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Abstract

In this article we prove that there exists an explicit bijection between nice
d-pre-Calabi-Yau algebras and d-double Poisson differential graded algebras,
where d € Z, extending a result proved by N. Iyudu and M. Kontsevich. We
also show that this correspondence is functorial in a quite satisfactory way, giv-
ing rise to a (partial) functor from the category of d-double Poisson dg algebras
to the partial category of d-pre-Calabi-Yau algebras. Finally, we further gener-
alize it to include double P..-algebras, as introduced by T. Schedler.
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1 Introduction

Pre-Calabi-Yau algebras were introduced in [8], and further studied in [2] and
[3]. However, these structures (or equivalent ones) have appeared in other works
under different names, such as V,,-algebras in [11], A-algebras with boundary in
[13], noncommutative divisors in Remark 2.11 in [14], or weak Calabi-Yau structures
(see [5] for the case of algebras, [16] for differential graded (dg) categories and
[4] for linear co-categories). These references show that pre-Calabi-Yau structures
play an important role in homological algebra, symplectic geometry, string topol-
ogy, noncommutative geometry and even in Topological Quantum Field Theory
(see [5]). Following [7], a (compact) Calabi-Yau structure (of dimension n) on a com-
pact A,.-algebra A is a nondegenerate cyclically invariant pairing on A of degree n.
In the sense of formal noncommutative geometry, it is the analogue of a symplectic
structure. The problem with this definition is that for applications related to path
spaces, Fukaya categories, open Calabi-Yau manifolds or Fano manifolds, the hy-
pothesis of compactness is too restrictive. This was the reason why pre-Calabi-Yau
algebras were originally introduced in [8].

Roughly speaking, a pre-Calabi-Yau algebra can be regarded as a formal non-
commutative Poisson structure on a non-compact algebra because it is a noncom-
mutative analogue of a solution to the Maurer-Cartan equation for the Schouten
bracket on polyvector fields. More precisely, let A be a Z-graded vector space, and
let C®)(A) := [[,»o Hom(A[1]®", A®F), for k > 1. A pre-Calabi-Yau structure on
Ais a solution m = Y, .,m*), m¥) € C*)(A) of the Maurer-Cartan equation
[m, M]gennecki = 0 (see [3], Def. 2.5). Here, [, ] genneckl 1S the “generalized necklace
bracket", which is a kind of graded commutator (see [3], Def. 2.4). Nevertheless,
for our purposes, we will use a different but equivalent version of this notion (see
[3], Prop. 2.7). A pre-Calabi-Yau algebra essentially is a cyclic A-algebra struc-
ture on A @ A%#[d — 1] for the natural bilinear form of degree d — 1 induced by
evaluation such that A is an A, -subalgebra (see Definition 4.2).



If pre-Calabi-Yau structures are regarded as noncommutative Poisson struc-
tures in the setting of formal noncommutative geometry, double Poisson algebras
are the natural candidates for Poisson structures in the context of noncommutative
differential geometry based on double derivations as developed in [1] and [15].
Indeed, let Der A = Der(A, A ® A) be the A-bimodule of double derivations, and
let DA = T4(Der A) be its tensor algebra. Roughly speaking, a double Poisson
algebra is an algebra endowed with a bivector P € (DA), such that {P, P} = 0,
where {,} is a kind of commutator in this context (see [15], Section 4.4). Besides
their similarity with the commutative notion, double Poisson algebras turn out to
be the appropriate noncommutative Poisson algebras in this setting because they
satisfy the Kontsevich-Rosenberg principle (see [6] and [15], Section 7.5), whereby
a structure on an associative algebra has geometric meaning if it induces standard
geometric structures on its representation spaces.

Hence, since pre-Calabi-Yau algebras and double Poisson algebras can be re-
garded as noncommutative Poisson structures, one should expect some relation-
ship between them. For instance, W.-K. Yeung [16] proved that double Poisson
structures on dg categories provide examples of pre-Calabi-Yau structures. Fur-
thermore, given an associative algebra A, N. Iyudu and M. Kontsevich showed
that there exists an explicit one-to-one correspondence between the class of non-
graded double Poisson algebras and that of pre-Calabi-Yau algebras whose mul-
tiplications m; vanish for i € N\ {2, 3}, such that my is the usual product of the
square-zero extension A® A#[d—1],and m3 sends AQ A¥ ® A to Aand A# @ A® A*
to A# (see [3], Thm. 1.1).

The first main result of this article is an extension of this correspondence to the
differential graded setting (see Theorem 5.2). Our second main result shows that
such a correspondence satisfies a simple functorial property (see Theorems 5.6 and
5.9), for a suitable notion of morphism of d-pre-Calabi-Yau algebras (Definition 5.8).
We remark that this notion does not define a category but a partial category of d-pre-
Calabi-Yau algebras, since not all pairs ( f, g) of morphisms such that the codomain
of f is the domain of g are composable.

Moreover, T. Schedler [12] showed an interesting connection of the classical
and associative Yang-Baxter equations with double Poisson algebras, that he gen-
eralized to L..-algebras, giving rise to “infinity” versions of Yang-Baxter equa-
tions and double Poisson algebras. The latter arise by relaxing the (double) Jacobi
identity up to homotopies, but not the associativity of the multiplication. We re-
call Schedler’s definition of double P..-algebras in Definition 6.1, which coincides
with the usual notion of dg double Poisson algebras if the higher brackets van-
ish. The third main result of the article states that there is also a correspondence
between certain pre-CY structures on (nonunitary) graded algebras A and double
P -algebras, giving a different extension of Theorem 5.2 if d = 0 (see Theorem
6.3).

We believe that our results can be a powerful tool to define both new dou-
ble Poisson and pre-Calabi-Yau structures. For example, the study of linear and
quadratic double Poisson brackets on free associative algebras, as in [9] or [10],
might be useful to better understand and extend the results obtained by N. Iyudu
in [2], where pre-Calabi-Yau structures on path algebras of quivers with one ver-
tex and a finite number of loops are studied. Moreover, the results obtained in this
article give rise to a more natural study of quasi-isomorphism classes of dg double
Poisson algebras by considering the associated pre-Calabi-Yau A..-algebras. We
remark that the former problem is in principle specially difficult, as it is usually the
case when dealing with double structures (e.g. double associative algebras, dou-
ble Poisson algebras), since, although transfer theorems for strongly homotopic
structures over dioperads or properads are known to hold, they are not explicit.
Indeed, as a major difference with the theory of (al)gebras over operads we can



mention that there does not exist in general a Schur functor construction for diop-
erads/properads —so there is in particular no bar construction for (al)gebras over
dioperads/properads—, the category of (al)gebras over dioperads/properads does
not carry any natural model structure, etc.

The contents of the article are as follows. We begin in Section 2 by fixing our no-
tations and conventions, and in Section 3 we review some known definitions and
results related to double Poisson dg algebras. After reviewing the basic defini-
tions and results on A.,-algebras in the first part of Section 4, we recall the crucial
notion of a d-pre-Calabi-Yau structure as well as some additional conditions on
A.-algebras that we will need to prove our main results.

Section 5 is the core of the article. Subsection 5.1 is devoted to prove the first
main result of our article, Theorem 5.2, that establishes the bijection between fully
manageable nice d-pre-Calabi-Yau structures and double Poisson brackets of de-
gree —d. In Subsection 5.2 we prove our second main result, namely the functori-
ality of the previous correspondence (see Theorems 5.6 and 5.9). Finally, in Section
6, we prove our last main result, Theorem 6.3, that extends the previous bijection
in case d = 0 to include double P -algebras.
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2 Notations and conventions

2.1 Generalities

In what follows, k will denote a field of characteristic zero. We recall that, if
V = @®nezV™ is a (cohomological) graded vector space (resp., dg vector space
with differential dy'), V/[m] is the graded (resp., dg) vector space over k whose n-th
homogeneous component V[m]™ is given by V"*™, for all n,m € Z (resp., and
whose differential 0y ,,) sends a homogeneous v € V"*™ to (—1)"dy (v)). It is
called the shift of V. Given a nonzero element v € V", we will denote |v| = n the
degree of v. If we refer to the degree of an element, we will be implicitly assuming
that it is nonzero and homogeneous.

We recall that a morphism f : V' — W of graded (resp., dg) vector spaces of
degree d € Z is a homogeneous linear map of degree d, i.e. f(V™) C W™t for all
n € Z, (resp., satisfying that f o 9y = (—1)%0w o f). A morphism of degree zero
will be called closed. Moreover, if f : V' — W is a morphism of graded (resp., dg)
vector spaces of degree d, f[m] : V[m] — W[m] is the morphism of degree d whose
underlying set-theoretic map is (—1)™?f. In this way, the shift (—)[m] defines an
endofunctor on the category of graded (resp., dg) vector spaces provided with
closed morphisms.

