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Abstract

The aim of this short note is to complete some aspects of a theorem proved
by S. Merkulov in [7], Thm. 3.4, as well as to provide a complete proof of the
dual result for dg coalgebras.
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1 Introduction
The objective of this short note is twofold:

(i) Complete some aspects of a theorem of S. Merkulov — which in principle
produces an A,.-algebra from a certain dg submodule of a dg algebra —,
showing that the construction also gives a morphism of A.-algebras and
that both are strictly unitary under some further assumptions (see Theorem
B.I). These last extra components were not considered in the original state-
ment by Merkulov, but the existence of the morphism of A-algebras ap-
pears in a particular case in [6], Prop. 2.3.

(ii) Provide a precise statement together with a complete proof of a dual version
of the previous theorem for dg coalgebras. This is done in Theorem [4.5|

We are mainly interested in because we need such a result in [1] for our
study of the A,,-coalgebra structure on the group Torz (K, K) of a nonnegatively
graded algebra A and some of their associated A,-comodules (e.g. in Thm. 2.11
and Prop. 2.16 of that article). It was used in particular to compute the A-module
structure of Ext% (M, k) over the Yoneda algebra of a generalized Koszul algebra
A, where M is a generalized Koszul module over A. Incidentally, we find more
convenient to work with the formulation in [7]], for in [1] we need to deal with the
slightly greater generality of (nonsymmetric) bimodules over a (noncommutative)
algebra.

The proof of the statements added to the result of Merkulov follows the usual
philosophy of specific manipulations of equations. However, these new results,
which appear in Theorem cannot be directly deduced from [7], Thm. 3.4. In
particular, the construction of the morphism of A..-algebras added to the result
by Merkulov allows to compare the dg algebra one starts with and the constructed
A-algebra, which seems relevant to us, and it was indeed needed in in [6]. Fi-
nally, let us add that the proof of Theorem[4.5]is parallel to the one for dg algebras,
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and, as in the case of dg algebras, the result obtained for dg coalgebras is slightly
more general than those obtained in homological perturbation theory, since our as-
sumptions are in general weaker than those of a SDR (cf. [3], or the nice exposition
in [4], Section 6).

2 Preliminaries on basic algebraic structures

In what follows, k will denote a field and K will be a noncommutative unitary k-
algebra. By module (sometimes decorated by adjectives such as graded, or dg) we
mean a (not necessarily symmetric) bimodule over K (correspondingly decorated),
such that the induced bimodule structure over k is symmetric. For dg algebras, dg
coalgebras and A.-algebras, we follow the sign conventions of [5], whereas for
Aso-coalgebras we shall use the ones given in [2]], Subsection 2.1. We also recall
that, if V' = @,czV" is a (cohomological) graded K-module, V[m] is the graded
module over K whose n-th homogeneous component V[m]™ is given by V""", for
all n,m € Z, and it is called the shift of V. We are not going to consider any shift
on other gradings, such as the Adams grading. All morphisms between modules
will be K-linear on both sides (satisfying further requirements if the modules are
decorated as before). One trivially sees that all the standard definitions of graded
or dg (co)algebra, or even A-(co)algebra, eventually provided with an Adams
grading, and (co)modules over them make perfect sense in the monoidal category
of graded K-bimodules, correspondingly provided with an Adams grading. All
unadorned tensor products ® would be over K.

Finally, N will denote the set of (strictly) positive integers, whereas Ny will be
the set of nonnegative integers. Similarly, for N € N, we denote by N> y the set of
positive integers greater than or equal to V.

3 On the theorem of Merkulov

Let (A, 1a,d4) be a dg algebra provided with an Adams grading and let W C A
be a dg submodule of A respecting the Adams degree. We assume that there is
a linear map @ : A — A[—1] of total degree zero, where A[—1] denotes the shift
of the cohomological degree, satisfying that the image of id4 — [da, Q] lies in W,
where [d4, Q] = daoQ+ Q ody is the graded commutator. For all n > 2, construct
An + A®™ — A as follows. Setting formally A\, = —Q 1, define

n—1

A=Y (=) pae ((Qo ) ®(QoAn-s)), 3.1)

i=1

for n > 2. We have the following result, whose first part is [7], Thm. 3.4, whereas
the rest is a slightly more general version of [6], Prop. 2.3 and Lemma 2.5.

