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§1. Conventions

We will denote by N = {1,2,...} the set of (strictly) positive integers, Ny = {0,1,2,...} the set of nonneg-
ative integers, QQ the set of rational numbers and R the set of all real numbers. Given two integers m < n,
we define [m,n] = {x € Z : m < x < n}. Given two real numbers a < b, [a,b] = {t e R:a <t < b} is
the usual closed interval, whereas if a4 < b, |a,b[= {t € R:a < t < b} is the usual open interval. The
half-open intervals [4,b] and |a,b] are defined analogously. More generally, for n € N, given xy € R"
and r > 0, B;(xp) = {x € R" : ||x — xq|| < r} is the open ball and B, (xp) = {x € R" : ||x — xp|| < r} is the
closed ball (for the Euclidean norm). Given x,y € R", we denote by [x,y] = {tx+ (1 —t)y : t € [0,1]} the
segment they form. Recall also that we set RY = {x}.

If I is a set, #(I) denotes its cardinal. For a map f : X — Y, the image of f will be denoted by Img(f).
Moreover, given a set X, idyx : X — X will usually denote the identity on X. If A is a ring, A* denotes the
group of invertible elements of A.

§2. Basic topological definitions |

2.1. We assume that the reader is familiar with the basic notions of topology, such as topological space,
continuous maps, etc. We refer the reader to [Kel1g975] or [Mun2ooo] for the basics on set topology.
We will review however some of the basic notions that we will need in the sequel, in particular those
for which we use a slightly different definition. We will embark afterwards in our study of homotopy
theory, in particular of the fundamental group, making use of covering spaces. Our exposition will be as
self-contained as possible, but some of the results are left as exercises, many of which will be discussed in
class. Our exposition is greatly influenced by the nice presentation in [Wed2016]. For further details, see
[GH1981] and [Mun1984].

2.2. We will sometimes denote a topological space (X, T') simply by X if the topology is clear. Topological
spaces are not necessarily Hausdorff, unless it is explicitly stated. Moreover, to avoid confusion we remark
that a neighborhood of a point x in a topological space is a subset Y C X such that there is an open set
U C X satisfying that x € U C Y. In particular, a neighborhood of a point is not necessarily open. We also
recall that a map (regardless of continuity) f : X — Y between topological spaces is called closed (resp.,
open) if f(A) C Y is closed (resp., open) for every closed (resp., open) subset A C X.

2.3. Exercise. Let X and Y be topological spaces and let f : X — Y be a continuous map. Let {Y;}ic| be a family
of subsets of Y such that one of the following two conditions is satisfied:

(i) UiclY? =Y, where Y denotes the interior of Y; in Y;
(ii) UjerY; =Y, Y is closed for all i € I, and for all y € Y there exist an open set V- C Y and a finite subset
JCIsuchthaty e Vand VNY; =Qforie .
We recall that a covering of a topological space satisfying the last condition of (ii) is said to be locally finite. Prove
that f is closed (resp., open) i and only if the map f|g(y,) : F~YY;) — Y; is closed (resp., open) for all i € I.

2.4. Recall that a subset A C X of a topological space is called relatively Hausdorff if given x,y € A,
there exist open sets U,V C X suchthat UNV =@, x € U and y € V. Recall that a continuous map
f : X — Y between topological spaces is called separated if the induced map

Ap: X = X xy X ={(x,x") e X x X: f(x) = f(x')}



sending x € X to (x, x) is closed, where X xy X has the subspace topology of X x X. Using the continuous
map X xy X — X given by (x,x") > x, we see that f is separated if and only if Img(Af) C X xy X is a
closed subset. We will also denote this image by Ay if there is no possible confusion.

2.5. Exercise. Let f : X — Y be a continuous map of topological spaces. Prove that the following condition are
equivalent:

(i) f is separated;
(ii) f~1(A) C X is relatively Hausdorff for every relatively Hausdorff A C Y;
(iii) f~1({y}) C X is relatively Hausdorff for every y € Y.

2.6. Using the previous exercise we see easily that, given f : X — Y and g : Y — Z two continuous maps
of topological spaces, then g o f is separated if f and g are so, and f is separated if g o f is so.

2.7. Recall that a continuous map f : X — Y of topological spaces is called an embedding if the induced
map f : X — Img(f) is a homeomorphism, where the image of f is endowed with the subspace topology.

2.8. Exercise. Let f : X — Y be a continuous map of topological spaces. Assume that there exists a continuous map
g:Y — X such that g o f = idx. Prove that f is an embedding.

2.9. Recall that a topological space X compact if given any open covering {U;};ic; of X, i.e. Ujc/U; = X,
there exists a finite subset Iy C I such that U;c1, U; = X.

2.10. Exercise. Let X and Y be topological spaces, and let A C X and B C Y be subspaces.

(i) Prove that if A and B are compact subspaces and W O A X B is an open subset of X X Y, there exist open
setsUC Xand V C Y suchthat ACU, BCVandU xV CW.
(ii) Prove that X is compact if and only if the projection map X x Y — Y is closed for all topological spaces Y.

Hint. For the converse implication, suppose that X is not compact, pick a covering {U,}icy of X such that
UierU; # X for every finite subset I' C 1, consider the space T = {I' C I : I' # @ is finite} U {I}
endowed with the topology generated by the family {U; : ] C I such that | is finite } where

U={l'ez:1'27J},
as well as the set A C X x T given by
A={(x,I')eXxT:x¢ |JU}.
icl’

2.11. Recall that a continuous map f : X — Y between topological spaces is called proper if given any
continuous map g : Z — Y of topological spaces, the projection X xy Z — Z on the second factor is
closed, where X xy Z = {(x,z) € X X Z: f(x) = g(z)} is endowed with the subspace topology of X x Z.

2.12. Exercise. Let f : X — Y be a continuous map of topological spaces. Prove that the following condition are
equivalent:

(i) f is proper;

(ii) fis closed and f~'({y}) C X is a compact subspace for every y € Y;
(iii) f is closed and f~1(A) C X is a compact subspace for every compact subspace A C Y;
(iv) themap f xidy : X x Z — Y x Z is closed, for every topological space Z.

Hint. Prove (iv) = (iii) = (ii) = (i) = (iv). For the third implication, consider A C X xy Z
closed and zg € Z\ mp(A), where 715 : X Xy Z — Z is the canonical projection. After considering the
simple case zg ¢ Img(my) = ¢~ 1(f(X)), suppose the opposite and construct open subsets U C X and
V C Y such that (U x V)N A = @ by means of Exercise 2.10, (i). Take finally the open neighborhood
Vg HY\ f(X\U)) € Z\ ma(A) of z.



2.13. Using the previous exercise we see easily that, given f : X = Y and g: Y — Z two continuous maps
of topological spaces, then g o f is proper if f and g are so.

2.14. Exercise. Prove that any closed embedding is proper.
2.15. Exercise. Let f : X — Y and g: Y — Z be two continuous maps of topological spaces.

(i) DefineT¢: X — X xz Y as the continuous map sending x € X to (x, f(x)), where

XxzY={(xy) € XxY:(gof)(x) =g(y)}
is endowed with the subspace topology. Use the canonical projection X Xz Y — X to prove that Iy is an
embedding.
(ii) Show that Img(T's) = (f x idy)~1(Img(Ay)). Deduce that T's is a closed map if g is separated.

(iii) Show that f is the composition of I ¢ and the canonical projection X xz Y — Y. Deduce that f is proper if
g o fis soand g is separated.

(iv) Prove that g is proper if g o f is so and f is surjective.

§3. Basic topological definitions Il: Connectedness

3.1. We recall that a topological space X is said to be connected if X # @ and for every pair U, V C X of
opensets of X suchthat UNV =@, X =UUV,eitherU=QorV=0."

3.2. Exercise. Prove that, for every pair of real numbers a < b, the interval [a,b] C R is connected, for the subspace
topology of the usual topology of R. Unless otherwise stated, the topology of R", for n € N will always be the usual
one (i.e., the one induced by any norm), and the topology of any of the intervals of R or balls of R" will always be
the subspace topology.

3.3. Exercise. (i) Prove that, given a topological space X and a family {Y;};c of connected subspaces of X (i.e.
Y; C X is a connected topological space for the subspace topology) such that Nic1Y; # @, then Ujc1Y; is a
connected subspace of X.

(ii) Prove that, if f : X — Y is a surjective continuous map between topological spaces X and Y, and X is
connected, then Y is connected as well.

3.4. Given a topological space X and a point x € X, we define the (connected) component of x as the
union of all the connected subspaces of X containing x. This is a connected subspace of X, by item (i) of
the previous exercise, that we will typically denote by C,.

3.5. Exercise. (i) Let A C X be a connected subspace of a topological space X. Prove that A C X is also
connected.

(ii) Prove that Cy is closed for a topological space X and a point x € X.

(iii) Consider the topological space Q, with the subspace topology of R. Prove that the connected component of
any x € Q is {x}, which is not open in Q.

'This is the first deviation we take: our definition of connected space explicitly excludes the case
when it is empty, in contrast to some classical textbooks, such as [Kel1975]. Since the case of an empty
topological space is somehow pathological, for it forces us to explicitly exclude it from many equivalent
conditions to that of being connected as well as many properties satisfied by them, we have to decided to
exclude it from the definition.



3.6. Exercise. A nonempty topological space X is called irreducible (or hyperconnected) if given any pair of
nonempty open subsets U,V C X, UNV # @.

(i) Prove that every irreducible space is connected.

(ii) Prove that a nonempty topological space is irreducible if and only if every nonempty subset is nowhere dense

(i.e. the interior of its closure is empty), if and only if every nonempty open subset is dense.

3.7. A topological space X is said to be locally connected if for every x € X there is a fundamental system
of connected neighborhoods of x, i.e. for every x € X and every open set V C X including x there exists a
connected subspace W of X and an open set U such thatx e U C W C V.

3.8. Exercise. Let

X={0O1}uU ([0,1] X {0}> u Y <{1/2”} X [0,1]) C R2.

neNy

We give X the subspace topology of R?. Prove that X is connected but it is not locally connected. Give an example of
a locally connected topological space that is not connected.

§4. Basic topological definitions lll: Path connectedness

4.1. Given a topological space X, a (continuous) path is a continuous map 7 : [0,1] — X. The point y(0)
is called the initial (or starting) point of 7y and y(1) is called the end point of y. Moreover, we say that -y
is a loop (based at v(0)) if v(0) = (1).

4.2. Let 7,77 : [0,1] — X be two paths in X such that y(1) = #(0). These paths are called composable.
Define v~ : [0,1] - X by v~ (f) = y(1 —¢), for t € [0,1], and - 5 : [0,1] — X by

221,  iftel0,1/2],

(v m)(t) = {17(21?—1)/ ift e [1/2,1].

It is clear that v~ and 7y - 7 are paths in X. They are called the inverse path of  and the concatenation
(or product) of v and 7, respectively.

4.3. Remark. Note that the order of the paths in the definition of the concatenation does not follow the order used
for the composition of functions. This is however the most common convention in the literature, so we decided to
stick to it.

4.4. Define the following relation on a topological space X: given x,y € X we say that x ~ y if there is a
path in X with starting point x and end point y. It is easy to see that this is an equivalence relation, so it
defines the set 71p(X) formed by all equivalence classes. An element of 77p(X) (i.e. an equivalence class of
X under the relation ~) is called a path connected component of X. We will say that X is path connected
if 71p(X) has cardinal 1. Using Exercise 3.2, one sees that any path connected space is connected.

4.5. Remark. Note that a path connected space is a fortiori nonempty.

4.6. Exercise. Let
A= {(x,sin(l/x)) L x €]0, n}} C R

be a subset of R?, provided with the usual topology. Prove that A is path connected (so a fortiori connected) but A is
not path connected. Note however that A is connected by Exercise 3.5, (i).



4.7. A topological space X is said to be locally path connected if for every x € X there is a fundamental
system of path connected neighborhoods of x.

4.8. Exercise. Let

X = ({0} x [0,1]) U ([0,1] x {0}) u U ({1/2"} x [0,1]) C R

neNy

We give X the subspace topology of R?. Prove that X is path connected but it is not locally path connected. Give an
example of a locally path connected space that is not path connected.

4.9. Proposition. Let X be a topological space such that every point x € X has a path connected neighborhood.
Then, a subspace Y C X is a connected component of X if and only if it is a path connected component of X.
Moreover, all the (path) connected components of X are open (and closed).

Proof. Since connected and path connected components are nonempty, we assume without loss of
generality that X # @. Let x € X be any element, and let Cy (resp., PCy) denote the (resp., path) connected
component of x. We first show that PCy is open. Let V, C X be a path connected neighborhood of x.
Since Vy is path connected, we see that PCy U Vy is also path connected, so by definition of path connected
component we obtain that PC, U Vy = PCy, which in turn implies that the latter is open.

Since any path connected set is connected, we see that PC, C Cy for all y € Cy. Consider the
canonical projection p : Cy — mo(X) sending y to PC,. By the axiom of choice there is an injective
map s : Img(p) — Cy such that pos = idng(,)- Let Ax = Img(s). Then, C;x = Uyea, PCy. Since Cy is
component, Ay has cardinal one. Indeed, if #(A) > 2, Cy = PC, LI (Uyre Ay} PC,) gives a contradiction.
Hence, Cy is path connected, and the inclusion PCy C Cy tells us that PCy = Cy, as was to be shown.
Since the connected components are closed (by Exercise 3.5, (ii)), the (path) connected components are
also closed. O

4.10. Corollary. Let X be a locally path connected topological space. Then, the path connected components coincide
with the connected components, which are open and closed. Moreover, every point has a fundamental system of open
connected neighborhoods.

