] to
compute the Gerstenhaber bracket between HH' (A) and HH"(A) for n € N,.

Recall that HH'(A) is isomorphic to the quotient of the space of derivations of A modulo
the subspace of inner derivations. Let p : A — A be a derivation of 4, i.e. p(zy) = p(z)y + zp(y)
for all z,y € A. For a left A-module M, a p-operator on M is a map f : M — M such that
flam) = p(a)m + af(m) for all a € A and m € M. It is direct to see that the map p¢ =
pRida+idg ®p: A® — A€ defined by p*(z®y) = p(z) @y + xR p(y) for x,y € Ais a derivation
of the enveloping algebra A° and p is a p®-operator on A.

Let (P,,0,) be a projective bimodule resolution over A with augmentation p : Py — A. A
p°-lifting of p to (P,,0,) is a family of p°-operators pe = {p», : Pr — Py }nen, such that ppy = pu
and 0y, pp, = pp—10, for n € N. The morphism of complexes

ph p, - Homae (Ps,A) — Homye (P, A)

defined by Pi p, (@) = pp—dpy, for ¢ € Hom e (P,,A) and n € Ny is independent of the p-lifting
up to homotopy (see [24], Lemma 1.6) and it thus induces a morphism on cohomology that we
will denote by the same symbol. Let iq : Ps — Be(A) and pe : Be(A) — Po be morphisms of
complexes of A-bimodules lifting id 4. Then the diagram

H" (Hom 4. (Ba(A),A)) M H" (Hom 4. (B (A),A))

| [ (1.4.2)

H(p} p,)
H" (HomAc (P.,A)) H" (HomAe (P.,A))

commutes (see [24], Lemma 1.6). On the other hand, as noted in [24], Sections 2.1 and 2.2, using
the p°-lifting of p to the bar resolution defined by

n+1
pulaol . Jani1) = 3 aol .. lay_slp(a)laial .. |anss
7=0
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for ag, . ..,an4+1 € Aand n € Ny, it is easy to check that the diagram

#
P, Be(A)

HOHlAe (Bn (A),A) HomAe (Bn(A),A)

lr lr

Homy (A®" A) S s BN Homy (A®™ A)

commutes. As a consequence, the Gerstenhaber bracket between the cohomology classes of
G(p) € Homye(B1(A),A) and ¢ € Homae(B,(A),A) is given by the cohomology class of
[G(p), 9] = G, F (@) = P, . (a)():

We finally recall one of the main results of [24], which tells us that we can compute the
Gerstenhaber bracket between HH'(A) and HH"(A) for n € N, using any projective bimodule
resolution of A (see [24], Theorem A and Section 2.2). The proof just follows from observing
that, on cohomology, (1.4.2) gives us the identities

[12(G(p), 6] = i3 (1G(p) P3(D)]) = 62 (0, g, ) P(6)) = b 1, (6).

Theorem 1.4.7. Let (P,,0,) be a projective bimodule resolution over the algebra A with augmentation
w: Py — A andlet iy : Py — Bi(A) be the first component of the morphism i : Py — Be(A) of
complexes of A-bimodules lifting id 4. Given a cocycle ¢ € Hom g« (P,,,A) and n € Ny, the Gerstenhaber
bracket [G(p)i1, ¢] € HH"(A) is given by the cohomology class of piy p. (D).

Remark 1.4.8. Note that in our Theorem 1.4.1, as well as in the result proved in [24] that was recalled
before as Theorem 1.4.7, we need at least some component(s) of the comparison map from the generic
projective resolution (P, ,0s) to the bar resolution.
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Chapter 2

Grobner bases

We will present in this chapter the basic theory of non-commutative Grobner bases. We will
mainly follow Ufnarovskij [25] and Varadarajan [26].

2.1 Normal words and Grobner bases in noncommutative al-
gebras

Let us first recall the definition of a totally ordered set.

Definition 2.1.1. Let X be a non-empty set. A binary relation = on X is called a total order on X if
the following statements hold for all x,y,z € X:

(1) Antisymmetry: if x = yand y = x, then © = y.

(2) Transitivity: if x = yand y = z, then x > z.

(3) Connexity: x = yory = x.

Definition 2.1.2. Let (X, ) be a totally ordered set. Then we define v = y if v = y and x # y for
xz,y € X. Wedefinex < yify > xanddefinex < yify > x.

Definition 2.1.3. Let X be a non-empty set. A total order on X is called a well order on X if every
non-empty subset of X has a least element in this ordering.

Remark 2.1.4. In a well-ordered set (X, =), any sequence xy > xo > x3 = --- stabilises, i.e. there
exists n € N such that x,, = x,, forall m > n.

Lemma 2.1.5 (Transfinite induction). Let (X, =) be a well-ordered set and xo € X the least element
of X. Let P(x) be a property defined for all elements x € X. Assume that the following conditions hold:
(1) P(x) is true.
(2) Let x € X. If P(y) is true for any x >y, then P(x) is true.
Then P(z) is true forall x € X.

Proof. Suppose that the set A = {z € X|P(z) is not true} is non-empty. Then there is the least
element & € A. We have a # x¢. Then for any y € X with a > y, P(y) is true, which implies
P(a) is true. Contradiction! O

Let X be a non-empty set whose elements are called letters and W the free non-commutative
monoid with unit generated by X. Specifically, W is the set of all the finite sequences of zero or
more elements from X with concatenation operation: (1 -« &) (y1- Yn) =21 Tm¥Y1 - Yn,
where z;,y; € X. The unique sequence of zero elements is the identity element 1 € W. The
elements of W are called words. The length of a word w € W is the number of the letters inside
w. The length of 1 € W is zero.

Definition 2.1.6. For wy,we € W, we say ws is a subword of w,, denoted by wy C w1, if wy = 1

Or Wy = Tiy Tiy ++* T4, and wy = x4,x4,,, ---x;, forsome 1 <1 < r < mandz;; € X. We define
wWa g_ w1 wag g w1 and wWa 7é w1.
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We assume that the set X is well-ordered. We may define an order > on W, called homoge-
neous lexicographic order, as follows: for wi,ws € W, if the length of w is strictly larger than
wa, we define w; > wy; if the length of w; equals to ws, we sort them in lexicographic order
induced by the well order on X. Then the homogeneous lexicographic order > is a well order
on W.

Remark 2.1.7. The homogeneous lexicographic order on W has the following properties:
(1) For every w € W which is not 1, we have w > 1.
(2) For all wy,wa,u,v € W, if wy > wa, then vwiv > uwav.

Let k(X)) be the free (non-commutative) associative k-algebra generated by X. It is a fact
that the algebra k(X) is a k-vector space spanned by all words. For any non-zero element z in
k(X) with the form z = >~|_, c;w; where ¢; € k \ {0}, w; € W and w; > ws > -+ = w,, we call
ciw; the leading term of z, w; the leading word of z, and ¢; the leading coefficient of x.

Let I be a non-zero two-sided ideal of k({X).

Definition 2.1.8. A word w € W is called normal with respect to I if w is not the leading term of any
element in I.

Theorem 2.1.9. Let N be the k-vector space spanned by all normal words. Then we have a decomposi-
tion k(X)) = N @ I as vector spaces.

Proof. Since N NI = 0, we only need to prove k(X) = N + I. It is sufficient to prove that
W C N+1.Letw € W be aword. If the word w is normal, we have w = w + 0. Otherwise, w is
the leading term of an element y in I. Let y = w + w1, where wy € k(X). Letwy = >\, a;wi1,
where a; € kaw;; € W and w > w;;. We have w = —w; + y. If all w;, are normal words, we
obtain w € N + 1. Otherwise, say w1 is not normal, w1 is the leading term of an element = € I.
Let z = w1 +wy, where wy € k<X> Let wy = Z;il biw;o, where b, € k, w0 € W and wiy > W;2.
If all w;o are normal words, we have wi; € N + I. Otherwise, say w12 is not normal, repeat the
above process, then we get a sequence w > wi; > wi2 > ---, which must be a finite sequence
as W is well-ordered. Finally, we getw € N + 1. O

Definition 2.1.10. There is a natural projection map p : k(X) — N. For every x € k(X), we call p(x)
the normal form of x.

Remark 2.1.11. Let A = k(X)) /I be the quotient algebra. Then A = N as vector spaces.

Definition 2.1.12. A subset G of I is called a Grobner basis of I in k(X) if the leading word of any
non-zero element in I contains the leading word of some element in G as a subword. Moreover, if we
require that no proper subset of G is a Grobner basis, G is called a minimal Grobner basis. A Grobner
basis G is called reduced if it is minimal and every element x € G has the form w — p(w), where w is
the leading term of x and the coefficient of w is 1.

Remark 2.1.13. (1) Many Grobner bases exist. For example, the ideal I itself is a Grobner basis of I.
(2) A Grobner basis G is minimal if and only if 0 ¢ G and the leading word of any element in G
doesn’t contain the leading word of any other element in G as a subword.

Proposition 2.1.14. Let G be a Grobner basis of I in k(X). Then the set GG generates the two-
sided ideal I.

Proof. Since G C I, it is clear that (G) C I, where (G) is the two-sided ideal generated by G.
We shall prove the converse. Let y be a non-zero element in I. We want to prove y € (G).
Let y = aw + z, where a € k\ {0}, w € W,z € k(X) and aw is the leading term of y. There
exists x € G with the leading term x; and exist ¢ € k \ {0}, u,v € W such that aw = cuzyv.
Then y = cuxv + y1, where cuzv € (G), 11 = 2z — cu(x — x1)v. Let y1 = ajw; + 21, where
a; € k\ {0}, w; € W,z € k(X) and ajw, is the leading term of y;. We have w > w;. By

repeating the above process for y1, y2,y3, . . ., we get a sequence w > w; > wp > ---. As the set
W is well-ordered, the process will be terminated in a finite number of steps. Finally, we obtain
y € (G). O

Theorem 2.1.15. Let G be a Grobner basis of I in k(X). Then a word w € W is normal if and
only if w doesn’t contain the leading word of any element in G as a subword.
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Proof. (=) Let w be a normal word. Suppose there exist 2 € G with leading word z; and
wy,wz € W such that w = wy1ws. Then w is the leading word of wyzw, € I. Contradiction!
(<) Suppose the word w € W is not normal. Then w is the leading word of some element
in I. By the definition of Grobner basis, w contains the leading word of some element in G as a
subword. O

2.2 Bergman’s diamond lemma

Now we introduce Bergman’s diamond lemma according to Varadarajan [26], Section 7.2 and
give an example from Ufnarovskij [25], Section 2.6 about how to find a Grébner basis.

Let X be a well-ordered set and A = k(X)/I an associative k-algebra where I is a non-
zero two-sided ideal of the free associative k-algebra k(X). The free monoid W generated by
X is equipped with the homogeneous lexicographic order > induced by the well order on X.
Suppose that the ideal I is generated by the set

{we — fo € INwy € W,fs € k(X),0 € X}, (2.2.1)

We also assume that the following conditions hold:

(1) For any ¢ # 7 in ¥, we have w, # w-.

(2) For all o € 3, we have f, = 0 or the leading word of f, is strictly less than w, in the
homogeneous lexicographic order.

Definition 2.2.1. A word w € W is called standard with respect to (2.2.1) if w doesn’t contain any
word w, (o € ¥) as a subword.

Remark 2.2.2. Let S be the vector space spanned by all standard words with respect to (2.2.1), N the
vector space spanned by all normal words with respect to I. Then N C S.

Definition 2.2.3. For ¢ € ¥ and u,v € W, we define the elementary reduction operator as the
k-linear map Ry, ) * kK(X) — k(X) which maps the word uw,v to ufyv, and fixes other words.
The composition of finite elementary reduction operators is called a reduction operator.

Remark 2.2.4. R(qyw, vb)(a2b) = a(Ryw, »)®)b for ab € Wand x € k(X). Moreover, for any

reduction operator R and a,b € W, there exists a reduction operator R such that R(axb) = a(Rx)b for
any = € k(X).

Remark 2.2.5. The vector space S is exactly the set of elements which are fixed by all reduction operators
ink(X).

Lemma 2.2.6. For every x € k(X)) and reduction operator R, we have x — Rx € I.

Proof. Let R = R, R,,—1 - - - R1 where R; are elementary reduction operators. We will prove the
lemma by induction on n. Whenn = 1, R = R, ., ) is an elementary reduction operator,
where o € ¥ and u,v € W, we write x = cuw,v + 2/, where ¢ € k and 2/ € k(X) is a linear
combination of words not equal to uw,v. Then we have Rz = cuf,v + ', s0 x — Rz = cu(w, —
fo)uv € I. Suppose that + — Rz € I for every z € k(X) and every reduction operator R
which can be written as a composition of n — 1 elementary reduction operators. Then for R =
R,R,_1---Ri,wehaver — Rx = (JC — Rll‘) + (Rll‘ —R,R,_1--- RgRlﬂj) el O

Definition 2.2.7. An element x € k(X) is called reduction finite if for every sequence {R;|i € N} of
elementary reduction operators, the sequence

R1CC, Rlel‘, sy RiRz’—l e Rlx, e

stabilizes, i.e. there exists n € N, such that Ry, Ryp—1 - - Rix = Ry Ry—1 -+ - Ryx forallm > n. Let F'
be the set of all reduction finite elements.

Remark 2.2.8. An element x € k(X) is reduction finite if and only if for every sequence { R;|i € N} of
reduction operators, the sequence Rix, RoRyx, ..., RiR;_1 --- Rix, ... stabilizes.

Lemma 2.2.9. We have F' = k(X).
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Proof. The set F' is a vector space. It is sufficient to prove W C F. Suppose W \ F # (). Since
W is well-ordered, we can take the least element w in W \ F. Let {R;|i € N} be a sequence
of elementary reduction operators. Assume without loss of generality Ryw # w, then Rjw
is a linear combination of words strictly less than w in the homogeneous lexicographic order.
Thus, Ryw € F. This implies that the sequence R w, RoRjw, ... stabilizes. Hence, w € F.
Contradiction! O

Remark 2.2.10. For every x € k(X), there exists a reduction operator R such that Rx € S.

Definition 2.2.11. We call Rz in last remark a reduced form of x. If all reduced forms of x are same,
x is called reduction unique. Let U be the set of reduction unique elements.

Remark 2.2.12. (1) We have S C U and U is a vector space which is stable under all reduction operators,
ie. R(U) C U for every reduction operator R.

(2) We have amap R : U — S which maps x € U to its reduced form. This is a linear map satisfying
R(Rx) = R(x) for every x € U and every reduction operator R. Moreover, R|g = ids.

Definition 2.2.13. An overlap ambiguity is a triple (w1 ,w2,ws), where w; € W and there are o, T €
¥ such that wyws = w,, Waws = wr. An inclusion ambiguity is a triple (wy,wq,ws), where w; € W
and there are o,7 € X such that wy = w,, wiwaws = w,. An overlap ambiguity (wy,we,w3) is
called resolvable if there are reduction operators Ry,Ro such that Ri(f,ws) = Rao(wrfr) € S. An
inclusion ambiguity (w1,ws,ws) is called resolvable if there are reduction operators Ry ,Rq such that
Rl(w1f0w2) = R2(f7') €s.

Theorem 2.2.14 (Bergman's diamond lemma). The following statements are equivalent:
(1) S=N.
(2) Every element in k(X) is reduction unique.
(3) All ambiguities are resolvable.
(4) The set {w, — f,|o € X} is a Grobner basis of I in k(X).

Proof. (1) = (2) Let = be an element in k(X ) and s = Rz € S a reduced form of z, where R
is a reduction operator. Then x — s = © — Rz € I by Lemma 2.2.6. Since S = N, we have
k(X) = S & I as vector spaces by Theorem 2.1.9. Then the decomposition z = s + (z — s) is
unique. This implies that the reduced form of z is unique.

(2) = (1) Suppose U = k(X ). Then we have a linear map R : k(X) — S. Let K be the kernel
of R. Since R|g = idg, we obtain k(X) = S @& K. We want to prove I = K. Let z € K. Then
R(x) = 0. There is a reduction operator R such that Rz = R(z) = 0. By Lemma 2.2.6, we have
x = x — Rx € I. Conversely, let z € I. Then « is a linear combination of elements of the form
u(wy — fo)v, where o € ¥ and u,v € W. We have R(u(w, — f5)v) = R(R(yuw, ) (u(ws — f5)v)) =
R(0) = 0, which implies u(w, — f,)v € K. Thenz € K. We obtain k(X) = S& I. Lets € S.
Thens=s+0=n+yforsomenc Nandy € I. As N C S, we get s =n. Hence, S = N.

(2) = (1) Suppose that (w;,w2,ws) is an overlap ambiguity with wyws = w,, wows = w,,
o7 € ¥ and wy,we,w3 € W. There are reduction operators Ry, Ry such that Ry (f,ws) € S
and Ro(wy f;) € S. The elements R, (f,w3) and Ry (w; f;) are both reduced forms of the word
wiwaws, hence they are same. For the same reason, all inclusion ambiguities are resolvable.

(3) = (2) We will prove that every word is reduction unique by transfinite induction. The
least word 1 is reduction unique. Let w € W. Suppose that all words strictly less than w
are reduction unique. We want to prove that w is reduction unique. Let R; and R, be two
elementary reduction operators such that Ryw # w and Ryw # w. It is sufficient to prove that
Ryw and Ryw are reduction unique, and they have the same reduced form. Let Ry = Ry, w, 01)
and Ry = Ry, w. v,), Where o, 7 € ¥ and uy,v1,u2,v2 are words. There are three cases.

Assume first that w = wwiwowsv, where wiws = Wy, Wows = Wy, U = U, W3V = V1,
uwy = ug, v = vp and w,wi,wy,ws,v € W. Since all overlap ambiguities are resolvable, there
are reduction operators L, and L; such that L (fows) = La(w1 fr) € S. By Remark 2.2.4, there
exist reduction operators 271 and f; such that E(ufgwgv) = uli(fows)v = ulo(wy fr)v =
Z;(uwl frv). The element uf,wszv is a linear combination of words strictly less than w. Thus,
ufswsv € U. Similarly, vw frv € U, and R(uf,wsv) = R(uw; frv). In other words, Ryw and
Ryw are reduction unique, and they have the same reduced form.
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Assume now that w = uswiwy,wavy, where wiw,wy = Wy, Usw; = Uy, Wevy = v; and
wy,wy € W. Since all inclusion ambiguities are resolvable, there are reduction operators L,
and Ls such that Lq (w1 fowz) = Lof, € S. By Remark 2.2.4, there exist reduction operators
EI and E; such that E(qulfgwgvg) = ule(wlfgwg)vg = UQ(LQfT)'UQ = E;(szTUQ). By the
induction hypothesis, usw; foweve and us f; v, are reduction unique and have the same reduced
form.

Assume finally that w = ujw,ww,v2, where ww,vy = vi, ujw,w = uy and w € W. Then
we have Ryw = u1 fyww,v2 and Row = ujwew frv2. There exist reduction operators L; and Lo
such that L1 Rijw = vy fowfrve = LyRow. Then Ryw and Ryw are reduction unique and have
the same reduced form.

(1) = (4) The leading word of any element in / is not normal, hence not standard by S = N,
then contains w, as a subword for some o € X. Then {w, — f,|o € ¥} is a Grobner basis.

(4) = (1) If {w, — f»|o € £} is a Grobner basis, we have N = S by Theorem 2.1.15 and that’s
all. O

Let G be a generating set of the ideal I. In order to get a Grobner basis starting from Gy,
we apply a procedure consisting of the following steps. Assume that G’ is an intermediate set
with Gy CG' C I.

Step 1. (Normalization) By multiplying a non-zero coefficient, the leading coefficient of every
element in G’ becomes 1. Then we get a new intermediate set G'.

Step 2. (Reduction) Take two normalized elements x and y in G’ and two words u,v € W. Let
y1 be the leading word of y. Compute R, ,, ,)(7). There are three cases: if R, ,, .(z) = 0, we
remove z from G’; if R, ,, +)(z) # 0 and R, y, ) (2) # z, the leading word of R, ,, ,(z) =
Ry, y, v) (2" — uy'v) is strictly less than the leading word of « in the homogeneous lexicographic
order in which case we replace x by R, ,, ) () in G'; if R(, y, +)(z) = x, we do nothing. This
process is denoted by x — R, y, ) ().

Repeat Step 1 and Step 2 until G’ does not change. Then we go to Step 3.

Step 3. (Composition) Take two normalized elements z and y in G’ with the leading words
x1 and y; respectively. If there is a triple (wq,w2,ws3), where w; € W, such that 21 = wjws,
y1 = waws and wy # 1, we compute w1y — zws. If w1y — zws is not zero, it should be added to
G

Repeat Step 1 to Step 3 until G’ does not change, which may be an infinite number of repe-
titions. Finally, we obtain a set (G, which is a minimal Grobner basis.

Here we give an example of computing Grobner bases in [25].

Example 2.2.15. Let A = k(z,y)/(x? — yz) be an algebra with the order x = y. In order to get a
Grobner basis, we start from the set G' = {x* — yx}. Applying Step 1 to Step 3, we have

(z,2,2) : (2% — y2)r — x(2? — yx) = 2y — yz? — zyr — y .

The element zyx — y*x should be added to the set G', so, G' = {2? — yz, vyx — y>x}. By the reduction

(z,2,y) : (2% — ya)yx — z(zye — y°r) = 2y’s — yoyr — zy’s — y’r,

we have G' = {2% — yx, zyz — y>x,2y*x — y>z}. By the reductions

(zy,x,7) : (zyz — y?x)r — zy(a? — yx) = zy’e — y?2® — 2’z —yPz — 0,

(zy,ayz) : (zyz —ya)ye — wy(zyz — y*a) = zy’s — yPoye — ay’e — y'a,
we have G' = {2? — yz,xyx — y?z,2y*c — y3x,2y3x — y*z}. By the reductions

(z,z.9°z) : (2% — y2)y’e — x(zy’s — y3z) = vyPs — yay’e — oyde — ylz — 0,

(zy?,2,7) : (zy’e — yPr)r — 2y (2® — y2) = 2y’e — y*2® = ay’e — vtz — 0,

(zy.z.y22) « (zyz — y?2)y°e — vy(zy’s — yv*2) = ay'e — y?2y’s — ay'a — yPa,

Reasoning inductively, we claim that the set G = {xy"z — y"'z|n € Ny} is a Grobner basis of the
ideal (2 — yx) in k(z,y). Indeed, for k,l € Ny we have

oyt oz yla s (ayFe — " a)yle — ayF (el — T ) = 2y — M ayla
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— xyk'H'Hx — yk+l+2x — 0.

This shows that all ambiguities are resolvable. Moreover, the set {y™,y"xzy™|m,n € Ny} is a k-basis of
A.

If we define y = x, then {yx — x2} is a Grobner basis of the ideal (2% — yx), and {x"y™|m,n € No}
is a k-basis of A.

Example 2.2.16. Let A = k(X)/I, where the set X = {a,b,c} is equipped an ordering by setting
¢ > b > aand I is a two-sided ideal of k(X ) generated by the elements a® b* ,c* ,ca+bc+ab,cb+ba+ac.
This is the Fomin-Kirillov algebra on 3 generators introduced in Section 3.2. In order to get a Grobner
basis of A, we start from the set G' = {a® b%,c*,ca + bc + ab,cb + ba + ac}. By the reduction

(c,a,a) : (ca+ bc+ ab)a — ca® = bea + aba — b(—be — ab) + aba — bab — aba,
the element bab — aba should be adjoined to G'. Do the following reductions

(c,b,b) = (cb+ ba + ac)b — cb? = bab + acb — bab + a(—ba — ac) — bab — aba — 0,
(c,c,a) : c(ca + be + ab) — c*a = cbe + cab — (—ba — ac)c + (—bc — ab)b
— bac + beb — bac + b(—ba — ac) — 0,
(c,e,b) : c(cb+ ba + ac) — ¢*b = cba + cac — (—ba — ac)a + (—bc — ab)c — aca + abe
— a(—bc — ab) + abc = —a?®b — 0.

Now we check that all ambiguities with respect to G = {a?b?,c?,ca + bc + ab,cb + ba + ac,bab — aba}
are resolvable.

(b,b,ab) : b?>ab — b(bab — aba) = baba — (aba)a — 0,
(ba,b,b) : bab* — (bab — aba)b = abab — a(aba) — 0,
(¢,b,ab) : (cb + ba + ac)ab — c(bab — aba) = ba*b + acab + caba — a(—bc — ab)b + (—bc — ab)ba
— ab(ba + ac) 4+ b(ba + ac)a — abac + ba(—bc — ab) — abac — babc — 0,
(ba,b,ab) : (bab — aba)ab — ba(bab — aba) = ba*ba — aba*b — 0.

So, the set G = {a®b?,c? ,ca+bc+ab,cb+ba+ac,bab—aba} is a minimal Grobner basis of I. Moreover,
a k-basis of A is {1,a,b,c,ab,bc,ba,ac,aba,abe,bac,abac}.
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Chapter 3

Fomin-Kirillov algebras

In this chapter, we will recall the definitions of Yetter-Drinfeld modules and Fomin-Kirillov
algebras.

3.1 Yetter-Drinfeld modules over a group algebra

Recall that a (linear) representation p of a group G on a vector space V over a field k is a
group homomorphism p : G — Auty(V), where Auty (V) is the general linear group on V.
The dimension of p is the dimension of V. Let G be a group and V' a k-vector space. Then
p : G — Auty(V) is a linear representation if and only if V' is a kG-module, where kG is the
group algebra. We also call V' a (linear) representation of G if V is a kG-module.

Example 3.1.1. Let G be a group. The representation p : G — Auty (k) given by p(g) = idy for all
g € G is the trivial representation.

Example 3.1.2. Let G be a group and X a finite set with #X = n. Assume that there is a left action
of Gon X. Let V be an n-dimensional k-vector space with a basis {e;|x € X}. The permutation
representation p : G — Auty (V) is given by p(g)(ex) = eg(z) for g € G and x € X. In particular, let
G =S, and X = [1,n], we get the permutation representation of S,,.

Example 3.1.3. Let G be a cyclic group generated by g. Assume that #G = n € N, and the field k is
algebraically closed with char(k) { n. Then G has n irreducible representations p; : G — Autg (k) = k*
of dimension 1 given by p;(g) = &7 for i € [1,n], where &, is a primitive root of unity of order n in k.

Example 3.1.4. Let G = S3. Assume that the characteristic of k is different from 2 and 3. The irreducible
representations of Sz are p; for i € [1,3], where py is the trivial representation, py : Sg — k* is given by
p2(0) = 1if o is an even permutation, and ps(o) = —1 if o is an odd permutation, and ps is the unique
2-dimensional irreducible representation of Ss. Recall that m = py @ p3, where m is the permutation
representation of Sg. Indeed, let m : S3 — Auty (V') and {e1,ez,e3} is a basis of V, then the subspace
spanned by e; + eq + e is the trivial representation, and the subspace spank{Zf’:1 ke Zle k; =0}
1S ps3.

Definition 3.1.5. A monoidal category is a category C together with a functor ® : C x C — C, an
object 1 (called unit), and natural isomorphisms ay,v,w : (UQV)QW — U(VeW),rv : Vel -V
and ly : 1 ®V — V such that the diagrams

(UV)eW)e X

au,v,w ®id/ &@V,W,X

U (VeaW)eX UV)e(WeX)
aU,V®W,XJ JGU,V,W®X
U (VeW)e X) U (Ve (WeX))

idy ® av,w,x
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and

ay,i1,w
Vel eWw Velew)
w@% A@lw
Veow

commute for objects U,V,.W,X in C.

Definition 3.1.6. A braided monoidal category is a monoidal category C with a natural isomorphism
cvw VW — W YV, called braiding, such that the diagrams

C
(VeWw) _Uvew VeoW)®

UeV)oW ®(WaU)

cu,v ®m 4@5 cu,v

Veol)oW — Ve U W)
av,uw

and

CURQV,W
UeV)eW ———— s WeUaV)

—1 -1
aUy XW’TV

U (VeW) WelU)eV
ldU®% A@ldV
ayw,v

commute for objects U,V,W in C.

Let G be a group. There are k-linear maps A : kG — kG ® kG given by A(g) = g ® g for
g € G,and ¢ : kG — k given by €(g) = 1 for g € G. The group algebra kG is a Hopf algebra
with the antipode S : kG — kG mapping g € G to g~ '. We refer the reader to [18] for more
information on Hopf algebras.

Definition 3.1.7. A left comodule over kG is a k-vector space M together with a linear map 6 : M —
kG ® M, called coaction, such that (idxg ® 0)d = (A ® idp)d and (e ® idar)d = idar, where we
identify k @ M with M in the second identity. Let M and N be two kG-comodules, a morphism of
comodules is a k-linear map f : M — N such that (idxg ® f)dm = On f, where 6 and S are the
coactions on M and N respectively.

Remark 3.1.8. If §(m) = e ® m for all m € M, where e is the identity element of the group G, then
the coaction ¢ is called trivial.

Definition 3.1.9. Let M be a kG-comodule with the coaction § : M — kG @ M. A kG-subcomodule
of M is a subspace N of M such that §(N) C kG ® N. If N is a subcomodule of M, the quotient space
M /N is also a comodule.

Lemma 3.1.10. If M is a left kG-comodule, then there is a G-decomposition M = ®g4cq My, where
My, ={m e M|é(m) =g@m} forg e G.

Proof. The facts My N M), = 0for g # h € Gand M 2 ©4cqM, are obvious. Let m € M and
§(m) =>"" 1 g ® m;, where n € N, g; € G distinct, and m; € M for i € [1,n]. By the identities
in Definition 3.1.7, we obtain Y ;" | ¢; ® §(m;) = >, g; ® g; @ m;, implying 6(m;) = g; ® m;
foralli € [1,n],and Y., m; = m. Thus, M C ®gecM,. O
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Remark 3.1.11. If (M,)4eq is a family of k-vector spaces, then M = @®g4c My is a left kG-comodule,
where the coaction 6 : M — kG ® M is linearly extended by 6(mg) = g ® my for all g € G and
mg € M,. Hence, a left comodule over a group algebra kG is equivalent to a G-graded vector space.

Remark 3.1.12. Given two comodules M and N over kG, the tensor product M @ N of vector spaces
is a comodule with the G-decomposition (M ® N)g = ®pea(Mp @ Np-14) for g € G.

Definition 3.1.13. A left Yetter-Drinfeld module M over a group algebra kG is a left kG-module and
a left kG-comodule satisfying the compatibility condition §(gm) = ghg™' ® gm for all g,h € G and
m € My. A morphism of Yetter-Drinfeld modules is a morphism of modules and comodules.

Given two Yetter-Drinfeld modules M and N over kG, the tensor product M ® N is again
a Yetter-Drinfeld module with the action given by g(z ® y) = gz ® gy forg € G, z € M and
y € N, and the coaction given by Remark 3.1.12. The category L&Y D of left Yetter-Drinfeld
modules over kG is a braided monoidal category, the unit of which is k with the trivial action
and coaction, and the braiding cpyy v : M @ N — N ® M is given by m ® n — (gn) ® m for
geG,meMgandn € N.

If a Yetter-Drinfeld module M is finite-dimensional, then the dual M* = Homy (M k) is also
a Yetter-Drinfeld module, where the action is given by g f(m) = f(g~'m) forg € G, f € M* and
m € M, and the coaction is given by the G-decomposition M* = @ycq(M*), with (M*), =
(Mg-1)*. Given two finite-dimensional Yetter-Drinfeld modules M and N, the isomorphism
(M ® N)* = N*® M*, as Yetter-Drinfeld modules, is induced by the usual pairing.

Let G be a finite group with #G = n € N, and k a field with char(k) t n. Then all Yetter-
Drinfeld modules over kG are semi-simple. The following classification of irreducible Yetter-
Drinfeld modules is introduced in [2], Section 1.1.

Remark 3.1.14. Any irreducible Yetter-Drinfeld module M (€,p) over kG is parameterized by pairs
(€,p), where € is a conjugacy class in G and p is an irreducible representation of the isotropy subgroup
G* = {g € Glgsg~' = s} of a fixed point s € € on a vector space V. A precise description is as
follows. Let € = {t;|i € [I,m]} and s = t,. Let g; € G such that g;sg; ' = t; fori € [1,m].
Define M(€,p) = ®eq1,m19: ® V. The action is given by g(g; ® v) = g; ® (yv), where gg; = g;7
for some unique j € [1,m] and v € G*. The coaction 6 : M(€,p) — kG @ M(€,p) is given by
5(gi @v) =t; @ (g; @ ).

Let 5,5 € ¢, and g € G such that gsg=! = 5. Then ¢ : G5 — G* given by ¢(z) = g *xg forx € G*
is an isomorphism of groups. Let p = pep, the pull back of p, which is an irreducible representation of G°.
Then M (C,p) = M(€,p).

3.2 Fomin-Kirillov algebras

We refer the reader to [8,17] for more information on Fomin-Kirillov algebras. Define the vector
space
Vi =k{wi;li # j € [In]}/k{wi; +xjqli # j € [Ln]}

for n > 2. We denote the class of z; ; also by z; ;. Let S, be the group of permutations of
{1,...,n} and (i,j) € S,, the unique transposition interchanging ¢ and j. There is a left action of
kS, on'V,, given by ox; ; = 24(;),0(j) for o € S, x; ; € V,,, and a left coaction 6 : V;, — kS, @V,
defined by §(z; ;) = (i,j) ® z; ; for z; ; € V,,. The space V, is a Yetter-Drinfeld module over S,,
for the previous structures. The braiding V,, ® V;, = V,, ® V;, on V,, is given by x; ; ® x,; —
((Z'7j)l‘k’l) ® x5 for i j,Tk,1 € Va.

The dual V}} is also a Yetter-Drinfeld module over kS,,. We denote by y; ; the dual element
of z; ;. The left action of kS,, on V};" is given by oy; ; = ¥, (s),0(;), and the left coaction ¢’ : V,; —
kS, &V is given by 8'(4i,;) = (0.]) © yi.

Definition 3.2.1. Let n > 2 be an integer. The Fomin-Kirillov algebra of index n, denoted as FK(n),
is defined as the quotient of T(V,,) modulo the two-sided ideal (R,,) generated by R,,, where R,, is the
subspace of V,, @ V,, spanned by

z;; fori# j € [1n],
T j Tk + TjkThi + xk,ixi,jfor 1,5,k € ﬂl,nﬂ with #{Z,],k} =3,
Ti jTh1 — T xi g for i,4,k,l € [1,n] with #{i,5,k,l} = 4.
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Recall that the Hilbert series of a graded vector space W = @,z W; is the formal series
hw (t) = 3iep dim(W;)t'. Let [k] = S-¥70 ¢ for k € N. The Hilbert series of FK(2) is [2], the
Hilbert series of FK(3) is [2]?[3], the Hilbert series of FK(4) is [2]?[3]?[4]?, and the Hilbert series
of FK(5) is [4]*[5]?[6]*. Then, the dimension of FK(2) is 2, the dimension of FK(3) is 12, the
dimension of FK(4) is 576, and the dimension of FK(5) is 8294400. However, it is not known if
FK(6) is finite-dimensional.

The quadratic dual algebra FK(n)' of FK(n) is given as the quotient of T(V,*) modulo the
two-sided ideal (R;-), where R;- is the subspace of V, @ V,* spanned by

YijYsk + Yikyik for i,g.k € [1n] with #{i,j,k} = 3,
Yi iUkt + Yk for ikl € [1,n] with #{i,j,k,l} = 4.

The subspace k of FK(n) is the trivial Yetter-Drinfeld module. The spaces R,,, R;-, and the
algebras FK(n), FK(n)' are all Yetter-Drinfeld modules over kS,,. Note that the isomorphism
(V*)®n o (V®)* induced by 1, defined in (1.1.1) is not of kS,,-comodules. So, we have the
following remark.

Remark 3.2.2 ([11], Remark 2.6). If M is a Yetter-Drinfeld module over kG, where G is a group, then
the inverse Yetter-Drinfeld module M™ is given by the same action but the coaction is defined by the
grading (M™), = My for g € G. Let A be the Fomin-Kirillov algebra FK(3). Note that K;(A) =
((A'))*)™ ® A is a Yetter-Drinfeld module over kS,,, and the differentials d; : K;(A) — K;_1(A) in
the Koszul complex are morphisms of Yetter-Drinfeld modules. We will omit the superscript inv from
now on to simplify the notation. As a consequence, the homology He(K(A)) is also a Yetter-Drinfeld
modules over kS,,.

Let us recall a result in [28].
Lemma 3.2.3 ([28], Lemmas 2.3 and 2.4). Order the generators y; ; for i < j € [1,n] such that

Yij <yt ifj <l orifj =landi < k. Then every element in FK(n)" is a linear combination of the

Tn—2,n_ Tn-1,

monomials of the form y\'s*y7 'y yi 't -y o ey for i ; € No. Moreover, the element y? ; is
central in FK(n)'.

Finally, we recall that FK(n) is not Koszul for n > 3 (see [22]).
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Chapter 4

Fomin-Kirillov algebra on 3
generators

For simplicity, we will denote the Fomin-Kirillov algebra FK(3) on 3 generators simply by A in
this chapter. We will construct the minimal projective bimodule resolution of A, and compute
the linear structure of Hochschild homology and cohomology using this resolution.

4.1 The projective bimodule resolution of FK(3)

In this section, we will explicitly construct the minimal projective resolution of the standard
bimodule A in the category of bounded below graded A-bimodules.

4.1.1 Generalities

Leta = z12, b = 223, ¢ = x3,1. By Definition 3.2.1, A is the quadratic k-algebra generated by
the k-vector space V' spanned by three elements a,b,c, modulo the ideal generated by the vector
space R C V®? spanned by

{a? b*, % ab+ be + ca, ba + ac + cb}.

This is a connected graded k-algebra by setting the generators a, b and c in internal degree
1. As usual, we will omit the tensor symbol ® when denoting the product of the elements of
the tensor algebra T(V'). Assume that the set {a,b,c} is equipped with an ordering by setting
¢ > b > a. A Grobner basis is given in Example 2.2.16. Recall that the set

B ={1,a,b,c,ab,bc,ba, ac, aba, abe, bac, abac} 4.1.1)

is a basis of A (see [8]). Note that A = @,,¢[0,4] Am, where A,, is the subspace of A concentrated
in internal degree m. Given m € [0,4], we will denote by ,,, the subset of (4.1.1) that is a basis
of 4,,.

Let us briefly denote by B} = {A,3,C} the basis of V* dual to the basis %B; = {a,b,c} of V,
where the former are concentrated in internal degree —1. The quadratic dual A' = @,en, A",
of A is then given by

A'=Kk(A,BC)/(BA— AC,CA— AB, AB — BC,CB — BA),

where A' | is the subspace of A' concentrated in internal degree —n. Notice that A}) = k and
A' | = V*. By the relations in A', we immediately have the following fact.

Fact 4.1.1. The identities

X2nY _ ZZnY" X2n+1Y _ ZQnJrlX,
82n+2A — A82n+2 — A2n+162 ABQn—i—l — A271,+1B 82n+1A —_ A277,+1C
62n+2A _ A62n+2 _ ‘,4271-‘,-11327 A62n+1 _ J42n-|—1c7 C2n+lA _ “4271-"-187
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holds for n € Ng and {X,Y,Z} = {A,B,C} (see [11], Fact 3.6), and the identities

XY"=A"X and XA"= A/ X, Ifn s evett,
A™Y,  ifnisodd,

holds for n € Nand {X,Y} = {B,C} in A"

Lemma 4.1.2. The set B!, = { A", B",C", A"~ 1B, A"~1C, A"~2B%} is a basis of A", for all integers
n > 2, where we follow the convention that A°B% = B2 (see [23], Lemma 4.4). Note that #%B}, = 5 and
#B!, =6 forn > 3.

Let (A" ,,)* be the dual space of A' , and B = {an, Bn,Yn,n—18, An—17,n_262} \ {0}
the dual basis to %L for n € N, where we will follow the convention that if the index of some
letter in an element of the previous sets is less than or equal to zero, this element is zero 0. We
will omit the index 1 for the elements of the previous bases and write B = {¢'}, where €' is
the basis element of (A})*. The previous bases for the homogeneous components of 4, A' or
(AN# = @pen, (AL ,,)* will be called usual.

Recall that (4')# is a graded bimodule over A' via (ufv)(w) = f(vwu) for u,v,w € A and
f € (AY#. Using this definition of action of A' together with Fact 4.1.1, we immediately get

Aa=Bf=Cy=aA=pB=~C=¢,
Ab=Ay=Ba=By=Ca=C8=0A=vA=aB=vB=aC = pC =0,

and
Ao = anA = an_1, ABpn = A= Ay, =y A =0,
Aan—18 = XnYn-1 + an—27, n—1BA = XnPn-1 + @n—20,
Aan—17 = XnBn-1 + an—28, an—1YA = XnVn—1 + an—27,
Aan—282 = Xn+1(Bn-1+n-1) + an—3p2, an—202A = Xn+1(Bn—1 + Yn—1) + an—302,
BpBn = BnB = Pn-1, Bay, = anB = By, = v.B =0,
Bom-18 = an-1+ Xn+1Vn-1 + an-3P2, n-1BB = Yn-1 + Xn@n—27 + Xn+1(an-1 + an_382),
Bay-17 = XnYn—1 + Qn—27, Qn—1YB = Xnt+10n—28 4 Xn(n—1 + an—302),
Ban—282 = an—28, an—282B = Xnan—28 + Xn+10n-27,
CYn = ¥nC = Yn_1, Can =anC=Cpp = pnC =0,
Can—18 = XnbBn-1+ an—20, n-1C = Xn+10n—27 + Xn(Qn-1 + @n-3062),
Can—17 = @n—1 + Xn+1Bn-1 + an—302, an—17C = Brn-1+ Xn@n—28 + Xn+1(an—1 + an_382),
Can—2f2 = an—27, n—282C = Xn+10n—28 + XnQn—27,

for integers n > 2.
Finally, the following elementary result, whose proof is immediate, will be useful in the
sequel to establish the linear independence of several sets of (co)boundaries and (co)cycles.

Fact 4.1.3. Let V be a k-vector space of dimension n € N and {v1,--- ,v,} abasisof V. Let r < nbea
positive integer and U = {377, chvj e VIeh e k, k € [1,7]} aset of r elements. If there is an injective
map ¢ : [1,r] — [1,n] such that for all k € [1,r], C]:;(k) # 0, but c;(k) =0fori € [1,k — 1], then the
elements in U are linearly independent.

Instead of writing the specific map ¢, in the cases of (ordered) sets U we will consider in
the sequel we will simply underline the corresponding term c’;( k) Vo (k) This will be the case
in particular in Subsubsections 4.2.1.3 - 42.1.5 and 4.2.2.3 - 4.2.2.5. In that situation, the basis
{v1,--- , v, } of the larger vector space will be a usual basis and the condition on ¢ is tantamount
to the fact that the underlined term of an element does not appear (with nonzero coefficient) in
the expressions of the previous elements of the same set.

4.1.2 The Yetter-Drinfeld structures
Let k be an algebraically closed field of characteristic different from 2 and 3, and G = S3 in this

subsection. We will introduce the Yetter-Drinfeld structures on A and (A')*.
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First, we explicitly present the irreducible Yetter-Drinfeld modules over kS; by Remark
3.1.14.

Recall that the conjugacy classes in G = Sz are ¢, = {(1)}, €& = {(12),(23),(13)} and
¢3 = {(123),(132)}. If s = (1) € €y, then G° = S3. Let p; for ¢ € [1,3] be the irreducible
representations given in Example 3.1.4. If s = (12) € €,, then G* = {(1),(12)}, the cyclic group
of order 2. Let p; for ¢ € [4,5] be the irreducible representations of the group {(1),(12)}. Here
p4 is the trivial representation and ps : {(1),(12)} — k* is given by p5((12)) = —1. If s =
(123) € €3, then G° = {(1),(123),(132)}, the cyclic group of order 3. Let p; for i € [6,8] be the
irreducible representations of the group {(1),(123),(132)}. Here ps is the trivial representation,
p7: {(1),(123),(132)} — k* is given by p7((123)) = w and ps : {(1),(123),(132)} — k* is given
by ps((123)) = w?, where w is a primitive root of unity of order 3 in k. Note that w? +w+1 = 0.
Let M; = M(€&;,p;) be the irreducible Yetter-Drinfeld modules over kG defined in Remark
3.1.14 parameterized by (€;,p;) for (j,i) € ({1} x [1,3]) U ({2} x [4,5]) U ({3} x [6,8]). A
precise description of M; for ¢ € [1,8] is as follows. The module M; = k is the trivial Yetter-
Drinfeld module, i.e. the action is given by gz = = for all ¢ € G and x € M, and the coaction
M, - G ® M, is given by  +— (1) ®  for all z € M;. The action on M, = k is given by
gr = xforg € C; UC3, and gxr = —x for g € Cy and © € M,. The coaction on M, is the
trivial coaction. Let V be a 3-dimensional k-vector space with a basis {e1,ez,e3}. The action on
M3 = V/ spank{el +e9 +63} is given by (12)51 = €9, (12)52 =e1, (23)61 = ey, (23)62 = —e] — €,
(13)51 = —e€] — €9, (13)52 = €9, (123)51 = ey, (123)62 = —e] — €9, (132)51 = —€] — € and
(132)es = €1, where ¢; is the class of e; in the quotient space. The coaction on Mj is the trivial
coaction. The actionon My = (1) @ k@ (13) @ k @ (23) @ k is given by

12y () @=z) =)@, (12)(13) @ z) = (23) ®@ =, (12)((23) @ ) = (13) ®@ =,
23)((1)®x) =(23) @, (23)((13) @ z) = (13) ® =, (23)((23) @ xz) = (1) ®@ =,
W) ez)=(13) Rz, 1)((B)®z)=(1) R, (13)((23) @ z) = (23) ® =,
(123)(H@z)=13)@z, (123)(13)®z)=23)®@z, (123)(23)®z)=(1)®z,
132)(Hez)=23) @z, (132)(13)®z)=(1)®=, (132)((23) @ ) = (13) ® =,
for x € k. The actionon M5 = (1) @ k 4 (13) @ k @ (23) ® k is given by
(12) (N @) =—(1) Rz, (12)(B)®z)=—-(23)®z, (12)((23)®z)=—-(13)®x,
(23)((1) @) = (23) ®@ =, 23)(B)@z)=—-(13)®z, (23)((23)®z)=(1) ®«,
(13) () ®z) = (13) @z, WB)((B)ez)=(1)®z, (13)((23) @ z) = —(23) ® x,
(123) () ®@z)=—-(13) @z, (123)(13)®z) = (23)® =, (123)((23) @ z) = —(1) ® z,
132)(H@z)=—-(23) @z, (132)(13)@zx)=—-1) @z, (132)((23)®@z) = (13) @z,

for z € k. The coaction on My and M5 is givenby (1) ® z — (12) ® (1) @ z), (13) @ z — (23) ®
((13)®z) and (23)®@z — (13)®((23)®«x) for z € k. The action on My = (1) ®ka (12) @k is given
byg((l)®@x)=(12)®z, g((12) ®z) = (1) ® z for g € {(12),(23),(13)}, and g((1) ® z) = (1) ® z,
9((12)®z) = (12) @z for g € {(1),(123),(132)} and = € k. The actionon M7 = (1) @k ® (12) @k
is given by

12)(H)@z)=(12) @z, (12)(12)@z) = (1) ®x,
(23)((1) @ z) = (12) @ wx, (23)((12) ® ) = (1) ® w3z,
(13)((1) ® z) = (12) ® w3z, (13)((12) ® z) = (1) ® w,
(123)((1) ® z) = (1) ® wx, (123)((12) ® ) = (12) ® wx,
(132)(1) @ ) = (1) ® w’x, (132)((12) ® ) = (12) ® wa,
for z € k. The action on Mg = (1) ® k & (12) ® k is given by

12)(H)®z)=(12) @, (12)(12) @ z) = (1) ®z,
(23)((1) ® 2) = (12) ® w3z, (23)((12) ® z) = (1) ® w,
(13)((1) ® 2) = (12) ® wx, (13)((12) ® ) = (1) ® w?x,
(123)((1) ® z) = (1) ® w’x, (123)((12) ® z) = (12) ® wa,
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(132)((1) ® ) = (1) ® wx, (132)((12) ® z) = (12) ® w?x,

for x € k. The coaction on M; for ¢ € [6,8] is given by (1) ® x — (123) ® ((1) ® z) and
(12) @z — (132) ® ((12) ® z) for z € k.

Recall that Yetter-Drinfeld modules over kG are semi-simple. The tensor product of two
Yetter-Drinfeld modules is also a Yetter-Drinfeld module.

Lemma 4.1.4. There are the following isomorphisms

M5®M5gM1@MBEBM6@M7@MSa
My @ My =2 My Q@ Mg = Mg @ Mz = M3 Q@ My = My & Ms,
Me @ M7 = M3 ® Mg, Mg @ Mg = M3 @ My, M3 ® M7 = Mg ® Mg, M3 ® Mg = Mg ® My,

of Yetter-Drinfeld modules over kSs.

Proof. Letz = (1) ® 1, y = (13) ® 1 and z = (23) ® 1 given in the definition of M5. The
isomorphism Ms @ Ms = My & M3 & M¢ ® M7 @ Mg comes from the obvious isomorphisms
span {x|z + yly + z|z} = My, spany {z|x — 2yly + 2|z, x|z + yly — 22|z} = M3, span {—z|y +
ylz — 2|z, —x|z — ylx + 2|y} = Mg, span { —w?x|y + wy|z — 2|z, —w?z|z — y|r + wz|y} = My and
spany { —x|y + wy|z — w?z|x, —x|z — wly|z + wz|y} = Mg, where we use vertical bars instead of
the tensor product symbols ®. Letu = (1) ® 1 and v = (12) ® 1 given in the definition of M; for
i € [6,8]. Then M5® M7 = My @ Mj since span, { —w?y|v+w?z|u, —x|u—wz|v, z|v+wy|u} = My
and spany {w?y|v+w?z|u, Tlu—wz|v, z|[v—wy|u} = Ms, Ms® Mg =2 M@ Mj; since span, { —wy|v+
wzlu, —z|u — w?z|v, z|v +wiy|u} = My and span, {wy|v +wz|u, z|u — w?z|v, z|v — wy|lu} =2 Ms,
Ms @ Ms = My @ M since span {—uly + v|z, —v|z — u|z, u|z + v|y} = M, and span, {uly +
v|z, v|x —ulz, ulr —v|y} =2 My, Mg @ My =2 M3 @® Mg since spany {w?v|u+u|v, vju+w?ulv} = M;
and span, {v|v,ulu} = Mg, and Ms @ Mg = M3 & M7 since span, {wv|u + u|v, vju + wul|v} = M3
and span, {v|v,ulu} = M. Finally, M3 ® Ms = M, & Mj; since span, {—é1|z + &z, &1]y +
2es|y, —2é1|z—éz|z} = My and spany{e; |x+éz|z, —€1]y, —e2|z} = M5, Ms®@ M7 = Me® Mg since
spany { —é1 |u +w?es|u, w?e; |v — Exv} =2 Mg and spany {we; |u — w?és|u, —w?e; |v +weés|v} = Mg,
and M3 ® Mg =2 Mg @& M7 since spany {w?é;|u — éx|u, —&1 |v + w?es|v} =2 Mg and spany {—é |u +
w?és|u, w?er|v — exlv} =2 My.

Next, we decompose A and (A4')# as a direct sum of irreducible Yetter-Drinfeld modules.

Fact 4.1.5. The action of G on A is given by

(12)a = —a, (23)a = —c, (13)a = —b, (123)a = b, (132)a = ¢,
(12)b = —e, (23)b = —b, (13)b = —a, (123)b = c, (132)b = a,
(12)c = —b, (23)c = —a, (13)c = —c, (123)c = a, (132)c = b,
and
(12)ab = ac, (23)ab= —ba —ac, (13)ab = ba, (123)ab = bc, (132)ab = —ab — be,
(12)bc = —ba — ac, (23)bc = ba, (13)bc = ac, (123)bc = —ab — be, (132)bc = ab,
(12)ba = —ab — be, (23)ba = be, (13)ba = ab, (123)ba = —ba — ac, (132)ba = ac,
(12)ac = ab, (23)ac = —ab—be, (13)ac =be, (123)ac =ba, (132)ac = —ba — ac,
together with

(12)aba = abe,  (23)aba = bac,  (13)aba = —aba, (123)aba = —bac, (132)aba = —abe,
(12)abe = aba,  (23)abc = —abe, (13)abc = —bac, (123)abc = —aba, (132)abc = bac,
(12)bac = —bac, (23)bac = aba,  (13)bac = —abe, (123)bac = abe, (132)bac = —aba,
as well as g(abac) = abac forall g € G.
The coaction of G on A is given by the G-decomposition A = ©4eq Ay, where Ay is spanned by

1,abac}, A(1oy is spanned by {a,bac}, A(a3) is spanned by {b,abc}, A(13) is spanned by {c,aba}, and
A(123) is spanned by {ab,bc}, A32) is spanned by {ac,ba}.

34



Lemma 4.1.6. We have
A= MP* e MP ® M; & My

as Yetter-Drinfeld modules.

Proof. By Fact4.1.5,itis easy to check the following. The subspaces k and span, {abac} are trivial
Yetter-Drinfeld modules. An isomorphism M5 — span,{a,b,c} of Yetter-Drinfeld modules is
givenby (1)®1 — —a, (13)®1 — band (23)®1 — c. Anisomorphism M5 — spany{aba,abe,bac}
of Yetter-Drinfeld modules is given by (1) ® 1 + bac, (13) ® 1 — —abc and (23) ® 1 — aba.
An isomorphism M; — span {w?ab — be,ba — wac} of Yetter-Drinfeld modules is given by
(1)®1 — w?ab—bcand (12)®1 +— ba—wac. Anisomorphism Mg — span, { —w?ab+wbc,ac—wba}
of Yetter-Drinfeld modules is given by (1) ® 1 — —w?ab+ wbc and (12) @ 1 — ac — wba. We get
the decomposition in this lemma immediately. O

Fact 4.1.7. The action of G on (A")# is given by
(_1)71’7717 (13)Oln = (_]—)nﬂna (123)an = 577,7 (132)an = Tn,

(=1)"Bn, (13)Bn = (=1)"an, (123)Bp =n, (132)Bn = ay,
(_l)nan’ (13)771 = (_1)n7’m (123)771 = Qn, (132)771 = Bn,

(12)a, = (=1)"ayn, (23)an,
(12)ﬂn (71)n7n7 (23)5n
(12)771 (_1)nﬁn7 (23)’}%
forn €N, and

gg =, fOTg S {(12)7(23)7(13)} and {5777} = {anflﬁaanflly}/
gé- = g, fOT’g € G with 5 = an—262r orge {(123)>(132)} ZUIH/ZE € {an—lﬂa O‘n—lp)/}/

for n > 2 with n even, together with

(12)ap—18 = —an—_17, (12)ap—17 = —ap—10, (12)ap—2f2 = —ap_2062,

(23)an—18 = —an10, (23)an—17 = —an_20%s, (23)an 202 = —an_17,

(13)an—18 = —an—2P2, (13)an—17 = —an-17, (13)an—282 = —an_15,
(123)ap—18 = ap—17, (123)ap—17 = @n—20s, (123)ap—202 = ap—10,
(132)ap—18 = apn—2a, (132)ap—17y = an—15, (132)ap—2B2 = ap—_17,

for n = 3 with n odd.
The coaction of G on (A')* is given by the G-decomposition (A')# = @ ge((A")*),, where

((A!)#)(l) = span, {1, an, Bn,Yn, @n—2B2| n > 2 even}, ((A')#)(lg) = span,{an, an—282| n € Nodd},
((A)*)23) = span,{Bn, an—18| n € N odd}, ((A)%)as) = spany{n, an—17| n € N odd},
((A!)#)(m?,) = span{an_16| n > 2 even}, ((A!)#)(ISQ) = span,{an_17y| n > 2 even}.

Lemma 4.1.8. As Yetter-Drinfeld modules over kS3, (A 1)* = M;, (A ,)* = M, & M3 @ Mg, and

(A ) =

—n

M & Ms, if nis odd,
MP2 @ My @ Mg, if nis even,

forn > 3.

Proof. By Fact 4.1.7, it is to check the following statements. The subspace k and the subspace
span {a,—282} for n > 4 even, are trivial Yetter-Drinfeld modules. An isomorphism M; —
spany {a,,Bn, 70} forn € Nodd is givenby (1) ®1 — —ay, (13)® 1+ B, and (23) ® 1 +— 7,. An
isomorphism M5 — span,{a,—18,0n—17,0n—202} forn > 3 odd is givenby (1)®1 — —ay,_205s,
(13)®1 — ap_16 and (23)®1 — ay_17y. Anisomorphism Mg — span {ay,—18,0,—17} forn > 2
even is given by (1) ® 1 — «a,,—18 and (12) ® 1 — «a;,,—17. The subspace span, {5y, 7, } for
n > 2 even is the permutation representation of G. With the trivial coaction, spany {ap,, 8,75} =
My & M3 as Yetter-Drinfeld modules. O

4.1.3 The projective bimodule resolution

In this subsection, we will explicitly describe the minimal projective resolution of A in the
category of bounded below graded A-bimodules. These results were published in [12].
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4.1.3.1 The bimodule Koszul complex

In the article [4] R. Berger and N. Marconnet introduced the bimodule Koszul complex for any
N-homogeneous algebra. We will recall this for the special case of the Fomin—Kirillov algebra
on 3 generators (so N = 2). Given n € Ny, let KX = A® (A',))* ® Abe the bimodule over A for
the outer action. Define the maps

igyip AR (AP A A (A2 A

givenby ir(z2@u®y) =24 QuAQy+2b@uBRy+rcul@yand i,(z@u®y) =
1@ Au®ay+z@Buxby+r@Cu®cyforz,y € Aand u € (A')#. Note thatiZ = 0,2 = 0 and
i¢i, = i,1¢. Indeed, the first identity follows from the fact that

(a®A+b@B+c®C)* =ba®@BA+ca®CA+ab® AB+ cb® CB+ ac ® AC + be ® BC

is trivially zero by applying the relations in A and A' and the fact that i(z @ u® y) = (2@ u®
Ya@RAR1+b@B®1+c®C®1)% The identity i2 = 0 is proved in the same way. Since the
left and right actions of A' on (A')# are compatible, the maps i; and i, commute.

Fact 4.1.9. Take x,y € A. To reduce space, we will typically use vertical bars instead of the tensor
product symbols ®. The map i¢| ag(a y-ga : A® (AL])* @ A = A® (Ay)* ® A sends z|aly to

zal€é'ly, z|Bly to xb|é'|y, and x|y|y to xc|e'ly. Forn > 2, itlag(al e P A® (A" ) @A —
A® (A!_(n_l))* ® A is given by

Tlom|y = zalom_1ly,  @|Bnly = @b|Bn-ly, x|y = zclm-1ly,
zlap-18ly = zal(XnBn—-1+ an—2B)|y + xb|(Yn—1 + Xnn—27 + Xnt+1(an-1 + an—352))|y
+ ze|(Xnt10n—27 + Xn(@n—1 + an-_3062))|y,
zlan—17y = a|(XnYn-1 + an—27)|y + 2| (Xn+10n—28 + Xn(n-1 + an—382))|y
+zc|(Bn-1 + Xnn-28 + Xnt1(n-1 + an—352))|y,
z|an—2B2|y = xa|(Xnt+1(Bn-1+ Yn-1) + an-362)|y + 2b|(Xnn—28 + Xn+10n-27)|y
+ ze|(Xnr10m—28 + XnOn—27)]y.

The map iV|A®(AL1)*®A TA® (ALl)* A= AR (AE))* ® A sends x|aly to x|e!\ay, x|Bly to
z|é'|by, and x|y|y to x|€'|cy. Forn > 2, irlag(al yroa i A® (A" )V ®A— A (A!_(n_l))* ® Ais

given by

zlanly = zlon-1lay, z|Bnly = z|Bn-1lby, @|Vly = z|yn-1]cy,
rlan—18ly = z[(XnVn-1 + an—27)|ay + z|(n—1 + Xn+1Yn-1 + an—302)|by
+ 2| (XnBn-1 + an—2f)|cy,
zlan 17y = 2|(XnBn-1 + an—28)|ay + |(XnTYn-1 + an—27)lby
+xl(an—1+ Xnt16n—1 + an_382)|cy,
zlan 28|y = | (Xn+1(Bn-1 + Y1) + an_3B2)|ay + z|a,_26[by + z|an_27v|cy.

Following [4], we now set d’, : K¢ — K% | by d® = (—=1)"i¢ + i, for n € N. It is easy
to see that dd’ ,, = —iZ +i2 = 0 for n € N. Then (K%, d%) is a complex in the category of
bounded below graded A-bimodules, called the bimodule Koszul complex over A. It is clear
that k @4 (K%, d}) = (K.,ds), where (K,,d,), introduced in Section 1.1, is the Koszul complex
of the trivial right A-module k in the category of graded right A-modules.

Remark 4.1.10. The bimodule Koszul complex (K2, %) is minimal, since the complex k® 4 (K¢, d3) =
k®a (Kb, d5) @4k = (Ko, de) @4 k has zero differentials.

We recall the following result.

Proposition 4.1.11 ([4], Proposition 4.1). Let B be a nonnegatively graded connected k-algebra, and
let

My L My & My
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be a sequence of graded-free B-modules, with M, bounded below and gf = 0. Then this sequence is

exact if

k ®p M idx®p f kg M, idk®Bg k®p Ms

is exact.
Corollary 4.1.12. We have H,, (K¢, d5) = 0 for n different from 0 and 3.

Proof. Recall that H,,(K,,ds) = 0 for n # 0,3, by [11], Proposition 3.1. Applying Proposition
4.1.11, we get the result. O

4.1.3.2 The minimal projective bimodule resolution
We recall the following result (see [11], Proposition 3.3).

Proposition 4.1.13. Let (K,,ds) be the Koszul complex of the trivial right A-module k in the category
of graded right A-modules. The minimal projective resolution (P.,0s) of k in the category of bounded
below graded right A-modules is given as follows. For n € Ny, set

Pn = @ wiKn74ia
i€[0,[n/4]]

where w; is a symbol of internal degree 6i for all i € Ny, and the differential 6, : P, — P,_1 forn € N
is given by

5n< Z wipn—4i) = Z (widn—4i(pn—4i) +wi—1fn—4i(pn—4i))a

i€[0,[n/4]] i€[0,[n/4]]

where p; € K for j € No, w_1 = 0and f; : K; — K13 are morphisms of graded right A-modules
of internal degree 6 such that djy4fj41 = —fijdj+1 for j € No, dsfo = 0 and Im(fo) € Im(dy).
This gives a minimal projective resolution of the trivial right A-module k by means of the augmentation
€ : Py = Ko — k of the Koszul complex. We usually omit wy for simplicity. Furthermore, if the
characteristic of k is different from 2 and 3, then the maps {fe}ecn, can further be chosen so that
(P, .0 ) is a projective resolution of k in the category of bounded below graded A-modules provided with
a Yetter-Drinfeld module structure over kS.

We further provide an explicit family of morphisms { f}ecn, satisfying the above condi-
tions, since we will need it for the calculations. Indeed, a lengthy but straightforward compu-
tation shows that

fo(€'11) = 2as|bac + 263|abe — 2vs|aba — oy f|abe + azy|aba — afs|bac,

fnlan|l) = (2an43 — ant1B2)|bac + xnBnislabe — xnYn+3laba,
fn(Bnll) = (2Bn+3 — XnQnt2B — Xn+10nt1P2)|abe + Xnan3lbac — xnVny3laba,
Fr(nll) = (2943 + XnQn127Y + Xnt10n+102)|aba + Xnni3|bac + XnBnislabe, (4.1.2)
fr(an—1B]1) = (n — 1)Xn+1Bn+slabe,
fn(an-179|1) = =(n — 1)Xn+17n+3laba,
Fal@n—2Bal1) = ((n = 2) + Xns1)ams slbac + (1 — 2)xaBusslabe — (1 — 2)xnmsslada,

for n € N, satisfy the conditions of Proposition 4.1.13. Note that f; already appeared in [11].
Given n € Ny, we now define the morphisms of A-bimodules f% : K — Kt by

Fo(11€1) = 2|as|bac + 2|Bs|abe — 2|ys|aba — 1]asBlabe + 1|azy|aba — 1]a Bz |bac

+ alazf|(ba + ac) — c|azB|ab — alazy|be — blazy|ac + blaBz|(ab + be) — c|laBz|ba
— 2b|as|(ab + be) + 2¢|as|ba — 2a|Bs|(ba 4 ac) + 2¢|Bs|ab + 2alvys|be + 2b|ys|ac
— be|azBla — balazBlc + (ab + be)|a2y|b + (ba + ac)|azy|a — ablaBz|c — aclaBz|b
+ 2ab|as|c + 2ac|as|b + 2bc|Bs|a + 2ba|Bs|c — 2(ab + be)|y3|b — 2(ba + ac)|vys|a
+ 2bac|as|l + 2abc|B3|1 — 2abalys|1 — abc|az 8|1 + abalazy|1 — bac|afa|1,

Fo(1an]1) = 2fatns[bac + XnlBosalabe — xn|vnsslaba — Uans1 falbac — xnclan26lab
= Xnblant2v]ac + Xnt1blan1B2]ac + Xnt1clant1B2lab — xnblonis|(ab + be)
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Fh(1]Bal1) =

Fr(Unl1) =

fa(Uan-1p]1) =

fa(an-171) =

fr(Uan—2B:]1) =

where n € N.