Theorem 3.1. Let (A, pa,da) be a dg algebra provided with an Adams grading and let
v (W,dw) — (A, da) be a dg submodule of A (respecting the Adams degree). Suppose
there is a linear map QQ : A — A[—1] of total degree zero, where A[—1] denotes the
shift of the cohomological degree, satisfying that the image of ida — [da, Q)] lies in «(W).
For all n € N, define m,, + W®" — W as follows. Set mi = dw = da o and
my, = (ida — [da, Q]) o Ay 0™, for n > 2. Then, (W, ms) is an Adams graded A..-
algebra.

Define the collection fo : W — A, where f, : W™ — A is the linear map of total
degree (1 — n,0) given by f, = —Q o A\, 0 1®", for n € N. Then f, is a morphism of
Adams graded Ao-algebras, and it is a quasi-isomorphism if and only if ¢ is so.

Furthermore, assume A has a unit 1 4, there is an element 1y, € W such that (1w ) =
14, Qo Q =0and Qo= 0. Then, 1y is a strict unit of the Adams graded A .-algebra
(W, ma), and fo : W — Ais a morphism of strictly unitary Adams graded A.-algebras.



Proof. For the first part, the proof given in [7], based on that of the corresponding
Lemmas 3.2 and 3.3, applies verbatim in this context. We also note that the sign
convention of that article agrees with the one we follow here.

To prove the second assertion we proceed as follows. It suffices to prove that f,
is a morphism of A-algebras, for the quasi-isomorphism property is immediate.
We have thus to show the following reduced form of the Stasheff identities on
morphisms MI(n) (see [5], Def. 4.1)

> (U frpg o (id © my @idfy)
(r,5,t)ELy

n—1

=dsofn+ Z P a0 ((Qoryot®P) @ (QoA,_poP2M7P))), (32)

foralln € N, where Z,, = {(r,s,t) e N x Nx Ny :r+s+t=n}. Thecasen =1
is trivial since ¢ is a morphism of complexes. Moreover, the case n = 2 is also clear,
since the left member of (3.2) gives

fioma — foo (idw ® my +my ® idw )
:(idA—[dA,Q])o,uAOL®2+Qo,quL®20(idW®dW+dw®idw)
:ILLAOL®27dAOQO‘LLAOL®2
(3.3)

where we have used the Leibniz property for the derivation d 4. The right member

of (3.2) gives
daofotpao((Qoriot)®(Qorot))=—-daoQopaot® +pso0i®

which clearly coincides with (3.3). We shall now consider n > 2. Using the same
notation as in [7]], by the definition of the tensors ®,, and O,, given in Lemmas 3.2
and 3.3, respectively, we see that

Qo (P +0,)0t®" = Qodaor,0r® — Y (=1)"" friyyr0(idfy @m, @idR)),
(r,s,t)eL

foralln € N, where 7 = {(r,s,t) € NgxNxNg : r+s+¢ =n,r+t > 0}. Moreover,
by the previously mentioned lemmas, the tensor ®,, and O,, vanish, which implies
that

Z (_1)T+Stf7“+1+t © (ld%; Qms @ ld%) =fiomp+Qodao A, o0 Lo
(r,s,t)EL,

On the other hand,
f1 omn—i—QOdAO)\ 01" =X, 08" —dgoQo\, 0®"

—Z 1) a0 (Qo A 0®) ® (QoAy—i 0 ")) —dg0Qo A, 005"

where we have used the definition of m,, in the first equality and equation (3.1)
in the last one. It is clear that the last member of the previous chain of identities
coincides with the right member of (3.2), as was to be shown.

The proof of the third assertion follows the same pattern as the one given in
[6], Lemma 2.5, but since we are assuming a weaker assumption on @ (called G
in that article), we describe roughly how it is done. By the definition of f;, we see



that the condition @ o ¢ = 0 implies that fo(1w ® w) = fo(w ® 1y ) = 0. The fact
¢ is a morphism of dg modules and d4(14) = 0 imply that m; (1w ) = 0. Suppose
now that we have proved that, for 2 < ¢ < n — 1, f;(w1,...,w;) vanishes if there
exists j € {1,...,4} such that w; = 1. By and the inductive hypothesis,
we see that A, (wi,...,w,) vanishes if there exists j € {2,...,n — 1} such that
w; = lw, AQw, w2, ..., wn) = faci(we,...,wy), and Ay (wi, ..., wp—1,1lw) =
(=) frn—1(wi,...,wy—1), for all wy,...,w, € W. From the definition of f,, and
the assumption that @ o @ = 0 we conclude that f, (w1,...,w,) vanishes if there
exists j € {1,...,n}suchthatw; = 1y. Moreover, since the image of (id4—[d 4, Q])
lies in «(W) and Q o ¢ = 0, we see that