Proof. The first part is a direct consequence of the previous result. For the last part, it suffices to prove that
given any open neighborhood W of a point x € X, there is an open connected set V such thatx € V C W.
Then, the subspace W of X satisfies the hypotheses of the previous proposition, which in turn implies that
W = Ui P; is the disjoint union of its path connected components P;, which are path connected open
subsets of W, so a fortiori path connected open subsets of X. Since x € W = U P;, there is ip € I such
that x € P;; € W. Taking V = P;, This proves the corollary. O

§5. Algebraic interlude I: Basics on category theory

We present the following definition, which provides a very useful general language to deal with the
different situations we will encounter. For a more detailed and comprehensive exposition, see [Mac1971].
For a discussion on how to safely frame category theory within set theory (or first order logic) see
[Mur2006] and the references therein.

5.1. Definition. A category € is a tuple (6o, 61, 5S¢, t¢, 0%, ie) where
(i) 6y is a collection of elements, called the objects of € and typically denoted by X,Y,Z,...;
(ii) 61 is a collection of elements, called the morphisms of € and typically denoted by f,g,h, ...;



(iii) sty 1 61 — €y are two maps, called the source map and the target map, and whose inverse image

s ({XD) Nt ({Y})
is denoted by Hom (X, Y) and is called the space of morphisms from X to'Y;

(iv) o : 61 Xst 61 — 61 is a map called the composition, sending a pair (f,g) to f o g, where
61 x5 61 ={(f,8) € C1L x €1 :54(f) =ts(8)};

(v) ie 1 6o — 61 is a map, called the identity, sending every element X to a distinguished morphism
i (X) = idy, called the identity morphism;

satisfying that
(CAT.1) given f,g,h € €] such that s¢(f) = te(g) and s¢(g) = te(h), then

(fow g)ogh=fog (gogh).
(CAT.2) For every X € €y and every f,g € 61 such that s¢(f) = X = te(g), we have
fo<gidX :fandidxocgg:g.

5.2. Remark. More intuitively, a category can be simply defined as a collection of objects €y and for every
pair of objects (X,Y) € 6Z a set Home (X,Y), called the space of morphisms from X to Y, satisfying that
Home¢ (X, Y) = Home (X', Y') ifand only if X = X and Y = Y', as well as maps

oxY,Z = O<@”|Hom(g(Y,Z)><Hom(g(X,Y) : HOm%(Y, Z) X HOm%(X, Y) — HOng(X, Z)

for every triple of objects (X,Y,Z) € €5, and a distinguished morphism idx € Home (X, X) for every object

X € 6y satisfying the axioms (CAT.1) and (CAT.2). If the category is clear, we will denote its composition o

simply by o.

5.3. Exercise. (i) Let 6y be the collection of all sets, Home (X, Y) the set of all maps from X to Y, oy the
usual composition of maps and idy is the identity map from X to itself. Prove that this forms a category,
denoted by Set.

(ii) Let 6y e the collection of all groups, Home (X, Y) the set of all morphisms of groups from X to'Y, o the
usual composition of morphisms of groups and idy is the identity map from X to itself. Prove that this forms
a category, denoted by Grp.

(iii) Let 6y be the collection of all topological spaces, Home (X, Y) the set of all continuous maps from X to'Y,
o« the usual composition of maps and idx is the identity map from X to itself. Prove that this forms a
category, denoted by Top.

(iv) Let G be a group and € be the collection of all sets provided with a right action of G, Hom (X, Y) the
set of all G-linear (or G-equivariant) maps from X to Y, o the usual composition of maps and idy is the
identity map from X to itself (see Section 8 for more details). Prove that this forms a category, denoted by
Set-G.

5.4. Let € be a category. A morphism f € Hom¢(X,Y) is called an isomorphism if there exists a
morphism g € Homg (Y, X) such that go f = idx and f o ¢ = idy. In this case, we also say that X and
Y are isomorphic objects, and we will write it X =Y. The set of isomorphisms from X to Y is denoted
by Isox (X, Y), and we define Auty (X, Y) as the group Isox (X, X) under the composition oy, which is
called the group of automorphisms of X.

5.5. Exercise. Prove that there exists at most one morphism g € Home (Y, X) satisfying the previous condition.
This morphism, if it exists, is called the inverse of f.



5.6. Exercise. Prove that a morphism in Set or in Grp is an isomorphism if and only if it is bijective. Show that
this does not hold in Top.

5.7. Definition. Given two categories € and 2, a functor F from € to 9, usually writtenas F : € — 9, isa
pair of maps (Fy, Fy) of the form Fy : 6y — Yy and Fy : 6, — P such that tg o F) = Fyoty,sgoF) = Fyo sy,
Floig =igand Fy o (og) = (og) o F.

5.8. Remark. More intuitively, a functor F : € — 2 is given by a map Fy : €y — Py together with maps

FX,Y = F1|Hom<g(X,Y) : Hom%(X,Y) — HOm@(FQ(X),Fo(Y))
for all pairs (X,Y) € €F satisfying that
FX,X(idX) = ing(X) and FX,Z(ng) = FY,Z(f) ¢} FX,Y(g)r

forall X,Y,Z € 6y and for all morphisms f € Home (Y, Z) and g € Homy (X, Y). By abuse of notation, and if
it is clear from the context, it is usual to omit the subscripts and to denote both Fy and Fy simply by F.

5.9. Exercise. Let € be a category, and consider F = (Fy, Fy) : € — € given as follows. For every object X € %,
set F(X) = X, and for every morphism f : X — Y in €} between the objects X and Y, define F,(f) = f. Prove
that this defines a functor, called the identity functor.

5.10. Exercise. Let F = (Fy,F;) : Top — Set be defined as follows. For every topological space X, set
F(X) = mp(X), and for every continuous map f : X — Y between topological spaces X and Y, define
Fi(f) : mo(X) — mo(Y) as the map sending PCx to PCy(,. Prove that this defines a functor, called 7.

5.11. Exercise. Let F = (Fy, F) : € — 2 be a functor between two categories € and 9, and let f € € be an
isomorphism. Prove that Fy(f) is an isomorphism.

5.12. A functor F = (Fy, F;) : ¥ — 2 is an equivalence if Fx y : Hom (X, Y) — Homg (Fy(X), Fp(Y)) is
bijective for all objects X and Y in %), and for every object Z in 2, there is an object X in %j such that
Fo(X) = Z. If a functor satisfies the first part of the definition it is called fully faithful, whereas a functor
satisfies the second part it is called dense.

5.13. Given functors F = (Fy, F1) : € — Zand G = (Gy, G1) : 2 — &, itis easy to see that (Gy o Fy, Gy o Fy)
is a functor from ¥ to &, called the composition functor, and it is denoted by G o F.

5.14. Given two functors F = (Fy,F;) : ¥ — 2 and G = (Gp,G1) : € — 2, a natural transforma-
tion from F to Gisamap h : 4p — % such that sy oh = Fy, tg oh = Gy, and for every f € 43,
G1(f) oh(s%(f)) = h(te(f)) o F1(f). Equivalently, a natural transformation from F to G is a collection of
morphisms {hx = h(X) € Homg(F(X), Go(X)) : X € %y} such that G1(f) o hx = hy o F1(f), for every
morphism f € Homg (X, Y), which can be represented graphically as the commutation of the following
diagram

Fo(X) *>G0( )

lpl f) lcﬁ(f)
Fo(Y) =2 Go(Y)

A natural isomorphism is a natural transformation / from F to G such that #(X) is an isomorphism in 2,
for all X € 6. We say in this case that F and G are naturally isomorphic.

5.15. Exercise. Let F = (Fy,F1) : € — 2 be a functor between two categories € and 2. Prove that F is an
equivalence if and only if there exists a functor G = (Go, G1) : 2 — € such that F o G is naturally isomorphic to
the identity functor of 9 and G o F is naturally isomorphic to the identity functor of €. The functor G is called a
quasi-inverse.



5.16. Given a category %, a subset S C % is called a set of isomorphic classes of objects of ¥ if for every
Y € %) there is X € S such that X =Y, and given X, X' €5, X9 implies that S = s’

5.17. Exercise. Let € be a category with a set S of isomorphic classes of objects.
(i) Assume that S’ C 6y is another set of isomorphic classes of objects of €. Prove that S and S' are in bijection.

(ii) and let F = (Fy,Fy) : € — 2 be an equivalence between two categories € and 9. Prove that the set
{F(X) : X € S} C 9y is a set of isomorphic classes of objects of .

§6. Homotopy I: The basics

6.1. Let f,g: X — Y be two continuous maps between topological spaces and let A C X be a subset. We
say that f is homotopic to g relative to A, a we will denote it by f ~ ¢ (rel A), if there is a continuous map
H:X x[0,1] = Y such that H(x,0) = f(x) and H(x,1) = g(x) for all x € X, and H(x, ) = f(x) = g(x),
forallx € Aand all t € [0,1]. If A = @ we will simply say that homotopic to g, and we will denote it by
f=g

6.2. Remark. Note that f ~ g (rel A) implies that f(x) = g(x), forall x € A.

6.3. Lemma. Let X, Y and Z be topological spaces, and A C X be a subset.

(i) Consider the relation on the set Homo, (X, Y) of continuous maps from X to Y given by f ~g (rel A)
defined before for f,g: X — Y. This is an equivalence relation.

(ii) Given continuous maps f,g: X — Y and f',¢' : Y — Z such that f ~ g (rel A) and f' ~ ¢’ (rel f(A)),
then f'o f ~g' o g (rel A).

Proof. (i) Itis clear that f~ f (rel A), for all f € Homy,,(X,Y), using the homotopy H(x,t) = f(x),
for all x € X and t € [0,1]. On the other hand, if f~g (rel A) by means of the homotopy
H:Xx[0,1 =Y, thenG: X x[0,1] — Y given by G(x,t) = H(x,1—1t), for all x € X and
t € [0,1], is a homotopy from g to f relative to A, i.e. g= f (rel A). Finally, if f, g,h € HomTo,(X,Y)
satisfy that f~g (rel A) and g~h (rel A) by means of homotopies H : X x [0,1] — Y and
G: X x[0,1] = Y, respectively, then the map K : X x [0,1] — Y given by

H(x,2t), if t € [0,1/2],
Kiop_ (A2, e/
G(x,2t—1), ifte[l/2,1],

is a homotopy from f to h relative to A.

(ii) LetH: X x [0,1] — Y be a homotopy from f to g relative to Aand G : Y x [0,1] — Z be a homotopy
from f' to ¢’ relative to f(A). Define the map K : X x [0,1] — Z by K(x,t) = G(H(x,t),t), for all

x € X and ¢ € [0,1]. This gives a homotopy from f’ o f to ¢’ o ¢ relative to A, as was to be shown.

O

6.4. Exercise. Let U C R" for n € N, provided with the subspace topology, A C U and f,g : X — U be two
continuous functions defined on a topological space X such that f(x) = g(x) for all x € A and that

[f(x),g(x)] = {tf(x) + (1 —t)g(x) : t € [0, 1]} C U

for all x € X. Prove that f ~ g relative to A.



6.5. Exercise. (i) Let 6p be the collection of all topological spaces, Home (X, Y) the set of all equivalence
classes of continuous maps from X to'Y under the equivalence relation given by homotopy, and idy is the
equivalence class of the identity map from X to itself. Prove that usual composition of maps induces a map

Home (Y, Z) x Hom¢(X,Y) — Hom¢ (X, Z)

for all topological spaces X, Y, Z. Moreover, prove that the previous data forms a category, denoted by hTop,
that is called the (naive) homotopy category.

(i) Prove that the maps (Qp, Q1) : Top — hTop given by Qo(X) = X for all topological spaces X and such
that

QX,Y : HomTop(X, Y) — Hothop(X, Y)

sends any continuous map f : X — Y to the unique equivalence class under the homotopy equivalence
relation including f, form a functor, called the quotient functor and denoted by Q.

(iii) Prove that there exists a unique functor 7y : hTop — Set such that 7y o Q = 7, where 71y is the functor
defined in Exercise 5.10. By abuse of notation, we will denote the functor 7tg also by 7.

6.6. Let f : X — Y be a continuous map between topological spaces. We say that f is null homotopic if
there exists yo € Y such that f is homotopic to the constant map ¢y, : X — Y that sends every x € X to yo.
On the other hand, we say that f is a homotopy equivalence if there exists a continuous map g: Y = X
such that f o g ~idy and g o f ~idy. This is tantamount to say the image of f under the quotient functor
Q : Top — hTop defined before is an isomorphism.

6.7. Exercise. Let n € N and S™ C R"*1 be the unit sphere. Prove that the inclusion S™ — R" 1\ {Ogus1} is a
homotopy equivalence that is not a homeomorphism.

6.8. We say that a topological space X is contractible if X is contractible if the identity map idx is null
homotopic. Equivalently, X is contractible if it is isomorphic to the singleton space {*} in the category
hTop. A topological space X is said to be locally contractible if every point has a fundamental system of
open contractible neighborhoods.

6.9. Exercise. Recall that a set A C R" is called convex (resp., star-shaped) if for every pair of points x,y € A,
tx+ (1 —t)y € A forall t € [0,1] (resp., if there exists xg € A such that txg + (1 —t)x € A forall t € [0,1] and
x € A). We call xg a star center of the star-shaped set.

(i) Prove that any convex set is star-shaped, and that any star-shaped set is contractible.

(ii) Prove that X = S\ {1} C R2, with the subspace topology, is contractible but not star-shaped.
6.10. Exercise (Or why this definition of homotopy is (almost) useless in algebraic geometry). A topological
space X is called sober if for every nonempty irreducible closed subset Y C X there exists a unique y € X, called
the generic point of Y, such that Y = {y}. Let X be a nonempty topological space having a point xo € X such

that {xo} is dense in X. Prove that X is contractible. Deduce that an irreducible and sober topological space is
contractible.

Hint. Consider H : X x [0,1] — X as H(x,t) = xg for x € X and t €]0,1] and H(x,0) = x for x € X.