Given any d € Z, we will denote by sy, : V' — V[d] the suspension morphism,
whose underlying map is the identity of V, and sy; will be denoted simply by sy .
To simplify notation, we write sv instead of sy (v) for a homogeneous v € V. All
morphisms between vector spaces will be k-linear (satisfying further requirements
if the spaces are further decorated). All unadorned tensor products ® would be
over k. Since graded vector spaces can be considered as dg vector spaces with
trivial differentials, we will proceed to consider the case of dg vector spaces. We



also remark that N will denote the set of positive integers, whereas Ny will be the
set of nonnegative integers.

2.2 Permutations

Given n € N, we will denote by S,, the group of permutations of n elements
{1,...,n}, and given any o € S,, sgn(o) € {£1} will denote its sign. Given two
dg vector spaces V and W, we denote by v : V@ W — W ® V the closed
morphism determined by v ® w ~ (—1)III*lw ® v, for all homogeneous elements
v € Vand w € W. Moreover, given any transposition ¢ = (ij) with i < j in the
group of permutations S,, of n € N elements, it induces a unique closed morphism
Tya(s) : V™ = Ve sending v1 @ - -+ ® vy, to

(71)61)1®"'®’Ui—1 RV QU1 ® - QVj_1 QV; QVj11 ® - @ Uy,

where € = |v;||v;| + (Jvi| + ‘Uj|)(2%;il+1 |vg|), for all homogeneous vy, ..., v, in V.
More generally, for any permutation o € S,,, written as a composition of transpo-
sitions ¢; o - - - 0 g, we define the closed morphism 7y, () : V& — V™ given by
Tvn(S1) 0 -+ - 0 Ty (Sm ). We leave to the reader the verification that this is indepen-
dent of the choice of the transpositions used in the decomposition of . In fact, it
is easy to check that 7y ,(0) sends o = v1 ® - - - @ vy, tO

(71)6(0,77)1}071(1) ® -+ ®Vy-1(n), (2.1)

where

6(0’, @) = Z |’U0*1(i)||v(7*1(j)|~ (22)
i< j,

o) > o7 E)

We will usually write o instead of 7y, (o) to simplify the notation.

2.3 The closed monoidal structure

Given two dg vector spaces V and W we will denote by Hom/(V, W) the dg vec-
tor space whose component of degree d is formed by all morphisms from V' to W of
degree d, and whose differential sends an homogeneous element f € Hom(V, W)
to Ow o f — (=1)Iflf o dy. If W = k, we will denote Hom(V,k) by V#. If f :
V — V' is a morphism of degree d, then Hom(f, W) : Hom(V', W) — Hom(V, W)
and Hom(W, f) : Hom(W,V) — Hom(W,V’) are defined by Hom(f,W)(g) =
(—1)/lslg o f and Hom (W, f)(g) = f o g, respectively. If W = k, then Hom(f,k)
will be denoted by f#.

It is easy to check that, given homogeneous morphisms f : V' — V" and g :
V' — V, then

Hom(g, W) o Hom(f, W) = (—l)lmg"Hom(f og, W), (2.3)

and
Hom(W, f) o Hom(W, g) = Hom(W, f o g). (2.4)

The usual tensor product V@ W of vector spaces is a dg vector space for the
grading givenby VW = @,cz(V@W)", where (V@ W)" = @pezV" QW™
and the differential sends v ® w to dv (v) ® w + (—1)"lv ® dy (w), for all homo-
geneous v € Vand w € W. Given f € Hom(V,W) and g € Hom(V',W’), the
map Avy ww (f ® g) € Hom(V @ V/,WW ® W’) is the unique morphism send-
ing v ® w to (—1)I91"I f(v) ® g(w). This gives a closed morphism Ay v’y :
Hom(V,W) @ Hom(V',W') = Hom(V V', W @ W'). f W = W' =k, we denote
itby Ay, y+. Moreover, if it is clear from the context, we will denote Ay, v+ ww' (f®g)



simply by f®g. Note that, using this notation, the differential of V ® W is precisely
Oy Qidw +idy ® Ow .
It is easy to check that

Avy ww (feg)ohvo v (f'®g) = (—1)‘f/”9|AU7U/,W7W,(( fof®(god)), (2.5)

and
/\W,V o TV#,W# = T#/,V (¢] >\V,W; (26)

as well as

Avow © Ay w v w# (B @idw#) = (Avwow (fh® idw))# oluw, (27)

for any homogeneous morphism h: V' — U.
For later use, we recall that, given vy, ...,v, € V homogeneous elements of a
graded vector space, and fi,..., fn € V# homogeneous elements, then

(L@@ f)(cm® - ®@v,)) = (0" (/i@ @ fn)(01® - ®vy). (2.8)

2.4 The closed monoidal structure and the suspension

Given d € Z, and V and W two dg vector spaces, define the closed isomor-
phisms L{,y, : Hom(V,W)[d] — Hom(V[—d],W) and R{,y, : Hom(V,W)[d] —
Hom(V,W1d]) given by syom(v,wyaf = (=1)"|f o sy_gqand syomvw)af =
sw,q © f, respectively.

Moreover, define also the closed isomorphisms £y, : (V@W)[d] — (V[d])@W
and %‘d/,w (Ve W)d -V ® (W[d]) given by sygw,q(v ® w) — sy,q(v) ® wand
svew.d(v @ w) = (=14 @ sy 4(w), respectively.

3 Double Poisson brackets on dg algebras

The definitions of dg algebras (possibly with unit) and dg (bi)modules are sup-
posed to be well-known. We will recall however the definition of a double Poisson
dg algebra, specially to avoid some imprecisions concerning signs that exist in the
literature. The reader might check that the definition coincides with the one intro-
duced in [15], Section 2.7, for the case where the differential vanishes.

Definition 3.1. Let (A, pa,da) be a dg algebra and d € Z. A double Poisson bracket on
A of degree —d is a homogeneous morphism of dg vector spaces

{3 a:Ald@Ald — A A

of degree d satisfying that
Q) =, YaoTa,ag =7aa0f, }a

(ii) for any a € A, the homogeneous map AD(a) : A — A ® A of degree |a| — d given
by b {sa,4a,54,4b} 4 is a double derivation of 4, i.e.

AD(a) o ps = (ida ® pra) o (AD(a) ®ida) + (pa ®id4) o (ida ® AD(a));

(it)) > ,cc, Tas(@) o, FaroTas(c™) =0
where C3 C Ss is the subgroup of cyclic permutations, and {, , } 4.1 : A[d]®3 — A®3 is
the map ({{, }}A ® idA) o (idA[d] ® 54,4 ® idA) o (idA[d] ® {{ , ]}A)

Usually, the identity in (ii) is called the Leibniz property, and (iii) is the double
Jacobi identity.



Remark 3.2. Note that {{ , } 4 being a homogeneous morphism of dg vector spaces of degree
d means precisely that

(04 @ida +ida ®0a) o, Ja = (=), }a 0 (Japg @ idapg + idapg @ Daja)-

On the other hand, condition (ii) in the previous definition is tantamount to the following
one. Set {,}% : AQA— A Atobethemap {,}% = {,}ao (54,0 ® sa,a). Then,
condition (ii) is equivalent to

{: Pao(ida®ua) = (ida@pa)o({, pa®ida)+(pa®ida)o(ida®@{, }4)o(Ta,a®ida).

Convention 3.3. Note that the usual definition of double bracket in [15], Section 2.7, is a
map of the form {, }%4P 1 A® A — A® A satisfying some axioms. We leave to the reader
to verify that the conditions in Definition 3.1 for our map {, }a : Ald] @ A[d] - A® A
are equivalent to those given in [15], Section 2.7, for the map {, }98 : A® A — A® A,
where {a, b} %8 = {s4,4a,54,ab} 4, and a,b € A. It is for this reason that, when dealing
with specific elements a,b of A, it will be convenient to simply write {a,b} 4 instead of
{a, 03498 (= {5a,a0, 54,4} ).

We recall that, given any dg algebra (A, 114,04), [A, A] denotes the dg vector
subspace of A generated by ab — (—1)!/I®lba, for all homogeneous a,b € A. Note
that we have the isomorphism of dg vector spaces A[d]/([A, A][d]) ~ (A/[A, A])[d]
givenby s4 q(a)+([A, A])[d] — s4/4,4],a(a+][A, A]). The following result is proved
by the same argument as the one in [15], Corollary 2.4.6.