+ Xnc|anslba + (—1)"2¢|Bnislab — Xnal|Bnislac — Xna|yntslab + (—1)"2b|ynis|ac
— Xnbalan2Ble + Xn(ab + be)|ant27[b + Xn+1(ab + be)|ani182[b

— Xns1balan 1816 + Xnaclan 3[b+ Xnablan-sle + 20a|Bnssle + Xn (b + b0)|Batale
— xnba|ynt3la — 2(ab + be)|yn+3]b + (—1)"2bac|ant3|1 + xnabc|Brnis|l

— Xnabalynis|1+ (=1)" " baclani1 2|1,

2|Bnslabe — xnlyntslaba + xnlantslbac — xnlant2Blabe — Xnt1|ant1B2|abe

— Xn@|ani2vlbe + (1) c|ant1B2lba + Xnt1alant1B2be + Xnc|Bnyslab

— Xn@|Bn+3|(ba + ac) + (=1)"2alyn+3bc — Xnb|yn+3]ba — Xnblan+3[be

+ (1) 2clanalba + X (ba + @)l 2710 — ablans1Bale + xnr1(ba + ad)lant 1 fala
+ Xnba|Bn+slc + Xxnbe|Bnis|a — 2(ba + ac)|yntsla — Xnablyns[b

+ xn(ba + ac)|anss|b + 2ablants|c + (—1)"2abc|Bnts|1 — xnabalynts|1

+ xnbaclanis|l — xnabclantaB|1l + Xnr1abclan1 P21,

—2[yn4slaba + xnlants|bac + xn|Bntslabe + Xn|ant2v|aba + Xnt1|ant182]aba

T Xnlatns26](ba + ac) — xns1alams1Bal(ba + ac) + (—1) bl Ba](ab + be)

T X0y albe + Xnbbvmsslac + (—1)"2blan sl (@b + be) + Xnclanssl(ba + ac)

+ XnclBasl(@b+ be) + (1) 20| (ba + ac) — xnbelantaBla (@13)
= Xnt1bc|an182]a — aclant1B2]b — Xn(ba + ac)|ynysla — xn(ab + be)|yny3[b

+ 2ac|an13|b — Xnbclantsle — xnac|Bnislc + 2b¢|Bnisla + (=1)" T 2abalyn 3|1

+ xnbac|an 3|1 + xnabc|Bnys|l + Xnabalani2v|l — xnt1abalon 18211,

Xn+1[(n — 1)|Bntslabe + alanis|ab — (n — 2)c|ants|ba + c|antslac — a|Bni3lab

+ ¢l Bntsl(ba + ac) — alynislab — clyns|(ba + ac) — (n — 1)alynis|be — balomsla
+ (n — 1)ablanys|c + belanys|c + ba|Bnis|a + be|Brnis|c — (n — 2)bal|yn+3la

— (n = Dachymsla — belmsale — (1 — abelasl1],

Xnt1[=(n = 1)|ynyslaba + b|Bnislbc + (n — 1)alBnis|ba + (n — 2)a|Bnislac

— blyn+3|be — a|yntslac + alants|ac + (n — 1)b|lants|ab + (n — 2)b|an+s|be

+ (ba + ac)|Bn+3]b + (n — 2)be|Bn+sla — ab|Bn+sla — (ba + ac)|vntslb

— (ab + be)|yn+sl|a + (n — 2)ac|an+3|b — ba|an+3|b + (ab + be)|an+s|a

+ (n — Dabalynt3[1],

Yot 112 — Dl slbac — clrmssl(ab +be) — (1 — 1)bfynsslac — blyasalba

+ clan+s|(ab + be) — blants|ba + bl Bnts|ba — (1 — 2)c|Bnslab + c|Bn+s|be

— aclyn+slc — (n — 1)be|yntslb — (n — 2)ablyn+3|b + aclanysle + ablanis|b

+ ac|Bntslc + (n — 1)ba|Bntslc — ab|Brni3]b — (n — 1)bac|an3|1]

+ xn(n — 2)[1]|ants|bac 4+ 1|Bn3|abe — 1|ynts]|aba — blan+3](ab + be)

+ clams|ba + c|Bnyslab — alBnys|(ba + ac) + alynis|be + blynis|ac

+ aclant3|b+ ablanys|c + ba|Bnts|c + be|Bnis|a — (ba + ac)|yntsla

— (ab + be)|yn+3|b + bac|ams|1l + abe|Br+3|1 — abalyn3|1],

The proof of the following result is a tedious but straightforward computation, that we leave

to the reader.

Lemma 4.1.14. The A-bimodule morphisms f° : Kb — K@, defined above are homogeneous mor-
phisms of internal degree 6, such that d5f§ = 0, d°, ,f2. + fidl,y = 0and ide ®a4 f) = fu
for n € Ny, where f,, are the specific morphisms given in (4.1.2). Furthermore, {ft}ecn, preserves
Ss-action and coaction.

Using the previous lemma, we can now prove the main result of this section.

Proposition 4.1.15. The minimal projective resolution (P2,6%) of A in the category of bounded below
graded A-bimodules is given as follows. For n € Ny, set

P @ akli- @ wds(i, ) e
ie[0,|n/4]] i€[0,|n/4]]
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where w; is a symbol of internal degree 6i for all i € Ny, the A-bimodule structure of P is given by
F(wiruey)y =wr'z@ueyy forall z.x'yy € Aand u € (AL(%M))*, and the differential
6t . Pb — PY_, forn € N is given by

62( Z wip”—‘li) = Z (Widz—4i(ﬂn—4i) +wi—1f2—4i(pn—4i))7

i€[0,|n/4]] i€[0,[n/4]]

where p; € K? for j € No,w_y = 0and f? : K} — K2, 5 are the morphisms in (4.1.3). This gives
a minimal projective resolution of A by means of the augmentation € : =A® (A)*® A — 4,
where €*(x|e'ly) = xy for x,y € A. Furthermore, if the characteristic of ]k is dzﬁ‘erent from 2 and 3, then
(P2,5%) is a projective resolution of A in the category of bounded below graded A-bimodules provided
with a Yetter-Drinfeld module structure over kSs.

Proof. Itisclear that P2 — A — 0is a complex of graded-free (left) A-modules by Lemma 4.1.14,
(k®4 Plidy ®4 68) =2 (Ps,8,) and id; ®4 € = e. Proposition 4.1.13 tells us that k ® 4 Pt —
k ®4 A — 0 is exact. Proposition 4.1.11 in turn shows that the complex P! — A — 0 is also
exact. Moreover, the bimodule resolution (P?,6%) is minimal since idy ® 4 6% ® 4 idy = 0. O

We follow the convention that P’ = 0, K = 0 forn € Z\Ny,and 6%, = 0,d%, = 0forn € Z\N
in the following sections.

4.2 Hochschild (co)homology and cyclic homology of FK(3)

In this section, we will compute the linear structure of Hochschild homology and cohomology
of A. These results were published in [12].

4.2.1 Hochschild and cyclic homology

Using the minimal projective bimodule resolution (P?, %) of A in Proposition 4.1.15, we will
compute the linear structure of the Hochschild homology

HH,(A) = Tor2" (A,A) = Hy(A ®4- P).

For further information about Hochschild and cyclic homology, we refer the reader to [16].

4.2.1.1 Recursive description of the spaces

Let K, = = A®(A",)" forn € Ny andK =0forn e Z\No We have A® 4 P? = P, as k-vector
spaces, where P, = Diclo,|n/4)]WiKn—4i for n € Ny and P,=0forneZ \ Ny. We will denote
by 0, : P, — P,_; the differential id4 ® . 5, On + K, — K,,_1 the differential id4 @ 4e d> for
n € Z,and f, the map id4 ® 4. f2 for n € Ny. Then the differential 9,, for n € N is given by

8n( > wipn4i> = Y (wiOn-ailpn—1i) + wi1 fa—si(pn-1)),

1€[0,[n/4]] 1€[0,[n/4]]

where p; € K; for j € No. Note that 8,, = 9,, = 0 for n € Z \ N.
The aim of this subsection is to compute the homology of the complex (Po,ds). Let K, =
A @ (AL,)" for (n,m) € No x [0,4] and Ky, = 0 for (n,;m) € 22\ (No x [0,4]). Let Py, =
Biclo,[n/4)]wi Kn—1im—2; for m,n € Ny and P,.m = 0 for (n,m) € Z?\ N2, where the symbol
w; has homological degree 4i and internal degree 6i for i € Ny, and we usually omit wy for
simplicity. The spaces K, ,, and P, m are concentrated in homological degree n and internal
degree m + n. We have P, = = ®menNy Prm- Let Onm = O |P : an —~ P, 1m+1,and8nm =
8n Rn,'m : Kn m Kn 1,m+1- Let Dn m = KCI‘(@,L m) Bn m = Im(871+1 m— 1) for m ,n e No, and

Dy = Ker(On.m), B = Im(dpy1.m—1) for (n,m) € Ny x [0,4]. Notice that Dy, ,, = By.;m = 0
for (n,m) EZQ\NQ,ananme .m = 0for (n,m) € Z*\ (Ny x [0,4]).
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Proposition 4.2.1. For integers m > 3 and n € Ny, we have

Wm-3 By, _ 5 ifmis Odd,
B = { 2 Buogmios,  fmi 4.2.1)
wmn 2By _2m+8.4, if m is even,
and
Wm— D,,_ 5 l mZS Odd,
Dn,m :{ TS n—2m+6,3 f ' (422)
wm _2Dp_2mys 4, if m is even,
where we follow the convention that w,w; = w4 for i,.j € No and w; = 0 for i € Z \ No.
Proof. Consider Pnym = @ie[[oan/4J]]w,L'Rnf4i7m72i for myn € Ny. For the index m — 2i of

Ky 4im—2i, we have m — 2i € [0,4]. If m is odd, then m — 2i = 1 or 3,ie. i = (m —1)/2
or (m — 3)/2. Since n — 4i € Ny, we have

CUm2—3 Kn_27n+673 D WWLQ—I Kn—2m+2,17 ifn 2 2m — 2,
Prm =< wm-s3 f(n_gm_;,_&g, if2m—6<n<2m—2,
2
0, if0<n<2m—6.

If m is even, then m — 2i = 0,2 or 4, i.e. i = m/2,m/2 — 1 or m/2 — 2. Then

wn 2Ky omis4 ©wm 1 Kp omia2 ®@wn Ky omo, ifn>2m,

o wm oKy _omisa ®wm_1Kn_omi4.2, if2m —4<n<2m,
o wn 2 Kn_omis4, if2m —8<n<2m—4,
0, if0<n<2m-—8.
(4.2.3)
Hence,

- Wms P, , ifm > 3isodd,

P = {5 2mtos . (4.2.4)
wm 9Py _2m+s.4, if m > 41is even.

Since the identities (4.2.1) and (4.2.2) for m = 3 are immediate, we suppose m > 4 from now
on.
Assume that m is even. Then (4.2.4) tells us that the sequence

~ on+lm—1 =~ On,m_ £
Pn+1,m—1 Pn m Pn—l,m+1

s

of graded k-vector spaces is of the form

On,m

On41,m—1 ~ ~
w%f2pn72m+8,4 B w%71Pn72m+3,3~

W%72Pn72m+9,3
Since Pn_2m+7’5 = wi If’n_gm+3,3 by (4.2.4), the above sequence is of the form

~ 61L+1,7n—1 ~ 871,771 =~
wm_oPy_omi93 ————wr_oPy_omiga —— wz_oPy_omy75.
Note further that 9, ,, = wm 20, —2m+84 and Opy1,m-1 = Wm_20n—2m+9,3, Where the dif-
ferential w;0n/ m/ * W P/ s — W Pr/—1 /41 Maps wja t0 w0y () for all @ € Py and
J,m';n’ € No. Hence, B, = wm 9B _omysaand Dy m = wm 2Dy 9mys 4.
Assume that m is odd (so m > 5). Then (4.2.4) tells us that the sequence

~ 871+1,m71 ~ 871,771 ~
PnJrl,mfl Pn,m Pnfl,erl

of graded k-vector spaces is of the form

Ont1,m—1

~ ~ Onm ~
w'mz—s Pn—2m+11,4 —_— UJm2—3 Pn—2m+6,3 —_— wm;3 Pn—2m+5,4~
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Note that 0y, = Wm=30p—_2m+6,3 aNd Ony1,m—1 = Wm=50p_2m+11,4. Since
2 2

Py _omi11,4 = woKp_omy11,4 DwiPr_om47,2

by (4.2.3),
On—2m+11,4(WoT + w1Y) = woOn—2m+11,4(¢) + w10n_2m+7,2(y)

forall x € f(n,gmﬂm and y € ]Sn,gmwg, and 5n,2m+1174(f(n,2m+1174) = (), it is sufficient to
consider the following sequence

wm 30n_2m47,2 wm 30n—2m+6,3
w"" 3P’n 2m+72—>w"” 3P’n 2m+63—>(Um 3P’I’L 2m+5,4-

Hence, B, .;m = wWm=3 By, _om+6,3 and Dy, = wm=3 Dy, _op, 16,3, as was to be shown. O
2 2

Proposition 4.2.2. For n € Ny, we have D,, 4 = IE'WL @D wi1Dp—y .

Proof. This follows directly from the facts that ]5n’4 = f(n,4 D wy an,4,2, P15 = w P, _53and
a71,4(-[(71,4) =0. O

In order to compute B,, ,,, and D,, ,,,, it is sufficient to compute the case m € [0,4] according
to Proposition 4.2.1. First, we will compute the boundaries, and then we will compute the
cycles. Since this will require handling elements of K n,m and ]sn,m for n € Ny and m € [0,4],
we will use the basis {z ® y|z € B,,,y € B} of K,, ,,, and the basis {w;z @ yli € [0, [n/4]],z €
Bim—2i,Y € %n 4 of 15n7m, both of which will be called usual bases, constructed from the
usual bases of the homogeneous components of A and (A')#, introduced in Subsection 4.1.1.

4.2.1.2 Explicit description of the differentials

Recall the isomorphism ARy (A (A" ®A) — A®(AL,)* givenby x @ a¢ (y|u|z) — zzylu,
and its inverse A ® (A" )" = A®4c (A® (AL,)* ® A) given by z|u — x ®4. (1|u|l) for all
ry,z € A, u € (AL,)* and n € Ny. We will use them together with Proposition 4.1.15 to
explicitly describe 8, and f,,, which were defined at the beginning of Subsubsection 4.2.1.1.
Let z € A. Itis then straightforward to see that the differential O A® (AL )" — A® (A))*
is given by 9, (z]a) = (ax—za)|e, d1(z|B) = (bx—xb)|e' and 9, (z]y) = (cx—zc)|¢'. Analogously,
forn >2and neven, 9, : A® (A )" - A® (A~ (n—1))" is given by

—n

x|ay, = (za + ax)|an—1, |8y — (xb+ bx)|Bn-1, x| — (xc+ cx)|yn—_1,
2lan 1B > (w0 + c2)|(Ba_s + 0n_28) + (@b + az)|(Ya_1 + n_27)
+ (ze + bz)[(an—1 + an—302),
x|an—1y — (za + bx)|(Yn—1 + an—27v) + (&b + cx)|(@n-1 + @n_3082)
+ (zc + ax)|(Bn-1 + an—2p),
x|ap—2f2 = (xa + ax)|an—3P2 + (xb + bx)|an—of + (xzc + cx)|an—27,

whereas, forn > 3andnodd, 8, : A® (4",)* = A® (AL(nq))* is given by

(ax — za)|lap—1, z|Bn v+ (b — 2b)|Bn-1, x|yn — (cx —zC)|Vn—1,

( Nen—28 + (ax — xc)|ay 2y + (br — xb)[(n—1 + Yn—1 + an_352),
zlan-17 = (ax — ab)|an—2B + (br — za)|on—27 + (cx — zc)|(an-1 + Bu-1 + an—302),
x|ap—2B2 = (ax — 2a)|(Bn-1 + Yn-1 + an—302) + (bx — xc)|an—_2f + (cx — xb)|an_27.

x|ay,

x|an—18 — (cx — za

For the reader’s convenience, we list the images of the differentials d,, evaluated at elements
of the usual k-basis of the respective domain. In the following tables, ,, ,,(z|y) is the entry
appearing in the column indexed by y and the row indexed by x, where m is the internal degree
of = and n is the internal degree of y. The differential 0, is given by
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D o s v

1 0 0 0
a 0 (ba — ab)|é (—ab — bc — ac)|é'
b (ab — ba)|€ 0 (—ba — ac — be)|é
c (ab+ bc+ ac)le  (ba + ac + be)|e 0

ab —abalé abalé' (bac — abc)|é
be (aba + abc)|é bacle' —bac|é'

ba abalé' —abalé' (abc — bac)|é
ac abclé' (aba + bac)|é —abc|é

aba 0 0 —2abacle

abe 0 2abacle 0

bac 2abac]é' 0 0

abac 0 0 0

Table 4.2.1: Images of o1

For n > 2 and n even, 9, is given by

T Y Qp, Bn Tn

1 2alo, -1 2b|Bn-1 2¢|yn—1
a 0 (ab+ ba)|Brn-1 (ac — ab — bc)|yn—1
b (ab + ba)|on—1 0 (be — ba — ac)|yn—-1
c (ac — ab — be)|ap—1  (be —ba — ac)|Bn-1 0

ab abalay, 1 aba|fBp_1 (abc + bac)|yn-1
be (abc — aba)|ay,—1 —bac|Bn—1 —bac|yn-1

ba abaloy, -1 aba|fn-1 (abc + bac)|yn—1
ac —abelag,—1 (bac — aba)|Bn—-1 —abe|yn—1

aba 0 0 0

abe 0 0 0

bac 0 0 0

abac 0 0 0

Table 4.2.2: Images of Oy, forn > 2 and n even.

together with
x Y an_1f3
T | @+ Brs F an2B) F B F (s + an27) T (€ B)(@n 1  an352)
a —(ab +be)|(Bn-1 + an—28) + ab[(Yn—1 + an_27) + (ba + ac)|(an—1 + oy —302)
b —ac|(Bn-1 + an—2f8) + ab|(yn-1 + an_27) + be|(an_1 + an_3532)
c —(Clb + bc)‘(ﬁn—l + O‘n—Qﬂ) - ba"(’}/n—l + O‘n—Q’Y) + bc‘(an—l + O‘n—?)ﬁQ)
ab (aba + bac)|(Bn-1 + an—28) + (aba + abe)|(n—1 + @n—_302)
be (—aba — bac)|(Brn-1 + an—28) + (abc — bac)|(Vn-1 + an—27)
ba abe|(Bn—1 + an—28) + 2abal(Yn-1 + an—27) + bac|(an-1 + an—_302)
ac —2abc|(fn-1 + an—28) — abal(Vn—1 + an_27) + bac|(an_1 + an_302)
aba abac|(—fn-1 — an—28 + n_1 + @n_352)
abc abac|(—yn—1 — an—2v + @pn_1 + @p_302)
bac abac|(—Bn-1 — n—2f + Yn-1 + @n—27Y)
abac 0
Table 4.2.3: Images of O for n > 2 and n even.
and
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x Yy Qp—17Y

1 (a+b)[(Yn—1 + an—2vy) + (b +c)|(an-1 + an_3B2) + (c + a)|(Bn-1 + an_208)
a ba|(Yn—1 + an—27v) — be|(an—1 + an—3p2) + ac|(Bn-1 + an—28)
b ba|(Yn—1 + an—27) — (ba + ac))|(an—1 + an_382) + (ab + be)|(Br-1 + an—28)
c —ab|(Yn—1 + an_27) — (ba + ac)|(an—1 + an_362) + ac|(Bn-1 + an_20)
ab 2abal(Vn—1 + an—27v) + bac|(an—1 + an_302) + abe|(Bn-1 + an—2f)
be —aba|(yn—1 + on—27) — 2bac|(an_1 + an—3B2) + abc|(Bn-1 + an—2)
ba (aba + abe)|(an—1 + an—302) + (aba + bac)|(Bn-1 + an—2p)
ac (bac — abe)|(Yn—1 + an—27v) — (aba + abe)|(@p—1 + @n—_302)

aba abac|(—n—1 — an_382 + Bn_1 + an_2f)

abe abac|(Yn—1 + n—2y — ap—1 — an_302)

bac abac|(—Yn—1 — n—27 + Bn-1 + an—203)

abac 0

Table 4.2.4: Images of 9y, forn > 2 and n even.
as well as

i Yy an—QﬁQ

1 2alc,—382 + 2b|ap—28 + 2¢|a,—o7y
a (ab+ ba)|an—28 + (ac — ab — be) | —27y
b (ab + ba)|ay—3P2 + (be — ba — ac)|ay—27y
c (ac — ab — be)|ap—302 + (be — ba — ac)|an—2
ab aba| o, —352 + abalo,—28 + (abe + bac)|ap—2y
be (abc — aba)|ay,—382 — bac|ay,—28 — bac|o, —o7y
ba aba|ay,—3 82 + aba|ay,—o 8 + (abe + bac)|a,—oy
ac —abclay,—302 + (bac — aba)|ay,—28 — abe|ay, —o7y

aba 0

abe 0

bac 0

abac 0

Table 4.2.5: Images of Oy, for n > 4 and n even.

For n > 3 and n odd, 9, is given by

x Y Oln Bn Tn
1 0 0 0
a 0 (ba — ab)|Bp—1 (—ab — bc — ac)|yn-1
b (ab — ba)|on—1 0 (=ba — ac — be)|yn-1
c (ab+ bc + ac)|lan—1  (ba + ac+ be)|fn-1 0
ab —abalag,—1 aba|Bn-1 (bac — abe)|yn—1
be (aba + abc) |, 1 bac|Bn-1 —bac|yn-1
ba abalo, 1 —aba|fn—1 (abc — bac)|Yn_1
ac abclo, 1 (aba + bac)|Bn_1 —abc|Yn_1
aba 0 0 —2abac|yn—1
abe 0 2abac|Bn—1 0
bac 2abac|ag,—1 0 0
abac 0 0 0

Table 4.2.6: Images of d,, for n > 3 and n odd.

together with
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T Y an_1f
1 (c—a)|oan—28+ (a —c)|an—27y
a —(ab + bc)|an—28 — aclan—a2y + (ba — ab)|(n—1 + Yn—-1 + An_352)
b (—2ba — ac)|ap—28 + (ab — be)|ay—oy
c (ab+ be)|an—28 + aclap—2y + (ba + ac + be)|(n—1 + Yn—-1 + an—302)
ab (bac — aba)|apn—of — abc|an—oy + abal(ap—1 + Yn—1 + @n—3062)
be (aba — bac)|an—af + abc|an—a7y + bacl(ap—1 + Yn—1 + @n—302)
ba abc|ay,—o8 + (aba — bac)|ap—_oy — abal(an—1 + Yn—1 + @n—_302)
ac (aba + bac)|(an—1 + Yn-1 + an—302)
aba —abac|(an—28 + ap—27)
abc 2abac|(an—1 + Yn-1 + an—302)
bac abac|(an—2f + ap—27)
abac 0
Table 4.2.7: Images of 9y, for n > 3 and n odd.
and
x Yy Qp_17Y
1 (a—0b)|an—28+ (b—a)lan—_2vy
a —ablay—28 + bala,—2y — (ab + be + ac)|(an—1 + Brn—1 + an—302)
b ablap—of — bala,—2y — (ba + ac + be)|(an—1 + Brn—1 + an—352)
c (2ac + ba)|a,—28 + (ab + 2bc) |, -2y
ab (bac — abe)|(an—1 + Brn-1+ @n_3532)
be (abe + bac)|an—af + abalan—2y — bac|(ap—1 + Br-1 + @n_3032)
ba (abe — bac)|(an—1 + Brn-1 + @n_352)
ac aba|ay,—28 + (abe + bac)|an—oy — abe|(an—1 + Br-1 + @n—302)
aba —2abac|(ap—1 + PBrn-1 + an—352)
abe abac|(an—2f + an—_27)
bac abac|(ap—2f + ap—27)
abac 0
Table 4.2.8: Images of 9, for n > 3 and n odd.
as well as
z y Q202
1 (b—c)lan—28 + (c — b)|on—27
a (ba — ac)|ap—28 — (2ab 4 be)|ay—2y
b (ab — ba)|(Bn-1 + Yn—1 + an—3P2) — bclan—28 — (ba + ac)|an—27y
c (ab+ be + ac)|(Brn-1 + Yn—1 + @n—302) + be|an_28 + (ba + ac)|an_o7y
ab —aba|(Bn—1+ Yn—1 + an—3B2) + (aba — abe)|an—28 + bac|a,—o2y
be (aba + abe)|(Brn-1 + Yn—1 + @n—3052)
ba aba|(Brn-1 + Yn—1 + an—3B2) — bac|ay,—28 + (abe — aba)|a,—2y
ac abe|(Br-1 + Yn—1 + an—3P2) + bac|ay,—28 + (aba — abc)|a,—a2y
aba —abac|(an—28 + an—27)
abc abac|(an—2f + ap—27)
bac 2abac|(Bpn-1 + Yn-1 + an—302)
abac 0
Table 4.2.9: Images of Oy for n > 3 and n odd.
Let us now turn to the maps f,. Note first that the k-linear maps f, : A ® (A',)* —
A® (A’_(n +3))" are homogeneous of homological degree 3 and internal degree 6. By degree

reasons we see that f,,(z|y) = 0 forall z € A, y € (A" )%, with m € [2,4] and n € Ny. A
straightforward computation using (4.1.3) tells us that the map fj is given by
fo(1]€") = 12bac]as + 12abe|Bs — 12abalys — 6abe|as + 6abalagy — 6bac|a s,
folale') = fo(ble') = fo(cle') = 0. 429
Analogously, if n € Nis odd, then
Falalan) = fa(blB8n) = falclm) = —4abaclan s — 4abac|Bnys — 4abac|yns + 6abacan 1Pz,
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.fn(b|an716) = fn(danfl'y) = fn(alan72ﬂ2)

= —2(n — 1)abac|an4+3 — 2(n — 1)abac|Br13 — 2(n — 1)abac|yn+3,
and f,(z) = 0 for

S {1|an; 18n, 1|7n7 1|an—167 1|an—1771‘an—2/325b|am C|an; a|ﬁn7 C|ﬁn7a|7na

(4.2.6)
b|’7nya|an—1ﬂ7clan—lﬂa a|an—177b|an—177b‘an—252;C|O‘n—252 } .

Finally, if n > 2 is even, then

Fa(lan) = fu(118,) = Fu(17,) = 8baclay, 3 + 8abe|Bnys — Sabalynys — 2abc|an, 23
+ 2abalay, 1277 — 2bac|apn 4152,

fn(1|an716) = fn(1|an71’7) = 07 f~n(]—|an7252) = 6(71 - 2)(bac|an+3 + abc‘6n+3 - abah/nJrB)v

and f,(z) =0forz € A, ® (A" )*.
From now on, we assume that the characteristic of the field k is different from 2 and 3 in
Subsection 4.2.1.

4.2.1.3 Computation of the boundaries

In this subsubsection, we will explicitly construct bases %n’m and B,, ,,, of the k-vector spaces
By,m = Im(0n+1,m—1) and By, , = Im(0y41,m—1) for m € [0,4] and n € Ny respectively, defined
before Proposition 4.2.1. This will be done by simply applying the corresponding differential

On+1,m—1 OF Opt1,m—1 to the usual basis of its domain and extracting a linearly independent
generating subset.

Computation of %mm Recall that Bn,m = Im(o;!nﬂ,m_l) and 5,,7,” : f(nm =A,® (A'_n)* —
f(n_l,mﬂ = Apy1 ® (A!f(nq))* was defined in Subsubsection 4.2.1.1. Obviously, Bn,O =
Im(énﬂ,,l) = 0 for n € Ny. Then we define %n,o = () for n € Ny.

Suppose m = 1. Table 4.2.1 shows that 51,0(1?1’0) =0, so 30,1 = Im(ém) = 0. We define
%071 = (). For n € N with n odd, Tables 4.2.2 - 4.2.5 show that

alom, = (1/2)0n11,0(Uant1),  blBa = (1/2)0n41,0(11Bus1),  clvn = (1/2)0n41,0(1|7n+1),
(a4 O)|(Bn+ an-18) + (b+ a)| (1 + @n—17) + (¢ +b)| (an + @ —282) = Dnt1,0(1]anf)

= ~nJr1,0(1|O‘n'7)7
alon—282 + blowm—18 + clan—17 = (1/2)0p+1,0(1]atn—182).

These five elements are linearly independent if none of them vanishes, so they form a k-basis
of By, 1. If n = 1, we define a basis of B; ; by

B = {ala,blB, v, (a + ) |B+ (b+ a)ly + (¢ +b)|a}.
If n > 3 is odd, we define a basis of Bml by

%n,l = {a‘aru b‘ﬂfm%? (CI, + E)‘(ﬂn + an—l/B) + (b + a)|(7n + O‘n—l’}/) + (C + b)‘(an + an—252)7
alon, 282 + bloy—18 + clay—17}.

If n > 2is even, Tables 4.2.6 - 4.2.9 show that

0= Ops1,0(1|ant1) = Ops1,0(1Brs1) = Fnt1,0(Lvmsn),
(¢ = a)[(an-18 = @n-17) = Ops1.0(1anf), (a=b)l(an-18 = an-17) = Ons10(1any),
(b—o)(an-18 —an-17) = 5n+1,0(1|04n7152) == ~n+1,0(1|0‘nﬁ) - én+1,0(1|04n7)-
Since the elements (c—a)|(on—18—0-17) and (a—b)|(an—18—an—17) are linearly independent,
we define a basis of B,, ; by

B1 = {(c—a)l(an-18— an_17), (a = b)|(an_18 — an-17)}.
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The dimension of B, ; is then given by

ifn=0,
ifn=1,
, ifn > 2iseven,
, ifn > 3isodd.

dim B, ; = (4.2.7)

TN e O

Suppose now m = 2. Table 4.2.1 shows that By 5 is spanned by (ab — ba)|€', (ba + ac + be)|€
and (ab + bc + ac)|¢'. Since (ab + ba)|e' and (ba + ac + be)|e' are linearly independent, and
(ab+ be + ac)|e' = (ab — ba)|e' + (ba + ac + be)|e', we see that

Boo = {(ab—b£)|é, (ba—i—%—&—bc)\ei}

is a basis of BO,Q. If n € Nis odd, let

En2 ={e1n2 = (ab+ba)|on = Oni1, 1(b|an+1)
€2,n,2 = (bc — ba — a0)|0ln = —On41,1(blant1) — Ons11(clomsr),
€3n2 = (ab+ba)|Bn = Ony1, 1(a|ﬁn+1)
ean2 = (bc — ba — ac)|Bn = Ops1,1(c|Butr),
esn,2 = (ab+ba)|y, = an+1 1(a|yns1) = Ong1.1 (b yms),
€6,n,2 = (j ba — aC)|’Yn = n+1 1(0|Yn11),

be ‘(an + an—2/82) - ac‘(ﬁn + an—lﬁ) =+ a7b|(7n + O‘n—l'}/) = 5n+1,1(b‘anﬂ)}-

Then we define the set B, 5 = & 5, and

%n,Q =& U {es,n,2 = (ab +bj)|an—17 = 5n+1,1(b|04n5) + 5n+1,1(a|06n’y) — €5,n,2,
e9n2 = (ab+ ba)|(an-18 + an—202)
= ~n+1,1(a|anflﬁ2) + 5n+1,1(b|an71ﬂ2) + es n,2,
e10,n,2 = (bc —ba — ac)|an 22

- 8rL-i-l 1(C|O¢nﬁ) n+1 1(a|anﬁ) + e8 n,2 + 65 n,2 — 62,n,27
e11,n,2 = (ab+ ba)|an_18 — (be — ba — ac)|an—17 = Ons1,1(alan—162) + es 2,
e12,n2 = (be — ba — ac)|an—18 — (ab + ba)|an 22

= ~n+1,1(c|an—1/32) + €1o,n,2}

for n > 3 with n odd. We will show that %nz is a basis of Bmg for n € N with n odd. As noted
before, 98, 2 C By, 2. Since

Ony1.1(alomin Dt 1, 1(b|5n+1) Ons1.1(c/Yns1) =0,

) =
8n+1 1(b|an+1) €1,n,2, n+1 1(C|an+1) —€1,n,2 — €2n,2, 5n+1,1(a|5n+1) = €3,n,2,
3n+1 1(C|ﬂn+1) €4.n,2, n+1 1(a|’Yn+1) —€5,n,2 — €6,n,2, 5'n+1,1(b|7n+1) = €6,n,2,
n+1 1(G|C¥n/3) —€2n2 —€3n2 —€4n2t €7 n2—€9n2— €002 — €12,n,2;

1(blanB) = ern 2,

)= —€3n2—€4n2—€5n2+ €702 — €802~ €9n2— €122

)= €s5m2 — €7n2 + €8m2 Oni1.1(blany) = —0ns11(clanB) + e2mna + €10.m.2,
5'n+1 1(clany) =

) =

Ont1,1(blon—152

— n+1 1(b|anB) + €2.n.2 + €10,n.2, 5n+1,1(&\04n—152) = —eégn,2 + €11,n,2,

€92 — €112, Ont1,1(clan—1B2) = —€10.n2 + €12,1.2,

the elements in ‘Bn 2 span the space Bn 2. By Fact 4.1.3, the elements in %mg are linearly inde-
pendent, so B, 2 is a basis of B, 2, as claimed. If n > 2 is even, let

Gn2 = {g1m2 = (ba — ab)|a, = — 01,1 (D t1),
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ga.m2 = (be+ba+ ac)|an = Oni11(clanyr) = Opyr 1 (blamia),

g3m2 = (ba — ab)|Bp = Ons1,1(alBns1), a2 = (be+ba+ ac)|Bn = Ops1,1(clBns1),
g5.m2 = (ba — ab)|yn = Ony1.1(alyni1) = Ong11(blYns1),

6.2 = (b +ba + ac)|yn = =0n11.1(Dlyni1),

99.n,2 = ablay,_18 — bala,—17 = (1/3)[ h+1.1(2a|a, B + 2¢|an B + 3b|any + bla—102
+ clan—182) = 2¢1,n,2 + 92.n.2 + 293,02 + 294.n,2 — 396,n,2) 5
910,n,2 = balan_18 — ablan_17 = (1/3)0n+1,1(alown—182 — blan),
Gi1.n,2 = aclan_1 B+ (ab+ be)|an 17 = —(1/3)dn11,1(blon B + 2a|an 1 52),
G12.n.2 = (ab+ be)|a,—18 + aclay_1y = (1/3)[ h+1.1(¢clan B — 2alo, B — bla,—1 B2
—clan—162) + 291,n2 — 92,n,2 — 2932 + 94,n,2] }7

Then we define ENBM = G2, and

B2 = Gn2U{g7n2 = (ba — ab)|on 282 = (1/3)[On+1,1(alanB + clanB — blow,_1 2
—clan—162) — 9in2 — 92,02 — 293.n,2 + Gan,2 — 395.n,2],
98,n,2 = (be +ba + ac)|an_ofs = (1/3)[ ot 1.1(2a] B+ 2¢|an B + by, 182
+ clan—182) = 2¢1,n,2 — 292,02 + 293,02 — G4n,2 — 396,n,2) }

for n > 4 with n even. We will show that %n 5 is a basis of Bn 5 for n > 2 with n even. From the
definition, we see that %mz - Bn,2. Since

nsr1(alons1) = Ony1.1(0Bns1) = Fni11(c|nsr) =0,

) =
On1,1(0|Qns1) = —g1n2y Ont11(clan) = g2n2 — Gin2s Oni1.1(alBos1) = g3,n.2,
On11,1(¢|Bnt1) = gan2s Ont1.1(aVnt1) = G52 — Go.n2 Ont1,1(B]Yns1) = —G6,n.2,
5n+1,1(a|04n5) =091n2 1t 95.n2+ 9702 — g12,n,2, 5n+1,1(b|0lnﬂ) = *2910,71,2 — J11,n,2,
5n+1,1(0|04n5) =g2.n2t g6,n2+ gsn2+ gi12.n,2,
5n+1,1(a|04n’7) =01n2—92n2 1t 9302~ 94n2+97n2 —98n2 — 9on,2,
5n+1,1(b|0én’7) —92n,2 — 94n,2 — 98,n,2 T 99,n,2, 5n+1,1(0|an7) = g10,n,2 + 2911,71,27
5n+1,1(a|04n—152) gion,2 — 9i1,n,2,
On+1,1 (bl —1B2) =

) =

5n+1,1(c|an—162

—93n,2 — 9512 — 97n,2 T 99.n,2 — 912,n,2;

—93n,2+ 9an2 — 9502+ 96,n,2 — 97,n,2 T 9802 — 99,02 t g12,n,2,

the elements in ‘Bn,g span the space Bmg. By Fact 4.1.3, the elements in %mg are linearly inde-
pendent, so B, 5 is a basis of B, 2, as claimed. The dimension of B,, » is thus given by

2, ifn=0,
- 7, ifn=1
dim Bpo =4 ’ 128
2T N0, ifn=2, (428)
12, ifn > 3.

Suppose now m = 3. Table 4.2.1 shows that 5172 is surjective. We thus define a basis of BO,B
by the usual basis of I~(073. If n € Nis odd, let

Ens = {e1n3 = abalay, = Ont12(ablant1), €23 = abelay, = —Oni12(aclant),
€3m3 = aba|By, = Ipi12(ab|Bni1),  €ans = bac|By, = —0ni1.2(bc|Bni1),
€5,n,3 = abcl’yn = - ~n+1,2(ac|7n+1)7 €6,n,3 = bacl’yn = - ~n+1,2(bc|'7n+1)=

e1n3 = abe|(Bp + an—18) + aba| (Y + an-17) = (1/3)0n11,2((ba — ac)|an ),
esn,3 = abal(yn + an_17) + bacl(an + an—282) = (1/3)0,41,2((2ba + ac)|a, B) }.
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Then we define %1’3 =&1,3,and

B3 = Enz U {€9n,3 = abalan_18 + (abe + bac)|an 17 + abalon 282 = Oni1,2(balan—152),

€10,n,3 = baclay,_18 + baclay, 17 + (aba — abe)|an—28s = —0ny1.2(bean_1 82),
(aba + bac)|ay—18 + (bac — abe)|an—17

€11,n,3
= - ~n+1,2(b€|04n5) —€3n,3— €4n,3+ €503~ €6n,3,
e12,n,3 = (abc — bac)|an,—17v + (aba + abc)|ay,—252

= Opt1,2((ab +be)|anf) — €1.m3 — €23 — €5m3 + €6,n.,3 }

for n > 3 with n odd. We now show that %n 3 is a basis of Bn 3 for n € N with n odd. As noted
before, %n;), - Bnyg. Since

Ont12(ablan 1) = Opia, 2(ba|an+1 =e1n3, Ont12(bclani1) = €2.n3 — €113,
Ont1,2(aclon 1

5n+1,2(b0|ﬂn+1

) =
—€2.n,3, n+1 Z(Qb‘ﬂnJrl) anJrl Z(ba|5n+1) = €3,n,3,
—€an3y Oni12(acBni1) = €sn3 — €3.n3,

) =

Ont1,2(ab[Vn11) = Ony1.2(balyni1) = €5.n.3 + €6.m.35 Ont1,2(bc|Vni1) = —€6.n.3,

On+1,2(aC|Yng1) = —€5,n.,3,
an+12(ab\04n3 =ein3+ean3tezns+eins+eins+tenns,
n+1 2(

n+1 2(ba|anB) = Oni12(ablany) = €7.n3 + €83, Ons12(aclanB) = —2e7,3 + €s.n3,
Ont1,2(bclany) = €703 — 2es.1.3,

Ont12(balany) = €1n3 + €2n3 + €303+ €sn3+ €11n3 + 1213,
Ont12(aclany) = —€1m3 — €2.n.3 — €53 + €63 — €12.n.3;
5n+1,2(ab\04n—152

5n+1,2(a0\04n—1/32

) =
) =
) =
) =
) =
)
belanB) = —63 n,3 — €4,n,3 T €5n.3 ~ €6,n,3 — €11,n,3,
) =
) =
) =
) =
)= n+1 2(balan—152) = €9 n 3, Ony1.2(beclan_182) = —€10,n,3
) =

€10,n,3 — €9,n,3,

the elements in B,, 3 span the space B, 3. By Fact 4.1.3, the elements e, 5 for £ € [1,8] are
linearly independent. The reader can easily verify that the elements e/ ,, 3 for £ € [9,12] are
linearly independent. Since the underlined terms of ey, 3 for £ € [1, 8]] do not appear in ey 3

for ¢ € [9,12], the elements in %n .3 are linearly independent. So iBn 3 is a basis of Bn 3, as
claimed. If n > 2 is even, let

B3 ={g1n3= abala, = Ini12(balonit), Gans = abe|ay, = Int1.2(aclantn),
93.n,3 = ba|Bn = On412(ablBnt1), Gans = bac|Bn = Ont12(bc|Bni1),
g5.m3 = abclyn = —On112(aclyni1), gems = baclyn = —Oni1.2(bclyni1),
97.n,3 = bac|(an + an_2B2) + abal(yn + an—282)

= Ont1,2((ab+ be)|enB) = g1,n,3 — Gon,3s
98.n,3 = abc|(Bn + an—2B82) + abal(vn + an_252)

= Ops1.2((ba + ac)lan—182) — gs.n3 — G5.n3,
9o,n,3 = bac|(an—18 + an_17 — an — ay_22) + abal (v + an—252)

= Opr1,2(ab|anf + aclany) — €1n3 + €203 — €703 + €8.n.3s
G10,n,3 = aba|(an—18 + an—17 — 2% — 2an—2/32)

=- ~n+1,2(ab|an5 + balay-162) + 91,03 + 93,n,3,
g11,n,3 = (bac — aba)|a,—1 8 — abclay,—17v + abal (v, + an—282)

= ~n+1,2(@b\04m3) — 91,n,3;
g12,n,3 = abclan_10 + (aba — bac)|an_1y — abal(yn + an_202)

= Opy1.2(bala,B) + Gin,3}-
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We then show that %n’g is a basis of Bn’g. It follows from the definition that %n,;z, C Bn,;;. Since

n+1 a(ablog41) = — ~n+1,2(ba|an+1) = —01,n,3, 5n+1,2(b6|04n+1) = 01,03 T 92,n,3

921,35 Ont1,2(ab|Bni1) = —0Ony12(0a|Bni1) = g3.n3

n+1 2(aclom41
n+1 2(b¢|Bnt1) = Gan3s Oni12(ac|Bui1) = 93.n.3 + Gan3s

- ~n+1,2(ba|’)’n+1) = 96,n,3 — 95,n,3> 5'n+1,2(bc|’7n+1) = —96,n,3,

(
n+1 2(ablyn41
Ons12(ac)yni1) = —gs5.m.3, Oni12(ablanf) = gins + 911.m.3,
8n+172(bc|oznﬁ
5n+1’2(ac|anﬂ

Ont1,2(belany

= G6,n,3 + 97,3 — G113 Ont1,2(ba/nB) = g12.n.3 — 91,n.3,

= 13+ G6m3 + 97.m.3s Oni1.2(ablany) = —g2.n3 + 9an3 + G7n3 — G8.n.3;
= —094n,3 T g9,n,3 T G12,n,3; 5n+172(ba|an7) =92n,3 ~ 94,n3 — G7,n,3 + G8,n,3;
5n+1,2(ac|an7 =—92n3+97n3—98n3+ 99.n3 — 911,n,3,
Ont1,2(ablan_1 52
Ony1.2(balay, 1B
Ont1,2(aclan_15:

—93.n,3 T 910,n,3 — 912,n,3, 8n+1,2(bc|05n—1/82) =93,n,3 T 95,3 + 98,n,3,

93,n,3 — d10,n,3 — 911,n,3,

—_— — — — — = O e — ' ~— —

=0gs5n,3 T 98n,3 + 910,03 + 911,n,3,

the elements in ‘Bn 3 span the space Bn 3. By Fact 4.1.3, the elements in %n 3 are linearly inde-
pendent, so ‘Bn .3 is a basis of Bn 3, as claimed. Hence, the dimension of Bn 3 1s given by

3, ifn=0,
dimB,3=4¢8, ifn=1, (4.2.9)
12, ifn>2.

Suppose now m = 4. Table 4.2.1 tells us that the usual basis of Ro 418 a basis of Bo 4. If
n € Nis odd, Tables 4.2.2 - 4.2.5 show that B,, 4 is spanned by 9, 1 3(aba|c, ), Dny1,3(abe|an )
and 8n+173(bac|an5). Since

Oni1.3(baclanB) = Ony1,3(abalanB) — dny1 3(abclanf),

and the elements Ony1.3(abalay,B) and 8,11 3(abc|ay,B) are linearly independent, we define a
basis of B,, 4 by

%n,4 = {én+1,3(aba|anﬁ) = abac|(an + O‘n—QﬁQ - ﬂl - an—lﬂ)v
5n+173(aba|oznﬂ) = abac|(ay, + ap_2f2 — Yo — an_w)}.

If n = 2, by Tables 4.2.6 - 4.2.9, we define a basis of 32,4 by

%274 = {abac|as, abac|Bs, abac|yz, abac| (o + @)}

If n > 4 is even, we note that abac|a, 282 = (1/2)5n+1,3(abc|an6 — bac|an+1 + abalyn41). So
we can define a basis of B, 4 by

B4 = {abac|ay,, abac| By, abac|y,,, abac|(an—1 8 + an—17), abacloy, —2Bs } .

In conclusion, the dimension of B, 4 is given by

1, ifn=0,
- 2, if Nis odd,
dim B, 4 =4 Lnenso (4.2.10)
' 4, ifn=2,
5, ifn > 4iseven.

Computation of B, ., Recall that B, ,,, = Im(9y,41,m—1) and Oy, p, : Pn m — Py m—+1. Since
On,m = nmforeltherm =-10,landn € N,orm =23 and n = 1,2,3, we get B,, ,, = Bnm
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for either m = 0,1,2 and n € Ny, or m = 3,4 and n = 0,1,2. So we define a basis of B,, ,, by
Brm = %mm for either m = 0,1,2and n € Ny, orm = 3,4and n = 0,1,2.

Suppose m = 3. Consider 0,112 : [~(n+172 &) wlkn,z),’() — Rn)g &) wlf(n,4,1. If n = 3, the
element 2bac|as + 2abe| B3 — 2abalys — abe|as B + abalagy — baclaBs = (1/6)042(wi1e') is not in
the space Bj 3. So we define a basis of Bj 3 by

B3 = %373 U {2bac|a3 + 2abc|Bs — 2abalys — abe|asf + abalayy — bac|aﬂg}.
If n = 5, we define the set

By g = %573 U {4bac|a5 + 4abc|Bs — 4abelys — abe|agS + abalayy — bac|as B + M
= (1/2)06,2(w11]az2),
dbac|as + 4abe| s — dabelys — abelay B + abalayy — baclasBe + wib|B
= (1/2)06 2(w11|B2),
4bac|as + 4abc|Bs — 4abelys — abe|agS + abalayy — bac|as B + LCW
= (1/2)06,2(w11|72),
wil(a+ )8+ (b+a)ly+ (c+b)|a] = T 2(wrl]af) = ds 2(wil]a) }.

If n > 7is odd, we define the set

B3 =B, 3U

{4bac\an + 4abe|B,, — dabc|y, — abelay,—1 8 + abalay,—1v — bac|ay,—2 P2 + wralay,—4
= (1/2)0n 11 2(wi1an—s),
4bac|ay, + 4abe| By, — 4abelyy, — abelay,—1 8 + abalay, 1y — baclay,—2P2 + w1b|Bn—4
= (1/2)0n+1,2(w11|Bp—3),
4bacla, + 4abe|B, — 4abc|y, — abelayn,—18 + aba|ay,—1v — bac|an—2P2 + wic|Yn—4a
= (1/2)0n11,2(wil]yn-3),
wif(a+)(Bna+ an—s58) + (b + a)|(Yn—a + an_57) + (c + b)|(@n—a + an_c2)]
= Opy12(Wil]an—af) = Opy12(wil]an—47),
3(n — 5)(baclay, + abe|Bn — abalyn) + wi(alon—e62 + blayn—58 + clan—57)

= n+1,2(w11|06n—5ﬁ2)}~

By Fact 4.1.3, the elements in 93,, 5 are linearly independent, so 8,, 3 is a basis of B,, 3 forn > 5
with n odd. If n > 4 is even, then fn, 3(f( n—3,) = 0 since f vanishes on the elements given by
(4.2.6). Hence, B, 3 = Bn73 D w1Bn—4,1- We define a basis of By 3 by B, 3 = %473, and we define
a basis of B,, 3 by

B3 = B3 U{wi(c—a)l(an—sf — ansy)wi(a —b)|[(an_s8 — an_s57)}

for n > 6 with n even. The dimension of B,, 3 is then given by

3, ifn=0,
8, ifn=1,
12, ifn =24,
dimB,3=1¢13, ifn=23, (4.2.11)
16, ifn =235,
14, ifn > 6iseven,
17, ifn > 7is odd.

Suppose m = 4. Consider 0,113 : Kn+173 @wlf{n,&l — ffn,4 @wlfi’n%,g @wgkn,&o. Ifn=
3, then Bs 4 = Bs 4 since fo(Kop,1) = 0 by the second line of (4.2.5). So, we define B3 4 = B3 4. If

n > 4 1is even, since fn_3(Kn_3,1) - Bn74, we have Bn,4 = Bn74 D wan_4,2 = Bn74 D wan_4,2.
If n > 5is odd, since f,,—3(K,—31) = 0 by the last identity of Subsubsection 4.2.1.2, we have
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Bpa = Bn 1P w1 B 4,2. Hence, for n > 4, we define a basis of B, 4 by B, 4 = %n,4 le%n,m.
The dimension of B, 4 is then given by

1, ifn=0,
2, ifn=13,
4, ifn=2,
dimB,, = Hn=4 (4.2.12)
’ 9, ifn=35,
15, ifn =6,
14, ifn > 7isodd,
17, ifn > 8iseven.

42,14 Computation of the cycles

As one can remark rather easily, from the computations in the previous subsubsection we can
already deduce the dimensions of the homogeneous components of the spaces of cycles and
thus of the Hochschild homology groups. However, since having specific representatives of
bases of homology classes is relevant for other computations involving the Hochschild homol-
ogy groups, we will proceed to do so. More precisely, in this subsubsection, we will explicitly
construct bases @n m and ©,, ,, of the k-vector spaces D, ™= Ker(@n m) and Dy, ,, = Ker(9p, m)
form € [0,4] and n € Ny respectlvely, defined before Proposition 4.2.1.

Computation Of i)"’m Recall that Dn,m = Ker(émm) and én,m : f(n,m = Am & (A|_n)*
f:(n—1,m+1 = A1 ® (A!—(n—l))* was defined in Subsubsection 4.2.1.1. Since f(n,m/Dn,m
B,—1,m+1, we see that

R 4

dim D, ,, = dim K, ,, — dim By, —1 1.

Hence, from the dimension of Bn,17m+1 computed in Subsubsection 4.2.1.3 as well as the di-
mension of K, ,,, (see the last paragraph of Subsubsection 4.2.1.1), we deduce the value of the
dimension of D,, ,,,. We will present them explicitly in the computations below.

For every (n,m) € Ny x [0, 4]] we are going to provide a set D, m C Dn m such that #@n m=
dim D,, ,, and the elements in D, ,,, are linearly independent. As a consequence, D, ,, is a basis
of Dn’m. If f?n,m =K n,m, We pick the usual basis of f(n’m, defined at the end of Subsubsection
4.2.1.1. We leave to the reader the easy verification in each case that the set éwn satisfies these

conditions. R ~ R
Obviously, Dg ,, = Ko,m for m € [0,4]. Then we define the set © ,, by the usual basis of
KO,m-
Suppose m = 0. By (4.2.7), the dimension of D, ¢ is given by
3, ifn=1,
dim Dn,O =<1, ifn e Nyiseven,
4, ifn > 3isodd.
If n =1, then D1 0= K1 o since d1mD1 0=3= d1mK1 o. If n > 3is odd, we define the set

®n 0 — {1|an71|ﬂn71‘7n7y(04n—1ﬂ +an—1v+ O‘n—262)}~
If n > 2 is even, we define the set
gn,O = {y(an—lﬂ - 0%—1’7)}-

Suppose m = 1. By (4.2.8), the dimension of D,, ; is given by

3, ifn=0,

- ifn=1
dimD,, =4 Hr=1
8, ifn=23,

6, ifn > 4.



We define the sets
D11 = {ala.b|B.clv,alB + clo — clBaly + clov, bla — cla+ ¢l B, bly + €|} € Du s,
@2,1 = {CdOéQ,b‘ﬁ,C‘ﬁ, (E - a)‘(&ﬂ - @)7 (CI, - é)|(% - OKY)? (g + C)|& + CL|O{’}/ + C|046,
(a+b)|y2 + alaB + blay, (b + ¢)|az + blay + claf} € Da,
and
553,1 = {a|a3,b|ﬁ,c|£, blagB + clazy + alaBz, al(Bs + azB) + bl(v3 + azy) + c|(as + ab2),

— a|(B3 +73) + (203 + 73 — a27) + (a2 — afz — 2a3),
al(agy — B3) + bl(a2y — as) + 2¢|(az + B3),
2a/(B3 + 73) + bl(aBy — 73) + cl(afy — Bs)} C Ds1.

Moreover, if n > 4 is even, we define

:én,l = {alanablﬁnach/ny (E - a)l(anflﬂ - an717)7 ((I - 9)|(an715 - Oénfﬂ),
(@a+b+0)(n-1B+ n_17 + n—2B2 + on + Bn + 1)} € D1,

and if n > 5is odd, we set

én,l = {alan7 blﬁn: c|'7n7 blanflﬂ + C|an71'7 + a|an72627
§|(5n + O‘nflﬂ) + b|(’yn + anflf)/) + C|(an + an7262)a
E|(ﬁn + anflﬂ) + a‘(’yn + Oénfﬂ) + b|(an + an7262)} g Dn,1~

Suppose m = 2. By (4.2.9), the dimension of D, 5 is given by

4, ifn=0,
dim D, 2 =1{9, ifn=1,
12, ifn > 2.

We define the sets

D12 = {(ab+ ba)|y, (bc — ba — ac)|y, acl(e + ), (ba + ac)|(B + ), beo — ac|B + ably,
(ab + ba)|B, (be — ba — ac)|B, (be — ba — ac)|a, (ab + ba)|a} C Dy »,

and

552,2 = {(ba — ab)|a, (be + ba + ac)|az, (ba — ab)| Bz, (be + ba + ac)| Bz, (ba — ab)|yz,

(be+ ba + ac) 2, abl(a — 205 — B2) + bel (B — ), abl(B2 — 12) + bel (4B — Bz — 272),
balafp — ablay, ablaB — balavy, acla + (ab + be)|ary, (ab + be)|aB + aclay} C Dy

Moreover, if n > 3 is odd, we define

Do = {(afb—i— ba)|an, (be — ba — ac)|ay, (ab + ba)| By, (be — ba — ac)|Bn, (ab + ba)|yn,

(be — ba — ac)|yn, (ab+ ba)|(an—18 + @n_202), (ab+ ba)|c,—17, (bc — ba — ac)|ay—252,
(&)+ba)|an_1g—@—ba— ac)lan-17, o -

bel(an + an—262) — acl(Bn + an—18) + abl(vn + an—17),

(bc = ba — ac)|an—18 — (ab + ba)|an_262} - ﬁn72,

and if n > 4 is even, we set

bnﬁ = {(ba - %)'%7 (% +ba + ac)l%? (ba — @)'&7 (@ +ba + ac)‘ﬂl7 (ba — &b)|ﬁv
(@ + ba + ac)|7l, (ba — ib)|an,262, (be + ba + ac)|on—2B2, balay, 1 — abla,—17,
ablan—18 — balan 17, aclan—18 + (ab + be)|an—17, (ab + be)|an—18 + aclan_17}
g Dn,Q-
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Suppose m = 3. By (4.2.10), the dimension of D,, 3 is given by

3, ifn=0,
8, ifn=1,

dim D, 3 =113, ifn=2o0rn > 5isodd,
14, ifn =3,

16, ifn > 4iseven.
We define the sets

D3 = {aba|a, abc|o, abal B, bac|B, abely, bacly, baca + abaly, abe|B + abaly} C D1 3,

and

D33 = {aba|as, abc|as, aba|Bs, bac| B3, abe|vys, baclys, abalaz B + baclao B, abalag B + abelasy,

abalas B + baclasy, abalasf — abalafs, abalasf + abe|laBs, abelas B — baclas + abalys,
aba|asy + baclas + abe|Bs, bac|afz — abe|PBs + aba\vg} - 13373.

Moreover, if n > 2 is even, let

Gn3 = {aba|an, abc|ay,, bac|ay,, aba|B,, abe| By, bac| By, abalvyy,, abc|yn, bac|yn,
aba|ay,—18 + (abe + bac)|ay -1, abel(an—18 + an-17), bac|(an-18 + an-17),
LM|(Q7L—1IB + 0571,—17)}-

Then we define the set 352,3 =03, and

Dp3=GnszU {abalas, 282, abc|an,—2B2, baclon, —2B2} C D3

for n > 4 with n even. If n > 5 is odd, then we define

’L:)mg = {aba|ozn, abcl|ay,, abal By, bac| By, abe|yn, bac|yn, abalay, 1 + bac|a,—10,

aba|a,—1 8 + abc|ay,—17, abaloy,—1 8 + baclay, 17, aba|ay, -1 5 — abalay,—28,
aba|an716 + abc|an,262, abc‘(ﬁn + O‘nflﬁ) + LZ)C’/K’YTL + an717)7
@Kan + O(71—2ﬂ2) - abc|(6n + an—lﬂ)} g Dn,3-

Finally, if m = 4, we immediately see that D, 4= n74. So we define the set @ny4 by the
usual basis of K. n,4. The dimension of Dn 4 is given by

1, ifn=0,

- 3, ifn=1

dim D, 4 = ¢’ !
WA= 5 ifn =2,
6, ifn > 3.

Computation of ©,,,,, Recall that D,, ,,, = Ker(0p ) and 0y, : Pn,m — Pn_LmH. The
isomorphism P,, ,,, /Dy, = Bp—1,m+1 tells us that

dim D,, ,,, = dim P, ,,, — dim By, _1 i1

Hence, from the dimension of B, _; ,,+1 computed in Subsubsection 4.2.1.3 as well as the di-
mension of P, ,, (see the last paragraph of Subsubsection 4.2.1.1), we deduce the value of the
dimension of D,, ,,,. We will present them explicitly in the computations below.

For integers (n,m) € Ny x [0,4], we are going to provide a set ©,,,, C D, ,, such that
#9y.m = dim D, ,, and the elements in ©,, ,,, are linearly independent. As a consequence,
Dy.,m is a basis of D, ,,. We leave to the reader the easy verification in each case that the set
Dp.m satisfies these conditions.

For either m = 0,1 and n € Ny, or m = 2,3,4 and n = 0,1,2,3, note that J,, ,, 5n7m, then
Dy = Dn m- S0 we define the basis of D,, ,, by D, , = =9, m-
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Suppose m = 2. By (4.2.11), the dimension of D, 5 is given by

4, ifn=0,
9, ifn=1,
dim D,y — 12 %fn =234,
' 15, ifn =235,
13, ifn > 6Giseven,
16, ifn > 7is odd.

If n = 4, we define the set 45 = @472 C Dy If n > 61is even, we define
Qn,Z = én,2 ) {Ll”(anffwﬁ - an757)} - Dn72'

If n > 5is odd, we define ®,, » = @n,g U w135n_470 C Dy 2.
Suppose m = 3. By (4.2.12), the dimension of D,, 3 is given by

3, ifn=0,
8, ifn=1,
13, ifn=2,
14, ifn =3,
dim D, 3 =19, ifn=4orn > 9isodd,
20, ifn =35,
24, ifn =26,
21, ifn="1,
22, if n > 8is even.

We define the sets

D53 = @573 U {5bac|a5 + 2abc|Bs — babalys — 3abelay 8 + wiala,
Sbac|as + 2abe|f5 — Sabal|ys — 3abelayf + W,
5baclas + 2abe|Bs — Sabalys — 3abclayf + wicly, wi(alB + cla — ¢ B),
wi(aly + cla), wi(bla — cla+ ¢|8),wi (b]y +¢[B) } C Ds 3,

and

D73 = ’}57,3 u {5bac\a7 + 2abc|B7 — babaly; — 3abc|ag S + wialas,
Sbaclar + 2abe|B7 — Sabalyr — 3abclag B + wib| Bz,
Sbac|az + 2abc|B7 — babal|yr — 3abc|agf + wic|ys,
6bac|ar + 6abe|B7 — 6abalyr + wi(blaaB + clagy + alafa),
wilal(Bs + aaB) + b|(73 + a27) + cl(az + af2)],
wi[—al(B3 +73) + b[(2a3 + v3 — a2Y) + ¢| (2B — afs — 2a3)],
wila|(agy — B3) + bl (aay — as) + 2¢[(asz + B3)],
[

wi[2al (B3 4+ 73) + bl(afs — y3) + c|[(aBz — Bs)]} € D7 s.

Moreover, if n > 4 is even, we define the set ©,, 3 = :‘jmg U w1@n74)1 C Dpgs,andif n > 91is
odd, we define the set
Dp3 = @mg U {5bac|an + 2abc| B, — babal|y, — 3abe|an,—1 8 + wiala,—q,
Sbac|a, + 2abel| By, — Sabaly, — 3abelay,—18 + wib|Br—4,
bbac|a, + 2abel| B, — babaly, — 3abela,—1 8 + wic|Vn—a,
3(n — 5)(baclan, + abe|Bn — abalyn) 4+ w1 (blan—s8 + clan—s57 + alan—eP2),
wila|(Bn-a + an—58) + b|(Yn—1 + an-57) + c|[(an—s5 + an—e02)],
wiel(Bn-a + an—s8) + al(Yn-a + an_57) + bl(an—a + an_6f2)]} € Dn 3.
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Suppose m = 4. The space D, 4 is given by Proposition 4.2.2. So ©,, 4 is given by the usual
basis of K, 4 and w1®,,—4,2. The dimension of D, 4 is then given by

1, ifn=0,
3, ifn=1,
5 ifn=2,
6, ifn=23,
dim D, , = 10, %fn:4,
’ 15, ifn =235,
18, ifn =26,7,8,
21, ifn=29,
19, ifn > 10is even,
22, if n > 11is odd.

4.2.1.5 Hochschild homology

In this subsubsection, we will explicitly construct a subspace H,, ,,, of Dy, ,,, such that D,, ,,, =
Hym @ By.m for myn € Ny, and we define H,, ,,, = 0 for (n,m) € Z? \ N2. By Proposition 4.2.1,
we have the following similar recursive description.

Corollary 4.2.3. For integers m > 3 and n € Ny, we have

sm

H ~ (AJm2—3 Hn_2m+6,3, zfm is Odd,
n . .
wm _oHp _omyis4, if miseven.

So it is also sufficient to compute the case m € [0,4]. Recall that
dim H,, ,,, = dim D,, ,,, — dim B,, ,,, = dim P, ,,, — dim By, 1y 41 — dim By, .

Hence, from the dimension of D,, ,,, computed in Subsubsection 4.2.1.4 as well as the dimension
of B,, ,», computed in Subsubsection 4.2.1.3, we deduce the value of the dimension of H, ,,. We
will present them explicitly in the computations below.

For every (n,m) € Ny x [0,4], we are going to provide a set 9, 1, C Dy, 1, such that #9,, ,, =
dim H,, ,,, and the elements in §, ,, U B, ,, are linearly independent. As a consequence, the
space H,, ,, spanned by $),, ,,, satisfies D,, n, = Hp m ® By, . We leave to the reader the easy
verification in each case that the set ), ,,, satisfies these conditions. Note that, unless stated
otherwise, the linear independence of the elements in $),, ,,, U8, p, is from Fact 4.1.3, where we
put the elements in $),, ,,, before the elements in B,, ,,.

Suppose m = 0. We get immediately $,,,0 = Dy, since B, o = 0 for n € Ny. The dimension
of Hy, is given by

1, ifn € Nyiseven,
dimH,p=4¢3, ifn=1,
4, ifn > 3isodd.

Suppose m = 1. The dimension of H,, ; is given by

if n =0,1,3,
ifn=2,

if n > 41iseven,
if n > 51is odd.

dim Hn,l =

= ok O W

We define the sets $0.1 = Do,1,

911 = {aly + cla,bla — o+ ¢| B, b]y + ¢|B},

bl(a2 + ay) + ¢l(az2 + af) },
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and

931 = {a|(B3 + azf) + bl(v3 + azy) + c|(az + afba),
a|(azy — B3) + bl (aay — as) + 2¢|(az + B3),
2a|(B3 + 3) + bl(afa — v3) + cl(aB2 — Bs) }.

Moreover, if n > 4 is even, we define the set
1 =Dni\Br1 = {alan, blBn, clvn, (a+ b+ ) [(an-18+ an1Y + an_202 + n + Bn + 1) },
and if n > 5 is odd, we define

Hna = {a|(Bn + an-18) +b|(n + an-17) + (@ + an—282)}.

Suppose m = 2. The dimension of H,, 5 is given by

 ifn=012,
, ifn=34,
, ifn=25,

if n > 6 is even,
, ifn > 7is odd.

2
0
dim Hy, 5 = { 3
1
4

We define the sets
o2 = {ab|€l7b07|€!}> N2 = {(bg+a0)l(§+7)7@\(g+7)},

92,0 = {abl(Ba — 72) + bel(af — Ba — 272), ab|(af — 2a — Ba) + be| (B2 — a2) },

and 932 = 94,2 = . Moreover, if n > 5 is odd, we define the set 9, 2 = w19,,_4,0, and if n > 6
is even, we define

Sﬁn,Q = {Ll]-|(an—5ﬁ - an—57)}'

Suppose m = 3. The dimension of H,, 3 is given by

0, ifn=0,1,

1, ifn=23,

7, ifn=4,
dimH,3=4¢4, ifn=25/7,

10, ifn =6,

8, ifn > 8iseven,

2, ifn >9isodd.