§7. Homotopy II: The fundamental group

7.1. Given a point x in a topological space, we will denote by ey : [0,1] — X the constant path, i.e.
ex(t) = x for all t € [0,1]. Moreover, if two paths y and # in X satisfy that v~ (rel{0,1}), we will say
that y is path-homotopic to # (or that there is a homotopy as paths from v to ).

7.2. Lemma. Let X be a nonempty topological space.

(i) Let 7y be a path and set xg = (0) and x1; = y(1). Then
Exyt Y=Yy €y (rel{0,1}).

(ii) Given paths v1,7v2,11, 12 in X such that v,(0) = v1(1), 12(0) = (1) and y; ~n; (rel{0,1}) for
i=1,2, we have

7172221 - 772 (rel{0,1}).

(iii) Given any path vy in X with xg = (0), v - v~ ~ex, (rel{0,1}).

(iv) Given paths 1,7y, v3 in X such that vv;11(0) = v;(1), for i = 1,2, we have
(r1-72) - 1371 - (72 73) (rel{0,1}).

Proof. (i) Consider the maps f; : [0,1] — [0,1] for i = 1,2,3 given by

0, ifte0,1/2), 21, ifte0,1/2],
t) = t) =
Al {Zt—l, if € [1/2,1], fs() {1, if t € [1/2,1],

and f,(t) =t, for all t € [0,1], which are clearly continuous. By Exercise 6.4, the three maps are
homotopic relative to {0,1}, which in turn implies that the three paths 1 o f; are homotopic relative
to {0,1}, by Lemma 6.3, (ii). Since yo fi = €y, - Y, Yo fa =y and y o f3 = 7y - €,, the claim follows.

(i) Let H;:[0,1] x [0,1] — X be the homotopy from 7; to #; relative to {0,1}) for i = 1,2. Then, the
map H :[0,1] x [0,1] — X given by
Hy(2s,1), ifs €[0,1/2] and t € [0,1],
H(s,t) =
Hy(2s —1,t), ifse[l/2,1]and t € [0,1],
gives a homotopy from 7y - 7, to 11 - 172 relative to {0,1}.
(ili) The map H : [0,1] x [0,1] — [0,1] given by

H(s,t) = {7(25(1 =), ifs€[0,1/2] and t € [0,1],
21 —s)(1—1), ifse[1/2,1]and t € [0,1],

which is clearly continuous, gives a homotopy from 7 - ¥~ to €y, relative to {0,1}.

(iv) Let :[0,1] — X be the continuous path given by

m1(3t), ift €[0,1/3],
Y(t) =< (3t —1), ifte(1/3,2/3],
v3(3t—2), ifte2/3,1],
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and consider the maps g; : [0,1] — [0,1] for i = 1,2 given by

o= {4 ift €1[0,1/2], P if t €[0,1/2],
ST\ @t +1)/3, ifte1/2,1), T l@-1)/3, ifte1/21),

which are clearly continuous. It is a simple computation to verify that yo ¢y = (71 - 2) - v3 and
Yo0g =71 (72 73). By Exercise 6.4, the maps g7 and g» are homotopic relative to {0,1}, which
in turn implies that the paths y o g7 and 7y o g, are homotopic relative to {0,1}, by Lemma 6.3, (ii),
and the claim follows.

O

7.3. Let X be a topological space and x¢ € X be a fixed point. Define the space of pointed loops as
Q(X,x9) = {7:[0,1] = X : 7 is continuous and y(0) = (1) = xp}.

Consider the equivalence relation on (X, xg) given by v~ (rel{0,1}) and define 71(X, xy) as the

corresponding set of equivalence classes. By Lemma 7.2, the concatenation of loops gives a group structure

on 7111 (X, x¢), which is called the fundamental group. We will denote by [y] € 711(X, x¢) the equivalence

class of a loop 7 based at xj, and the product of two elements in [y], [y'] € 71 (X, xg) will be denoted by

-0 =Tl

7.4. Exercise. (i) Let 6y be the collection of all pairs (X, x), where X is a nonempty topological spaces and
x € X, Home ((X,x), (Y,y)) the set of all continuous maps f from X to'Y such that f(x) =y, oy the
usual composition of maps and idy is the identity map from X to itself. Prove that this forms a category,
denoted by Top,, called the category of pointed topological spaces.

(ii) Let 6y be the collection of all pairs (X, x), where X is a nonempty topological spaces and x € X,
Home ((X,x), (Y,y)) the set of all equivalence classes of continuous maps f from X to Y such that
f(x) = y with respect to homotopy relative to {x}, oy the usual composition of maps and idy is the
equivalence class of the identity map from X to itself. Prove that this forms a category, denoted by hTop,.

(iii) Prove that the maps (Fy, F;) : Top, — hTop, given by Fy(X, x) = (X, x) and such that

Fx,y : Homrop (X, %), (Y,y)) = Homyrop, ((X,x), (Y,y))

sends any continuous map f : X — Y satisfying that f(x) = y to the unique equivalence class under the
homotopy equivalence relation relative to {x} including f, form a functor, called the pointed quotient
functor and denoted by Q..

7.5. Given two pointed topological spaces (X, x) and (Y, y), one defines the wedge product (X, x) A (Y, y)
as the following pointed topological space. Consider Z = X 'Y, endowed with the disjoint union topology.
Let ~ be the equivalence relation on Z generated by x ~ y. The underlying topological space X A Y
of (X,x) A (Y,y)is Z/ ~ endowed with the quotient topology. The distinguished point of X A Y is the
equivalence class {x,y}.

7.6. Exercise. Consider the X4 = 9B1(+1,0) = S £ (1,0) € R? and X = X; U X_ C R? be endowed with the
subspace topology. Prove that the pointed topological spaces (X,0) and (S',1) A (S!,1) are isomorphic.

7.7. Let F = (Fy, F;) : Top, — Grp be defined as follows. For every pointed topological space (X, x), set
F(X) = m1(X, x), and for every continuous map f : X — Y between topological spaces X and Y, define
Fi(f) : m(X,x) = m1(Y, f(x)) as the map sending the equivalence class [y] of a loop based at x to [f o ].
It is easy to see that this defines a functor, called ;.

7.8. Exercise. Prove that there exists a unique functor 71y : hTop, — Grp such that 71 o Qs = 7111. By abuse of
notation, we will denote the functor 7ty also by 1.

7.9. Lemma. Let X be a path connected topological space and let x, x" € X be two different points. Then, there is an
isomorphism of groups 711 (X, x) ~ 111 (X, x').

11



Proof. Let 5 : [0,1] — X be a path satisfying that 7(0) = x’ and (1) = x, which exists by assumption.
Define the map

Ady : (X, x) = m (X, x')

sending [y] € 111 (X, x), where y is a loop based at x, to [17-v-5~] = [5] - [7] - [y~ ]. This is well defined by
Lemma 7.2, (i), and it is clearly a morphism of groups. Moreover, by Lemma 7.2, (iii), it is also a bijection,
since its inverse is the map

Ad, (X, x) = m(X,x)

sending [y'] € 711(X, x’), where 7/ is a loop based at X/, to [~ - -y] = [n71- [7'] - [4]- O

7.10. Exercise. Let X1 and X, be two topological spaces, and let x1 € Xq and xp € X, be two elements.
Consider the canonical projections p; : X1 X Xo — X; for i = 1,2. They induce morphisms of groups
7T1(Pi) : 7T1(X1 x Xp, (xl,xz)) — ﬂl(Xi,Xi)fOT’ i=1,2

(i) Prove that the map
T (X1 X Xz, (Xl,XQ)) — 7'[1(X1,X1) X 7T1(X2,X2)

given by [y] = (71 (p1)(171), 71 (p2) ([7])) is @ morphism of groups.
(ii) Given paths ; : [0,1] — X; for i = 1,2, define the path (7y1,72) : [0,1] — X x Xp by means of
(v1,72)(t) = (v1(t), 72(¥)), for all t € [0,1]. Show that the map

7T1(X1,X1) X 7'[1(X2,X2) — 71 (Xl X Xz, (xl,xz))

given by ([v1], [v2]) = [(71,72)] is well defined and it is the inverse of the map in the previous item.
Conclude that they are isomorphisms of groups.

7.11. Exercise. Recall that a topological group is a topological space G together with a group structure given
by product y : G x G — G that is also a continuous map, such that the map i : G — G sending g to g~ ! is
continuous. Let eg denote the unit of G. By the previous exercise, 11(G X G, (eg,ec)) 2 m1(G,eg) x m1(G, eg),
and 11 () : 11(G, eg) x m1(G,eg) = m1(G, eg) is a morphism of groups. Prove that 1ty () coincides with the
product of 11(G, eg), and deduce that that 111 (G, eg) is an abelian group.

7.12. A topological space X is called simply connected if it is path connected and 711 (X, x) = 1 for all
x € X (or, equivalently, for one x € X). We say that a topological space X is locally simply connected if
every point x € X has a fundamental system of open simply connected neighborhoods.

7.13. Lemma. Let fi, f, : X — Y be two continuous maps and let H : X x [0,1] — Y be a homotopy from fy to f5.
Let x € X, and set y; = fi(x), fori =1,2. Let 5 : [0,1] — Y be the path given by y(t) = H(x,t), for t € [0,1].
Then, 11 (f1) = Ady oty (f2), i.e. the following triangle

st (Y/y2)

7'(1V

7T1(X, X) Ad’l

o

(Y, y1)

commutes.
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Proof. Let v be a loop based at x. We have to show that (fio7y) -n~n-(f20) (rel{0,1}). Define
h:[0,1) x [0,1] — [0,1] by h(s, t) = H(y(s),t), for s, t € [0,1]. Consider the maps k; : [0,1] — [0,1] x [0, 1]
for i = 1,2 given by

(2t,0,  ifte(0,1/2], 0,2),  iftel0,1/2],
hy(t) = . hy(t) = .
(1,2t 1), ifte1/2,1], (2t—1,1), ifte1/2,1],

which are clearly continuous. It is a simple computation to verify that hohy = (fi o) -y and
hohy = 5 -(fa07). By Exercise 6.4, the maps h; and h, are homotopic relative to {0,1}, which in
turn implies that the paths o by and h o hy are homotopic relative to {0,1}, by Lemma 6.3, (ii), and the
lemma follows. O

7.14. Corollary. Let X and Y be two nonempty topological spaces, and let x € X. If f : X — Y is a homotopy
equivalence, then 1t1(f) : m1(X,x) — m1(Y, f(x)) is an isomorphism of groups. In particular, X is simply
connected if and only if Y is.

Proof. Let g:Y — X be a continuous map such that go f ~idyx and f o g ~idy. By the previous lemma
applied to go fand fog, m(go f) = m(g) o (f) and 711 (f o g) = m(f) o 1 (g) are bijections, so a
fortiori t1(g) o 111 (f) is an injection and 711 (f) o 711(g) is a surjection. This implies that 711 (f) is injective
and 711 (f) is surjective, respectively, so 711 (f) is an isomorphism as claimed. The last part is an immediate
consequence. O

7.15. Exercise. Let Y = [—1,1]x | — 1, 1[ and ~ be the equivalence relation on Y generated by (—1,y) ~ (1, —y),
forally €] —1,1[. Define M = Y/ ~ the set of equivalence classes, provide with the quotient topology. It is
usually called the (topological) Mébius band. Let X' C M be the image of [—1,1] x {0} under the canonical
projection Y — Y/ ~.

(i) Prove that X' is homeomorhic to SI.

(ii) Prove that the continuous map p : Y — X' given by (x,y) — (x,0), for all (x,y) € Y induces a continuous
map p : M — X' such that the composition of p and the inclusion X' C M is homotopic to the identity map
of M. Deduce that 7t; (M, 0g2) = 711 (S, 1).

7.16. Exercise. (i) Let n € N be a positive integer and U C R" be a subset. A path -y : [0,1] — U is said to be
piecewise affine if there exists a finite set S = {0 = tg <t; < --- <ty =1} C[0,1] such that y[y, ;...
is an affine map for all i € [0,m —1], i.e.

t—t;

() =) + (v(tia) — ’Y(ti))ﬁ/

i+1 i

forall t € [t;,t;11] and i € [0,m — 1]. Prove that, given any path -y : [0,1] — U in an open subset of R"
there exists a piecewise affine path ' : [0,1] — U such that -y ~ ' (rel{0,1}).
Hint. Consider § = inf{d(y(t),R"\ U) : t € [0,1]} € R~g, where d(xg, A) = inf{||xg — x|| : x € A}
is the usual Euclidean distance between a point xo € R" and a subset A C R", and, by uniform continuity
of v, let m € N be such that ||y(t) —v(s)|| < d/2if |t —s| <1/mand t,s € [0,1]. Define t; = i/m for
i € [0, m] and note that y(t;11) € Ba(y(t;)) C U, forall i € [0,m —1].

(ii) Let n € N be a positive integer and x € R"*1 be a nonzero element. Prove that R"*1\ {Ax: A € Rso} is
star-shaped with star center —x and in consequence it is contractible. Deduce that S™ \ {x} is contractible
forany x € S".

(iii) Let n > 2 be an integer. Prove that given any piecewise affine loop vy : [0,1] — R 1\ {Ogu1} there is a
nonzero x € R"*1 such that Img(y) C R*1\ {Ax: A € Rxo}. Deduce that R"1\ {Opni1} (and hence
S") is simply connected. One can also prove that R"+1\ {Ogu1} (and hence S™) is not contractible, but it
is outside the scope of these notes.
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7.17. Since the singleton space {+} is simply connected, the previous corollary tells us that any contractible
space is simply connected. We have the following implications:

convex == star-shaped =——=> contractible ?