Proposition 3.4. Let (A, j14,04) be a dg algebra provided with a double Poisson bracket
{, a4 of degree —d € Z. Set {,}a : Ald] ® Ald] — (A/[A, A])[d] to be the composition
of {, } a, pwa, the canonical projection A — A/[A, Al and s 414, 4),a- Then, {, } 4 induces
a map

(A/[4, AD)d) ® (A/[A, A)[d] — (A/[4, A})[d]

of degree zero, which, together with the map
(A/1A; Ad] — (A/[A, A])[d]

of degree 1 induced by 54,40 0a © 5 z1q),—a, gves a structure of dg Lie algebra on the space
(A/[A; A)) d].

4 Cyclic A -algebras and pre-Calabi-Yau structures
41 A.-algebras

We recall that a nonunitary A..-algebra is a (cohomologically) graded vector
space A = @,czA" together with a collection of maps {m,, }nen, Where m,, :
A®™ — A is a homogeneous morphism of degree 2 — n, satisfying the equation

S () om0 (1S @ my @ 1d5Y) = 0 (SI(n))
(r,s,t)EL,,

for n € N, where Z,, = {(r,s,t) € Ng x N x Ny :  + s + t = n}. Since we are going
to deal exclusively with nonunitary A,-algebras, from now on, A..-algebras will
always be nonunitary, unless otherwise stated.
Definition 4.1. An A.-algebra (A, m.) is said to be
(i) fully manageable if (A, ma, mq) is a (nonunitary) dg algebra;
(ii) small if the multiplications {my, }nen satisfy that m,, = 0, for all n > 4;
(iii) essentially odd if mo; =0, for all i > 1.



In case (i) we also say that (A, m,) is a fully manageable extension of the dg alge-
bra (A, ma, m1), if we want to emphasize the latter.
Note that given an essentially odd A..-algebra, SI(2p) is equivalent to

2(p—1)
Z (—1)Tm2p_1o(id%r®m2®id§(2(p71)fﬂ)—mgo(mgp_l®idA+idA®m2p_1) = O7
r=0
4.1)
for p € N, whereas SI(2p — 1) is equivalent to
Op,2ma © (mg ®idy —idy ® mg)
p 2(p—2) (i) (4.2)
+30 D maimro ([dE @magp @id3* TP T) =0,
i=1 r=0

forp € N.
A morphism of (nonunitary) A.-algebras f, : A — A’ between two (nonunitary)
An-algebras (A, m{') and (A’,m") is a collection of maps {f,}nen, Where f, :

A®" — A’ is a homogeneous morphism of degree 1 — n satisfying the equation

Y )T e (df emi@id) =Y Y (—1) mg o (fi, @0 fi,),
(r:s,0)E€L, qENGENTn
(MI(n))
forn € N, where w = ?:1 (7 —1)(i; +1) and N?™ is the subset of elements ¢ of N¢
satisfying that |¢| = i1 + - - - 4+ ig = n. A morphism is strict if f,, =0, for all n > 2.

4.2 Cyclic and ultracyclic structures on A.,-algebras

Given d € Z, a d-cyclic (nonunitary) A.-algebra is an A,.-algebra (A, m,) pro-
vided with a nondegenerate bilinear form v : A® A — k of degree d satisfying that
YOTAA =7 and

’y(mn(al, cey Gp), ao) = (—1)"”“0‘(2?:1 ‘“i‘)v(mn(ao, ey Gn—1), an), 4.3)

for all homogeneous ay, . . ., a, € A. If we drop the nondegeneracy assumption on
« in the previous definition, we will say that A is a degenerate d-cyclic (nonunitary)
Axo-algebra.

We also introduce the following definition, that will be useful in the sequel.
In order to do so, given n € N consider the injective map b,, : S,, = Ss,,, sending
¢ € S, to the permutation o defined by o(2¢) = 2¢(i) and 0(2i—1) = 2¢(¢)—1, for all
i € {1,...,n}. A d-cyclic (nonunitary) A.-algebra (A, m,) with a nondegenerate
bilinear form v : A ® A — k of degree d satisfying that (A, m,) is essentially odd is
called d-ultracyclic if, for all n € N and all permutations ¢ € S,,, we have that

7<m2n71(a§(1)a b§(1)7 o 7a’<(n*1)’ bi(nfl)’ a’C("))’ bS("))

a3 (4.4)
= (_]‘)6(< 17a7b)7(m2n71(a17 bl; sy An—1, bn717 an)7 bn)7

for all homogeneous a1, b1, ...,a,,b, € A, where e(s~1,a,b) is the sign given in
22)foro=b,(s"Hand v = a; ®b; ®@---®a, @b,. As before, if we do not assume
that - is nondegenerate in the previous definition, we will say that A is a degenerate
d-ultracyclic (nonunitary) A.c-algebra.

4.3 Natural bilinear forms and pre-Calabi-Yau structures

Moreover, as it will be useful later, given a cyclic A.-algebra (A, m,) with a
nondegenerate bilinear form v and n € N, we will define the linear map SI(n) :



A®(+D) 5 k by

S (=)o (Mg 0 ((dF @ my @idY) ®ida). (SI(n),)
(r,s,t)EL,

Note that the (A4, m,) being a cyclic A-algebra is equivalent to the vanishing of
SI(n), as well as (4.3), forall n € N.

For the following definition, we first recall the definition of the natural bilinear
form of degree d € Z associated with any (cohomologically) graded vector space
A = ®pezA™. First, set 9,4 = A® A#[d]. For clarity, we will denote the suspension
map sq#4 : A* — A#[d] simply by t, and any element of A#[d] will be thus
denoted by tf, for f € A#. Define now the bilinear form

34 :0gA®OIgA — k
by
daltf,a) = (=1)1Mla4(a,tf) = f(a), and pala,b) =pa(tf tg) =0, (45)

for all homogeneous a,b € A and f,g € A#. Note that 3 4 has degree d. If there is
no risk of confusion, we shall denote g 4 simply by 3.
We recall the following crucial definition from [8].

Definition 4.2. Given d € Z, a d-pre-Calabi-Yau (algebra) structure on a (coho-
mologically) graded vector space A = @,z A™ is the datum of a (d — 1)-cyclic Aso-
algebra on the graded vector space 9y_1A = A & A#[d — 1] for the natural bilinear form
34 0g—1A ® Jg_1A — k of degree d — 1 defined in (4.5) such that the correspond-
ing multiplications {my }nen of Oq—1A satisfy that m,(A®™) C A, foralln € N. A
0-pre-Calabi-Yau algebra will be simply called a pre-Calabi-Yau algebra.

This implies in particular that the maps {m,|en }nen define an A,.-algebra
structure on A such that its canonical inclusion into d4_1 A is a strict morphism of
Asc-algebras.

4.4 Good and nice A-algebras

We will now introduce the following terminology that will be useful in the
sequel. Let us first fix some notation. Assume that there is a decomposition By ©
B, of a graded vector space B. In many of our examples, By will be a graded
vector space A and B; will be A#[d — 1]. Then, for any odd integer n € N, the
decomposition B = By @ B; induces a canonical decomposition

B®n = Tn,g 5] Tn,b;
where

Tng=E@ B, ® @B, Tww= B B,® @B, (4.6)
€Sy i€{0,1}"\ .7,

and
I ={i=(ir,....in) €{0,1}": i; #ij41 forallj e {1,...,n—1} }.

Note that 7 ; = 0. A map m,, : B®" — B will be called good if m, |z, , vanishes
and m,(B;, ® ---® B; ) C B;,, forall (i1,...,i,) € .

Definition 4.3. Let B be an As-algebra provided with an extra decomposition B =
By @ B;. We say that B is



(i) good if the Ao-algebra structure is essentially odd and for every odd integer n € N
the multiplication map m, is good;

(ii) special if the A-algebra structure is essentially odd and (d — 1)-ultracyclic;
(iil) nice if it is good and small (see Definition 4.1, (ii)).

All these definitions apply in particular to a d-pre-Calabi-Yau structure on A4,
where we take B = 91 A = A® A#[d — 1].

5 Nice pre-Calabi-Yau structures and double Poisson
dg algebras

5.1 Relation between objects

We first recall that, given a (nonunitary) dg algebra A with product ;14 and
differential 94, then A# is naturally a dg bimodule over A via

(a-f-b)(c)= (_1)|a|(|f|+\b|+\cl)f(bca)’

for all homogeneous a,b,c € A and f € A#. Moreover, if (M,0y) is any dg
bimodule over A and d € Z, then the dg vector space M|d] is a dg bimodule over
Aviaa-syra(m)-b = (=1)4syra(a - m - b), for all homogeneous a,b € A and
m € M. In particular, A#[d — 1] is a dg bimodule over A. For simplicity, we will
write the product of A and its action on any dg bimodule M by juxtaposition, or a
small dot.