We define the sets $p3 = $13 = 0,
Ha3 = {bac|oz2}, £33 = {aba|agﬂ + bac|a2ﬂ}a

94,3 = {bac|ay, aba|az B2, abclas B2, baclas o, wiale', wible', wicle },

95,3 = { (aba + bac)|asf, wi(aly + cla), wi (bla — el + €| ), w1 (bly + ¢l B) },
96,3 = {bac|ag, abaloBa, abc|ou e, baclou Bz, wialas, wib| B2, wi |y,
wilal(Bz + ay) + ¢l (B2 + aB)], wilal(y2 + aB) + bl (2 + av)],
wi[bl(az + ay) + cl(az + af)]},

and

97,3 = {(aba + bac)|as B, wilal(Bs + azf) + bl(v3 + ) + ¢l (az + afs)],
wifa|(agy — Bs) + bl(aay — az) + 2¢[(as + B3)],
wi[2al(Bs 4 v3) + bl (afa — y3) + c|[(aB2 — B3)]}.
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Moreover, if n > 8 is even, we define

~6n,3 = {bCLC|CV,n, aba|an72527 abc|an72627 bac‘an72ﬁ27 w1a|04n74» wlb‘ﬁnf4; chh/nféla

ﬂ(g +b+ C)|(an75ﬂ + ap—57+ an76ﬁ2 +an_4+ ﬁn74 + ’Vn74)}7

and if n > 9 is odd, we define

An3z = {(aba =+ bac)|an—15»ﬂ[g|(/6n—4 + an_58) + bl(Yn—a + an_57) + c|(an_q + O‘n—652)}}'

Moreover, the set £, 3 U B, 3 for n > 3 and n odd is linearly independent. Indeed, Fact 4.1.3
tells us that the elements containing underlined terms do form a linearly independent set. It
is then easy to prove that the elements of §,, 3 U 95, 3 without any underlining are not a linear
combination of the remaining elements, proving the claim.

Suppose m = 4. The dimension of H, 4 is given by

0, ifn=0,
1, ifn=128,
4, ifn=237,
dim i — 1% %fn =46,
’ 6, ifn=>5,
7, ifn=09,
2, ifn > 10iseven,
8, ifn > 11isodd.

We define the sets $9.4 = 0,
1,4 = {abacla}, $24 = {abaclaf},

34 = {abac\ag,abac\agﬁ,abac|a2’y,abac\aﬂg}, GYWES {abac|oz3ﬁ,wlab|e!,w1bc|e!},

GERES {abac|a5, abaclay B, abaclayy, abaclaz Bz, wi(ba + ac)|(B + 7),wiac|(a + fy)},
96,4 = {abaclas B, wiab| (B — v2) + bel(aff — B2 — 272)],

wi [ab|(aff — 20y — Ba) + be| (B2 — a2)]},

74 = {abac|a7, abac|ag B, abaclagy, abac|a5ﬁg},

and
95,4 = {abaclarB}.

Moreover, if n > 9 is odd, we define the set

Dna = {abac|o¢n, abac|a,—1 8, abac|ay,—17, abac\an_gﬁg} U we®p—8.0,

and if n > 10 is even, we define
A4 = {abaclon 18, wal|(an—of — an_97)}.
The previous results can be restated as follows.

Corollary 4.2.4. Let m € [0,4] and n € No. Then Hy, ,,, = ~n7m ® w1 Hp—4,m—2 except for (n,m) =
(4,2). Moreover, Hy o = H472 = 0. Here, Hn,m is the k-vector space spanned by the set S;Jn,m, The set
An.m is defined as follows. If m = 0 or 1, we define the set $y.m = Hp.m for n € No. If m = 2, we
define the sets

90,2 = {ablé' bele'},  H12 = {(ba+ac)|(B +7),ac|(a+7)},
o0 = {abl(aB — 205 — Ba) + be|(B2 — a2), ab| (B2 — 72) + be|(af — B2 — 272) },

and §,5 = 0 for n > 3. If m = 3, we define the set $0,3 = 0, and
5;Jn,3 = {(aba + bac)|an_15}
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for n € Nwith n odd, together with
ns = {bac|a,, abaay, 282, abc|an—2B2, baclan, —2 B2 }
for n > 2 with n even. If m = 4, we define the set $9,4 = 0, and
5;37174 = {abac\an,abac|an_1ﬁ,abac|ozn_w,an_252}
for n € Nwith n odd, together with
pa = {abac|on, 18}

for n > 2 with n even. Furthermore, if we define H, ,, = 0 for (n;m) € Z2 \ (Ny x [0,4]), then
Hyn = Hppon © w1 Hyy g o holds for (n;m) € 72\ {(4,2)} by applying Corollary 4.2.3.

Remark 4.2.5. The reader can easily check that Dnym = ~n,m & Bn,m except the case m = n = 3.
Recall that the Hochschild homology is decomposed as HH,,(A) = ®men, Hn,m for n € Ny.
Proposition 4.2.6. Let n € N. Then

HHn(A) = @ Wiﬁnféki,m
i€[0,[n/4]],
me[0,4]
for 4t n, and
HH, (A) = ( @ wiﬁn—4i,m> ® ( @ wn/4l~{0,m)
1€[0,n/4—1], me[1,4]
me[0,4]

for 4|n.

Proof. By Corollary 4.2.4, we have

Hpo=Hyo@wiH, 4oforn € No\ {4}, Hyo= Hyo,
Hy,3=H,3®w H, 4, forn e Ny, (4.2.13)
Hyg=Hya®wiH, 40 ®woH, goforneNg\ {8}, Hgs= Hgs®wiHyo.

If 4 { n, using Corollary 4.2.3 and (4.2.13), we get

HH,, (A) = &b Hyom
me[0,2|n/4]+4]

=H,o® H,1 ®H,2® ( @ Wz’Hn—4i,3) @ ( @ WiHn—4i,4>

i€[o,|n/4]] i€[0,[n/4]]

= ~n,0 S ﬁn,l 2] (I:[n,2 @ ngn—4,0) S ( EB wi(ﬁn—4i,3 2 wlﬁn—4i—4,1)>

i€[0,[n/4]]
!
i€0,[n/4]]

= f{n,o @D ﬁn,l @ ﬁn,2 3] Wlﬁnfél,o @ ( @ Wi£’n4i,3)
ie[0,|n/4]]

GB( EB wi+1I~{n—4i—4,1)@< @ wiﬁn—éli,él)

i€[0,|n/4]] i€[0,[n/4]]

@( EB wi+1f{n—4i—4,2>@< @ Wi+2Hn—4i—8,0>

ie[o,|n/4]] i€[0,[n/4]]

= ~n,0 5> lffn,l S3) -E[n,2 @ Wlﬁnfél,o @ ( @ wi-gn4i,3> @ < @ Wi-gnéli,l)
i€[0,[n/4]] i€[1,[n/4]]

wi(ﬁnf4i74 @ Wlﬁnf4i74,2 3] WQﬁnéli&O))
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69( EB wif{n—4i,4>@( @ wif{n—4i,2>@< @ wign—éli,O)

i€[0,[n/4]] i€[1,[n/4]] i€[2,[n/4]]

= P wiHisim

i€[0,[n/4]],
me[0,4]

If 4|n, the proof is similar to above. Note that if n = 4, there is no term w; flo,o when decompos-
ing Hy o, and if n > 8, there is no term w,, /4 Ho o when decomposing w;, /42 Hzg 4. O

Here is a table of the dimensions of H,, ,,, and HH,,(A) for n € [0, 19] and m € [0, 12].

m~»n |0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
0 13 1 4 1 4 1 4 1 4 1 4 1 4 1 4 1 4 1 4
1 3 3 6 3 4 1 4 1 4 1 4 1 4 1 4 1 4 1 4 1
2 22 2 o0 o0 3 1 4 1 4 1 4 1 4 1 4 1 4 1 4
3 0 0 1 17 4 10 4 8 2 & 2 8 2 8 2 8 2 8 2
4 o1 1 4 3 6 3 4 1 7 2 8 2 8 2 8 2 8 2 8
5 o o 1 1 7 4 10 4 8 2 8 2 8 2 8 2
6 o 1 1 4 3 6 3 4 1 7 2 8 2 8 2 8
7 o o 1 1 7 4 10 4 8 2 8 2
8 o 1 1 4 3 6 3 4 1 7 2 8
9 o o 1 1 7 4 10 4
10 o 1 1 4 3 6 3 4
11 0o 0 1 1
12 0 1 1 4

HH, |6 9 11 12 15 19 21 22 25 29 31 32 35 39 41 42 45 49 51 52

Table 4.2.10: Dimension of Hy », and HH, (A).

Proposition 4.2.7. The dimension of HH,,(A) is given by

6, ifn=0,

Sn+5, ifn=drforr €N,

dim HH,,(A) = ¢ 52283 ifn =4r + 1 forr € Ny,
Sn+6, ifn=4r+2forr e Ny,

577,7;9’ ifn = 4r + 3 for r € N.

The Hilbert series of HH,,(A4) is h,(t) = >
is the internal degree of H,, ,,.

Corollary 4.2.8. The Hilbert series hy,(t) of HH,,(A) is given as follows. Let n > 6. Then

meny Am(Hy )t for n € Ny. Note that m +n

Hn
B (£) = " [143xn 11+ Bxn+ D+ (14+3xn 1)+ Y (246X 87+ (246X 12)t* ) +pa (1))

=0
where
8t2la)—1 4 2L3] 4 72l ]+1 4 g2l ]+2) ifn =0 (mod 4),
(1) = 202L3 =1 4 72LE] o gg2lE I poa2la 42 L 2L3 ) i =1 (mod 4),
Pl =0 10208141 4 ge2L5 042 | g2L5 148 4 g2Lg )4, ifn =2 (mod 4),
AL g2 l5 042 g2l 48 g g2l )4 ifn =3 (mod 4),
and
= %] =3, ifn=0,1(mod4),
" 3] —2, ifn =23 (mod4).
Moreover,
ho(t) = 1+ 3t + 2¢2, hi(t) = 3t + 3t* + 2t° + 17,
ho(t) = 2 + 6t° + 2t* + 15 + 5, ha(t) = 4% + 3t* + 1% + 4¢7,
ha(t) = t* + 45 + 7t7 + 3t5, hs(t) = 4t° 4+ 1% + 37 + 4¢® 4+ 6¢° + 11
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Remark 4.2.9. As we mentioned at the beginning of Subsubsection 4.2.1.4, one can obtain Proposition
4.2.7 and Corollary 4.2.8 directly from the computations in Subsubsection 4.2.1.3 together with Corol-
lary 4.2.3, but a specific choice of cycles for the Hochschild homology can be useful for later computations.

4.21.6 Cyclic homology

In this subsubsection, we assume that the characteristic of the field k is zero. Recall that the
reduced Hochschild homology of A is given by

L, (A) = HHo(A)/k, ifn =0,
"\ HHL(A),  ifneN,

and the reduced cyclic homology of A is given by

TG, (4) = HC,(A)/k, ifn € Nyiseven,
" HCL(A),  ifn e Nisodd,

where HC,,(A) for n € Ny is the cyclic homology of A (see [16]). As a consequence of Good-
willie’s Theorem (see [29], Thm. 9.9.1), we have the isomorphism of graded vector spaces

(4.2.14)

" HH,(A)/HGC,, 1 (A), ifneN.

Corollary 4.2.10. Assume that the characteristic of k is zero. Let g,,(t) be the Hilbert series of HC,,(A)
for n € Ng. Then

go(t) =3t + 22, g1(t) =t2 4263 + 15, go(t) = 43 + 2% +15,  gg(t) = t* + 41,

and forn > 4,

gn(t) = "1+ 3xn + (14 3xa) 2 4+ (14 3xnp1)t572) + 213 g, (1)],

where
3+ 3t, ifn =0 (mod 4),
1+6t+t3, ifn=1(mod4),
4+ 3t+t3,  ifn=2(mod4)
1+4t+4t3, ifn =3 (mod4).

7

Proof. By (4.2.14), we have

ho(t) — 1, ifn=0,
gn(t) = olt) .
hn(t) - gn—l(t)v ifneN.
Then we get the result by induction. O

Remark 4.2.11. The cyclic cohomology of A is isomorphic to the dual space of the cyclic homology of A,
so their Hilbert series coincide (see [16]).

4.2.2 Hochschild cohomology

In this subsection, we will compute the linear structure of the Hochschild cohomology
HH®(A) = Ext%.(A,A)

by means of the complex H* (Hom 4« (P?,A)). We refer the reader to [30] for further information
about Hochschild cohomology.
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4221 Recursive description of the spaces

Let K™ = Homy((A',,)*,A) forn € Ngand K™ = 0 for n € Z\ Ny. We have Hom 4. (P?,A) = Q"
as k-vector spaces, where Q" = ®;c[o, [n/4/jw; K" * for n € Ng and Q™ = 0 for n € Z \ Ny. We
will denote by 9™ : Q™ — Q™! the differential

(6p41)" : Homae (Py,A) — Homae (Py,A),
by d" : K" — K" the differential
(db,1)* : Homae (K?2,A) — Homyue (K2, 1, A),
and by " : K"*3 — K™ the map
(f2)" - Homae (K, 4 5,4) — Homae (K, A)

for n € Z. Then the differential 0" for n € Ny is given by

an< > wi‘fn%): S (Wi T ) F Wi ST ), (42.15)
ic[0,[n/4]] i€[0,[n/4]]

where ¢; € K7 for j € Ny. Note that 9" = §" = 0 for n € Z \ Ny.

Our aim is to compute the cohomology of (Q*,9*). Let K = Homy((A",)*,A,,) be the
subspace of K" for (n,m) € Ny x [0,4], and K, = 0 for (n,m) € Z* \ (No x [0,4]). Let Q7, =
@ie[[o7Ln/4mw;fK;;‘§ii for (n,m) € Ny x Zgq and Q7, = 0 for (n,m) € Z? \ (Ng x Zg4), where
the symbol w; has cohomological degree 4i and internal degree —6: for ¢ € Ny, and we usually
omit wg for simplicity. The spaces K] and Q7 are concentrated in cohomological degree n
and internal degree m — n. We have Q" = ®,<4Q7,. Let 97, = 9"|gn : Q" — QY and
dr, = d"|gn + K& — Kpth. Let DY = Ker(00), B, = Im(97,_Y) for (n,m) € No x Zga,
and D7, = Ker(d?,), B, = Im(d™Y) for (n,m) € Ny x [0,4]. Notice that D*, = B = 0 for
(n,m) € Z2\ (Ng x Zgy4),and D" = B = 0 for (n,m) € Z2\ (Ny x [0,4]).

* Kn—4i

Remark 4.2.12. We have Q™ = ©p,e[—2|n/4),4] @ since the indices in Q7 = Dicfo, |n/a)]wi K,y 12

satisfy n — 4i € Ng and m + 2i € [0, 4].

Proposition 4.2.13. For integers m < 1 and n € Ny, we have

. wh B{H'Qm_Q, if m is odd,
Bl =9 .7 oiom o (4.2.16)
w®m By , if m is even,
and
L [wi DY ifmis odd,
Dy =9 .2 prbam L (4.2.17)
wrm Dy , if m is even,

where we follow the convention that w}w?

G =wiy; forij € Noand w =0 fori € Z\ Np.

Proof. Consider Q, = @ie[[O,Ln/4J]]w§kanfziz for integers m < 4 and n € Ny. If m is odd, then
m+2i=1or3,ie i=(1-—m)/20r(3—m)/2. We have

Wi, KPP 2wl Kyt ifn > 6 — 2m,
2 2
n 2m—2 .
Qr = wi_, Kptm—2, if2—-2m<n<6-—2m,
2

0, if0<n<2—2m.
If mis even, thenm + 2i = 0,2 0r 4,i.e. i = —m/2,1 —m/2 or 2 — m/2. We have

W n KPP @l w Ky g wd W K28 ifn > 8 — 2m,
2 2 2

W KPT2M @ o* mK"Hm%, if4—-2m<n<8—2m,

Qn=35 %79, =572 _ (4.2.18)
wi%K{)‘ m, if 2m<n<4-2m,
0, fo<n< —2m.
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Hence,

Qr Wi QY2 if m < 1lis odd, 4219
" wiT,L n2m. if m < 0 is even. o

Since the identities (4.2.16) and (4.2.17) for m = 1 are immediate, we suppose m < 0 from now
on.
Assume that m is even. Then (4.2.19) tells us that the sequence

an—l om
n—1 m—1 n m n+1
m—1 Qm ’ Qm+1
of graded k-vector spaces is of the form
- 1

o an
n+2m—>5 * n+2m “m * n+2m—+1
("1——@ ; _"SQO —>CU_7;Q1 .

Since Q"1™ = wiQTT*™ " by (4.2.19), the above sequence is of the form

n— 1

a,, or
n+2m—1 * n+2m m * n+2m+1
w 1nQ —>w7% 0 _>CU7%Q1 .

Note further that 97, = w* m6"+2m and 9" 7Y = wi_ 8”“7"*5 = w* 8”*27”*1, where the

differential w}‘(?ﬁl, : *Q" — w*Qm /1 maps wiw to wj 3 ( )forallz € Q” ., 3,n" € Ny and for
all integers m’ < 4. Hence, B2, = w* z Byt and D, w Dy
Assume that m is odd (so m < —1) Then (4.2.19) tells us that the sequence

n—1

9 "
n—1 m—1 n m n+1
mel m ? Qm+1

of graded k-vector spaces is of the form

n—1

_3 Om_1 _9 O
Wi QT L 1, QETEM TR T ot L, QU
3 3 3

Note that 6:;__11 =wi_,. 63+2m_3. Moreover, we also have
2

* n+2m+3
m+1 QO

w* =W e KPP gt Qutam! (4.2.20)
2 2

by (4.2.18), and the image of wi_,, Q7™ 2 is contained in w¥_,, Q37! by the explicit ex-
2 2
pression of the differential (4.2.15). Furthermore, the composition of 0;;, with the canonical

projection
2 3 2m—1
(.d m+1 Qn+ m-+ N OJ 7m 721+ m

induced by (4.2.20) is precisely w_,, 97"2™ 2. It is thus sufficient to consider the sequence
2

8n+27n 3 8n+27n 2

Wlm Wlm

UJl an+2m 3 Wl an+2m 2 UJl an+2m 1

Hence, B" = w*_,, B'"™®" % and D, = w%_,, D""?™2, as was to be shown. O
2 2

Throughout the Subsection 4.2.2 and Section 5.1 we will use the symbol y|x, where 2 € %,,
and y € B, to denote the k-linear map in K" = Homy((A4",,)*,A), which maps y to = and
sends the other usual basis elements of (A" ,)* to zero. Even though one usually denotes the
previous map by y||z, we will use y|z for the sake of reducing space in the expressions of the
next subsubsection.

In order to compute B}, and D}, it is sufficient to compute the case m € [0,4] according
to Proposition 4.2.13. First, we will compute the coboundaries, and then we will compute the
cocycles. Since this will require handling elements of K and Q7, for n € Ny and m € [0,4],
we will use the basis {y|z | z € B,y € B} of K7, and the basis {w}y|x | i € [0, [n/4]],z €
Bmto2i,y € B4} of Q7 both of which will be called usual bases, constructed from the usual
bases of the homogeneous components of A and (A')#, introduced in Subsection 4.1.1.
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4.2.2.2 Explicit description of the differentials
Recall the isomorphism Hom < (A ® (A',)* ® A,A) = Homg((A',,)*,A). We will use it together

with Proposition 4.1.15 to explicitly describe d™ and f™, which were defined at the beginning
of Subsubsection 4.2.2.1.

Let # € A. It is then straightforward to see that the differential d® : Homy((A})*,A) —
Homy((A')*,A) is given by d°(¢'|z) = a|(za — ax) + B|(zb — bx) + v|(zc — cz). Analogously,
forn € N, d" : Homy((A',))*,A) — Homy((A )*,A) is given by

—n

!
—(n+1)

"oz + xa) + o Bl (xnr1cx — Xnbx + 2b)

anlz = anpt|[(—1)
+ anY|(Xn+107 — Xncx + x0),
Bolz = Brg1|[(=1)" T bz + 2b] 4+ Xpy10mB](az 4+ zc) + any|[(=1)" ez + Xngp1za + xnzd]
+ Xn0n-1B2|(za — azx),
Yol = A [[(=1)"ex + ] + anB|[(=1)" bz + Xp12a + X 2] + Xnt1an | (az + zb)
+ Xnan—102|(za — az),
n1Blr = anBI[(—=1)"Maz + 2c] + any|(Xnr1cx — Xnbx + 20)
+ an—182|(Xn+1bx — xncx + xb),
an-17|7 = Bl (Xn41b2 — Xnex + za) + any|[(—1)" " ax + xb]
+ an—1B2|(Xn+107 — XpnbT + TC),
an—202|T = anf|(Xnt1ct — Xnbx + 2b) + ny|(Xnt+1bT — Xncx + x0)
+ ap_1Be|[(=1)"az 4 zal.

The k-linear maps f" : Homy ((A" (,, , 5))*,4) — Homy((AL,)*,A) are homogeneous of cohomo-
logical degree —3 and internal degree 6. The map f° is given by

as|z — €'|[2zbac — 2bx(ab + be) + 2cxba + 2abze + 2acxb + 2bac),
B3|z — €|[2zabe — 2az(ba + ac) + 2cxzab + 2bcza + 2baxc + 2abex),

vs|x = €'|[—2zaba 4 2axbe + 2bzac — 2(ab + be)xzb — 2(ba + ac)za — 2abaz],

—zabe + az(ba + ac) — cxab — bexa — baxe — abex),

[
[
[
aflz s €|
aoy|x — €'|[zaba — axbe — brac + (ab 4 be)xb + (ba + ac)za + abax),
[

afa|z — €|[—zbac + ba(ab + be) — cxba — abze — acxb — bacx).
Forn € N, f" is given by

anys|T = an|[2zbac — xnbx(ab + be) + xncxba + xnaczb + xnabre + (—1)"2bac]
+ Br|[xnzbac — xnbxbc + (—1)"2czba + xn(ba + ac)xb + 2abxc + xnbact]
+ Y| [xnzbac 4+ (—1)" 1 2bz(ab + be) + xncx(ba + ac) 4+ 2acxb — xnbexe + xnbacz]
+ Xn+1an—18|[azab — (n — 2)cxba + cxac — baxa + (n — 1)abzc + bexc]
+ Xnt+1@n—17|[azac + (n — 1)bzab + (n — 2)bxbc + (n — 2)aczb — baxb + (ab + be)zal
+ an—2B2/{xn+1[(n — 1)zbac + cx(ab + bc) — bxba + acxc + abxb — (n — 1)bacz]
+ xn(n — 2)[zbac — bx(ab + bc) + cxba + acxb + abxc + baczx]},
Brt3lz = an|[xnzabe + (—1)"2cxab — xnazac + 2baxc + xn(ab + bc)za + xnabez]
+ Br|[2zabe + xnczab — xnaz(ba + ac) + xnbaxc + xnbcra + (—1)"2abcx]
+ Yn|[xnzabe + xnex(ab + be) 4+ (—1)" !
+ Xn+1an—18|[(n — 1)zabc — axab + cz(ba + ac) + baxa + bexe — (n — 1)abex]
+ Xnt+1@n—17Y|[bzbc + (n — 1)azba + (n — 2)azac + (ba + ac)xb + (n — 2)bcxa — abzal
+ an—282/{xnt1[bxzba — (n — 2)czab + cxbc 4+ acxc + (n — 1)bazc — abxd]
+ xn(n — 2)[zabe + cxab — az(ba + ac) + bazc + bexa + abez]},
Ynt3|T = an|[—XnTaba — xnazab + (—1)"2bxac — xnbaza — 2(ab + be)xzb — xnabax]
+ Br|[—xnzaba + (—1)"2azbc — xnbxba — 2(ba 4+ ac)za — xnabrb — xnabaz]

2ax(ba + ac) — xnacxc + 2bcxa + xnabex]

+ Yn|[=2zaba + xnazbe + xnbrac — xn(ba + ac)za — xn(ab+ be)zb + (—1)" T 2abaz]
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+ Xnt+1a@n—1f|[—azab — cx(ba + ac) — (n — 1)axbc — (n — 2)baza — (n — 1)acza — bexc]

+ Xn+1an—17Y|[—(n — 1)zaba — bxbc — axzac — (ba + ac)xb — (ab + be)xa + (n — 1)abazx]

+ an—2B2|{xn+1[—cz(ab+ bc) — (n — 1)bzac — bxba — acxc — (n — 1)bexb — (n — 2)abxd]

+ xn(n — 2)[—zaba + azxbe + brac — (ba + ac)za — (ab + be)xb — abazx]},
Ant2B8|T = an|(—xncxab — xnbaxc) + Bn|(—xnxabe — xnabex) + vnl|[xnaz(ba 4+ ac) — xnbczal,
An+2Y|T = an|[—xnbrac + xn(ab + be)zb] + Bn|[—xnazbe + xn(ba + ac)xa] + vn|(xnzaba + xnabazx),

nt1 B2l = o |[—xbac + xni1bzac + Xn+1cxab + xni1(ab+ be)zb — xni1baze + (—1)" " bacz]
+ Bnl[—Xn+120bC + (—l)anwba + Xnt1axbc — abxc + xn+1(ba + ac)za + xnyiaber]
+ Ynl[Xn+1zaba — xn+1az(ba + ac) + (—1)"bz(ab + bc) — xnt+1bcxa — acxb — xny1abax].

For the reader’s convenience, we list the images of the differentials d" and the maps f™
evaluated at elements of the usual k-basis of the respective domain. In the following tables,
d? (y|x) is the entry appearing in the column indexed by x and the row indexed by y, where m
is the internal degree of 2 and n is the internal degree of 3.

If n € Nis odd, the differential d" is given by

Y Z | abac aba abc bac

an 0 (anpy —apP)labac  (any — anf)|abac 0

Bn 0 (anB — any)|abac 0 (an B — any)|abac

Yn 0 0 (anf — any)|abac  (any — apnf)|abac
ap_1 0 (anB — any)|abac 0 (an B — any)|abac
Qp—17 0 0 (anB — apy)|abac  (any — anﬁ)|abac
Qlp—232 0 (any — apf)|abac  (any — anf)|abac

Table 4.2.11: Images of d" for n € N and n odd, where the last three lines are for n > 3 and n odd.

together with
Y T ab be
Qo Qnt1|aba + ay, Blbac + apy|(aba + abe) 1| (abe — aba) — 2a, Bbac
Bn Bn+1laba + oy, Blabe + au,y|(aba + bac) —Bn+1lbac + ay, Blabe — ayy|(aba + bac)
Y Yn+1]|(abe 4+ bac) + 2, Blaba —Ynt1|bac — ap Blaba + a,y|(abe — bac)
an—1f | apfBlabe + ayy|(aba + bac) + a,—18z]aba v, Blabe — ayy|(aba + bac) — au,—1 B2 |bac
Q17 2au, Blaba + a,—1B2|(abe + bac) —apflaba + ay,y|(abe — bac) — a1 Ba|bac
n—2f2 | apfBlbac + ay,y|(aba + abe) + oy, —1 B2|aba —2a, Blbac + a1 P2|(abe — aba)
Table 4.2.12: Images of d" for n € N and n odd, where the last three lines are for n > 3 and n odd.
and
Y T ba ac
an, Qnt1laba + an B|(aba + abe) + ay,y|bac —Qpt1l|abe — ay, B (aba + abe) + ayy|bac
Bn Br+1laba + ay, Bl (aba + bac) + anylabe Bn+1|(bac — aba) — 2a,7y|abe
Yn Yn+1]|(abe + bac) + 2a,,y|aba —Yn41|abe + ay, B|(bac — abe) — ay,y|aba
an—1f | anfl(aba + bac) + ayy|abe + a1 Ba|aba —2a,y|abe + a1 B2|(bac — aba)
Qn_17 2au,7v|aba + oy —1 B2 |(abe + bac) anBl(bac — abc) — ayy|aba — a1 P2|abe
Qn—2f2 | anfl(aba + abe) + apylbac + ay—182laba  —a, B|(aba + abe) + oy ybac — cu,—1B2|abe

Table 4.2.13: Images of d" for n € N and n odd, where the last three lines are for n > 3 and n odd.

as well as
Y x a b
ap, —a,fbe + any|(ba + ac) ap+1|(ab + ba) — ay Bl (ba + ac) + ayy|be
Bn Bn+1|(ab+ ba) + o, Blac — a,y|(ab + be) anfBl(ab+ be) — apylac
Y Yn+1|(ac — ab — be) + o, Blba + a,ylab Yn+1|(be — ba — ac) + a, Blba + o, y|ab
an—1B | anBlac — ayv|(ab + be) + ap—162|(ab + ba) anfBl(ab+ be) — apylac
Qp_17 apfBlba + apy|ab + a,—1B2|(ac — ab — be) anBlba + apylab + o, —1P82|(be — ba — ac)
Qp_2f3o —a, flbe + any|(ba + ac) —a,f|(ba + ac) + any|be + ap—152|(ab + ba)

Table 4.2.14: Images of d" for n € N and n odd, where the last three lines are for n > 3 and n odd.

and
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y x c 1
Qn ant1]|(ac — ab — be) — a, B|(ba + ac) + a,y|be 2ap41|a + (a8 + any)|(b+ ¢)
B Brt1l(be — ba — ac) + anflac — any|(ab + be) 2Bp41]b + (anB + any)|(a +c)
Tn _O‘n/B‘ab - O‘n’ﬂba 2'Yn+1 ‘C + (anﬁ + O‘n’y)‘(a + b)
an_183 anBlac — apy|(ab+ be) + ap—182|(bc — ba — ac) (anfB + apy)|(a+ ¢) + 20,1 82|b
Qn—17 _O‘n/B‘ab - O‘n’ﬂba (O‘n/B + O‘n'Y)'(a + b) + 20‘71—162‘0
an—2f2 | —anfB|(ba + ac) + anylbe + an—1Ba|(ac —ab —bc) (B + any)|(b+c) + 20, 152]a

Table 4.2.15: Images of d" for n € N and n odd, where the last three lines are for n > 3 and n odd.

If n > 2 is even, the differential d" is given by

Y T | abac aba abe bac

an 0 20, 7y|abac —2a, Blabac —2au,41]abac

B 0 20, 7y|abac —20Bp+1]abac —2a,—1 B2 |abac

Y 0 2n+1]abac —2a, Blabac —2au,—1 B2 |abac
an_1p 0 anfBlabac + ay—1fa|labac  —ayy|abac — a1 P2]labac —ay, Slabac — o, y|abac
Qn_17 0 anfBlabac + ay—1fa|labac —ay,y|abac — a1 P2]labac  —ay, Blabac — o, y|abac
n_2fs 0 20, 7y|abac —2a, Blabac —2au,—1 B2 |abac

Table 4.2.16: Images of d" for n > 2 and n even, where the last line is for n > 4 and n even.

together with

Y 4 ab be
an, apt1]aba — ay, Blaba 4+ o, y|(abe — bac) —apt1|(aba + abe) — oy, Blbac + o, y|bac
B —Bnt1laba + any|(abe — bac) + an—182]laba  —pBpi1|bac + apy|bac — ay,—1B2|(aba + abe)
Yn Yn+1|(abe — bac) — o, Blaba 4+ vy —1B2|aba Vnt1|bac — apBlbac — a1 Ba|(aba 4 abe)

Qp_1f3 ay flabe — ay,—1 Ba|bac —ay Blabe — ayy|aba

Qp—17 apB|(aba — bac) + a,—1 82| (abe — aba) ap f|(bac — aba) — ayy|(abe + bac)

ap—2f2 | —ayBlaba + any|(abe — bac) + an—182]laba  —apBlbac + apy|bac — ay,—1B2|(aba + abe)

Table 4.2.17: Images of d" for n > 2 and n even, where the last line is for n > 4 and n even.

and
Y z ba ac
Qn, —apt1]aba + oy, Blaba + apny|(bac — abe) —ap41]abe — ay, Bl(aba + bac) + au,y|abe
Bn Bnt1laba + ayy|(bac — abe) — ap_1P2|laba  —Bri1|(aba + bac) + a,y|abe — o, —1 2 |abe
Vn Yn+t1|(bac — abe) + ay, Blaba — ap_1P2|laba  uy1|abe — apnB|(aba + bac) — a,—1P2|abe
p—18 anBl(bac — aba) + a,—1 82| (aba — abe) —apvy|(abe + bac) + -1 Ba|(abe — aba)
Qn_17 —apBlabe + -1 Ba|bac —apy|aba — a1 B2|bac
ap—2By | apBlaba + any|(bac — abe) — ap_1P2|laba  —a,B|(aba + bac) + a,y|abe — a,—1B2|abe
Table 4.2.18: Images of d" for n > 2 and n even, where the last line is for n > 4 and n even.
as well as
Y z a b
a, anf(ab — ba) + a,7|(ab + be + ac) an+1|(ba — ab) + a,y|(ba 4+ ac + be)
Bn Bn+1l(ab — ba) + a,y|(ab + be + ac) any|(ba + ac + be) + ap—1P2|(ba — ab)
Tn Yn+1|(ab + be + ac) + a, B|(ab — ba) Yn+1|(ba + ac + be) + ap—1P82|(ba — ab)
an—10 apflac — apy|ba + oy —102|(2ab + be) anf|(be — ab) + any|ba + a1 82| (ba + ac)
an—17 | apfBl(ab+ be) + ayy|ab + an—152|(ac — ba) anB|(2ba + ac) — ayy|ab + ap—1P2|be
Qp—2P2 apf(ab — ba) + a,7|(ab + be + ac) apy|(ba + ac + be) + ap—1P2|(ba — ab)
Table 4.2.19: Images of d" for n > 2 and n even, where the last line is for n > 4 and n even.
and
y z c 1
ap, —ap+1](ab+ be + ac) — o, B|(be + ba + ac) 0
Bn —Bn+1|(bc + ba + ac) — ay—102|(ab + be + ac) 0
Tn —ay Bl (be + ba + ac) — an—102|(ab + be + ac) 0
an—1f | —anpBlac — any|(ab 4+ 2bc) — ap—182|(ba + ac)  anB|(c —a) + ayy|(a —b) + apn—182|(b—¢)
an—17 | —apBl(ab+ be) — any|(ba + 2ac) — ap—182lbc  anfl(a —¢) + any|(b—a) + an—182|(c — b)
an—2f2 | —anB|(be+ ba + ac) — ay,—152](ab + be + ac) 0

Table 4.2.20: Images of d" for n > 2 and n even, where the last line is for n > 4 and n even.

65




Now we turn to the maps f™. Note that f"(u) = 0 for u € K3, with m € [2,4] and n € N
by degree reasons. In the following tables, f™(y|x) is the entry appearing in the column indexed
by z and the row indexed by y, where n is the internal degree of y. The map f* is given by

y z 1

Qg 4€"|(bac — aba + abc)
B3 4¢'|(bac — aba + abc)
Y3 4¢'|(bac — aba + abc)
asf 2€'|(aba — abe — bac)
sy 2¢'|(aba — abc — bac)
afs 2¢'|(aba — abc — bac)
Table 4.2.21: Images of 1C.

If n € Nis odd, the map f" is given by

OO OO oo
OO OO OOoOn

OO OO oo

Y Tz |1 a b c
Qi3 0 ™ (anysla) 2(p—17 — n_2f2)|abac  2(ap—1 — atn—_252)|abac
B3 0 2(op—17 — an—13)]abac F(Brtslb) 2(an—282 — an—18)|abac
TYn+3 0 2(C“n—lﬁ - Oén—l’Y)|ab(IC 2((171—252 - Oln—l’Y)|abaC fn(f)/n+3|c)

ans2f | 0 0 0 0

Qg 2y 0 0 0 0

nt1P2 | 0 —2(an + B + Ym)|abac  —2(ay, + B + vn)|abac —2(ty, + B + n)|abac

Table 4.2.22: Images of f" for n € Nand n odd.
where

fn(an+3|a) = [40% + 48, + 4y + 2(” - 2)O‘n—1ﬂ + 2(” - 2)0471,—17 + 2(” - l)a'rL—QﬁQHaban
F"(Brslb) = Aoy + 485 + 4y, + 2(n — Dap—18 + 2(n — 2)ap—17y + 2(n — 2)ar,—202]|abac,
I (ynasle) = [dan + 480 + 4yn +2(n — 2)ap—18 + 2(n — Dap—17 + 2(n — 2)ay,—2/32]|abac.

If n > 2 is even, the map f" is given by

f(any3|l) = 2a,,|(2bac — aba + abe) + 26, |(2abe + bac) + 27, |(bac — 2aba)
+ 2(n — 2)ay,—202|(abe — aba + bac),
F(Br+sll) = 2a,|(2bac + abe) + 28, |(2abe — aba + bac) + 27, |(abe — 2aba)
+ 2(n — 2)ay—262|(abe — aba + bac),
F"(Yn+3]1) = 2a,|(2bac — aba) + 28, |(2abc — aba) + 27, |(abc — 2aba + bac)
+ 2(n — 2)ay,—202|(abe — aba + bac),
f"(an42B|1) = —2ay,|bac — 26, |abe + 27, |aba,
F (ant2v]1) = =20, |bac — 26, |abe + 27, |aba,
M (any1B2|1) = —2a,|bac — 25, |abe + 27, |aba,

and f™(z) = 0 forz € K.
From now on, we assume that the characteristic of the field k is different from 2 and 3 in this
subsection.

4.2.2.3 Computation of the coboundaries

In this subsubsection, we will explicitly construct bases B7, and 87, of the k-vector spaces
B = Im(d% ) and B?, = Im(97,_}) for m € [0,4] and n € Ny respectively, defined before
Remark 4.2.12. This will be done by simply applying the corresponding differential d”, ! or

9"~ to the usual basis of its domain and extracting a linearly independent generating subset.

Computation of B, Recall that B?, = Im(d","",) and
dy, Ky, = Homy ((AL,)",Apn) — Kty = Homu (AL, 41))" At
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was defined in Subsubsection 4.2.2.1. Obviously, B, = Im(d,,' ;) = 0 for m € [0,4], and
BP =Tm(d";') = 0 for n € N. Then we define B9, = § for m € [0,4], and BY = 0 for n € N.
Suppose m = 4. If n = 1, since
y|abac = (1/2)d3(e'|aba), Blabac = —(1/2)d3(€'|abe), alabac = —(1/2)d3(€ [bac),

we have B} = K}. We define a basis of B} by the usual basis of K}. If n. > 3 is odd, Table 4.2.16
shows that

anlabac = —(1/2)d5 ™ (a1 |bac), Bnlabac = —(1/2)d5 ™ (Bn_1|abe),
Ynlabac = (1/2)dy " (yn_1|aba), an_1Blabac = —(1/2)dy (a1 |abe),
n_17y|abac = (1/2)dy ™" (an_1|aba), n_aBalabac = —(1/2)dy ™" (Bn_1|bac),

so B} = K}'. We define a basis of B} by the usual basis of K} If n > 2 is even, it is easy to see
that By is spanned by the element (18 — a,—17)|abac from Table 4.2.11, so we define a basis
of B} by

B} = {(n-18 — an_17)|abac}.
The dimension of BY is then given by

ifn=0,
ifn=1,

dim B} = _ . (4.2.21)
if n > 2is even,

if n > 31is odd.

D = W O

Suppose m = 3. If n = 1, since
(a — B)|aba + v|(abc — bac) = d5(€'|ab) = —d3(€'|ba),
al(aba + abe) + (B — 7)|bac = —d3(€'|be),
—alabe — B|(aba + bac) + y|abe = d3(€'|ac) = d3(e'|ab) + dI(€'|be),
we define a basis of B} by
B3 = {al(aba + abe) + (5 — 7)|bac, (o — B)|aba + 1| (abe — bac) }.
If n > 2 is even, we define the set
G5 = {915 = (@18 — an_17)laba = (1/2)d5 ™" (yn—1|(ab — ba)),
9?,3 = (p-18— an,lfy)|a7bc = (1/2)dgil(ﬁn71|(ab + be + ac)),
955 = (an—18 — an_17)lbac = —(1/2)d5 ™" (an—1|(be + ba + ac)),
913 = aglaba + a1 Blbac + an—17|(aba + abc) = dgil(ozn,ﬂab)7
(aba + abc) = d3 ™ (on_1|ab) 4+ d3 (a1 |be),
(aba + bac) = d3~(Bn_1|ab),

953 = anlabc — a,_18|bac + oy 17|

963 = Bnlaba + a,_18labe + oy 17|

975 = Bnlbac — an—1Blabe + an—17|(aba + bac) = —d3 (Bp_1|be),

985 = Ymlabe + o _1Blaba + an_17|(abe — bac) = di " (yn—1]ab) + d " (ya—1lbc),
( )

99 3 = Ynlbac + an_1Blaba + an_17|(bac — abc) = —dy ™ (Yn—1]bc) }.

Then we define the set B3 = G2, and
By =G5 U {93 = an_2Bslaba + an_17|(aba + abe + bac) = dy " (an—28|ab) — g5 5,
9113 = Qn_2f2|abc + an_17|(aba 4 abe — bac) = —dy Han_ov|ac) — 953+ 953,

G123 = Qn—2f2|bac + a,,—17|(aba — abc + bac) = —dg_l(an_gmbc) + 9373}

for n > 4 with n even. YVe will show that %g is a basis of B;} for n > 2 with n even. From the
definition, we see that B% C By. Since

dy ™ (an—1]ab) = gi'5, dy™ (an—1lbc) = g5 5 — 915, 3~ (an—1lba) = gi'5 + 955 + 915 — 955,
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dy " (an—1lac) = —913 =933 — 933 — 953 Ay (Bn—1]ab) = 963> dy ™" (Bp—1lbe) = —97.3

dy 1 (Bp-1]ba) = 913 — 933t 933+ 9635 dy ' (Bn-1lac) = 2953 — 963+ 973

dy~ 1(%Hlab) 985+ 983 A5 (v—1lbe) = —g8 3, 5T (n—1lba) = g8 5 + 955 — 207 3.
“HYn1]ac) = 913 — 933t 933 — 983

for n > 2 with n even, and

dy ™ (an—28]ab) = g8'5 + 9o s, dy (an—28lbc) = g5 5 — 93

dy ™ (an—28]ba) = 915 + 953 + glos, d5 ' (an—2blac) = gis 5 — gio s,

dy~ (om—27]ab) = 9113 + 92,3 + 2973, dy (om—27[be) = —913 — 912,35
d;’_l(an_gﬂba) = 9?1,3 + 9?2,3» dg_l(an_g'ﬂac) = *93,3 + 9:731,3 - 9?1,3»
d;‘l(an_352|ab) = 93,3 + 9?0,9” dg'_l(an_352|bc) = 9?1,3 - 9?0,3 - 29:?,3,

dy " (an—3fa|ba) = 913+ 933 + 9103 dy ™! (an—sfBslac) = —91'3— 923 — 9113

for n > 4 with n even, the elements in B% span the space By. By Fact 4.1.3, the elements in
%” are linearly independent, so %” is a basis of B3 forn > 2 with n even. If n > 3 is odd, we
deﬁne the set

&y = {e’f’?, = (an — an_18)|aba + a,_17v|(abe — bac) = dy " (ctn_1|ab),
ey 3= oz7|(aba + abc)i(ozn 18 — an_17)|bac = —dy (e _1be),
€35 = (an—2P2 — Bn)|aba + a;,—17|(abc — bac) = dy~ Y(B,_1]ab),
el s = (an—17 — Bn)|bac — an_2P2|(aba + abc) = dy~ Y(By_1]bc)
55 = (Yo — an—18)|bac — ay,_2f2|(aba + abe) = dy ™~ Y (yp_1]be)

H

€63 = Ynl(abc — bac) + (an—282 — an—18)|aba = dy ™" (yn-1lab),

€73 = Qn_1flabc — an_2fBa|bac = dy~ Y _oB|ab),

e 3 = an—1Blabe + an_17]aba = —di ™ (an—2/3]bc),

eg 3 = an—1P|(bac — aba) + a,,_252|(aba — abc) = —d’;*l(an,g'y\ab),

o3 = an—17|(abe 4+ bac) + a—2P2|(aba — abe) = —d;’fl(an,gfy\(ab + bc))}.
Then we define the set B3 = £3, and

=&U {6?1’3 = (ap—2P2 — an_18)|aba + a,—17|(abe — bac) = algfl(ozn,gﬁgmb)7
g3 = (An_18 — an_17)|bac + an—2f2|(aba + abc) = —dgfl(an,gﬂﬂbc)}

for n > 5 with n odd. We will show that B4 is a basis of BY for n > 3 with n odd. By definition,
B2 C Bp. Since

dg_l(an_ﬂba) 6?37 dg_l(an_ﬂac) = 61 3 63,37 dg_l(ﬁn—l‘ba) = _eg,&

dy ™ (Bn-1lac) = e33+ ey, Ay~ (Yn—1]ba) = —€6.3 dy~ (Yn—1]ac) = e5 3+ €43
dg_l(an—25|ba) = 69 39 dg_l(an_26|ac) e?o 3 dg_l(an—27|b0) = 63,3 - 6?0,37
dS‘l(an-wlba) 67,37 d;‘_l(an_gfﬂac) = 67 3 68 3

for n > 3 with n odd, and
dgfl(an,3ﬁ2|ba) = _67111,3a dgil(an73»32|ac) = 671L1,3 - 67112,3
for n > 5 with n odd, the elements in %g span the space BQ. By Fact 4.1.3, the elements €3

for £ € [1,8] are linearly independent. The reader can easily verify that the elements e ; for
¢ € [9,12] are linearly independent. Since the underlined terms of e} ; for £ € [1,8] do not

appear in e} 5 for £ € [9,12], the elements in 9B are linearly independent. So B is a basis of
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B2. The dimension of B is thus given by

0, ifn=0,
2, ifn=1,
dim By} ={9, ifn=2, (4.2.22)
10, ifn =3,
12, ifn >4

Suppose m = 2. If n = 1, since

l(ab— ba) +l(ab+ be + ac) = df(¢fa), (a+ -+ )l(ab — ba) = dY(e|(a — b)),
(a+ B+ 7)l(ab + be + ac) = dY(e|(a— ),

and these three elements are linearly independent, we define a basis of B} by

Bl = {Bl(ab — ba) +7|(ab + bc + ac), (o + B +7)|(ab — ba),(a + B +7)|(ab + bc + ac) }.
If n = 2, we define the set

B3 = {47, = a2(ab + ba) — ap|(ba + ac) + ay|be = d}(alb),
95,2 = Bal(ab + ba) + aflac — ay|(ab + be) = di(Bla),
95,2 = 2|(be — ba — ac) + af|ba + aylab = di(v]b),
912 = aBlab+ anlba = —di (o),
95,2 = aBl(ab + be) — aylac = di(B]b),
gg,g = ag|(2ab + be + ba — ac) = di(a|(b—¢)),
972 = Pa(ab — be + 2ba + ac) = di (B|(a — c)),
g§,2 = 72/(ab + 2bc — ba — 2ac) =di(7|(b—a))}.

By definition, B3 C B3. Since
di(ala) = 92,2 - 952),27
the elements in B2 span the space B3. By Fact 4.1.3, the elements in 52 are linearly indepen-
dent, so B2 is a basis of B2. If n > 3 is odd, we define the set
%3 = {e?)Q = ap—18|(ab — ba) + ap—17|(ab + be + ac) = d’f_l(an_ﬂa),
€85 = (an-18+ an_1v + an_2B2)|(ab — ba) = di " (a—1|a — Bn-1|b),
€39 = (18 + an_17 + an_2P2)|(ab + bc + ac) = dP N am_1]a = yn_1lc),
€19 = 20 _1B|bc + an_17[(ab + ba) + 2a;,_2Pz]ac = d? Han_oBb + an_2v]a),
e59 = ap_1flac — an_17y[ba + an_2B2[(2ab 4 be) = A7 Han—2B|a),
= ap—17|(ab+ bc — ac) + ay,—282|(ac — ab — be)

]
o3
[\

|

= ey + di " (an—27]c — an_2fa),
% 2 = Bal(ab —ba) + an_17|(ab + be + ac) = di ™ (Bn-1a),
52 = (B + an-17 + an-2fa)|(ab + be + ac) = di ™ (Bn-1l(a — ¢)),
€52 = nl(ab + be + ac) + ay—1 5| (ab — ba) = di ™ (yn-1]a),
e = (n + @n-1B + an—2f)|(ab — ba) = di ™ (ya-1|(a = b)),
et = (an + Bn + an-17)|(ab — ba) = d7 ™ (Bu-1]a — an-1b),
eyp = (an + Yo + an-18)|(ab + be + ac) = di ™ (yn-1la — an-1]e) }.

By definition, B3 C BY. Since

d?_l(an—zﬂ\a) = 6?,2, d?_l(an—2ﬂ|b) = @711,2 - 672L,2 - 6?,2 + 62,2 + 6?,2,

-1 —1
di” (an—28]c) = =€y +e55 — €55 — €5, dy” (an—27]a) = —ef 5 +eyo+e30 — €59,
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n—1 _ n n n n n—1 _ n n n
A" (om—27[b) = =27y + 2e5 5 — €y — €5y, df (am—27[c) = —€5y + €5, + €

for n > 3 with n odd, and
di ™ (an—sf2la) = €5, i (an—3B20b) = €f s — €35, di 7 (an—sBalc) = el 5 —€f s

for n > 5 with n odd, the elements in B4 span the space By. The reader can easily Verify
that the elements e ; for £ € [1,6] are hnearly independent. By Fact 4.1.3, the elements €}’ ; for
¢ € [7,12] are linearly independent. Since the underlined terms of ey 5 for £ € [7,12] do not
appear in e} ; for £ € [1,6], the elements in 957 are linearly independent. So B% is a basis of B
If n > 4 is even, we define the set

{9?,2 = apl(ab + ba) = A} (om—1]b) + 9112 T 9122
932 = anl(ab+bc —ac) = —dy(an-1c) — 9112 — 9l22
952 = Bn|(ab + ba) = Ay (Bn-1la) — 912,25
912 = Bal(ab +be — ac) = di ™ (Bu-1(a + ¢)) — 2975 5,
952 = Tml(ab +ba) = —di ™ (yn—1|(a + b)) + 297, »,
96,2 = ynl(ab+be — ac) = —di " (yn-1la) + g7,
972 = an—2fa|(ab + ba) = (1/3)dy ™ (an—2f](a — ) + an—3B2| (b - ¢)),

982 = an—2Bs|(ab + be — ac) = (1/3)d7 ™" (2an—302|(b — ) — an—28|(a — ¢)),
989 = an_1Blab + an_17|ba = —d7 " (Yn—1c),

g, = an-1B](ab + be) — an_1ylac = di " (Ba-1|b),

9112 = n_1PBlba + ap_17|ab = A (an—2vla) + 98 2

9?2,2 = ap_18lac — a,_17[(ab + be) = dlb_l(an—25|a) - 9?,2}-

By definition, B3 C BY. Since

A7 Nom—1la) = df " (an—sBsla) = 992 = 910.2> Y~ (an—1b) = 92— 912 — 91225
d?il(anfﬂc) = —032 — 9112 — 912,25 A7 (Bu-1la) = 952+ 9122,
Ay (Ba-1lb) = di ™ (n—2BIb) = 910,25 A7 (Baile) = 9io— 932+ 9129
dt (vn—1la) = —96.2 + 911 25 A (Yn—1lb) = —g52 + 962+ 91125
dt ™ (n—1le) = d?il(anfzﬂc) = =999, d?*l(anfzﬁla) =972+ 9122,

d} ™ (om—2]c) —972 + 982+ gi2.2, d?*l(anwaa) =0g112— 982

A (om—27|b) —972 + 982+ 9112, A} (o —32|b) = 972 = 9112 — 912,2>

dy l(an 3fB2lc) = —932 - 9?1,2 - 9?2,2,

the elements in B} span the space By. By Fact 4.1.3, the elements in B are linearly indepen-
dent, so 9B% is a basis of BY. Hence, the dimension of B is given by

0, ifn=0,
. 3, ifn=1,

dim By = § ;Z , (4.2.23)
12, ifn>3.

Suppose finally m = 1. If n = 1, since dJ(¢'|1) = 0, we have B} = 0. We define B} = 0. If
n > 31is odd, by Table 4.2.20, the space B} is spanned by the element «,,_15|(c—a)+an_17|(a—
b) + aun—282|(b — ¢). So we define a basis of B} by

1= {anflﬁKc _9) + anfl'ﬂ(a - b) + an72ﬂ2|(b — C)}

If n = 2, by Table 4.2.15, we define a basis of B} by
B2 = {2a]a + (@B + a) (b + ), 2Balb + (@B + a7)| (@ + ), 2pale + (0B + o)l (@ + B}
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If n > 4is even, by Table 4.2.15, we define a basis of B} by

? - {2an|a + (an—lﬁ + an—lV)'(b + 0)7 2ﬁn|b + (an—lﬁ + an—17)|(a’ + C),
2'Yn7|c + (anflﬁ + an,17)|(a + b)u (anflﬁ + an717)|(a‘ + C) + 2an72ﬂ2‘b7
(an—18 + an—17)|(a + b) + 2an_2B2c, (an-18 + an-17)|(b + ¢) + 20, _282]a}.

In conclusion, the dimension of B} is given by

ifn=0,1,
ifn=2,

if n > 3is odd,
if n > 4is even.

dim B = (4.2.24)

o~ w O

Computation of B7, Recall that B?, = Im(9;,_}) and 97, : Q7, — Q). Since d?, = 97, for
either m = 3and n > —1, or m,n € [-1,2], we get B, = B" for either m = 4 and n € Ny,
or m,n € [0,3]. So, we define a basis of B?, by 87, = B for either m = 4 and n € N, or
m,n € [0,3].

Suppose m = 3. The differential 95 ' : K3 ' @ w{ K} > — K} maps the space wj K% to
zero, so By = Im(9y ') = Im(dy ') = Bj. We define a basis of B§ by EB3 = B

Suppose m = 2. Con51der MK @WK TS —» K @ wiKP ™t If n > 4 is even, we
get BY = By @ wi B}, since f*~ 4(K 1~1) = 0 by the last identity of Subsubsect1on 4.2.2.2 for
n > 4 and fO(K3) = 0 by the last three columns of Table 4.2.21, as well as f"8(u) = 0 for
u € KJ7° by degree reasons. If n > 5 is odd, we have By = By & wi B}, since By ™ = K} ~*
as showed in the previous subsubsection. So, we define a basis of By by B4 = B5 U w5, ~*
for all integers n > 4. The dimension of B is then given by

0, ifn=0,
3, ifn=1,
8, ifn=2,
dim By = (12, ifn =34, (4.2.25)
15, ifn =5,
13, ifn > 6iseven,
18, ifn > 7is odd.

Suppose m = 1. Consider 9" : Kyt EBwagfs WKy = Kl @wiKy ™ Ifn>5
is odd, we have B} = B} ® wiBy * = Bl @ wi‘B —4, since f*~*(Ky~') = 0 by the second
column of Table 4.2.22 and f™ (u) = 0 for u € K™ *3 w1th m € [2,4] and n' € Ny, by degree
reasons. Then we define a basis of B by B} = B7 Uw; B, *. If n = 4, we define the set

Bl = {20447\a + (3B 4 azy)|(b + ¢) + wi4e'|(bac — aba + abe) = 93 (as|1),
2B4|b + (38 + azy)|(a + ) + wide'|(bac — aba + abc) = I3
2yale + (azB + azy)[(a +b) + wi4e'|(bac — aba + abc) = O3
(a3 + azy)|(a + ¢) + 20262|b + wi2€'| (aba — abe — bac) = I3 (1),
(38 + azy)|(a + b) + 2a26s2|c + wi2€'| (aba — abe — bac) = I3 (aay|1),
(asB + az)|(b+ ¢) + 2a2Bs]a + wi2e'|(aba — abe — bac) = I (aB2|1) }.

Since these six elements are linearly independent by Fact 4.1.3, B is a basis of B{. If n > 6 is
even, we define the set

T ={2anla+ (an-18+ an_17)|(b + ¢) + wi2an_4|(2bac — aba + abc) + 26, _4|(2abe + bac)
+ 279, _4|(bac — 2aba) + 2(n — 6)ay, ¢ B2|(bac — aba + abe)] = 9y~ (a_1|1),
2Bn|b + (n-18 + an-17)[(a + ¢) + wi[2a;,-4|(2bac + abe) + 23, 4| (2abe — aba + bac)
+ 275, _4|(abe — 2aba) + 2(n — 6)ay,—6Bs2|(bac — aba + abe)] = Iy~ (Bn_1]1),
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29nle + (an—18 + an—17)|(a + b) + wi[2a, 4| (2bac — aba) + 26, —4|(2abc — aba)
+ 279, _4|(bac — 2aba + abe) + 2(n — 6) v, g Ba|(bac — aba + abc)] = OF ™ (Yn—_1|1),
(an—18 + an—17)|(a + ¢) + 2an_202|b + wi2(Vn—slaba — an_4|bac — B _4]abe)
=0y (an—2BI1),
(an—18 + an—17)|(a +b) + 20,—282]c + wi2(yp—alaba — ay—a|bac — By, —a|abc)
=0~ (an—2I1),
(n-18+ an—17)|(b+ ¢) + 2a,—282]a + Wi 2(yn—a|aba — ay,—glbac — By, —4labe)
=0y Nan—3B2|1)} UwiBE .
Since f™ (u) = 0 for u € K3, with m € [2,4] and n’ € Ny, by degree reasons, the previous set

is a system of generators of Bf. By Fact 4.1.3, the elements in B} are linearly independent, so
BT is a basis of BY". The dimension of B} is then given by

0, ifn=0,1,

3, ifn=2p5,

1, ifn=3,

dmpr =% in=4 (4.2.26)

15, ifn =6,

11, ifn=7,

18, if n > 8iseven,

13, ifn > 9is odd.

Suppose finally m = 0. Consider 9";' : wiK!' ° @ wiKy " — KJ © wiKy ' @ wiK)™®.
Note that By C wiKy * @ wiK} ®and By =Im(9"7") = Im(w}d!°) = wi By~ *. We define a
basis of Bf by BI = wiB,~* for n > 4. The dimension of Bf is thus given by

0, ifnef0,4],

3, ifn=5,

8, ifn=6,
dimBj = (12, ifn="18,

15, ifn=09,

13, ifn > 10iseven,
18, ifn > 11is odd.

4.2.2.4 Computation of the cocycles

As one can remark rather easily, from the computations in the previous subsubsection we can
already deduce the dimensions of the homogeneous components of the spaces of cocycles and
thus of the Hochschild cohomology groups. However, since we will need specific representa-
tives of the cohomology classes of bases of the Hochschild cohomology HH®(A) for computing
its algebra structure, we will present them. More precisely, in this subsubsection, we will ex-
plicitly construct bases ®”, and D7, of the k-vector spaces D!, = Ker(d?,) and D?, = Ker (")
for m € [0,4] and n € Ny, respectively, defined before Remark 4.2.12.

Computation of ©7, Recall that D, = Ker(d?,) and
dy, : Ky = Homy ((AL,)",Am) — Kt = Homy (A", 41))" Am1)

was defined in Subsubsection 4.2.2.1. Since K7, /D!, Bﬁ:rll, we see that

. N n . Hn-+1
dim D], = dim K}, — dim B

Hence, from the dimension of Bﬁj}l computed in Subsubsection 4.2.2.3 as well as the dimension
of K, (see the last paragraph of Subsubsection 4.2.2.1), we deduce the value of the dimension
of Dy. We will present them explicitly in the computations below.
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For every (n,m) € No x [0,4], we are going to provide a set Dn C D such that #97, =
dim D7, and the elements in 7, are linearly independent. As a consequence, D, is a basis of
DI 1f D" = K", we pick the usual basis of K, defined at the end of Subsubsection 4.2.2.1. We
leave to the reader the easy verification in each case that the set D7, satisfies these conditions.

Obviously, D} = K} for n € Ny. Then we define the set ol by the usual basis of K. The
dimension of D7 is given by

1, ifn=0,
.o 3, ifn=1,
AmDE= 05 o
6, ifn>3.

Suppose m = 3. By (4.2.21), the dimension of D} is given by

0, ifn=0,

8, ifn=1,
dim Dy ={9, ifn=2,

17, ifn > 3isodd,

12, ifn > 4iseven.

We define the sets D9 = 0),

DL = {albac, Blabe, y|aba, a|(aba — abe), (a + B)|aba, a|aba + Blbac, alaba + vlabc,

alaba — v|bac},
and

93 = {(az — B2)|aba, (az — ¥2)abe, (B2 — 72)|bac, az|abe + Ba|bac + 2a8|aba,
aslaba — Balbac + 2af|abe, az|(aba — abe) + 2af|bac, as|abe + Ba|bac + 2ay|aba,
azlaba — Balbac + 2ay|abe, az|(aba — abe) + 20y|bac}.

Moreover, if n > 3 is odd, we define

g - {an|bacv Bn|abc7 Yn |a‘ba7 an—16|abc7 Oln—lrﬂabaﬁ O[n_252|b(10, %| (aba - Lbc)7 (an + &) |@7

aplaba + B lbac, ay,|aba + vy |abe, ay laba — vy |bac, (o, + an_16)|Lm,
aplaba + oy, 1 Blbac, aylaba 4+ o, —17y|abe, a|aba — a, —1y|bac, (o, — an,gﬁg)\@,

aplaba — an,262|abc},
and if n > 4 is even, we set

0% = {(an — Bn)laba, (an — Va)labe, (Bn — vn)|bac, anlabe + Bu|bac + 20,1 8|aba,
aplaba — Bylbac + 20, 1 Blabe, oy, |(aba — abe) + 2a, 1 |bac,
ap|abe 4+ Bplbac + 20, —1v|aba, ay|aba — By bac + 2a, —17v|abe,

an|(aba - abc) + 20‘71—17“70'67 (O‘n—252 - Oén)‘Lbaa (an—2ﬂ2 - an)|a7bcv

(Oén—QBQ - ﬂn) |@}

Suppose m = 2. By (4.2.22), the dimension of D is given by

2, ifn=0,
dim D? = 3 ?fn =1L
10, ifn=2,
12, ifn > 3.

We define the sets
{e |(ab+ba), e |(ab + bc — ac)}
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Dl = {Bl(ab—ba) + y|(ab+ bc+ ac), (a + B +7)|(ab — ba), |(ab + bc + ac) + | (b + ba + ac) },

@% = {%|(ab+b7a),%|(ab +@_ ac),@\(ab—l—bfa),&“ab—i—@— ac)vﬂ‘(ab"‘rbﬁ)a
72|(ab + be — ac), aBlba + aylab, aB|ab + avy|ba, ab|(ba + ac) — avlbe,
aB|(ab+ be) — aylac},

and D7 = %S forn > 3.
Suppose m = 1. By (4.2.23), the dimension of D} is given by

0, ifn=0,
dim D" — 1, ifn=1,
3, ifn=2,
6, ifn>3.

We define the sets D9 = {), and
D1 = {ala+ Blb+7lc}-

Moreover, if n > 2 is even, we define D7 = %71‘, and if n > 3 is odd, we define

~§L = {O‘n|a + Bulb + nle, (Bn — an—lﬁ)@v (Y — 0!71—1’Y)|E, (o — O‘n—2ﬂ2)|gv
1Bl + an—17|a + an—2B2|b, an—1Bla + an_17|b + an_2fa|c}.

Suppose finally m = 0. By (4.2.24), the dimension of D is given by

1, ifn=0,
dim Dg _ 0, %f n > 1is odd,
4, ifn=2,
5, ifn > 4iseven.
We define the sets
Dp = {1},

and
D = {az|LB2lL, 7|1, (a8 + an)|L}.

Moreover, if n € N is odd, we define ’)58 =, and if n > 4 is even, we define

:(58 = {an|1;6n|177’n|1a(an715 + an717)|17an7262|1}-

Computation of D7, Recall that D7, = Ker(9%) and 97, : Q7, — Q!"'',. The isomorphism
" /Dp, = B tells us that

dim D}, = dim Q”, — dim B/}
Hence, from the dimension of B]"}; computed in Subsubsection 4.2.2.3 as well as the dimension
of Q7 (see the last paragraph of Subsubsection 4.2.2.1), we deduce the value of the dimension
of D7,. We will present them explicitly in the computations below.

For every (n,m) € Ny x [0,4], we are going to provide a set ®}, C D}, such that #97, =
dim Dy, and the elements in D7, are linearly independent. As a consequence, D7, is a basis of
Dr. We leave to the reader the easy verification in each case that the set ©7., satisfies these
conditions.

For either m € [3,4] and n € Ny, or m, n € [0,2], note that 97 = d”,, then D", = D”,. So we
define the basis of D}, by D7, = f)ﬁl.
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Suppose m = 2. By BY = By and (4.2.22), the dimension of D} is given by

2, ifn=0,
3, ifn=1,
10, ifn=2,
dim DI = 12, ifn=3,
13, ifn=4,
15, ifn =25,
17, ifn =6,
18, ifn>T.

We define the sets D3 = D3 and 5 = D3 Uwi®D7* for n > 4.
Suppose m = 1. By (4.2.25), the dimension of D} is given by

0, ifn=0,
1, ifn=1,
3, ifn=2,
6 ifn=34

dimpy ={ > BT
14, ifn =25,
15, ifn =6,
23, ifn > 7isodd,
18, if n > 8iseven.

We define the set@? = @j Moreover, if n > 4 is even, we define ®7 = B, and if n > 5is odd,

we define D} = D7 UwDy 4
Suppose finally m = 0. By (4.2.26), the dimension of Dy is given by

1, ifn=0,
0, ifn=13,
4, ifn=2,
7, ifn=4,
dim DP — 3, ifn=35,
15, ifn =69,
12, ifn=7,
18, ifn=8orn > 1l1isodd,
22, ifn = 10,
23, ifn > 12iseven.

We define the set ©3 = (). Moreover, if n > 4 is even, we define the set O = 356’ U wi‘CDg*‘l, and
if n > 5is odd, we define D} = wiD5 .
4.2.2.5 Hochschild cohomology

In this subsubsection, we will explicitly construct a subspace H;,, C D}, such that D}, = H! &

B!, for (n,m) € Ny x Z<4, and we define H?, = 0 for (n,m) € Z?\ (Ny x Z<4). By Proposition
4.2.13, we have the following similar recursive description.

Corollary 4.2.14. For integers m < 1 and n € No, we have

HI, =

m

{w’im HH2m=2" ifm s odd,

Wl , if m is even.