L simply connected == path connected == connected

Note that none of the converses hold in general (see Exercises 4.6, 6.9, 7.16, 9.20 and 10.8).
§8. Algebraic interlude Il: The category of transitive G-sets

8.1. Let G be a group, whose product we write by a dot or by a simple yuxtaposition, and whose unit we
denote by eg. We will denote its opposite group by G°P, whose underlying set is G and whose product
is given by x -op X' = x’ - x, for x,x’ € G. It is clear that G and G°P are isomorphic groups via g +— g~ 1.
Recall that a right (resp., left) group action of G on an object X in a category ¢ is an morphism of groups
0 : G — Aute(X)°P (resp., p : G — Aute(X)). The action is called effective if p is injective. In the case of
Set, Top, or other concrete categories, we typically write x - ¢ (resp., g - x) instead of p(g)(x), for g € G
and x € X. We will focus in this section on the category Set, but the reader can check that all the results
(and exercises) in this section also hold in other concrete categories, such as Top.

8.2. If X is a set provided with a right (resp., left) action of G is typically called a right (resp., left) G-set.
Given a nonempty right (resp., left) G-set X and x € X we denote by x-G = {x-g : g € G} (resp.,
G-x={g-x:g € G}) the orbit of x, and by X/G (resp., G\X) the set of all orbits of all elements of X.
For simplicity, we will mainly deal in this section with right G-sets, and will call them just G-sets for
shortness. This assumption is harmless since any left G-set X is a right G-set via x - g = ¢~ - x, for g € G
and x € X, and vice versa. Equivalently, a left G-set is equivalent to a right G°P-set.

8.3. Recall that a nonempty G-set (or the corresponding action) is transitive if there is only one orbit.
Note that any G-set X is a disjoint union of transitive G-sets, the orbits of X. Moreover, if H < G is a
subgroup, then the product of G gives a left action of H on G and H\G has a right action of G given by
(H-x)-g=H-(xg), for x,g € G, which turns H\G into a transitive G-set.

8.4. Given x in a G-set X, the isotropy group of x is
Gr={g€G:x-g=x}.
It is clearly a subgroup of G. Moreover, it is clear that
Grg =8 'Gxg, (1)

for all x € X and g € G. We recall that a group action of G on X is called free if the isotropy group Gy of
every x € X is trivial.

8.5. Given two G-sets X and X', a G-equivariant map (or simply a morphism of G-sets) from X to X’ is
amap f: X — X' such that f(x-g) = f(x) - g, forall x € X and g € G. Note that any transitive G-set X
is isomorphic to a G-set of the form H\G, for some subgroup H < G. Indeed, given x € X, the surjective
G-equivariant map G — X sending g to x - ¢ induces an isomorphism G,\G — X of G-sets.

8.6. Lemma. Let G be a group and X, X' two nonempty G-sets.
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(i) If X is transitive and f, f' : X — X' are two G-equivariant maps such that f(xo) = f'(xo) for some
Xp € X, then f = g.

(ii) If X' is transitive and f : X — X' is a G-equivariant map, then it is surjective.

(iii) If X and X' are transitive, given x € X and x' € X', then there exists a (resp., bijective) G-equivariant map
f: X — X' such that f(x) = x" if and only if Gy C Gy (resp., Gy = Gy).

Proof. For item (i), note that, for every x € X, there exists § € G such that xy - g = x, so

f(x) = f(x0-8) = f(x0) -g = f'(x0) - § = f'(x0- &) = f'(x).

For item (ii), note that, since X is nonempty, there exists xo € X. By transitivity of X', for every x’ € X,
there ,there exists g € G such that f(xg) - g = x’, 50 f(x0-g) = f(xp) - g = «'.

We now prove the first part of item (iii). If a G-equivariant map f : X — X’ such that f(x) = x’ exists,
then, given ¢ € Gy, ' = f(x) = f(x-g) = f(x) - g = x’' - g, 50 § € Gy. Conversely, assume that Gy C Gy,
and define f : X — X' by f(x-g) = x" - g, for all ¢ € G. This is well-defined since x - ¢ = x - ¢’ if and only
if g¢’~! € Gy C Gy, which implies that x’ - ¢ = x’ - ¢’. Moreover, since X is transitive, every element of X
is of the form x - g, for some g € G. The map f is clearly G-equivariant and f(x) = x’.

The statement concerning the bijective property in item (iii) follows directly. Indeed, a G-equivariant
map f is bijective if and only if it has a G-equivariant inverse map. Hence, applying the first part of item
(iii), we see that a bijective G-equivariant map f sending x to x’ tells us that Gy = G,.. Conversely, if
Gy = Gy, there exists a G-equivariant map f sending x to x’ and another f! sending x' to x. Then, the
G-equivariant map f’ o f send x to itself, whereas f o f’ sends x’ to itself, so they must be the identity of
X and of X’ respectively by (i). O

8.7. Recall that, given a subgroup H < G of a group G, the normalizer N;(H) of H in G is the subgroup
of G given by the element ¢ € G such that ¢g~'Hg = H. Equivalently, it is the largest subgroup of G
including H such that H is normal in it.

8.8. Proposition. Let G be a group, X a (nonempty) transitive G-set and xo € X. Denote by Autg(X) the group
of G-equivariant automorphisms of X. Define the map ey, : Ng(Gx,) — Autg(X) sending g to the unique
G-equivariant automorphism of X satisfying that ex,(g)(xo) = xo - §. Then e, is surjective morphism of groups
with kernel Gy,, so it induces an isomorphism of groups

€x : NG(GxO)/GxO — AutG(X).

Proof. We first note that the map ey, is well defined. Let ¢ € Ng(Gy,), so g~' € Ng(Gyx,). Then,
Gxyog = ¢ 'Gy,g = Gy,, and there exists a unique G-equivariant automorphism ey, (g) : X — X sending
xp to xg - ¢ by Lemma 8.6, (iii). Moreover, ey, is a morphism of groups, since

ex,(88")(x0) = x0- (88') = (x0-8) - &' = exy(8)(x0) - &' = exy(8)(x0 - &)
= exy () (ex, (§') (%0)) = (ex,(g) © (exo(g")) (x0),

forall g, ¢’ € Ng(Gy,), 50 ex,(gg") = ex,(g) o (ex,(¢’) for all g, ¢’ € Ng(Gy,), by Lemma 8.6, (i).

The morphism of groups ey, is also surjective. Indeed, given f € Autg(X), let x; = f(xp). Since X is
transitive there exists ¢ € G such that x, = xj - g, and in particular Gy = ¢ 'Gy,g. By Lemma 8.6, (iii),
Gy = Gy, 50 Gy, = g ' Gx,g, which implies that g € Ng(Gy, ). Since ex,(g)(%0) = %0 -8 = x5 = f(x0),
Lemma 8.6, (i) tells us thet ey, = f.

We will finally prove that the kernel of ey, is Gy,. Itis clear that g € Ker(ey, ) if and only if ey, (g) = idx,
which, by Lemma 8.6, (i), is tantamount to ex,(g)(xg) = Xg - § = xp, which is equivalent to ¢ € Gy,. O

8.9. Exercise. Let X be a right G-set and Y a left G-set. Consider the left action of G on X x Y given by
g (xy)=(x-g Vg y) forgeG xe€Xandy €Y. Define X xCY to be G\(X x Y).
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(i) Prove that if X = Uj;e1Y;, with X; right G-sets, then the left G-set X x Y is isomorphic to the disjoint union
left G-set U;e (X x Y;). Conclude that the sets X xC Y and U (X xC Y;) are in bijection.

(ii) Let X = H\G.
(a) Prove that the map Y — X xC Y given by y ~ [(H,y)] induces a map 1 : H\Y — X xC Y.

(b) Prove that the map G x Y — Y given by (g,y) — g -y is G-equivariant, where G x Y has the
regular left action given by g - (§',y) = (g¢',y), forall g,¢' € G and y € Y. Prove that the previous
mapping induces a map p: X xCY — H\Y.

(c) Finally, prove that 1 and y are inverse to each other.

8.10. Let G and H be two groups. Recall that a G-H-biset is a left (G x H°P)-set, i.e. a set X provided with
a left action of G and a right action of H such that - (x-h) = (g¢-x)-h,forallg € G,h € Hand x € X.
Equivalently, a G-H-biset is a set X together with a morphism of groups H — Autg(X)°P. Morphisms of
G-H-bisets are just morphisms of (G x HP)-sets.

8.11. Assume that X is a G-H-biset such that its underlying left G-set structure is isomorphic to G. In
other words, we assume that X = G with the regular left action of G, and there is morphism of groups
H — Autg(G)°P. Since the map G°P — Auts(G) sending g to x — x - g for all x, ¢ € G is an isomorphism
of groups, we see that the right H-set structure on G provided with the regular left G-set structure is given
by a morphism of groups H — G.

§9. Covering spaces |: Basic properties

9.1. Let p : X — X be a continuous map of topological spaces. We say that p is a covering if for every
x € X there are an open set U C X such that x € U as well as decomposition

plu) =]
i€l
for some nonempty index set I (depending on U) such that U; C X is open and Plg, - U - Uisa
homeomorphism for all i € I. Equivalently, p is a covering if for every x € X there are an open set
U C X such that x € U as well as a nonempty discrete topological space F (depending on U) and a
homeomorphism

T:p N U) - FxU

such that such that 71y o T = p, where 717 : F x U — U is the canonical projection. Note that this implies
that p is surjective. Moreover, Exercise 2.3 tells us that p is open. If the cardinal of the set I (or F) is
independent of the open sets U considered, we will say the covering p : X — X has degree #(I) = #(F)
(see Exercise 9.3).

9.2. If p: X — X is a covering and x € X, we call Fy = p~1({x}) the fiber of p at x. By definition, the
subspace topology of p~!({x}) induced from that of X is discrete. We will say that a covering p : X — X
is universal if X is simply connected.

9.3. Exercise. Let p : X — X be a covering such that X is connected. Prove that Fy is homeomorphic to Fy, for all
x,x € X.

9.4. Exercise. Prove that the quotient topology of R/ Q coincides with the trivial topology. Deduce that the canonical
projection R — R/Q is not a covering.
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9.5. The definitions in paragraphs 9.1 and 9.2 can also be carried out mutatis mutandi for pointed topological
spaces, by replacing topological spaces and their morphisms by pointed ones and their morphisms, giving
the notion of pointed covering.

9.6. Exercise. (i) Let X be fixed topological space. Let 6y be the collection of all pairs (X, p), where X is a
topological space and p : X — X is a covering, Home (X, p), (X', p")) the set of all continuous maps from
f+X = X' such that p’ o f = p, o the usual composition of maps and id x ,,, is the identity map from X
to itself. Prove that this forms a category, denoted by Cov(X).

(ii) Suppose now that (X, x) is a fixed pointed topological space. Consider the same construction as before by
replacing topological spaces and their morphisms by pointed topological spaces ones and their morphisms.
Prove that this forms a category, denoted by Cov(X, x).

9.7. A covering p : X — X of X is called trivial if there exists a nonempty discrete topological space F
such that (X, p) is isomorphic in Cov(X) to the covering p; : X x F — X, where X x F has the product
topology and p;j sends (x, f) € X X F to x € X. The same definition makes perfect sense in the category
of pointed coverings.

9.8. Exercise. (i) Let p : R — S be the map sending t € R to e/, where S' C R? =2 C has the subspace
topology. Prove that

p71 (Sl \ {eiZTEtQ}) = |_| lto+nto+n+1],
nez

for all ty € R. Conclude that this gives a (universal) covering of S'.
(ii) Let p : C — C* be the map sending z to e*. Prove that this gives a (universal) covering of C*.
(iii) Letn € Nand p : C* — C* be the map sending z to z"*. Prove that this gives a covering of C* of degree n.

(iv) Recall that the (real) projective space of dimension n € N is defined as RP" = (R"*1\ {Ogu1})/ ~,
where ~ is the equivalence relation on R"T1\ {Opu1} given by x ~ y if and only if there exists A € R*
such that y = Ax. Let n € N be an integer and let p : S* — RIP" be the canonical projection sending
x € S" to the equivalence class including x € R"T1. Show that this gives a covering of RP" of degree 2,
which is universal if n > 2. For n = 1, prove that RP' is homeomorphic to S'.

(v) Let G and G’ be topological groups and let p : G — G’ be a continuous morphism of groups. Prove that p is
a covering if and only if p is open, surjective and the kernel of p is a discrete subset of G.

9.9. Exercise. Let p : X — X be a covering and let f : Y — X be a continuous map. Prove that p: X xx Y — Y,
where X xx Y ={(%,y) € Xx Y : p(%) = f(y)} C X X Y has the subspace topology, is a covering as well.

9.10. Let p: X - Xbea covering, where X is locally path connected and path connected. Then, X is also
locally path connected, so its path connected components {X;};c; are open in X. Define p; = p| X X — X.
We claim that p[y : X; — X is a covering, for all i € I, i.e. any covering over a locally path connected
and path connected space X decomposes as a disjoint union of covering of path connected spaces over
X. To prove it we proceed as follows. Since X is locally path connected, for every x € X we can pick
an open neighborhood U of x that is path connected and that p~1(U) = U ic ]flj, with U; C X open and
p\u]_ : Clj — U a homeomorphism. Hence, l~l]» is path connected, so for every j € J, thereis i € I such
that Hj C X;. If we prove that p|Xl : X; = X is surjective, then it is a covering. To do so, note that the
image V; = p(X;) is open, since p is open, and it coincides with {x € X : p~1({x}) N X; # @}. However,
the subset {x € X : p~1({x}) N X; = @} C X is also open. Since X is connected and V; # @, we get
that X = V; = p(X;), as was to be shown. The covering p : X — X is then a disjoint union of coverings
pi + X; = X of path connected topological spaces.
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9.11. Let G be a group. A covering p : X — X of topological spaces is called a G-covering if X is provided
with a free left group action of G such that p(g- %) = p(%) for all # € X and g € G, and the restriction
of the action of G to the fiber p~!({x}) is transitive. Note in particular that the fiber of p at every point
x € X is (noncanonically) isomorphic to G as left G-sets. A morphism of G-coverings from a G-covering
p : X = X to another one p’ : X’ — X is a continuous map f : X — X’ that is G-equivariant and
Pof=p
9.12. Exercise. (i) Let X be fixed topological space and G a group. Let 6y be the collection of all pairs (X, p),
where X is a topological space and p : X — X is a G-covering, Home (X, p), (X', p")) the set of all
continuous and G-equivariant maps f : X — X' such that p' o f = p, o the usual composition of maps
and id Xp) 8 the identity map from X to itself. Prove that this forms a category, denoted by Covg(X).