0=Qo(ids —[da,Q]) =Q —QodaoQ = (ida — [da,Q]) 0 Q, (3.4)

where we have used in the last two equalities that ) o ) vanishes. Using our

previous description of A, in terms of f,_1 = —Q o A\,_q © L= for n > 3 (if
it does not vanish already) and (3.4), we get that m,, (w1, ..., w,) vanishes if there
exists j € {1,...,n} such that w; = 1y . O

4 The dual result

We shall briefly present the dual procedure to the one introduced by S. Merkulov in
[7] to produce an A-algebra structure from a particular data on a dg submodule
of a dg algebra. In our case, we produce an A, -coalgebra structure on a quotient
dg module of a dg coalgebra. We also note that, even though the results of the
article of Merkulov are stated for vector spaces, they are clearly seen to be true (by
exactly the same arguments) in our more general situation of bimodules over the
k-algebra K.

Let (C,A¢,dc) be a dg coalgebra provided with an Adams grading and let
(C,dc) — (W.dw) be a dg module quotient of C respecting the Adams degree.
Denote by K the kernel of the previous quotient and assume that there is a linear
map @ : C — C[—1] of total degree zero, where C[—1]| denotes the shift of the
cohomological degree whereas the Adams degree remains unchanged, satisfying
that id¢ — [d¢, Q] vanishes on K, where [d¢, Q] = dc o Q + Q o d¢ is the graded
commutator. For all n > 2, define v,, : C — C®" as follows. Setting formally
v = —Q~1, define

n—1

Yo =D (=) (i 0 Q) ® (70 Q)) 0 Ac, (4.1)

=1

for n > 2. We shall say that Q is admissible if the family {7, }nen., is locally finite,
i.e. it satisfies that the induced map C' — [],,-, C®" factors through the canonical

inclusion @,>2C%" — [],,5, C®".

Fact 4.1. The following identity

- i: (’VP ® ('anp o Q)) Y2 + i(_l)p((')/nfp o Q) ® 'Yp) oy =0

holds.

Proof. The identity just follows by replacing the two occurrences of v, by the re-
current expression given by and simplifying the corresponding terms. O

Fact 4.2. Let e be an endomorphism of C' of degree zero and define

En(e) = Z (=)™ TEAE" @ (vs 0 €) @ idEY) 0 Yy 14t
(r,s,t)eT



where T = {(r,s,t) € Ng x N>g x Ng: r + s+t =nandr +t¢ > 0}. Then

n—2 t

ZZ H(n—te ®idE) (1Q ® Y—i+1Q)A
t=1 i=1

n—2 r

YD) AGT @ ) (1Q @ Y14 —iQ) A
r=11i=1

y 42)
3 Y 0T (48 @ e @2 V)Q) @ Yrsin-iQ) Ac

(ry8,t) €Ly =T+l

D D G VR (%‘Q ® (12" @ye® id%)%ﬂﬂ—i@))ﬁcv

(r,s,t)€Ly, =1

where T,, = {(r,s,t) € Nx Nsg x N : 7+ s+t = n}, and we have omitted the
composition symbol o to economize space.

Proof. The statement follows from the following chain of identities, which uses the

definition (@),

Z (Yn—te @ idE ) y14e + Z D™ (dE” @ Yn—r€) Vet
r=1
+ ) AET ® vee @ idE ) Yry144
(r,s,t)€Z,
t

ZZ H(Yn—te ®1dEN) (1Q ® Yi—i+1Q) Ac
t=1 i=1

n—2 r

+ 3N ST @ v re) (1Q @ Y14r—iQ) A
r=11=1
r+t )
+ Z Z N-H l( (ld%T ®vse® id?(liril))%@) ® ’Yr+1+t—iQ)A

(r,8,t) €Ly t=r+1

n Z Z(_l)rs+r+s—i(s+l) (%Q ® ((id?(’l‘*i) ® vse ® id%t)’)’r+1+t—iQ))A07

(T’S’t)ein i=1
where we have omitted the composition symbol o to reduce space. O

Lemma 4.3. For n € N>g3, define

I = Z (D)™ EE" @ s ©1dE") 0 Ve,
(r,s,t)ELx

where I = {(r,s,t) € Ng X N>o x Ny :r+ s+t =mnandr +t > 0}. ThenT,, =0,
foralln > 3.