So it is also sufficient to compute the case m € [0,4]. Recall that
dim H}, = dim D}}, — dim B}, = dim Q}}, — dim B/;}, — dim B}’

m m*
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Hence, from the dimension of D}, computed in Subsubsection 4.2.2.4 as well as the dimension
of B> computed in Subsubsection 4.2.2.3, we deduce the value of the dimension of H,. We
will present them explicitly in the computations below.

For every (n,m) € Ny x [0,4], we are going to provide a set !, C D7, such that #97, =
dim H}}, and $;, U B}, is linearly independent. As a consequence, the space H;, spanned by
. satisfies DY, = H, @ B} . We leave to the reader the easy verification in each case that the
set $7, satisfies these conditions. Note that, unless stated otherwise, the linear independence of
the elements in $7, U B7, follows from Fact 4.1.3, where we put the elements in £}, before the
elements in B7,,.

Suppose m = 4. The dimension of H} is given by

1, ifn=0,
0, ifn € Nisodd,
4, ifn =2,
5, ifn > 4iseven.

dim Hy =

We define the sets
9y = {el|abac},

and
92 = {as|abac,Bs|abac,vys|abac, oB|abac}.

Moreover, if n € Nis odd, we define 7 = ), and if n > 4 is even, we define

9% = {anlabac, B,|abac, v, |abac, a, 1 Blabac, a, 2 B2|abac}.

Suppose m = 3. The dimension of HY is given by

0, ifn € Ngiseven,
. " 6, ifn=1,
dm A =30 =3
5, ifn > 5isodd.

We define the sets

93 = {albac, Blabc, v|aba, a|(aba — abe), (o + B)|aba, alaba + Blbac},

and
93 = {as|bac, B3|abe, y3|aba, asBlabe, az|(aba — abe), (as + Bs)|aba, as|aba + Bs|bac}.
Moreover, if n € Ny is even, we define $} = 0, and if n > 5 is odd, we define the set
Hy = {ozn|bac7 Brlabe, v |aba, o, —1 flabe, o] (aba — abc)}.

The reader can easily verify that the set 5 U B% for n > 3 and n odd is linearly independent.
Suppose m = 2. The dimension of HY is given by

2, ifn=02,
0, ifn € Nisodd,
dimHy =¢1, ifn=4,
4, ifn =6,
5, ifn > 8iseven.
We define the sets
93 = {¢'|(ab+ ba),€ |(ab + bc — ac)},
and

93 = {az|(ab+ ba),B2|(ab + ba)}.

Moreover, if n € Nis odd, we define 4 = ), and if n > 4 is even, we define H} = wf52_4.
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Suppose m = 1. The dimension of H is given by

0, ifn € Njiseven,

1, ifn=1,

5 ifn=3,

dimmay =4 1"

11, ifn =235,

12, ifn=17,

10, ifn > 9is odd.
We define the sets

91 = {ala+ Blb+7lc},

and

9} = {asla+ Bs]b+ysle, (B3 — aaB)|b, (3 — a27)|c, (as — afa)|a, aaflc + azyla + aBz|b}.

Moreover, if n € Ny is even, we define 7 = 0, and if n > 5 is odd, we define

;L = {an‘a + Bnlb + ’7n|c7 (Bn - anflﬁ)@a ('Yn - Ofn71'7)|9 (an — an7262)‘g>
on—18lc+ ap_17]a + an_2B2|b} U wiHETh

Suppose finally m = 0. The dimension of Hy is given by

1, ifn=0,

0, ifneNisodd,

4, ifn=2,
dimHy =7, ifn =46,

6, ifn=3,

9, ifn =10,

10, ifn > 12iseven.

We define the sets
96 = {1},
and
95 = {az2lL, B2|1, 721, (aB + av)[1}.

Moreover, if n € N is odd, we define £ = (J, and if n > 4 is even, we set

538 = {an|175n|177n|1a (anflﬂ + an717>|1,04n7252|1} U Wikﬁ’574-

The previous results can be restated as follows.

Corollary 4.2.15. Let m € [0,4] and n € No. Then H, = H?, & w} H!.%. Here, H?, is the k-vector

space spanned by the set 7, which is defined as follows. If m € [3,4], we define the set H7, = ST, for
n € Ng. If m = 2, we define the sets
93 = {e'|(ab +ba).€'|(ab+be —ac)},  H5 = {az|(ab+ba),Bz|(ab+ ba)},
and S%S =0 forn=1andn > 3. If m = 1, we define the set
9l = {ala + Blb + v|c},

and H7 = () for n € Ny with n even, together with

5? - {an|a + ﬂn|b + 'Yn|cy(6n - 05n—1ﬁ)|b7(r7n - an—17)|07(an - 04n—2ﬂ2)|a'a
O‘n—15|c =+ O‘n—l’Y|a + an—252|b}

forn > 3 with n odd. If m = 0, we define the sets
95 ={N}, 95 = {oall,52[1,%[1, (0B + a1},
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and 5:38 = () for n € N with n odd, together with
‘68 = {an|17ﬂn|177n|17(an—16 + an—17)|1aan—2ﬂ2|1}

for n > 4 with n even. Moreover, if we define H™ = 0 for (n,m) € Z*\ (Ng x [0,4]), then H =
HP @ wiH holds for m,n € Z by applying Corollary 4.2.14.

Remark 4.2.16. The reader can easily check that D7, = H" & B?, for m € [0,4] and n € Ny.
Recall that the Hochschild cohomology is decomposed as HH" (A) = @,,<4H}}, for n € Ny.
Proposition 4.2.17. For n € N,
HH*(A)= @ wiHy ™.
i€[0,|n/4]],
me[0,4]
Proof. By Corollary 4.2.15, we have
HY = Hy @ wiH}™, H'=H'owiHy ™, HY=Hy®wiHy *owiHy®  (4.227)
for n € Ny. Using Corollary 4.2.14 and (4.2.27), we get
HH"(A) = b =€
me[—2|n/4],4]
= H} & H} & H} & < D w;‘H{L_‘li) ® ( o, waS"““)
i€[0,[n/4]] i€[0,[n/4]]
= Hy @ HY © (Hy @ wiH} ) @ < P wET e w;ﬂg4i4))
i€[0,|n/4]]
o @ vl ouitoum )
i€[0,[n/4]]

— oAy e B ow A} @ < D w;‘ﬁ{‘_4i) ® ( D w;llﬁ?‘““‘)
i€[0,|n/4]] i€[0,[n/4]]

® ( D w;Hg—‘“) ® < T w;HﬁI;l—“—‘*) ® ( D w;+2ﬁg—4i—8>
iclo,Ln/4]] iclo,Ln/4]] iclo,Ln/4]]
=Hy o Hy o HY ®wiH; ' & ( P wfﬁ?“) ® ( P w;ﬁg‘“)
i€[0,[n/4]] i€[1,[n/4]]

@( D wfffé““)@( D w;‘ﬁg“)@( - w;ﬁg4i>

i€[0,[n/4]] i€[1,[n/4]] i€[2,[n/4]]

= @ wi 4,
i€f0,[n/4]],
me[0,4]

Remark 4.2.18. Let H" = Dmelo,4] H?" for n € Ny. Proposition 4.2.17 shows that
HH”(A) = @i€H07Ln/4Jﬂw:H7L_4i.

Using Corollary 4.2.15, it is easy to compute that dim H® = 4, dim H* = 7, dim H? = 10, dim A% =
12 and dim H™ = 10 for n > 4.

Using the previous remark, we get the dimension of HH"(A).
Proposition 4.2.19. The dimension of HH" (A) is given by
%n+4, ifn =4r forr € Ny,
dim HH"(4) = %n+5, ifn=4r +2forr € Ny,
St ifn =2r+1forr € N.
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The Hilbert series of HH" (A) is h"*(t) = 3_,, <, dim(H};, )t™ ™ for n € No. Note that m —n is
the internal degree of H}!,.

Corollary 4.2.20. The Hilbert series h™(t) of HH"™(A) is given as follows. Let n > 8. Then

15]-3
hn(t) —¢n [5Xnt4 + 5Xn+1t3 + 5Xnt2 +10 Z tXn+1—2i + t—2\_%Jpn(t)]7
=0
where
6t + 7t2 + 1, ifn =0 (mod 4),
n(t) = 1065 +11#3 +¢,  ifn=1 (mod 4),
P ) 9t + T2 + 4, ifn =2 (mod 4),
1065 + 12¢3 + 5¢, if n = 3 (mod 4).
Moreover,
RO(t) = t* 4+ 2t + 1, R (t) = 6t* +1,
h2(t) = 4% + 2 4 4t 72, R3(t) = 7+ 5t2,
hA(t) =5+t 24Tt 70, RP(t) = 5t 2 + 11t~ * 76,
RO(t) =5t 2 + 4t + 7t70 + 4178, RT(t) = 5t=* +12t76 4 5¢ 78,
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Chapter 5

Algebraic structure and
Gerstenhaber structure on
Hochschild cohomology of
Fomin-Kirillov algebra on 3
generators

In this chapter, we will explicitly determine the algebraic structure and Gerstenhaber structure
of the Hochschild cohomology of Fomin-Kirillov algebra on 3 generators. The results of the
first section were published in [12], whereas the results of the second section were published in

[13].

5.1 Algebraic structure on Hochschild cohomology of FK(3)

In this section, let k be a field of characteristic different from 2 and 3, and A the Fomin-Kirillov
algebra FK(3). We will explicitly determine the algebra structure of the Hochschild cohomol-
ogy of A given by the cup product —. To do so, we will first find a generating set of the
k-algebra HH®(A) = ®,en, HH"(A) (see Proposition 5.1.4). Then, after extracting a minimal
generating set from the previous set of generators, we will find an explicit presentation of the
algebra HH®(A) as a quotient of a free algebra F' by the ideal generated by an explicit set R
of homogeneous relations. This is done by using a Grobner basis of &R, which allows us to
compute the Hilbert series of the quotient F//(% ), and then comparing the Hilbert series of the
quotient and that of HH®*(A). We refer the reader to Sections 2.1 and 2.2 of the very nice book
[30] for the usual method for computing the cup product. However, to reduce the amount of
signs appearing in the computations below we will follow the original definition of cup product
by M. Gerstenhaber in [9], Section 7 (cf. [30], Definition 1.3.1 and Remark 1.3.3).
We will follow the notation in Subsection 4.2.2.

Remark 5.1.1. It is easy to see that f — g € H'1"> forall f € H}Y, g € Hp2. Moreover, it

mi+mso ma*
is well-known that the cup product on Hochschild cohomology is graded commutative, i.e. f — g =

(=1)mng — f for f € HH™(A), g € HH"(A) (see [30], Theorem 1.4.6).
Lemma 5.1.2. Let g = wie'|l € wiH) = H*,. Then f — g = wif forall f € HH®(A).

Proof. The map g can be extended to a chain map ge : P? — P! with g,(w}x) = w;_,z for
re K., , 4 andie€ [0,[n/4] +1]. Hence, given f € HH"(A), weget f — g = fg,, =wif. O

By Lemma 5.1.2 and Proposition 4.2.17, the set

(U sufeiein) v

m € [0, 4],
n € Ng
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is a generating set of HH®(A) as k-algebra.

Fact 5.1.3. Assume x,y € A. Let n > 2 be even. The map ou,|1 can be extended to the chain map
ge : PY — P? satisfying
go(@lanly) = zle'ly,
90(|Bnly) = go(xmly) = go(|an-18ly) = go(z|an-17]y) = go(z|n—262ly) = 0,
gr(zlanily) = zlely, g1(2|Bnialy) = g1(@lynr1ly) = g1(zlan—16aly) =0,
g1(zlanBly) = z[Bly, g1(zlanly) =z,
g2(zlomialy) = zlazly, g2(|Bni2ly) = g2(2|ym42ly) = 0, g2(zlomi1Bly) = zlably,
go(xlantavly) = xlayly, ga(xlanfely) = 2[(B2 +72)ly-

Moreover, if n = 2, the chain map g satisfies

gg(wlx\e!kg) = z(2|af|ac + 1|aB|ba + alaB|b — blaB|c + blay|a — c|ay|b — blas|b — 3c|az]c
+ alB2la + aly2|a + 2b|y2|b — 2bcay|1 — ablavy|1)y.

If n = 4, the chain map g. satisfies

go(wizle'ly) =0,

g1 (@rzlaly) = 2e(1]Blac + blale + baly| 1)y,
g1 (wiz]Bly) = —2a(c|Bla + alBle + blala + alyla + alalb)y,
g1 (@izlrly) = ~22(blyla+ alrlb + alBla + alale + clala)y.

The map B,|1 can be extended to the chain map g, : P2 — PP satisfying

90(z|Bnly) = zl€'ly,
go(@|amly) = go(z|7n|y) = go(z|an—18ly) = go(z|an-17]y) = go(z|an—282]y) =0,
91(x[Bn+1ly) = z[Bly, g1(z|ant1ly) = g1(x|vn+1ly) = g1(z]anBly) =0,
q1(zlanly) = zlvly, g1(xlan—18:ly) = x|aly,
92($\5n+2|y) = $|52|ya 92(x|an+2|y) = 92($|’Yn+2|y) =0, 92(37|04n+15|y) = xlaﬁly,
92(xlan117ly) = xlayly, g2(x|anBely) = z|(a2 + 72)|y.

Moreover, if n = 2, the chain map g satisfies
go(wrz|é'ly) = 2(1|aB|ba — 1|aB|ac + blaB|c — claBla + c|lay|b — alay|c — ¢|B2|c — 3a|Bz|a
+ b|y2|b + blas|b + 2¢|as|c + 2ablay|1 + be|ay|1)y.
If n = 4, the chain map g, satisfies
go(wrzle'ly) =0,
g1(wielaly) = —2(blale + clalb + alBJb + blrlb + b|la)y,
g1(w1z|Bly) = 2z(1]albe + alBle + ably[1)y,
g1(wiz|vly) = =2z (aly|b + bly|a + blafb + bl Blc + c[B|b)y.
The map ~,,|1 can be extended to the chain map go : P2 — P? satisfying
90(xlmly) = zle'ly,
go(xlamly) = go(2|Bnly) = go(zlan-18ly) = go(x|an-171y) = go(xlan—262ly) =0,
91(@vnr1ly) = zvly, gr(zlomialy) = 91(2Bntaly) = g1 (zleanryly) = 0,
g1(@|anBly) = z[Bly, g1(zlan—1B2ly) = zlaly,
92z ynt2ly) = 2[12ly, g2(z[ant2ly) = g2(x|Bnt2ly) = 0, g2(zlani18ly) = z|aBly,
g2(z|an17ly) = xlanly, ga(zlanfely) = xl(a2 + B2)ly-

Moreover, if n = 2, the chain map g satisfies

ga(wizley) = —a(1]aBlac + 2/aBlba + 2alaBlb + blarla + clar|b — alBsla + 2alyala + 3bl2b
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+ ba|a S|l + ablay|1)y.
If n = 4, the chain map g. satisfies
go(w1x|e!|y) =0,

g1 (wizlaly) = 20(alBlb+ blylb + blBla)y, g1 (wiz|Bly) = 2a(blala + alrla + alalb)y,
g1(wizhly) = —2z(L|afba + alBla + abla|1)y.

The map (c,,—18 + an—17)|1 can be extended to the chain map go : P — P? satisfying

go(z|anly) = go(z|Bnly) = go(z|Valy) = go(z|an—282]y) =0,
go(@lom—18ly) = go(zlan_17]y) = z|€'ly,
91(x|any1ly) = g1(x]Bns1ly) = 91(x|vnr1ly) = 0, g1(z|anBly) = z|(a+ )|y,
g1 (zlanyly) = z|(a + B)y, g1(x|an_1B2ly) = z[(B+ )|y,
92(x|an2|y) = g2(2|Bnt2ly) = g2(x|vnt2ly) = 0, ga(z[ant18ly) = z|(ay + az + B2 +72)|y,
g2(x|ant17ly) = z|(af + a2 + B2 + 72) |y, g2(x|anBaly) = z|(aB + av)|y.

Moreover, if n = 2, the chain map g, satisfies

g2 (wizl€'|y) = z[1|az|(ba + ac) — 1|az|be 4 1|B2|(ab + be) — 1] Balac — 1|y2]ab — 1|y2|ba — blas|c
— c|aslb — a|Ba|c — c|B2|la — a|y2|b — blyz|a + (ba + ac)|as|l — be|as|1 — ac|B2|1
+ (ab + be)|Ba|1 — ably2|1 — baly2[1]y.

If n = 4, the chain map g. satisfies

go(wiz|€']y) = 0,
g1(wizlaly) = g1 (wiz]Bly) = g1 (wizlyly) = 0.

Now let n > 4 be even, then the map o,—252|1 can be extended to the chain map ge : pPb — pY
satisfying

= zle'ly,

go(z|an—282[y)
go(xlanly) = go([Bnly) = go(z|nly) = go(z|an—18ly) = go(z|an-17ly) =0,
g1(@|ant1ly) = g1(2|Bn1ly) = g1(z[vn+1ly) = 0, g1(z|anBly) = z[Bly,
g1(zlanyly) = zlyly, g1(zlan—18:ly) = z|aly.

Moreover, if n = 4, the chain map go satisfies
go(wiz|€é'ly) = 0.

Let n € N be odd, then the map cw,|a + B,|b + ~n|c can be extended to the chain map go : P2 — P?
satisfying

go(zlomly) = z|e'|ay, go(x|Bnly) = zl€' by, go(z|ynly) = z|€'[cy,

go(@|an—18ly) = go(z|an—17]y) = go(x|an—282[y) = 0,

g1(z|ant1ly) = —zlalay, g1(z|Bni1ly) = —z|Blby, g1(z[ynt1ly) = —z|7[cy,

g1 (z]anBly) = —wlalby —z|Bley — zlvlay, g1(z|oanyly) = —z|alcy — z|Blay — z|v|by,
g1(z|an_1Pa]y) =

92(x|an2|y) = l“lazlay, 92(2|Bnr2ly) = 2|B2|by, g2(x|vn+2ly) = z|y2lcy,
92(x|on118ly) = z|aBley + zlay|ay + z|(a2 + 72)|by,
g2(z|an117]y) = zlaplay + z|ay|by + z|(az + B2)|cy,

g2(z|anBaly) = x|aBlby + z|ay|cy + z|(B2 + 12)|ay.

Moreover, if n = 3, the chain map g, satisfies

g1 (wrz|e'|y) = 2z[1|a|bac + 1|8|abe — 1|y|aba + ¢|a|(ba + ac) — a|Blac — by|ba — (ba + ac)|y|a
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+ aclalb + bal S|y,
g2(wrz|aly) = 22[—2|as|bac + alay|ab — c|as|be + ¢|Bz]ab — b|ya|ba — belaf|e + ablay|a
— aclag|c — 2ba|Ba|c + ab|y2|b — ba|yz|c — abc|ay|1 + baclaz|1]y,
g2(w1z|Bly) = 2x[—2|Ba|abe + blay|be 4+ a|B2|(ab + be) + alvyz|be + c|az|(ba + ac)
+ (ab + be)|aBla + be|ay|b — balBala + 2(ba 4+ ac)|yz|a + be|asle + (ba + ac)|asla
+ abalary|1 4 abe| B2(1]y,
g2(wrzlv|y) = 2x[2|y2|aba — c|lary|(ab + be) — blyz|ab — blas|(ab + be) — a|fBz|ac — ablaSlb
— (ab+ be)|ayle + (ba + ac)|y2|b — 2ac|az|b — (ab + be)|Bala — ac|Ba|b — baclay|1
— aba|y2[1]y.
Proposition 5.1.4. The set
S = ( U H" U {wfe!1}> \ {e!|1}
nemah

is a generating set of the k-algebra HH® (A). Hence, HH® (A) is a finitely generated k-algebra.

Proof. We will prove the proposition by induction on n. Let n > 4. Assume that $7, for
m € [0,4] and n' € [0,n — 1] is generated by the elements of .. We check that £7, for
m € [0,4] is generated by the elements of .. First, we suppose that n is even. Note that
92 = {1, Bull, 11, (n_18 + @n_17)|1, n_282|1}. By Fact 5.1.3, we have

a|l — o]l € ap|l + Wi HY ™ Bo|l — Bn_a|l € Bl +wiHy ™,
Yoll = Yn_2|l € Y|l + W HI ™ Ya|l — an_2|l € ap_2fB|1 +wiHI ™,
(@f + ay)[l — an_s|l € (n_18 + an_17)[1 +wiHy ™.
Hence, the elements inﬁg are generated by the elements in .. Note that H7 = H7 = H% = 0.
Finally, we notice that $} = {«y,|abac, 5, |abac, v, |abac, o, —16|abac, a,—2B2|abac}. Since
e!|abac — ap|l = ay,labac, el\abac — Bnll = Bplabac, el\abac — Yn|l = yplabac,
e!|abac — (ap—18 + an—17)|1 = 2a,,—1B|abac, e!|abac — ap_2B2|1 = ay,—28z]abac,

the elements in 7 are also generated by the elements of ..
Next, we suppose that n is odd. Note first that $fj = 9% = 9} = 0, and

91 = {anla+ Balb +vle,(Bn — an-1B)Ib,(vn — an-17)le,(@n — an-2p2)la,
an-1Blc+ an—17]a + an_28:21b}.
By Fact 5.1.3, we see that

(ala+ Blb+7]c) — an—1]l € anla+ an_1B|b+ an_1vlc + wiHy ™,

(ala+ Blb+ 7|e) — Bu1]1 € Bulb+ n_17|c + an_ofs]a + wiHI ™,

(ala+ Blb+v|c) — Yn-1]1 € Ynlc+ an_18|b+ an_2B2]a + wikﬁg_‘l,

(ala+ Bl +7le) = (an—28 + an-27)|1 € 2(an_18lc+ an_17]a + an_2f2|b) + wiHy ",
(ala+ Blb+ v|c) — an_362|1 € an_18lb+ an_17|c + an_ob2|a + wf HI 2.

It is easy to see that the five elements o, |a + an—158]b0 + an—_17|c, Bnlb + an—17|c + an—_262|a,
Ynle+an—18lb+an—282|a, 2(an—1Blc+ an_17]a+an_282|b) and a,,—18]b+ an—17|c+ an—262|a
are linear combinations of elements of 7. Moreover, they form a basis of H}*. The elements in
HY, so a fortiori 7, are thus generated by the elements of .. Note finally that

9% = {an|bac, B,|abe, yn|aba, o, 1 Blabe, o, |(aba — abe)}.
Since

albac — a,—1|1 = aylbac, Blabe — Bn_1|1 = Bplabe, vlaba — v,—1|1 = 7, |aba,

Blabe — 1|1 = ap—18|abe, al(aba — abe) — ap_1|1 = a,|(aba — abe),

the elements in 7} are generated by the elements of .. O
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Proposition 5.1.5. The set of 14 elements given by

S = {€'|(ab+ ba), €'|(ab + bc — ac), €'|abac, ala + B|b + ~|¢, albac, Blabe, v|aba,

(5.1.1)
a|(aba - CLbC),O&QH,ﬁQH,’)@H, (Oéﬁ + Oé’)/)|1,()é3‘a + ﬁ3|b+73|cv WT€!|1} - HH.(A)

is a minimal generating set of the k-algebra HH® (A).

Proof. By Proposition 5.1.4, the 33 element set

7 = {€|(ab+ ba), € |(ab+ be + ac), €' |abac, albac,Blabe,y|aba,a|(aba — abe), (o + B)|aba,
alaba + Blbac, ala + B|b + v|c, aslabac,Ba|abac,y|abac, aflabac, as|(ab + ba),
Ba|(ab + ba), az[1, Ba|1, 721, (B + a)[1, as|bac,Bs|abe,ys|aba,cz Blabe,as| (aba — abe),
(a3 + B3)|aba, azlaba + Bs|bac, asla + B3|b+ ys|c, (B3 — a2B)|b, (73 — az)e,
(a5 — afa)la, asBle + azyla+ afslb,wie 1}

is a generating set of HH®(A). By Fact 5.1.3 and the computation of coboundaries in Subsubsec-
tion 4.2.2.3, we get

as|(ab+ ba) = €'|(ab+ ba) — as|l, Ba|(ab+ ba) = €'|(ab + ba) — Ba1,

aslabac = €'|abac — as|l,  Balabac = €'|abac — Bo|1, ya|abac = €'|abac — 1,

aflabac = (1/2)€'|abac — (af 4+ ay)|1, as|bac = albac — as|l, Bslabe = Blabe — Ball,
vslaba = y|aba — 2|1, asflabe = albac — Pol1,

(as —af)la = (1/2)[(asla + B3]b + 7slc) + (ala + Blb+ yle) — (o]l = 2|l —2[1)],  (5.1.2)
(B3 — aaf)|b = (1/2)[(asla + Bs|b + slc) + (ala + Blb+vle) — (B2/1 — az|l —12|1)],

(73 — a27)le = (1/2)[(asla + B3]b + y3lc) + (afa + Blb +7|c) — (2]l — az|l = B2[1)],
agfle + agyla + afalb = (1/2)(ala + Blb +c) — (af + ay)[l,

as|(aba — abc) = al(aba — abc) — as|l, (as + Ps)|aba = v]aba — (af + av)|1,

aglaba 4+ Bslbac = a|(aba — abe) — (B2|1 + az|l) — 2v|aba — (af + av)|1,

(o + B)|aba = (1/2)€'|(ab+ be — ac) — (ala + B]b+ v|c) + a|(aba — abe),

alaba + Blbac = (1/2)[€'|(ab + ba) — (ala+ Blb + y|c) — €'|(ab+ be — ac) — (ala + B]b+ ~|c)].

Hence, the set § obtained from . by removing the nineteen elements in (5.1.2) is still a gener-
ating set. Similarly;, it is easy to check that

é'|(ab + ba) — €'|(ab + ba) = €'|(ab + bc — ac) — €'|(ab+ be — ac)

: : (5.1.3)
= ¢'|(ab+ ba) — €|(ab+ bc — ac) = 0.

By Remark 5.1.1, Fact 5.1.3 and (5.1.3), it is easy to check that any one of the fourteen elements
of § can’t be generated by the other thirteen elements, so the generating set § is minimal. [

Let us number the elements of the set § given in (5.1.1) by X; = €'|(ab + ba), X2 = €'|(ab +
be — ac), X3 = €'labac, X4 = albac, X5 = Blabe, X¢ = v|aba, X7 = a|(aba — abc), Xg =
a\a—|—ﬂ|b—|—v|c, X9 = 042|1, X0 = ,@2|1, X1 = ’)/2|1, Xq9 = (O&ﬁ + Oé’)/)|1, Xi3 = 043‘(1+,83|b—|— ’)/3‘6
and X1; = wi€'|l. We define the well-ordered set {z;,i € [1,14]} with ; = z; for all i > j.
Let F be the noncommutative associative free k-algebra generated by z; for i € [1,14], with
length-lexicographic order. We endow the algebra F with the unique grading over Z? given
by setting the bidegree of x; to be the same as that of X; for i € [1,14]. Let R; C F be the set
consisting of the following 97 homogeneous elements

T1X2 — T2T1,T1T3 — 3T, T1T4 — L4L1,T1T5 — T5L1, L1Te — TeL1, T1L7 — T7L1, L1Xg — T8I,
T1T9 — T9T1, L1L10 — L10L1, T1T11 — L11T1, L1L12 — L12L1, T1T13 — L1371, T1T14 — L14L1,
T2X3 — X3T2,T2X4 — X4T2,T2T5 — L5L2,L2Te — LeL2, L2L7 — T7X2, Loy — TgL2,L2X9 — T9T2,
T2T10 — L10L2, L2X11 — L11L2, L2L12 — L12X2, L2X13 — L13L2, L2L14 — L14X2, X3L4 — T4T3,

IT3T5 — T5X3,T3L6 — LeL3, L3TL7 — L7L3,L3LY — LT3, L3TL9g — T9TL3, T3L10 — L10L3,L3TL11 — L11L3,
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T3T12 — T1223, T3T13 — T13T3, L3T14 — T14X3, T4T5 + T524, T4Te + T6Ta, T4T7 + T724,

T4T8 + TT4, T4T9 — T9L4, T4L10 — T10T4, TaT11 — T11T4, T4T12 — L1204, TaT13 + T13T4,

T4T14 — T14T4,T5Tg + Ty, L5T7 + T7T5,T5X8 + LTy, L5X9g — 95, L5L10 — L10L5, (514)
T5T11 — T11T5, T5T12 — £12T5, T5213 + T13%5, T5X14 — L1485, TeLr + T7T6, TeXs + T8Te,

TeT9 — T9T6, T6L10 — L10L6, T6L11 — L11T6, T6T12 — £12T6, T6L13 T L13%6, T6XL14 — 146,

T7Tg + TT7, T7Ty — T9X7, T7L10 — T10L7, T7T11 — T11T7, T7T12 — L1227, T7T13 + T13T7,

T7T14 — T14T7, TXT9 — T9X8, T8T10 — T10T8, T8T11 — T11X8, T8T12 — T12T8, TeT13 + T13Ts,
T84 — L1428, T9T10 — L10L9, L9XL11 — L11L9, L9T12 — T12X9, L9L13 — T13T9, L9T14 — T14T9,
Z10711 — 112105 L10L12 — L1210, L10L13 — 13210, L10L14 — L1410, L11L12 — L12L11,

11713 — 13711, 11714 — T14T11, L12T13 — L1312, L12L14 — L14L12, T13T14 — 14713, 35421, $§7 33?57
:v?, mg, xfg.

Remark 5.1.6. Note that the quotient of the free algebra F' generated by x; for i € [1,14] modulo the

(homogeneous) ideal generated by the previous set Ry is precisely the free graded-commutative (for the
homological grading) algebra C generated by the same generators x; for i € [1, 14].

Let R, C F be the set consisting of the following 63 homogeneous elements

1‘%, T1T2,X1X3, 1‘%7 IoXs3, ZL'?)), T1T4,X1X5,L1L6,L1L7,T2L4, X2T5,X2XLG, L2L7,XL3L4, L3L5,L3TG,L3XT,
T3T8, T4L5, T4T6, T4LT, T5T6, T5L7, TeL7, T1T11 — 2T1T9 — 2T1T10, T1T12 — T1T9 — T1T10,

ToTg + T1Tg, T2T10 — 2X1T10, T2T11 — T1T9 — T1T10, T2T12 — T1T10, T3T9 + T8T4, T3T10 + TTs,
T3T11 — TYT6, T3T12 — TL7, L9T5 + ToL6, Loxs — T10L4, T9T5 + T10L6, LoLs — T11T4,

T9ls — L11X5,X12T4 — (1/3)x9x7 + (4/3)!1710‘%7, 125 + (1/3)1’9%7 — T12%g + (5/3)1’10{177,

T1027 — 1187, L1207 + 2x9x5 — (1/3) w927 — (2/3) L1027, T9T10 — T9T11, T9T10 — T10%11,

T9T12 — T12T12 + 2T9x10 — 3T 1471 + 3T14T2, T10%12 — T12T12 + 2T9T10 — 3T14%2, (5.1.5)
11712 — T12T12 + 2X9T10 + 3T1471, 1713 — 4T12T6 + 421077,

rox13 + (4/3)w9x7 — 421026 + (8/3)T1027, X313, T8W13 — 621473, 1374 + TeToT3,

T13T5 + T1071023, £13T6 — T11L1123, L13T7 — T1201223 + 2T9T1073, T1X8T12 — 2T12T6 + 2T10%7,
ToXgT12 + (2/3)1‘9.137 — 211276 + (4/3)1‘1033‘7, T9T13 — ToToTg + 6T1474,

10713 — T10T1028 + 621475, T11713 — T1121108 — 62146,

T12013 — 1171228 — 621407 — 3T14T223.

By abuse of notation, we will also identify %R, with its image under the canonical projection

F—F/(R)=C.
The following theorem is the main result of this article.

Theorem 5.1.7. Let I be the two-sided ideal of F" generated by the set R = R1UR of 160 homogeneous
elements and let D = F /1. Define the morphism ¢ : F — HH®(A) of bigraded k-algebras by setting
o(x;) = X, for i € [1,14]. It is easy to check that o is surjective and I C Ker(y), so ¢ induces the
surjective morphism @ : D — HH®(A). Moreover, ¢ is an isomorphism, i.e. Ker(p) = I.

Before presenting the proof of the previous theorem, let us provide some auxiliary results.
We refer the reader to [25] (see also [20]) for the theory of Grobner bases, as well as the usual
terminology we will follow. Using GAP (see [6]) we get a Grobner basis G of I given by the
following 184 elements

2
T7, T1T2, L123, T1T4, T1T5, T1T6, L1287, L1T11 — 281210 — 2T1T9, T1Z12 — 1210 — L1,
2
T2T1 — T1T2, T3, T2x3, Tal4, T2Ts5, T2Te, T2T7, TaTg + T1Tg, T2T10 — 2T1T10,
2
T2x11 — T1T10 — T1T9, T2X12 — T1T10, T3T1 — T1L3, T3T2 — LT3, T3, T3T4, T3T5, T3T6, T3LT, T3Ls,
2
L3T13,X4T1 — T1T4, L4T2 — L2X4, L4T3 — T3T4, Ty, T4T5, TALE, L4XT7, LaTg — T3L9, L4L11 — L4710,
2
T5T1 — T1T5, T5L2 — T2Ts, T5L3 — T3Ts, T5L4 + TaTs, Ty, TsTe, T5L7, Ty — T3T10, T5L9 — T4T10,
L5211 — T4T10, TsT1z — T4212 — (1/2)w2213 + (1/4) 21213, 261 — 2126, T6T2 — Lo,

2
T6T3 — T3Te, TeT4 + TaT6, Texs + T5xe, T, T6T7, L8 + T3T11, TeL9 + T5T9, TeX10 + T4T10,
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xex12 + (1/2)x5212 + (1/2)24212 — (3/8) 21213, 7201 — T1X7, T7To — ToX7, T7Ly — T3T7,

T7Tq + TaZT7,T7T5 + TsTy, TrTe + Tel7, I% T7Tg + T3T12, T7Tg — 4TeT12 — 3T4T12 + T1713,
T7x10 — (1/4).237.739 + (3/4).’134.%‘12,1‘73311 — 710,

7212 + X412 + 2204210 + (1/2)20w13 — (1/2)21213, X801 — 2128, Xl — TaXg, Tl — T3Tg,
TT4 + T4, TT5 + Ty, Tele 1+ Texs, L3L7 + T7T8, xé, xgT13 — 623714, ToT1 — T1T9,

T9Ty — T2T9, L9L3 — T3LY,T9T4 — T4X9, L9XL5 — T5T9, T9Le — LeL9, L9XL7 — T7T9, L9LY — T8TY,
T9T11 — T9T10,T10T1 — T1T10, T10T2 — T2L10, T10L3 — T3L10, L10T4 — T9T5, L10T5 — T5X10,
ZT10T6 + T9xs5, T10T7 — T7T10, L10T8 — T8L10, L10L9 — L9T10, L10T11 — T9L10,

T10T12 — T9¥12 — 6x2%14 + 321214, 1101 — T1T11, T11T2 — T2T11, L1103 — T3T11, L1124 — T9Ts,
T11T5 — T9T5,T11T6 — L6L11, L11L7 — T10T7,T11T8 — L8L11, L11L9 — T9X11, L1110 — T10T11,
11712 — T10T12 + 3T2x14 + 3T1T14, T12T1 — T1T12, T12T2 — T2T12, L1203 — T3T12,

r1224 + (4/3) w1027 — (1/3)T927, T12%5 — T5X12, T12T6 — T6T12, T12T7 — T7T12, L1228 — TT12,
T12T9 — T9T12,T12T10 — L10L12, L12L11 — 93113512,3?%2 — T11%12 — 2T9T10 — 3T1T14,

T13T1 — T1%13, T13T2 — T2T13, T13T3 — T3T13, T13T4 + T4T13, T13%5 + T5213, T13%6 + T6213,
T13T7 + L7x13, T13T8 + TL13, L13T9 — T9T13, L13T10 — £10213, T13L11 — T11T13, L13T12 — £12213,
33%37 L1417 — T1T14, T14T2 — T2X14, L14L3 — T3T14,T14T4 — T4T14, T14T5 — 514, L14L6 — TeT14,
T14T7 — T7T14, T14T8 — T8T14, T14T9 — T9T14, T14T10 — £10L14, T14T11 — T11T14, T14T12 — T12%14,
T14T13 — 13T 14, T1T8T12 — 2T12T6 + 201027, ToxgT12 — 22126 + (4/3) 1007 + (2/3)T927,
T3TG — T4T13, T3ToT12 + T7T13, T3TT) — T5T13, T32T, + TeT13, TsTy — ToT13 — 6T4T14,

TsToT1a + 67278714 — 62128714 — T12T13 + 67714, TsTT) — T10T13 — 65T 14,

T823] — T11713 + 626714, T128T9 + (1/2)22713 — (1/2)71713, 108210 + T17879 — (1/2)T1213,
1811 — 21)1%‘&%10 — 2m1x8x9, .1‘11‘3, L1T9T10 =+ 21‘11‘3, T1X9T12 + l‘ll‘g, Tr1T9T13, xleo,
T1T10713, T2T8T9 + T1T8Tg, ToTgT10 + 2T1T8Ty — T1213, TaxgT11 — (1/2)x1213, 329713,
3210713, 23211213, L3T12T13, I4=’17%0 — T4T9T10, T8T9T13 — 6X3T9T14, T8T10T13 — 623710714,
TsT112713 — 623711714, TsT12213 — 6T3T12T14, ToTT) — TgT10, T3ToT10T 13,

TgT9T10713 — 6T3T9T10T14.

We will now compute the standard words with respect to G, i.e. the monomials on the
letters x;, i € [1,14], that are not divisible by the leading terms of the elements of G. This is a
direct but tedious computation. We recall that the set of standard words forms a k-basis S of
D. Obviously, 1 € S and z; € S fori € [1,14]. The elements in S generated by 2 elements are
given by the following 46 elements

T128,0129,L1%10,21213,L1L14,
L2X8,L2L13,L2L 14,
T3%9,L3210,T3%11,L3%12,L3L14,
L429,L4210, L4L12,L4L13,L4L14,
T5210,T5%13,L5%14,
TeL11,L6L13,L6L14,
T7T13,L7%14,
T8TY,L8L10,T8L11,L8L12,T8L 14, (5.1.6)
T3, T9T10,T9T12,T9T13,T9T145
230,T10%13,210214,
x%1a171113137561196147
T12713,T12%14,

L13T14,

2
T4
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Analogously, the elements in S generated by 3 elements are given by the following 68 elements

2
T1T8X14,L1T9X14,L1T10L14,L1X13L14,L1T14,
2
T2X8X14,X2X13X14,L2T 14,
2

T3T9X10,L3X9L14,L3L10X14,3%11L14,L3L12T14,T3T14,

2 2
XaTg,L4aXY9TL10,L4X9L12,L4X9L13,L4X9L14,L4L10L13,L4L10L14,L4L12L13,L4XL12X14,L4L13X14,T4T 14,
2 2
T5210,L5L10213,L5L10L14,L5L13L14,L5L14,

2 2
T6L11,L6L11T13,L6L11T14,L6X13L14,L6L14,

2
T7T13T14,L7T14, (5.1.7)
2

T8LYL10,L8LYL14,L8L10L14,L8L11X14,L8L12X14,L8TL 14,

3 2 2 2 2 2
T9,T9T10,L9T12,L9T13,L9L14,L9L10T13,L9L10L14,L9T12L13,L9X12L14,L9XL13T14,T9T14,

3 2 2 2
Z10,210713,210214,210L13T14,L10L14,

3 2 2 2
L11,211213,211%14,211T13%14,L11T14,

2

L12L13%14,012%14,

2
XT13T14,

3
T14-

Finally, the elements in S generated by 4 elements are given by the following 89 elements

2 2 2 2 3
T1X8L14, XL1X9T14,L1L10L14,L1L13L14,L1L14,
2 2 3
T2X8%714,L2L13%14,L2L14,
2 2 2 2 3
L3X9X10X14,L3L9L14,L3L10L14,L3L11X14,L3L12L14,L3L14,
3 2 2 2 2
TaTg, T4TYT10, L4TYT12, T4LTYL13, LAL9L 14, T4LIT10L13, L4LIT10L 14, LT4LY9L12L13, LT4LIL12T14,L4L9T13T 14,
2 2 2 2 3
TaX9T14,X4T10L13L14,L4L10L14,L4L12L13L14,L4L12L14,L4L13L14,L4L14,
3 2 2 2 2 3
L5210, L5L10L13,L5L10L14, L5L10L13L14, L5L10L14, L5L13L14, L5L14,
3 2 2 2 2 3
L6X11,X6L11X13,L6L11T14, L6L11L13T14, L6L11T14, L6L13T14, L6L14,
2 3
T7L13L14,L7T14, (518)
2 2 2 2 3
TLYL10XL 14, LELIXL 14, L8L10X 14, L8X11L 14, L8X12XL 14, L8L 14,
4 3 3 3 3 3 2 2 2 2 2 2 2
L9, T9gT10, LgT12, L9L12, L9gX13, L9X14, L9gXL10L13, L9L10L14, L9gL12L13, L9L12X14, T9gL13L14,L9L14,
2 2 2 3
T9T10L13L14,L9T10L14,T9T12L13L14,L9L12L14,L9TL13L14,L9T14,
4 3 3 2 2 2 2 3
Z10,210T13, L1014, L102L13T14, L10L14, L10X13T14, 10T 14,
4 3 3 2 2 2 2 3
T115, 211713, L1114, L11L13T14, T11L14, L11L13T 14, L11T14,
2 3
T12T13T14, 12T 14,
3
T13%14,
4
T14-
Lemma 5.1.8. Let « be a word generated by r elements, where r > 5. Then the following statements are
equivalent:

(1) z € S.
(2) y € S for any subword y C .
(3) y € S for any subword y C x generated by r — 1 elements.

(4) y € S for any subword y C x generated by 4 elements.

Proof. The implications (1) = (2) = (3) = (4) follow immediately from the definition of standard
word. On the other hand, to prove the implication (4) = (1), it suffices to note that the leading
word of any element in G is generated by at most than 4 elements. O

Lemma 5.1.9. Let x be a word. Then x € S if and only if xx14 € S.
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Proof. To prove the direct implication, suppose that © € S is generated by r elements. If r €
[0,3], we get that xz14 € S directly from (5.1.6) - (5.1.8). If r > 4, write z = yz, where y,z
are words and z is generated by 3 elements. Obviously, z € S and zzx14 € S. By Lemma
5.1.8, zx14 = yzx14 € S. Finally, note that the converse follows from the definition of standard
word. O

The following result is a direct consequence of the previous lemma.

Corollary 5.1.10. Let S be the elements in S generated by x; for i € [1,13], and D the subspace of D
generated by the elements in S. Then

D = D @ k[x14]

as graded k-vector spaces.
We are now ready to prove Theorem 5.1.7.

Proof of Theorem 5.1.7. It is easy to check that the morphism ¢ vanishes on the set & since the
algebra HH®(A) is graded commutative, and it also vanishes on the set R, as the reader can
check using Remark 5.1.1, Fact 5.1.3, (5.1.3) and the coboundaries in Subsubsections 4.2.2.3 and
4.2.2.3. Hence, I C Ker(y). By Proposition 4.2.17, we have

HH*(A) = ( @ H;,) @ klwie'[1]

m € [0, 4],
n € Ng

as graded k-vector spaces. Let S”, be the elements in S with cohomological degree n € Ny and
internal degree m — n, where m € Z. To prove that ¢ is an isomorphism, it is sufficient to prove
that the cardinality of S” is as same as the dimension of H..

Take 2 € S). Since the words z;x; for i > j are leading terms of elements in G, we
may assume that z is of the form z{'z}?---273*, where r; € Ny for i € [1,13]. Since x?
for i = 1,2,3,4,5,6,7,8,12,13 are leading terms of elements in G, we assume r; € [0,1] for
i=1,2,3,4,5,6,7,8,12,13. By degree reasons, we have

ra+rs+re+r7+rs+ 2rg 4+ 2ri9 + 2r11 + 2112 + 3r13 = n, (5.1.9)
and
2r1 4 2r9 + 4r3 + 2ry + 2r5 + 216 + 2r7 — 2r9 — 2710 — 2711 — 2712 — 2713 = M — N.
Adding the two equations together, we get
2r1 + 2r9 + 4rg + 3ry + 3rg + 3rg + 3r7 +1rg +1r13 = m. (5.1.10)

Note that the previous identity tells us that m € N.

First, we will first prove that m < 4. If r; = 1, then r; = 0 for ¢ = 2,3,4,5,6,7,11,12, since
x12; is the leading term of an element of the Grobner basis G for ¢ = 2,3,4,5,6,7,11,12. The
equation (5.1.10) then shows that m = 2 + 73 + r13 < 4. Assume for the rest of the paragraph
thatr; = 0. If ro = 1, thenr; = 0 for ¢ = 3,4,5,6,7,9,10,11,12, since xox; is the leading term of
an element of the Grobner basis G for ¢ = 3,4,5,6,7,9,10,11,12. The equation (5.1.10) thus shows
that m = 2 + rg + 713 < 4. Suppose for the rest of the paragraph that 7, = 0. If 3 = 1, then
r; = 0 for i = 4,5,6,7,8,13, since z3z; is the leading term of an element of the Grébner basis G
for i = 4,5,6,7,8,13. The equation (5.1.10) hence shows that m = 4. Assume for the rest of the
paragraph that 3 = 0. If 4 = 1, then r; = 0 for i = 5,6,7,8,11, since z4x; is the leading term
of an element of the Grobner basis G for ¢ = 5,6,7,8,11. Then, the equation (5.1.10) shows that
m = 3 4 13 < 4. Suppose for the rest of the paragraph that ry, = 0. If r5 = 1, thenr; = 0
for i = 6,7,8,9,11,12, since z5z; is the leading term of an element of the Grébner basis G for
i =6,7,8,9,11,12. The equation (5.1.10) thus shows that m = 3 + r13 < 4. Assume for the rest of
the paragraph that s = 0. If r¢ = 1, thenr; = 0 for ¢ = 7,8,9,10,12, since z¢z; is the leading term
of an element of the Grobner basis G for ¢ = 7,8,9,10,12. The equation (5.1.10) then shows that
m = 3 + 13 < 4. Suppose further that ¢ = 0. If r7 = 1, then r; = 0 for ¢ = 8,9,10,11,12, since
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x7x; is the leading term of an element of the Grobner basis G for i = 8,9,10,11,12. The equation
(5.1.10) shows that m = 343 < 4. Finally, assume also that r7 = 0. Then m = rg+rj3 < 2 < 4.
Then we suppose m = 4. The equation (5.1.10) then becomes

2r1 + 2r9 + drg 4+ 3ry + 3rs5 + 3rg + 3r7 +1rg + 113 = 4. (5.1.11)

If ry =1, thenr; =0 fori = 2,3,4,5,6,7,11,12, and equation (5.1.11) shows rg + 713 = 2, which
gives rg = r13 = 1. This is impossible since x; x5 can only be followed by x4 by (5.1.7). Assume
for the rest of the paragraph that r; = 0. If ro = 1, then r; = 0 for ¢ = 3,4,5,6,7,9,10,11,12, and
equation (5.1.11) shows 73 4+ 713 = 2. In the same way as before, this case is also impossible.
Suppose for the rest of the paragraph that 7o = 0. If 73 = 1, then r; = 0 for ¢ = 4,5,6,7,8,13.
Then z = x3, x329, T3%10, T3%11, T3T12 O T3T9T19. Suppose for the rest of the paragraph that
rg =0.If ry =1, thenr; = 0 fori = 5,6,7,8,11, and equation (5.1.11) shows r;3 = 1. By (5.1.9), n
is even. Moreover, & = 242’ T13, T4To’T10%13 OF T4’ X12213 for 1 € Ny. Suppose for the rest
of the paragraph that r4 = 0. If 5 = 1, then r; = 0 for ¢ = 6,7,8,9,11,12, and equation (5.1.11)
shows 3 = 1. Then nis even by (5.1.9), and x = z5x]§ z13 for r19 € Ny. Suppose for the rest of
the paragraph that 5 = 0. If r¢ = 1, then r; = 0 for ¢ = 7,8,9,10,12, and equation (5.1.11) shows
r13 = 1. Then n is even by (5.1.9), and « = x¢z]}' x13 for r11 € Ny. Suppose for the rest of the
paragraph that r¢ = 0. If 77 = 1, then r; = 0 for ¢ = 8,9,10,11,12, and equation (5.1.11) shows
ri13 = 1, which implies that © = x7x3. Finally, assume also that r7 = 0. Then, equation (5.1.11)
shows 4 = rg + 13 < 2, which is impossible. To sum up, we have

0 2 4
Sy = {xs}, Si = {xswg, x3710, 3711, ¥3T12}, Sy = {T4%13, T5T13, TeT13, T7T13, T3T9T 10},

Sy = {£C4$én_4)/2$13, £C4$én_6)/2$1o$13, 5U4»Tén_6)/2$12$13, 510590%_4)/2%13, 53696571"_4)/2%13}
if n > 6is even, and S} = 0 if n is odd.
Suppose m = 3. Then (5.1.10) becomes
2r1 + 2ro +4r3 + 3rg + 3r5 + 3rg + 3r7 + 18 + r13 = 3. (5.1.12)

If 4 =1, thenr; = 0for i = 2,3,4,5,6,7,11,12, and equation (5.1.12) shows rg + 13 = 1. Then
rg + r13 is odd. We have thus either 7 = 1 and 713 = 0, or rs = 0 and 713 = 1. Both cases imply
that n is odd by (5.1.9). If rs = 1 and r13 = 0, then r9 = 0 and 19 = 0 by (5.1.7), so x = zyzs.
If rs = 0 and r13 = 1, then z has the form zz5° 2]’ z13. By (5.1.7), z129 and z1219 can only
be followed by 14, s0 © = z1213. Now assume for the rest of the paragraph that r; = 0. If
rg = 1, thenr; = 0 for ¢ = 3,4,5,6,7,9,10,11,12, and equation (5.1.12) shows rg + r13 = 1. We
have either rg = 1 and r13 = 0, or rg = 0 and r;3 = 1. Moreover, n is odd. So, x = zoxg or
x2213. Suppose for the rest of the paragraph that ro = 0. Then rg = 0 by (5.1.12). If 4 = 1, then
r; = 0 for i = 5,6,7,8,11, and equation (5.1.12) shows 113 = 0. Hence, n is odd by (5.1.9), and
x has the form z x5, If 79 = 0, then x can only be x4, x4x10 Or Tax12. If 79 # 0, then
T = T4x(°, TaTG T10 OF T4’ T12. Suppose for the rest of the paragraph that vy = 0. If r5 = 1,
then r; = 0 for ¢ = 6,7,8,9,11,12. Then, equation (5.1.12) shows r;3 = 0. Then n is odd by (5.1.9)
and z = z527’. Suppose for the rest of the paragraph that r5 = 0. If r4 = 1, then r; = 0 for
i = 7,8,9,10,12, and equation (5.1.12) shows r13 = 0. So, n is odd by (5.1.9), and = = x¢x]}*.
Suppose for the rest of the paragraph that r¢ = 0. If r7 = 1, then r; = 0 for ¢ = 8,9,10,11,12, and
equation (5.1.12) shows ri3 = 0. So, x = x7. Suppose for the rest of the paragraph that r; = 0.
If rg = 1, then r13 = 0, and equation (5.1.12) shows 1 = 3, which is impossible. Finally, assume
also that rg = 0. Then equation (5.1.12) shows 713 = 3, which is impossible. To sum up, we
have

1 3
Sz = {4, x5, Te, T7, 128, T2xs }, S5 = {@T1T13, T2T13, TaTy, TaT10, T4T12, T5T10, T6L11 |,

Sy = {x4a:én_1)/2, x4xén_3)/2z10 x4xén_3)/2z12, x5:c(178_1)/2, xﬁx(ﬁ_l)m}

)

if n > 5is odd, and S} = ) if n is even.
Suppose m = 2. Then (5.1.10) becomes

2r1 4+ 2r9 +4r3 4+ 3rg + 3rs5 + 3rg + 3r7 + g + ri3 = 2. (5.1.13)

Thenr; = 0fori = 3,4,5,6,7. If ry = 1, thenr; = 0 for ¢ = 2,3,4,5,6,7,11,12, and equation (5.1.13)
shows g = r13 = 0. Hence, n is even by (5.1.9), and x = x1, 129 or x1219. Assume for the rest
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of the paragraph that ry = 0. If ro = 1, then r; = 0 for ¢ = 3,4,5,6,7,9,10,11,12, and equation
(5.1.13) shows rg = r13 = 0, so x = x5. Suppose for the rest of the paragraph that r, = 0. If
rg = 1, (5.1.13) shows 713 = 1, which is impossible. Finally, if rg = 0, then r13 = 2, which is also
impossible. We thus have

Sg = {z1,22}, Sg = {z129,21210},

and S =Qifn=1andn > 3.
Suppose m = 1. Then (5.1.10) becomes

2ry + 2rg + 4drg 4+ 3ry + 3r5 + 3rg + 3r7 +1rg + 113 = 1.

If rg = 1,7‘13 = 0, then z = T8, T8gxg, TgT109, 8T11, 8Xx12 OY TYX9T1(. If rs = 0,7"13 = 1, then
T g T r T
Tr = 13, 1’993313, 1’93.%1().%13, x99x12x13, 1’1(1)0.%13, $1111$13 Or r12x13. We then get

1 3
Si =A{xs}, ST = {z13, 2379,282%10, TsT11, TeT12},

S = {wow13, T10713, T11713, T12T13, TToT10 },
~3)/2 —5)/2 —5)/2 ~3)/2 —3)/2
ST = {xé” )/ $1371’§)n 2 35105013,105" % 1’121713,33% ) 9513,3757{ % T13}
ifn > 7is odd, and S} = 0 if n is even.
Suppose m = 0. Then (5.1.10) becomes

2ry + 2rg + 4rg 4+ 3ry + 3rs5 + 3rg + 3r7 +rg + 113 = 0.

Then r; = 0 for ¢ = 1,2,3,4,5,6,7,8,13. If r; = 0 for all i € [1,14], then x = 1. Otherwise, x = z°,
2o’ T10, TP T12, 18, 13t or £12. We thus have

2 (n—2)/2 —9)/2 2 nj2
Sg={1}, S5 ={x9, 710,711,712}, S = {xg/ 7$g(;n M 5310733,(()” ) $12,$% 733?1/ }

ifn > 4is even, and Sf = 0 if n is odd.
Finally, we leave to the reader the easy task to check that the cardinality of S}, is as same as
the dimension of H" O

m*

As a direct consequence of Remark 5.1.6 and Theorem 5.1.7 we get the following result.

Corollary 5.1.11. Recall that C = F/(R.) is precisely the free graded-commutative (for the coho-
mological degree) algebra generated by the elements x; for i € [1,14], where R, is the set given in
(5.1.4). Let D' = C/J, where J is the two-sided ideal of C generated by the elements in Ro given
in (5.1.5). Define the morphism ' : C — HH®(A) of bigraded k-algebras by setting ¢©'(x;) = X;
for i € [1,14]. It is easy to check that ' is surjective and J C Ker(¢'), so ¢’ induces the surjective
morphism @' : D' — HH®(A). Moreover, ¢’ is an isomorphism, i.e. Ker(p') = J.

5.2 Gerstenhaber structure on Hochschild cohomology of FK(3)

In this section, let k be a field of characteristic different from 2 and 3, A the Fomin-Kirillov
algebra on 3 generators and P! the projective bimodule resolution constructed in Proposition
4.1.15. We will explicitly determine the Gerstenhaber structure of the Hochschild cohomology
of A.

Recall that Corollary 5.1.11 gives the algebra structure of (HH®*(A), —). Given n € Ny, there
is a canonical isomorphism

Hom 4. (P?,A) = Q" (5.2.1)

that the fourteen generators of HH®(A) mentioned in Corollary 5.1.11 are represented in H*(Q*)
by the following cocycles: X; = €'|(ab + ba), X2 = €'|(ab + bc — ac), X3 = €'|abac, X4 = albac,
X5 = Blabe, X¢ = 7]aba, X7 = «a|(aba — abc), Xg = ala + Blb + v]c, X9 = ao|l, X10 = B2|1,
X11 = ’YQ|1, Xlg = (Oé,@+0é’)/)|1, X13 = a3|a+ﬁg\b—|—’yg\candX14 = w{el|1. LetY; S HOmAe(PTlZ,A)
be the element associated to X; via the isomorphism (5.2.1) for i € [1,14]. In what follows and

of graded k-vector spaces, where Q" = ®;¢[o, | 4)jw; K" * and K™ = Homy((A",,)*,A). Recall
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to simplify our notation, given a cocycle ¢, we will use the same symbol ¢ for its cohomology
class. To reduce space we will denote the cup product simply by juxtaposition.

Let iq : P2 — Be(A) be a morphism of complexes of A-bimodules lifting id 4. It is clear that
i0: A® (A))*®@A— A® Aandi; : A® (A)* ® A — A®® can be chosen as follows

io(1le[1) =111, ir(l]all) = =1lalt, @(1B1) = =1[p[1, ir(1]y]1) = =11,

5.2.1 Gerstenhaber brackets of HH"(A) with HH"(A)

In this subsection, we are going to use the method introduced in Subsection 1.4.1 to compute
the Gerstenhaber bracket of X; for i € [1,14] with the elements X1, X5, X5 in HH°(A). To wit,
for every element X; with ¢ € [1, 3], we find the associated element p in the center Z(A) such
that ¢,ip = X;, provide the corresponding self-homotopy k% satisfying (1.4.1) and then compute
the respective Gerstenhaber brackets by means of Theorem 1.4.1.

We remark first that [X;,1] = 0 for i € [1,14], since hl = 0 gives [X;,1] = 0 for i € [4,14]
and the other follow from Definition 1.3.5. On the other hand, Definition 1.3.5 also tells us that
[X;,X;] = 0fori,j € [1,3]. The proof of the following three results is a lengthy but straightfor-
ward computation.

Fact 5.2.1. Let p = ab+ ba € Z(A). Then, there is a self-contracting homotopy hf satisfying (1.4.1)
such that
hi(1e'|1) = —blaf1 — al f|1 — 1|alb — 1|5|a,
o (L am[1) = (=1)" blan 1|1 = Laniab,
B (1Ba[1) = (=1)" " alBusa |1 = 1Bnsala
forn e N, and

hi(1y[1) = blag|1 + a|B2|1 + alaf|1 4 blay|l — 1|az|b — 1]F2]a — 1aB[b — 1avyla,
hE(1|y2|1) = a|ys|1 + blys|1 + claaB|1 + c|aBa|l + 1|ysla + 1|y3|b + 1]aaBlc + 1|aBs]c,
hy(1aB|l) = —blas|l — c|B3]1 — alaoy[1 — 1]asz|c — 1|F3]a — 1[azy|b,
):

B5(Llay|1) = —clas|L - alBs|1 — blaz|1 — Llas[b — 1]8s]e - Lazyla.

Fact 5.2.2. Let p = ab+ bc — ac € Z(A). Then, there is a self-contracting homotopy hj satisfying
(1.4.1) such that

h(1]e'[1)

= clall +aly[1 + 1|ajc + 1|y]a,
hﬁ(l‘anu) = (_1)nclan+1‘1 + 1|Oén+1|C,
hy (Lynll) = (=1)"alyn+1]1 4+ 1ynala

forn e N, and

R (1|B]1) = —claz|l — a|ya|l — claB|l — alay|1 + 1|azs|c + 1|y2]a + 1|aBla + 1|avy]c,
h5(1|B2]1) = —a|B3|1 — ¢|B3|1 — blaay|1 — blafa|1 — 1|Bs|a — 1|Bs]|c — 1|aay|b — 1|aBa|b,
h5(1laB|l) = blas|l + alys|1 + claz B[l + 1|as|c + 1|y3]b + 1|azpa,

RS (1ay|1) = clas|l + b|ys|1 + alaB|1 + 1|asz|b + 1|vs]a + 1]asf]c.

Fact 5.2.3. Let p = abac € Z(A). Then, there is a self-contracting homotopy he satisfying (1.4.1) such
that

ho(1|e'[1) = —aba|y|1 — abla|c — a|Blac — 1|a|bac,
hi(1|e|1l) = abalaf|l — ablas|b — ba|Ba|c + c|az|be + b|Bz|ac + blaf|be — 1|asz|bac — 1|aB|abe,
Ry (1|B]1) = abalay|l — 2ablas|c — aclas|a — ablaBla + a|az|be — a|Bz|ab — a|Bz|be + ¢|Ba|ac
+ alaylac — 1]ay|bac,
RY(1]7]1) = 2abalvys|1 — ba|aB|c + blaz|bec — alya|ac — c|aflac — 1|avy|abe,
RS (1|az|l) = bac|as|l + be|Bs|a — ba|Bs|c + balasy|a — blas|ab — blas|be + c|as|ba + a|B3|ac
+ ¢|B3lbe + alagylbe + blagy|ba — 2|as|bac,
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h5(1|B2|1) = abe|B3|1 — 2ablas|c + aclas|b + ab|Bs|a — be|Bs|a 4+ ablazy|b — balasy|a + blas|ab
+ 2blas|be — c|as|ba + c|as|ac — a|Bs|ac — blasy|ba + blagy|ac — 1]as|bac
— 2|Bs|abe — 1]asy|aba,

h5(1y2]1) = —3abal|ys|1 + ba|Bs|c — ablafs|c — blas|bc — a|Bs|ac — ¢|Bs|bc + blys|ac — a|asy|be
+ 1|as|bac — 1|asfB|abe,

RS (1laB|1) = —2abalaBs|1 — aclas|c — be|Bs]b — 2ba|Bs|a — ablagy|c — balasy|b — alas|be
+ blas|ba + 2blas|ac + b|Bs|ab — ¢|Bs|ac + alys|ac — c|ys|ab + clazflac — alasy|ac
— alafs|be — 1]agy|bac — 1|afs|abe,

h5(1|ay|l) = —abclas|l — 2abalasB|1 — 3ablas|b — ab|Bs|c — 2bc|Bs|c — 2balasy|c — balaBs|a
+ 2alas|ba — c|aszlbe — b|Bs|ac — blys|ab — alas Blab — blagy|be + c|lagy|ac
— clafz|ab — 1]azBlbac — 2|agy|abe.

Using the previous results together with Theorem 1.4.1 we obtain the Gerstenhaber bracket
between X; for i € [1,14] and X1,X5,X3.

Proposition 5.2.4. The Gerstenhaber bracket on HH®(A) of X for i € [1, 14] with an element X ; for
j € [1, 3] is given by

_ax,, ifi=8
[Xi,X1] = § —4X1(Xg + X19), ifi=13,
0, ifi € [1,14] \ {8,13},
—2X,,  ifi=8,
(X, Xa] = { —4X, X10, ifi =13,
0, ifi € [1,14] \ {8, 13},
and
0, ifi L7,
_4X, ifi=8,
29X, s, ifi = 9,10,
[Xi,X5] = { 2, ifi =11,
2X7 — X; X + X5 X, ifi =12,
74X3(X9+X10+X11), lfi: 13,
X13 —(2/3) Xs(Xo + X10 + X11), ifi=14.

Proof. Note that {up+ai0 = Y1, Lap+be—acio = Yo and Lopecio = Ys. Applying Theorem 1.4.1
together with Facts 5.2.1, 5.2.2 and 5.2.3, we get the brackets

—2X, ifi =8,
(X5, X1] = ¢ — (a2 + B2 +72)|(ab + ba) — aB|ba — ay|ab, ifi=13,
0, ifi e [1,12] \ {8},
—2Xo, ifi =38,
[Xi,Xo] = < (a2 + B2 +72)|(ac — ab — be) + aBlac — ay|(ab + be), ifi =13,
0, ifie[1,12] \ {8},
and
0, ifi e [1,7],
—4X3, ifi =8,
—2X;5, if { = 9,10,
[Xi,X5) = i o
2X6, ifi =11,
al(aba — abe) — Blbac — v|bac, ifi =12,
—4(ag + B2 + v2)|abac, ifi =13.
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Indeed, this was simply done by computing [Y;,Y1] = Yh“l(’;ga Y Yo] = Yh;l(’}tlgc ¢, and
[Y;, Y3 = Ylh‘;[(’?f _,, where h(Y;) denotes the cohomological degree of Y; for i € [1,13], and
by transport of structures. Note that the vanishing of [X;,X3] for i € [4,7] also follows from
a simple degree argument using Corollary 1.3.8 together with Corollary 4.2.20. The latter two
results also tell us that [X14,X;] = 0 (or [Y14,Y;] =0) for j = 1,2, bzr degree reasons. This result
also follows from noting that h““b" is of 1nternal degree 2, so h‘“’Jr (1|ull) is of internal degree
5 for any u € 95, which implies that Y14 (hg" 0 (1]ul1)) Vanishes, since Y14 vanishes on any
homogeneous element of internal degree strictly less than 6. Hence, Y1452 = 0. We get
mhg”bc—“ = 0 for the same reason.