(ii) Suppose now that (X, x) is a fixed pointed topological space and G is a group. Consider the same construction
as before by replacing topological spaces and their morphisms by pointed topological spaces ones and their
morphisms. Prove that this forms a category, denoted by Covg (X, x).

9.13. Given morphisms p: X — X and f : Z — X in a category %, a lifting of f along p is a morphism
f:Z— Xin % such that po f = f, ie. the diagram

i
\f)X

commutes.

9.14. Proposition. Let p : (X, %)) — (X, x0) be a covering of pointed topological spaces and let (Z,zg) be a
connected pointed topological space together with a morphism f : (Z,zy) — (X, xq) of pointed topological spaces.
Let f1, f» : (Z,z0) — (X, %o) be two liftings of f along p, i.e. po f; = f, fori = 1,2. Then f| = f».

Proof. Since po fi = f = po fp, we get a continuous map
fiZ - XxxX={(x#)eXxX:p&) =p&)}

given by f(z) = (f1(z), fa(z)), for all z € Z. Since p is a covering, it is separated (using Exercise 2.5 and
the fact that p~!({x}) is discrete so a fortiori relatively Hausdorff) and a local homeomorphism, so

Ap={(x%) e XxX}C XxxX

is both closed and open in X xx X. Hence, f _1(Ap) is both closed and open in Z. Since it contains zg and
Z is connected we get that f~! (Ap) = Z, which proves the statement. O

9.15. Exercise. Let X be a topological space and let G be a group acting on the left on X via a morphism
p: G = Autrop(X) of groups. We consider in this case the quotient space G\ X provided with the quotient topology
under the canonical projection pg : X — G\X. We say that that p is a covering group action if for every % € X
there is an open neighborhood U such that U N p(g)(U) = @ for all g € G\ {eg}, where e denotes the unit of G.
> Note that this implies that the action is free, and, in particular, the action p is effective.

(i) Assume that X is connected. Let p : X — X be a covering and let G = Autcqy(x)(X, p). Prove that the
left action of G on X given by p(g)(%) = g(%) forall g € G and % € X is a covering group action.

2This is called a properly discontinuous action in some classical textbooks, but we refrain from using
this oxymoronic expression which simultaneously conveys that the action is continuous and discontinuous.
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(ii) Prove that, if p : G — AutTop(f() is a covering group action and H < G is a subgroup of G, then
ol H = Autro, (X) is a covering group action.

(iii) Assume that we have an effective action of a group G on a connected topological space X. Prove that if pg is
a covering, then p is a covering group action.

(iv) Prove that if p is a covering group action, then pg is a covering. Conclude in this case that pg : X — G\ X
is a G-covering.
(v) Prove that if p : X — X is a G-covering, then there is a homeomorphism f : G\X — X such that
p=fore
9.16. Proposition. Let p : X — X be a covering of topological spaces, Z a topological space together with
a continuous map Z — X, and A C Z a subset. Let H : Z x [0,1] — X be continuous map such that
H(z,0) = po f(z) forallz € Z,and H(z,t) = po f(z) forall z € Aand t € [0,1]. Then, there exists a unique
continuous map H : Z x [0,1] — X such that po H = H, H(z,0) = f(z) forall z € Z, and H(z,t) = f(z) for
allz € Aand t € 0,1].
Proof. We first prove the uniqueness. Given two continuous maps Hy, H, : Z x [0,1] — X as in
the statement, then, for every z € Z, Hy(z,—), Ha(z,—) : ([0,1],0) — (X, f(z)) are two liftings of
H(z,—): ([0,1],0) — (X, p(f(z))) along p, which should coincide by Proposition 9.14.

Finally we prove the existence. We will prove that there is an open covering U of Z such that for all
U € U there is a continuous map Hy : U x [0,1] — X such that p o Hyy = H|yy[o1), H(2,0) = f(2) for
allz € U, and H(z,t) = f(z) forallz € ANU and t € [0,1]. By the previous uniqueness result, Ay is in
fact unique. Moreover, we claim that the proposition follows directly from this local result. Indeed, given
two open sets U, U’ € U and the corresponding maps Hy;, Hy/, the previous uniqueness also tells us that
Hulwnuy« (o] = Hurl(unurx[o), and in consequence the unique continuous map H : Z x [0,1] — X
such that H|;, 01 = H; satisfies the conditions of the statement.

It thus remains to prove that given any zg € Z, there is an open set U C Z including zg and a
continuous map Hy; : U x [0,1] — X satisfying the previous conditions. Let (V;);cj be an open covering
of X such that p~1(V;) = Uier,V;; for some nonempty set I;, with V;; C X open and p\‘-/ilj Vi =Y
a homeomorphism. Since H is continuous, for every t € [0,1], there exist a neighborhood U; of z,
an open connected neighborhood J; C [0,1] of t and j: € ] such that H(U; x Jt) C Vj,. By the com-
pactness of [0,1], there is a finite set T C [0,1] such that {];};c7 is a finite covering of [0,1]. Define
U = NerlU;. Suppose T = {#; < --- < t,} for some integer n > 2. To simplify, we will write
jik instead of ji,, for k € [1,n]. Pick s € J, N ]y, for all k € [1,n —1]. By defining s = 0 and
sn = 1 we see that H(U x [sg,s¢11]) C Vi
Hyp g : U % [0,5¢] — X satisfying the conditions of the proposition was constructed, for some k € [1,1n — 2].
We will prove that there is a continuous map I:Iu,kﬂ : U X [0,s¢41] — X also satisfying the conditions
of the proposition and I:IU,k+1|u><[0,sk] = Hyy. Since H(U x [sg,s¢41)) € Vj.,, H(zo,5¢) € Vj,,. Let

~ =Tkt
i € Ij,,, such that Hyx(zo,8¢) € Vj ., and set p; = p|‘7i’7k+l — Vj,,,. Define now Hyjyq such

that Hyki1lux(os) = Hux and Hugitluxs,se) = p;to H|(x[s;,5.,]- This gives the desired map. The
proposition is thus proved. O

for all k € [0,n —1]. Assume that a continuous map

*Vijea

9.17. Remark. The previous proposition tells us that, if p : (X, %y) — (X, xq) is a covering of pointed topological
spaces, then 711 (p) : m1(X, %) — 111(X, xo) in injective.

9.18. Remark. By taking Z = {x} in the previous proposition we see that, given a continuous map v : [0,1] — X
such that v(0) = xq) and a pointed covering p : (X, %y) — (X, xq) of topological spaces, there exists a unique
continuous map % : [0,1] — X such that p o § = « and 4(0) = %o.

9.19. Theorem. Let p : (X, %) — (X, xo) be a covering of pointed topological spaces and let (Z,zy) be a path
connected and locally path connected pointed topological space together with a morphism f : (Z,z9) — (X, xg) of
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pointed topological spaces. Then, there exists a lifting f : (Z,z0) — (X, %o) of f along p, i.e. po f = f, ifand only
if m(f)(m1(Z,20)) € m1(p)(m(X, %o))-

Proof. Assume first that there exists a lifting f : (Z,z9) — (X, %) of f along p, i.e. po f = f. Then, since 71
is a functor we get 7ty (p) o 711 (f) = 711 (f), which in particular gives us 7 (f)(71(Z,20)) € 7r1(p) (X, %o).

Assume now that 711 (f)(711(Z,29)) C 7t1(p)(X, %). Define a map f : Z — X as follows. Given z € Z,
let 7 : [0,1] — Z be a path satisfying that #(0) = zg and (1) = z, which exists since Z is path connected.
By choosing Z = {*} in Proposition 9.16, we see that the path f o5 in X has a lift 7 : ([0,1],0) — (X, %)
along p, i.e. poij = f oy. Define now f(z) = 7j(1). We claim that f is well defined, i.e. it is independent
of the choice of path #, and it is continuous.

We first prove the good definition of f. Let " : [0,1] — Z be another path satisfying that (0) = zg
and 7/(1) = z, and let 7/ : [0,1] — X be the unique path such that po#f’ = foy’. We have to
show that 7#/(1) = #(1). Consider the loop v = 5 -%'~ in Z based at zy and thus the loop f o1y
in X based at xg. Since 71 (f)(711(Z,20)) € m(p)(m1(X, %)), there exists a loop 4 in X based at
%o such that po§ =~ f o (rel{0,1}) by means of a homotopy H. By Proposition 9.16, there exists
thus a homotopy of paths H such that H(t,0) = 4(t) for all t € [0,1] and po H = H. In particular,
po H(t,1) = H(t,1) = fo~(t) for all t € [0,1], which means that the path 4 : [0,1] — X given by
4'(t) = H(t,1) is a lifting of f o . Since ¥ is a loop and H is a homotopy of paths, ¥’ is a loop as well. As
pod' = fo(y-n'"),is now clear that ' = 7j -y, which in turn implies that 7'(1) = 7(1).

We finally prove the continuity of f. Let z € Z be any point. Pick an open neighborhood U of
f(z) such that p~1(U) = U;c;U;, for a nonempty set I, U; C X open and p; = Plg, U, - Uis a
homeomorphism for all i € I. Since f is continuous and Z is locally path connected, there exists a path
connected open neighborhood V of z such that f(V) C U. Assume that f(z) € U;,. Note now that
fly = pizl o f|y, which follows from uniqueness of liftings by Proposition 9.14. Then, f|y is clearly

continuous, and in consequence f is also continuous. O

9.20. Exercise. Let G be a topological group that is locally path connected and path connected as a topological space
and eg be its unit. Let p : G — G be a covering of path connected topological spaces and pick é € G such that

p(@) = ec.
(i) Prove that there exists a unique group structure on G with unit & such that it becomes a topological group
for the given topology and p is a morphism of groups.

(ii) Prove that G is abelian if and only if G is so.

(iii) Prove that the sequence of groups

1 — (G, @) M) m1(G,eg) LN Ker(p) — 1

is exact, where 9;([y]) = 7(1), where 4 : ([0,1],0) — (G, é) is the unique lifting of 7.

(iv) Prove that 71 (S, 1) 2 Z and thus 111 (T?, (1,1)) 2 Z x Z, where T2 = S' x S is the 2-dimensional torus.
Deduce that 711(M, (0,0)) 22 Z (see Exercise 7.15).

(v) Prove that there is no continuous map r : By(0,0) — S! such that r|g = idg:.
(vi) Prove that every continuous map f : B1(0,0) — B1(0,0) has a fixed point.

(vii) Prove that for any continuous function f : S*> — R there is a point x € S? such that f(x) = f(—x).

Hint. Consider ¢ : S — S given by g(x) = (f(x) — (f(=)) /| (f(x) — (f(—=x)))| for x € S?,
v :[0,1] — S? defined as y(t) = (cos(27t),sin(2rt),0) for t € [0,1] and o' = go . Note 7' is null
homotopic, since vy is. Note on the other hand that o' (s +1/2) = —+/(s) for s € [0,1/2] and deduce from
this that any lifting 7' : [0,1] — R of o is not a loop, so «' is not null homotopic.
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9.21. By Theorem 9.19, the existence of a lifting f : (Z,z9) — (X, xg) along a covering p is assured if Z is
simply connected. Moreover, if (X, xp) is a path connected and locally path connected topological space,
then the previous theorem tells us that the map

isomorphism classes of pointed suberouns of
path connected covering spaces — { ﬂg (X E ) } )
p: (X, %) = (X, x) 1 %0

sending a covering p : (X, %)) — (X, x¢) of pointed path connected topological spaces to 71 (p) (711 (X, %))
is injective.
9.22. Exercise. (i) Classify all coverings of S', up to isomorphism of coverings.

(ii) Prove that every subgroup of 7 x 7 has at most two generators. Conclude that it coincides with one of the
subgroups below:

(1) the trivial subgroup {(0,0)} of Z x Z;
(2) {Z.(a,b) : forall a,b € Z such that (a,b) # (0,0)};
(3) {Z.(a,b) ®Z.(c,d) : foralla,b,c,d € Z such that ad # bc}.

(iii) Classify all coverings of T2 = S' x S, up to isomorphism of coverings.
Hint. Given a,b,c,d € Z, consider the maps p : S' x R — S x S! given by p(z,x) = (z°,20e*™*) for
z€ Sland x € R, as well as p' : ST x ST — S x S given by p'(z,2') = (2°2'¢,2P2'?) for z,2' € SL.