Proof. First note thatI's = (ide ® A¢c — Ac ®ide) o A, so the coassociativity of C
implies that I'; vanishes.

Let us now consider n > 3. We note that I',, = F,,(id¢), so it can be written as
indicated in equation (£.2). Moreover, the terms corresponding to i = 1 in the first
sum and to ¢ = r in the second sum in that latter expression of I',, cancel due to
Fact Using the definition of I';;, for 3 < m < n — 1 in the remaining terms of
the new expression of I',, we get that

n—3 n—3

Lo=> ()" ((10Q) @ ([Tu-ioQ) 0 Ac =) ((Ta-joQ)®(y0Q)) o Ac.
i=1 j=1

The lemma thus follows from an inductive argument. O



Lemma 4.4. For n € N>, define

n—1
Hyy = ode + (1" 3 (dE" @ de @ idg"™ V) o,
r=0
— > (=MEAET ® (s 0 e, Q) @dEY) © Yrrias,
(r,s,t)ELX

where I = {(r,s,t) € Ny x N>o x Ny :r+s+t=nandr+t¢ > 0}. Then H, =0,
foralln > 2.

Proof. Note that Hy = Ag ode — (ide ® de + de ®id¢) 0 Ag, so it vanishes by the
Leibniz identity for C.
Assume now that n > 2. Note that

n—1

Hy =y ode — (=1)" Y (dE" ® de @idE" V) 0y, — Eu(lde, Q)).
r=0

Using the definition (4.1)), we can write

1

H, =Z (i 0Qode) @ (i ©Q)) 0 Ac

3
|

=2 D" (0 Q) @ (mei0Qode)) 0 Ac

1—1

+ Z (—1)i(((id%r ®dc ® id%(i_r_l)) 0 (70Q)) ® (n—io© Q)) oAc
0

=0 r=

Iy ((%- 0Q)® ((1dE" @ de @id2™ ") o (y,_i 0 Q))) o Ac

- En(dC © Q) - En(Q © dC)
(4.3)

Fact[4.2|expresses E, (Q o d¢) as a linear combination of sums satisfying that the
terms corresponding to i = 1 of its first sum and the terms corresponding to i = r
of its second sum cancel the first two sums in {3). Combining the remaining
terms of and using the definition of H,,, for 3 < m <n — 1, we get that

n—2 n—2

Hy =2 (1) ((3°Q) & (Hn-i0Q) @ Ac = > (Hn—j0Q) ® (70Q)) 0 Ac-
i=1 j=1

The lemma thus follows from an inductive argument. O

Theorem 4.5. Let (C, Ac, d¢) be a dg coalgebra provided with an Adams grading and let
p:(C,dc) — (W,dw) be a quotient dg module of C (respecting the Adams degree) with
kernel K. Suppose there is an admissible linear map Q : C — C[—1] of total degree zero,
where C[—1] denotes the shift of the cohomological degree, satisfying that idc — [dc, Q]
vanishes on K. For all n € N, define A,, : W — W®" gs follows. Set Ay = dy and A,
to be the unique map satisfying that A, 0 p = p®™ o, o (ide — [dc, Q)), for n > 2. Then,
(W, A,) is an Adams graded A..-coalgebra.

Define the collection fo : C — W, where f, : C — W™ is the linear map of
homological degree n — 1 and zero Adams degree given by f,, = —p®" 07, 0Q, forn € N.
Then fo is a morphism of Adams graded A.-coalgebras.



Furthermore, assume C has a counit ec, there a linear map ew : W — K such that
ewop=c¢ec, QoQ =0andpo@Q = 0. Then, ew is a strict counit of the Adams graded
Aso-coalgebra (W, A,), and fo : C — W is a morphism of strictly counitary Adams
graded A..-coalgebras.