Next, we compute ¢ = [Y14,Y3] = Yi4h4P%¢. By (1.4.1), the map h3%ec : P} — P} satisfies
§Yhgbac = g — hgbacst. Tt is easy to check that

(n3 — h3b®¢68)(1]as|1) = —bac|as|a + abe|Bs|a — aba|Bs|c + aba|azy|a + va,,
(n3 — h§bac68)(1|B3]1) = —2abalas|c + bac|as|b + aba|B3|a — abe|Bs|b + abalazy|b + vs,,
(n3 — h5P268)(1]y3]1) = abe|Bs|c + 3abalys|c — bac|afsz|c + vy,
(n3 — h3%2¢68) (1|aB]1) = abc|as|a — 4baclas|b — 2abal|Bs|a — abe|Bs|b + bac|Bs|c + 3abalys|b
+ 2abalasfBla — aba|agy|b — 2abc|asy|c — abelaBala + abalaBs|c
+ Uazﬁa (522)
(13 — h3%2¢68) (1|agy|1) = —4bac|as|c 4 bac|Bs|a — 4abe|Bs|c + 2abalasB|b + bac|ayy|b
— 3abalaay|c + abalaBala + vayy,
(n3 — hgbec68)(1|aBe|1) = —3abalas|b + 2abc|as|c — 4abe|Bs|a + bac|B3|b + 3abalys|a
+ 2aba|asB|c — aba|agy|a — abc|asy|b — bac|asy|c + 2abalafBa2|b
+ Vafys
where v, € ®jcpoap\(3}1(A; ® (ALg)* ® Ayg_;) for u € BY. By degree reasons, the element
hg%e¢(1|u|1) for u € B is of the form
hgbee(1|u|l) = B, + wi(Alal€e'|1 + A41|e'|a + A4bJe |1 + N41|e'[b + Aecle'|1 + Ae1|é'|e),
where B, € K! has internal degree 7 and \! € k for i € [1,6]. Therefore,
(113 — h5*63) (1]u[1) = 05h5"*(1]ul1)
= dj(Ba) + M fo(ale'[1) + A3 fo (Lle|a) + A5.f5 (bl€'[1) + Af f5 (1]€'[b)
RS (cle' 1) + NG fo (L€ e).
(5.2.3)

Using the explicit expression of the differential d} given in Fact 4.1.9, together with an elemen-
tary computation we see that, given any homogeneous element B € K of internal degree 7,
the coefficients of abalys|a and aba|azy|a in d}(B) are equal, the coefficients of aba|ys|b and
abalazy|b in d4(B) coincide, and the coefficients of abc|B3|c and abc|azf|c in d4(B) are also the
same. Comparing the coefficients of aba|yz|a and aba|asy|a in both sides of the equation (5.2.3),
where the left member is explicitly given by (5.2.2) and the right member is computed using
(4.1.3), we obtain

AL NS =173, A2 AgP2 = /3 AUl =

for u € B \ {a3,08}. Similarly, comparing the coefficients of aba|y3|b and aba|aay|b in both
sides of the equation (5.2.3), where the left member is explicitly given by (5.2.2) and the right
member is computed using (4.1.3), we obtain

NN 18 A AT = 4 A A =0

for u € BY \ {B3,028}. Comparing the coefficients of abc|S3|c and abc|as3|c in both sides of
the equation (5.2.3), where the left member is explicitly given by (5.2.2) and the right member
is computed using (4.1.3), we obtain

AP HANE =173, A5+ =-4/3, M+ XN =0
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for u € B\ {73,027}. Then p(1|u|1) = Y14h%%*¢(1]u|1) for u € B is given by

p(1]asll) = (1/3)a, p(1]Bs]1) = (1/3)b, p(1ys[1) = (1/3)e,
p(llaafl) = =(4/3)b,  p(llan|l) = =(4/3)c,  @(l|afz[l) = —(4/3)a.

Hence, [X14, X35] = (1/3)(as|a + B3]b + v3lc) — (4/3)(a2B]|b + azy|c + afbza).
We now note the following identities,

asz|(ab+ba) = X1 X9, Pof(ab+ ba) = X1 X109, alaba + Blbac = (1/2)(X1Xs — X2X5),

ag\abac = )(3)(97 ﬂ2|abac = )(3)(107 ’yg|abac = X3X11,
(5.2.4)
and

(a3 —afa)la = (1/2){X15 + Xs(X9 — X190 — X11)},

(B3 — )b = (1/2){ X135 + Xs(X10 — Xo — X11)},
(73 — azy)|e = (1/2){X13 + Xs(X11 — Xo — X10)},

given in (5.1.2). Using the previous equalities as well as the coboundaries g3, € B2 for j €
[1,8] \ {4,5} and e} 3 = a(aba + abec) + (8 — 7)|bac € By of the sets B3 and By given in
Subsubsection 4.2.2.3, we get
[X13,X1] = —(az + B2 + 72)|(ab + ba) — aBlba — avlab — 3¢7 , — 393, — 295 5 + 63 2
= —4(ag + B2)|(ab+ ba) = —4X; (X9 + X10),
[X13,X2] = (a2 + B2 +72)|(ac — ab — be) + aflac — ar|(ab+be) — g7 5 — 205 2 — 952 + G 2
- 9?,2 + 93,2
= —4/5|(ab + ba) = —4X1 X410,
[X12,X3] = a|(aba — abc) — B|bac — v|bac — 6%73 = 2a|(aba — abc) — 2(a|aba + Blbac)
=2X7 — X1 X5 + Xo X,
[X13,X3] = —4(a2 + B2 + 72)|abac = —4X3(Xo + X109 + X11),
[X14,X3] = (1/3)(asla + B]b + yslc) — (4/3)(a2B[b+ azylc + afbsa)
= Xi3 — (2/3)Xs(Xo + X10 + X11).

The proposition is thus proved. O

5.2.2 Gerstenhaber brackets of HH'(A) with HH"(A)

In this subsection, we are going to use the method recalled in Subsection 1.4.2 to compute the
Gerstenhaber bracket of X; for i € [4, 8] with the elements X; for j € [1,14].

Let p : A — A be a derivation of A. By [24], Lemma 1.3, the p°-lifting pe = {p,, : P% —
PP} en, of p to (P?,6%) exists, and it can be chosen in such a way that

po(zle'ly) = p(z)|e'ly + z|e'|p(y) and p, (wiz|uly) = 2qu,uy + wip(z)|uly + wizlulp(y) (5.2.5)

forallz,y € A,n € N, i € [0,[n/4]] and u € B! ,;, where q,,,., € P! satisfies that 6% (qu,,.) =
pn—108 (w;1]u|1). To reduce space, we will usually write g, instead of q,,,. As recalled in Sub-
section 1.4.2, given ¢ € HH"(A), the Gerstenhaber bracket [G(p)i1,¢] € HH"(A) is given by the
cohomology class of pp — ¢pn,.

In what follows, we consider a set of derivations of A whose classes give a basis of HH' (A)
and for each of them we will provide some of the corresponding elements g,,,, satisfying (5.2.5).
Then, we shall compute the respective Gerstenhaber brackets by means of Theorem 1.4.7.

The proof of the following result follows immediately from the statement.

Proposition 5.2.5. Let p : A — A be the derivation of A defined by p(x) = deg(z)x for x € %.
Then pe defined by p, (w;x|uly) = (deg(x) + deg(y) + n + 29)w;x|uly for z,y € B, i € [0,|n/4]],
u € B, and n € Ny is a p°-lifting of p. Note that deg(z) + deg(y) + n + 2i is the internal degree of

n—4i
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wiz|uly. Since G(p)in = —Xs, the Gerstenhaber bracket [ Xs,p] € HH"(A) for ¢ € HH"(A) is given
by the cohomology class —a(¢)p, where a(¢) is the internal degree of . Hence,

—2X;, ifje L7\ {3},
—4X5, ifj=3,
[Xs, X5 =10, ifj=8,
2X; ifj €[9,13],
6X14, ifj=14.
The proof of Facts 5.2.6,5.2.7,5.2.8 and 5.2.9 below is a lengthy but straightforward compu-
tation.

Fact 5.2.6. Let p = p* : A — A be the derivation of A defined by p*(a) = bac and p*(z) = 0
for x € B\ {a}. Then the elements q,,, = qb., € P in (5.2.5) can be chosen as follows. First,
44, = ¢3, = 0forn € N. Moreover,
G = baly|1 + blafe + 1|Blac,
qa, = balap|l — blas|b — clas|c — blaB|c + 1|af]ac,
q;‘;[g = ab|vyz|1 — ab|as|1l + ba|ay|l — 2b|as|c — c|ag|a — b|Ba|c — a|aBlc — blaBla + 1|asz]be
— 1|B2|ab + 1]aylac,
Gary = baly2|1 +1|Bs ac,
q; = bc|Bs|1 + balagy|1l + blas|c + c|as|b + b|fs|a — ¢|B3|c — a|azy|e + blagy|b — 1|P3|ac
— 1azv|be,
Gays = ablys|1 + balafs|1 — alas|b — 2a|Bs|c — c|Bsla — blys|e — clys|b — alazfle — clapslc
— blazy|e — alazyla + 1|as|be + 1]ys|ba — 1|azy|ba — 1|afs|be,
qiﬂ = ba|asB|1 + ablafsz|l — 2ablas|l — ba|B3|1 + alas|c + 2blas|b + clas|a + a|fs|a + b|Bs|c
+ ¢|B3|b + alaay|b + alafz|c — 1aslba — 2|Bs]ab + 1|abs]ac,
qiﬁz = 3ba|y3|1 — (ab + be)|B3|1 + (ab + be)|aaB|1 — 3e|as|b — 2a|B3|b — bl Bsla — ¢|Bs|c
— 2a|ys|c — 2¢|y3la — alagBlb — 2¢|asB|c — 2blagy|b — c|asyla — clafa|b + 2|Bs|ac
+ 1|yslab — 1|azy|ab,
qilez = baclay|a + 4abe|B4|b — abalyy|e + 4ablazBlbe — 4be|asBlab + 2(ba + ac)|agy|ac
+ 2ba|agy|ba + ablasfBa|ac + belag B2 |ba — 2balasBa|(ab 4 be) — dablay|ba — 2bc|ay|ba
+ (ba + ac)|ay|be + 4ablaglac — 2(ba + ac)|ag|ab + 8bc|By|ac — 10ba|Ba|ab — 2ac|B4]ab
+ 6ab|B4|ac + 4(ab + be)|Balba — 2ab|ya|ba — 4be|yalba + 6ab|ya|ac — Sbalys|ab
+ 4balys|be — 6aclys|ab + aloy|bac + 4b|Bs|abe — c|ys|aba — wiclé'|e.
Fact 5.2.7. Let p = p° : A — A be the derivation of A defined by p°(b) = abc and p°(x) = 0

for x € B\ {b}. Then the elements qu.. = ¢, € Py in (5.2.5) can be chosen as follows. First,
q:‘;n = q:?n = 0 for n € N. Moreover,

& = abr|1 + alBle + abe,
43, = ablay|1l — a|Bz|a — c|Bafe — alary|e + Llaylbe,
qgﬁ = ab|vyz|1 + 1|as|be,
4, = ablaB|1 — bela|l — 2ba|B2|1 — alas|c — 2a|Ba|c + bl Ba|a — c|B2|b + bly2|a + blaS|b
— alay|b+ 1|Bz|ac — 1|as|ba + 1|aS|be,
@3, = (ba + ac)|as|1 + ablagy|1 + alas|b + blas|a + 2a|B8s]c + c|Bs|a + blys|c + clys|b + alazBc
+ alagy|a + c|laBz|c — 1]vys|ba + 1|aBs|be,
quﬁ = 2ablvys|1 — 2(ba + ac)|as|l — (ab + be)|ay|1 + (ba + ac)|afs|1 — alas|b — 2b|as|a
— 2¢|Bsla — blys|c — c|ys|b — 2alazyla — clafs|c + 2|as|be + 1]vs|ba — 1azy|ba,
qf’m,y = ba|aB|1 — 2balBs|1 — ablas|l + alas|c + blas|b + clas|a + 2a|Bs|a + b|Bs|c + ¢|B3]b
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+ blazfBle + blazyla + blafs|b — 2|as|ba — 1|8s|ab + 1|azfBlbe,
Gop, = balys|l + ablaz B[l — blas|e — clas|b — bl Bs|a + c|fs|c — blazy[b + blaBs|c + 2|Bs|ac
— lagylab + 1]azy|be,
qilﬁ! = 4bac|ag|a + abc|Ba|b — abalvya|c + ablasSlab + SablasBlbc — 4bc|ag Blab
+ 2(ba + ac)|asy|ac + 2ba|aszy|ba — aclasy|ba — ablasBalba + 2bc|asBa|ba — 2balas fa|ab
— ba|azfa|be + aclazBalbe — 11ablay|ba + 2ablay|ac 4 6balas|be + aclog|ab + Yac|ay|be
+ 3ab|B4)ac + be|By|ac — 6balBs|ab + balB4|be — 3ac|Bs|ab — bablvy|ba + 4ablyslac
— 4bc|yalba — 2bclyy|ac — 3balyy|ab + 6balys|be — 8ac|yy|ab + 4a|aylbac + bl Bylabe
— c|yalaba — wiclé'|e.
Fact 5.2.8. Let p = p5 : A — A be the derivation of A defined by p°(c) = aba and p®(z) = 0

for x € B\ {c}. Then the elements q.,., = q5, € P in (5.2.5) can be chosen as follows. First,
45, = g5, = 0 for n € N. Moreover,

qg = abla|l + a|Bla + 1]aba,
g5, = balaB|1 = blas|b + c|Balc + alyz|a + claBla + alay|e + 1]aylab,
qfig = 2ablaz|1 + claz|a + b|Bz|c + blaBla + 1| B2|ab,
qg7 = ba|Ba|1 + alaz|c + ¢|B2|b + alay|b + 2|as|ba,
¢y, = ablafz|1 — ba|B3|1 + al Bs]a — alys|b — blys|a — blazf|e — c|azBlb — blafa|b — 1|Bs]ab
+ 1|afz|ba,
4,5 = aclas|1 + ablagy|1 + 2c|as|c + 2alBs|c + 2¢|Bs|a + 2a|azy|a + blazy|c + clazy|b
+ alaBa|b + blabzla — 1|as|(ab + be) + 1|asy|ba,
qg27 = 3ab|az|l + 2ba|B5]|1 — al|as|c — clas|a — b|Bs|c — ¢|B3]b + 3|as|ba + 2|B5|ab,
q252 = 2bc|Bs|1 + 2balagy|l + 3blas|c + 3c|as|b + 3blaxy|b — 2|83|(ba + ac) + 2|agy|abd,
qglel = 2bac|agfa)a + aba|azfa|c — Sbac|asla — 3abe|By|b — 2baclasB|b + 8ablaslba — 6ablayl|ac
+ 6bc|ay|ba + 3balaslbe + 3aclay|be + 3ab|Ba|ac + 3be|Ba|ac + 10ba|B4]ab — 8balB4|be
+ 8ac|B4|ab — 4ab|yslba — 2ablasB2|ba — ba|ay|bac — 3b|S4]abe — 2b|asy|bac

+ 2alaa Bz |bac + ¢|asBa|aba — wial€'a.

Fact5.2.9. Let p = p” : A — A be the derivation of A defined by p”(a) = aba—abc, p” (ab) = p”(ac) =
abac, p”(ba) = —abac and p”(x) = 0 for x € B\ {a,ab,ba,ac}. Then the elements q,,,., = q.,.,, € P’
in (5.2.5) can be chosen as follows. First, qf, = ¢ =0 for n € N. Moreover,

q" = abla|1 — ably|1 + a|Bla — a|Blc + 1|alba — 1]albe,
g, = ablas|l + aclas|1 — alaBla — 1]as|be + 2|as|ba,
d4p = ba|Ba|l — baly2|1 + (ba + ac)|afB|l + alas|c + c|Balb + ¢[B2]c — alyz|c + bly2]b — c|y2[b
+ clafBla — c|laB|c + alay|b + clay|b + 1|as|ba — 1]vya|ba + 1|aS|(ba + ac),
qzw = ablas|l — ab|ya|1 + c|asla — cas|c + b|B2|c + blaf|a — bla|c + 1|B2]ab + 1|af]ac,
qZ[a = ablaz|l + aclas|l — 1]aszlbe + 2|asba,
q%,5 = ablas|1 + 2ba|Bs|1 + 2bc|B3|1 — ba|vys|1 + 2balagy|1 — ablafz|l — alas|c + 3blas|e
+ clas|b — a|Bs|a — al|Bs|b + b|Bs|a — b]Bs|c — 2¢|B3|b + c|Bs|c — alys[b + alvys|c — blys|b
+ 2c|ysla + clazfle — alazy|b + alazy|e + blazy|b — alaBs|c + blafa|c — clafa|b
+ 2|aszlba + 1]8s]ab — 3|ys|ab — 1|agB|be + 1]aaBlba + 2|as2Blac,
qgﬂ = ac|az|l — ba|ys|1 — (ab + bc)|azB|1 + balafa|l — blas|a + 3blas|c + 2¢|ag|b + c|as|c
+ a|Bslc+ c|Bsla — alys|a + 2a|ys|c — 2b|y3|b + 2¢|y3]a + blasBlb — c|aaBla + 2¢|asB|c
+ alasyla + blaoy|b + blazy|c + c|azy|a + blaBz|a — 2|ys|ab + 2|asBlac,
q(zﬁQ = ablas|l 4 ba|B3|1 — 2ablvys|1 — alas|c — clas|a + 2¢|as|c — a|y3|b + blvys|c + clagy|b
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+ 1]as|ba + 1|8s]ab — 1|y3]ba,

qzjley = 2abc|agfa|a — 3abc|azfa|c — abalazBala + 2abalasBa|b — Sbaclay|b — Thac|alc

+ babc|Balc + 3abalvs|a — 3abalya|b + 8ab|as|ab + 3abla|be + be|ay|be — 2balaslba

+ 4dac|ay)ba + 6ac|aglac + 9ab|Balab — 4be|Balab — bbe|Balbe — 4ba|Balba — Tba|B4|ac
+ 14ab|v4|ab 4 Tbe|yg|ab — balys|ba — balvs|ac — 8ac|yalba + TablasBlac — 3be|asB|ba
+ be|asBlac + 2balas Blab + 3balasBlbe + ba|asBlba + 3balasBlac + 3ac|asBlbe

— 6aclagflba — 3ac|asflac — ablazy|ab + 5ablagy|be — 9ablasy|ba — bablasy|ac

+ 3bc|agy|ab + 6bc|asy|be — 2bc|agy|ba — 2balasy|ab — 2ba|asy|be + 6aclasy|ab
+ Tablagfa|ab + 2ablasBa|be — balasBa|ba + 2balasfBa|ac + daclasfa|ac — 2b|aylbac
+ clag|bac + a|By|abe — 2¢|By|abe + 4alys|aba + 2b|ys]aba 4+ 2a|as B2 |abe — 2¢|as fa|abe

— a|aafalaba — 2b|ag Ba|bac — c|azfa|bac + w1 3|€'|(ba 4 ac — be).

We will now apply the previous results to compute the Gerstenhaber brackets of X; for
i € [4,7] with all the other generators of the Hochschild cohomology of A.

Proposition 5.2.10. The Gerstenhaber bracket [X;,X;| € HH®*(A) for i € [4,7] and j € [1,14] is

given by

0,

2X;

4X; X,

X1 X0,

—X1(Xo + X19),

2X1 Xiys,

2X1(Xg + Xi0),

X1 X,

7i8X4 X10,

4X1 X3 —4X2X13 — 8Xy Xqo,
7i((1/3) X715 — (4/3) X9 X10),
XoX12,

(X, X;] =

where 7, = 1ifi € [4,5] and 76 = —1.

if 1) € (14,7  [1,7]) U ([4,6] x [9,11]),
ifi € [4,7] and j =8,
ifi="Tand j =9,
ifi="Tand j =10,
ifi="Tand j =11,
ifi € [4,5] and j = 12,
ifi=06andj =12,
ifi="Tand j =12,
ifi € [4,6] and j = 13,
ifi="Tand j =13,
ifi € [4,6] and j = 14,
ifi="Tand j =14,

Proof. Giveni € [4,7], let p’ be the derivation of Fact 5.2.6, Fact 5.2.7, Fact 5.2.8, and Fact 5.2.9,
respectively. Note that G(p*)i; = —Y;. By Theorem 1.4.7, [-Y;,Y;] is precisely the cohomology
class of p'Y; — Y;pl, fori € [4,7] and j € [1,13], where n is the cohomological degree of Y; and
pl, is obtained from (5.2.5) together with Fact 5.2.6 for i = 4, Fact 5.2.7 for i = 5, Fact 5.2.8 for
i =6, and Fact 5.2.9 for i = 7. It is explicitly given by

0, if j € [1,77U {9},
_2X47 lfj = 8,
apBl(ab + bc) — aylac, if j =10,
—aflab — ay|ba, if j =11,
as|(be — ba — ac), if j =12,
3agylaba — 5afalbac, if j =13,
and
0, if j € [1,7] U {10},
_2X57 lf] =38,
—af|bc + ay|(ba + ac), ifj =09,
x| oo asllba e it
—aflab — ay|ba, if j =11,
—B2|(ab + bc — ac), if j =12,
—5agBlabe + 3agylaba, if j =13,
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as well as

0, if j € [1,7] U {11},
—92X,, ifj =8,
af|(be — ab) — avy|(2ba + ac), ifj=09,

[=Xe.X;] = —apf|(ab+ be) + aylac, if j =10,
~Y2|(bc — ba — ac) — aBlba — aylab, if j =12,
—10agy|aba — 2aBz|bac, if j =13,

together with

[—X7,X13] = as|(abe — 2aba) + a2 B|(2bac — 6aba) — agy|(abe + 4bac) + 5aBs|(abe — aba),

and

0, if j € 1,7],
—2X7, if j =8,

as|(be — ab — ac — 2ba) — af|(ba + ac) + ay|be, ifj=09,

[-X7,.X;] = L

aBlac — ay|(ab + be), if j = 10,

aflba + ary|ab, if j =11,

(af + av)|(be — ba — ac), if j =12.

Next, we will compute ¢* = [-Y;,Y14] = p'Y14 — Yiup} for i € [4,7]. Using Fact 5.2.6,

it is easy to see that p*(1|B4|1) = ¢*(1|14|1) = ¢*(will€'|l) = 0, whereas Fact 5.2.7 gives us
immediately the identities ©°(1|ay|1) = ¢°(1|74]1) = ¢®(wil|€'|1) = 0, Fact 5.2.8 tells us that
OO (1]au|1) = ¢8(1|B4|1) = (w1 1]€'|1) = 0, and Fact 5.2.9 yields that 7 (1|84]1) = ¢ (1]74|1) =
0 and ¢"(wi1]€'|1) = 3(bc — ba — ac). Fori € {4,7} and u € BY \ {B4,74} (resp., i = 5 and
u € By \ {aa,ya},i=6and u € BY \ {as,B1}), we have that

@' (Uul1) = (p'Y1a — Yiapl) (Lull) = —Y1a(g,) = - XY,
where \! € k is the coefficient of w; 1|¢'|1 in ¢. It is easy to check that

p308 (1] au|1) = bac|as|1 + abe|Bs|1 + abalagy|1l + v
pads(1|azB|1) = —2abalas|1 + 3abe|ys|1 + bac|azB|1 + abe|agy|1 + 2abalafa|1 + vi
p305(1azy|1) = —2abal|Bs|1 + 2bac|ys|1 + 2abalazB|1 + bac|asy|1 + abe|afs|l + vi
P83 (1 asfall) =

Qg
0435’
as’Y’
—2bac|as|l — 2abe|Bs|1 + 4abalys|1 + 2abc|asB|1 + 2bac|aBe|1 + vl

azfiz?

and

P30 (1] Bal1

) = baclas|l + abc|Bs|1 + abalasy|l + vﬁ4,
p305(1|asBI1)

)=

)=

—2abalas|1 4 2abelys|1 + baclazB|1 + abalaBz|1 + v], 4,
abc|as|1 — 2abal|Bs|1 4 2bac|ys|1 + 2aba|asB|1 + bac|azy|1 + abe|aBs|1 4 v3
—3bac|as|l — 2abc|B3|1 4 3abal|ys|1 + 2abelasf|1 — abalazy|1 + bac|afz|1

305 (1 azy|1
P304 (1|aa a1

aszy?

+ anﬁQ’
as well as
P505(1]v4|1) = —abe|B3|1 + abalys|1 + baclafBa|1 + v6
p505(1]asB|1) = 4abalas|1 — 2bac|Bs|1 + 2abe|agy|1 + 2abalafa|l + va3ﬂ,
p585(1azy|1) = —abe|as|1 + 2aba|Bs|1 + aba|azB|1 + bac|agy|1 + voéw7
p564(1|aa Ba|1) = 4bac|as|1 + 4abe|Bs|1 4 4abalagy|1 + D
together with

pad5(1|as|1) = (aba — abe)|as|l + o]

ayo

99



pe08(1|asB|1) = —abclas|1 4 3bac|as|1 + 3abalBs|1 + 2abe|Bs|1 — abalys|1 — 2bac|ys|1
— abc|azB|1 4 2abalasy|l + vasﬁ,

705 (1)azy|1) = 2abalas|1 + 2bac|az|1 + 2abe| B3]1 — 2bac|B3|1 — 2abalys|1 — 2abc\’yg|1
— abclaaf|1 + abalazy|1 + abejasy|l + aba|aﬁ2|1 — bac|aBa|l + 07,

p364(1\a2[32|1) = abalasz|l — abe|as|l 4 abalB3]|1 — abe|ys|1 + v’

asz’y?
azf27

where v}, € ®;e0.27(4; ® (ALg)* ® As_;) if i € {4,7} and u € By \ {B4,74}, orif i = 5 and
u € B\ {au,ya},orifi =6and u € BY \ {aq,84}.

Since, ¢’, is of the form ¢, = B’ + A\!w;1|¢'|1 by degree reasons, where B! € K¢, and we
have by definition that 65(q,) = p%d5(1|u|1), we see that

di(B) = 03(qu) — N fo (Le']1) = p585 (1ful1) — N f5 (1]e'[1) (5.2.6)

for i € [4,7]. Using the explicit expression of the differential d given in Fact 4.1.9, it is clear
that the coefficients of aba|vys|1 and abalazy|1 in d4(B) coincide for all B € K!. Comparing
the coefficients of aba|ys|1 and aba|azv|1 in both sides of the equation (5.2.6), together with the
expression of f§(1|€'|1) given in (4.1.3), we get
AP = AP = A =173, AP = AT =0, AP = 43,
At =227 =0, and A =227 =1,

for i € [4,6], where 7, = 1if i € [4, 5] and 7 = —1. Hence, we obtain that

P (Uaall) = ~1/3, ¢*(1asBl1) = ¢*(1lazy|l) = 0 and o*(Lasfall) = 4/3,
P(1Ba[1) = —1/3, ¢*(AJasBIL) = o*(Lasy[1) = 0 and ¢"(1azBall) = 4/3,
Pl =173, ¢*(LasBIl) = *(lasy|1) = 0 and ¢ (1jazfal1) = —4/3,
¢(1aall) = 7 (UasBell) =0 and  o7(Lasfl1) = ¢ (Laz|1) = ~L.

In consequence, we get

[— X4, X14] = (4/3)2B2|1 — (1/3)ayll,
[— X5, X1a] = (4/3)azB2|1 — (1/3)Ba]1,
[~ X6, X1a] = (1/3)1a[1 — (4/3) 2211,
[~ X7, X14] = — (a3 + azy)|1 4 3w]e'|(be — ba — ac).

Using the coboundaries g7, € B2 for j € [4,6] and eps € B3 for k € [7,8] given in Subsub-
section 4.2.2.3, (5.2.4) as well as the identities

agﬂ|abc:X4X10, O[4|]. :Xg, and C¥252|1 :XgXlo, (527)
which follow from Fact 5.1.3 and (5.1.2), we can rewrite several brackets as

] = ap|(ab + be) — aylac — g3, =0,

[ ] = —aflab - aylba + g, =0,

[—X4,X12] = as|(bc — ba — ac) — g6 5 = —2a|(ab + ba) = —2X; X,

[ | = 3agylaba — 5afa|bac — 5ed 5 — 3ed 53 = —8azfBlabe = —8X4 X1,
[ ] = (4/3)aaBa|1 — (1/3)au|l = (4/3)XeX10 — (1/3)X2.

Analogously, using the coboundaries g2, € B3 for j € {4,5,7} and ¢} 5 € B3 given in Subsub-
section 4.2.2.3, (5.2.4), (5.2.7) and the identity 84]1 = X, given in Fact 5.1.3, we get that

[~ X5, Xo] = —aplbc + ay|(ba + ac) — gi 5 + g50 = 0,
[—X5,X11] = —aflab — aylba + gf , = 0,
[~ X5,X12] = —Ba|(ab+ be — ac) — g2 5 = —2B2|(ab + ba) = —2X, X1,
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[—X5,X13) = —baslabe + 3asy|aba — 362’3 = —8anf|abc = —8X4 X1,
[ X5,X14] = (4/3)aafo|l — (1/3)Ba|l = (4/3) X9 X10 — (1/3) X3
Moreover, using the coboundaries g2, € B3 for j € [1,5] and e} ; € B3 for k € [7,8] given in
Subsubsection 4.2.2.3, (5.2.4), (5.2.7) and the identity v4|1 = X7, given in Fact 5.1.3, we obtain
[—X6, Xo] = af|(be — ab) — an|(2ba + ac) + 25 5 — g5 5 =0,
[—X6,X10] = —afB|(ab + be) + ay|ac + gg’g =0,
[~ X6,X12] = 72[(be — ba — ac) — aflba — aylab — 2g7 5 — 295 5 — 635 = —2(a2 + B2)[(ab + ba)
= —2X; (X9 + X10),
[—X6,X13] = —10as7|aba — 2a35|bac — 26%3 + 106%73 = 8ayf|abc = 8X4 X1,
[—X6,X14] = (1/3)7]1 — (4/3)azB2|1 = (1/3)XF; — (4/3) X9 X1o.

Finally, using the coboundaries g2, € B3 for j € [1,6] \ {3} and €} 5 € B3 for k € [1,4] U [9,10]
given in Subsubsection 4.2.2.3, (5.2.4) and

a3|(aba — abc) = X7 Xy, a;;\aba + ﬁ3|bac = X7(X9 + XIO) —2XX19,
(a3 + B3)|aba = X6X12, (3B + asy)|1+ 3w16!|(ba —bc+ ac) = X9 X2,

given in Fact 5.1.3, or in (5.1.2), together with the second element in the fifth and the eighth line,
the first element in the ninth line of (5.1.5), we have that

[— X7, Xo] = az|(be — ab — ac — 2ba) — aB|(ba + ac) + ay|be — g7 5 — g5.o = —4az|(ab + ba)
= *4X1X93

[—X7,X10] = aBlac — ay|(ab + be) — 9572 = —Bs|(ab+ ba) = —X1X10,

[~ X7,X11] = aflba + arlab + g7 , + 63 5 = (as + B2)[(ab + ba) = X1(Xo + X19),

[~ X7,X12] = (af + a)|(be — ba — ac) = g7, + g3 » — 95,0 = —aa|(ab + ba) = — X1 Xy,
[— ]

X7,X13] = as|(abe — 2aba) + az5|(2bac — 6aba) — asy|(abe + 4bac) + 5aBs|(abe — aba)
— (1/3)(23€] 5 + 11€3 5 — 32¢5 5 — 16¢] 5 — 5ed 5 + b€l 5)
= (8/3)as|(aba — abc) — (32/3) (s + B3)|aba — (16/3)(as|aba + Bs|bac)
= —(8/3)X7(Xg +2X10) = —4X1X13 + 4 X2 X153 + 8X4 X1,
[~ X7,X14] = —(a3f + az¥)|1 + 3wie|(be — ba — ac) = —XoX12.
The proposition is thus proved. O

Remark 5.2.11. Note that vanishing of [X;,X,] fori € [4,7] and j € [3, 7] in Proposition 5.2.10 also
follows from a simple degree argument based on Corollary 1.3.8 and the Hilbert series of the Hochschild
cohomology given in Corollary 4.2.20.

5.2.3 Gerstenhaber brackets

We will finally compute the remaining Gerstenhaber brackets. We start with the following
result, which is a sort of descending argument.

Lemma 5.2.12. Let H = @,en, H™ be a Gerstenhaber algebra with bracket [ ,]. Letz € H"",y € H",
a; € H°, a, € H' and z € H™ satisfy that a,x = ayy, and there is a vector subspace M C H"+™m~1
such that [y,z] € M and the map ji,, : M — H" ™™ sending v € M to ayv is injective. Then, [y,z] is
the unique element v € M satisfying that a,v coincides with

(=1 ag[z,2] + [as,2)2 — [ay,2]y). (5.2.8)
Proof. By (1.3.4) we get that
[az2,2] = |az,2]7 + az[z,2] and [ayy,2] = [ay,2]y + (—1)" ay[y,2].
These identities together with a,x = a,y imply
ayly,2] = (=1)""(aa[z,2] + [az,2)2 — [ay,2]y).

Hence, the right member is in the image of the injective map ,,, and the result follows. O
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Remark 5.2.13. We will apply the previous lemma to the case when H is the Hochschild cohomology
of a graded algebra, so H is endowed with an extra grading, called internal (see Corollary 1.3.8), the
elements x,y,z, a,, a, are homogeneous for both gradings and M C H™ ™1 is the subspace of internal
degree equal to the sum of those of y and z. In this case, the methods given in Subsections 1.4.1 and
1.4.2 allow to compute the last two brackets of (5.2.8), whereas the first one will usually vanish by degree
reasons.

Proposition 5.2.14. Let A = FK(3) be the Fomin-Kirillov algebra on 3 generators. Then, we have the
Gerstenhaber brackets [X;,X;] = 0 for i,j € [9,14] \ {13} and

) .
2X72, if j € [9,11],
—6X1 X4+ 6XoX14 +2Xo X10, ifj =12,
[X15,X;] = 1X14 2X14 9X12 f
0, if j = 13,
4( Xy + X1 + X11) X4, ifj =14.

Proof. Recall that, by Corollary 1.3.8, the Gerstenhaber bracket satisfies that [, ] : H! x H'2 —

mi
Hpime— !\, where H" has internal degree m; — n; for i = 1,2. Using this degree argument

together with the Hilbert series of the Hochschild cohomology computed in Corollary 4.2.20,
we easily see that [X;,X,] = 0 for ¢,j € [9,14] \ {13}. Moreover, [X13,X13] = 0 by (1.3.3).

It remains to compute [X13,X;] forall j € [9,14] \ {13}. Note first the identities

[Xs,X0] X135 — 6[X3,X0] X14 = 2Xo X153 + 12X, X14 = 2X5 X7,
[Xs5,X10] X135 — 6[X3,X10] X14 = 2X10X13 + 12X5X14 = 2X3 X7,
[Xs,X11] X135 — 6[X3,X11] X14 = 2X11 X135 — 12X6X14 = 2X3 X7,
[Xg,X12]X13 — 6[X3, X12] X14 = 2X12X13 — 12X7 X714 + 6X1 Xg X714 — 6 X2 X X1y (5.2.9)
=2Xg X1 X192+ 6X Xg X14 = 2Xg X7 — 4Xsg X9 X10
= 2XgXoXi9 — 6X1 Xg X4 + 6X2XsX14,
[Xg, X14]X13 — 6] X3, X14] X14 = 4X5(Xo + X10 + X11) X14,

where the first equality of the first fourth lines as well as that of the last line follows from
Propositions 5.2.4 and 5.2.5, and we used the first element of the seventh and the eighth line of
(5.1.5), as well as its last four elements, for the remaining equalities. The penultimate element
of the ninth line of (5.1.5), also tells us that 6 X3 X4 = Xg X135 € HH*(A).

Notice now that, by degree reasons, [X13,X;] € Hj for j € [9,12] and H is precisely the
subspace of HH*(A) spanned by the elements X3, X3, X7, XoX12 —3X1 X14+3X2X14, XoX10,
X1X14 and X2 X14. On the other hand, [X13,X14] € HS, = wj HZ, by degree reasons, and w; HZ
is the subspace of HH4(A) spanned by X9 X14, X10X14, X11X14 and X2 X14. Let us denote by
IM C HH*(A) the subspace given by H{ if j € [9,12] and by HS, if j = 14. Since the elements
X8X92, X8X120, X8X121, X8X9X12 73X1X8X14 +3X2X8X14, X8X9X10, X1X8X14, and X2X8X14
are linearly independent, by the second equalities of the first four lines of (5.2.9) together with
(5.1.6) and (5.1.7), the map /M — HH®(A) given by left multiplication by Xy is injective for
j €[9,12]. Similarly, the elements XsXoX14, XsX10X14, XsX11X14 and XgX12X74 are linearly
independent, by (5.1.7), so the map M — HH(A) given by left multiplication by Xg is also
injective.

Finally, applying Lemma 5.2.12 to ¢ = X4, y = Xi3, 2 = Xj, az = 6X3, ay = Xg and
M =IM for j € [9,14] \ {13}, together with the fact remarked at the beginning of the proof that
[X14,X;] = 0and (5.2.9), the result follows. O

We can summarize the calculations of the Gerstenhaber brackets on HH®(A) done in Propo-
sitions 5.2.4,5.2.5,5.2.10 and 5.2.14 in the following table, where the brackets strictly below the
diagonal are not displayed since they can be obtained using Lemma 1.3.6.
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NN X X X X X Xr X X X Xn X1 X3 Xu
Y10 0 0 0 0 0 0 2% 0 0 0 0 X (X 1 Xuo) 0
Xy 00 0 0 0 0 2X 0 0 0 0 4X1 X390 0
X, 0 0 0 0 0 4% -2, -2 2%, Wr- XX+ XoXs  AXs(Xo+ X+ K1) Xug— (2/3)Xe(Xo + X0+ X11)
X, 000 0 0 2 0 0 0 2X1X 8X,Xug (1/3)X2 - (4/3)Xa Xso
Xs 00 0 2% 0 0 0 92X, Xyg 8X,Xug (1/3)X3) ~ (4/3)XsX10
X 000 W, 0 0 0 92X, (Xs 1 X10) 83X, Xy (4/3)XoX10 - (1/3)X%
X; 0 M 4NNy XX —Xi(Xo+ Xo) XX, 13, Xy — 4%, X3 — 8X, X1 XyXiy
X 0 2Xy 2X19 2X1y 2X15 2X13 6X14
X, 00 0 0 3 0
X 0 0 0 Eyel 0
X 0 0 -2X} 0
Xy 0 63, Xy — 6%, X1 — 2Xo X0 0
X3 0 4(Xg + Xy + X11) Xy
X 0

Table 5.2.1: Gerstenhaber brackets [p,¢].

Proposition 5.2.15. There is no generator of the Gerstenhaber bracket on the Hochschild cohomology
HH*®(A) of A = FK(3), i.e. there is no map A : HH*(A) — HH®(A) of degree —1 such that

[z.y] = (-1 (A(zy) — A(z)y — (-=1)zA(y)) (5.2.10)

for all homogeneous elements x,y € HH®*(A), where |z| is the cohomological degree of x. In particular,
there is no Batalin-Vilkovisky structure on HH® (A) inducing the Gerstenhaber bracket.

Proof. Assume that (5.2.10) holds. Obviously, A(HH"(A)) = 0. Applying the results in Table
52.1 and (5.2.10), we get —4X3 = [Xg,X3] = A(Xs)X3, and 0 = [X;,X,;] = A(X;)X; for
i €[4,7] and j € [1,3], since X5 X3 = X;X,; = 0 in that case (see the first two lines of (5.1.5)).
Hence, A(Xs) € —4 + span, {X;1,X2,X3} and A(X;) € span, {X;,X2,X3} for i € [4,7], where
spany { X1,X2,X3} is the k-subspace spanned by { X1,X2,X3}. Moreover,

—2X4 = [X3,X9] = A(X3X9) — X3A(Xg) = A(X3X0),
2X, = [X4,Xs] = —A(XyX3) + A(X4) Xs — XyA(Xs) = —A(Xy Xg) + A(Xy) Xs + 4Xy,
(5.2.11)

where we used that X4 X, = X3X;, = 0for¢ € [1,3] and k € [4,8], by the first two lines of
(5.1.5). Since X3Xg = X4 Xg € HHQ(A) (see the penultimate element of the third line of (5.1.5)),
adding the equations (5.2.11), we obtain A(X4)Xg + 4X4 = 0. The identity A(X4) = k1 X1 +
ko Xo+ks X for ki ,ks,ks € k, which we proved before, implies that k1 X; Xg+ko Xo Xg+4Xy = 0.
This is impossible since the elements X; Xg,X>X3g and X, are linearly independent in HH! (A)
(see (5.1.6)). The proposition thus follows. O
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Chapter 6

Fomin-Kirillov algebra of index 4

6.1 Resolving datum on FK(4)

We will compute a connected resolving datum on the Fomin-Kirillov algebra FK(4) of index 4
(see Theorem 6.1.5), then we obtain immediately a projective resolution of the trivial module in
the category of bounded-below graded right FK(4)-modules by Theorem 1.2.5.

In this section, k is a field of characteristic different from 2 and 3, and we will denote the
Fomin-Kirillov algebra FK(4) of index 4 simply by A. For a set S, we denote by kS the k-
vector space spanned by all elements of S. Let .F be the set {(i,j) € [1,4]* | i < j}, i the set

{(1,2), (1,3),(2,3)} and ¥ the set {(i,j) € [1,4] | i # j}-

6.1.1 Generalities

We recall that the Fomin-Kirillov algebra A of index 4 is the quadratic k-algebra generated by
the k-vector space V spanned by X = {z;; | (i,j) € J}, modulo the ideal generated by the
vector space R C V®? spanned by the following 17 elements

2 2 2 2 2 2 .
T1,2,%7,3,%3 3, L1 4, T2 4523 4,T1,202,3 — £2,3%1,3 — £1,3%1,2,T2,301,2 — T1,201,3 — £1,372,3,
L1224 — T24X1 4 — T1,4T1,2,224T1,2 — T1,201,4 — L1,402.4,T1,3T34 — 34T1,4 — T1,4T1,3,
23,4713 — X1,301,4 — L1,4T34,T23L3,4 — L3,4L2,4 — T24L23,L34L23 — L2,3T24 — L2 4X34,

X1,203,4 — T3,4%1,2,71,302,4 — T2,4%1,3,T1,4L2,3 — 2,371 4-
Recall that the dimension of A is 576 and the Hilbert series of A is

[2]°[3)%[4]* = 1 + 6t + 19t% + 42> 4+ 71t* + 96t° + 106t° + 96t" + 71t° + 42t7 + 19t'° + 64" 4 12,

where [n] = Z;L:_Ol t', for n € N. Note that A = @,,c[0,12] Am, where A,, is the subspace of A
concentrated in internal degree m.

If the free monoid generated by X is equipped with the homogeneous lexicographic order
induced by the well order z12 < 13 < 223 < Z14 < %24 < 34 on X, then a Grobner basis
G 4 of the ideal (R) in the algebra T(V) is given by the following 30 elements

l’ig, 17%37 T2,3%1,2 — X1,3T2,3 — £1,2%1,3,T2,3%1,3 + £1,3%1,2 — T1,2%2,3, 173737 21,423 — 2,301 ,4,
1‘%74, T2,4%1,2 — T1,4%24 — T1,2T1,4,22,4%1,3 — 1,324, £2,4T1,4 + £14%1,2 — 12224, 553,47
L3,4T1,2 — L1,243,4,L3,401,3 — L1,4L3,4 — L1,301,4,L3,4T23 — L24X3,4 — L2324,

T3,4%T1,4 + X1,4T1,3 — T1,3%3,4,%3,4T2,4 + T2,4%2,3 — T2,3T3 4, $§,4, Z1,371,2%1,3 + T1,2%1,3%1,2,
21,421,2%1,4 + £1,221,4%1,2, £1,4%1,3%1,2 — £1,4T1,2%23 + 2,321 471 3,

T1,4%1,3%2,3 + L1,4C12%1,3 — £2,301,4%1,2,21,401,3%1,4 + L1,321,471,3,

T2,4023%1,4 + £1,4%1,2T2,3 — T1,202 4723, T2 4023224 T £2,3T2,472 3,

21,4%1,2%1,3%2,3 — £2,3%1,4%1,2%2,3, £1,4T1,2T1,3T1,4 T £1,3T1,4T1,2T1,3 + T1,2T1,3%1,4%1,2,
T1,4%1,2023%1,4 + T1,221 421,222 3, £1,4%1,2%1,3%1,2%2,3 + L2321, 4%1,2%1,3%1,2,

£1,421,221,321,221,41,2 — L1,301,4T1,2L1,3L1,2L1 4,
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£1,421,221,321,221,471,3 — L1,221,471,201,301,271 4,

which are obtained using the GAP code in Appendix A.4. The standard words with respect to
G 4 form a k-basis of A. The classes in A of the standard words of T(V') with respect to G 4 thus
form a homogeneous k-basis & of A. We set %,, = B N A, for m € [0, 12].

We denote by {y;; = =}, | (i,j) € J} the basis of V* dual to the basis X of V. Then,

the quadratic dual algebra of A is given by A' = T(V*)/(R') = @,en,A',,, where the space
R+ C (V*)®? is spanned by the following 19 elements
Y1,2Y2,3 + Y2,3Y1,3, Y1,3Y2,3 T Y2,3Y1,2, Y1,2¥2,3 + Y1,3Y1,2, Y1,2Y1,3 + ¥Y2,3Y1,2,
Y1,2Y2,4 + Y2,4Y1,4, Y1,4Y2,4 + Y2,4Y1,2, Y1,2Y2,4 + Y1,4Y1,2, Y1,2Y1,4 + Y2,4Y1,2,
Y1,3Y3,4 T Y3,4Y1,4,Y1,4Y3,4 + Y3,4Y1,3, Y1,3Y3,4 + Y1,4Y1,3, Y1,3Y1,4 + ¥Y3,4Y1,3,
Y2,3Y3,4 T Y3,4Y2,4,Y2,4Y3.4 + Y3,4Y2.3, Y2,3Y3,4 + Y2,4Y2.3, Y2,3Y2,.4 + Y3,4Y2,3,
Y1,2Y3,4 T Y3,4Y1,2,Y1,3Y2,4 + Y2,4Y1,3,Y2,3Y1,4 + Y1,4Y2,3-
Using the GAP code in Appendix A .4, we get a Grobner basis G of the ideal (R*) in T(V*)
given by the following 31 elements
Y1,3Y1,2 T Y1,2Y2,3, Y1,3Y2,3 — Y1,2Y1,3, Y2,3Y1,2 + Y1,3Y2.3, Y2,3Y1,3 T Y1,2¥2,3, Y1,4Y1,2 + Y1,2Y2 4,
Y1,4Y1,3 T Y1,3Y3.4, Y1,4Y2,3 + Y2,3Y1,4, Y1,4Y2.4 — Y1,2Y1,4, Y1,4Y3,4 — Y1,3Y1,4, Y2,4Y1,2 + Y1,4Y2 4,
Y2,4Y1,3 T Y1,3Y2,4, Y2,4Y23 + Y2,3Y3,4, Y2,4Y1,4 + Y1,2Y2,4, Y2,4Y3.4 — Y23Y2.4, Y34Y1,2 + Y1,2Y3,4,
Y3,4Y1,3 T Y1,4Y3,4, Y3,4Y2,3 T Y2,4Y3,4, Y3,4Y1,4 + Y1,3Y3,4, Y3,4Y2,4 + Y2,3Y3,4, y1,2y§,3 - y1,2y%3a
Y12Yaa — Y12Yi 40 Y13V — YL3YTar Y2,3Y5.4 — Y2.8Y5.45 Y1,2U5 3 — YioULs
y1,2y1,3y§,4 - y1,2y1,3y%,47 y1,2y2,3y§,4 - y1,2y2,3yi47 y1,2y:1)’,4 - y§’72y1,4, Z/l,syi4 - yf3y174,

Y2,3Y5.4 — Y5.3Y2.45 Y121 8Y54 — Y1,2UT.3YT 40 V1,292,395 4 — Ui 2Y2.3Y1.4-
(6.1.1)

Let B} = {1} Ck, let B, = {y;; | (i,j) € F} CV*, let B, C A", be the set formed by the
following 17 elements

y%,Qu Y1,2Y1,3,Y1,2Y2,3, Y1,2Y1,4, Y1,2Y2,4, Y1,2Y3 4, y%,sa Y1,3Y1,4,Y1,3Y2,4,Y1,3Y3,45 y%,g, Y2.3Y1,4,
Y2,3Y2,4,Y2,3Y3,4, 93,47 y§,4, y§,4,
let B, C A' ; be the set formed by the following 30 elements
y:f,zv yi2yl,3a yizyz?ﬂ y%,2y1,4, y%,2y2747 yi2y374, 917295,3’ Y1,2Y1,3Y1,4, Y1,2Y1,3Y2,4,
Y1,2Y1,3Y3,4, Y1,2Y2,3Y1,4, Y1,2Y2,3Y2,4, Y1,292,3Y3,4, Y1,2971. 4 Y1295 40 Y3 55 U3 31,4 U.3Y2,45
y%73y3,4a y1,3yi4, y1,3y§74, y§’73, 95,391,47 y§,3y2,47 y§73y374, y2,3yi4a yz,3y§74, yi4, y§,4, y§’74,
and let B} C A", be the set formed by the following 38 elements
yil,m y%,2y1737 yi2y2737 yi2yl,4a y:f72y2,4, yf,zysAa y%,2yi37 y%,2y1,3y1,47 y%,2y1,3y2747
y%,2y1,3y3,4, y%,2y2,3y1,47 y%,2y2,3y2,4, y%,2y2,3y3,4, yizyim y%,2y§,4, y1,2yi3y1,4, y1,2yi3y2,4,
y1,2yi3y374v 91,2111,39547 y1,292,3yi4a y1,2y§,47 yfs, y%,3y1,47 yf,3yz,47 y§’73y374, yigyi@
Y3 85 45 YL3Y5 4, Y3 3> Ui 8U1.4, Yo 8Y2,4 Vs 3U3.4: Y3 3YT.as Us.3Ya 40 Y2,3Y5 4> Ut as Us.a» Y3.a-

Moreover, for every integer n > 5, define %!, = U, U B!, where the set U} C A", consists of
the following 24 elements

YTS s U s s UL WA UL s Y UL Y g U 2 YL YL 4, UL s YL,3Y2,4, Ul Y1,3Y3 4,
Y1 Y281, UL 5 Y2.3Y2.4, VT o Y2,3Y3.45 Yl YT as Yl UL a1 UL e T 3Y2.4, VT s YT 3Ys 4,
YT st 4 2 23T U YT s e U s Y U s s U YT U 2 U 3.4 YD S s 4
and 6}, C A", is the set of 3(n + 1) elements given by
G, = {U12 V54 Y1s U5 U3 Yl | 7 € O]}
The following result is proved directly from the explicit description of the Grobner basis Gz

given in (6.1.1) for the ideal (R+) C T(V*).
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Fact 6.1.1. The set B, is a basis of A~,, for n € Ny, consisting of standard words with respect to the
Grobner basis Gg. In consequence, #(B,,) = 3n + 27 for n > 5, and the Hilbert series h(t) of A' is
given by

N 14 4t + 662 + 263 — 54 — 445 — ¢6
h(t) =1+ 6t + 17¢% + 30> 4 38t* + > (3n + 27)t" = tHT Jzt —1)e :

n=>5

The following result describes several identities expressing products of the generators of the
quadratic dual algebra A' in terms of the basis B' = U,,cn,%,,. The proof is a straightforward
but rather lengthy verification.

Fact 6.1.2. We have the following identities

- —rt1 - - 1
Uiy = (GO s U Yk = U Yy (6.1.2)

and

n—r r _ . n—r+1_ r n—r_r __ n—r_ n—r, r+1
Yi3Y;5 Yeg = Yy Ye,r  Yk,1Y; 5 yk,l*(*l) Yii Yig

in A", for all integersn > 2, r € [1,n — 1], (i,5) € Ju, (k1) € .F with #{i,j,k,l} = 4. Moreover, we
also have the identities

Yo Y3 a¥13 = Xry?,§2y1,3y%,4 - Xr+1y7f,§1y1,3y1,4,

YS Yh aY2s = Xe¥T 2 Y2 3YT 4 — XUl Y2,3Y2.4,

YLD Y Y1 = XeUT 2 Y Y14 — XYL s Y1,3Y3.4,

Y1S s aY2a = XeUT 2 YR 324 — Xr 1Yl Y2.3Y3.45

YTs Y 41,2 = XnXe Yl o Ui 38Ut — Xnt1XeWl 2 Y2,3YU5.4 + XnXr+1Y12 Y2,3Y1.4
- Xn—&-er—&-lyngyiSylAa

YIS S 4Y2.3 = X Xr T2 Y2,3YE s + Xn 1 Xe¥ T2 YL3YE 4 — X Xr1U1 2 Y13Y3.4
- Xn+1Xr+1yf§1y273y3,47

Y15 Yh aY14 = XnXr Ui YT aYLA  Xnt 1 XrUl 2 U18Y1.4 + XnXr41UT s Y2302,
— Xnt1Xr+1Y12 Y1 3Y2.4, (6.1.3)

US54 = XnXr¥T 2 YT 3Ys.4 + Xn1 Xe¥T s U133, + XnXr1U1 2 Y13Y2.4
+ Xn+1Xr+1y?,§1y2,3y2,47

USSTYT a2 = X Xe U2 YT aYE 4 — X1 Xe WD YL3YE 4 F X Xe1U1 D Y1302
- Xn+1Xr+1yﬁ§2yigy2,4,

Y55 YL aY1.3 = XnXe Yl a YL3YUT4 — Xnt1XeYil 2 Y2,3YU5.4 + XnXr+1Y12 Y2,3Y3.4
- Xn+1Xr+1yf§1y1,3y3,4,

Y55 YT aY2a = XnXe Ui a UL aY2,4 + Xnt1 XrUl s Y2,8U2.4 — XnXr+191 2 Y1,8Y1.4
+ Xnt1Xr1U1 2 Y1 8Y1.45

Y55 YT 4Ys.a = XnXrUia UL aY3.4 + Xnt1XrUl s Y2.8U3.4 — XnXr41U1 g Y2.3Y1.4

-1
+ Xnt1Xr+1Y7 2 Y1,3Y1,45

and

YL3YL s Yh 4 = XnXo Ul 2 VLY .4 — XnXr+1U15 Y2,3Y3.4 — Xnt1XrYl 2 Y2,3Y5 .4
F X1 Xr+ 1912 Y1,3Y3.4,

Yo.a s Yh 4 = XnXr Ui o UT.8Y2,4 — XnXr+11 2 YL3Y1LA — Xnt1 Xr¥T 2 Y3 aY1.4
 Xn41Xr 41912 Y2,3Y2.45

n—r,r n—2 2 n—1 n—2 2
Y2,3Y1,2 Y34 = XnXrYr2 Y2,3Y14 — XnXr+1¥Y12 Y1,3Y3,4 — Xn+1XrY1,2 Y1,3Y14
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+ Xn+1Xr+1yf§1y2,3y3,47
—r —2 -1 —2
Y1aYT 2 Ysa = XnXe ¥l 2 UL aY1.a — XnXr+1¥1 2 U2,3Y2,4 — Xnt1XrYl 2 Yi.sY2.4
+ Xn-‘rlXT-‘rlyi;lyL?)yl74’
V12015 Yha = XnXo Wl 2 Ui 3YUT.a F XnXr+1912 Y1,3Y2.4 + Xnt1Xe Yl 2 V1,397 4
+ Xnt1Xr1U1 3 Y1 sY2.4, (6.1.4)
_ _9 —1 _
Ys.a¥ls Ysa = XnXo ¥l 2 UL .aYs.a + XnXr+1¥1 2 Y2,3Y1.4 — Xnt1Xr¥l 2 Y1,3Y1.4
— Xnt1Xr+1U13  Y2,3Y3.4,
_r 9 1
Y2915 Ve = (1) Xet 2 Y25yt 4 + (1) 1 yl's 2,324,
— -2 2 —1
Y14Y13 Y24 = Xn—r¥12 YisY1a+ (=1)" Xn—r+191'2 Y1,3Y3,4
Y12U5 5 Y4 = XnXo ¥l 2 YL .aYta + Xn X112  Y2,3Y1.4 + Xn1 Xr Yl 2 Y2,3Y1 4
—2
+ Xn+1Xr+1Y7 2 yigy1,4,
_ —92 —1 —1
Ys.a¥ss Y4 = XnXr ¥l 2 ULaYs.a — XnXr+1¥1 2 U1,3Y2,4 — Xnt1Xr¥l 2 Y2,3Y2.4
— Xn+1Xr 41912 Y1393,
- 2 -1
Y1,3Y5 s Yla = XrUl 2 Y1,3Y5 4 + Xrr1UT 2 Y1,3Y1.4,

n—r,r n n—2, 2 n—1
Y2,4Y23 Y14 = (-1 Xn—rY1,2 Y1,3Y2,4 — Xn—r+1Y12 Y2,3Y3.4,

together with
Y1397 2 = Xn¥T 2¥1,3 — Xnt1¥1 2¥2,3, Y13Y5 4 = Xn¥T3 Y54+ Xnr1¥l sYs.a,
yz,4yfz = Xny?,2y2,4 - Xn+1y?,2y1,4, y2,4y§l,4 = y§73y274,
Y2,3Y12 = Xn¥1 2Y2,3 — Xn+1Y1 2913 Y2,3Y34 = xny3,51y§,4 + Xn+1Y3 393,45
Y1,4Y7 2 = Xn¥12Y1,4 — Xn+1YT 2Y2,4, Y1,4Y54 = YT 3Y1.4,
Y1203 = Xn¥l'2 ULs + Xnt1Ul U1 3, Y1254 = Xn¥1'2 Ua + Xnt1UT Y24,
Y3,4Y1'3 = Xn¥1 3Y3.4 — Xn+1Y1 391,45 Ys,ayza = (—1)"y3 3y3.4, (6.1.5)
Y2373 = (—1) "y 9y2,3, Y2.3Y5 4 = Xn¥3 Yaa + Xn+15 3Y2.4,
y1,4y?,3 = xnyfgym - Xn+1y?,393,47 y1,43/3,4 = yﬁzyl,zx,
Y1255 = Xn¥1'2 Yis + Xnt1¥T 22,3, Y1201 4 = Xn¥'a Uia + Xnt1Ylo¥1.4,
Y3.4Y5 3 = Xn¥s 33,4 — Xnt1¥3 392,45 Y3ayt s = (—=1)"y7 Y34,
Y1,3Y5 3 = YT 2Y1,3, Y1,3Y14 = xnyfglyi4 + Xn+191 391,45
y274y§’73 = Xny§,3y2,4 - Xn+1yg,3y3,4, y2,4yf4 = (—1)”3/?721/274,

in A', for all integers n > 2 and r € [1,n — 1].

Recall that the graded dual (4")# = @,en,(A",)* is a graded bimodule over A' via the

—n

identity (ufv)(w) = f(vwu) for u,v,w € A' and f € (A")#. Let B be the dual basis to the

basis 9B, for n € No. We write B = {€'} and 27" ... 20077 = (y; ...y, )" € By for
. ! . . . .
yfll’jl yZ"TJT € B, wheren = ny + -+ +n,, n,r,ny,...,n, € Nand (i1,51),. .., (4r.Jr) € F.

We will omit the index n; for j € [1,r] if n; = 1 in the element /17t ... zirJr or y't . . yr

Obviously, y; 2" = € for (i,j) € .F and the other actions of %} on %} vanish.

Let (K,,ds) be the Koszul complex of k in the category of bounded below graded right A-
modules and € : Ky — k the canonical projection. The differential d,, : K,, - K,,—; forn € N
is given by the multiplication of }_; ;e 5 ¥i,; ® @i ; on the left. As usual, we can consider the
Koszul complex as a complex indexed by Z, with K,, = 0 for all n € Z¢_;, and d,, = 0 for
all n € Zgo. To reduce space, we will typically use vertical bars instead of the tensor product
symbols ®.

The differential d, of the Koszul complex of A can be explicitly described in the following
result. Its proof is a straightforward but lengthy verification, using the identities listed in Fact
6.1.2 and in Appendix A.1.
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Fact 6.1.3. Let d,, : K,, — K,_1 be the differential of the Koszul complex of A for n € N. It can be
explicitly described as follows. First, di(2%7|1) = €'|z; ; for (i,j) € F, and

L3kl
dn(znfrZT

1) = (—1)"zfl’j 1% k, |x” + zn ol 1|gc;C I (6.1.6)

forn > 2,r € [0n], (4,j) € K, (kl) € F with #{z’_,j,k,l} = 4, where we follow the convention that
2 ’ngl = zhi zo’J Bl = okl iRl — 0 and 229250 = 0 for n € N. Moreover, for n > 5, the
differential dn+1 is given by (6.].6) and

222U —(2202%° 4 X2 |mne + (20 + 2020207 4 Xz )| 3
+ (202127 + X127 22,3,

222 U —{2,212"° 4 Xz oo — {20227 + Xn1 20 M
{2+ 12222 + Xnzn* }H w23,

222 U {220 2% Xz Yz + {2 + 207020 4 ez e
+{Zn 12 b +Xn+1271{4}|332 4,

z 22 s {2, 1Z’ +Xn+12n Yaore — {20212 + Xnr120 Hara
+{Z Jrzn 222 +XnZn }|x24a

222 L {20252 + xn (20 + 20 Mo + 2022 P w1 s + 2021270 32,3,

Ziflzls 14|1'_>{Zn 2223 24+X Zn 1Z 4}|"L'1’2

1,2 1,334 3,4
—\%n3%2 % + Xn4122°0, 250 + Zn 23+12257 21,3

1,2 13 1,4
— {222 + Xnzply 2" }\1’2,3
'n.fl
1,2 1,2 _1,3 14 2 :
+{zn IZ7 +Zn 3% +X”+1 zn 25225 }|l’14

s=1

1,2 2, 3 1,4 1,4
- Zn72 +X”7« Zn 23+12257 ‘$214

s=1

71

1,2 1,4 13,14 1,4
+{Z'n 1% +Zn 322’ + Xn+1 E Zn 25+12257 }|@"347

s=1

n
2
12 13 24 1,2 2,3 1,4 2,3 1,4
Zp—1% |1'_>{ 292727+ Xn 2, ast1%25—1 (lT12

s=1

13 2,4 1,3 34

_{Z'n 13 +Zn 3%2 + Xn Zn 1Z 4}‘9523

2,3 24
+{Zn 2%

+Xn+1zn 1% > }|1"13 _{Z'n 2%

131

+ xn22? 12 2Hara + {20220 + 22520 + Xn412, 025 o a

1,2 _1,3_2,4 z : 2,4
+ {2n72z +X”7« Zn 23+12257 }\1’3,4,

s=1

1,2 _1,3 34

2,002 1 {22,222

+xnzn 225 a2

n,1

L2 14 1,3 1,4
— 92,2172 +Zn, 23"z +Xn+1 Zn 2s+1225— 1,3

1,2 _1,3 2 4
- Zn72z + Xn Z’n, 25+12257 ‘I2 3

L5]
1,2 1,3 3.4 3,4
— 42,7322 +xn+12n 127+ Z'n, 25+1Z257 1,4

1,3 3 4
- {Zn 2% +X"Zn 1% . }‘.’EQA
n—1
2
1,2 _1,3 1,2 _1,3_1,4 1,3 2,4
+ {Z'n 17 + Zn—3% %2 + Xn+1 § Zn—2s%2s }'373,4,
s=1

1,3

1,2 .23 1,4 1,2 _1,3_2,4 2,3,3,4 3,4
anlz |1'_>{ n 2Z z +X" Z'n 25+12257 }|$12+{2n 2Z +X71Z'n lz }|CE’1,3

w
Il MN\S
A
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1,3 1,4 1,3 _1,4
_{Zn 1Z +Zn 3297270 + Xnt12,012 " Hava,s

1,2 23 14 3

2, 12 13 14 1,4
{242 + 22252 + xn41252525 e g — {2,252 +xnzn’ 120 Y o
n
2
1,2 2,3 1,4 2,3 1,4
=42 07 2T +Xn§ Zp osy1%25—1 | 3,4,
s=1
1,2 2,3 2,4 1,2 1,3 1,4 1,3 2,3 2,4 2,3 24
202 220U {202,200 2 Xz 2 Yo 4 {2 20202+ xn 22 2 s
L5
1,2 1,3 3,4
—\%n 3% % +Xn+1zn 127 +§ Zn 2s+12237 |z2,3
n
2
12 13 24 1,3 2,4
+{Zn 27 +Xn§ Zn 25417251 21,4
s=1
n—1
2,3 14 2,3
+ {Z +Zn 3% +X1’L+1 Zn 25225 }|CE24
s=1
'L*
12 1.3 24 2,4
+{Z f 2%z, + Xn+1 E 22 25+1Z2571 | 73,4,

n
o
12 2.3 3.4 L1334 1,3 _3.4 1,2 2,3 1,4 2,3 1,4
2 1% |1'_>{Z + Xnzp~ 1Z Hrve + 42,5027 2 +Xn§ Zp—2s4+1%2s—1 (1T1,3
s=1
‘Il—
1,2 1,2 1,3 2,4
— 92, = 1Z’ + 2, 73257727 + Xndt1 E Zn 25+1223—1 [72,3
2,3,3.4
+ {2252 +xn2n2 2% Y a4
1,2 _1,3_3,4 3, 3,4
—\%n 3% % +Xn+1zn 1% +§ Zn 25+1Z257 |72,
1,2 1,2 2,3 1,4 23 14
+9202127° + 22522 2 + X E 2y 05725 1T34,
s=1
1,4 1,4 2,4 1,2 1,4 1,2 2.4
222 e {2+ xn (2 + 20 ) Hmre + 2% 2 e + 2% 2 2, (6.1.7)
12 13 14 12 13 24 23 2.4 1,3 2,4 1,2 1,334
ZpoZy’ 1= — Zp 3% + Xn+1{ 2,127 + § Zp os 417251 |$172_Zn 22 727 w13
1,2 2,314
— 2,527 2 @3

1,3_1,4

2,3 2 : 2,4
+ Z +Zn 4Z2 29 +X" Zn— 222 + Zn 25223 + Zn 2sz25 ‘3314

zZ

{ n—2
s 1 3 1,4 z : 1,4 1,2 _1,3_1,4
+ {Zn 3Z +X’n+1( + Zn 29+1229— >}|m2a4 +Zn 22: z |ZB374,

1,2 1,3 24 1,3 1,4 1,4 1,2 1,3 24
2,202 2 1 — 322 z JrXnJrl( e E P 25+12237 )}|x1,2*zn 22 "2 T3
2
1,2 2,3 34 1,2 1,3 24 2,3 24 1,3 2,4
=2, 02727 |23 — 2,032 27+ Xnt1| 2,012+ Zn—2s+1%2s—1 21,4
,— 1
L25=]
1,2 1,3 1,4 Z Z
+ Zn 2Z +Zn7422 Z +X" Z'n 2Z2 + Z'n 2.5’223 + Zn72sz2& ‘.Z'24
s=1
12 23 24
+2,°,27 |3,4,

12 13 34 1,2 _1,3 3,4 1,3 .34, .23 1,2 _1,3_1,4
2y 9%9 1+ — {Z 320727 xnt1(2,0027 20 2 )}‘3512_2 Toz 2|13

12 23 24 1,2 1,334 12 23 34
— 2,52 |X2,3 — 2, °02 "2 21,4 — 2,752 |22,4
n—2
2
1,2 1,2 1,3 1,4 1,3 24 2,3 1,
+{Zn QZ JFZ 222 +Z Z4%27 290 + Xn E (20 05225 + 20 0%0% )}|$3,4a
s=1
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2,3 14 2 :
Zn—3% +Xn+1< 222 + Zn 23225 )}'le

1251

_|_

Z’n, 2sz2s }‘ml 3
s=1

+

~{az,
{Z 2ot + 202020 5 + X (Z St + Z 22502 ) +
{ 3Z b3 + X’ﬂ+1< 3 2Z2 + Z Zn 25225 )}|$2’3

213,14 13,24 13,34
+ 202, 2" |14 + 20252 |zo,4 + 20252 |34,

Z'n

nl

1,2 2, 3 1 4 1,2 1,3 1 4 z :
Z'n 2% |1 = = { Zn—3% + X’Vl+1< 222 + Zn 25225 )}lxl,Q
1,2 2 3 1 4 2,3
- {Zn 3% + Xnt1 ( i 2Z2 + E Zn 2.52:2.5 ) }|$1,3
1,2 1,2 1,3 _1,4 2 : 2 : 1,2
+ {Zn 2Z2 + Zn 422 D + X”( + Zn 2@2:23 ) Zn— 29229 }‘.’172 3

1,2 2.3 14

1,2 2,3 2,4 1,2 2,3 3,4
+ 202 |T1,4 4 2, 252772 w24 + 2, 22 27" w34,

12 13, 14 1,2 1,3 14 13 14 23 2,4 1,4
2, 323 |1'_*{ 4%y’ 2y +X"(Zn 222’ Zozy + § 2y, 23225 +Zn 25225 )>}|$172

i Z}L 2321 B e o4 b 2322 S T 2711 2325 3,14 3y 4 4 2b 23% 3,24 3,4
1,2 1,3.3,4
+ 2, 05257° 27 23,4,
222 4|1 = {Zn 1% e Xn+1zn’4}|x1,3 + {Z +Zn 2Z2 Y xnzy }|x1 4
+ {Z'n 1Z b +X”7«+1271L’4}|x3,45
zl S2% 4|1 = {Zn 1Z + Xn+lzrlz’4}|ml 3~ {Z:L’312374 + Xn-‘rlZ?zA}‘xl,‘l
{2z + 20202 4 Xz Hws a,
Z;B1 zy |1 = {21 3232 +Xn(zn + 2 )}|371,3 +Z¢1{E121’4|x1,4 +Z:L'E1ZB’4|333,4,
2237 4|1 — {zn lz s Xnt122 }|1:2,3 + {zi‘; + zi’EQZSA + ani’4}|:c2,4
+ {Zn lz +XTL+1Z$L’4}|$3,47
z2 2 e {20 12 2y Xn+123’4}|w2 s — {222 2% + xna2 Mo a

+{Z +Zn 22:2 +XTL n }|ZL’34,

ERAT A {Z'n Y I Cr ) w23 + 22 2 o a4 2% 20 s a

For a quadratic right A-module M, let (Kq(M),de(M)) be the Koszul complex of M in the
category of bounded-below graded right A-modules, and ¢’ : Ko(M) — M the canonical projec-
tion. Recall that K,,(M) = (M",))*® A for n € Ny, the map ¢’ is the surjective map W ® A — M,
and the differential d,,(M) : K, (M) — K,,—1(M) is given by d,,(M)(ulv) = 3_; jes Yijulzi v
foru € (M",)*,v € Aand n € N. Recall also that the complex

TOD Ko (M) -5 M — 0

Ky(M) —
is always exact for a quadratic module M. As usual, we can consider the Koszul complex as
a complex indexed by Z, with K,,(M) = 0 for all n € Z¢_4, and d,,(M) = 0 for all n € Z,.
Notice that the notation (K,,d,) is exactly (K, (k),de (k)).