§10. Covering spaces Il: Automorphisms of coverings

10.1. We will generalize the construction in paragraph 9.21 as follows. Let X be a path connected and
locally path connected topological space and p : X — X a covering. For x € X, consider the fiber
Fy = p~'({x}) C X, which is a discrete subspace. Fix xg € X and define the map

0 Fyy x m1(X,x0) = Fy, (3)

by p(%,[v]) = 4(1), where 4 : [0,1] — X is a path satisfying that p o § ~ (rel{0,1}) and 4(0) = %. It
is well defined by Proposition 9.16. Then, p is a right action of 711 (X, xg) on Fy,, called the monodromy
action at xg. If p: X — X and p’ : X’ — X are two coverings and f : X — X’ is a morphism of coverings,
then it induces a map f|,-1({x}) : p~ ({xo}) — p'~1({x0}) which is clearly equivariant with respect to
the right action of 711(X, xp). As a consequence, one obtains a functor

Fiby, : Cov(X) — Set-m1(X, xg)

sending the covering p : X — X to the fiber Fy, = p~!({x¢}), and a morphism f : X — X’ to the
1 (X, x)-equivariant map f|,-1((x,) : p~ ({xo0}) = P 1({x0})-

10.2. Note that the monodromy action (3) at xy € X is transitive if and only if X is path connected. Indeed,
if X is path connected, given any two points & and # of Fy,, there is a path 7 in X starting at % and ending
at ¥'. Then, ¥ = p(%, [p o 7j]). Conversely, fix a point & € Fy, and let ¥ € X be a general point. It suffices
to prove that the transitivity of the action at xo implies that there is path in X starting at ¥’ and ending at
. Since X is connected, there is a path 7 in X starting at p(%’') and ending at xy = p(&). By Proposition
9.16, there is a path X starting at # and ending at a point #’ in Fy,. Since the monodromy action at xg is
transitive, then two points in Fy, can be connected by a path in X, so there is a path 7j’ starting at ¥ and
ending at a point %. The path 7j - 7' proves our claim.
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10.3. Note also that, given ¥ € X such that p(Z) = x, then the isotropy group I's of & for the monodromy
action (3) is exactly 71 (p) (71 (X, %)). Indeed, by definition T is the subgroup of homotopy classes of
loops at xq (relative to {0,1}) whose lift to X (along p) are also loops at #. In this sense, the functor Fiby,
also encodes the information given by the map (=2).

10.4. Finally, notice that, if X is path connected, the monodromy action (3) at xy € X is free if and only if
X is simply connected. Indeed, by paragraph 10.2, X is path connected is equivalent to the monodromy
action being transitive. Then, using (1), the action is free if and only if the isotropy group I's of any
% € X is trivial, i.e. if 711 (p) (711 (X, %)) is trivial. By Proposition 9.16 (or Remark 9.17), this is equivalent to
m (X, %) being trivial, i.e. X is simply connected.

10.5. The functoriality of Fiby, tells us that, if f : X — Xisan automorphism of a covering p : X = X,
where X is a path connected and locally path connected topological space and xy € X, then Fiby,(f) is an
automorphism of the 711 (X, xg)-set Fy, = Fiby, (X, p). We have even the following stronger result.

10.6. Theorem. Let X be a path connected and locally path connected topological space and xy € X. Let p: X — X
be a covering, where X is path connected. Then, the functor Fiby, restricts to an isomorphism of groups

Fibxy | Auteo, ) (%) * Altcov(x) (X) = Autz (x x) (Fro)- )

Proof. Note first that, by Theorem 9.19, Fiby(f)(%) = % for some % € Fy, if and only if f is the identity.
This implies that the map (4) is injective. As explained in paragraph 10.2, the path connectedness
assumption on X implies that Fy, is a transitive 7ty (X, x)-set. Let f : Fy, — Fx, be a 711 (X, xg)-equivariant
automorphism and pick % € Fy,. By Lemma 8.6, (iii), the isotropy groups I'r and I'z;) coincide. Since
Tz = m(p)(m (X, %)) and Trgy=m (p) (1 (X, f(%))), by paragraph 10.3, Theorem 9.19 tells us that there
exists a morphism f : X — X of the covering p : X — X such that f(%) = f(%). The same arguments
apply to f!, giving a morphism f’ : X — X of the covering p : X — X such that f'(%) = f~!(%). Since
f'o f(¥) = (%) and f o f'(¥) = (%), Proposition 9.14 implies that f and f’ are inverses to each other.
Moreover, since f(xg) = Fiby, (f)(xo) and Fy, is transitive, Lemma 8.6, (iii), tells us that f = Fiby,(f). The
theorem is proved. O

10.7. Combining Proposition 8.8 and Theorem 10.6, we get the main result of this section, namely that,
givena p : (X, %)) — (X, xg) of pointed path connected topological spaces with X locally path connected,
then there is an isomorphism of groups

Autcoy(x)(X) 2 Npgy (x,x) <7T1(P) (m(X, Jzo))) /mi(p) (m (X, %))
In particular, if X is simply connected, then

Autcoy(x) (X) = mi(X, x0), (5)
which gives in particular a left action of 711(X, xg) on X by automorphisms of coverings.
10.8. Exercise. (i) Give another proof that 7ty (S',1) = Z.
(i) Prove that 7r1 (RP", ) 2 Z /27, for * any point in RP" and n > 2.

10.9. We say that a covering p : (X, %)) — (X, xg) of pointed topological spaces, where X is a path con-
nected and locally path connected topological space, is normal (or regular) if the action of Autcy,(x) (X)
on Fy, is transitive. If X is path connected this is equivalent to 71 (p) (71 (X, %)) being a normal sub-
group of (X, xg). Indeed, by Theorem 9.19, Autcey(x) (X) acts transitively on Fy, if and only if
m(p)(r1(X, %)) = m1(p) (71 (X, %)) for any two points %, & € Fy,. However, since the latter subgroups
are precisely the isotropy subgroups of ¥, %' € F, under the monodromy action, by paragraph 10.3, then
m (p)(m (X, %)) = m(p) (711 (X, %)) for any two points %, # € Fy, is equivalent to 711 (p) (71 (X, %)) being
a normal subgroup of 711 (X, xp), by (1).

22



10.10. Exercise. Let X be a topological space and let G be a group acting (on the left) on X (see Exercise 9.15).
Assume that the action is covering and consider the quotient space G\X provided with the quotient topology under
the canonical projection pg : X — G\X.
(i) Show that the morphism of groups 1 : G — AUtCov(G\X)(X) sending g to X — g - % is injective.
(i) Let G = Z/n, X a topological space and X = G x X be the product space, where G has the discrete
topology. Endow X with the reqular action g - (¢, x) = (gg',x). Prove that there is a homeomorphism
G\X =X, pg : X — X is the projection on the second component under the previous homeomorphism, and

AUtCov(G\f()(X) =S, the group of permutations of n letters. Conclude that 1 is not surjective in this
case.

(iii) Assume that X is path connected and locally path connected. Prove that pg is a normal covering and that 1
is surjective giving an isomorphism G = A”tCov(G\)"() (X) of groups.
10.11. Exercise. Let S; = S' + (2i — 1,0) = 9B1(2i — 1,0) C R>=C fori € [1,4]. Let X = S, US3 C R? and
let
X=8%,USUS3US; CR>~C
provided with the subspace topology of R? = C. Define p : X — X such that

24z, ifz€ 5,
5—(z—3)% ifz€S,,
3+ (z—5)% ifz€S;,
—2+z, ifz €Sy

p(z) =

(i) Prove that p : X — X is a covering of degree 3.
(i) Prove that the only automorphism of the covering p : X — X is the identity.

Hint. Prove that any automorphism f : X — X of the covering satisfies that f(S1) = Sy and f(S;) = Sy,
so f(4) = 4.

(iii) Using the previous item deduce that 11 (p) (7 (X, %)) is not a normal subgroup of t1 (X, x).

§11. Covering spaces lll: Simply connectedness

11.1. We say that a topological space X is semilocally simply connected if every x € X has an open
neighborhood U such that the image of 711 (inc) : 7ty (U, x) — 711 (X, x) is trivial, where inc : U — X is the
inclusion.
11.2. Exercise. (i) Let X be a topological space provided with an open covering U such that U is simply
connected, for all U € U. Prove that X is semilocally simply connected.
(ii) Define X = U,endBy,,(1/n,0) C R? with the subspace topology. This space is called the Hawaiian
earring. Prove that X is not semilocally simply connected.
(iii) Let B1(0,0) C R? be provided with the subspace topology and let ~ be the equivalence relation on
B1(0,0) generated by (0,0) ~ (1,0). Define X = B1(0,0)/ ~, endowed with the quotient topology. Let
Xn = X x {n} and denote the equivalence class of an element (x,y) € B1(0,0) by [(x,y)]. Define now
X = Upen, Xn and let ~' be the equivalence relation on X generated by

([(x,0)],n) ~" ([(cos(27x),sin(27rx))], n + 1),
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forall x € [0,1] and n € Ny. Endow X with the topology given by

I/{:{( L] u,,)u( L] Xn):forallllngXnopenananENO}.

n € Ny n €Ny

n < ng n>ng
Define X = X/ ~' and endow it with the quotient topology. Prove that X is semilocally simply connected
but no open set U C X including the equivalence class of ([(1,0)],0) € X is simply connected.

11.3. Theorem. Let X be a path connected and locally path connected topological space. The following conditions
are equivalent:

(i) X is semilocally simply connected;
(ii) X has a universal covering.
(iii) the map (2) is bijective.
Proof. It is clear that (iii) implies (ii), by taking the inverse image of the trivial subgroup under (=2).
Moreover, (ii) clearly implies (i). Indeed, let p : X — X be an universal and x € X. Take an open
neighborhood U of x such that p~! (U) = Uje U, for a nonempty set I, U; C X openand p; : p|g, : U; — U
is a homeomorphism for all i € I. Fix i € and let inc: U — X and inc: U; — X be the inclusions. Then,

mp(incop;) = my(p oing;) = my(p) o my(ing;) together with the fact that 711 (p;) is an isomorphism tells
us that

Img (71 (inc)) = Img (711 (p) o m1 (inc;)) € Img (m1(p)),

which is a trivial subgroup of 711 (X, xg), since 71 (X, %p) is trivial.

Let us finally prove that (i) implies (iii). Let C < m1(X, xp) be a subgroup. Define X the set of
homotopy classes relative to {0,1} of all paths 7 : [0,1] — X starting at xo, and let p : X — X be the map
p([n]) = 1(1), for every such path 7. Let £y be the homotopy class of the constant path with value x.
Note that the map p : 711 (X, xg) x X — X given by p([7], []) = [7] - 17 gives a well defined left action. Let
X = C\X be the set of orbits of X under this action and let % be the orbit containing £7. We will denote
the orbit of a homotopy equivalence class [#] also by [57]. It is clear that p(£) = p(&') if £ and £’ are in the
same orbit, so we have a well defined map p : X=X

Let U be the set of all open path connected subsets of X such that the image of the mapping
m (incy) = (U, x) — m1(X, x) is trivial for one (or, equivalently, for all) x € U, where incy; : U — X is
the inclusion. It is easy to see that I is a basis of the topology of X. Indeed, given U, U’ € U such that
Uunu' # @, we see that UNU’ € U, since 71 (incynyr) factors through 711 (incyy), so the image of the
former is included in the image of the latter, which is trivial. Now, given U € I and 7 : [0,1] — X a path
such that #(0) = xp and %(1) € U, define

U(ln)) ={ln)-[n'] € X:n":]0,1] = U such that 4’ (0) = (1)} C X
The set
U={Uy):Uel,n:([0,1],0) = (X,x),17(1) =x; € U}

defines a topology on X. Indeed, given U([y]),U'([5']) € U such that U([y]) N U'([5']) # @, then
U” =Uunu # @ and there exists " : ([0,1],0) — (X, xp) such that #(1) € UNU’. It is clear that
U’([y"1) < U([y), W ([y'])- It is easy to see that X is path connected. Indeed, given [5] € X and a
representative 7 : [0,1] — X, the map 7 : [0,1] — X given by ﬁ(s)A(t) :ji’](st)} is a path from % to [17].~We
give X the quotient topology for the canonical projection 77¢ : X — X. Since X is path connected, X is
also path connected. Define U([#]) to be the image of U([y]) under the canonical projection 77c. Then,

nc () = U ain-m),

[v]eC
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s0 it is an open subset of X. It is clearly a basis of the topology of X.
We claim that the map p : (X, %) — (X, xg) is a covering. Given x € X, take U € U such that x € U.
Then,

priw =[] adm,
v[gll)eexu

and P|H([:7}) : U([n]) — U is clearly a homeomorphism, so p is a covering as claimed.

Finally, we will prove that C = 7y (p) (71 (X, %))). Note first that X is simply connected. Indeed,
if 4 :[0,1] — X is a loop based at £,, consider 7 = p o4 and define the map 4’ : [0,1] — X given
by ¥(s)(t) = [y(st)]. By Proposition 9.14, 4 = 4. Since 4 is a loop, 20 = F(1) = (1) = [v], ie
v~ ey, (rel{0,1}), which implies that 3’ = 4~ ez, (rel{0,1}), by Proposition 9.16. Finally, using Exercise
10.10 for the quotient X — C\X as well as (5), we see that 71 (p) (71 (X, %)) = C, as was to be shown. [J
11.4. Exercise. Let X be the topological space in Exercise 10.11. Prove that X is semilocally simply connected and
compute a universal covering.

§12. Covering spaces IV: Classification of coverings

12.1. Let X be a semilocally simply connected topological space with a point x5 € X. Fix a universal
covering p : X — X, which exists by Theorem 11.3. Recall from (5) that there is a left action of 7ty (X, xg)
on X by automorphisms of coverings, given by % - [y] = 4(1), where 7 is a lift of 4 to X along p such
that 4(0) = %. By Theorem 10.6, we can identify 711 (X, xo) with the fiber p~!({xy}) once we fix a point
X € Fy,, since the action of 771 (X, xg) on p~1({xg}) is free and transitive (see 10.2 and 10.4). Given a set
F provided with a right action of 71 (X, xp), define I'y(F) = F x7(X%) X as the quotient of F x X by
the right action of 711(X, xq) given by (f,%)-[y] = (f - [v],[v]~!- &), for f € F, ¥ and [y] € m(X, x).
Endow F x X with the product topology, where F has the discrete topology, and consider the quotient
topology on F x (X0
the projection on the second component and p induces a continuous map pr : F x m(Xx0) X - X,

X. It is easy to see that the canonical projection F x X — X given by composing

12.2. Proposition. Let X be a semilocally simply connected topological space with a point x € X and let p : X — X
be a universal covering. Then, the continuous map pr : F x™(X%0) X — X constructed in the previous paragraph

is a covering.