Moreover, given a dg bimodule M over a (nonunitary) dg algebra A, consider
the dg vector space A @ M with the product (a,m) - (a/,m’) = (aa’,m -a’ + a-m').
It is easy to verify that the dg vector space A @ M provided with the previous
product is a (nonunitary) dg algebra. In particular, we see that A & A#[d — 1] is
a (nonunitary) dg algebra. We leave to the reader to verify the easy assertion that
this dg algebra together with the natural bilinear form of degree d — 1 defined in
(4.5) is in fact a d-pre-Calabi-Yau structure, by taking m, to be the differential of
A @ A#[d — 1], my its product, and m,, = 0, for all n > 3.

Definition 5.1. Let (A, pa,04) be a locally finite dimensional (nonunitary) dg algebra,
and consider the d-pre-Calabi-Yau structure on A defined by the dg algebra structure of
A & A#[d — 1] described before, together with the natural bilinear form of degree d — 1
defined in (4.5). A d-pre-Calabi-Yau structure {m., } ez on A is called manageable if ms
coincides with the product of A @ A¥[d — 1] considered before, and fully manageable if
we also have that m is the differential of A & A%[d — 1].

The following result generalizes [3], Theorem 4.2.

Theorem 5.2. Let d € Z,and let A = @y, czA™ be a (nonunitary) dg algebra with product
pa and differential 9. Consider the dg algebra algebra structure on A & A#[d — 1]
explained above, with product mo and differential my, as well as the natural bilinear form
on it of degree d—1 defined in (4.5). Given any nice and fully manageable d-pre-Calabi-Yau
structure {me }ecn on A, define themap {,} : A® A — A Aby

(f @ 9)({a. b}) = 545 3 (ms(b, g, a), tf), (5.1)

for all homogeneous a,b € Aand f,g € A%, where S?":Z = (—1)Plal+l9l+1) Then, {, %
is a double Poisson bracket of degree —d on the dg algebra A. Moreover, the map

{ fully manageable nice d—pre—CY} . {double Poisson brackets on}

structures {ms fecn 01 A A of degree —d (52)

given by sending mg to the double Poisson bracket determined by (5.1) is a bijection.



Proof. We are only going to consider s’;g when (5.1) is not trivially zero, i.e. if | f| +

lg| = |a| + |b] + d. Note that this last identity implies also that s‘}g = (=1)ll0f1+d),

We will first prove that {{, }, as defined in (5.1), is a double Poisson bracket on
the dg algebra A. We remark that we will be using Convention 3.3. Let us start
with the antisymmetric property (i) in Definition 3.1, i.e.

Ta.a(fb,a}) = —(~1)lel=DWI=Dgq py (5.3)

for all homogeneous a, b € A. Evaluating g ® f at both sides of the previous equa-
tion, where f, g € A¥ are homogeneous, it is clear that (5.3) is equivalent to

(g® f)({a, b}}) - _(_1)(\a\\b|+|f\\g\+d(|a|+|b\+1))(f ® g)({{b7a}})7 (5.4)

for all homogeneous a,b € A and f,g € A#. Using (5.1) on each side, we obtain
that (5.4) is equivalent to

svhd (ma(b,tf, a),tg)

. (5.5)
= —(—1)(lallbF+i s+ dal 1)) b o (1 (0, 8, B), ).

On the left-hand side, using the cyclicity property of 3, we obtain that

sgjﬁb(mg(b, tf, a),tg)
= SZ:?(,1)|t9\(|b|+|tf|+|a|)+3 b(mg(tg, b,tf), a) (5.6)
= SZ:?(_1)Itg\(|b|+|tf|+|a|)+\a\(|f\+|b|+\g\) 25(m3(a, tg, b),tf).

Hence, comparing (5.5) and (5.6), we see that (5.3) holds if and only if

(_1)\a\|f\+|g||b|+d(|a\+|b\)sl}va’ (5.7)

g

a,b
Sg.f =
where we have used that |a| + |b] + | f| + |g| + d = 0 (mod 2). Replacing sg;’c by its

definition, we see that (5.7) holds, so (5.3) does it as well, as was to be shown.
Let us now prove the Leibniz property (ii) in Definition 3.1, i.e.

fic,ab} = e, a}b + (—1)l=Dlalgge by (5.8)

for all homogeneous «a, b, c € A. In order to do so, consider the identity (SI(n)) for
n = 4 for the A, -algebra structure of A @ A#[d — 1] evaluated at a @ b @ tf @ ¢,
where a,b,c € Aand f € A# are homogeneous elements. This gives

ms(ab,tf,c) — ms(a,b.tf,c) — (—1)“‘|a.m3(b7 tf,c) =0, (5.9)

for all homogeneous a,b,c € A and f € A#. By applying 3(—,tg), for a general
homogeneous g € A%, we see that (5.9) is tantamount to

& (ms(ab,tf,c),tg) = & (ms(a, btf,c), tg) +(=1)"I3 (a.ms(b,tf, ¢), tg) = 0. (5.10)
Using definition (5.1), we see that the first term of (5.10) is precisely
555 (9@ f)(fe,ab}). (5.11)

Similarly, using the identity b.(tf) = (—1)1*l(¢=D¢(b. f), for all homogeneous b € A
and f € A%, and (5.1), the second term of (5.10) becomes

so0 (=DM (g @ (b.1)) (e, a}). (5.12)
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Using the identity (g & (b.1)) (v @ w) = (~1)PUT++eD (g & £) (0@ (w.b), for all
homogeneous b,v,w € A and f,g € A%, and the fact that |{c,a}| = |¢| + |a| — d,
we conclude that (5.12) is equal to

s28 (~D)ITHHD (g @ 1) (fe, a}b). (5.13)

Finally, using the cyclicity of 3 we see that the third term of (5.10) is

(—1)lal+ltal(al+ P o (19 0, mg (b, tf, ¢))
= (-1 )|a|+\tg|(|a\+|b\+|tf\+|c\—1)+(\a\+\tg\)(|tf|+\b|+|cl—1) 6(m3(b7 tf, c),tg.a) (5.14)

= (=)l B 520 (g.0) @ £) (fe, b)),

where we used the super symmetry of g in the second identity, and tg.a = t(g.a) in
the last equality. Using the identity ((g.a) ® f)(v ®@ w) = (=1)l/lfl(g® f)(a.v @ w),
for all homogeneous a,v,w € Aand f,g € A#,we conclude that (5.14) is equal to

(—1)lalel b+ o0 (g f)(afe,bY). (5.15)

Then, multiplying (5.10) by s% * and replacing the corresponding terms by the
ones given by (5.11), (5.13) and (’3 15), we get

(9® f)({{c ab}}) — 5; t}b ;a f( 1)\b|(\f|+\6|+\a|+1)(g® f)({{c,a}}b)
4 g&abged f(,l)IaI(IQIHCIHbI)(g@ £)(afe,b}).

9.f S9.a,

(5.16)

Hence, (5.8) holds if and only if

s© ‘}b =500 f(_l)\b|(|f|+\0|+\a\+1)7 and (—1)lael(el=d) — S;L}bsgx_z,f(_1)Ia|(|g|+\cl+\b|)’
(5.17)
Using the definition of sg"} together with |f| + |g| = |a| + |b| +|c| — d and |a| = |a|?
(mod 2), one can easily verify (5.17), so (5.8) holds as was to be shown. This proves
the Leibniz property (ii) in Definition 3.1.

Remark 5.3. Assuming that s’ f is just a function of the degrees |a|, |b|, |f| and |g|
(satzsfymg that |a| + |b| + | f| + |g] + d = 0 (mod 2)), one can in fact show that our choice

for s; zs the unique solution of (5.7) and (5.17), up to multiplicative constant £1. This
is in fact how we found such an expression.

Let us now show that {{, } is a homogeneous morphism of dg vector spaces of
degree d, i.e.

(04 @ida +ida ®0a) (fa,b}) = {0ala),b} + (-D)IHfa,04(0)},  (5.18)

for all homogeneous a,b € A. In order to prove this, consider the identity (SI(7))
for n = 3 for the A -algebra structure of A ® A#[d — 1] evaluated at b ® tg ® a,
where a,b € A and g € A# are homogeneous elements, which gives

my (mg(b, tg, a)) +ms3 (ml(b), tg, a) + (—].)“)lmg (b, mi(tg), a)

+ (=1)leltlgltd=1,, (b, tg, 1 (a)) = 0. (5.19)

Applying &(—,tf), for an arbitrary homogeneous f € A%, we see that (5.19) is
tantamount to

3 (ma (ma(b.tg, ), f ) + 3 (ms (ma(b). 9. a) 1)
+ (—1)""6(7713 (b,ml(tg),a)7tf) i (_1>\b|+|9|+d—16(m3 (b, tg,ml(a)),tf) -
(5.20)
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Applying the cyclicity and super symmetry properties of g in the first term, as well
as the fact that my (th) = (—1)!"*?¢(h 0 94) for any homogeneous element h in A%
in the first and third terms, we see that (5.20) is equivalent to

_ (_1)\b|+|g\+\a\+|f| 2 (mg(b7 tg,a), t(f o aA))
+ & (ma(ma(8), g, 0), 17 ) + (=) g (g (b, 1(g 0 D), 0), 11 ) (5.21)

+ (_1)|b\+|g|+d71 2 (m?’(b, tg, ml(a)),tf> —0.