Let M = @,czM, be a graded right A-module such that dim(2/,,) is finite for all n € Z.
Given j € Z, we denote by M(j) the same underlying module with shifted (internal) grading
given by M(j); = M,; for i € Z. We remark that a morphism of graded right A-modules
f: M — N is a homogeneous A-linear map of degree zero. Moreover, for a nonzero graded
module M over A4, if there exist integers s < t such that dim(M,,) = 0 forall n € Z \ [s,t] and
dim(M;) - dim(M;) # 0, then we say that the dimension vector of M is (dim(As), . .., dim(M)).
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6.1.2 Resolving datum

We will now define some quadratic A-modules M* for i € [1,3]. Let M be the A-module gen-
erated by two homogeneous elements a;,a2 of degree zero, subject to the following 6 relations

1212 + Q21 2,01%1,3, 2223, G271 4, A122,4, A1T3,4 + A2T3 4. (6.1.8)

Let M? be the A-module generated by the set {h; | i € [1,7]} of seven homogeneous elements
of degree zero, subject to the following 24 relations

hiwy2, h1213, hiwo 3, hot1,2, ho®1 4, hoTo 4, h3®1 3, h3w1 4, h3T3 4, hya 3, haTo 4, hyw3 4,
hiz24 — h3xa 4 — hsx1 3, how1 3 — hax1 3 + hsxo 4, hsx3 4 — heT1,2, hi214 — hawy 4 + heo 3,
hoxo3 — h3xa 3 — her1,4, hsT1,2 + hex3 4, 123 4 + hox3 4 + hyx1 2, hex2 4 + hry 3,

hsT1,4 + h7x2 3, hsxo 3 — hrT1 4, he1,3 — h7Ta4, h3t12 + hax1 2 + h723 4.
6.1.9)

Finally, let M3 be the A-module generated by the set {e; | i € [1,8]} of eight homogeneous
elements of degree zero, subject to the following 24 relations

€1%1,2 + €2%3.4,€1T3 4 — €2712,€3%1,2 — €4T3,4,€3%3,4 + €421,2,€4T1,3 + €2%2.4,€4T2 4 — €271 3,
€3%1,3 + €1%2.4,€3T2 4 — €1T13,€1T2,3 — €4T1,4,€1%1,4 + €4%23,€3T2 3 — €2T1 4,€3%1,4 T €222 3,

e5T1,2,€571,3, €522 3, €621,2, €621 4, €622,4, €72L1,3, €721 4, €7T3 4, €872 3, €8L2 4,€8T3 4-
(6.1.10)

Since the previous modules are finite dimensional, we use GAP to obtain a homogeneous k-
basis of M?, and in particular, the Hilbert series of M?, for i € [1,3]. See Appendix A.2 for a
basis of M.

Fact 6.1.4. Given i € [1,3], the Hilbert series hyyi (t) of the quadratic A-module M* introduced in the
previous paragraph is given by

hoa () = 2+ 6t + 1182 + 1263 + 11t* 4 6t° 4 25,
hoare (t) = 7+ 18t + 3262 + 423 4 40t* + 30t° 4 16t° + 67 + 1t5,
hags (t) = 8 + 24t + 4812 + 72t% + 80t* + 72t + 48t° + 24¢7 + 8¢%.

Theorem 6.1.5. Let Al = {M° = k, M',M? M3} be the family of quadratic A-modules introduced
in the first paragraph of this subsection, and let . : [0, N]? x N> — N2 be the map given by

7(0,2,3,6) = £(0,0,3,6) = A.(1,2,1,4) = (1,0),
£(0,0,3,8) = £(0,1,4,8) = £(0,0,5,16) = £(1,0,1,6) = £(1,0,1,8) = £(2,0,1,4)
= 1(2,0,1,6) = 7 (2,1,2,6) = £(2,3,3,6) = 7 (3,3,3,6) = (0,1),

and #.(i,5,k,0) vanishes on other (i,j,k,0). Then this gives a connected resolving datum on A, whose

! 1’
associated resolving quiver is given in Figure 6.1, where we denote by ja? " the unique arrow from
M" to M’ having bidegree (d',d"). In this case, the strict partial order on the arrows is given by
0ay® < 0ag® 20y, and a2, 0ad® < 202, The arrows 1a® and a3 of odd difference degrees

appear in red.

Proof. Lemma 6.1.6, 6.1.7, 6.1.8 and 6.1.9, Corollary 6.1.11, Proposition 6.1.17, and Corollary
6.1.24 and 6.1.29 show that the homology of Koszul complex of k and M’ for i € [1,3] is given

by
M'(=8), ifn=4,
H,(k) = { k(—16), ifn =5,
0, ifn e N\ {3,4,5},

and



2,6

oy’ ()CY%7 30‘; ©
Oag 16
Ay
0ay’ U
Figure 6.1: Resolving quiver of FK(4).
and
k(—4) @k(-6), ifn=1,
M (- if n =2
Hn(MQ) ~ ( 6); 1 n ’
M3(—6), ifn =3,
0, ifn >4,
together with
M3(— if n =
H, () = § M0 T =
0, ifn e N\ {3},
as well as the non-split short exact sequences of graded right A-modules
0 — M?*(—6) @ k(—6) — Hz(k) — k(—8) — 0, (6.1.11)
and
0 — M?(—4) —» H; (M) = k(—6) @ k(—8) — 0. (6.1.12)
The theorem is thus proved. O

For the quiver in Figure 6.1 we have an explicit description of the paths starting at k. Here
we write a path (a1,...,a,) by a, - --a1

(P.1) the set of paths ending at k form the free monoid My generated by the following 11 types
of generators

4.6 48 240 24 B6yp 46 260 24 B6yp 46 26 36 24  B6yp 46
0095000 5005 (207 1057 )Paag”, 00y (207 10y )Py 00y 10 (207 10 ) Paay

28 36, 24 386 46 26, 36 24\vp 58 28, 36 24 5,8
007 105 (2077 1057 )Py, 00y (10 20 )P 1ag T, 0o (10 20 )P iag T,

2,4 2,4 3,6 2,4\p 5,8 2,6 2,4 3,6 2,4 5,8 6,16 N .
00y 207 (10207 )P 1ag”, 00 20y (10 20 )P 1ag 00 | p € Ny

(P.2) the set of paths from k to M! are given b
p g y
{(1a§ a7 Pragtw, 105 % (20 105 %) a0y Cw | w € My, p € NO};
(P.3) the set of paths from k to M? are given b
p g y
{ 2,4( 3.6 24) 5,8 ( 24 36

207 (1ay 207 )Piag w, (207 10 )2a0 w|w€Mk,p€N0}
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(P4) the set of paths from k to M? are given by

4,6 4,6 2,4 3,6 2,4 58 4,6 46( 2,4 3ﬁ)

{(3043 13057207 (1057207 )P 1ag w, (3057 ) T30 (207 10y 20‘0 W|W€MkapquN0}

Note also that gog®, 200® < 105%, and a5 < 1a3°, as well as

dfdeg(0a§’6) = dfdeg(z0°) = 2 = dfdeg(1a)®) — 1,
dfdeg(pay?) = 2 = dfdeg(105°%) — 1.

6.1.2.1 Computation of the Koszul complex of some quadratic modules using GAP

Recall that (K,,ds) is the Koszul complex of the trivial module k in the category of bounded
below graded right A-modules. Let K, ,, = (A" )" ® Ay, dyom = dulinn t Knm = Kn—1,m+1,
Bym = Im(dnt1,m—-1), Dnm = Ker(dn.m), Hnm = Dpm/Bn.m for n € Ng and m € [0,12]. Let
Hy, = @pefo,121Hn,m for n € No. For a quadratic A-module M, recall that (Ke(M),de(M)) is
the Koszul complex of M. Let

BM

n,m — Im(dnJrl(M)‘(JW'_ *®Am,1)? D%m = Ker(d ( )|(]W *QAm )

(n+1))

and H, ,,(M) = D), /B}!,, forn € Ngand m € [0,12]. Let H n(M) = ®mepo,12] Hnym (M) for

n € Ny. Using GAP, we can compute the dimension of the BY for n less than some arbitrary
positive integer, m € [1,12] and i € [0,3] by using the code in Appendix A .4 together with the
following simple routine.

for i in [0..3] do
for j1 in [0..9] do
for j2 in [1..12] do
Print (i, " ", 3j1, "™ ", j2, " ", RankMat (FF(i,3jl,32)), "\n");
od;
od;
od;

For the rest of the section, we will only indicate the extra code added to the one in Appendix
A4 for every computation, and, for the reader’s convenience, we will often indicate the output
of many of the intermediate commands in the corresponding successive line and preceded by
a pound sign #.

By above GAP code, the dimension of B, ,, for n € [0,9] and m € [0,12] is given in Table 6.1.1.

n~m |0 1 2 3 4 5 6 7 8 9 10 11 12
0 0 6 19 42 71 96 106 96 71 42 19 6 1
1 0 17 72 181 330 470 540 505 384 233 108 35 6
2 0 30 142 384 737 1092 1297 1248 974 606 288 96 17
3 0 38 186 515 1020 1550 1890 1866 1494 956 468 162 30
4 0 42 207 576 1146 1752 2151 2142 1731 1122 558 198 38
5 0 45 222 618 1230 1881 2310 2301 1860 1206 600 213 42
6 0 48 237 660 1314 2010 2469 2460 1989 1290 642 228 45
7 0 51 252 702 1398 2139 2628 2619 2118 1374 684 243 48
8 0 54 267 744 1482 2268 2787 2778 2247 1458 726 258 51
9 0 57 282 786 1566 2397 2946 2937 2376 1542 768 273 54

Table 6.1.1: Dimension of By, m.

By dim D,, ,, = dim K, ,,, — dim B,_1 ;11 and Table 6.1.1, we get the dimension of D, ,, for
n € [0,5] and m € [0,12] in Table 6.1.2.
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n 0 1 2 3 4 ) 6 7 8 9 10 11 12
0 1 6 19 42 71 96 106 96 71 42 19 6 1
1 0 17 72 181 330 470 540 505 384 233 108 35 6
2 0 30 142 384 737 1092 1297 1248 974 606 288 96 17
3 0 38 186 523 1038 1583 1932 1906 1524 972 474 163 30
4 0 42 207 576 1148 1758 2162 2154 1742 1128 560 198 38
5 0 45 222 618 1230 1881 2310 2301 1860 1206 600 214 42

Table 6.1.2: Dimension of D, .

By dim H,, ,, = dim D,, ,,, —dim B,, ,,,, we get the dimension of H,, ,,, forn € [0,5] and m € [0,12]
in Table 6.1.3. The dimensions that are not listed in the following table are zeros.

n~m |0 1 2 3 4 5 6 7 & 9 10 11 12
0 1
3 8§ 18 33 42 40 30 16 6 1
4 2 6 11 12 11 6 2
5) 1

Table 6.1.3: Dimension of Hy, .

By above GAP code, we obtain the dimension of BS{; for n € [0,9] and m € [1,12]. The
dimension of homology of the Koszul complex of M* for n € [1,9] and m € [0,12] is given in

Table 6.1.4. The dimensions that are not listed in the following table are zeros.

n~m |0 1 2 3 4 5 6 7 8 9 10 11 12

1 7 18 33 42 41 30 16 6 1
Table 6.1.4: Dimension of H,, m (M").

By above GAP code, we obtain the dimension of B,%Zn for n € [0,9] and m € [1,12]. Then the
dimension of H,, ,,(M?) for n € [1,9] and m € [0,12] is given by Table 6.1.5. The dimensions

that are not listed in the following table are zeros.

n~m |0 1 2 3 4 5 6 7 & 9 10 11 12
1 1 1

2 2 6 11 12 11 6 2

3 8§ 24 48 72 80 72 48 24 8

Table 6.1.5: Dimension of H,, ,,, (M?).

By above GAP code, we obtain the dimension of B,JY; for n € [0,9] and m € [1,12]. Then the
dimension of H,, ,, (M?) is given by Table 6.1.6 for n € [1,9] and m € [0,12]. The dimensions

that are not listed in the following table are zeros.

10 11 12

24 8

n~m | 0 1 2 3 4 5 6 7 8 9
3 8 24 48 72 80 T2 48
Table 6.1.6: Dimension of H,, ,,, (M?).

Lemma 6.1.6. We have Hy(k) =2 M'(—8), H5(k) = k(—16) and the non-split short exact sequence
(6.1.11) of graded A-modules.

Proof. The isomorphism Hj(k) = k(—16) follows immediately from Table 6.1.3. Recall that we
write H,, instead of H,, (k) for n € N to simplify the notation.

Let us prove the isomorphism Hy(k) = M'(—8). The following GAP code shows that the
dimension vector of the submodule of H, generated by two basis elements a/,a5 of Hy 4 is
(2,6,11,12,11,6,2). So, Table 6.1.3 tells us that H, is generated by a},a} as an A-module.

Imm:=Im(0,4,4);;
RankMat (Imm) ;

# 1146

gene:=geneMH (0,4,4);;
Append (Imm, gene) ;

115



RankMat (Imm) ;
# 1148
Uh:=UU (gene, 4);; Vh:=VV(gene,4);; Wh:=WW(gene, 4);;
for r in [5..10] do
hxr:=HXR(0,Uh,Vh,Wh,4,4,r-4);
Imdr:=Im(0,4,r);
Append (Im4r, hxr);
Print (r, " ", RankMat (Im4r)-RankMat (Im(0,4,r)), "\n");
d

4% e H H H O
= O 00 J o U1~
[

N

On the other hand, it is direct to check that the generators a},a’ of Hy satisfy the quadratic rela-
tions (6.1.8) defining M. Indeed, the following code shows that the dimension of the subspace
generated by B, 5 together with the elements of the form (6.1.8) with a; instead of a; coincides
with the dimension of By 5.

gene:=geneMH (0, 4, 4) ;;

Uh:=UU(gene, 4);; Vh:=VV(gene, 4);; Wh:=WW(gene, 4);;
hx:=HXR(0,Uh,Vh,Wh,4,4,1);;

cc:=0x[1..6];;

cc[l]:=hx[1]+hx[7];; cc[2]:=hx[2];; cc[3]:=hx[5];; ccl[4]:=hx[6]+hx[12];;
cc[5]:=hx[9];; cc[6]:=hx[10];;

Imm:=Im(0,4,5);;

RankMat (Imm) ;

# 1752

Append (Imm, cc) ;

RankMat (Imm) ;

# 1752

Hence, there is a surjective morphism M'(—8) — H, of graded A-modules. Since the di-
mension vector of M! is (2,6,11,12,11,6,2) by Fact 6.1.4, we have Hy = M'(—8) as graded
A-modules, as claimed.

Let us now prove the existence of the short exact sequence (6.1.11). The following GAP code
shows that the dimension vector of the submodule of H3 generated by the basis elements ¢}, i €
[1,8] of Hs 3 is (8, 18,32, 42,40, 30, 16,6, 1).

Imm:=Im(0,3,3);;
RankMat (Imm) ;
# 515
gene:=geneMH (0, 3, 3) ;;
Append (Imm, gene) ;
RankMat (Imm) ;
# 523
Uh:=UU (gene, 3);; Vh:=VV(gene, 3);; Wh:=WW(gene, 3);;
for r in [4..11] do
hxr:=HXR (0, Uh,Vh,Wh,3,3,r-3);
Im3r:=Im(0,3,r);
Append (Im3r, hxr);
Print (r, " ", RankMat (Im3r)-RankMat (Im(0,3,r)), "\n");

[o}

W 00 ~J o) U i ~

18
32
42
40
30
16
10 6
111

HH o H H H W O

Let M* be the quadratic module generated by the set {c; | i € [1,8]} of eight homogeneous
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elements of degree zero, subject to the following 30 relations

C1%1,2,C121,3,C1223,C2T1,2,C2T1,4,C2T2.4,C3T1,3,C3T1,4,C3T3 4,C4T2 3,C4X2 4,C4T3 4,
C5%1,3 — C1T2,4 + C3T2,4,C5T2 4 + C2X1,3 — C4T1,3,C6T2,3 + C1T1,4 — C4%1 4,
CeT1,4 — C2T23 + C3223,C7T1,2 + C1X3.4 + C2T3 4,C7T3 4 + C3%1,2 + €421 2,C521 2 + C6T3 4,
C5%3,4 — C6T1,2,C6%1,3 — C7T2,4,C6X24 + C7T1,3,C5%1,4 + C7T23,C5%23 — C7L1 4,
C8%1,2,C8%1,3, C8%2,3, C8T1,4; C8T2,4, C8T3,4-
(6.1.13)

Using GAP we get that the dimension vector of M* is (8,18, 32,42, 40, 30, 16,6, 1). It is direct
to check that the elements ¢}, i € [1,8] of H3 satisfy the quadratic relations (6.1.13). Indeed, the
following code shows that the dimension of the subspace generated by B3 4 together with the
elements of the form (6.1.13) with ¢} instead of ¢; coincides with the dimension of Bs 4.

gene:=geneMH (0,3,3);;

Uh:=UU(gene, 3) ;; Vh:=VV(gene, 3);; Wh:=WW(gene, 3);;
hx:=HXR (0, Uh,Vh,Wh, 3,3,1);;

cc:=0x[1..301;;

cc[l]:=hx[1];; ccl[2]:=hx[2];; cc[3]:=hx[3];; Cc[4] =hx[7];; cc[5]:=hx[10];;

cc[6]:=hx[11]1;; cc[7]:=hx[l4];; cc[8]:=hx[16];, cl9]: —hx[18],, cc[10]:=hx[21];;

cc[l1l]:=hx[23];; ccl[l2]:=hx[24];; cc[13]:=hx[5]-hx[17]-hx[26];

ccl[l4]: :hx[S]fhx[20]+hx[29],, cc[15] =hx[30] hx[31] ; cc[16].—hx[4]7hx[22]+hx[33];;

cc[17] =hx[9]-hx[15] hx[34],, cc[18].—hx[25]+hx[ 6];; ccl[l9]:=hx[6]+hx[12]+hx[37];;
c[20]:=hx[35]+hx[38];; cc[21]:=hx[28]+hx[39];; cc[22]:=hx[27]-hx[40];;

cc[23] =hx[32]—hx[4l] cc[24]:=hx[13]+hx[19]+hx[42];; cc[25] :=hx[43];;

cc[26]:=hx[44]1;; [27].—hx[45];; cc[28]:=hx[46];; cc[29]:=hx[47]1;; cc[30]:=hx[481];;

Imm:=Im(0,3,4);;
RankMat (Imm) ;

# 1020

Append (Imm, cc) ;
RankMat (Imm) ;

# 1020

Hence, there is a morphism M*(—6) — Hj of graded A-modules whose image is the submodule
of Hj generated by ¢}, i € [1,8]. Since the dimension vectors of M* and the submodule of Hj
generated by ¢,i € [1,8] are the same, the previous morphism is injective. Moreover, the
submodule of M* generated by ¢;,i € [1,7] is isomorphic to M? via the map given by ¢; — h;
for i € [1,7], and the submodule of M* generated by cg is isomorphic to the trivial A-module
k. It is direct to check that these submodules have trivial intersection, by degree reasons. By
comparing the Hilbert series of M*, M? and k we obtain the isomorphism M* =~ M? & k of
graded A-modules. In consequence, there is an injective morphism M?(—6) & k(—6) — Hj. By
a direct dimension and grading argument using Table 6.1.3, its cokernel is exactly k(—8).

Finally, we prove that the short exact sequence (6.1.11) is non-split. Let c; for ¢ € [1,33] be the
basis elements of space H3 5 and p : Hs(k) — k(—8) the surjection in (6.1.11), satisfying that
p(c;) = 0 for i € [1,32], and p(cs3) = e1, where e; is the identity element of k(—8). The short
exact sequence (6.1.11) is split if and only if there exists a morphism s : k(—8) — Hj(k) of
graded A-modules such that the composition ps is the identity map. Assume that there exists
such a map s. Let m = s(e;) € Hs 5. Then m is of the form Z‘?il AiC; + ¢33 for \; € k, and
m.xz = s(e1).x = s(e;.x) = s(0) =0 forall x € A;. In particular, Zf’il AiCiT1,2 + C33x1,2 = 0 for
some \; € k, i.e. c33x1 2 is a linear combination of ¢;z1 5 for ¢ € [1,32]. Using GAP, we choose
suitable representative elements ¢ € D3 5 of ¢; for ¢ € [1,33], and get that the dimension of the
space spanned by c,x1 2 for ¢ € [1,33] and elements in Bj g, is strictly larger than the dimension
of the space spanned by ¢,z 5 for i € [1,32] and elements in B g, as the following code shows.

gene:=geneMH (0, 3,3) ;;

Uh:=UU(gene, 3) j; Vh:=VV(gene, 3);; Wh:=WW(gene,3);;
hx:=HXR (0, Uh,Vh,Wh, 3,3,2);;

hxx:=0x[1..33];;

hxx[1]:=hx[14];; hxx[2]:=hx[15];; hxx[3]:=hx[16];; hxx[4]:=hx[17];; hxx[5]:=hx[18];;
hxx[6] :=hx[19];; hxx[7]:=hx[25];; hxx[8]:=hx[26];; hxx[9]:=hx[27];; hxx[10]:=hx[29];;
hxx[11]:=hx[31];; hxx[12]:=hx[32];; hxx[13]:=hx[39];; hxx[14]:=hx[40];;
hxx[15] :=hx[41];; hxx[16]:=hx[42];; hxx[17]:=hx[50];; hxx[18]:=hx[51];;
hxx[19] :=hx[58];; hxx[20]:=hx[59];; hxx[21]:=hx[60];; hxx[22]:=hx[61];;
hxx[23] :=hx[65];; hxx[24]:=hx[67];; hxx[25]:=hx[77];; hxx[26]:=hx[78];;
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hxx[27] :=hx[79];; hxx[28]:=hx[80];; hxx[29]:=hx[88];; hxx[30]:=hx[89];;
hxx[31]:=hx[91];; hxx[32]:=hx[93];; hxx[33]:=Ker(0,3,5)[79];;
Imm:=Im(0,3,5);;
RankMat (Imm) ;
# 1550
Append (Imm, hxx);
RankMat (Imm) ;
# 1583
gene:=hxx;;
Uh:=UU (gene, 5);; Vh:=VV(gene,5);; Wh:=WW(gene,5);;
cc:=HXR(0,Uh,Vh,Wh,3,5,1);;
ccl2:=0*x[1..32];;
for 1 in [1..32] do
ccl2[i]:=cc[6%x1-5];
od;
Imm:=Im(0,3,6);;
RankMat (Imm) ;
# 1890
Append (Imm,ccl2);
RankMat (Imm) ;
# 1910
Append (Imm, [cc[6%33-511);
RankMat (Imm) ;
# 1911

This shows that cs3x1 2 # 0, and it is not a linear combination of ¢;z1 o for ¢ € [1,32], which is a
contradiction. So, (6.1.11) is non-split. O

Lemma 6.1.7. We have the non-split short exact sequence (6.1.12) of graded A-modules.

Proof. The following GAP code shows that the dimension vector of the A-submodule of Hy (M)
generated by basis elements h,i € [1,7] of Hy 3(M*) is (7,18, 32, 42, 40, 30, 16, 6, 1).

Imm:=Im(1,1,3);;
RankMat (Imm) ;
# 114
gene:=geneMH (1,1, 3);;
Append (Imm, gene) ;
RankMat (Imm) ;
# 121
Uh:=UU (gene, 3);; Vh:=VV(gene,3);; Wh:=WW(gene, 3);;
for r in [4..11] do
hxr:=HXR(1,Uh,Vh,Wh,1,3,r-3);
Imlr:=Im(1,1,r);
Append (Imlr, hxr);
Print (r, " ", RankMat (Imlr)-RankMat (Im(1l,1,r)), "\n");

o)

W O ~J o) U1 >~

18
32
42
40
30
16
10 6
11 1

HH H H W H H H O

Moreover, it is direct to check that the elements h},i € [1,7] of H; (M) satisfy the quadratic
relations (6.1.9) defining M?. Indeed, the following code shows that the dimension of the sub-

space generated by B{‘ﬁf together with the elements of the form (6.1.9) with &} instead of h;
coincides with the dimension of B},

gene:=geneMH (1,1,3);;

Uh:=UU(gene, 3) ;; Vh:=VV(gene, 3);; Wh:=WW(gene,3);;
hx:=HXR(1,Uh,Vh,Wh,1,3,1);;

cc:=0«x[1..24];;

cc[l]:=hx[1];; ccl[2]:=hx[2];; cc[3]:=hx[3];; [ =hx[7];; cc[5]:=hx[10];;

1:
cc[6]:=hx[11];; ccl[7]):=hx[14];; cc[8]::hx[16] cl[9]:=hx[18];; cc[10]:=hx[21];;
cc[1l1l]:=hx[23];; ccl[l2]:=hx[24];; cl[13]: —hx[5] hx[17]-hx[26];;
cc[l4]:=hx[8]-hx[20]+hx[29];; cc[15] =hx[30]-hx[31];; cc[l6]:=hx[4]-hx[22]+hx[33];;
cc[17]:=hx[9]-hx[15]-hx[34];; cc[18]:=hx[25]+hx[36];; cc[19]:=hx[6]+hx[12]+hx[37];;
cc[20]:=hx[35]+hx[38];; cc[21]:=hx[28]+hx[39];; cl[22]:=hx[27]1-hx[40];;
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cc[23]:=hx[32]-hx[41];; cc[24]:=hx[13]+hx[19]+hx[42];;
Imm:=Im(1,1,4);;

RankMat (Imm) ;

# 222

Append (Imm, cc) ;

RankMat (Imm) ;

# 222

Hence, there is a surjective morphism from M?(—4) to the submodule of H; (M) generated
by hj},i € [1,7], which is an isomorphism of graded A-modules since the dimension vector
of M? is also (7,18, 32,42,40, 30, 16,6,1). Namely, there is an injective morphism M?(—4) —
H;(M?") of graded modules. A simple argument using dimensions and grading together with
Table 6.1.4 tells us that the cokernel of this injective morphism is exactly the graded A-module
k(—6) & k(—8), as was to be shown.

We finally show that (6.1.12) is non-split. Let ¢; for i € [1,33] be the basis elements of space
H; 5(M') and p : Hy(M?') — k(—6) & k(—8) the surjection in (6.1.12), satisfying that p(c;) = 0
for i € [1,32], and p(c33) = ey, where e; is the identity element of k(—6). The short exact
sequence (6.1.12) is split if and only if there exists a morphism s : k(—6) & k(—8) — Hy (M)
of graded A-modules such that the composition ps is the identity map. Assume there is such
amap s. Let m = s(e;) € Hy 5(M?'). Then m is of the form Z =1 Aic; + ca3 for \; € k, and
m.x = s(e1).x = s(er.x) = s(0) =0forall z € A;. In particular, Zi:l AiCiT1,2 + c33x1,2 = 0 for
some \; € k, i.e. c33x1 2 is a linear combination of ¢;x1 2 for ¢ € [1,32]. Using GAF, we choose
suitable representative elements ¢ € D{Vf; of ¢; for i € [1,33], and get that the dimension of the
space spanned by ¢z » for i € [1,33] and elements in B{V[Gl, is strictly larger than the dimension

of the space spanned by ¢}z » fori € [1,32] and elements in B} 6 , as the following code shows.

gene:=geneMH (1,1,3);;

Uh:=UU(gene, 3) ;; Vh:=VV(gene,3);; Wh:=WW(gene,3);;
hx:=HXR(1,Uh,Vh,Wh,1,3,2);;

hxx:=0x[1..33];;

hxx[1]:=hx[14];; hxx[2]:=hx[15];; hxx[3]:=hx[16];; hxx[4]:=hx[17];; hxx[5]:=hx[18];;
hxx[6]:=hx[19];; hxx[7]:=hx[25];; hxx[8]::hx[26],; hxx[9]:=hx[27];; hxx[10]:=hx[29];;
hxx[11]:=hx[31];; hxx[12]:=hx[32];; hxx[13]:=hx[39];; hxx[14]:=hx[40];;

hxx[15]: —hx[41],, hxx[16] :=hx[42]; hxx[17] :=hx[50];; hxx[18]:=hx[51];;

hxx[19] :=hx[58];; hxx[20]: —hx[59],; hxx[21]::hx[60],, hxx[22] :=hx[61];;

hxx[23]: —hx[65],, hxx[24] :=hx[67];; hxx[25]:=hx[77];; hxx[26]:=hx[78];;

hxx[27] :=hx[79];; hxx[28]:=hx[80];; hxx[29]::hx[88],, hxx[30] :=hx[89];;

hxx[31]: —hx[9l],, hxx[32]:=hx[93];; hxx[33]:=Ker(1,1,5)[76];;

Imm:=Im(1,1,5);;
RankMat (Imm) ;

# 333

Append (Imm, hxx);
RankMat (Imm) ;

# 366
gene:=hxx;;
Uh:=UU(gene, 5);; Vh:=VV(gene,5);; Wh:=WW(gene,5);;

cc:=HXR(1,Uh,Vh,Wh,1,5,1);;

ccl2:=0*«[1..32];;

for 1 in [1..32] do
ccl2[i]:=cc[6%x1-5];

od;

Imm:=Im(1,1,6);;

RankMat (Imm) ;

# 402

Append (Imm, ccl2);

RankMat (Imm) ;

# 422

Append (Imm, [cc[6%33-5]11);

RankMat (Imm) ;

# 423

This shows that c33x1 2 # 0, and it is not a linear combination of c;x1 o for ¢ € [1,32], which is a
contradiction. So, (6.1.12) is non-split. O

Lemma 6.1.8. We have the isomorphisms Hy(M?) =2 k(—4) & k(—6), Ho(M?) = M (—6) and
H3(M?) = M?(—6) of graded A-modules.
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Proof. A simple argument using dimension and grading together with Table 6.1.5 gives the
isomoprhism H; (M?) 2 k(—4) & k(—6).

We prove that the space Hy(M?) is a quadratic module, which is isomorphic to M*(—6). The
following GAP code shows that the dimension vector of the submodule of Hy(M?) generated
by two basis elements a,a4 of Ho 4(M?) is (2,6,11,12,11,6,2). So, Ho(M?) is generated by the
two elements as an A-module.

Imm:=Im(2,2,4);;
RankMat (Imm) ;
# 1474
gene:=geneMH (2,2,4) ;;
Append (Imm, gene) ;
RankMat (Imm) ;
# 1476
Uh:=UU(gene,4);; Vh:=VV(gene, 4);; Wh:=WW(gene, 4);;
for r in [5..10] do
hxr:=HXR(2,Uh,Vh,Wh,2,4,r-4);
Im2r:=Im(2,2,r);
Append (Im2r, hxr);
Print (r, " ", RankMat (Im2r)-RankMat (Im(2,2,r)), "\n");

4= # # W % W O
= O 0 J oy U1~
[

N

02

Furthermore, it is direct to check that the generators af,a}; of Ha(M?) satisfy the quadratic rela-
tions (6.1.8) defining M. Indeed, the following code shows that the dimension of the subspace
generated by Bé‘?; together with the elements of the form (6.1.8) with a! instead of a; coincides
with the dimension of Béw,;.

gene:=geneMH (2,2,4);;

Uh:=UU(gene, 4);; Vh:=VV(gene, 4);; Wh:=WW (gene,4);;
hx:=HXR(2,Uh,Vh,Wh,2,4,1);;

cc:=0x[1..61;;

cc[l]:=hx[1]+hx[7];; ccl[2]:=hx[2];; cc[3]:=hx[5];; ccl[4]:=hx[6]+hx[12];;
cc[5]:=hx[9];; ccl[6]:=hx[10];;

Imm:=Im(2,2,5);;

RankMat (Imm) ;

# 2244

Append (Imm, cc) ;

RankMat (Imm) ;

# 2244

Hence, there is a surjective morphism M!(—6) — Hy(M?) of graded A-modules. Since the
dimension vector of M! is (2,6,11,12,11,6,2), we have Hy(M?) = M'(—6) as graded A-modules,
as claimed.

Next, we prove that the space H3(M?) is also a quadratic module, which is isomorphic to
M3(—6). The following code shows that the dimension vector of the submodule of H3(M?)
generated by basis elements ¢},i € [1,8] of Hs 5(M?) is (8,24,48,72,80,72,48,24,8). So, H3(M?) is
generated by the eight elements ¢;,i € [1,8] as an A-module.

Imm:=Im(2,3,3);;
RankMat (Imm) ;
# 786
gene:=geneMH (2,3, 3) ;;
Append (Imm, gene) ;
RankMat (Imm) ;
# 794
Uh:=UU(gene, 3) ;; Vh:=VV(gene, 3);; Wh:=WW(gene,3);;
for r in [4..11] do
hxr:=HXR(2,Uh,Vh,Wh,3,3,r-3);
Im3r:=Im(2,3,r);
Append (Im3r, hxr);
Print (r, "™ ", RankMat (Im3r)-RankMat (Im(2,3,r)), "\n");
od;
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24
48
72
80
72
48
10 24
11 8

W 0 J o U1

H = H o 3 I

Moreover, it is direct to check that the generators e}, € [1,8] of H3(M?) satisfy the quadratic
relations (6.1.10). Indeed, the following code shows that the dimension of the subspace gener-
ated by Bé‘f together with the elements of the form (6.1.10) with e} instead of e; coincides with

. . 2
the dimension of B, .

gene:=geneMH (2, 3,3);;

Uh:=UU(gene, 3) ;; Vh:=VV(gene, 3);; Wh:=WW(gene,3);;
hx:=HXR(2,Uh,Vh,Wh,3,3,1);;

cc:=0«x[1..24];;

cc[l]:=hx[1]+hx[12];; cc[2]:=hx[6]-hx[7];; cc[3]:=hx[13]-hx[24];;

ccl[4] :=hx[18]+hx[19];; cc[5]:=hx[20]+hx[11];; cc[6]:=hx[23]-hx[8];;
cc[7]:=hx[14]+hx[5];; cc[8]:=hx[17]-hx[2];; cc[9]:=hx[3]-hx[22];;
cc[10]:=hx[4]+hx[21];; cc[l1l]:=hx[15]-hx[10];; cc[l2]:=hx[16]+hx[9];;
c[13]:=hx[25];; cc[1l4]:=hx[26];; cc[15]:=hx[27];; cc[l6]:=hx[31];; cc[l7]:=hx[34];;
cc[18] :=hx[35];; cc[19]:=hx[38];; cc[20]:=hx[40];; cc[21]:=hx[42];; cc[22]:=hx[45];;
cc[23]:=hx[47];; ccl[24]:=hx[48];;

Imm:=Im(2,3,4);;
RankMat (Imm) ;

# 1566

Append (Imm, cc) ;
RankMat (Imm) ;

# 1566

Hence, there is a surjective morphism M3(—6) — H3(M?) of graded A-modules. Since the
dimension vector of M3 is (8,24,48,72,80,72,48,24,8), we have H3(M?) = M3(—6) as graded
A-modules, as claimed.

Lemma 6.1.9. We have H3(M?) = M?3(—6) of graded A-modules.

Proof. The following GAP code shows that the dimension vector of the submodule of H3(M?)
generated by basis elements €/, i € [1,8] of Hs 3(M?) is (8,24,48,72,80,72,48,24,8). So, H3(M?3)
is generated by the eight elements as an A-module.

Imm:=Im(3,3,3);;
RankMat (Imm) ;
# 672
gene:=geneMH (3,3, 3) ;;
Append (Imm, gene) ;
RankMat (Imm) ;
# 680
Uh:=UU (gene, 3);; Vh:=VV(gene, 3);; Wh:=WW(gene, 3);;
for r in [4..11] do
hxr:=HXR (3, Uh,Vh,Wh, 3,3,r-3);
Im3r:=Im(3,3,r);
Append (Im3r, hxr);
Print (r, " ", RankMat (Im3r)-RankMat (Im(3,3,r)), "\n");

[o}

O O ~J o U1 >~

24
48
72
80
72
48
10 24
11 8

HH o H H H O

Furthermore, it is direct to check that the generators e/, i € [1,8] of H3(M?) satisfy the quadratic
relations (6.1.10). Indeed, the following code shows that the dimension of the subspace gener-

ated by Bé\ff together with the elements of the form (6.1.10) with e instead of e; coincides with
the dimension of BJY,’.
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gene:=geneMH (3,3,3);;

Uh:=UU (gene, 3) ;; Vh:=VV(gene, 3);; Wh:=WW(gene, 3);;
hx:=HXR(3,Uh,Vh,Wh,3,3,1);;

cc:=0«%[1..241;;

ccl[l]:=hx[1]+hx[12];; cc[2]:=hx[6]-hx[7];; cc[3]:=hx[13]-hx[24

1ii
ccl[4] :=hx[18]+hx[19];; cc[5]:=hx[20]+hx[11];; cc[6]:=hx[23]-hx[8];;
cc[7]:=hx[14]+hx[5];; cc[8]:=hx[17]-hx[2];; cc[9]:=hx[3]-hx[22];;
cc[1l0]:=hx[4]+hx[21];; cc[ll]:=hx[15]-hx[10];; ccl[l2]:=hx[16]+hx[9];;
cc[13]:=hx[25];; ccl[l4]:=hx[26];; cc[15]:=hx[27];; cc[l6]:=hx[31];; cc[l1l7]:=hx[34];;
cc[18]:=hx[35];; cc[19]:=hx[38];; cc[20]:=hx[40];; cc[21]:=hx[42];; cc[22]:=hx[45];;
cc[23]1:=hx[47];; ccl[24]:=hx[48];;

Imm:=Im(3,3,4);;
RankMat (Imm) ;

# 1344

Append (Imm, cc) ;
RankMat (Imm) ;

# 1344

Hence, we see that there is a surjective morphism M3(—6) — H3(M?) of graded A-modules.
Since the dimension vector of M? is (8,24,48,72,80,72,48,24,8), we have H3(M?) = M?3(—6) as
graded A-modules, as claimed. O

6.1.2.2 Homology of the Koszul complex of the trivial module

In this subsubsection, we will compute the homology of the Koszul complex of the trivial mod-
ule.

Proposition 6.1.10. For n > 5, the dimension of By, ., is given by

0, ifm =0,
3n + 30, ifm=1,
15n + 147, ifm =2,
42n + 408, ifm=3,
84n+810,  ifm =4,
129n + 1236, ifm =5,
dim By, p, = { 159n + 1515, if m =6, (6.1.14)
159n + 1506, ifm =7,
129 + 1215, ifm =8,
84n + 786, ifm=9,
42n + 390, if m = 10,
15n + 138, ifm =11,
3n + 27, ifm=12.

Corollary 6.1.11. We have dim H,, = 0 for n € N\ {3,4,5}. Moreover, the dimension of Hy, ,, for
n = 0,3,4,5 and m € [0,12] is given in Table 6.1.3.

Proof. By dim D,, , = dim K, ,, — dim B,,_1 41, Proposition 6.1.10, together with Table 6.1.1
and 6.1.2, we have dim D,, ,,, = dim B,, ,,, for n € N\ {3,4,5} and m € [0,12]. Then the corollary
holds. O

In order to prove Proposition 6.1.10, we need some preparatory results. Let 6,, = U; j)e.q, 657,
where N
L7 = {2, 2F" | (k1) € F such that #{i,j,k,l} = 4,7 € [0,n]} C B

n—r-r

for (i,j) € Jy and n € N, and let U,, = B! \ B, for n € N. Note that the pair (k) € .F
is uniquely determined in the definition of €}7. Given m,n € N, let C,, ,,, be the subspace
of k8,, ® A, spanned by {dn1(z]z) | 2 € €ny1,2 € A1}, O, be the subspace of C, 1,
spanned by {d,+1(z|z) | z € C@;’il, x € A1} for (i,5) € F, and Uy, ,,, be the subspace of B,, ,,
spanned by {d,,+1(z|z) | 2 € Un41,2 € Apm_1}.
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FiXiI‘Ig the order T12 < T34 <X T1,3 X T23 X T14 < To4 (resp., T1,3 < T24 <X T12 < T3 <
T14 < T34, Ta3 < T14 < T12 < T1,3 < T24 < Z34), the corresponding basis of A consisting
of standard words will be denoted by W2 (resp., W3, W23). It can be explicitly Computed
using GAP (see Appendix A.3 for W'2). For (i,j) € F4, let (k) € F such that #{i,j,k,l} =4,
set WiJ = Wi N A,,. Set E.J as the subset of W/ containing elements whose first element
is not x; j, and set E'J as the subset of W”J containing elements whose first element is neither

m

x5 nor xp,. Let ai) = #E%1 and b%/ = #E%57 for m € [0,11]. The integers a’/ and b%J are

easily computed from the explicit description of the bases W7, they are independent of ( J)
so they will be denoted simply by a,, and b,,,, respectively, and are given in Table 6.1.7.

m 2 3 4 o5 6 7 8 9 10 11

0 1
A 1 5 14 28 43 53 53 43 28 14 b 1
b, 1 4 10 18 25 28 25 18 10 4 1 0

Table 6.1.7: Values of a,, and b,,,.

Lemma 6.1.12. We have Cyy,;n = @, jyc.5, O and the dimension of Cy,%,, is given by

n+2, ifm=1,
5n+9, ifm=2,
ldn + 24, ifm =3,
28n 446, ifm =4,
43n 468, ifm =5,
53n + 81, ifm =6,
53n 478, ifm="7",
43n 461, ifm =35,
28n+38, ifm=29,
l4n +18, ifm = 10,
5n + 6, ifm =11,
n+1, ifm=12,

: ij
dim Cy7, =

forall (i,j) € Jy and n € N. Else dim C};7,, = 0

Proof Given (i,j) € %, fix (k1) € . such that #{i,j,k,l} = 4. Then, the maps kE"/ |

A, and kE | — A,, given by left multiplication by x; ; and by left multiplication by Tl

respectlvely, are 1n]ectlve form € [[1 12]] Hence, using (6.1.6), we see that the set formed by the

elements (—1)"2%7 25t az;. 7x+zn 12t |zgae, for x € BV | and r € [0,n], together with the
elements 25|z, 1y for y € B}/ | gives a basis of C%/, . Then, dim C%7 = ap—1(n + 1) + by,

which together with Table 6.1.7 proves the claim. O

Lemma 6.1.13. We have dim U,, ,,, = dim U, 42,4, and dim(Uy, p, N Cy ) = dIm(Up12.m N Crit2.m)
forn > 5and m € [1,12].

Proof. Forn > 5, set

ij gkl ij o gkl
und = g zpl, .zt and o)t = zpl 2t

rel,n—1], rel,n—1],
r odd T even

for (i,5) € F1, (k1) € F, #{i,j,k,l} = 4, and
Q= Un U{z | (i5) € I} U {ui? op7 | (i) € T} € (AL)"

Let U%7 be the subset of U, consisting of elements whose first element is 27 for (i,j) € F.
There is an isomorphism f, : kQ, — kQ - of vector spaces deflned by fn( ) = 2472 for
z € U and (i,)) € Fu, fulul?) = ul?y, fu(vid) = vn+2, and fn(257) = 2,4, for (i,j) € J.
Then, the map g, = . ® idA k@, ® A — k®n+2 ® Aisa hnear 1somorphlsm. By (6.1.7),
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Un.m C kQ,, ® Ay, and g, (Up,m) = Unt2,m, giving an isomorphism U,, ,, = U,42 ., of vector
spaces for n > 5 and m € [1,12]. This proves the first part of the lemma.

Set Frm = (kQn @ Ap) N Crym and define Li7, = k{z57 28! uii vii} ® Ay, as the sub-
space of k8,7 @ A, where (i,j) € J1, (k) € F with #{i,j,k,l} = 4. Tt is clear that F, ,, =
s,y (Uit 0 Cit). Fix (i,7) € Ju, (k1) € F with #{i,jkl} = 4. Let & € C3,.. Then £
is of the form

Ei’j: Z ?”I{ T ;Jr r |I2Jz+zn r+1zr 1|l’kll'}+ Z Ny kl| kly

T e (6.1.15)
for Ay q,py € k. If €7 € L7 then £ is of the form
¢ = Z (w2 Jw + Buwzy ! |[w + ywuy? |w + vy [w) (6.1.16)

weW,?
for oy, Buw, Yw, Nw € k. Comparing the coefficients in (6.1.15) and (6.1.16), we obtain
azi’jw = )\0 oy gy gy = >\1,y7 B:L’le = (_1)n)\n,m7 Bmk,Ly = My,
Yei ;o = —Apa for p € [1,n — 1] with p odd,
Yewry = Mg,y fOr ¢ € [2,n] with g even,
Nz, ;o = A fOr ¢ € [2,n — 1] with g even,
Nay1y = Ap,y for p € [3,n] with p odd,

where 2 € E); | and y € E} |. Hence, if n is even, the space L}, N C%J is spanned by

. - A, o ik ) Iy
@i g, (v g =i | + 27 e g)a for @ € Byl y, 28 \away, (ul o + 057 [ g + 2 i)y
fory € EX7 |, vibi|a; jw and 2otz jw forw e EL |\ Ew 1~ If nis odd, the space L3, N Cli,
is spanned by 2 |, (uy Hapy + vii|z; j)x for & € BN |, 25 Wy, (il leey — | +

2wy — 282 )y fory € BY | ubd |z, jwand 28 |2 jw forw € EXY \ E7 . We finally note
that Un,mﬂCn,m = Un,mﬂFn,m and g, (F, ;) = Fiy2.m. Hence, n,mﬂCn,m 2 Upt2.mNCniam
as vector spaces. This proves the second part of the lemma. O

Proof of Proposition 6.1.10. By Table 6.1.1, we obtain that (6.1.14) holds for (n,m) € [5,6] x [0,12].
On the other hand, by Lemma 6.1.13, we get that dim Bj,42,, — dim B, ,, = dimCp42.m —
dim C,, , for n > 5 and m € [1,12]. The statement then follows. O

Moreover, using GAP, the dimension of U,, ,, for n > 3 and m € [1, 12] is given by Table 6.1.8.

n m | 1 2 3 4 5 6 7 8 9 10 11 12

3 23 138 422 896 1428 1800 1815 1468 947 466 162 30
n>4withneven | 24 136 408 850 1344 1690 1716 1406 924 466 168 34
n>bwithnodd | 24 144 434 912 1452 1836 1872 1536 1008 504 180 36

Table 6.1.8: Dimension of U,, .

Remark 6.1.14. By Lemima 6.1.12, the subcomplex k6,, ® A of K, is exact for n > 2

6.1.2.3 Homology of the Koszul complex of M*

In this subsubsection, we compute H,,(M?!) for all n € Nj.

Recall that M* = (W @ A)/(I), where W is the 2-dimensional vector space spanned by a;,as,
and I is the subspace of W ®V spanned by (6.1.8). The quadratic dual (M!)' = @®,en, (M1, =
(U ® A"Y)/(J) of M! is an A'-module, where U is the 2-dimensional vector space spanned by
b1,ba (for {b1,b2} the dual basis to {a1,az2}), and J is the subspace of U ® V* spanned by

{b1y1,2 — bay1,2, bay1 3, 01Y2,3, b1y1,4, b2y, 4, 01Y3,4 — bayz 4} (6.1.17)
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Lemma 6.1.15. Recall that B' = U,,en, B!, is the basis of A'. Let u,v € B' and

Y12 = {+yihys’lrre € Not, Yis = {Fy15y0% 1,2 € Nob, Yoz = {£yssy1%|m1,m2 € No}
(6.1.18)
Ifwv €Y, for (i,5) € Ju, then uv € Y; ;.

Proof. We will prove the lemma by induction on the degree of v. Letu € %!, and v € %!,
for m,n € Ny. Obviously, the lemma holds for n = 0 and m € Ny. Assume that v = v’y for
y € {ys.l(s,t) € F} and v' € B!,_,. Note that uv’ = +c, where c € B! 1- By Tables A.1.1

m+n—
- A.1.7 together with (6.1.2) and (6.1.3), cy € Y; ; implies that ¢,y € Y; ;. Then, by induction
hypothesis we get that u,v" € Y; ;. In consequence, v = v’y € Y; ;, as was to be shown. O

Lemma 6.1.16. Set T\, = {b1yf oys 2", biy¥ syb 5" bayh syt 3" | k € [0,n]} C (MM)",, for n € N.
Note that T,, has cardinal 3(n + 1) for n € N, and cardinal 2 for n = 0, since Ty = {b1,b2}. Then, T,
is a basis of the space (M*)"_,, for n € Ny,.

—n

Proof. Note that the space (M*')", is spanned by {b1y,bay | y € %!} for n € Ny. It is easy to
check that

bjyray1,3 = Xmb1Y2'3Y1,3 — Xm+1b193391,2 = 0,
bjyi'ay2,3 = Xmbayi'3Y2,3 — Xm+1b2yi3y1,2 = 0,
biyay1,4 = Xmbays'4¥1,4 — Xmr1baysyy1,2 = 0,
biyi'2y2,4 = Xmb1y1 4y2,4 — Xm+101Y7"491,2 = 0,
b1y1"3Y1,4 = Xmb1Y5'4Y1,4 + Xm+1019774Y3,4 = Xmb2y54y1,4 + Xm+101974Y3,4
= Xmb2¥13Y1,4 + Xm+101974Y3.4 = 0,
b1y1'3Y3,4 = Xmb1Y14¥3.4 — Xm+10191"4y1,3 = 0,
bay3'3Y2,4 = Xmbays 42,4 + Xm+102954Y3.4 = Xmb1Y54Y2.4 + Xm+102Y54Y3.4
= Xmb1¥5'3Y2,4 + Xm+1b2y34y3.4 = 0,
bays'3Y3.4 = Xmb2ys4Y3.4 — Xm+1b2y5 4y2,3 = 0,
for j € [1,2] and m € N. Together with (6.1.17), we get that the space (M*)',, is spanned by T},
for n € Nj.

It is clear that Tj is linearly independent. Next, we prove that the elements in T;, are linearly
independent for n € N. Suppose that

S abiyfous Y Bebikaur 4+ Y wbayb it =0
kel0,n] ke[o,n] kelo,n]

in (M*)", where ay,8:,7 € k for k € [0,n]. Then

—_ns

Z arbiyt o5 3" + Z Brbiy zy5 3" + Z bayh sy1y"

kel[o,n] ke[0,n] kel[o,n]
= Z Mu(b1y1,2 — bayr 2)u + Z A2,ub2y1 3u + Z A3,ub1y2 3u
uERB, | uER!, | u€RB |
+ Y Mwbinaut Y Asubazau+ Y Aew(brysa —baysa)u € U A’
uEB!, _, uEB!, _, uEB!, _,

where \; ,, € k fori € [1,6] and u € B!,_;. So,

Z ’kaQZ/ggnyk = - Z A1,uboy1 2u + Z A2,ub2y1 31 + Z As,ub2y2 4u
ke[0,n] u€R! | u€R! | u€R!
' ' (6.1.19)
— > doubsgsauekibl @A = A
uER!

n—1
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and

Z akbly’fgyg;k—k Z 5kb1ylf,3yg,1k

ke[o,n] ke[0,n]
Z AMubiyrpu+ Z A3,ubryz,su + Z Aubryrau + Z A6,ub1ysau (6.1.20)
u€973'n 1 u€973’n 1 ue%'n 1 ue%n 1
ckibh} oA = A\
Lemma 6.1.15 and (6.1.19) imply that
Z WYY s = Z Aluy,2u + Z A6,uyz,att =0
ke[0,n] u€RB, | NY1,2 u€SRB!,_ NY7 2

in A', whereas Lemma 6.1.15 and (6.1.20) imply that

Z Yt 2y " = Z AMul,2u + Z A6,uY3,4U, Z Bryt sy s =0

kefo,n] uERB!, _ NY1,2 uERB!, _ NY12 kelo,n]

n—1

in A'. Hence, oy, = B = v = 0 for k € [0,n]. The lemma is thus proved. O

Given n € N, we will denote by T, = {z* | = € T,} the dual basis of T,,. Note that the
differential dy (M") : Ky (M) — Ko(M?) is given by

(b1y1,2)* |1+ bI|w1 2 + b3|x1 2, (D1y1,3)" |1 = bT|213, (biyea)™[1 > bT|T2.4,

(b1ys,a)"|1 = b]|xs,4 + b3|x3 4, (b2y2,3)" |1 = b3|xa 3, (bay1,4)" |1 = b3|x1 4,
where byy; ; € Ty and (bsy; j)* € Ty is the dual element of b,y; ;. The differential d,,(M") :
K, (M') = K,,—1(M*) for n > 2is given by

n—r, r—1

(bsyi'5 "y ) L= (=) 05yl i) g + (05075 vk ) s
where s € [1,2], r € [0,n], (4,§) € Fu, (k1) € F with #{i,j,kl} = 4, bsy;";"y;, € T, and
€ (M1Y)',)* € T* is the dual element of x € T,, C (M*)"
Proposition 6.1.17. We have dim H,,(M?') = 0 for integers n > 2.

Proof. 1t is clear that there is an isomorphism ((M1!)" )* ® A — k€, ® A of chain complex

of graded A-modules given by (bsy;'; vy ;)" |z — zb7 2Kz, where 2 € A and n € N. So,

dim BY | = dim C,,,,,, for m € [0,12] and n € N, where dim C,, ,,, is given by Lemma 6.1.12. The
result now follows from the fact that the Koszul complex K, (M) is isomorphic to the complex
k6. @ A for e € N and Remark 6.1.14. O

Corollary 6.1.18. The dimension of B2, " forn € Ny and m € [0,12] is given by

~m | 0 1 2 3 4 5 6 7 8 9 10 11 12
n=0 |0 6 27 72 131 186 210 192 142 84 38 12 2
neN |0 3n+6 15n+27 420472 84n+138 129n+204 159n+243 159n+234 1290 +183 8dn+114 42n+454 1on+18 3n+3

Table 6.1.9: Dimension of Bﬁ/[;

Proof. The last row of Table 6.1.9 follows from Lemma 6.1.12, since dim Bn m = dimC,, ,, for
n € Nandm € [[0 12], as explained in the proof of Proposition 6.1.17. For the remaining case,

note that dim B?, = dim D, = dim(((M")})* ® A,) — dim Hy s = 2dim Ay, — dim Ha pia
for m € [0, 12]. The result now follows. O

Corollary 6.1.19. The dimension of D}’ for m € [0,12] is given by

m 0 1 2 3 4 5 6 7 8 9 10 11 12
dimD{V[;L 0 9 42 121 240 366 444 434 342 214 102 34 6

Table 6.1.10: Dimension of Dﬂf;.

Hence, the dimension of Hy ,, (M*) for m € [0,12] is exactly given in Table 6.1.4, by dim Hy ,,, (M) =
dim D{V[;L — dim B{Wmll. In particular, dim Hy (M) = 194.
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Proof. The result follows directly from dim D{”nll = dim(((MY)" ))* ® A,,) — dim Bé‘f’,; 41 =
6 dim A,, — dim Bé‘fnlﬁl for m € [0, 12], together with Corollary 6.1.18. O

6.1.2.4 Homology of the Koszul complex of 12

In this subsubsection, we show that H,,(M?) = 0 for n > 4.

Recall the definition of the quadratic module M? given in Subsection 6.1.2. Let {g; | i € [1,7]}
be the dual basis to the basis {h; | i € [1,7]} of the space of generators of M?. Then, it is easy to
see that the A'-module (M?)' is generated by g;,i € [1,7], subject to the following 18 relations

91Y3.4 — 92Y3,4,93Y1,2 — 9aY1,2, 95Y1,2 — 96Y3,4, 95Y3.4 + 96Y1,2, 91Y3,.4 — 97Y1,2, 93Y1,2 — 97Y3 4,
91Y2,4 + 93Y2.4, 92Y1,3 + 94Y1.3, 96¥Y1,3 + 97Y2,4, 96Y2,4 — 97Y1,3, 91Y2,4 + 95Y1,3, 92Y1,3 — G5Y2.4,

91Y1,4 + 94Y1.4, 92Y2,3 + g3Y2.3, 95Y2,3 + g7rY1,4, 95Y1,4 — 97Y2,3, 91Y1.,4 — 96Y2,3, 92Y2.3 + J6Y1,4-
(6.1.21)

Using GAP we get the basis of (M?)", for n € [0,3] given in Appendix A.5. Let U;M * be the
subset of (M?2)", consisting of the following 24 elements

912 s 1yl s Y2, 1T U 1YY S Y. 1T 2 YT 5 1YL D Y 3Y1 40 1YY S Y1 3Y2.4s
gly?,52y1,3y3,4, gly?,§2y2,3y1,4, 91%522/2,3?/2,4, gly?,§2y2,3y3,4, glnyQy%A, glyﬁf’yigygﬁl,
912 13U 40 9108 5 Y2,3YE 45 92012 UL, 9201 S Yoas 92U 2R 4 93YT s WL as 93T S s 4
93?/?,52?/%,47 g4y£ﬁ§1y2,4, g4y;i§1ys,4, 949375295’47

(6.1.22)

and €M the subset of (M?2)", consisting of the following 3n + 21 elements

_r 1 -1
G1YT 2, D1YT 2 Y5 4, G1Y305 92YT 25 G3Y1,2Y5 4 5 G3Y3 45 G4Y5 45 95Y1 25 95Y1 2 Y345
- -1 -1
91YT 3, 91Y1 3 Y 45 9193 4> G2Y1,3Y5 4 5 92Y5 45 93Y1 3> 94Y2 45 96Y1 35 96Y1 3 Y2.45 (6.1.23)

91U 55 91955 YL 40 G1YT 45 92Y2,3Y1 4 5 92U a5 G3YT 40 G4V 3. G5Y5 3. 95U 3 Y14,
where r € [1,n — 1] and n > 4.

Lemma 6.1.20. The set TM" = ULM* UGLM is a basis of (M?)",, for n > 4. Moreover, dim(M?)}) =
7, dim(M?)" | = 24, dim(M?)' , = 43 and dim(M?)"_,, = 3n + 45 for n > 3.