Proof. Since p : X — X is a covering, there exists an open neighborhood U of x such that there is a
homeomorphism p~1(U) = 711 (X, xg) x U, where 711(X, x) has the discrete topology and p identifies
with the projection on the second factor under this homeomorphism. Then, we get a homeomorphism
p;l (U) = F x U, where F has the discrete topology and pr identifies with the projection on the second
factor under this homeomorphism. O
12.3. If f : F — F' is a m1(X, x0)-equivariant map, then f x idg : F x X — F/ x X induces a map
Tp(f):F xmM(Xx) g 5 F/ xm(X%) X such that ppr o T'y(f) = pr. Moreover, f x idy is clearly continuous,
for the corresponding topologies, which in turn implies that T'(f) is continuous.

12.4. Proposition. Let X be a semilocally simply connected topological space with a point xg € Xandletp: X — X
be a universal covering. Then, the maps given by sending a right 7t (X, xo)-set to F + Tp(F) = F x™(Xx0) X
defined in paragraph 12.1, and a 7t11(X, xo)-equivariant map f : F — F' between right 111(X, xo)-sets to the
morphism of coverings Tp(f) : F x m(Xx) X 5 F/ x™(X%0) X defined in the previous paragraph, is a functor

Iy : Set-mm1(X, x9) — Cov(X).
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Moreover, T, and the functor Fiby, defined in paragraph 10.1 are quasi-inverse to each other.

Proof. The fact that 'y is a functor is clear. We will prove that I'y and Fiby, are quasi-inverse functors. We
first note that Fiby, oI, is clearly the identity functor of Set-7r1 (X, xp). On the other hand, T, o Fiby, is
naturally isomorphic to the identity functor of Cov(X), which implies that Fib,, and 'y are quasi-inverse
equivalences (see Exercise 5.15). Indeed, given any covering p : X — X, it decomposes as the disjoint
union of the coverings p; = p[¢. : X; — X of path connected topological spaces by paragraph 9.10, where

{X;}ics are the path connected components of X. The result now follows from Exercise 8.9, using that
every covering p : X — X of path connected topological spaces is isomorphic to one of the form H\X — X,
where H < 71 (X, x9) = Autcoy(x) (X), by Exercise 9.15 for the quotient X — H\X as well as (5). O
12.5. Exercise. Let G be a group and € be the collection of all pairs (X, x), where X is a nonempty right G-set
and x € X, Home ((X, x), (Y,y)) the set of all G-equivariant maps f from X to Y such that f(x) =y, og the
usual composition of maps and idy is the identity map from X to itself. Prove that this forms a category, denoted by
Set,-G, called the category of pointed right G-sets.

12.6. Let X be a semilocally simply connected topological space, xgp € X and let p : (X, %)) — (X, x¢) be a
universal covering. The functors I', and Fiby, considered in Proposition 12.4 can also be easily extended
to functors

T'pe : Sete -1 (X, x9) = Cov(X, x)
and
Fiby,e : Cov(X, xg) — Sete -1 (X, x0)

as follows. Given a right 711 (X, xo)-set F and v € F, we will write 9 for the class in F x™(X%) X of
(v,%)) € F x X. We define T'y+(F,v) = (I',(F),9) for any right (X, xo)-set F with v € F, and note
that the covering map pr : F x™(X%) X — X sends 9 to xo. If f : (F,v) — (F',0') is a morphism of
pointed right 771 (X, x)-sets, then set Iy o(f) = I'p(f) and note that T',(f) sends 9 to 9’. Analogously,
given a covering p : (X,£) — (X, x) of pointed topological spaces, we set Fiby,«(p) = (p71({x}), %)
and for any morphism f : X — X’ from a covering p : (X,£) — (X, xp) of pointed topological spaces
to another one p' : (X,%) — (X,xg) of pointed topological spaces to the (X, xo)-equivariant map
flo1(4xo}) P ({x0}) = p"~1({x0}) that sends £ to .

12.7. Proposition. Let X be a semilocally simply connected topological space with a point xo € X and let
p: (X, %) — (X, x0) be a universal covering. Then the functors T, e and Fiby, o defined in paragraph 12.6 are
quasi-inverse to each other.

Proof. The proof is the exactly the same as that of Proposition 12.4. O

12.8. It is easy to verify that the functors I' ¢ and Fiby, e in Proposition 12.7 restrict to functors

Tpe 0 G-t Sete -1 (X, x9) — Covg (X, xo) 6)
and

Fiby, s : Covg(X,x9) — G- Sete -1 (X, x9), @)
which are quasi-inverse to other, where G-t Set, -711 (X, x0) denotes the category of pointed G-t (X, xq)-

bisets such that the left action of G is free and transitive (see paragraph 8.10 and Exercise 12.5).

12.9. Proposition. Let X be a semilocally simply connected topological space with a point xog € X. Then there is a
bijection

G-covering spaces

isomorphism classes of pointed {
p: (X, %0) = (X,x0)

morphisms of groups
m (X, x9) = G ’
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Proof. By Exercise 5.17, the equivalence given by the quasi-inverse functors (6) and (7) in paragraph 12.8
induces an isomorphism between the sets of isomorphism classes of the categories G-t Set, -711 (X, x0)
and Covg (X, xg). By paragraph 8.11, a G- (X, x)-biset structure on the left regular G-set G is exactly the
same as a morphism of groups 7r1(X, x9) — G. Moreover, it is easy to verify that there are no morphisms
between two pointed G-711 (X, x¢)-bisets corresponding to different morphisms of groups 71 (X, x9) — G.
The proposition thus follows. O

§13. Algebraic interlude lll: Free amalgamated products

13.1. Given a collection of objects {X;};c; in a category %, a coproduct is an object C in ¢ together with
morphisms u : X; — C for all i € I such that for every other object C’' in € together with morphisms
u} : X;j — C’ there exists a unique morphism w : C — C’ such that u}, = wou; foralli € I.

13.2. Exercise. Let ¢ be a category, and let {X;}ic; be a collection of objects. Assume that (C, (u;);cy) and
(C', (u})icg) are two coproducts {X;}icy. Prove that there exists a unique isomorphism w : C — C' such that
ul = wou; forall i € 1. We denote the thus uniquely defined coproduct by [ [;c1 X;.

13.3. Let {G;};c| be a collection of groups, with I nonempty. By replacing if necessary G; by G; x {i} for
i € I we assume that the previous family is disjoint. For i € I, set G] = G; \ {eg, }, where e¢, denotes the
neutral element of G;. Given n € N, define Inj,, = {f : [1,n] — I : f injective} and

Gr, = {g: [1,n] — | | G]: there exists f € Inj, such that g(/) € G}(Z) forall £ € [[1,71]]}.
iel
We will denote an element g of Gr,, by (g(1),...,8(n)). For n = 0, set Gr, = {*}. Define further
Gr= || Gr,.
neNy

We define a map p : Gr x Gr — Gr as follows. First, u(x,w) = u(w,*) = w, for all w € Gr. Moreover,
givenn,m € N, g =(g(1),...,g(n)) € Gry, and h = (h(1),...,h(m)) € Gr,, we define (g, h) recursively
as follows. If g(n) € G; and h(1) € G; with i # j, we set

(g = u( (5(1), .., ), (1), .o 1)) = (g(1) .., g(), (L), ..., h(m)) € Grop
If g(n),h(1) € G; but g(n)h(1) # e, where , we set

u(gh) = V((g(l),~~~,g(n))/ (h(l),~~~,h(m))) = (g(1),...,g(m)h(1),..., h(m)) € Gryppm1.
Finally, if g(n),h(1) € G; and g(n)h(1) = e, we define (g, ) recursively by

u(e ) = p((8(0), -, g(m), (1), h(m)) ) = (1), 8(n = 1)), ((2), ..., h(m))),
where we set (¢(1),...,g(n—1)) =xif n =1and (h(2),..., h(m)) =*if m = 1.
13.4. Exercise. Suppose the same assumptions as in the previous paragraph.
(i) Prove that Gr endowed with the operation y is a group.
(ii) Giveni € I, let u; - G; — Gr be the map sending ec, to x € Gry, and x € G/ to the element g € Gry
satisfying that ¢(1) = x. Prove that u; is a morphism of groups for all i € I.
(iti) Let {v; : G; — G : i € I} be a family of morphisms of groups. Prove that there exists a unique morphism of
groups v : Gr — G such that vou; = v; for all i € I. Conclude that coproducts exist in the category of
groups.
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13.5. In case of only two groups G; and G, the coproduct of them is typically called the free product of
groups, and is denoted by G; * Gy. Given a set X and the family of groups {Gy}yex with Gy = Z for
every x € X, the coproduct ] [,cx Gy is called the free group generated by X, and it is typically denoted
by (X). A quotient of the free group (X) by the smallest normal subgroup including a subset R C (X)
will be denoted by (X|R).

13.6. Exercise. Let X be a set and (X) be the free group generated by X. Denote by uy : Z = Gy — (X) be the
morphism of groups given by the definition of coproduct. Let ix : X — (X) be the map sending x € X to uy(1), for
all x € X. Prove that, given any map f : X — G, where G is a group, there exists a unique morphism of groups
F:(X) — Gsuch that Foix = f.

13.7. Given morphisms f : X — Y and g : X — Z in a category %, a push-out is an object P in ¢ together
with morphisms # : Y — P and v : Z — P such that uo f = vo g, and such that for every other object
P’ in % together with morphisms u’ : Y — P’ and v’ : Z — P’ such that u/ o f = v/ o g there is a unique
morphism w : P — P’ such that 4’ = wou and v’ = w o v. Graphically,

x—1 Ly
‘/g ‘/M
z—Y 4p

13.8. Exercise. Let € be a category, and let f : Y — X and g : Z — X be two morphisms. Assume that (P, u,v)
and (P',u’,v") are two push-outs for (f,g). Prove that there exists a unique isomorphism w : P — P’ such that
W =wouandv' =wow.

13.9. By the previous exercise, if push-out exists, they are uniquely determined (up to unique isomor-
phism). On the other hand, push-outs also exist in the category Grp, as we now show. Indeed, given
morphisms f; : G — Gj and f, : G = Gy of groups, then

G1 * Gz
p=21"22
N
where G * Gy is the free product of the groups G; and G, and N is the normal closure of the set
X = {fi(x)fa(x)"1: x € G} C Gy * Gy, i.e. the smallest normal subgroup of G; * G, containing X. The

push-out of groups is sometimes called free product with amalgamation.

§14. Homotopy lll: The Seifert-Van Kampen theorem

14.1. In this section we give a very simple proof of the Seifert-Van Kampen theorem, following [Ful1995].
The latter reference attributes the proof to A. Grothendieck. See [Mas1977], Chap. IV, Section 2, for more
general results.

14.2. Theorem. Let X be a path connected, locally path connected and semilocally simply connected space. Let
U,V C X be two nonempty open subsets such that UUV = X, and U, V and U NV are path connected and
semilocally simply connected. Then for every x € UNV the diagram
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m (incunv,u)
_—

m(UNV,x) 1 (U, xo)

lﬂl(incuw,v) lﬂl(incu'X)

m1(V,x) rulinerx) m1 (X, xp)

is a push-out in the category of groups, where inCy z : Y — Z is the inclusion map of a subset Y C Z.

Proof. We have to prove that given any group G and any commutative diagram

m(UNV,x 1 (U, xo)

lm(incumv,v) lﬂl(incu,x) y

m1(V, xp) rliner.x) m1 (X, xo)

LG

of morphisms of groups, there exists a unique morphism of groups w : m(X,xy) — G such that

) mm (incunv,u)
_—

u = wom(incyx) and v = wo m(incy x). By Proposition 12.9, there exist unique pointed G-
coverings py : (U,%y) — (U,x) and py : (V,%y) — (V,x) corresponding to the morphisms of
groups 711 (U, x9) — G and 71 (V, x9) — G, respectively. Let 0’ = p;(UN V) and V' = p;,}(UNV), as
well as the pointed G-coverings py|g @ (U, %y) — (UNV,xp) and py|p : (V/, %) = (UNV,xg). Under
the bijection in Proposition 12.9, the last pointed G-coverings correspond to the morphisms of groups
given by the compositions of

nl(Uﬂ V,xo) — 7T1(U,X0) -G and nl(Uﬂ V,.X'O) — 7T1(V,X0),—> G, (8)

respectively. Since the composition of the maps in the left of (8) coincides with the composition of
the maps in the right, py|g : (U',%y) — (UNV,x) and py|y = (V/,%y) — (UNV,xg) are isomor-
phic. In consequence, there exists a unique G-equivariant morphism of pointed topological spaces
f: (U, xy) — (V',%y) such that py |y o f = pyl . Define X = (U V)/ ~, where ~ is the equivalence
relation on X generated by u ~ f(u) for u € U’, and endow it with the quotient topology. Denote by
y~ € (U V)/ ~ the equivalence class of y € (U V, and set Xy = %j; = %{j. Let p : X — X be the unique
map induced by the mapping U LUV — X sending u € U to py(u) and v € V to py(v). It is clear that
p is continuous map, sends £y to xp and it is a G-covering. By Proposition 12.9, there exists a unique
morphism of groups w : 711 (X, x9) — G such that the diagram

m(UNV,x) 1 (U, xo)

hm(incumv,v) hm(incuyx)

(V. 20) —

m (incunv,u)
_—

commutes. The theorem follows. O

14.3. Exercise. Let X be the topological space given in Exercise 10.11. Prove that 7t1(X,4) = Z +Z = (x,y), the
free group on two generators.

14.4. Exercise. Let Y = [—1,1] x [—1,1] and let ~ be the equivalence relation on Y generated by (x,1) ~ (x, —1)
and (—1,y) ~ (1, —y), forall x,y € [—1,1]. Define K = Y/ ~ the set of equivalence classes, provided with the
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quotient topology. It is usually called the (topological) Klein bottle. Let U C K (resp., V. C K) be the image of
[—1,1]x ] —1,1[ (resp., Y \ ([—1,1] x {0})) under the canonical projection Y — Y/ ~. Let p € UNV.