By (5.1) and multiplying (5.21) by (—1)IPl(al+lsD+l9l we see that (5.21) is tanta-
mount to

— (=)l ((f o 04) @ g) (fa, b}) — (—D)PI(f @ g) ({a,04(b)})
+ (=1)PH(f @ (g0 0a)) (fa,b}) — (=1)"(f @ g) ({0a(a),b}) =0,

where we have used that m1|4 = 94, and |a| + |b] + | f| + |g] + d + 1 = 0 (mod 2).
Now, using the Koszul sign rule, we obtain that (5.22) is precisely

(f®9)(0a®ida+ida®da)({a,b}) = (f @ 9)(§0a(a), b} + (—1)*"*fa,04(0)}),
(5.23)
for all for all homogeneous a,b € A and f,g € A%, which is clearly equivalent to
(5.18).
We shall now prove the double Jacobi identity (see (iii) in Definition 3.1), which
can be explicitly written as

{c, {b,a} Y1 + (_1)(Ic\+d)(|a|+|bl)0{b7 {a,c} e
+ (—1)Ual+d b+l 280 ge bR =0,

(5.22)

(5.24)

for arbitrary homogeneous elements a, b,c € A, where o € S3 is the unique cyclic
permutation sending 1 to 2. In order to do so, consider (S1(1)) for n = 5 evaluated
ata®@tf ®@b®tg®c, wherea,b,c € Aand f,g € A¥ are homogeneous elements.
It gives

ms(ms(a,tf,b),tg,c) + (=1)llmg (a,ms(tf,b,tg),c)

(5.25)
+ (71)\a\+\tﬂm3 (aa t.fa mS(ba tga C)) =0.

It is equivalent to the following identity, when we apply (-, th) for an arbitrary
homogeneous element h € A%,

6(m3(m3(a,tf, b),tg,c),th) + (—1)lel 5(m3(a,m3(tf, b, tg)m),th)

+ (—1)|a|+‘tf| 3 (mg(a,tf, ms (b, tgm)),th) =0.

(5.26)
The following result will be essential to prove the double Jacobi identity.
Fact5.4. Let a,b,c € Aand f,g,h € A% be homogeneous elements. Then,
(f @ 9@ h) (o, {b.chhe) = T505 & (ma(ma(eth,b), tg,a),tf),  (5:27)
where
Q9 = (1) +Ig)+ S 1)+ (Bl+el+{A) al+101+lg) (5.28)
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Proof. First note that, since (f ® g) is a functional applied to {a, {b, c}'}, we can
assume without loss of generality that |{a, {b,c}'}| = | f| + |g|- As a consequence,

(f@g@h)({a, fb.ch ) = (~)MIHD(f @ g)({a, .} B)h(fb,c}") (5:29)
Using (5.1) we see that the right member of (5.29) is given by
(_1)|h(|f\+\9)5?:§[b,cﬁ/6 (m:;({b, C}/, tg, a) ’ tf) h({b, C}}”)

- (1)|h(|f+|g|)+(|b+|0|h|+d)(a|+g+1)6(m3 ({b’ c}'h({{b,c}}”),tg,a),tf),

where we have used that |{b, c}’'| = [{b, c}| — [{b, c}'| = |b] + |¢| + d — |h|. Hence,
the previous equalities together with |a| + [b] + |c| + | f| + |g| + || = 0 (nod 2) tell
us that the identity (5.27) is tantamount to

{{b, C}/h({b, C}”) _ (_1)d(|b\Jr|c\+1)+(|b|+\c|+\h|)(\b|+1),rn3(c7 th, b), (530)
which is equivalent to

l({b, C}/)h({b, CB’N) _ (—1)d(|b‘+|c‘+1)+(lb|+‘c|+‘hl)(‘b|+1)l(mg(c, th, b))7 (531)

for all | € A# homogeneous of degree |c| + |b| + |h| — d. The left member of (5.31)
is given by

LD, e} )R (b, c}) = (—1)UelrbIFr=dirl g @ b ({b, c}), (5.32)
whereas, on the right member,
1(ms(c, th,b)) = (—1)UelFPIHRI=AAl BRI o (14 (¢, th, b), 1), (5.33)
by the super symmetry of 3. By (5.1) and (5.33), the right member of (5.31) gives
(—1)(el+bl+RI+d)IR] (] h) ({b.c}).

which coincides with (5.32), proving (5.31), as was to be shown. |

By Fact 5.4, the first term of the left member of (5.26) is precisely

fe) <m3 (mB(av tfv b)7 tgv C)7 th) = D;;:bg’zf(h ® g ® f) ({C, {b, CLB’}}L)7
or, more explicitly,
(_1)d(|f\+|h|)+\f\(\g\+|h|)+(\b|+\0|+\g\)(\a|+\b|+\f\)(h Qg f)({{c, g, G}}}L)~ (5.34)

Next, using the cyclicity of  twice and the fact that |a|+|b]+|c|+]| f|+]|g|+|h| =0
(mod 2), we see that the second term of the left member of (5.26) is

(—1)lal+QBlIF gl =D al+HelHRIHd=1) o (1o (e th, @), my(Lf, b, tg)). (5.35)
By the supersymmetry of g, (5.35) coincides with

(_1)d|a|+‘b|+‘f‘+|g|_1 3 (m3(tf7 ba tg>7 mg(C, th7 a/))
= (—1)dlal+(bl+1f1+lgD (al+lel+Inl—d+1) a(ms (ma(c,th, a), tf, b),tg)
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where we have used the cyclicity in the second line. Fact 5.4 tells us finally that the
second term of the left member of (5.26) is

(—1)'“‘5(1713 (a,mg(tf, b, tg),c),th)
= (f1)d\a\+(\b|+\f|+|g|)(|a|+|6|+|h\*d+1)\jz’f}ﬁl(g ® f @ h)({b, {a,c}}1),
which, by (2.8), is equal to

(1) I gD alal+ (o415 Hab (e +el A=+ R (@ & £) (o 4b, fa, chr)-
(5.36)
Using the definition of DZ‘}Z aswell as |a|+ |b| + |c| + f] +]g] + || = 0 (mod 2) and
|z|? = |z|(mod 2), one obtains that (5.36) is given by

(= 1)delH oD+ Ul (0 g © £) (oD, fa, e} Y )- (5.37)

Finally, using the cyclicity of g twice and |a|+ |b|+|c|+]| f|+]g]|+|h| = 0 (mod 2),
we see that the third term of the right member of (5.26) is given by

(~1)21F1 0y (mg (m (b, g, ), thya), £ ),
which, by Fact 5.4, coincides with

(1) e HINEee (f @ h® g)(fa, fe. b} ho). (5.38)

By (2.8), we see that (5.38) coincides with

(_1)d(\a\+|f|)+\f|(\g|+|h\)D;:;:’)g(h g f) (02{{% {c, b}}}L)7
which can be further reduced to the form
(_1)d(|a|+|g|)+\hl(\fl-Hg\)+(\b|+\C|+\g\)(\a\+\6\+\h|)(h g f) (02{{(1, {c, b}}}L)~ (5.39)

Since |a| + |b] + |¢| + |f| + |g] + |h| = 0 (mod2), it is fairly easy to prove
that the product of the sign appearing in (5.34) and the one in (5.37) is precisely
(=1)Uel+d(al+bD) whereas the product of the sign appearing in (5.34) and the one
in (5.39) is (—1)Uel+dbl+leD | Using these results, plugging (5.34), (5.37) and (5.39)
in (5.26), and multiplying the latter by the sign appearing in (5.34), we obtain pre-
cisely (5.24), as was to be shown.