Proof. We will prove that the set T is a basis of (M?2)"_,, for n > 4. Firstly, using GAP, T2 is
a basis of (M?)",, for n € [4,7]. Note that the space (M?)" , is spanned by {g;y | i € [1,7],y €
!} for n € Ny. Moreover, the following identities are straightforward to verify and are left to
the reader:

g1y?,53yi3y1,4 = glyfggyl,zlyig = fxnglyé‘;gyl,zyig + Xn+191y3,23y1,4yi3

= XnG5Y13Y5 5 Y12UT.s — Xnt195Y1,3Y5 4 Y14V s = —g5Y5 22,395 4

= —g6Y3.aYi 2Y2.3Y5 4 = G6Y2,3Y5 oYs 0" = 1YLVt 2V = 1yt 2 VL4,
QLS S sYoa = TS Y24t s = —Xn Q1YL 4 Y1.2UT 3 + Xt 9101 4 Y2,4Y

= —Xng6y2,3yf24y1,2y%3 + Xn+1g6y2,3yfl4y2,4yi3
= Xng6y;f,2y1,3yf24 - Xn+196yf§2y1,3y1,4
= —XnG5Y3,4YT0Y1,3Y1 2" + Xn4195Ys.4YT 2 Y13V 4
= XnG5Y13Y5 21 a" — Xn+105Y1,3Y1,4Y1 2 Y14
_ 2 n—3 n—3 _ n—1
= —Xn91Y2,4Y1 2¥14" T Xn+191Y2,4Y1,4Y12 Y1,4 = 1Y12 Y2.4
glyfglym = —Xngly:?,llyl,g + Xn-&-lgly:?;lylA = —xng7y1,2y§ﬁ22y1,3 + Xn+1g7y1,2y§§2y1,4

2 . n—3 -3
= —Xn97Y14Y1 2 Y13 + Xn+197Y2,3Y1,2Y3 1Y
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= xng5y2,3y1,4yf§3y1,3 + Xn+195y1,4y1,2y3,4yf§3

n—1 _
91Y1,3 Y34 =

= Xng7Y2,4Y1201 3" + Xnt197Y5 391 2"

n—1
91Y2.3 Y2,4

n—1
91Y2.3 Y34 =

9201 3

—XnG5Yi 3Y1,2Y2.4Y1 5" — Xn4195Y1,3Y1,4Y1 5"

Xn91Y2,4Y1,3Y1,2Y2,491 5" + Xn4101Y2,491,457 5

XnG1Y1 2 Y1314 + Xn+1glyf§1y1,4,

—Xn91y3,4yl,4y7f,§2 + Xn+1gly3,4y?,§1 = _Xng7yl,2y1,4y?,§2 + Xn+197y1,2yf§1

—Xn96yl,3y1,2yf§2 + Xn+196y2,4yl,3y?,§2

—Xng6Ys 3U15" + Xn+196Y2,3Y1,3Y1.4Y1 5"

—XnG1Y1,4Y3 391 5" + Xnt19151,4Y1,3Y1,4Y1 2"

Xngly?,52y1,3y3,4 + Xn+191yf§3yi3ys,4,

91Y2,4Y5 0 = —g5Y1,3Y5 s = XngsY14YLs — Xnt195Y5 4V 5

Xng7y2,3y?,§1 - Xn+lg792,3y1,4y?32 = —Xng7y?,§1y2,3 - Xn+1g7y?,§2y2,3y3,4
—XnG1Y3.4Y1 2 Y2.8 — Xn 41913491 2 Y2,3Y3.4

XnG1Y1 2 Y2,3Y2,4  Xnt 19191 2 Vi 32,4 = XnG101 2 Y2,3Y2.4 + Xnt19191 2 Y2.4,
(=) grysay5 5t = (="M gryr0ys st

—Xn97Y3.4Y1.2Y5 40 + Xni197Y5 4 Y12

= Xn9691,3y2,4y1,2y3713 - Xn+196y1,3y;l712y1,2

= —Xng6y2,3y1,3y1,4y;;3 + Xn+196y2,3yf§2y1,4

—Xn91y1,4y1,3y1,4y§;3 + Xn+1g1y1,4yf§2y1,4

= Xnglyi§2y2,3y3,4 + Xn+1912/f§1y3,4 = Xngly?,§2y2,3y3,4 + Xn+191yf§3yigy3,4,

n—1 _
92Y12 Y1,3 =

n—1 _
92Y12 Y2,3 =

= —XnG1Y3.4Y13Y 2" Xnt 19195 4Y2,37 2> = 91075 Y2307 4

93y%,2

95Y34 =
= Xng5y1,3?12,3y?,52 + Xn+195y1,3yf51 = —xn91y2,4y2,3yf§2 - Xn+1g1y2,4yf§1
= Xnglyi§2y2,3y3,4 - Xn+191yf§1y2,4,

g5yﬁ§1y2,3 =
_ n—1 n—3

= Xn91Y2,4Y1 2 — Xn+191Y2,4Y1,3Y2,3Y1 o

= —Xn1U72 Y14 — Xnt19195 2 Y1,3Y3.4,

= Xn95Y3.4UT 2 Y14 = Xn0sYi 3Y1,4Y2.4YT 5" + Xn+195Y7 391,491 5"

= fxngly2,4y1,3y1,4y2,4yﬁ54 - xn+1g1y2,4y1,3y1,4yf§3

n—1
95Y1,2 Y1,3

n—1
95Y1,2 Y14

n—1
95Y1,2 Y2,4

n—1
95Y2,3 Y2,4

95Y2,4Y1,3 = —05Y1,3Y2,4 = 913/%,47 92y§,3 = —96Y1,4Y2,3 = g6Y2,3Y1,4 = glyizp
—Xn92Y3 3Y15° + Xn+19205 391,31 2"
“XnG1YT Y2391 2" Xn419105 413U 2" = 91072 Y13V 4

—Xn925 sY12° 4 Xn+102U3 Y2391 2"

gTY3.4Y1,2 = —GTY12Y3.4 = —G1Y3 45

—96Y1,2Y3,4 = 96Y3,4Y1,2 = 953/%,27 953/%,4 = grY2,3Y1,4 = —9grY1,4Y2,3 = gsyis,

—XnG5Y1,3Y1 2"+ Xn+195Y5 3Y2,3Y1 2"

Xngly?’EByQ,Sy%A + Xn+191yf§2y2,3y2,4,

2 n—3 2 n—3 2 n—4
Xn95Y3,4Y12 Y2,4 = —Xn95Y1,3Y1,4Y1,2 — Xn+195Y1 3Y1,4Y2,4Y1 2

= XnG1Y2.4Y1,3Y1.4Y1 5" + Xnt1912,4Y1,3Y1,4Y2,4Y7 5"
= —XnG1U1'2 Y13Y14 + Xn 4191912 Y13V 4,

2 -3 2 v —4 2 —4
= 9591,435,3 Y2,4 = Xngsy1,3y2,392,4y;3 - Xn+1g5y1,3y2,3y3,4y§l,3

—XnG1Y2,4Y1,3Y2,3Y2,4Y5 5 T Xn+101Y2.4Y1,3Y2,3Y3,4Y5 5
Xn91U1 2 Y1,3Y3.4 + Xnt19195 2 V1,393 45

9553 Usa = G5UTaY5 5 Y34 = XnG5Y1 8Y2,3Y3.4Y5 5 + Xn+195Y7 3Y3.4Y5 5"
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= —xn91y2,4y1,3y2,3y3,4y£‘,§4 - xn+1glyz,4y1,3y3,4y5,§3
= —XnG1U12 Y1.3Y7 4+ Xnt 19101 2 Y1 32,4,
963 4 = G7Y1.2Y2.4 = —97Y2,4Y1,3 = J6Yi .5,
961/?,51111,4 = —Xng6y3,4yf§1 + Xn+196y1,4yf§1 = —Xn95y1,2yﬁ§1 - Xn+192y2,3yf§1
= —Xng1Y} 2 Y2,3Y5,4 — Xn+19191 2 V2.3V 04,
9613 Usa = —XnG6Y1,4Y1 3"+ Xn+196Y3.4Y15" = Xn2Y2.3Y15 " + Xn+19591,201 5"
= fxngly{’;f‘yz,syizl + Xn+191yf52y2,3y1,47
for n > 5. Using the previous identities together with (6.1.21) we see that the space (M?)",, is
spanned by T for n > 8.

We will next prove that the elements in 7 *forn > 8 are linearly independent. Suppose that
we have the identity

Z a;t; + Z a%’2tg’2+ Z a3’3t3’3+ Z a?’gt?’gz Z /\Zmu,

1€[1,24] i€[1,n+7] 1€[1,n+7] 1€[1,n+7] i € [1,18],

a!
uwERB, 4

(6.1.24)

in k{g;|i € [1,7]} ® A', where t; is the i-th element in (6.1.22) for i € [1,24], t;* is the i-th

element in the first line of (6.1.23), tg’?’ is the i-th element in the second line of (6.1.23), and t?’?’

is the i-th element in the last line of (6.1.23) for i € [1,n + 7], r; is the i-th element in (6.1.21),

and a;,0; 7, )%, a2\ € k. We need to prove that the coefficients ; vanish for all i € [1,24],
1,2

as well as that a%, a}*® and o® vanish for all i € [1,n + 7] . By Lemma 6.1.15, (6.1.24) implies

that
>ooa?tt= Y N,
i€[1,n+7] i€ [1,6], (6125)
wed Ny
Z a; %t = E ALrit,
i€[1,n+7] ie[7,12], (6126)
u € %ln_l NYy 3
2,3,2 i
Z ap 't = E ATt
i€[1,n+7] i € [13,18], (6127)
weB | NYys
and
E : oty = E . Auriut E ALrit + E N riu,
i€[1,24] i € [1,6], i€ [7,12], i€ [13,18], (6.1.28)
weB  \Yio wed! \Y3 wesl | \Yog

in k{gili € [1,7]} ® A'. By (6.1.25), we get a;”> = 0 for i € [1,n + 7]. Indeed, since there is
no gayte, 93Y34, 9ays 4 on the right side of (6.1.25), we get that oz,ll’ig = oy = a5 = 0.
Furthermore, as there is no g4y7'5"y3 4 for n — r € N on the left side of (6.1.25), we see that
A2 =0 foru € B!,_, NY;s Moreover, since there is no g7y% 4 on the left side of (6.1.25), we
obtain that Agn,l = 0. This implies that a),?, = 0 and A% = 0 for u € B},_, N Y} ». Finally, since

3,4
there is no gou and gru for u € %!, on the left side of (6.1.25), we have that Al = \> = 0 for
u € B!,_, NY 5. In consequence, we get a;> = 0 for i € [1,n + 1]. Now, we have that

695yt s+ tr9syi s Ysa = Z or(95Y1,2 — geys,a)u + Z 6.(95y3,4 + goy1,2)u
ref0,n—1] ref0,n—1]

ink{g;li € [1,7]} ® A", where @, = \3,_,_, . and 6, =\ _,_,
Y1,2 Ys3,4 Yi,2

Y3, 3

for r € [0,n — 1]. Hence,
Y3,4

12  n 12 n-1
Q69512 T QY 795Y1 0 Y34

=aogsyfat Y <@r +((=1)"xn + (1)Tlxn+1)ﬁr_1)gsyf5’“y§,4 + Gn19595 4
refl,n—1]

+ Gogeyi 2 + Z <5r + (1) xn + (—1)TXn+1)@r1)962!?,2@34 — n—196Y3 4
refl,n—1]
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in k{g:|i € [1,7]} ® A'. Comparing the coefficients, it is easy to see that a}l’iﬁ =al? 17 = 0and
@y =6, = O for 7 € [0,n — 1]. Similarly, (6.1.26) implies a;"* = 0 for i € [1,n 4 7], and (6.1.27)
implies a>® = 0 for i € [1,n + 7]. By regarding the coeff1c1ents of g; in (6.1.28) for ¢ € [1,7], we
get that (6 1.28) is tantamount to

Z a;ty,

1€[1,15]

E a’L (2

1€[16,18]

93 (1287 + 11 2A° + o s AT f s AT = N aity,
i€[19,21]

E a’b [z

ie22,24]
95 (Y128°% + Y3 a A" + g1 3AM — Yo JA +yp sAT 44y 4 A0) =0,
96 (= Y3,aA° + y1 28" + 41 A7 + 4o 4 A0 — o s AT 4+ yy JATP) =0,
97( = y1,2A° — ys 2 A% + 4o g A? — yy gAY 4y JAT — gy sAT0) =0,

s\, M for j € [1.6], AT =
2“69&’”71\3’2,3 Mu for j € [13,18] and Y; ; is defined in

91 (y3,4A" + Y34 A% + Y2 AT + yo g AT + Y1 JAP 4y AT =

92 (= ysaA' + Y1 3A% + Y1 sA 4o gAY 4y A1) =

(6.1.29)
9a( = Y1207 + Y1 3A% + 41 4 AP) =

in k{g;} ® A' for i € [1,7] respectively, where A =
DR, \Yis Mu for j € [7,12], AT =

(6.1.18). In consequence, we see that the elements in 7/ * are linearly independent if and only
if equation (6.1.29) implies that o;; = 0 for ¢ € [1, 24].

Let

i i 73 i i
apg =Nn_1,a0 = An1,a
07 Typytr 70 vy

re[1,n—2],
T odd

. , . . . .
by = >\ v 1 bj = >\Jn 1 b = § )\jn7177~ b, = E )\Jnflfr
0 ’ 2,4 ol Yi,3 95,47 2 Y13 95,4,
re[l,n—2], rell,n—2],
r odd r even
k k 'k k k § : k k § : k
C :)\n 1,6 = A1, 0) = /\n7177~r Cy = D N r
0 Ya, -0 Y1,4 L Ya.3 YT’ 2 Ya.3 Y1,4 ’
r € [1,n— 2], r e [1,n— 2],

r odd

)\i 1 ai = )\i 1
Z Yra TuEa 2 Z yra TuE s

r € [1,n — 2],
r even

T even

fori € [7,18], j € [1,6]U[13,18] and k € [1,12]. From (6.1.29) as well as the products (6.1.4) and
(6.1.5)in A', we get a system £, of linear equations in the field k, which contains 24 x 7 = 168
linear equations and 24 + 24 x 18 +4 x 12 x 3 = 600 variables a;, M, foru € U.},_,, ab, af, a}, as,

b, bd, b, b, ek, e, ¢k, ck. Moreover, the linear independence of TM (or, equivalently, the fact
that (6.1.29) implies that o; = 0 for i € [1, 24]) is equivalent to the fact that the linear system
E,, implies that a; = 0 for i € [1,24]. Note that E,, has the same form when n increases by 2.

Using GAP, the elements in 7" are linearly independent for n € {8,9}, so the lemma holds for
all integers n > 8. O

Let UM be the dual basis to U4M°, €2 the dual basis to €, and BY" = Uy, j)c.q, €M
where 657M ® is the subset of ‘M ’ consisting of elements of the form (gsy;"; *y; ;)" for (i,j) €

S, (k1) € F with #{i.j,k,l} = 4. Given n,m € N, let CM be the subspace of k8" @ A,
spanned by

{dn-i-l(

CiiM * the subspace of cl M* spanned by

)( |l‘) | z e an+1,l‘ S Am—l}a
{dnir (M) (2]2) | 2 € BL1T

for (i,7) € F1, and U,JLV’I the subspace of B}/

S Am—l}
spanned by
{dpi1(M?)(2]2) | 2 € UM 2 € Ay 1}
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Using the actions listed in Appendix A6, it is direct but lengthy to check that the differential in

the subcomplex k%}zf’le ® A of the Koszul complex is given by

(gt 3" ) 11 = (qayle)® |I1 2,
(197 2y3,4)"[1 = — (1972 Ysa) |z + (9107 0) w54 + (9201 0)" 23,4,

3
(s s ) L e

(=D (91975 v5.0) |12 + (91975 Y520 ) w4 forr € [2,n — 1],

(9191,2054)"[1 = (=1)™"(91952)* 212 + (91512954 7) 23,4,

(g1u5 4 1= (9195.4) w3, + (= 1) (93912055 1) |12,

(92075 L = (9291 5)" |12,
(g3y1.205.4) 11— (=1)"(g395.0) w12 + (= 1)"(9a5.4) w12 + (93912055 ") | w3.4,

(9355 )* 11 = (93y5.4)" 23,4,

(925 51" 11 = (9495 4) |34,

(95973 L (g5y)" |931 2+ (95915 y3,4) 3.4,
(9591 ay3,4) 11— — (9512 ys.a) w12 + (9551 0) 3.4,

for n > 4. Similarly, the differential in k%}i_i’lM ® A is given by

(i) L = (qyts)* |$1 3
(9197 3y2,4)"[1 = — (1973 y2,4)* |13 + (91973) " [v2,4 — (9397 3) 72,4,

(91973 " ys.) e (1) (919157 y5,0) 213 + (1905 Y501 ) w0 forr € [2,n — 1],
(9191,395.0) 11 = (=1)"(q195.4) " [21,3 + (9191,3954 ) 22,4,
(qru5d ) 1= (q1954) w20 — (=1)" (9291395 5 1) |13,
(9291395 4) 11 = (=1)" (9295 4) 21,3 — (—1)" (9495 4) 71,3 + (9291305 5 1) | w2.4,
(9234 )1 = (9295 4)*|2,4,
(93915 1 = (g3yi's) |13,
(9255 ") 11 = (94y5.4)" 22,4,
(6975 * |1 (g6yi's)" |901 3+ (96015 Y2.0)" |24,
(967 3y2,.4) [T = —(9691'5 ' y2,4) " |71,3 + (9691'3) 72,4,

for n > 4, whereas the differential in k%iflM ® A is given by

(s L= (195 5)" |23,
(9195 3y1,4)"[1 = f(g1y§§1y1 1) w23+ (1953) " [v1,4 — (92y3.3) " |T1,4,

1
(1955 7 yr DL (1) (1955 01 0) 223 + (155" "y 0 ) |1 for r € [2,n — 1],

(192,397 )" 11 = (=1)"(q1y1'0) w23 + (9192,391 5 ") 21,4,
(i) 1 = (g1yia) wra — (1) (92923077 ) 22,3,

(9292351 4) 11 = (=1)" (297 0) w23 — (—1)"(gsy} 4) w23 + (92923075 ") 71,4,
(92915 1 = (9291 0) w14,
(93915 11 = (g3y1a) |14,
(gay55)* 11 = (9435 5)" |23,
(9555 DM (95y2.3)" |T2,3 + (g5y§7§1y1,4)*|x174,

(9595 3y1,4) 11 = — (955575 y1.4) w23 + (9595 3) |2 1,4,

forn > 4.

Recall that the sets W7, B and EZJ for (i,5) € %, are defined in the paragraph before Table
6.1.7. For (i,j) € Fu, (k1) € F with #{i,j,k,1} = 4, let E%J be the subset of W/ containing
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elements whose first element is z; ; and second element is not x;;. Let E'"J be the subset of
W} containing elements whose first element is x; ; and the second element is x ;. The left

multiplication of x4, from kE"/ | to kE!"7 is isomorphic. It is easy to check that #(E57 U
E%b1) = a,,, where a,, is given in Table 6.1.7. A basis of C}lzf,;M2 is given by d,,+1(M?)(t;|x) for
ieln+1]U{n+3n+7n+8andz € E? |, dy1(M?)(t;|x) for i € [n + 4,n + 6] and
re B UEN, dn+1(M2)((gly§Il)*|x) forz € B |, wheret; C@if’lMQ is the ¢-th element
in the following sequence

(3D (i s s )" forr € [1,n], (q1ys 4", (92085 ")*, (gsy1.2054)", (9sy5 5 )"

( n+1)*, ( n+1

. ; ) " (6.1.30)
9ay3 s ) (95915 )" (951 2y3,4) ™

Abasis of CL3M” is given by d,, 4.1 (M?)(t;]z) fori € [1,n+1]U{n+5,n+7n+8}andz € EL* |,
o1 (M?)(ti|z) fori € {n+3,n+4n+6}andz € B> | UE)? |, dpi1(M?)((g1y575")*|2) for
~ 2
z e EL® |, wheret; C@}Lf’lM is the i-th element in the following sequence
(91973 (3 "ys0)" for r € [1,n], (g1y5757)*, (9291,395.4)%, (92955, (93915 1)*

(9ay55")*, (96uT5Y)*, (96uT sy2,4)"-

A basis of C’,%zi:sz is given by d,, 1 (M?)(t;|z) fori € [1,n + 1] U [n + 6,n + 8] and z € E>* |,
i1 (M?)(ti|z) fori € [n+3n+5]and x € E2° \UEZ? |, doit (M?)((gry75")*|2) for o € E2°

m—1/ m—17
2
where t; € %ZfiM is the i-th element in the following sequence

(91955 (154! "yl 2)" for r € [1,n], (g1y2,3910)%s (19151, (92915, (93915 1),

atle (o milve (o s (6.1.32)
(9ay551)"5 (9553 1)"s (9545 5y1,4)"

So, dim Cf{f;;th = apm_1(n+ 7) + by_1, where a,, and b,, are given in Table 6.1.7.

Lemma 6.1.21. We have CM — Diijyes Cii! * and the dimension of C:3:M is given by

n,m n,m

n+8, ifm=1,
5n + 39, ifm=2,
14n + 108, ifm =3,
28n + 214, ifm =4,
430+ 326, ifm =5,
53n 4399, ifm =6,
53n 4396, ifm=7,
43n+ 319, ifm =328,
28n 4206, ifm =29,
14n + 102, ifm =10,
5n+36,  ifm=11,
n+7, ifm=12,

. a2
. 2,7,M* __
dim Cpln" =

forall (i,j) € F1 and n > 4. Moreover, if (i,j) € F1, n = 4and m > 13, dim C’;’]',;LMQ =0.

Lemma 6.1.22. We have dim UM, = dim UM, | and dim(UM, nCM) = dim(UM, |, nCMS, )
forn > 4and m € [1,12].

Proof. Let
D DI (70 a7 ) M U S (1 ut TN

refln—1], rel,n— 1],
r odd r even

for (i,5) € F1, (k1) € F with #{i,j,k,l} = 4. Let

Qid = (@M {thim

r € [2n]}) U{up?, v
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for (i,j) € 1, where t23" = (g "y 1) € @M for r € [2,n]. Let

2 ..
@.n - Cu,% U (U(i,j)e‘%@;{])

It is clear that there is an isomorphism §, : k@, — k@, > of vector spaces. Consider thus the
linear isomorphism g,, = f, ® id4 : kQ,, ® A — kQ, 42 ® A. Then U,%Z C k@, ® A,, and
gn(U,i‘f[;) = U,]LVme for n > 4. Hence, U,{L”,i = U%fz,m as vector spaces for n > 4.

Let Fid, = (k@57 ® A,,) N CL3M* for (i,5) € F1. Then

UM A CM = UM A (K@, © Ay) N CME = UM < D F;;gn)
(i,4)€N

To prove that dim (UM, N C’é”;) = dim(U,{b\meL N C,JL”fQ,m), itis sufficient to show that g,,(F}»J,) =

F:Lizm for (i,j) € J1. This follows directly from the next simple facts, whose proof is left to the

reader. If n is even, F}%J, is spanned by the elements

(EB1) (g1y2)* |wi g2, (Wil |ang — uid |2 + (1Y) |wkg + €9 |a)z forx € By,
(B2) ((gry)* lwns + 0™ @i g)y, (05 |2 + uld|ag, + (q1yp)*|2ig)y fory € BT,
(E.3) vid|z; jw, (gly’kﬁl)*|xi)jw forw € Ef;f_l \Efﬁj—y
(Bd) dpos (M2)(t09]2) for (rz) € AW,

whereas, if n is odd, F}}, is spanned by the elements

(0.1) (g1yy)* @i, (usd |y + vi|a; j)x for x € By,

©0.2) ((gryp ) ek + 0w 5)y, (i |erg — ui? | + (91y7) ek + 97 wry — (1Y) 1w 5)y

fory e B,
(0.3) up? |z jw, (gryp,)*|ai jw forw € B\ B,

(04) dy (M?)(t}9]2) for (r.z) € AW,

Here, t}-? (resp., t,-3, t2%) is the r-th element in (6.1.30) (resp., (6.1.31), (6.1.32)), £ = (g2y7'5)",
€9 = —(gsuits)", €% = —(gay85)", n"* = (1) (gsvn2w5 1) 0"* = (=1)" (2m1.50547)",
= (1) (gay,syr s ), AV = ({0434 Tt 8} x B2 U ([n+4,n+6] < (B, UE, 2 ),

AV = ({n4+5n+Tn+8y x EX* YU ({n+3,n+4n+6} x (B2 UEL? ), and A% =

m

([n+ 6,0 +8] x Ep2 ) U([n+3n +5] x (B2 UERE ). N

Recall that BM” (resp., DM, *)is the image (resp., kernel) concentrated in homological degree n

n,m n,m

and internal degree m + n of the Koszul complex of M?.
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Proposition 6.1.23. The dimension of BM." is given by

0, ifm=0,
3n + 48, ifm=1,
15n + 237, ifm=2,
42n + 660, ifm=3,
84n + 1314, ifm =4,
129n + 2010, ifm =5,
dim BM, = { 1590 + 2469, ifm = 6,
159n + 2460, ifm =7,
1290 + 1989, ifm =8,
84n + 1290, ifm =09,
42n + 642,  ifm =10,
15n +228,  ifm=11,
3n + 45, ifm =12,

forn > 3.

Proof. By Lemma 6.1.22, we have dim B%:’lm — dim B%i = dim CfL‘me —dimCM’ forn > 4

n,m

and m € [1,12]. Using GAP we get the value of dim Bﬁ){i forn € [3,5] and m € [1,12]. O

Corollary 6.1.24. We have H,,(M?) = 0 forn > 4.

Proof. The result follows from dim Dﬁ,”; = (3n + 45)dim A,, — dim BM” 1mi1 forn > 4 and
m € [0,12], and dim H,, ,,,(M?2) = dim DM’ — dim BM" O

n,m n,m:*

6.1.2.5 Homology of the Koszul complex of M?

In this subsubsection, we show that H,,(M3) = 0 for n € N\ {3}.

Note first that M? = N & (Se[1,415%) as graded A-modules, where N is the submodule of
M? generated by e;,i € [1,4], and Sj, is the submodule generated by ej.4 for k € [1,4]. Let
{fi |'i € [1,8]} be the dual basis to {e; | i € [1,8]}. It is easy to see that the A'-module (M?)" is
generated by f; for i € [1,8], subject to the following 24 relations

fiyi,e — foysa, frysa + foyr2, fayr,2 + fays.a, f3ys a — fayr,2, fayi3 — foy2,a, fayea + foyr 3,
f3y1,3 — f1y2.4, f3y2,4 + f1y1,3, f1y2,3 + fay1,a, fry1.a — faye.3, f3y2,3 + foyi4, f3y1,.4 — fay2,3,
f5y1,47 f5y2,4, f5y3,4, f6y1,37 f6y2,37 f6y3,47 f7y1,2, f7y2,3, f7y2,47 f8y1,27 f8y1,3> f8y1,4-

Using GAP, a basis of (M?)_, is given by the 24 elements

f1y1,27 f1y1,3, f1y2,3, f1y1,4, f1y2,47 f1y3,47 f2y1,3, f2y2,3, f2y1,4, f2y2,47 f3y1,2, f3y3¢4, f5y1,2, f5y1,37
52,3, fey1,2, foy1,4, feYo,4, fry1,3, fryr,4, fryz.a, fsy2.3, fay2.4, fsy3.4,

and a basis of (M?)" , is given by the 40 elements

J1U3 90 Fry1.291.3, f1y1,292.3, fryn,201,4, F1yn.2Y2.4, fiy2ys.as f1Y5 s, f191,3Y1,4, f1y1,392.4,
F11,33,4, F195 55 F1y2.301,4, F1Y2.3Y2,4, [192.33,4, F2U7 55 f2y1,3Y2.45 f2U3 35 f2U2,3Y1,4, f3UT 2,
Fsy1.2Us.4s f503 o [5y1,291,3, four,202.3: f5UT .3, f5s a0 feU o fy1,2y1,4, fovr 202,45 f6UT.a» foVs 4
JrU3 55 Fry1,3y1.4 fry1,3Ys.4, fr5 a0 FrY3.a0 fs5 50 fsy2,392,4, f32,3Ys.4, fsvs 40 [sY34-

Remark 6.1.25. Let k € [1,4] and fxiayi, j, --- Vi, j. be a monomial in (Sy)', where s € N and
(i17j1)7 ey (isajs) S 5; If5 - k S {ilajla DR aisvjs}r then fk+4yi1,j1 cee yis,js = O € (Sk)l'
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Remark 6.1.26. Let k € [[1,4ﬂ, Yir g1 - - Yis,jo = Yi g, - - Yil 5L in A! fO?’ (il,j1)7...,(i5,js) S j,
(13.91)s -5 (1hgh) € Fand s € N Ifk € {i1,j1, ..., is.s}, then k € {if,j1,...,i%.5.}.

Lemma 6.1.27. Let
T = {fsyia, sy vis, Fsul's W, [syia i a3 fsulas fous o),
T = {feyia, ot via. foul's W, feyi s Vi 4y foutar fous 4},
T2 = {fry s Fruts yras Foul's s a oyt syt a0 Foutas oy}
TS = {fsys s, sy s Yo fsyss Us.as fsUs5 5.4, favsar Fsysa)s

for n > 3. Then T2+ is a basis of (S)"_,, for k € [1,4] and n > 3. Note that T5* has cardinal 6 for
k'e[[l 4]]andn>3

Proof. The space (Sk)",, is spanned by {fi14y | v € B, }. By Remark 6.1.25, the space (Sk)",,
is spanned by T)7* for n > 3. By Remark 6.1.26, the elements of 77+ are linearly independent.
Indeed, let Zie[[l,ﬁ]] a;q; = Zue%!n,l Aif5y1,4u + Zue‘%!n71 A3f5y274u + Zue%!n71 /\if5y374u in
k{fs} ® A', where a;,\], € k, and ¢; is the i-th element of 7)5*. By Remark 6.1.26, the right
side of the equation is a linear combination of elements of form fsyi, j, - ¥i, j. € fs%B), for
4 € {i1,j1, - ,in,jn}- This implies a; = 0 for i € [1,6]. Hence, T)7* are linearly independent.
The other cases are similar. O

Lemma 6.1.28. The set T consisting of the following 24 elements

St o Ayt s s, Fiut s, Fuut s veas Lys s F1uss ynas oyt s, fouls Yo Fab s,
Fous s ynas FsyTos F3yTs s FLul s s, AYTs s, Fryts s, FLun s e,
fly?32yi3a f1y711,§2y1,3y1,4, f1yi§2y1,3y2,4, fly?,§2y1,3y3,4, fly?,§2y2,3y1,4,
flyf§2y2,3y2,4, flyf§2y2,3y3,4, fly?,53yf,3y3,4

(6.1.33)

is a basis of N*,, forn > 3.

Proof. Firstly, using GAP, T is a basis of N' , for n € [3,5]. Note that the space N, is spanned
by {fiy | i € [1,4],y € B} forn € Ny. By the dual relations, it is easy to see that N' ,, is spanned

by
ot o Fts s Fiut s, Frut s veas FLys s F1uss s, fout s, fouls o Fayb s, o5 1
f3yt os F3yl'3 ys.as fiv,
fori € [1,3], y € U} and n > 2. Note that yl is central in A' and fgy” fsy,%’l for s € [1,4]
and (4,5),(kl) € F w1th #{i,j,k,l} =4. Forn > 5and i € [1,3],
fiuts e = fiy?Eng 3= fiy?Qny 3 fiy?g?’yf 31,4 = fz‘ygsyg aYra = fiy?EIZh 4,
fiy?g?’yf Y24 = [yl 2 Y4 = it s Weas Fiyt 2 visyia = fii 2 sy s = fiyls i
fivia y2 sy; a=fiyl's *ys 3= fiyis yz 3, fiyla y1 33/1 4= fiys yl 33/2 3= fiyls 2y 39
Fivt s e = Xn fivr,3Y5 2 Y14+ Xn1 fiVha Y14 = Xnfiy1,307 2 Y14 + Xnt1 [Vl W14
= aniy?52y1 Y14 + X1 fiy 2 Y4,
fivt s ysa = iyt 3 Y5 aysa = fiyl's Vs 3Ys.a = XnJiVia Y1.3Y2,3Y3.4 + Xnt1iU1 5 V5 3Us.a
= XnJiUl 2 Y1,3Y3.4 + Xt 1 FiUT 2 U3 3Y3.4,
fiy3,§1y2,4 = aniy2,Sy711;2y2,4 + Xn+1fiyfllyz,4 = aniyz,syfgzyz,zx + Xn+1fiy?,§1y2,4
= Xnfi¥1 2 Y2324 + Xna1 Fi¥l 3 Yo.a,
fiv55 s = fius syt avsa = Fis 5 08 aysa = —Xn fil 2 Y2,301,3Y3.4 + X1 iV 2 U3 sYs.a
= XnJiU1 2 Y2334 + Xna1 [T 2 Y sY3.4-

Moreover, by the dual relation foy1,2 = — f1ys,4, and
fayia Y13 = Xnf3y1,001357 2" + Xnt1f3y13910 " = —Xnf3Y2,3Y1,007 5" + Xnt1f391,391 5
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= Xnfoyra7 s + Xnt1ry24915 "

Sy 2.3 = X f31,202,391 57 + Xnt1f3y2,307 2" = —Xnf3Y2.3U1,397 2" + Xnt1S3Y2307 5"
= an2y1,4y1,3yﬁ§2 - Xn+1f2y1,4y?,51,

FsU0 2 e = X fsyr,201,497 57 + Xn1 fay1.a90 5 = —XaS3y2,491,207 2" + Xns1f3y1a00 5"
= an1y1,3yf§1 + Xn+1f2y2,3y?,§1,

Fsy0 5 20 = X f3y1,202.497 57 + X1 f3y2,497 5" = —Xn f3y1ay1,207 57 + Xnt1 f3y2.497 5"
= —Xn/f2Y2,3Y120 2" — Xn+1S101.3915

for n > 3, the space N' , is spanned by T for n > 5.

Next, we prove that the elements in 7Y for n > 6 are linearly independent. Suppose that we
have the identity

Soaiti= Y M(fiia— faysa)u+ Y Aa(fiysa + fayr2)u

i€[1,24] u€RB!, | u€RB! |

+ ) N (fsyra+ faysaut Y Na(fsysa — fayio)u
ueB!, _, uERBL |

+ > Nfays— faysu+ D> A (faypa+ foyis)u
ue%!n71 ue%}n71

] . (6.134)

+ Z Au(fayn,s = fryz,a)u+ Z Au(f3y2,4 + fiy13)u
uER!, | uERL |

+ > N(fes+ fayndu+ D> N (fiyia — fayas)u
LS uERB,, _,

+ Y N stes+ anaut D AP(fsyra — fayzs)u,
ue%il_l ue%il—l

in k{fi,f2,f3,.fa} ® A', where a;, M), € k, and t; is the i-th element in (6.1.33). We need to

show that o; = 0 for all ¢ € [1,24]. By inspecting the coefficients of the term f,y;’; "y, ; for
#{i,,k,l} = 4, it is easy to see that o; = 0 for ¢ € [1, 12]. Then (6.1.34) is equivalent to
Ay 2D +ys al® + 41 3A° — yo g AT+ o sA” + 1 4 A0) = > agts,
i€[13,24]
fo(y1,28% — yg a A" + 41 sA% — 4o 4 A® — yo s AT 4y 4 AM) =0, (6.1.35)

F3(y1208% + ys aAY + y1 3AT + Yo aAS + o sA + 41 JA?) =0,
Ffa( =y oA + Y3 a0 + 41 305 + 42 2 A% — yo 3AY + 1 4A?) =0,

in k{f;} ® A' for i € [14] respectively, where A/ = 37 g \y,  Muforj € [14], AT =
Duem \vio Nt forj € [58], A =30 gy, Mufor j € [9,12] and V; ; is defined in

(6.1.18). In particular, we see that the elements in TV are linearly independent if and only if
equation (6.1.35) implies that o; = 0 for all ¢ € [13, 24].

Let
J _\J 1J__\J Jo_ J Jjo_ J :
ay=XN, 1,a5 =X, a1 = § D . r Ay = E D . ” forj € [[5712]]7
Yi,2 Y3,4 Yi,2 Y3,4 Yi,2 Y3,4
re[l,n—2], rel,n—2],
r odd r even
J o \J 1\ J § J Jo_ E J .
bO - )‘ n—l?bO - )‘ n—13b1 - )\ n—1l—r_ r 7b2 - )‘ n—1—r_ r fOI'] S [[174]] U |I9512]]7
Y1,3 Y24 Y1,3 Y2,4 Y1,3 Y24
rell,n—2], re[l,n—2],
r odd r even
i \J /7 \J J _ J j J :
C'(7) =X n-1:C = Mo, 0 = § N ” :Cé = E D ST ” forj e [[1:8]]~
Y23 Yi,4 Y23 Y1,4 Ya,3 Yi,4
refi,n— 2], rel,n—2],

r odd T even

Using (6.1.35) together with the products (6.1.4) and (6.1.5), in A', we get a system of linear
equations E,, which contains 24 x 4 = 96 linear equations and 12 + 24 x 12 +4 x 8 x 3 = 396
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variables o;, M, for u € U}, aé, agj, aj, aé, b‘é, bgj, b{, bé, cé, c'oj, c{, cb. Hence, the linear
independence of T} (or, equivalently, the fact that equation (6.1.35) implies that a; = 0 for
all i € [13,24]) is tantamount to the fact that the linear system E,, implies that o; = 0 for all
i € [13,24]. Furthermore, it is easy to see that E,, has the same form as E,,.5. We then use GAP
to check that the elements in 7.V are linearly independent for n € [6, 7], and conclude that the
lemma holds for all integers n > 6. O

Corollary 6.1.29. We have H,,(M3) =0 forn € N\ {3}.

Proof. By Tables A.1.6 and A.1.7, and the reductions in the proof of Lemma 6.1.28, the differ-
ential at homological degree n in the Koszul complex N or Sy, has the same form when n > 4
increases by 2. Then H,, ;2 (M3) = H,,(M?3) forn > 4. Using GAP, H,,(M?3) = 0forn € [1,5]\{3}.
By induction on n, H,,(M3) = 0 forn € N\ {3}. O
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Appendix A

Some computations

In this Appendix, we list some computations about the Fomin-Kirillov algebra FK(4) of index
4. We will denote FK(4) simply by A.

A.1 Products in FK(4)

It is easy to check the products in A', listed in Table A.1.1-A.1.4, by using GAP or by computing
them directly, and to check the products listed in A.1.6-A.1.9 by induction on integers n > 5. In
Tables A.1.1-A.1.4, A.1.6 and A.1.7, the entry appearing in the row indexed by y and the column
indexed by ¥’ is the product yy’. In Tables A.1.8 and A.1.9, the entry appearing in the column
indexed by ¢’ and the row indexed by y is the product y'y. To reduce space, in Table A.1.3, we
write the product yy’ by +=m, where m € [55,92] is the integer appearing in the first column of
Table A.1.4, and indicating the element in the second column of Table A.1.4 that is in the same
row as it. In Table A.1.4, we write the product yy’ by +m, where m € [93,134] is the integer
appearing in the first column of Table A.1.5, and indicating the element in the second column
of Table A.1.5 that is in the same row as it. In Table A.1.8 and A.1.9, we write the product yy’
by +m, where m € [1,24] is the integer appearing in the first column of Table A.1.8 (or A.1.9),

and indicating the element ant! where

n_ ,n—1 n_ ,n—2 2 n_ ,n—1 n_ ,n—1

Ay = Y12 Y1.3, A = Y12 Y13 Az = Y12 Y2.3, A4 = Y12 Y14,
n_ . n—2 n_ ,n—3 2 n _ . n—1 n_ ., n—2

as = Y12 Y1,3Y1,4, A6 = Y1,2 Y1,3Y1,4, a7 = Y13 Y14, ag = Yi,2 Y2,3Y1,4,
n_ ,n—22 n _ ,n—3 2 n _ ,n—4_2 2 n _ ,n—2_ 2

Q9 = Y12 Y14 a10 = Y1,2 Y1,3Y1,4) a1l = Y12 Y1,3Y1,4 A2 = Y13 Y14

n _  n—3 2 n _ ., n—1 n _  n—2 n _ n—3 2
a3 = Y1,2 Y2,3Y1,4> Al = Y12 Y245 s = Y12 Y1,3Y2.4, e = Y1,2 Y1,3Y2.4;
n _  n—2 n _ ., n—1 n _ n—2_ 2 n _  n—2
a7 = Y12 Y2,3Y2,4, a1g = Y23 Y2,4, a1 = Y23 Y2,45 a0 = Y1,2 Y1,3Y3,4,
n _ . n—3 2 n _ ., n—1 n _ ,n—2 n _ ., n—1
21 = Y12 Y1,3Y3,4, 22 = Y13 Y34, 23 = Y12 Y2,3Y3,4, 24 = Y23 Y34,

forn > 5and m € [1,24].
/
1]y Y1,2 Y13 Y2,3 Y14 Y2,4 Y34
2
2 Y12 Yi,2 Y1,2Y1,3 Y1,2Y2,3 Y1,2Y1,4 Y1,2Y2,4 Y1,2Y3,4
2
3 Y1,3 —Y1,2Y2.3 Yi,3 Y1,2Y1,3 Y1,3Y1,4 Y1,3Y2,4 Y1,3Y3,4
2
4 Y2,3 —Y12%1,3  —Y1.2%23 Y33 Y2,3Y1,4 Y2,3Y2,.4  Y2,3Y3.4
2
5 Y14 —Yi1,2Y24 —Y1,3Y34  —Y2,3Y1.4 Y14 Y1,2Y1,4 Y1,3Y1,4
2
6 Y24 —Y1,2Y1,4  —Y1,3Y2.4  —Y23Y34  —Y1,2Y24 Y2 4 Y2,3Y2,4
2
7 Y3.4 —Y12Y34  —Y13Y14 —Y23Y24 —Y13Ys4 —Y23Ys4 Y34

Table A.1.1: Products yy’.
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1y Y1,2 Y1,3 Y23 Y14 Y24 Y34
8 Yio Yt Y1 2y13 Yt 223 Y1 oY1 YT 224 Y7 2Y3.4
9 Y1,2Y1,3 —y%;yg?g yl,Qyiis y%,2y1,3 Y1,2Y1,3Y1,4 Y1,2Y1,3Y2,4 Y1,2Y1,3Y3,4
10 | y1292,3 —13 oU1,3 —3 9¥2,3 Y1297 3 Y12Y23Y1,4  Y1,2Y23Y24  Y1,2Y2,3Y34
11| y12y14 —Yiol2a  —YL2Y13YU34  —Y12Y2,3Y14 Y1205 4 Yi oy Y1,2Y1,3Y1,4
12| 12924 —YioUia  —YL2V1sY24  —Y12V23Y34  —Yioloa Y1203 4 Y1,2Y2,3Y2,4
13 Y1,2Y3,4 *y%,zy3,4 —Y1,2Y1.3Y1,4  —Y1,2Y23Y24 —Y12Y1,3Y34  —Y1,2Y2,3Y34 y1,2y§,4
4| i Y1207 3 Yis Y1 o3 Y1 3Y1.4 Yt 3924 Y7 3Y3.4
5| v13v14 | Y1,292,3Y2.4 —y%73y374 —Y1,2Y1,3Y1,4 y1,3y%,4 —Y1,2Y2,3Y1,4 y%,3y1,4
16 Y1,3Y2,4 Y1,2Y2,3Y1,4 —yigyz,zx —Y1,2Y1,3Y34  Y1,2Y2,3Y2,4 y1,3y§,4 Y1,2Y1,3Y2,4
17 | y1,3Y3,4 Y1,2Y2,3Y3,4 _y%,3y1,4 —Y1,2Y1,3Y2,4 —y%,3y3,4 —Y1,2Y1,3Y3,4 yl,3yi4
18 Yo Y1297 5 Y1213 Y53 Y5,391,4 Y3 32,4 Y3 3934
19 | wya3y14 | Y12013Y24  Y1,2Y2,3Y3.4 —Y3.3Y14 Y2397 4 —Y1,2Y1,3Y14  —Y1,2Y2,3Y1,4
20 | Y2,3Y24 | Y12913Y14  Y1,2Y2,3Y24 —Y3 3Y3.4 Y1,2Y1,3Y2,4 Y2394 Y3 3Y2.4
21 | y23Y34 | Y12Y13Y34  Y1,2Y2,3Y14 —15 3Y2.4 Y1,292,3Y3,4 —Y3.3Y3.4 Y2,3Y5 4
22 Yia Y1295 4 Y135 4 Y2397 4 i Y oy2.4 Yi3Y3.4
23| 43, Y1293, Y1,3Y3.4 Y2,3Y3 4 Yl oy1a Y34 Y3 3y
24 Y34 Y1293 Y135 4 Y2,3Y3.4 YLy Y3 3Y2.4 Y34
Table A.1.2: Products yy'.

1]y Y | yi2 w13 Y3 Yia  You  Y3a

25 Yia 55 56 57 58 59 60

26| yi,ans | —57 61 56 62 63 64

27 | ylyyes | —56 —57 61 65 66 67

28 | yluyia | —59 —64 —65 68 58 62

20 | yi,pea | —58 —63 —67 —59 68 66

30 | yZaysa | —60 —62 —66 —64 —67 69

31| wyiny?s | 61 56 57 70 71 72

32 Y1,2Y1,3Y1,4 66 -T2 —62 73 —65 70

33 Y1,2Y1,3Y2,4 65 —71 —64 66 73 63

34 Y1,2Y1,3Y3,4 67 —70 —63 —72 —64 73

35 | yiovasyia | 63 67 —70 T4 —62 —65

36 Y1,2Y2,3Y2.4 62 66 —72 63 74 71

37 Y1,2Y2,3Y3.4 64 65 71 67 72 74

38 | Y12yt 68 73 74 58 59 T2

39 y172y§74 69 73 74 70 71 75

40 Ui 3 —57 76 56 77T 78 79

41| ygya | -71 -79 —65 80 70 77

42 | ylgyea | 70 -78 —67 -71 81 66

43 | ylgysa | -T2 =TT —66 —79 —67 80

4| yisy?, | -T4 80 T3 7T 63 79

45 | wyiayi, | -T4 8L T3 62 82 64

46 Y33 —5 —57 83 84 8 86

AT | y3syia | —TL —64 —84 87T 70 62

48 | y3syes | —T0 —63 —86 —T1 88 85

49 | ydgysa | -T2 —62 -85 —64 —86 88

50 | wyesyis | -73 74 87T 89 66 67

51| wasyss | —73 —74 88 65 85 86

52 Y —59 —79 —89 90 B8 77

53 Y3 4 58 —82 -8 -50 91 85

54 Y4 ~75 —77 -85 —T79 —86 92

Table A.1.3: Products yy’.
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1

Ly ' Y12 Y1,3 Y23 Yia Y24 Y34
55 Yt o 93 94 95 96 97 98

56| yians |95 99 94 100 101 102
57| yioyes | —94 —95 99 103 104 105
58| yisyna | —97 —102 103 106 96 100
590 yioyea | —96 —101 —105 —97 106 104
60| yf,ysa | —98 —100 —104 —102 —105 107
61|  yi.uis 99 94 95 108 109 110
62| yioyrayia | 104 —110 =100 111 —103 108
63| y2 o190 | 103 —109 —102 104 111 101
64| y3,y1,3ys.4 | 105 —108 —101 —110 —102 111
65| y7oy2.3y1,4 | 101 105 —108 112 —100 —103
66| y3,y2,324 | 100 104 —110 101 112 109
67| Y3 ay2aysa | 102 103 —109 105 —110 112
68|  y7auia 106 111 112 96 97 110
69|  yiau3a 107 111 112 108 109 113
70| y12934y14 |—109 —102 —103 114 108 100
71| Y1293 3924 | 108 —101 —105 —109 114 104
72| Y1293 3y3.4 | 110 —100 —104 —102 —105 114
73| yioyiayd, |—112 114 111 100 101 102
TA| yioyssyi 4 |—111 —112 114 103 104 105
75| yieyds | —113 =100 —104 —102 —105 115
76 yls 99 116 95 117 118 119
77| yispa | 104 119 —100 120 —103 117
78| yisyea | 103 —118 —102 104 121 101
79 yigysa | 105 —117 —101 —119 —102 120
80| yisy?, | 114 120 112 117 109 119
81| yisus4 114 121 112 108 122 110
82| wisys, | 103 —122 —102 104 123 101
83| a3 99 94 124 125 126 127
84| yisyia | 101 105 —125 128 —100 —103
85| wyisyaa | 100 104 —127 101 129 126
86| ySgysa | 102 103 —126 105 —127 129
87| Y33Yia 114 111 128 130 109 110
88| y3sy3, | 114 111 129 108 126 127
89| yosyi, | 101 105 —130 131 —100 —103
90 Yt 106 120 131 132 97 119
91 Y34 106 123 129 96 133 127
92| 4, 115 120 129 117 126 134

Table A.1.4: Products yy'.
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93 yir),z

94 | yiouis
95 | yioyas
96 | yioyia
97 Yl Y24
98 | yioysa
99 Y3 ou7 3
100 | 4} oy1,391.4
101 | y? ou1.3Y2,4
102 | 47913934
103 | Y 2y2,3v1.4
104 |y 5y2,32.4
105 | o} 92,334
106 Y3 oyt
107 Y3 ou3 4
108 | yio¥7 314
109 y%,zy%,3y2,4
110 | yioy73y3.4
111 y%,gngy%A
112 y%,zy2,3yi4
113 YT U5 4
114 2/1,29%,33/%,4
115 yl,2y§,4
116 Yl s
117 y%’3y1,4

1 18 y%73y2’4

1 19 yf3y3,4
120 yigy%A
121 Y1,3Y2,4
122 y%,3y2,4
123 Y1,3Y5.4
124 Y53
125 | w314
126 | 5 3y2.4
127 | y53y3.4
128 | w3 auia
129 Y3 3Y3.4
130 Y3 395 4
131 | w23via4
132 yir’A
133 Y54
134 yg 4

Table A.1.5: Elements in %%.



y Yy Y1,2 1,3 Y2,3
Yl st Yoy 3 Vi ay2.3
Vi s —Y1aYas Vil Yoy s
¥ e —Y2¥13 —Y12Y2,3 vl
y?z 13/1 4 —Yla¥24 —y15 Y1 3. ~Yis Ya3y1.4
Yo a4 —YaY14 —1/11,511/1,31/2,4 —yﬁ§1y2,3y3,4
iz s iz vl Ui ay1,3 Ui ay2,3

n_
Y12 Y1,3Y1,4
n—2
Y12 Y1,3Y2,4
n—2
Y12 Y1,3Y3.4
n—2
Y12 Y2,3Y1,4
n—2
Y12 Y2,3Y2,4
n—2
y12 .7/2 3y34

n—1
Y12 Y2,3Y2,4
n—1
Y12 Y2,3Y1.4
n—1
Y12 Y2,3Y3.4
n—1
Y12 Y1,3Y2,4
n—1
Y12 Y1,3Y1,4
n—1
Y12 yl 3.7/34

n—1

n—2, 2
Y12 Y1,3Y34
n—2, 2
Y12 Y1 3Y24
n—2,2
Y12 Y13Y14

e
Y12 Y2,3Y3.4
n—1
Y12 Y2,3Y2,4
n—1
Y12 Y2,3Y1.4

n—1

Y12 Y1,3Y14
n—1

“Y1,2 Y1,3Y3,4
n—1

Y12 Y1,3Y2.4
n—2,2

Y12 Y13Y14
n—2 2

Y12 Y1,3Y34
n—2, 92

Y12 Y1 3Y24

1/1 2 1/1 4 Y1 2 1/1 4 1/?,521/1,31/%,4 1/?,521/2,31/%,4
Yo yl 3Y1.4 *y#EQ?Jé,gyzA *yggiyl,syw *95292,3111,4
y1,2 y1,3y2,4 Y12 Y1 3¥14 Y12 Y1,3Y24 Y12 Y2,3Y34
U?ESU% Y4 —y15 Y s —y15 Y134 —7/?51?%2 3924
(1 2 1/1 51/1 4 *935292,3?!%,4 1/?531/%,31/%,4 yr 2 1/1 31/1 4
Yo y2 3y1 4 *?452?413?4%,4 *935292,39%,4 Yia yl dyl 4
y1,2 91.391.4 yfgsyfgyfzi yf§2y1,3yi4 y1,2 92,391.4
Y3 XnnyEly% 3 Xn+1’U1L27Jz 3 yrt Xn¥1242,3 T Xn+1YT2Y1,3
Vista | a2 vestea — Xns19ls y1 124 334 xnyi‘glyl Y1 — xn+1y1"51yz 3Y1a
yf’.g;ya,zx XnY1, 2192 3y3 4= X'H—lyl 2 ?41 3Y3,4 —YT Y14 Xnyl 3 "y, 392 4= Xn+1y1 2 312 392 4
VS | XU 2 sy — X0 s V23R s i Xn¥i' 2 Y2308 4 + xn+1y1 IR
Yos XnU?ElT/% 3= Xn+1V1, 2U1 3 XnU?zUl 3— Xn+11/il27/2 3 s
yé‘;lyu Xn¥1 zlyl 3Y14 = Xn+1Y1 2 i 3Y14 Xn¥la 2 Yo 3Y2.4 — X419, 2 yl 3Y2.4 —Y2.3Y3,4
Y5 Ysa Xuli s y1 a4~ X1V, 2291 s Xulia) "y, W14~ X1V yl Wi ~Y53Y2.4
Vs WBa | XU Vs — XUl VYR XeWT 2 YLsYE 4 — o1l s Y28V Vo3 Y3
Wy Xn¥12 UE 4 — Xnr1¥) oY, Xn¥is Vi 4 = Xnt1¥} s¥s. (—1)"y2,3574
Y, Xn¥12 Yh 4 — Xns1¥) o¥14 (—1)"y1,355 4 Xn¥53 V3.4 — Xnt1¥8 3Y3.4
Yi4 (=) y12054 Xo¥i's ¥R 4 — Xnr1U} 51 Xn¥3s Y34 — Xnt1V3 s¥2.4
Table A.1.6: Products yy’ and n > 5.
Y y Y1,4 Yo2,4 Y3,4
Yla Y1 2Y1,4 Y1 2Y2,4 Y1'2Y3,4
Yo s Uis yiaia Uis Y1sy2a s viaysa
?J{Slyz,s yfglyzsym yf§1y2,3y2,4 y?¢§1y213y3,4
Y12 el Yoy a Ui sy
Y1 Yo Z/?gyz 4 yi‘;ly% 4 y{’;lyz 3Y2.4
y?gzy%,?, yr 2 J1 391 4 yr 2 Z/l 3Y2,4 yr 2 Z/1 3Y3,4
3/?; Y1,3Y1,4 y1 2 y1 3?}1 4 ?/1 2 Y2, 33!1 4 y1 2 y1 3Y1,4
?/12 3/13J24 J12 J23J24 912 yl 3y14 J12 J13J24
vy 22y1 ,3Y3,4 -y 2 y1 dys 4 *y}l,zlyl,sy3,4 Yy 2 yl 3?/1 4
yr 2 Z/? 3Y1.4 Y 2 ?J2 3111 4 *37117,22 yl,s?ém *yl 2 y2 3Y1,4
yr 22@/2 ,3Y2,4 ?J1 2 y1 3Y2,4 y1.nz_;J2.23y1,4 3115323/1,32/3,4
yl 2 ?JZ 393 4 3J1,2 y2,3y34’4 Y12 Y1,3Y3.4 Y12 Y2,3Y14
Via y1 4 Y1 oy YT ay2.4 Y15 YR s34
y1 2, y1 3Y1,4 U2yt syt s YIS YR sy Ui sy
91,2 91,392,4 —yiEQyis?ﬁA yﬁ?y%.syﬁ yi;ly213y2,4

U Y3 gysa
U2 syl
e
1/1549%,3%,4
Yi's
Zlfglyu
Ui's ' ysa

—yﬁ§1y113y3,4
y?,§1y1,3y1,4
Ui Y23ya
Ui yiana

YT 3Y14
y{Sly%A
—Yl3Y3,4

yf3yl.4

Y3,3Y1.4

xnyT;EiyLsyzA - xn+1y1‘,§jyigyz,4
Xnny Y2alaa = Xn+1yf§ Y1,3Y3,4
Xn¥T, Py Z/1 3Y1,4+ Xn+ly1 2 yz 3Y1,4

y14

XnYT2¥1,4 = Xn+1YT 2Y2,4
Xnyisyl,z; - Xn+1yf3y3,4

—y?};1y2,3y3,4
n—1
Y12 Y1,3Y2,4
n—1
Y12 Y2,3Y2,.4
Yr5 Yt sy
) y?,3y2<,4 )
Xnt 1972 Y1 31,4 — Xa¥ia y2 3Y1.4
—XnY 2 J1 3Y3.4 — Xn+1J1 2 Jz 3Y3,4
Xn¥T 2 y1 32,4 + Xnt1¥] 2 y1 3Y2,4
Ya, 33/2 4
n—1
Y23 yz A
y2,3y3,4
y‘?,sym
Xn¥T 2¥2,4 + Xn+1YT2Y1,4
n+1
Y24
Xn¥Y2.3Y2,4 — Xn+1Y2.3Y3,4

n—3,2 2

Y12 Y1,3Y14
n—1

Y1,2 Y1,3Y34
n—1

Y12 Y2,3Y3.4
n—2, 2

Y12 Y1,3Y34
Y1 3Y3,4
yﬁ3?/1,4
n—1, 2
Y13 Y14
Y13Y3,4
Yo.3Y3,4
Y2 32,4
n—1 2
Y23 Y24
y2,3y3,4

Xn¥1 3Y3,.4 + Xn+1V1 3914
Xn¥2 3Y3,4 + Xn+192,3Y2,4
n+1

Y34

Table A.1.7: Products yy’ and n > 5.
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Y Yy Yi,2 Y34  Y1,3 Y24 Y23 Y14
1| wi3'vs 1 5 3 20 2 15
2 THER T 2 21 1 16 3 6
30 'y 'yes 3 17 -2 8 -1 23
41 Y5 4 20 -8 -9 -5 14
5 | iy yiayia | 5 —10 6 —17 -8 21
6 | v lama | 6 20 -8 —11 -5 16
T urslva 5 —12 7 17 -8 22
8 | yi3 yesyia | 8 —15 5 —23 6 —13
9 | y'vis 9 21 10 14 13 4
10 | y75%mayis | 10 5 13 20 11 15
11| yia*dayis | 110 21 10 16 13 6
12| yl3%vi, 11 22 12 16 13 7
13 | ylo%ysydy, | 13 17 —11 8  —10 23
14| yi5'yea 14 23 —17 -4 —15 -9
15 | yi5visyea | 15 8 16 —10 —-17 20
16 | 45y | 16 23 17 -6 —15 —11
17 | yi52yeayes | 17 —13 15 21 16 5
18 | 455 y2a 17 —19 15 24 18 5
19 | yh5%y3, 11 24 10 18 19 6
20 | i3 yiaysa | 200 -6 21 —15 —23 10
21 | yi5%y2aysa | 21 —11 —23 -5 20 17
22 | y'5'ysa 20 -7 22 —15 -23 —12
23 | yi5 yeaysa | 23 —16 20 13 21 8
24 | yhalysa | 23 18 20 19 24 8

Table A.1.8: Products y'y and n > 6 even.

Y Y Y1,2 Y34 Y13 Y24 Y23 Y14
L] wis'ws 1 -5 2 —-15 -3 -20
2 e 2 —21 -3 —6 -1 -—16
30 yia'ves 3 17 1  -23 2 -8
41 Y5 4 —20 5 —14 8 9
5 | yia yiayia | 5 10 8  —21 -6 17
6 | y75%lama | 6 20 5 16 8 11
7T Y5 yia 6 -22 7 16 8 12
8 | yi2%espa | 8 15 —6 13 -5 23
9 THes T 9 21 —-13 -4 -10 -14
10 | y75%mayis | 10 =5 11 —15 —13 —20
11| yia*yiay?, | 11 —21 —13 -6 —10 -16
12 | yi3yiy 0 -7 12 -15 -13 -22
13 | ylo%yesyd, | 13 —17 10 -23 11 -8
4| yiolges | 14 —23 15 9 17T 4
15 | yP5 yisyea | 156 =8 17 =20 —16 10
16 | 45 yiayen | 16 —23 15 11 17 6
17 | y75%y23y04 | 17 13 —16 -5 —15 -21
18 | 35 yoa 16 -24 15 19 18 6
19 | y85%3, 13 —-18 10 -24 19 -8
20 | Yo y13ysa | 20 6 23 10 -—21 15
21 | yiy%y2aysa | 21 11 20 17 23 5
22 | '35 ysa 21 12 22 17 23 7
23 | Y3 y2sysa | 23 16 —21 -8 20 13
24 | yislysa |20 19 20 18 24 5

Table A.1.9: Products v’y and n > 5 odd.
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A.2 A basis of M!

We present here the GAP code for computing a basis of the quadratic module M?, defined at
the beginning of Subsection 6.1.2. The code was provided by ].W. Knopper.

# Knopper'’s code

LoadPackage ("GBNP") ;

A:=FreeAssociativeAlgebraWithOne (Rationals, "x12", "x13", "x23","x14","x24","x34") ;;
x12:=A.x12;; x13:=A.x13;; x23:=A.x23;; x14:=A.x14;; x24:=A.x24;; x34:=A.x34;;
OA:=0One (A) ;;

relationsA:=[x12"2, x1372, x23"2, x14"2, x24"2, x3472, x12xx23-x23+*x13-x13%x12,
x23%x12-x12%x13-x13xx23, x12%x24-x24xx14-x14%x12, x24xx12-x12xx14-x14%x24,
x13%x34-x34%x14-x14xx13, x34*x13-x13+x14-x14%x34, x23xx34-x34%x24-x24%x23,
X34%x23-x23%x24-x24xx34, x12xx34-x34%x12, x13+*x24-x24xx13, x14+xx23-x23*x14];;
relsANP:=GP2NPList (relationsA);;

GBNP.ConfigPrint (A);

GA:=Grobner (relsANP) ;;

MD:=A"2;;

ab:=GeneratorsOfLeftModule (MD) ;

c2:=ab[l]; cl:=ab[2];

modrels:=[clxx13, clxx24, c2%x23, c2+x14, clxx12+c2xx12, cl*x34+c2+x34];;
modrelsNP:=GP2NPList (modrels) ;

PrintNPList (modrelsNP) ;

GBNP.CheckHom:=function (G, wtv)
local i,3j,%k,1,mon,hl,h2,ans;
mon :=LMonsNP (G) ;
ans:=GBNP.WeightedDegreeList (mon, wtv) ;
for i in [1..Length(G)] do
hl:=ans[i];

l:=Length(G[i][1]);

for j in [2..1] do
mon:=G[i][1][7];
h2:=0;

for k in [1l..Length(mon)] do
if mon[k]>0 then
# Don’t count module generators, which have a negative index.
# Only count two-sided generators with index 1 or more
h2:=h2+wtv[mon[k]];
fi;
od;
if h2<>hl then return(false); fi;
od;
od;
Info (InfoGBNP, 1, "Input is homogeneous");
return (ans) ;
end;

GBNP.WeightedDegreeMon:=function (mon, lst)
local i, ans;
ans:=0;
for i in mon do
# Don’t count module generators, which have a negative index.
# Only count two-sided generators with index 1 or more
if i>0 then
ans:=ans+lst[i];
fi;
od;
return (ans) ;
end; ;

SetInfolLevel (InfoGBNP, 1) ;

SetInfolLevel (InfoGBNPTime, 1) ;
combinedrelsNP:=Concatenation (GA, modrelsNP) ;
GAT:=SGrobnerTrunc (combinedrelsNP, 9, [1,1,1,1,1,1]);
PrintNPList (GAT) ;

splitGAT:=function (GAT)
local p, ts, rel, 1lm;
# p: list of module or prefix relations, ts: list of two-sided relations,
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# rel:
p:=[];
ts:=[1;
for rel in GAT do
# get leading monomial
Im := rel[l,1];
if Length(lm)>1 and 1m[1]<0 then
# module relations start with
# if 1 is part of the GB then

current relation, 1lm:

# furthermore it is two-sided.

leading monomial of current relation rel

a negative generator.
it does not have a generator,

Add(p,
else
Add (ts,

rel);

rel);
fi;
od;
return rec (p:=p,
end; ;

ts:=ts);

split:=splitGAT (GAT);
GBR:=rec (p:=split.p, pg:=2,
BQM:=BaseQM (GBR, 6,2,0) ;;
PrintNPList (BQM) ;

0, 1]
1, 0]
0, x12 1]
0, x23 1
0, x14 ]
0, x34 1
x13 , 0]
, 0]
x12x13
x12x23
x12x14
x12x24
x12x34
x23x14
x23x24
x23x34
x14x13
x14x34 ]
3x24 , 0]
x12x13x14
x12x13x24
x12x13x34
x12x23x14
x12x23x24
x12x23x34
x12x14x13
x12x14x34
x12x24x23
x12x24%34
x23x14x12
x23x14x34 ]
x12x13x14x12
x12x13x14x13
x12x13x14x24
x12x13x14x34
x12x13x24x23
x12x13x24x34
x12x23x14x13
x12x23x14x24
x12x23x24x34
x12x14x13x34
x12x24%x23x34 ]
x12x13x14x12%x23 ]
x12x13x14x12x24 ]
x12x13x14x12%x34 ]
]
]

i
~ N
S

~ S S S S~~~

S NS NS S S S S S S S~ S~ o~~~ S N N S S S S S S N~ p|so~

~

x12x13x14x13x34
x12x13x14%x24%x23
x12x13x24x23%x34 ]
x12x13x14x12x23x34 ]
x12x13x14x12x24%x23 ]

~ 0~ 0~

~

[eNeoNeoNeoNeoNoNoNeoNoNoNoNoNeoNoNoNoNolNololNoNoNololNeoNoNoNoNeoNoNoNol dleolNeolNolNo ool olNolNoNe]
~

~

ts:=split.ts);
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A.3 A basis of FK(4)

We present here the GAP code as well the result to compute the basis W2 (consisting of stan-
dard words) of A under the order x1 2 < 34 < 13 < T23 < T14 < T24.