(i) Prove that U and V are homeomorphic to the Mobius band M (see Exercises 7.15 and 9.20).

(ii) Prove that U NV is homeomorphic to a cylinder S'x ] —1,1],
Hint. Prove that the map f : [~1,1] x (] —1,1[\{0}) — S'x | — 1, 1[ given by

(em'x/Z,Zy_;'_l), if(x,y) c [—1,1}><} —1,0[/
@2, 2y 1), i (ry) € [-11]x]0 1]

f(xy) —{

induces a homeomorphism UNV — S'x | —1,1].

(iii) Prove that the group morphisms
Z=2mUNV,p) — m(Up)=Z and Z=mUNV,p) - m((V,p)=Z

send 1 to 2.
Hint. Use Exercise 9.20, (iii).

(iv) Deduce the isomorphism of groups rt1 (K, p) =(x, y|x?y~2).

14.5. Given topological spaces X and Y, a closed subspace A C X and a continuous map f : A — Y,
consider the equivalence relation ~ on X 'Y generated by a ~ f(a) for all a € A, and define X U Y as
the set of all equivalence classes endowed with the quotient topology. It is called the adjunction space
given by attaching Y to X along f.

14.6. Exercise. Let n € N, X = S' and Y = B{(0,0) C R2. Consider the map f : X — Y sending z € S!
toz". Let Z = XUY and ~ the equivalence relation on Z defined in paragraph 14.5. Let U = B1(0,0) and
V = (B1(0,0)\ {(0,0)}) U X. Define U and V as the image of U and V under the canonical projection Z — Z./ ~.
LetpeUNV.

(i) Prove that the group morphism Z = (UNV,p) — m1(V,p) 2 Z sends 1 to n.
(ii) Deduce that 711 (X Us Y, p) = Z/nZ.

§15. Surfaces I: General theory

15.1. We will recall first some basic facts on the theory of surfaces. We refer the reader to the wonderful
book [Lee2011], or the nice exposition [Mas1977], for a more comprehensive treatment.

15.2. We recall that a (topological) manifold with boundary of dimension n € Ny (or n-manifold
with boundary for short) is a Hausdorff second countable topological space M together with an
open covering U such that there are homeomorhisms of ¢ : U — V where V is an open subset of
H" = {(xq,...,xn) € R" : x, > 0}, for all U € U. An element p € M is called a boundary point if there
is a (equivalently, if for every) homeomorhism of ¢ : U — V with p € U € U such that ¢(p) € oH".
Denote by oM the set of boundary points. It is easy to see that M is a closed subset. An n-manifold with
boundary M is called a (topological) manifold of dimension n (or n-manifold for short) if M = @.

15.3. A coordinate ball of an #-manifold M is a homeomorphism ¢ : B — B;(x9) C R", where B is an
open subset of M. We will typically denote a coordinate ball simply by B. We say that a coordinate ball
¢ : B — Br(xg) C R" is regular if there exists an open set B’ D B in M including the closure B of B, 7' > r
and a homeomorphism ¢’ : B" — B,/(xg) C R" such that ¢'(B) = B,(xp). Note that the fact that ¢’ is a
homeomorphism implies that ¢’(B) = B,(xg). A (topological) surface is a manifold of dimension 2.
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15.4. Remark. We remark that there exist nonregular coordinate balls. For instance, there exists a subset S C RS,
called the Alexander horned sphere, such that

(i) S is homeomorphic to the usual sphere S*> C R3;
(ii) R3\ S is the disjoint union of two connected components, B and C, with B bounded;
(iii) BU'S is homeomorphic to the closed unit ball By(Os);
(iv) there exists s € S such that for every open set U including s, the image of the map
mUNC) — m(C)
is not trivial.
The last condition implies that B C R is a nonregular coordinate ball of R3.
15.5. Exercise. (i) Prove that S* is a surface.
(ii) Prove that the torus T? = S' x S is a surface.
(iii) Prove that the (real) projective plane RP? is a surface.

15.6. Given M and N be two n-manifolds with nonempty boundaries and f : 9M — dN a homeomorphism,
one can prove that the adjunction M Uy N, recalled in paragraph 14.5, is an n-manifold (see [Lee2011],
Thm. 3.79). Given two connected n-manifolds M; and Mj, regular coordinate balls B; C M; for
i = 1,2, then the subspaces Ml’- = M; \ B; are manifolds with boundaries. Given a homeomorphism
f 1 OM; — 0Mj, by the previous comments, M{ Us Mé is an n-manifold, called connected sum of
M; and M3, and is denoted by M #Mj;. This definition depends in principle on the choice of regular
coordinate balls and the homeomorphism f between the boundaries, although one can prove that in fact
at most two nonhomeomorphic manifolds can be obtained when picking different coordinate balls and
homeomorphisms. This makes use of the so-called annulus theorem, a very hard theorem that states
that if B is a regular coordinate ball embedded in B,(0g:) C R", then B,(0g») \ B is homeomorphic to
B (0gn) \ B1(Ogs). If n = 2, the two possible connected sums are in fact homeomorphic to each other
(see [Lee2o11], Problem 10-8, for the compact case). One can also show that M;#M; is compact (resp.,
connected) if M; and M; are so (resp., and n > 1) (see [Lee2011], Problem 4-18).

15.7. We will describe a combinatorial way to construct surfaces. Let S be a set, S41 = S x {£1},
S+ =S,1US_1 and W = LitcnSK, the set of all words in S. An element of (a,1) is written simply a,
whereas (a, —1) will be written a~1. We define (a=1)~! = a. An element w = (wy,...,wy) € SK fork € N
will be simply written w = wy ... wy, whose length is £(w) = k. The set W has a natural structure of
(associative) monoid (without unit), given by concatenation of words, that we denote by yuxtaposition,
ie. (wy...w) (W) ...w},) =w.. . ww)...w},. Apolygonal presentation P, written (S|w!, ..., wk), is
a finite set S together with a finite tuple of words wt, ..., wk, each of which has length at least 3, such
that each element a € S appears in at least one word (as a or a~!). A surface presentation is a polygonal
presentation such that every letter a € S appear exactly twice in the whole list w!, ..., w* (as a or a=!). We
will also allow the surface presentations (a|aa~!) and (a|a—'a) (associated to the sphere S?), as well as
(aaa) and (ala—'a~1) (associated to the projective plane RP?).

15.8. For n € N and k € Z, define { , = je2mki/n ¢ C =~ R2, For an integer n > 3, we denote by P, C R2
the regular convex polygon with n edges and set of vertices V;, = {{y, : k € [0,n —1]}. It is endowed
with the subspace topology of R%. Let E, = {ex = [Ckn,Cks1,0) : k € [0,n — 1]} the set edges of P, and
Eyn = {& = (Ckn Ck10) : k € [0,n — 1]} be the set of oriented edges of Py. If ¢ is an usual edge, ¢ will thus
denote the corresponding oriented edge. Given x,y,x’,y’ € R?, denote by Lgf’yy)/), Eg/’yy)/) Dy = Y]
the maps ’ /

L) (b4 (1= y) = (8 + (1= £)y),

F () _ ()
for t € [0,1], and L(w) = L(x,y) )
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15.9. Given a polygonal presentation <S\w1, .. ,wk>, where w' = w% .. wé(wq for all i € [[1, k], consider
P = I_Ié‘zlp(g(wi) as well as the maps ¢ : U;(:lE[(wx‘) — 54 sending the j-th edge e;. of Py to w;., fori € [1,k]
and j € [1,4(w')]. The geometric realization |P| of P = (S|w’,...,wk) is the quotient topological space
of P, which is endowed with the disjoint union topology, by the equivalence relation ~ on P generated by

x ~ L (x),

for all x € ¢ and for all pairs of edges ¢, ¢’ in P such that ¢(e) = ¢(¢’), and by

for all x € e and for all pairs of edges e, ¢’ in P such that ¢(e) = ¢(e/) L.

15.10. We will typically draw a polygonal presentations of the form (S|w) (or its geometric realizations)
as follows. We draw the polygon Py(,,). For every edge e in Py(,,), we orient it adding an arrow ¢ together
with the label ¢(e), if ¢(e) € S, 1, and an arrow —é together with the label ¢(e)~!, if ¢p(e) € S_;. For
example, you find below the corresponding graphical representation of (ay,by, ..., a5, bs| ]_[15:1 [a;,b:]),
where we recall that [x,y] = xyx 'y~ is the commutator of the elements x,y in a group.

a bs

bl as
an b4
by ay
an b 4
bs
bs as
15.11. Exercise. (i) Prove that S? is homeomorphic to the geometric realization of the surface presentation

(a,blabb—1a"1).
(ii) Prove that T? is homeomorphic to the geometric realization of the surface presentation (a,blaba=1b~1).
(iii) Prove that RP? is homeomorphic to the geometric realization of the surface presentation {a, b|abab).

(iv) Prove that Klein bottle K (see Exercise 14.4) is homeomorphic to the geometric realization of the surface
presentation (a,blabab™1).

15.12. The following operations are called elementary transformations of the polygonal presentation.

(i) Relabeling : the result in P of applying a bijection S — S’ or applying the bijection S+ — S
sending a3 to af ! for a fixed ag € S and a™! to itself, for a € S\ {ao}-

(ii) Subdividing : replacing every occurrence in P of some ag € S by ape and a,, L by e lay !, where e
is a new element not in S4..

(iii) Consolidating : if elements a and b of S always occur in the words of P either as ab or b='a~1,

replacing every occurrence of ab by a and every occurrence of b—15-1 by a1, provided that the
result is one or more words of length at least 3 or a single word of length 2.
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(iv) Reflecting: (S|x1...x,,w,...,wk) transforms into (S|x, . ..xfl,wl,. .., wk), for xq,..., %, € Sx.

(v) Rotating: (S|xi...x,,w,...,wk) transforms into (S|xz...x,x1,w?,...,wk), for x1,...,x, € Sa.
(vi) Cutting: (S|w'w?,...,w") transforms into (S U {e}|w'e,e~1w?, ..., wk), provided w! and w? have
both length at least 2.
(vii) Pasting: (SU {e}|w'e, e~ 1w?, ..., wk) transforms into (S|w'w?,...,wk).
(viii) Folding: (SU {e}|w'ee™!,w?,...,wk) transforms into (S|w!,w?,...,wk), provided w! has length
at least 3, or length 2 if k = 1.
(ix) Unfolding: (S|w!,w?,...,w) transforms into (S LI {e}|wlee™!, ws, ..., wk).
15.13. A lengthy but elementary verification of topological invariance of each of the previous elementary

transformations provides the following result.

15.14. Proposition ([Lee2011], Prop. 6.10). Let P and P’ be two polygonal presentations that can be linked
through a finite sequence of elementary transformations. Then, |P| is homeomorphic to |P’|.

15.15. Using the previous result for clever representations of the surfaces and some technical results on
triangulations of surfaces we get the following result.

15.16. Proposition ([Lee2011], Prop. 6.12). Let M be a surface homeomorphic to | P| for a surface presentation
P = (S|w), and M’ be a surface homeomorphic to |P’| for a surface presentation P’ = (S'|w'). Then M#M' is
homeomorphic to the geometric realization of the surface presentation (S S'|ww').
15.17. Exercise. (i) Let M be a connected sum of g € N copies of the torus T?> = S' x S!. Prove that M is
homeomorphic to the geometric realization of the surface presentation (a1, by, ..., aq, bg| H‘f:l [a;, b;]).
(ii) Let M be a connected sum of n € N copies of the torus RIP2. Prove that M is homeomorphic to the geometric
realization of the surface presentation (cq,...,cn| TTI_; c2).

15.18. Theorem ([Lee2011], Prop. 6.14, Thm. 6.15, or [Mas1977], Thm. 1.5.1). Given a any compact surface
M there exists a surface presentation P = (S|w?,...,wk) such that M is homeomorphic to |P|. Moreover, any
compact connected surface is homeomorphic to one of the following

(i) the sphere S?;
(ii) a connected sum of one or more copies of the torus T> = S' x S1;
(iii) a connected sum of one or more copies of the projective plane RP?.
15.19. Exercise. (i) Prove that the Klein bottle K (see Exercise 14.4) is homeomorphic to RP?#RP2,
(ii) Prove that the T2#RP? is homeomorphic to RP?#RP?#RP?.

§16. Surfaces ll: Homotopy groups

16.1. We conclude these short notes with the statement of the fundamental group of any compact connected
surface M. Let P = (xq,...,xn|w) be its surface presentation, according to Theorem 15.18, and Exercises
15.11 and 15.17. Define M = \/(S!,1), the wedge product of m copies of (S!,1). By the previous
results, there is a continuous map f : B;(0g2) — M such that M is homeomorphic to By (0p2) U i M.
Denote M = By(0g2) LI M. Take then U, V C By (0g2) Uy M to be the image under the canonical projection
M — By (0g2) Uy M of (B1(0p2) \ {Og2}) LU M and By (Og:), respectively. Then V is contractible, so simply
connected, and using Theorem 14.2 we get the following result.
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16.2. Theorem ([Lee2o11], Cor. 10.17, or [Mas1977], Chap. 1V, Section 5). Omitting the general point of the
following compact connected surfaces, the corresponding fundamental group is given by

(i) m(S?) =1;

(i) 711 (T?#...#T2) =(ay, by, ..., ag, bg| H§=1 [a;, b;]), where we are considering g factors in the connected sum

and we recall that [x,y] = xyx~ 'y~ is the commutator of the elements x,y in a group;

(iii) 71 (RPH .. #RP?) =(cq, ..., cn| [T/Lq 2), where we are considering n factors in the connected sum.
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