Proof. The first part follows from the fact that the Stasheff identity SI(n) for n > 3
for the operations A, is by definition given by p®" o (T, + H,,) o (id — [d¢, Q]), so
it vanishes. The two first Stasheff identities SI(1) and SI(2) are trivial, for W is a
quotient of C.

To prove the second assertion we proceed as follows. We have thus to prove
the following reduced form of the Stasheff identities on morphisms MI(n) (see [2],

eq. (2.2))

S (DAY @ Ay @idf) o franpe
(7'7sat)ez-n

n—1
= foode+ Y (1" P (0 om0 Q)@ (¥ 0y 0 Q)) 0 Ac,  (44)
p=1

foralln € N, where Z,, = {(r,s,t) e N x Nx Ny :r+s+t=n}. Thecasen = 11is
trivial since p is a morphism of complexes. Moreover, the case n = 2 is also clear,
since the left member of gives

Ago fi — (ldw @ A1 + A1 @idw) o fa
=p®20Aco(ida — [de, Q]) + p®2 o (ide @ de + de ®ide) o Ag 0 Q
=p®? o Ac—pP? o AgoQodc,
4.5)

where we have used the Leibniz property for the coderivation d¢. The right mem-

ber of (#.4) gives
faodo+ ((pomeQ)®(poyioQ)) oA =—p®?0AcoQode + p® o A,

which clearly coincides with 4.5). We shall now consider n > 2. By the definition
of the tensors I',, and H,, given in Lemmas[£.3|and [£.4] respectively, we see that

P o T+ Hy)oQ = p®oyuodcoQ+ Y (1) (idf ® A @idFf)o fri1ys,
(r,s,t)eL

foralln € N, where we recall that Z} = {(r,s,t) € NgxNxNp : r+s+t=n,r+t >
0}. Moreover, by the previously mentioned lemmas, the tensor I',, and H,, vanish,
which implies that

Z (=1)"H(dY @ Ay @ id5y) © frortt = Ao fi — p®" oy, 0de 0 Q.
(r,s,t)EL,

On the other hand,

Ayofi—p®roy,0dcoQ=p®" o, — p®P oy, 0Q0de
n—1

= (—1)7L_i_1 ((p®i 079, 0Q)® (p®(”_i) 0 Yp_i O Q)) oAg — p®n oy, 0 Qode,
1

-
Il

where we have used the definition of A,, in the first equality, and equation (4.1)
in the last one. It is clear that the last member of the previous chain of identities
coincides with the right member of (4.4), as was to be shown.



The proof of the third assertion is parallel to the one given to Theorem
Using the definition of f», we see that the condition p o @) = 0 implies that (e ®
idw) o fo = (idw ® ew) o fo = 0. The fact p is a morphism of dg modules and
ec o dc = 0 imply that ey o A; = 0. Suppose now that we have proved that, for
2<i<n—1,Gdy ®ew @ id%,(’ﬂ*l)) o f; vanishes for all j € {0,...,7 — 1}. By
(4.1) and the inductive hypothesis, we see that (id%j Rew ® id%?,("_] _1)) 0 p®m o,
vanishes forall j € {1,...,n =2}, (ew ® id%("_l)) op®ony, = (-1)""1f, 1, and
(id%?,(nfl) ® ew) o p®" 07, = fn_1. By the definition of f,, and the assumption
that @Q o Q = 0 we conclude that (id%,j R ew ® id%("_] )) o fn vanishes for all j €
{0,...,n — 1}. Moreover, since the image of (id¢ — [dc, @]) vanishes on the kernel
of pand p o Q = 0, we see that

0= (idc —[dc,Q)oQ=Q - QodcoQ=Qo (id¢ — [dc, Q]), (4.6)

where we have used in the last two equalities that @) o ) vanishes. Using our
previous description of (id?{,j R ew R idﬁ,("fj 71)) 0 p®" o v, in terms of f,_; =
—p®=Y o, 1 0@ for n > 3 (if it does not vanish already) and ([.6), we get that
(id% @ e @id5" ) o A,, vanishes forall j € {0,...,n — 1}. O

The structure of A-coalgebra on W given by the previous theorem is called a
Merkulov model on W, or simply a model. As in the case of dg algebras, note that
the result stated in the first two paragraphs of the previous theorem is slightly
more general than those obtained in homological perturbation theory, since the
conditions of a SDR are not necessarily satisfied (cf. [3], or [4], Section 6).
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