LoadPackage ("GBNP") ;

A:=FreeAssociativeAlgebraWithOne (Rationals, "x12", "x34", "x13", "x23", "x14", "x24") ;;
x12:=A.x12;; x13:=A.x13;; x23:=A.x23;; x14:=A.x14;; x24:=A.x24;; x34:=A.x34;;
OoA:=0One (A) ;;

relationsA:=[x12"2, x1372, x237"2, x1472, x24"2, x3472, x12xx23-x23%xx13-x13%x12,
xX23%x12-x12+x13-x13%%x23, x12*x24-x24+x14-x14%x12, x24xx12-x12+x14-x14*x24,
x13%x34-x34%x14-x14xx13, x34%*x13-x13%x14-x14+xx34, x23%xx34-x34%x24-x24%x23,
x34%*x23-x23*x24-x24*x34, x12xx34-x34+x12, x13%*x24-x24xx13, x14xx23-x23*x14];;
relsANP :=GP2NPList (relationsA);;

GA:=Grobner (relsANP) ;;

GBNP.ConfigPrint (&) ;

x1272

x34x12 - x12x34

x34"2

%1372

x23x12 - x13x23 - x12x13

x23x13 + x13x12 - x12x23

x23"2

x14x34 + x13x14 - x34x13

x14x13 - x13x34 + x34x14

x14x23 - x23x14

%1472

x24x12 - x14x24 - x12x14

x24x34 + x23x24 - x34x23

x24x13 - x13x24

x24x23 - x23x34 + x34x24

x24x14 + x14x12 - x12x24

X24"2

x13x12x13 + x12x13x12

x13x34x13 - x34x13x34

x23x34x23 - x34x23x34

x14x12x34 + x13x14x12 - x34x13x12

x14x12x13 - x23x14x12 + x13x34x23 - x34x23x14
x14x12x23 + x23x34x14 + x34x14x12 - x12x23x34
x14x12x14 + x12x14x12

x23x34x13x12 — x13x34x23x34 + x34x23x34x13 - x12x13x34x23
x23x34x13x34 + x13x12x34x13 - x12x23x34x13
x23x34x13x23 + x13x23x34x13 - x34x13x23x34
x13x12x34x13x12 + x34x13x12x34x13
x13x12x34x13x34 + x12x13x12x34x13

W:=BaseQA(GA,6,0);;
PrintNPList (W) ;

The basis W2 is given by the following 576 elements

1,212,253 4,713, %23, 1,4, T2,4, T1,273 4, T1,271,3, 1,272 3, T1, 271 4, 1,272 4, T3 471 3, T3 472 3,
L3,4L1,45 L3424, L1,301,2,L1,303,4,L1,302,3,L1,301,4,L1,302 4, T2 3L34,T23T1,4,T23T24,T1,4L1,2,
X1,4%2,4,21,203,4%1,3,L1,203,422,3,L1,203,4L1,4,L1,203,422,4,21,221,321,2,L1,221,3L3,4,L1,221,3L2,3,
L1,2%1,3%01,4,21,201,302.4, 21,222,303 4,21,222,3L1,4,L1,202,302,4,L1,2L1,4%1,2,T1,201,4L2 4,
X3,421,371,2,13,421,303,4,L3,421,302,3, L3 421,301,4,23,4L1,302,4,L3,4T23L34,T3,4T23L1 4,

L3402 3L2 4, L3,4L1,4L1,2,L3,4L1,4L2.4,21,321,203,4,L1,301,2223,T1,3C1,2L1,4,L1,3L1,22 4,
T1,3%3,4%2,3,21,3034%1,4,21,303,4L24,21,3023L34,L1,322,3%1,4,2L1,3023%24,2T1,301,4%1,2,
L1,301,4%02,4, 223734713, T2,3L34L1 4,223L3,4L2 4,L2321,421,2,L23%1,4224,T14L12L2 4,
X1,223,421,321,2,21,223,421,303,4,21,203,401,302,3,L1,203,4L1,3L1,4,L1,223,4L1,3L2.4,

L1,203,4L2 3L3.4,L1,2L34L23L1,4,T1,2L34T23L24,T1,2L34L1,4L1,2,L1,2L3,4L1,4L24,
L1,2%1,3%01,223,4,21,201,3%1,222,3,L1,221,301,2%1,4,21,221,301,222 4, 21,221,323,4L2 3,
L1,201,303,421,4,21,201,3034%24,2L1,201,3023%34,21,221,302,3L1,4,21,221,322,3L2 4,

L1,221,301,401,2, £1,221,301,4L2,4, L1,222 3L3,4L1,3,L1,202,3L34L1,4,L1,22L2,3L34L2 4,
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L1,202,3%1,421,2,21,202,3%1,402.4,L1,201,4%12X24,2T34L1,301,2L3 4,23,4L1,301,2L2 3,
X3,421,371,221,4,23,421,321,202,4,L3,471,303,423,L3,4L1,303,4L1,4,L3,4L1,3L3,4L24,
X3,401,302,3L3,4,L3,4L1,3L23L1,4,L34T1,3L23L24,T34L1,301,4L1,2,L3,4L1,3L1,4L2.4,
T34X23%3,4%1,3,2134723L34%1,4,L34L2 303 4L24,T34L23T14L1,2,T3,4L23T1,4T24,
L3401,4%1,222,4,21,301,2034%1,3,2L1,301,203 422 3,2L1,301,2034L1,4,21,371,223,4L2 4,
X1,371,202,303,4, L1,301,222,3%1,4,L1,321,222,3%2,4,L1,301,241,4L1,2,L1,301,2L1,4L2 4,
X1,3%3,422,3L3,4,L1,303,4L2,301,4,L1,303,402,322,4,L1,303,4L1,4L1,2,L1,3L3,4L1,4T2 4,
L1,3%2,303,4%1,3,21,302,3L34%1,4, 11,302,303 4%24,21,3023%1,4L1,2,21,302,371,4L24,
L1,301,421,202,4, L2,3L3 4L1,3L1,4, L23L3 4L1,3L2,4, L2 3L3,4L1,4L1,2,L2,3L3,4L1,4L2 4,

X2 321,421,224, 21,223,4L1,301,2L3 4,L1,2L3 421,301,223, L1,2L3,4L1,3L1,2T1 4,
X1,203,471,321,222,4,L1,203,4T1,3L3,4L2 3, L1,2L34L1,3L3,4L1,4,L1,2L3,4T1,3L3,4T2 4,
L1,203,4%1,302,373,4,L1,203.4%1,302,3L1,4,L1,203,421,302,3L24,L1,203,421,301,4L1,2,
L1,223,421,301,422 4, L1,2L3,4L2 3L34L1,3,L1,2L3,4L2 3L3,4L1,4,L1,2L34L23L3 424,
L1,203,4223L1,421,2,L1,2L3,4T2 3L1,4L2 4, T1,2L34L1,4L1,2L2,4,2L1,2L1,301,2L3,4L1 3,
L1,2%1,3%01,203,472,3,L1,2L1,301,203,471,4,L1,2L1,301,203,4L2,4,L1,2L1,3L1,222,3L3 4,
L1,201,3%01,222,301,4,L1,201,3201,222,372,4,L1,201,301,241,4L1,2,L1,201,321,221,4L2 4,
X1,221,373,422,373,4,21,221,303,4L2,32L1,4,L1,201,3L3,4L2,322,4,L1,221,303,4L1,4%1,2,
X1,221,303,4L1,422.4,L1,221,302,3L3,4L1,3,L1,2L1,3L2,3L3,4L1,4,L1,2L1,3L2,3L34L2 4,
L1,2%1,3%02,301,471,2,L1,201,302,301,422,4,L1,2L1,301,421,2L2,4,L1,2L2,3L3,421,3L1,4,
L1,202,3%3,401,302,4,L1,202,323,421,421,2,L1,202,3L3,4L1,4L24,L1,2L2,32L1,421,2L2 4,
X3,421,371,223,471,3,13,421,301,203,4L2 3, X3,4L1,3L1,2L3,4L1,4,L3,421,301,203,4X2 4,
X3,4%1,301,222,303,4,L3,4L1,301,222,3L1,4,23,421,3L1,202,3%24,L3,4L1,371,221,4L1,2,
L34%1,301,2201,472,4, L3 4X1,303,422,3L3,4,L34L1,3L3,4223T1,4,L3421,3L3,4L23T2 4,
L3,421,303,401,421,2, L3,4L1,3L3 4L1,4L2.4,L3,4L1,3L2 3L3,4L1,3,L3,4L1,3L2,3L34L1 4,
X3,401,302,3L3,4L2.4,L3,4L1,3023L1,4L1,2,L3,4L1,3L23L1,4L2,4,L3,4L1,301,4L1,2T2 4,

3,422 3L3,4L1,301,4,L3,4L23L34L1,3L2 4, L34L23L34T1,4L1,2,L3,4L23T34L1 4T2 4,

L3402 3%1,401,202,4,L1,301,203,421,372,3,L1,301,203,421,3L1,4,L1,301,223,421,3L2 4,
L1,321,243,4L2,323 4, L1,3L1,2L3 422 3L1,4,L1,301,223,4L23L24,L1,3L1,2L3,4L1,4L1,2,
£1,301,223,421,422.4, 1,301,202 3L3,4L1,3,L1,3L1,2L2,3L3,4L1,4,L1,3L1,202,3L3,4T2 4,
T1,3%1,2%2,301,471,2,L1,3%01,202,301,472,4,L1,3L1,201,421,2L2,4,L1,3L3,422,3L3,4T1,3,
L1,303,402,303,471,4,L1,303,422,3L3,4L24,L1,3L3,422,32L1,4L1,2,L1,3L3,422,3L1,4L2 4,
X1,3203,421,421,272,4,21,322,303,4L1,321,4,L1,302,3L3,4L1,322,4,L1,372,303,4L1,4%1,2,
X1,302,3L3,4L1,422.4,T1,3023T1,4L12L2 4, T2 3L34L1,3L1,4L1,2,L2,3L34L1,3L1,4L2 4,
T2,303,4%1,401,202,4,L1,203 4%1,301,223,4L1,3,L1,223,421,371,223,4L2 3,L1,223,4L1,301,203 4%1 4,
L1,203,4%1,321,243,4T2,4,L1,2L3,4L1,3L1,222,3T3,4,L1,2L3,4L1,301,222,3T1,4,L1,243,4T1,371,272,3L2 4,
L1,223,421,301,221,421,2, L1,2L3,421,301,201,4L2 4, L1,2L3,4L1,3L3, 42 3L34,L1,2L34L1,3L34L2 3L1 .4,
X1,223,421,3L3,4L2 372 4,L1,203,421,3L3,4L1,4L1,2,L1,203,421,3L3,4L1,4L24,L1,203,4%1,3L2,303,4L1,3,
L1,2034%1,302,303,4L1,4,L1,203,4201,302,3L3,4L2 4,L1,23,421,302,3L1,4L1,2,21,223,4L1,3L2301,4L2 4,
L1,223,421,301,421,2L2,4,L1,2L3 422 3L3,4L1,3L1,4,L1,2L3,4L23L34L1,3024,L1,2L34L23L34L1,4L1,2,
L1,203,4L2 3L3,4L1,402 4,T1,2L3 42 3L1,4L1,2L2.4,L1,2L1,3L1,2L3,4L1,302 3, L1,2L1,3L1,2L3,4L1,3L1 .4,
£1,221,371,223,401,302,4,L1,201,3L1,2L3,4L2 3L3 4,L1,2L1,301,2L3,4L2 3L1,4,L1,201,3L1,2L3,4L2,3T2 4,
L1,201,3%01,203,421,421,2, L1,221,301,223,421,4L2 4,21,221,321,222,3L3,4L1,3,21,221,371,222,3L34L1 4,
X1,221,371,222,373,472,4,21,201,301,222,321,4L1,2,21,221,321,202,301,4L2 4,L1,201,371,221,471,272 4,
£1,221,303,422,303,421,3,T1,201,3L3,4L2 3L34L1,4,L1,2L1,3L3,4L23L34L2 4,L1,221,3L3,4L23L1,4L1,2,
L1,2%1,303,402,301,4L2 4, X1,201,303,421,421,2L2 4,%1,221,322,303,4L1,301,4,21,221,302,3L34T1,3L2 4,
L1,201,302,303,421,421,2,L1,201,302,3L3,4L1,4L2 4,21,201,322,321,4L1,2L2 4,21,222,3L3,4L1,301,4L1,2,

X1,2202,373,421,301,472,4,L1,202,30L3,4L1,421,2L2,4,L3,4L1,321,203,41,3202 3,X3,401,3L1,223,421,3L1 4,
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L34%1,301,203,421,3L2,4, L3 4%1,301,223,422,3L3,4,23,421,301,223,4L2 3L1 4,23,421,301,2L3,4L2 3L2 4,
X3,421,371,223,401,401,2,13,401,301,243,4L1,4L2,4,23,4L1,301,202,3L3,421,3,L3,401,3L1,222,373,4L1 4,
X3,401,301,222,30L3,4T2 4,T3,4T1,3L1,2L2 3L1,4L1,2,L3,4L1,301,202,3L1,4L2 4,L3421,3L1,2L1,4L1,2L2 4,
T34%1,303,402,303,4L1,3,L3,4%1,303,4L2,3L3,4L1,4,L3,421,3L3,4223L34L2 4,23421,3L3,4L23L1,4L1,2,
T3,401,303,4L2,301,4L2,4, L3 4L1,3L3,4L1,401,2T24,L3,4L1,302,303,4T1,3L1,4,L3,4L1,302,373,4L1,3L24,
X3,471,302,303,421,4%1,2, 13,401,302 3L3,4L1,4L2 4, L3 4L1,30L2,3L1,4L1,2L24,L34L23L34L1,3L1,4L1,2,
3,402 3L3,4L1,301,4T2 4, T3 4T2 33 4L1,4L1,2L2.4,21,3L1,223,4T1,3L2 323 4,L1,301,223,4L1,3L2,3T1 4,
L1,3%1,203,401,302,3L2 4, L1,3%01,203,421,301,4L1,2,21,3L1,223,421,3L1,4L2 4,21,301,223,4L2 303 4L 3,
L1,301,23,422,303,4T1,4,L1,3L1,203,4L2,3L3,4T24,L1,3L1,2L3,402,3L1,4L1,2,L1,301,223,4T2,3L1,4L2 4,
£1,301,243,421,401,222 4, T1,3L1,2L2 3L3 4L1,3L1,4,L1,3L1,2L2,3L3,4L1,302 4,L1,301,2L2 3L3,4L1,4L1,2,
£1,301,222,3L3,401,4T2,4,T1,3L1,202 3L1,4L1,2L2.4,L1,3L3,4L2,3L34L1,301,4,L1,303,4L2 3L34L1,3L2 4,
L1,303,4%2,303,401,421,2,L1,303,402,3L3,4L1,4L2 4,21,3L3,422,3L1,4L1,202 4,21,3023L3,4L1,301,4L1,2,
X1,322,303,401,321,4L2 4, L1,3L2,3L3,4L1,4L1,2L2 4, L2 3L3,4L1,3L1,4L1,2L2 4,
X1,223,421,321,223,401,302,3,L1,2L3,4L1,301,2L3,4L1,301,4,L1,223,4L1,3L1,2L3,4L1,3L2.4,
L1,203,4%1,301,223,422 3L3,4,21,203,421,301,2034L2 3L1,4,T1,2234L1,301,2034L23L24,
L1,203,4%1,301,223,421,421,2,L1,203,421,3L1,203 401 422 4,211,223 401,321,202 323,421,3,
X1,223,421,301,222,303,421,4,21,203,4L1,371,222,373,422,4,21,203,401,301,222,3L1 41,2,
L1,203,401,321,222,30L1,4L2 4,T1,2L3,42L1,301,2L1,4L1,202,4,L1,2L3,4L1,3L3,4L2 3L3 41,3,
L1,203,4%1,303,422,3L3,4L1,4,21,203,421,3L3,4L2 3L34L24,T1,2L34L1,3L34L23L1,471,2,
L1,203,4%1,303,422,3L1,4L2 4,21,203,421,3L3,4L1,4L1 222 4,2T1,2L34L1,3L2 323 4L1,321,4,
X1,223,421,322,303,401,302,4,L1,203,4L1,322,3L3,421,421,2,21,203,401,302,3L3,4L1,4L24,
L1,203,471,322,301,401,2L2 4, L1123 4L2 3L3 4L1,3L1,401,2,L1,203,4L2 3L34L1,3L1,4T2.4,
L1,203,4%2,303,421,421,2224,21,221,371,223,401,3023%34,21,221,301,203 421 3L2,3L1,4,
£1,221,371,223,421,302,302,4,11,201,301,223,4L1,301,421,2,21,221,301,2L3,4L1,3L1,4L2 .4,
L1,221,301,223,422,303,4L1,3,L1,201,3L1,2L3,4L2 3L3,4L1,4,L1,201,3L1,2L3 4L2 3L34L2 4,
£1,221,371,223,422,371,4L1,2,L1,201,301,223,4L2 3L1,4L2.4,L1,201,3L1,2L3,4L1,4L1,2T2 4,
L1,201,3%01,2202,303,421,3%1,4,2L1,221,301,222 323,471 3224,21,221,301,202 323 4L1,4%1,2,
X1,221,301,202,3L3 4L1,4L24,L1,221,3L1,222 301,401,222 4,L1,2L1,3L3,4L2 33,421,321 4,
X1,221,3L3,4L2,303,401,3L2 4,T1,2L1,3L3,4L2 3L3.4L1,401,2,L1,221,3L3,4L2 3L3 4L1,4L24,
L1,2%1,303,402,301,421,222 4, %1,201,302,3L3,4L1,301,4%1,2,T1,271,302,3L34%1 31,4224,
L1,201,302,303,421,421,222 4, 21,202,3L3,4L1,301,4L1 222 4,2T3,4L1,301,2L3 421 32,3234,
X3,421,371,223,421,302,301,4,13,401,301,223,4L1,302,302,4,13,421,301,203,4L1,371,4L1,2,
X3,401,301,223,421,301,4L2 4, T3,4L1,3L1,2L3,4L2 3L3,4L1,3,L3,4L1,3L1,2L34L2 3L34TL1 .4,
T34%1,3%01,203,422,3L3,4L2 4,23,421,301,2L3,4L23L1 4%1,2,T3,4L1,301,203 402 3L1,4L24,
L34%1,3%01,203,421,421,222 4,23,421,321,2L2 303 4L1 3%1,4,2L3,4L1,301,202 323 421,324,
X3,421,371,222,303,401,421,2,13,401,301,222,3L3,471,422,4,23,471,301,202,3L1,4L1,2L2 4,
X3,4%1,303,422,303,4L1,3L1,4,L3,421,3L3,4L2 3L3,4L1,302,4,L3,4L1,303,422,3L3,4L1,4T1,2,
L3,4%1,303,402,303,4L1,4L2 4,23,421,3L3,4L2 301,401 2X24,2T34L1,3023L34%1,32L1,4%1,2,
X3,401,372,303,421,301,422,4,L3,421,302,3L3,4L1,421,202,4,2L3,4L2,3L3,4L1,301,4L1,2L24,
£1,3%1,223,421,302,3L3,4L1,3,L1,3L1,223,4L1,302,3L3,4L1,4,L1,3L1,2L3,4L1,3L2,3L3,4L2 4,
£1,3201,203,421,302,301,4L1,2,T1,301,203,421,3L2,3L1,422,4,L1,301,2L3 4L1,3L1,4L1,2L2 4,
L1,3%1,203,402,303,421,301,4,21,301,223,4L2 303 4L 3L24,2T1,301,2034L2 323 4L1,4%1,2,
L1,371,243,402,3L3 4L1,4L24,L1,3L1,2L3,4L2 3L1,4L1,2L24,L1,3L1,222,3L34L1,301,421,2,
L1,301,242,3L3,421,301,4L2 4,T1,3L1,2L2 3L34L1,4L1,202,4,L1,30L3,4L2 3L34L1,3L1,4T1,2,
L1,303,4%2,303,421,371,4024,%1,303,4223L34L1 4T1 2L24,T1,3023L34L1 3L1,4%1,2724,
L1,2034%1,3201,223,421,302,3L3 4, 21,223,421,301,223,4L1 322 3%1,4,L1,2034L1,301,2034%1,302,3L24,

X1,223,421,321,223,401,301,401,2,X1,203,421,3L1,223,421,301,4L2 4,L1,203,4L1,371,223,422,323,421,3,
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L1,203,4%1,301,203,422,3L3,4L1 4,21,223,421,301,223 472 3L3 402 4,T1,2034L1 30123 42232L1,471,2,
X1,223,421,371,223,402,301,4L2 4, 21,203,421,3L1,223,421,401,202 4,L1,203,4L1,371,222,323,421,3%1,4,
X1,223,421,301,202,3L3,4L1,302,4,L1,223,4L1,301,222,303,4L1,4L1,2,L1,223,4L1,3L1,202,3L3,4L1,4L2 4,
L1,203,4%1,301,202,371,401,2L2 4,21,223,421,303,4L2 303 4L1,3%1,4,T1,2034L1 303 4L2323,42L1,3L24,
L1,2034%1,303,422,323,4L1,4L1,2,L1,223,421,3L3,4L2 303 4L14024,L1,2L34L1 30342 321,421,224,
X1,223,471,322,323,401,301,401,2,X1,203,421,3L2,373,421,301,4L2,4,L1,203,41,372,3L3,4L1,421,202 4,
L1,203,4L2 3L3,4L1,301,4L1 22 4,T1,2L1,301,2L3,4L1,302,3L3,4L1,3,L1,201,301,223,4L1,3L2,3L3,4L1 4,
L1,201,3%01,203,421,322,303,4L2 4,21,221,301,223,421,3023%1,4%1,2,L1,201,301,203 401 ,322,301,4L2 4,
L1,221,301,203,421,301,4L1,222,4,L1,2L1,301,2L3,4L2,3L3 4L1,3L1,4,L1,2L1,3L1,2L3,4L2 3L3,4L1,3L2 4,
X1,221,301,223,4L2,3L3,4L1 41,2, L1,2L1,3L1,2L3,4L2,3L3,4L1,4L2 4,T1,2L1,3L1,2L34L2,3L1,4L1,2L2 4,
21,2%1,321,222,303,421,321,421,2,L1,221,301,222,3L3,4L1,301,4L2,4,L1,221,3L1,2L2,303,4L1,4L1,2T2 4,
L1,201,303,402,303,421,301,421,2,L1,221,323,4L2 323471 3L1,4024,L1,201,303 47233 421,421,224,
L1,221,302,303,421,301,4L1,2L2,4,L3,4L1,30L1,2L3,4L1,3L23L3,4L1,3,L3,4L1,3L1,2L3,421,3L2,3L3,4L1 4,
X3,401,301,223,421,302,3L3 4L2 4, L3 4L1,301,2L3,4L1,302,3L1,4L1,2,T3,4L1,301,2L3,4L1,3L2,3%1,4L2 4,
T34%1,301,203,421,371,401,2L2 4,23,421,371,223,4L2 303 4L1,3%1,4,L3,4T1,301,2034L2323,421,3T24,
L3,401,301,203,422,323,4L1,4L1,2,L3,421,301,2L3,4L2 303 4L1,4024,L34L1,3L1, 203 4X2 321,421,224,
X3,421,371,222,323,401,301,4L1,2,X3,4L1,321,2L2,373,421,301,4L2 4,L3,4L1,301,222,3L3,4L1,421,202 4,
X3,401,373,422,3L3,4T1,3L1,4L1,2,L3,4L1,3L3,4L23L3 4L1,3L1,4L2 4,L3,4L1,3L3,4L23L34L1,4T1,2T2 4,
T34%1,302,303,421,371,401,2L2 4,21,321,223,401,302,3034%1,3%1,4,L1,301,203 471 3L2323,4L1,3L24,
L1,3%1,203,4201,302,323,421,4L1,2,2L1,321,223,4L1,322,3L3 4L1,4024,2L1,301,203 401 3L23%1,421,2L24,
X1,3201,223,472,323,401,301,421,2,21,301,223,4L2,323,421,301,42 4,L1,301,203,4L2,3L3,4L1,421,202 4,
L1,301,222,3L3,421,301,4L1,2X2 4, L1,3L3,4L2 3L34L1,301,4L1,2L2 4,
L1,203,4%1,301,203,421,302,323471,3,21,223,401,301,203 41 322,313,414,
L1,223,421,301,223,4%1,3L2,3L3,4L2.4,L1,20L3 421,301,223 4L1,32L2,3L1,4L1,2,
L1,203,4L1,321,2L3,401,3L2 3L1,4L2 4, L1,2L3,4L1,3L1,2L3,4T1,3L1,4L1,2L2 4,
L1,203,471,371,223,4T2 33 4L1,3L1,4,L1,223,4L1,3L1,223,4L2 33 4L1,3L2 4,
L1,203,4%1,301,203,422,303,4L1,4L1,2,21,223,401,301,203 42 3L3,4L1,4L2 4,

L1,223,421,301,223,4L2 321,411,224, L1,203 421,301,222 3L3,4L1,3L1,4L1,2,
L1,203,421,321,222,3L3,4L1,301,4L2 4, L1,2L3,4L1,3L1,222,3L3,4L1,4L1,2L2 4,
L1,203,4%1,303,422,323,401,301,401,2,T1,223,401,3L3 472 33 4%1,3L1,4L2 4,
L1,203,4%1,303,422,3L3,4L1,4L1 272 4,21,223,4L1,3L2 303 4L1 321,401,224,
X1,221,371,223,471,302,303,4L1,321,4,L1,221,3L1,223,421,302,3L3,4L1,3T2 4,
L1,221,301,223,421,302,3L3,4L1,4L1,2, L1,221,3L1,2L3,4L1,3L2,3L3 4L1,4L2 4,
L1,2%1,3%01,203,471,322,301,421,272 4,21,221,301,223 472 3L3 421,3L1,471,2,
L1,201,3%01,203,422,323,421,301,4L2 4,21,221,301,2L3 402 3L3 41,421,224,
X1,221,371,222,323,401,301,4L1,222,4,L1,221,3L3,472,373,401,301,4L1,222 4,
X3,4%1,301,223,401,302,3L3,4L1,301,4,L3,4L1,3%1,223,4L1,302,3L3,4L1,302 4,
L34%1,301,203,401,322,303,4L1,4%1,2,23,421,301,2L3 401 3L23L3,4L1,4L2 4,
X3,471,301,203,421,302,3L1,471,2L2,4, L3,4L1,3L1,2L3,4L2 3L34L1,301,4L1,2,
L3,401,301,2L3,4L2,3L3,4L1, 301,412 4, L3,4L1,3L1,2L3,4L2,3L34L1 4L1,2L2 4,
X3,401,371,222,303,4T1,3L1,4L1,2L2 4, L3,4L1,3L3,4L23L3,4T1,3L1,4L1,2T2 4,
L1,3%1,203,4201,302,323,401,301,4%1,2,11,321,223,471,302 3L3421,301,4L2 4,

X1,321,243,401,322 3L3,4L1,421,2L2.4,L1,301,2L3,4L2,3L3 4L1,3L1,4L1,2L2 4,
L1,203,421,3L1,223,401,302 3L34L1,3L1,4,L1,2L3,4L1,301,2L3 421,312 3L3,4L1,3024,
L1,2034%1,301,203,421,302,3L3 471, 4%1,2,2T1,223,4L1,301,2L34%1,32L2,3L3,4L1,4L2 4,
L1,2034%1,3201,203,421,302,301,4%1,2024,21,2234L1,301,223 402 32L3,421,301,4L1,2,

X1,223,471,371,223,42,303,4L1,3L1,4L2,4,21,223,4L1,301,203,4L2 3L3,4L1,471,272 4,
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L1,2034%1,3201,202,323,421,301,4%1,2224,21,2234L1 303 4L23L34L1,301,421,2L2 4,
X1,221,301,203,421,302,3L3 421,301,421,2,L1,241,301,2L3,42L1,32L2,3L3,4L1,301,4L2 4,
£1,2%1,321,223,4L1,302,3L3,4L1,42L1,222,4,L1,221,321,2L3,4L2 3L3,4L1,301,471,2L2 4,
T34%1,301,203,421,372,303,401,301,4%1,2,23,401,301,203 4%1,302,323,421,301,4L2 4,
T3,401,321,203,4L1,302,303,4L1,401,224,23,4T1,301,203 42 3L3,4L1,3L1,401,2T2 4,
X1,371,243,401,322 33,421 ,301,4L1,222,4,L1,2434L1,3L1,223,4L1,3L2 3L3,4L1,3L1,4L1,2,
X1,23,471,321,223,401,3L2 3L3 421 ,3L1,4L2,4,L1,2L3,4L1,3L1,2L3 421,372 3L3,4L1,4T12T2 4,
L1,203,4%1,3201,203,422,303,4L1,301,4%1,2024,T1,221,301,223 401 ,322,303,421,371,421,2L2 4,

X3,401,371,223,421,302,303,4L1,301,4L1,222,4,L1,223,421,301,203,4L1,3L2,3L3,4L1,301,4L1,22 4.

A4 Koszul complex of M fori € {0,1,2,3}

We present here the GAP code for computing the differential of the Koszul complex of the
quadratic modules M° = k and M* for i € [1,3] defined in Subsection 6.1.2. We also present
a basis of H,, ,,,(M?") for some pairs (n,m). In the following code, the matrix FF(i,n,m) represents
the linear map dp41,m—1(M?) : Kpi1.m-1(M?) — K,m(M?), Im(inm) is a basis of the space
BTQ/[m and Ker(i,nm) is a basis of the space Dﬁ/[m Moreover, geneMH(i,n,m) are some elements in
DM’ and we can show that it represents a basis of H,, ,,,(M?) since the dimension of the space

n,m’

spanned by Bflwm and geneMH(i,n,m) coincides with the dimension of Dﬁ/fm

LoadPackage ("GBNP") ;

A:=FreeAssociativeAlgebraWithOne (Rationals, "x12","x13", "x23", "x14", "x24","x34") ;;
x12:=A.x12;; x13:=A.x13;; x23:=A.x23;; x14:=A.x14;; x24:=A.x24;; x34:=A.x34;;
OA:=0One (A) ;;

relationsA:=[x12"2, x1372, x237"2, x1472, x24"2, x3472, x12xx23-x23%*x13-x13%x12,
x23%x12-x12+xx13-x13%xx23, x12*x24-x24+xx14-x14xx12, x24+x12-x12+x14-x14+x24,
x13%x34-x34%xx14-x14xx13, x34%x13-x13xx14-x14%x34, x23*xx34-x34xx24-x24%x23,
x34%*x23-x23*x24-x24*x34, x12xx34-x34+x12, x13%*x24-x24xx13, x14xx23-x23*x14];;
# A/relationsA is the Fomin-Kirillov algbera on 4 generators.
relsANP:=GP2NPList (relationsA);;

GBNP.ConfigPrint (A) ;

GA:=Grobner (relsANP);; # GA is a Grdbner basis of the ideal in A.

# PrintNPList (GA);

C:=BaseQA(GA,6,0);; # C is the set of standard words with respect to GA.

# PrintNPList (C);

f:=function(n)
if n=0 then return 1;

elif n=1 then return 6;

elif n=2 then return 19;
elif n=3 then return 42;
elif n=4 then return 71;
elif n=5 then return 96;
elif n=6 then return 106;
elif n=7 then return 96;
elif n=8 then return 71;
elif n=9 then return 42;

elif n=10 then return 19;
elif n=11 then return 6;
elif n=12 then return 1;
fi;
end;
# f(n) is the dimension of $A_nS$S.

g:=function (n)
if n=-1 then return 0;
elif n=0 then return f(0);
elif n>0 then return Sum(List ([0..n], s->f(s)));
fi;
end;
# g(n)-g(n-1)=£f(n).

B:=FreeAssociativeAlgebraWithOne (Rationals, "y12","y13","y23","y14",6 "y24","y34");;
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y1l2:=B.yl2;; yl13:=B.y1l3;; y23:=B.y23;; yl4:=B.yl4;; y24:=B.y24;; y34:=B.y34;;
oB:=0One (B) ;;

relationsB:=[yl2xy23+y23%y13, y13xy23+y23xy12, y12xy23+y1l3xyl1l2, y12xy13+y23xyl1l2,
v12xy24+y24xyl4, y14xy24+y24xy1l2, y12+y24+y1l4xyl2, y12+yld+y24xyl2, y1l3+y34+y34xyl4,
v14%y34+y34xy13, y13xy34+y1l4xy13, yl3xyl4+y34*y1l3, y23xy34+y34xy24, y24xy34+y34xy23,
v23%y34+y24xy23, y23+xy24+y34xy23, yl2xy34+y34xyl2, yl3xy24+y24xyl3,
v23xyld+y14xy23];;

# B/relationsB is the quadratic dual of the Fomin-Kirillov algebra on 4 generators.
relsBNP:=GP2NPList (relationsB) ;;

wtv:= [1,1,1,1,1,1];;

GBNP.ConfigPrint (B);;

GB:=Grobner (relsBNP);; # GB is a Grdbner basis of the ideal in B.

# PrintNPList (GB) ;

D:= BaseQATrunc (GB,15,wtv);;

for degpart in D do for mon in degpart do PrintNP ([ [mon], [1]]); od; od;

DT:=[1];

for degpart in D do for mon in degpart do Append (DT, [[[mon], [1]1]1]); od; od;

S:=B"8;;

ab:=GeneratorsOfLeftModule (S);;

g8:=abl[l];; g7:=ab[2];; g6:=abl[3];; g5:=ab[4];;

g4:=ab[5];; g3:=abl[6];; g2:=ab[7];; gl:=ab[8];;

modrels:=[gl*yl2-g2xy34, glxy34+g2xyl2, g3xyl2+gdxy34, g3xy34-gdxyl2, gdxyl3-g2xy24,
gdxy24+g2+y1l3, g3xyl3-glxy24, g3+y24+gl*yl3, glxy23+gdxyld, glxyld-gdxy23,
g3*xy23+g2+yl4, g3xyld-g2xy23, gbxyld, g5xy24, g5xy34, gb6*yl3, gb6xy23, gb6xy34, g7*yl2,
g7xy23, gl*y24, g8xyl2, g8xyl3, g8xyld ];;

modrelsNP:=GP2NPList (modrels);;

# PrintNPList (modrelsNP);;

GBNP.CheckHom:=function (G, wtv)
local i,3j,%k,1,mon,hl,h2,ans;
mon :=LMonsNP (G) ;
ans:=GBNP.WeightedDegreeList (mon, wtv) ;
for 1 in [1l..Length(G)] do
hl:=ans[i];

l:=Length(G[i][1]);

for j in [2..1] do
mon:=G[i] [1][3];
h2:=0;

for k in [1l..Length(mon)] do
if mon[k]>0 then
h2:=h2+wtv[mon[k]];
fi;
od;
if h2<>hl then return(false); fi;
od;
od;
Info (InfoGBNP, 1, "Input is homogeneous") ;
return (ans) ;
end;

GBNP.WeightedDegreeMon:=function (mon, 1st)
local i, ans;
ans:=0;
for i in mon do
if 1i>0 then
ans:=ans+lst[i];
fi;
od;
return (ans) ;
end; ;

SetInfolevel (InfoGBNP, 1) ;;

SetInfolevel (InfoGBNPTime, 1) ;;
combinedrelsNP:=Concatenation (GB, modrelsNP) ;;
GBT:=SGrobnerTrunc (combinedrelsNP, 15, [1,1,1,1,1,11);;
# PrintNPList (GBT) ;

splitGBT:=function (GBT)
local p, ts, rel, 1m;
p:=[1;
ts:=[1;
for rel in GBT do
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Im := rel[l,1];
if Length(lm)>1 and 1m[1]<0 then
Add(p, rel);
else
Add (ts, rel);
fi;
od;
return rec(p:=p, ts:=ts);
end; ;

split:=splitGBT (GBT);;

GBRM3:=rec (p:=split.p, pg:=8, ts:=split.ts);;
BQMM3 : =BaseQM (GBRM3, 6,8, 650) ; ;

# PrintNPList (BQMM3) ;

S:=B"7;;

ab:=GeneratorsOfLeftModule(S);;

g7:=abll]l;; g6:=ab[2];; g5:=ab[3];; gd:=ab[4];; g3:=ab[5];; g2:=ab[6];; gl:=ab[7];;

modrels:=[glxyld4+gd*yld, glxy24+g3xy24, glxy34-g2+y34, g2xyl3+gdxyl3, g2+xy23+g3*y23,
g3xyl2-gd*yl2, g5xyl2-g6xy34, glxy24+g5+y1l3, g5xy23+g7xyl4d, gbxyld-g7*y23,
g2+xy13-g5*y24, g5xy34+g6xyl2, gb6xyl3+g7+y24, glxyld-g6xy23, g2+y23+gbxyl4,
gbxy24-g7+yl13, glxy34-g7+yl2, g3*yl2-g7xy34];;

modrelsNP:=GP2NPList (modrels) ;;

# PrintNPList (modrelsNP) ;

SetInfolevel (InfoGBNP, 1) ;;

SetInfolevel (InfoGBNPTime, 1) ;;
combinedrelsNP:=Concatenation (GB, modrelsNP) ;;
GBT:=SGrobnerTrunc (combinedrelsNpP, 15, [1,1,1,1,1,11);;
# PrintNPList (GBT);

split:=splitGBT (GBT);;

GBRM2:=rec (p:=split.p, pg:=7, ts:=split.ts);;
BQMM2 : =BaseQM (GBRM2, 6, 7,1000) ; ;

# PrintNPList (BQMM2) ;

MD:=B"2;;

ab:=GeneratorsOfLeftModule (MD) ; ;

g2:=abll];; gl:=ab[2];;

modrels:=[glxyl2-g2*yl2, g2*yl3, glxy23, glxyld, g2xy24, glxy34-g2xy34];;
modrelsNP:=GP2NPList (modrels);;

# PrintNPList (modrelsNP) ;

SetInfolevel (InfoGBNP, 1) ;;

SetInfolLevel (InfoGBNPTime, 1) ;;
combinedrelsNP:=Concatenation (GB, modrelsNP) ;;
GBT:=SGrobnerTrunc (combinedrelsNpP, 15, [1,1,1,1,1,1]1);;
# PrintNPList (GBT) ;

split:=splitGBT (GBT);;

GBRM1:=rec (p:=split.p, pg:=2, ts:=split.ts);;
BQMM1 : =BaseQM (GBRM1, 6,2,400) ;;

# PrintNPList (BQMM1) ;

ff:=function (i, n)
if i=0 and n=-1 then return O0O;

elif i=0 and n=0 then return 1;

elif i=0 and n=1 then return 7;

elif i=0 and n=2 then return 24;

elif i=0 and n=3 then return 54;

elif i=0 and n=4 then return 92;

elif i=0 and n>4 then return (3*n+69)x*(n-4)/2+92;
elif i=1 and n=-1 then return 0;

elif i=1 and n=0 then return 2;

elif i=1 and n>0 then return (3*n+9)*n/2+2;

elif i=2 and n=-1 then return 0;

elif i=2 and n=0 then return 7;

elif i=2 and n=1 then return 31;

elif i=2 and n=2 then return 74;

elif i=2 and n>2 then return (3*n+99)x*(n-2)/2+74;
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elif i=3 and n=-1 then return 0;
elif i=3 and n=0 then return 8;
elif i=3 and n=1 then return 32;
elif i=3 and n=2 then return 72;
elif i=3 and n>2 then return 48xn-24;
fi;
end;

FFMO:=function(j, 1)
local F,RDF,H,L,RFA,DFA,rra,dda,s,LAs,k,t;
RDF:=List ([f£(0,j-1)+1..£f£(0,j+1)], p —> DT[p]);
H:=List ([1l..6], s —> TransposedMat (MatrixQA (s,RDF,GB)));;
L:=List([l..6], s —-> List([ff(0,3)-f£(0,j-1)+1..££(0,J+1)-£f£(0,3-1)1,
g -> List([1..££(0,3)-££(0,3-1)1, p —-> H[s][ql[pl)));;
RFA:=List ([g(i-1)+1..g(i)], p —> Clpl);
DFA:=List ([g(i-2)+1..g9(i-1)], p —-> Clpl);
rra:=Length (RFA) ;
dda:=Length (DFA) ;
F:=[1;
for s in [1..6] do
LAs:=0%[1..dda];
for k in [1l..dda] do
LAs[k]:=0%[1..rral;
for t in [1l..Length(MulQA(C[s+1], DFA[k], GA)[1l])] do
LAs[k] [Position (RFA, [ [MulQA(C[s+1], DFA[k], GA)[1][t]],[1]1])]:=
MulQA(C[s+1], DFA[k], GA)[2][t];
od;
od;
F:=F+KroneckerProduct (L[s], LAs);
od;
return F;
end; ;

FFM1:=function(j, i)
local FF,RF,DF,rr,dd,RFA,DFA,rra,dda,s,LLs,LAs,k, t;
RE:=List ([f£(1,3-1)+1..£f£(1,3)], p -> BOMMl|[p]);
DF:=List ([ff(1,3)+1..£f£(1,3+1)], p -> BOQMMl|[p]);
rr:=Length (RF) ;
dd:=Length (DF) ;
RFA:=List ([g(i-1)+1..g(i)], p —> Clpl);
DFA:=List ([g(i-2)+1..g(i-1)], p —-> Clpl);
rra:=Length (RFA);
dda:=Length (DFA) ;
FF:=[];
for s in [1..6] do
LLs:=0x[1..rr];
LAs:=0%[1..dda];
for k in [1l..rr] do
LLs[k]:=0x[1..dd];
for t in [1..Length (MulQM(RF[k], DT[s+1], GBRM1) [1])] do
LLs[k] [Position (DF, [ [MulQM(RF [k], DT[s+1], GBRM1) [1][t]],[1]1]1)]:=
MulQM(RF [k], DT[s+1], GBRML) [2][t];
od;
od;
for k in [1l..dda] do
LAs[k]:=0%[1..rra]l;
for t in [1..Length(MulQA(C[s+1], DFA[k], GA)[1l])] do
LAs[k] [Position (RFA, [ [MulQA(C[s+1], DFA[k], GA)[1][t]],[1]1]1)]:=
MulQA(C[s+1], DFA[k], GA)I[2]I[t];

od;
od;
FF:=FF+KroneckerProduct (TransposedMat (LLs), LAs) ;
od;
return FF;
end;

FFM2:=function(j, 1)
local FF,RF,DF,rr,dd,RFA,DFA,rra,dda,s,LLs,LAs,k,t;
RF:=List ([£f£(2,3j-1)+1..££(2,3)], p —> BOMM2[pl);
DF:=List ([f£(2,3)+1..f£(2,3+1)]1, p -> BQMM2[p]l);
rr:=Length (RF) ;
dd:=Length (DF) ;
RFA:=List ([g(i-1)+1..g(1)], p —> C[pl);
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DFA:=List ([g(i-2)+1..g(i-1)], p —> Clpl);
rra:=Length (RFA);
dda:=Length (DFA) ;
FE:=[];
for s in [1..6] do
LLs:=0*[1..rr];
LAs:=0%[1..dda];
for k in [1l..rr] do
LLs[k]:=0*[1..dd];
for t in [1..Length(MulQM(RF[k], DT[s+1], GBRM2) [1])] do
LLs[k] [Position (DF, [ [MulQM(RF[k], DT[s+1], GBRM2) [1]([t]],I[11])]:=
MulQM(RF [k], DT[s+1], GBRM2) [2][t];
od;
od;
for k in [1l..dda] do
LAs[k]:=0%[1l..rral;
for t in [1..Length(MulQA(C[s+1], DFA[k], GA)[1l])] do
LAs[k] [Position (RFA, [ [MulQA(C[s+1], DFA[k], GA)[1]1[t]],[1]11)]:=
MulQA (C[s+1], DFA[k], GA)I[2]I[t];

od;
od;
FF:=FF+KroneckerProduct (TransposedMat (LLs) , LAs) ;
od;
return FF;
end;

FFM3:=function(j, i)
local FF,RF,DF,rr,dd,RFA,DFA,rra,dda,s,LLs,LAs,k, t;
RE:=List ([f£(3,3-1)+1..£f£(3,3)]1, p —-> BOMM3([p]);
DF:=List ([f£(3,3)+1..£f£(3,3+1)]1, p —-> BOQMM3[p]);
rr:=Length (RF) ;
dd:=Length (DF) ;
RFA:=List ([g(i-1)+1..g(i)], p —> Clpl);
DFA:=List ([g(i-2)+1..g(i-1)], p —-> Clpl);
rra:=Length (RFA);
dda:=Length (DFA) ;
FF:=[];
for s in [1..6] do
LLs:=0x[1..rr];
LAs:=0%[1..dda];
for k in [1l..rr] do
LLs[k]:=0x[1..dd];
for t in [1..Length (MulQM(RF[k], DT[s+1], GBRM3) [1])] do
LLs[k] [Position (DF, [ [MulQM(RF [k], DT[s+1], GBRM3) [1][t]],[1]1]1)]:=
MulQM(RF [k], DT[s+1], GBRM3) [2][t];
od;
od;
for k in [1l..dda] do
LAs[k]:=0%[1..rra]l;
for t in [1..Length(MulQA(C[s+1], DFA[k], GA)[1l])] do
LAs[k] [Position (RFA, [ [MulQA(C[s+1], DFA[k], GA)[1][t]],[1]1])]:=
MulQA(C[s+1], DFA[k], GA)[2][t];

od;
od;
FF:=FF+KroneckerProduct (TransposedMat (LLs) , LAs) ;
od;
return FF;
end;

FF:=function(ii, j, 1)
if ii=0 then return FFMO(j,1i);
elif ii=1 then return FFM1(j,1i);
elif ii=2 then return FFM2(j,1i);
elif ii=3 then return FFM3(j,1i);
fi;

end;

Im:=function(ii, j, 1)
local Imm;
Imm:=TriangulizedMat (BaseMatDestructive (FF (ii, 3,1)));
return Imm;

end;
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Ker:=function(ii, j, 1)
local Kerr;
Kerr:=TriangulizedNullspaceMatDestructive (FF (ii, j-1,1+1));
return Kerr;

end;

HXR:=function(ii, Uh,Vh,Wh,n,m, r)
local hxr,Vhxr,CC,s,t,le,yy,VP,j,i,k;
VP:=[];;
hxr:=0*[1..Length (Uh)*f(r)];;
Vhxr:=0%[1..Length (Uh)+£f(xr)1;;
CC:=List ([g(m+r-1)+1..g(m+r)], p -> Clpl);;
for s in [1..Length(Uh)] do
for t in [1..f(r)] do
le:=Length (Uh[s]);;
yy:=Clg(r-1)+t];;
hxr[(s-1)*f(r)+t]:=0%x[1..(ff(ii,n)-ff(ii,n-1))*f(m+r)];;
VP:=0x[1..1le]l;;
Vhxr[ (s-1)+f(r)+t]:=0x[1..1le];;
for j in [1..le] do
VP[3l:=0 [ 1, [ 1 1;
for 1 in [1l..Length(Vh[s][]j])] do
VP [§] :=AddNP (VP [3],MulQA (C[g(m-1)+Vh[s] [§][i]],yy,GA), 1,
Whis][3]1[1]);
od;
Vhxr[(s-1)*f(r)+t][Jj]:=List([1l..Length(VP[Jj1[11)], k —>
Position(CC, [ [VP[JI[1][k]], [ 1 1 1));
for k in [1l..Length(VP[3][1])] do
hxr[(s=1)*£(r)+t] [£f(m+r)* (Uh([s] [J]-1)+Vhxr[(s-1)+£(r)+t] [J][k]]:=
VP[31[2][k];
od;
od;
od;
od;
return hxr;
end;

UU:=function (gene, ii)
local Rest,Uh,Vh,Wh,Post, k,aa,Quo,Res, Sig,Qu,Re, Sqg,1i, J;
Rest:=function(n)
if n mod f£(ii) > 0 then return n mod f (ii);
else return f(ii);

fi;
end;
Uh:=0%[1..Length(gene)];;
Vh:=0x[1..Length(gene)];;
Wh:=0%[1..Length(gene)];;
Post:=[];;
for k in [1l..Length(gene)] do
Uh[k]:=[]; Vhlk]:=[]; Wh[k]:=[];

aa:=genel[k];
Post:=[1..Length(aa)];
SubtractSet (Post, Positions(aa,0));
Quo:=List ([1l..Length(Post)], s->(Post[s]-Rest (Post[s]))/f(ii)+1);
Res:=List ([1l..Length(Post)], s—->Rest (Postl[s]));
Sig:=List ([1l..Length (Post)], s—->genelk] [Post[s]]);
Qu:=Set (Quo) ;
Re:=0%[1..Length(Qu)];
Sg:=0x[1..Length(Qu)];
for i in [1l..Length(Qu)] do
Re[i]:=[];
Sglil:=[1;
for j in [1l..Length(Positions(Quo,Quli]))] do
Re[i] [j]:=Res[Position(Quo,Quli])+j-11;
[J]:=Sig[Position(Quo,Quli])+J-11;

od;
return Uh;
end;
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VV:=function (gene,ii)
local Rest,Uh,Vh,Wh,Post, k,aa,Quo,Res, Sig,Qu,Re,Sqg,1i, J;
Rest:=function(n)
if n mod f(ii) > 0 then return n mod f(ii);
else return f(ii);

fi;
end;
h:=0+[1..Length(gene)];;
—0*[1..Length(gene)];;
:=0x[1..Length(gene)];;
Post.—[];;
for k in [1..Length(gene)] do
Uhlk]:=[]; Vh[k]:=[]; Wh[k]:=[];

aa:=genelk];

Post:=[1..Length(aa)l;

SubtractSet (Post, Positions(aa,0));

Quo:=List ([1l..Length(Post)], s->(Post[s]-Rest (Post[s]))/f(ii)+1);
Res:=List ([1l..Length(Post)], s—->Rest (Post[s]));

Sig:=List ([1l..Length(Post)], s—->genelk] [Post[s]]);

Qu:=Set (Quo) ;

Re:=0%[1..Length(Qu)];

Sg:=0x[1..Length(Qu)];

for i in [1..Length(Qu)] do

Re[i]:=[];
Sglil:=[];
for j in [1l..Length(Positions(Quo,Quli]))] do
Re[i] [j]:=Res[Position(Quo,Quli])+j-11;
Sgl[i]l [j]:=Sig[Position(Quo,Quli])+j-1];
od;
od;
Uh[k] :=Qu;
Vh(k]:=Re;
Whik]:=Sg;
od;
return Vh;
end;

WW:=function (gene, ii)
local Rest,Uh,Vh,Wh,Post, k,aa,Quo,Res,Sig,Qu,Re,Sqg,1i, J;
Rest:=function (n)
if n mod f(ii) > 0 then return n mod f(ii);
else return f(ii);

fi;
end;
h:=0«[1..Length(gene)];;
h:=0+[1..Length(gene)];;
h:=0+[1..Length(gene)];;
Post.—[];;
for k in [1..Length(gene)] do
Uh[k]:=[]; Vh[k]:=[]; Wh[k]:=[];

aa:=genelk];

Post:=[1..Length(aa)l;

SubtractSet (Post, Positions(aa,0));
Quo:=List ([1l..Length(Post)], s->(Post[s]-Rest (Post[s]))/f(ii)+1);
Res:=List ([1l..Length(Post)], s->Rest (Postl[s]));
Sig:=List ([1l..Length(Post)], s->genelk] [Post[s]]);
Qu:=Set (Quo) ;

Re:=0%[1..Length(Qu)];

Sg:=0x[1..Length(Qu)];

for i in [1..Length(Qu)] do

Re[i]:=[];
Sglil:=[1;
for j in [1l..Length(Positions (Quo,Quli]))] do
Re[i][]j]:=Res[Position(Quo,Quli])+j-11;
Sgl[i]l [j]:=Sig[Position(Quo,Quli])+3-11;
od;
od;
Uh[k] :=Qu;
Vhk]:=Re;
Whik]:=Sg;

od;
return Wh;
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end;

geneMH:=function (i, n,m)
if i=0 and n=3 and m=3 then return
[Ker(0,3,3)[99], Ker(0,3,3)[378], Ker(0,3,3)[164], -Ker(0,3,3)[467],
Ker(0,3,3) [219], -Ker(0,3,3)[40], Ker(0,3,3)[301],
Ker (0,3,3) [206]-Ker(0,3,3)[99]-Ker(0,3,3) [378]+Ker (0,3,3)[164]-Ker(0,3,3)[467]11]1;
elif i=0 and n=3 and m=5 then return [Ker(0,3,5)([79]1];
elif i=0 and n=4 and m=4 then return
[Ker(0,4,4)[550], Ker(0,4,4)[450]1-Ker(0,4,4)[55011;
elif i=0 and n=5 and m=11 then return [Ker(0,5,11)[90]];
elif i=1 and n=1 and m=3 then return
[Ker(1,1,3)[15], Ker(1,1,3)[27], Ker(1,1,3)[53], -Ker(l,1,3)[67],
Ker(1,1,3)[19], -Ker(1,1,3)[1l6], Ker(l,1,3)[22]1]1;
elif i=1 and n=1 and m=5 then return [Ker(1l,1,5)[76]1];
elif i=1 and n=1 and m=7 then return [Ker(1l,1,7)[64]];
elif i=2 and n=1 and m=3 then return [Ker(2,1,3)[257]];
elif i=2 and n=1 and m=5 then return [Ker(2,1,5)[908]];
elif i=2 and n=2 and m=4 then return
[Ker(2,2,4)[783]1-Ker(2,2,4)[784], Ker(2,2,4)[784]11];
elif i=2 and n=3 and m=3 then return
[Ker(2,3,3)[36]-Ker(2,3,3)[193]1-Ker(2,3,3)[470]1-Ker(2,3,3)[570]-Ker(2,3,3) [658],
Ker (2,3,3)[200], Ker(2,3,3)[197], -Ker(2,3,3)[1l6],
Ker(2,3,3)[193]1, Ker(2,3,3)14701, Ker(2,3,3)[570]1, Ker(2,3,3)[65811;
elif i=3 and n=3 and m=3 then return
[Ker(3,3,3)[179], -Ker(3,3,3)[185], -Ker(3,3,3)I[174], Ker(3,3,3)I[176],
Ker(3,3,3) [355], Ker(3,3,3)[452], Ker(3,3,3)[540], Ker(3,3,3)[628]1;
else return [];
fi;

end;

A.5 A basis of (M?)'

We present here the GAP code to compute a basis of (M?)", for n less than some positive
integer, where the quadratic module M? is defined at the beginning of Subsection 6.1.2. We
also list the basis of (M?)",, for n € [0,3].

LoadPackage ("GBNP") ;
B:=FreeAssociativeAlgebraWithOne (Rationals, "y12","y13","y23","y14","y24","y34");;
y1l2:=B.y12;; y13:=B.y13;; y23:=B.y23;; yl4:=B.yl4;; y24:=B.y24;; y34:=B.y34;;
oB:=0One (B) ;;

relationsB:=[yl2xy23+y23*y1l3, yl13xy23+y23xy1l2, y12xy23+yl3xyl2, y1l2xyl13+y23xyl2,
v12%y24+y24xyl4, yldxy24+y24xyl2, yl2xy24+yldxyl2, yl2xyld+y24xyl2, yl3xy34+y34xyl4,
v14xy34+y34xy1l3, y13xy34+y1l4xy1l3, y13xyld+y34xyl13, y23+y34+y34xy24, y24+y34+y34%y23,
y23*xy34+y24xy23, y23xy24+y34xy23, yl2xy34+y34xyl2, yl3xy24+y24xyl3,
y23*yl4+yl4xy23];;

relsBNP:=GP2NPList (relationsB);;

wtv:= [1,1,1,1,1,11;;

GB:=Grobner (relsBNP) ;;

GBNP.ConfigPrint (B) ;;

PrintNPList (GB) ;

D:= BaseQATrunc (GB,12,wtv);;
for degpart in D do
for mon in degpart do
PrintNP ([ [mon], [111);
od;
od;
DT:=[];
for degpart in D do
for mon in degpart do
Append (DT, [ [ [mon], [1]111]);
od;
od;

S:=B"7;

ab:=GeneratorsOfLeftModule (S) ;

g7:=ab[1l]; g6:=ab[2]; g5:=ab[3]; gd4:=ab[4]; g3:=ab[5]; g2:=ab[6]; gl:=abl[7];
modrels:=[glxyld+gd*yld, glxy24+g3xy24, glxy34-g2+y34, g2xyl3+gdxyl3, g2+xy23+g3*y23,
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g3xyl2-gd*yl2, g5xyl2-g6xy34, gl*y24+g5xyl3, gbxy23+g7*yl4,
g2xyl3-g5*y24, g5xy34+g6xyl2, g6xyl3+g7+y24, glxyld-g6xy23,
g6*xy24-g7+y1l3, glxy34-g7xyl2, g3xyl2-g7*y34];
modrelsNP:=GP2NPList (modrels) ;
PrintNPList (modrelsNP) ;

GBNP.CheckHom:=function (G, wtv)
local i,3j,%k,1,mon,hl,h2,ans;
mon :=LMonsNP (G) ;
ans:=GBNP.WeightedDegreeList (mon, wtv) ;
for i in [1l..Length(G)] do
hl:=ans[i];

l:=Length(G[i][1]);

for j in [2..1] do
mon:=G[i][1][7];
h2:=0;

for k in [1l..Length(mon)] do
if mon[k]>0 then
h2:=h2+wtv[mon[k]];
fi;
od;
if h2<>hl then return(false); fi;
od;
od;
Info (InfoGBNP, 1, "Input is homogeneous");
return (ans) ;
end;

GBNP.WeightedDegreeMon:=function (mon, 1st)
local i, ans;
ans:=0;
for i in mon do
if 1i>0 then
ans:=ans+lst[i];
fi;
od;
return (ans) ;
end; ;

SetInfolLevel (InfoGBNP, 1) ;

SetInfolevel (InfoGBNPTime, 1) ;
combinedrelsNP:=Concatenation (GB, modrelsNP) ;
GBT:=SGrobnerTrunc (combinedrelsNpP, 15, [1,1,1,1,1,11);
PrintNPList (GBT) ;

splitGBT:=function (GBT)
local p, ts, rel, 1m;

p:=[];

ts:=[];

for rel in GBT do
Im := rel[l,1];

if Length(lm)>1 and 1m[1]<0 then
Add(p, rel);
else
Add (ts, rel);
fi;
od;
return rec(p:=p, ts:=ts);
end; ;

split:=splitGBT (GBT);

GBR:=rec (p:=split.p, pg:=7, ts:=split.ts);
BOM:=BaseQM (GBR, 6, 7,500) ; ;
PrintNPList (BQM) ;

{o o 0 0, 0, 0, 1]
ro o 0,0, 0,1, 0]
{o o 0 0 1, 0, 0]
ro o 0 1,0, 0, 0]
o o 1, 0, 0, 0, 0]
ro 1,0 0,0, 0, 0]
r1, 90, 0, 0, 0, 0, O]
(o o 0 0, 0, 0, y12 ]

g5xyl4-g7*y23,
g2+y23+g6xyl4,
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A.6 Right action of FK(4)' on (M?)'

We list below the right action of some elements of A' on (M?)!, where M? is the quadratic
right A-module defined at the beginning of Subsection 6.1.2. In Tables A.6.1-A.6.4, the entry
appearing in the row indexed by y and the column indexed by ¥’ is the product yy'. To reduce
space, the integer m € [1,24], appearing in the third to fifth columns of Tables A.6.1-A.6.4
indicates the element b?;"!, where b, is the m-th element in (6.1.22) for n > 4 and m € [1, 24].

/

Y Y Y1,2 Y1,3 Y2,3
L[ gwis'ws —2 5 1
2 95 s -1 -2 5
31 gty —4 -8 -9
41 g vea -3 -7 -1
50 qwistyls 5 1 2
6 | 91973 yisy1a 10 ~13 —6
e 9 —4 -8
3 91y¥,§2y1,3y3,4 11 -3 -7
9 | 91915 Y2814 7 11 -3
10 | g197 2 Y2392 6 10 ~13
11| g1y} 2,394 8 9 —4
12 Qs vt 12 14 15
13 | g1y72 y%,3y3,4 -13 —6 —10
4| g visyis -15 12 14
15 | g5 250t —14 -15 12
16 | goyi'5'yra —17 -8 -9
17| goyts ' vou —-16 -7 —11
18 | gayi5%viy 18 14 15
19 | gsyi's'yia -10 —20 6
20 93YYs Ys.a —11 —19 7
21 939757y 4 —12 21 —15
22 | gaybs'you —6 -10 —23
23 | gayn3'ysa -8 -9 —22
24 | b5 Y3, ~12 —14 24
91Y72 gyt 1 2
g vha | (D) gt s Xr14 — Xr116 Xr15 = Xxr4110
91Y34 91Y1,2Y5 4 14 15
92u7 s 9297%" 14 15
g3y1,2U5 4" 5Lt 6 10
93Y34 93Y1,2Y3 4 21 =15
94Y5 4 93Y1,2Y5.4 —14 24
95Ut s gsuis! —4 -8
95913 Y4 —g5YaY3.4 ~11 3
DYt 5 I 2
QY13 Yb 4 X124 x0419 (D) awls bs x5 — X8
91934 12 91y1,3y3,4 15
921,395 5" 9 —qyp ! -8
92Y3 4 18 9291,3Y5 4 15
93Y7T 3 —12 gsyi ! -15
94Y3 4 —12 —92Y1,3Y3 4 24
g6yt —7 gey1 s 3
96Y13 Y24 —13 — g6yl 3Y2.4 -10
9195 5 1 gy s
91Y33 Yl 4 Xrl2 4+ xr417 xr1d + xry11l (D) gryss s
glyh 12 14 91y2,3yf4
922,37 7" 7 11 —qyi!
92.7/17;4 18 14 .(/2.1/2,3?1?;4
93YT 4 —12 21 —92Y2,3Y1 4
9493 5 —12 —14 9ay5%"
955 3 9 —4 g5yt
95955 Y14 ~13 —6 — g5y 3Y1.4

Table A.6.1: Products yy’ for n > 4 even.
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Y Y Y1,4 Yo2.4 Y3.4
1 glyfglyl,s 6 7 8
2 glyi;lyz,s 9 10 11
3 915 v a 12 3 6
4 gly{ﬁ;lyz,4 —4 12 10
50 gwia?yls 3 4 13
6 | G1912 Y13Y14 14 -9 3
7 9193523}1,3%,4 10 14 7
8 | g1y Y13Y34 ~13 -8 14
9 | 105 Y2301 15 —6 9
10 gly?,§2y2,3y2,4 7 15 4
11 91@/?,52@/2,393,4 11 —13 15
12 | gyt i 3 4 13
13 | 19757 U7 334 -8 11 12
4 | g5 syt 6 7 8
15 gly?,§3y2,3y%,4 9 10 11
16 gzyfglyl,zl 18 16 6
17 922411,512/2,4 —17 18 10
18 | g2yi5°34 16 17 13
19 | g3yl's ' v1a 21 9 19
20 9313 Y3 —20 8 21
21 | g3y 03, 19 4 20
22 | gayss y2u -7 24 99
23 | gayy3 Ysa ~11 —23 24
24 | gayss Y3 -3 22 23
91Y7 2 3 4 91T 23,4
91Y12 Y34 Xr3 = Xr+18  Xrd — X111 guyn s
91934 3 4 g1 ygj 1
921, 16 17 G1YT 23
93y1,.2950" 8 11 931205 4
93Y3.4 19 —4 gsy5
94Y5 4 -3 22 g4yg’1'1
95Y12 10 14 95Y1.2Y3.4
g5yf§1y3,4 —15 6 gsyfgl
91Y1'3 3 G1YT 3Y2,4 13
G913 Yoa Xr3 + Xr+110 gwfgryﬂl Xr13 + X117
91954 3 gy st 13
92v1,3Y5 5" 10 9291395 4 7
92934 16 ggygjl 13
931’3 19 —91YT 3Y2,4 20
948 4 -3 gayy ! 23
96Y1'3 —15 96Y1 3Y2,4 9
gsy¥,§1y2,4 —38 geyr s’ 12
91Y33 91Y3 3Y1,4 4 13
91Y33 Yia s i xed = xer16 X3 = X9
YTy gy I 13
92y2,3y7 4" 92Y2,3Y1 4 —6 -9
92Y74 g2 17 13
9397 4 gsyi ! —4 20
91Y3 3 —91Y5 3Y1,4 22 23
9595 3 9595 3Y1,4 14 7
g5y§7§1y1,4 g5y§§1 —11 12

Table A.6.2: Products yy’ for n > 4 even.
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Y Y Y1,2 Y1,3 Y2,3
1 913/?7513/1,3 -2 5 1
2 919?513/2,3 -1 -2 5
3 9175 1 —4 -8 -9
4 913/?751212,4 -3 -7 —11
50 qwia vis 5 1 2
6 | 91912 Y1.3Y1.4 10 —13 —6
7| yls sy 9 —4 -8
8 | 1915 y1,3y3.4 11 -3 -7
9 | g1y15 Y2301 7 11 _3
10 913/?,52?/2,32;2,4 6 10 ~13
11 glyf§2y2,3y3,4 8 9 —4
12 R 12 14 15
13 | 1915°yi 3934 ~13 -6 ~10
14| g1yi 5 v13y3 4 —15 12 14
15 | g197 2 y2807 4 ~14 ~15 12
16 92@/?7513/1,4 =17 -8 -9
17| 92975 2 —16 7 11
18 | g2yl'5%3 4 18 14 15
19 | g3yi'3 Y14 4 —20 9
20 | gsy3'ysa 13 ~19 10
21 | gsyi5 Yt 15 21 —14
22 94933192,4 3 7 —923
23 | gaybs 'y 13 6 —99
24 | qyn3%y34 14 15 924
Yo ayrs 1 2
9t yss | (DTt s, xeld = Xe a6 Xr15 — Xr4110
9195 4 —01Y1,2Y5 4 —6 —10
I gzylﬁl 1;14 1155
93Y1,2Y3 4 —091Y3.4 - -
93Y3 4 —93Y1,2Y5 4 —19 10
94Y5 4 —93Y1,2Y35 4 6 —22
951 o gsyi s 11 -3
959?513/3,4 *953/?,21/3,4 74+1 -8
913/?73 -2 gly’f’g 1
919173 Y34 —Xr15 — Xr413 (*1)Tg1yi§r+ly§74 Xr14 — xra111
gly?,ﬁ X —135 _glylﬁiﬁl/lg,zi —1111
92Y1,3Y2 4 - 91¥Y2 4
9293 4 —16 —92Y1,3Y5 4 -1
93913 15 g3y 4" —14
94Y3 4 3 92Y1,3Y5 4 —23
96973 -8 geyr§" 4
9g6yi'3 Y24 10 — g6y 324 6
9195 3 -1 -2 9195 3
91Y33 Y14 —Xr14 = Xrp14 —xr15 = xr18  (=D)Tguys s r
G1YT 4 —4 -8 —91Y2.3Y1'4
92y23Y7 7" ~14 15 it
921/?,4 —17 —8 792y273y7ﬁ4
93Yia 4 —20 92Y2,3Y7 4
94Y3 3 14 15 gayss?
95Y3.3 —11 3 g5yt
951/3511/1,4 6 10 —g5y§igy1’4

Table A.6.3: Products yy’ for n > 5 odd.

163



Y Y Y1,4 Yo2.4 Ys3,4
1 913/?7513/1,3 6 7 8
2 | giyis'yes 9 10 11
30 gz 12 3 6
41 qyls yeu —4 12 10
51 qwis vis 3 4 13
6 | 91912 Y1.3Y1.4 14 -9 3
T | s vsyea 10 14 7
8 | g1yl y13ysa ~13 -8 14
9 | g9l 3 Y3014 15 —6 -9
10 913/?,522/2,32!2,4 7 15 4
11 919?3292,3%,4 11 —13 15
12 | gyl i, 3 4 13
13 | g1y1'2 Yl 53,4 -8 ~11 12
14 | gy msyia 6 7 8
15 912/?,53?/2,32!%4 9 10 11
16 923/?7513/1,4 18 16 6
17| 92975 2 —17 18 10
18 | g2yl'5%3 4 16 17 13
19 93913 Y14 21 -3 19
20 | gsyl's Y34 —20 11 21
21 | gsylstyl, 19 -7 20
22 | gayhs'you 4 24 22
23 | b ysa 8 —23 24
24 | sy -9 22 23
G1Y7 2 3 4 G1YT 2Y3,4
91912 Y54 Xr3 = Xr+18  Xrd — Xr4111 91?}?,?%21
91954 -8 —11 gyt
92912 16 17 917 2Y3.4
93%,21/;21 -3 —4 g3y1’2y§24
93Y3.4 —20 11 935"
94Y5 4 8 —23 g4yg71'1
95Y72 15 —6 9597 23,4
95Yiz Y3a 10 14 g5y
G1Y1'3 6 9197 3Y2,4 8
g5 s | X6 —xe1d g3 ush Xe8+ X110
91U, —4 Nyt 10
gzy1,3y§’;Zl 6 92Y1,3Y3.4 8
923/3,4 -17 gzy;’jl 10
93Y1'3 19 —1Y13Y2,4 20
9gay5 4 4 g2y 22
96Y1'3 —11 96Y1 3Y2,4 —-15
9615 Y24 14 geyi %! 3
91933 91Y3,3Y1,4 10 11
9ss . | s i 104 xera3 Xe 11+ X6
9197 4 gyttt 3 6
92y2,3Y1 7" 92Y2,397 4 10 11
92914 g2y %" 16 6
g3y 4 gsy1 ! -3 19
94Y33 —01Y33Y1,4 22 23
95933 95Y3.3Y1,4 8 —14
953/3,511/1,4 g5y§§1 15 4

Table A.6.4: Products yy’ for n > 5 odd.
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