To sum up, we have proved that, via (5.1), (A, 4, 04) is endowed with a double
Poisson dg structure, which in turn means that the map (5.2) is well-defined. Fur-
thermore, notice that, if {ms }ecn is a small and fully manageable d-pre-Calabi-Yau
structure on A and {, }} is the obtained double Poisson bracket on 4, in the para-
graph including (5.18) we have showed that (SI(3)) for {ms }ecn is indeed equiva-
lent to the fact that {{ , } is a homogeneous morphism of dg vector spaces of degree
d. Similarly, the equivalent version of the Leibniz property given by (5.9) shows
that the latter is in fact tantamount to the vanishing of SI(4), |agata#@agta#,
where write t A# instead of A% [d — 1]. Finally, the double Jacobi identity expressed
by (5.24) shows that it is in fact equivalent to the vanishing of SI(5), [(agta#)®s-
Moreover, we remark that, since A is a dg algebra, it is easy to see that the family
of Stasheff identities (SI(n)) for the multiplications {ms}ecy On 94-14 is equiva-
lent tojust (SI(n)) for n € {3, 4,5}, since (SI(1)) is equivalent to 94 094 = 0, (SI(2))
is the Leibniz property of 94 with respect to the product p4, and (SI(n)) trivially
vanishes for n > 5.

We will finally show that (5.2) is bijective. In order to do so, we first note that,
given any good, small and fully manageable d-pre-Calabi-Yau structure {1ne }ecn
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on 4, itis uniquely determined by m3| 4 a#[4—1)g - Indeed, the fact that the d-pre-
Calabi-Yau structure on A is good tells us that the full ms on 04— A is unique, the
manageability hypothesis implies that m; and ms are uniquely determined by the
dg algebra structure of A, whereas the smallness assumption tells us m; = 0, for
all i > 3. As a consequence, and using that the identity (5.1) implies that the asso-
ciated double bracket {{ , } completely determines 13| s a#[4—1)z4, We conclude
that (5.2) is injective.

We will finally show that it is surjective. By the comments in the previous para-
graph, it suffices to show that, given any morphism mg : 941 A®® — 94_1A of
degree —1 on the dg algebra 9,1 A described at the beginning of Subsection 5.1,
whose product and differential are denoted by my and m4, respectively, satisfy-
il’lg that m3|T37b =0, m3(A & A#[d - 1] X A) C A, m3(A#[d — 1] RA® A#[d —
1]) € A#[d — 1], and the cyclic identities (4.3), for the natural bilinear form g
of degree d — 1, then the vanishing of SI(4), |sgagta#gasta is equivalent to
SI(4), = 0; furthermore, SI(5), |agta#wapta#@aztar = 0 is tantamount to the
vanishing of SI(5),. We leave the reader the tedious but straightforward verifica-
tion that SI(4), [agawtareasiar = 0 is equivalent to SI(4), |, (apAcia#asia*),
where o € C5 C Ss is any cyclic permutation, whereas SI(4), | azasta#@Aota#)
trivially vanishes if o € S5 \ C5. Analogously, it is long but easy to verify that
SI(5),[asta#wasia#cagiar = 0 is equivalent to SI(5), |s(asta#pastar@acia#),
for any cyclic permutation 0 € Cs C Sg, and SI(5), |, (axta#axta#@Axta#) 1S
trivially zero if o € Sg \ Cs. This concludes the proof of the theorem.

5.2 Relation between morphisms

Let (A, pa,04) and (B, up, 0p) be two double Poisson dg algebras, with brack-
ets {,}4 and {, } 5 of degree —d, respectively. A morphism of double Poisson dg
algebras ¢ : A — B is a morphism of dg algebras satisfying that (¢ ® ¢) o {, }4 =
{, )5 o (¢ld] ® ¢[d]). Since ¢ : A — B is a morphism of dg algebras, B is a dg
bimodule over A4, so

Dg_16:= A® B¥[d 1]

has a dg algebra structure, as explained in the first two paragraphs of Subsection
5.1.
Moreover, 0q—1¢ is naturally endowed with a super symmetric bilinear form

261 (04-19)%% = k

of degree d — 1 given by

do(tf,a) = (D)1= 0y (a,tf) = f(d(a)) and B4(a,b) = pe(tf, tg) =0,
(5.40)
for all homogeneous a,b € A and f,g € B¥.

Lemma 5.5. Let (A, pua,04) and (B, pup, Op) be two dg algebras and let ¢ : A — B be a
morphism of dg algebras. Consider the dg algebra structure on 04—1¢ = A ® B#[d — 1]
recalled before, whose product and differential will be denoted by m$ and m?, respectively.
Then, 0q—1¢ provided with g 4 defined in (5.40) is a degenerate d-cyclic dg algebra.

Proof. We first remark that, by definition, 0q—1¢ provided with 4 is a degenerate
d-cyclic dg algebra if and only if (4.3) is verified forn = 1,2, i.e.

o6 (mi(2),y) = —(=1)" Wy, (mf(y), ),

5.41
'bqs(m?(:r,y),z) = (—1)‘x|(|y‘+lzl)6¢(m§(y, z),x)7 ( )
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for all homogeneous z,y, z € 04—1¢.

The first equation is trivially verified for z,y € A or 2,y € B#[d — 1], and using
a symmetry argument it suffices to consider the case x = a € A and y = ¢f, with
f € B, ie 34(0a(a),tf) = (—1)Ua+Va (t(f 0 Op),a), which is equivalent to
fopoda(a) = fo0po¢(a). Since ¢ is a morphism of dg algebras, we conclude
that (4.3) for n = 1 is always verified.

The definition of 3, tells us that the second equation in (5.41) trivially holds
if z,y,2z € A, or if there are at least two arguments among x,y, z that belong to
B#[d — 1]. Finally, the three cases where two arguments of (5.41) are elements of
A and the other is in B#[d — 1] are clearly equivalent to the identity 34 (ab,tf) =
(—1)lal@eIHE D (bt f,a) = (—1)ItF1al+D o (bt f - a,b), for all homogeneous a, b €
Aand f € B#. Thelatter is tantamount to fog(ab) = f(¢(a)¢(b)), which is trivially
verified for ¢, since it is a morphism of dg algebras. O

Remarkably, the construction provided in Theorem 5.2 is functorial in the fol-
lowing sense:

Theorem 5.6. Let d € Z, and let (A, j1a,04) and (B, ug,0p) be two locally finite di-
mensional double Poisson dg algebras, with brackets { , } 4 and { , } g of degree —d, re-
spectively. Let ¢ : A — B be a morphism of double Poisson dg algebras. By Theorem
5.2, 0g—1A and Oq—1 B are provided with the corresponding cyclic A.-algebra structures
{mYeen and {m?B}ecn, respectively. Consider the dg algebra 9414 = A®B¥[d—1] de-
scribed previously, and define the unique good map m$ : (9q_19)%® — d4_1¢ satisfying
that

mg(a,tf, b) = m4 (a7t(f 0 @), b), and m?(tf, b,tg) =m¥ (tf, (b(b),tg), (5.42)

for all homogeneous a,b € Aand f,g € B¥.

Then, 0q—1¢ is a fully manageable nice degenerate d-cyclic A.-algebra, such that the
maps © 4 : Og—1¢ — O4—1Aand ®p : Og_1¢ — g1 B defined by (a,tf) — (a,t(fod))
and (a,tf) — (¢(a),tf) forall a € Aand f € B¥, respectively, are strict morphisms of
Ao-algebras preserving the corresponding bilinear forms.

Proof. We first remark that the fact that {, }5 o (¢[d] ® ¢[d]) = (¢ @ ¢) o {, }a
implies that

6 (mi (a.1(f 0 6),8) ) = mf (8(a). £, 6(0)),

(5.43)
(17 090ty o ) = (7 (1F,60).19))

for all homogeneous a,b € A and f, g € B#. Indeed, the first identity follows from

—~

906) (m (a.t(F 0 9).) ) = ()TN 4 (g (a,2(f 0 6).8), t(g 0 0))
=(-1) lal(lfI+[o]+1) +|t0|(\tf\+|a\+|b\)((g 0p)® (fo )) ({{b,a}}A)

= (- 1)Ial(\f|+\b|+1)+|t9|(\tf\+|a\+|b\)(g@f)({{d)() (a)}}B)

= (=)l I (mf (0(a), 1, 6(0)). tg) = g(mF (9(a), f,6(0))),
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whereas the second follows from
T (H(f 0 9),a.t(g 0 9)) () = 3 (m (H(f 0 6), 0. (g 0 9)).b)
(= 1)1t +lal+o) gA(mg‘(a,t(goda),b),t(fqu)
(—1)lelgl+ PO+l a0 (£ 0 6) @ (g o ) ({b, a} )
—(— 1)\a|(|g|+\b|+1)+\tfI(Itg\+| al+|b]) (f®g)({{¢( ), (a)}}B)
(~1)ls el (m (6(a), tg, 6(0)). 1)

= o (mf (F, 6(a). t9). (b)) = (+7'mf (11, 6(a).tg) ) (4(0)).

We now show that 0;_1¢ is an A,.-algebra. The first two Stasheff identities
(SL(n)) are clearly verified, since they only involve the differential and the product
of the dg algebras A and B. Moreover, the Stasheff identity (51(7)) for n = 3 is also
trivially verified. Indeed, since d_,¢ provided with m{ and mj is a dg algebra,
it suffices to show that the contribution of the terms involving m$ in the Stasheff
identity for n = 3 at an element z; ® z2 ® 3, where z; € Aor z; € B#[d — 1]
are homogeneous elements, vanish. It is easy to see that in this case the Stasheff
identity for n = 3 of 94_1¢ is a consequence of the corresponding Stasheff identity
for n = 3 of either 9;_1A or O4_1B.

We now prove the Stasheff identity (5I(1)) forn = 4 atan element z; ® - - - @ 4,
where x; € Aorx; € B¥[d—1] are homogeneous elements. It is easy to see that the
only cases where there is at least one possibly nonvanishing term are the following

(@) w3 € B#[d — 1] and 1, 73,74 € 4;

(b) z3 € B¥[d— 1] and 21, 22,74 € 4;

(c) 1,23 € Aand 29,24 € B¥[d —1];

(d) x9,24 € Aand z, 73 € B¥#[d — 1].
The cases (a) and (b) only involve m4 and m¥, respectively, so they follow from
the Stasheff identity (SI(1)) for n = 4 of 0q—1 A and 94_1 B, respectively. The proof
for cases (c) and (d) uses the precise same arguments, so we focus on the latter. We

write x; = tf, x3 = tg with f,g € B#,and 23 = a and 24 = b. Itis easy to see that
the fourth Stasheff identity evaluated at t f ® a ® tg ® b is precisely

mf (££,6(a), tg.6(b)) —m¥ (£, 6(a), tg).6(b) — (~ )1t .6 (i (a,t(g0 8),b) ) =0,
(5.44)
or, equivalently,

m3 (tf, ¢(a), tg.¢(b)) —m¥ (tf, (a), tg).6(b) — (=)t f.m5 (¢(a), tg, 6(b)) (§ fg;)
where we have used the first identity of (5.43) in the last term of (5.44). Since (5.45)
is precisely a particular instance of the Stasheff identity for n = 4 of 9415, the
Stasheff identity for n = 4 of Jq_1¢ in the case (c) follows.

We finally prove the Stasheff identity (SI(7)) for n = 5 atan element z1®- - -®zs,
where z; € A or z; € B#[d — 1] are homogeneous elements. It is easy to see that
the only cases where there are possibly nonvanishing terms are either if x5, 24 €
B#[d — 1] and 1, 23,25 € A, or if x1,23,25 € B¥[d — 1] and x5,24 € A. Since
the arguments for both cases are the same, we only consider the former case, for
which we write 3 = tf, x4 = tg, with f,g € B¥[d — 1],and 71 = a, 73 = b, 25 = c.

17



The corresponding Stasheff identity then reads

mé“ (m?(a,t(f ) qb),b),t(g o ¢),c> - (—1)‘“|m§)4 (a,t(t_lmg(tf,qb(b),tg» o ¢,c)

n (_1)\a\+|tf|m§,4 (a, t(fo (;S),mé4 (b,t(g o ¢)7C)> =0,
(5.46)

or, equivalently,

m (mi (a,8(F 0 6),8),t(g 2 6),¢) = (=1)!*!m3! (a,m (4 0 6), b, (g 2 6) )

+ (=1)laltIE I A (a, t(f o ¢),mi (b, t(go ), c)) =0,
(5.47)

where we have used the second identity of (5.43) in the second term of (5.46). Since
(5.47) is precisely a particular case of the Stasheff identity of 05— A for n = 5, the
Stasheff identity of d4_1¢ for n = 5 follows. Taking into account that the Stash-
eff identities for n > 6 trivially vanish, because the higher products m¢ of 9,16
vanish for n > 4, we conclude that 0q_1¢ is an A.-algebra. Moreover, J,_1 ¢ is by
definition small, and it is clearly fully manageable with respect to the dg algebra
structure fixed at the beginning of this subsection.

We now show that 3, satisfies the cyclicity property (4.3) with respect to mg,
ie.

B0 (m§ (2, y,2),w) = —(=D)IIEHVFED R (S (w, 2, ), 2),

for all homogeneous w, z,y,z € 04—1¢. It is easy to see that the only nontrivial
cases are either if 7, 2 € Aand w,y € B#[d—1],orif v,z € B#*[d— 1] and w,y € A,
both of which are tantamount to

ds(mS(a, tf,b),tg) = —(—1)ltallel+ I Do s (m3(tg, a, Lf),b), (5.48)

for all homogeneous a, b € Aand f, g € B*. By definition, the left member of (5.48)
is precisely (—1)1¢l(PIFIF+1 (g0 ¢) @ (f 0 $))({b, a}), whereas the right member is

(=)l D (i (19, 6(a), ), 6(0) ) = s (mF (6(a), 2, 6(8)) 1)
= (=)D (g 0 £) ({0(0), é(a)}).-

They clearly coincide, since ¢ is a morphism of double Poisson dg algebras. Com-
bining this with the previous lemma we see that 4 satisfies the cyclicity property
(4.3) with respect to m¢, for all n € N.

It is easy to verify that ® 4 and ® 5 commute with the corresponding differen-
tials and the corresponding products, since ¢ is a morphism of dg algebras. To
prove that they are strict morphisms A..-algebras, it suffices to show that &4 o
my = m4 o ®%% and ®p o m§ = mF o ®%3. Since both identities are proved by
the same arguments, we will only consider the former, evaluated at z; ® z2 ® z3,
for homogeneous x4, z2,x3 € 04—1¢. By definition of mg’f and m#, the only non-
trivial cases are either when x1,z3 € Aand x; € B#[d — 1], or 1,23 € B#[d — 1]
and zo € A. The first case is direct from the definition of ® 4, whereas the second
follows from the second identity in (5.43).

It remains to show that ®4 and ®p commute with the corresponding bilinear
forms, i.e. 34 = 34 © @%2 =aBO @%2, but this is straightforward. The theorem is
thus proved. O

A direct consequence of the previous theorem is the following result.
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Corollary 5.7. Assume the same hypotheses as in Theorem 5.6. If the morphism of double
Poisson dg algebras ¢ : A — B is a quasi-isomorphism, then the strict morphisms of
degenerate cyclic Aso-algebras ® 4 : Og—1¢ — Oqg—1Aand Pp : O4—1¢ — Oq—1 B are also
quasi-isomorphisms.

Motivated by the previous theorem, we introduce the following.

Definition 5.8. Let A and A’ be two d-pre-Calabi-Yau algebra structures on the graded
vector spaces A and A’, respectively. A morphism from A to A’ is a triple (C,®,7),
where C'is a degenerate (d — 1)-ultracyclic Ax-algebra,and ® : C' — Aand ¥ : C — A’
are strict morphisms of Ao-algebras that preserve the corresponding bilinear forms.

We say that a morphism (C,®, V) from A to A" and a morphism (C', @', ¥’) from
A’ to A” are composable if there exists a triple (C",®",W"), where C" is a degenerate
(d — 1)-ultracyclic Ax-algebra, @ : C" — C and ¥" : C"" — C' are strict morphisms
of Aoo-algebras that preserve the corresponding bilinear forms and U o @ = &' o 0", The
composition of (C, @, ¥) and (C’, @', V') is then defined to be (C",® o ", W' o ).

The proof of the following result follows exactly the same pattern as the (last
part of the proof of) Theorem 5.6, so we leave it to the reader.

Theorem 5.9. Let d € Z, and let (A, pua,04), (B,up,0p) and (C, pc,dc) be three
locally finite dimensional double Poisson dg algebras, with brackets {,} 4, {, } 5 and
{, Y of degree —d, respectively. Let ¢ : A — B and ¢ : B — C be two morphisms
of double Poisson dg algebras, and let v = ) o ¢. Following Theorem 5.6, consider the
morphisms (Og_1¢, ®a, ®p) and (041, V 4, ¥ ) induced by ¢ and 1), respectively.

Consider the fully manageable nice degenerate d-cyclic A-algebra O4_1v on A @
C#[d — 1). Then the maps Yy : Og—1v — Og—1¢ and Yy : Og_1v — Og_1% de-
fined by (a,tf) v (a,t(f o)) and (a,tf) — (¢(a),tf) foralla € Aand f € C#,
respectively, are strict morphisms of As.-algebras preserving the corresponding bilinear
forms, and satisfying that g o Ty = ¥4 o Ty. As a consequence, (0g—1¢,Pa, Pg)
and (0g—1, U 4, U ) are composable morphisms and their composition is (Jg—1v, P4 o
T¢, \IJB O Td))

This result tells us that the constructions in Theorems 5.2 and 5.6 define a (par-
tial) functor from the category of locally finite dimensional d-double Poisson dg
algebras to the partial category of d-pre-Calabi-Yau algebras provided with the
morphisms introduced in Definition 5.8, that preserves quasi-isomorphisms.

6 Pre-Calabi-Yau structures and double P, -algebras

We now introduce the definition of a double P-algebra. It is essentially the
same as the one presented in [12], Def. 4.1, up to some sign differences.

Definition 6.1. A double P..-algebra is a (nonunitary) graded algebra A = @,z A™
provided with a family of homogeneous maps {...}, : A®P — A®P indexed by p € N,
where {. ..}, has degree 2 — p, satisfying that

(1) Tap(@)o{.. }poTap(c™t) =sgn(0){...}, foralloc €S,;
(ii) for all p € N and homogeneous elements a1, ... ,ap,—1 € A, the homogeneous map

1&]:)((117 . ,ap,l) A — A®P

of degree |ai| + -+ + |ap—1| +2 — p given by a — {as,...,ap_1,a}}, isa double
derivation of 4, i.e.

far,...;ap—1,ab}y, = far, ... ap_1,alpb

lal <p+’;§ la;1) (DLeiboo (p))

aflai, ..., ap—1,b}p,

for all homogeneous a,b € A;
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(iii) forallp € N,

Z 'S " sgn(0)rap(0) o - Fip-it1 0 Tap(e™!) =0,

i=1 oceC)y
(DJaceo (p))

where
o Fipi = (- @3 )0 1@V @ .. Fpina).

Let A be a double P,.-algebra with brackets {...}, : A¥? — A®P forp € N.
Givenp € Nand n > p, we define {.. .}, : A®" — A®" as {.. .}, @ id5""),

Remark 6.2. We leave to the reader the straightforward verification that a double P..-
algebra (A, pa) with brackets {{. ..}, }pen satisfying that {...}, = 0 forallp > 2 isa
double Poisson dg algebra of degree zevo, with { , }a = {.. . Joand 04 = {.. . }1. In-
deed, Jaco (1) means exactly that 04 is a differential, Jac,(2) is precisely the fact that
{, }a is a morphism of closed dg vector spaces, Jacoo(3) is the double Jacobi identity for
{, } 4, Leiboo (1) means exactly that O 4 is a derivation of the graded algebra (A, p4) and
Leibo (2) is the Leibniz identity for { , } 4. The antisymmetry conditions given in the pre-
vious definition and in Definition 3.1 (i) are clearly equivalent. The identities (DLeib . (p))
forp > 2and (DJac.(p)) for p > 3 are trivially verified.

Theorem 6.3. Let A = ®,cz A" be a (nonunitary) graded algebra with product i 4.
Consider the graded algebra structure on O_1A = A @ A#[—1] described in the first
two paragraphs of Subsection 5.1, with product mq, as well as the natural nondegenerate
bilinear form of degree —1 given by (4.5). Then, given a good manageable special pre-
Calabi-Yau structure {me}teen on A, we define the family of maps {{...},}pen with
{.. 3, A®P — A®P given by

(fl & ®fp)({a17"~aap}p) - S;? 7fp 6(m2p71(ap7tfpw"7a27tf27a1)7tf1)a

(6.1)
for p € N and all homogeneous ax, ... ,a, € Aand fi1,..., f, € A¥, where
S lapll f1l+(p+ D) (lapl+ 1D+ 3 (=Dlag |+ 32 G=1)I ]
s, P —=(— i=1 i=1
f17 afp (62)
> laillajl+ _Z_ £l f51+ Z I fillas]
(_1)1S’L<]<P 1<i<j<p 1<i<j<p .

Then, {{. ..}, }pen determines a structure of a double P..-algebra on the graded algebra
A. Moreover, the map

{ good manageable special } { double P.,-algebra } 63)

pre-CY structures {mae }ecn 0N A structures {{...}e}ecnon A

given by sending {m.e }ecn to the family of maps {{...}e}een determined by (6.1) is a
bijection.

Proof. We will first prove that the family of brackets {{. ..}, },en defined by (6.1)
gives indeed a double P..-algebra structure on the graded algebra A. In other
words, we shall prove that this bracket satisfies the conditions of Definition 6.1.
As explained in the first paragraph of the proof of Theorem 5.2, we can assume
without loss of generality that >37_, |a;|+2—p = > 7_, | f;] in (6.2), else the identity
(6.1) trivially holds.

We will first prove the antisymmetric condition (i) given in Definition 6.1, i.e.

( )e(o’ ,a) ({{CL o Qo (p) }p) = Sgn(a){{al, Ce 7ap}}p, (64)
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for all homogeneous a1, ...,a, € A, wherea = 0, ®- - -®a, and (o, a) was defined
in (2.2). Evaluating f1 ® - -- ® f,, at both members of the previous equation, where
fi,--., fp € A¥ are homogeneous, it is clear that (6.4) is equivalent to

(1@ @ fp)(0fa0(1),- - o) }p)
= Sgn(a)(_l)ﬁ(aﬁ)(fl DR fp) ({{ab s aap}}p)7

for all homogeneous a1, ...,a, € Aand fi,...,f, € A#. Using (2.8) on the left
member as well as (6.1) on each side, we obtain that (6.5) is equivalent to

(6.5)

Ao (1)s:-3Q0(p)

S fotrysorFor(p) (=) g (Map—1(to(p)s thop)s - - > Qo(1)s o))

I (6.6)
= sgu(o) (=1)“ VG5 (map-1(ap, thy, ... a1),th),

where f = fi ® -+ ® f,. By the ultracyclicity property of 3, the left member of the

previous equation is precisely & (mop—1(ap,tfp,...,a1),tf1) multiplied by
Qo(1)r80(p)  1\e(o,f) [ 1\e(bp(0),fa)
st(l)?"'7fc’(p) ( 1) ( 1) ) (67)

where fa = fi ® a1 ® -+ ® f, ® a,. Hence, comparing (6.6) and (6.7), we see that
(6.4) holds if and only if

oty = (DD sn(o) (1) Vg ©8)
Replacing s‘}ll;: by its definition and considering the case where ¢ is any trans-
position of two successive elements, it is easy but lengthy to show that the anti-
symmetric condition (6.8) holds, which in turn implies that (6.4) holds, as was to
be shown.

We shall now prove the Leibniz identity given in Definition 6.1, (ii) for a fixed
p € N. In order to do so, let us consider the identity (SI(n)) of the A-algebra
structure of J_; A for n = 2p. Since the A.-algebra structure on 0_; A is essentially
odd, (SI(n)) for n = 2p reduces to (4.1), which, evaluated at ag ® by R tf1 ® a1 ®
e ® tfp,1 (9 ap—1, gives

— (—1)‘“°‘ao.m2p_1(bo, tfl, ay, ... ,tfp_l, ap_l)
+map_1(acbo,tfi,a1,...,tfp—1,ap-1) — mop_1(ao, bo.tf1,a1,...,tfp1,ap_1) =0,
where ag, by, a1,...,a,-1 € A, and fi,..., f,—1 € A¥ are homogeneous elements.

Applying (—,tf,) to the previous equation, for an arbitrary homogeneous f, €
A#, we get
- (_1)|a0|6(a0~m2p—1(b07tflaala ot foe1 ap_1),tfp)
+ e} (m2p71(a0b07 tfla Ay ..., tfpfla apfl)v tfp) (69)
— 6(7’2’121,_1(CL0, bo.tfl, ai,... ,tfp_l, ap_l), tfp) = 0.

By the cyclicity property of g, the identity (tf,).a0 = t(fp-ao) as well as (6.1),
we see that the first term in the left member of (6.9) is

ap—1,-.-,01,bo

=S ot e (CD (fpao ® fpm1 @+ @ f1)(fap-1,-. - a1,b0}p),

where
p—1

e = lao|(p + [bo| + |fy] + D (las| + I£]))-

Jj=1
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Taking into account the identity

la] Z |fj
(f1.a®f2@ @ frn) (V1@ - Qup) = (—1) 7= f (f1® - ®fm)(a.v1@V2®@ - @),

for all homogeneous a € A, v1,...,v, € M and f1,..., f, € M#, where M is a
graded A-bimodule, we conclude that the first term in the left member of (6.9) is
precisely

p—1
o i a lao|(p+[bol+[fpl+ 35 la;l)
= Sy P (-1) = (fp®- @ fi)(aofap-1, .- a1, b0 k)
(6.10)
On the other hand, using (6.1), we see that the second term of the left member of
(6.9) is precisely
S;Z b ”;al »aobo (fp - Q® fl) ({{ap,l, N5 aobo}}p). (611)

.....

Similarly, by the identity bo.tf; = (—1)!*lt(by.f1) and (6.1), the third term of the
left member of (6.9) is

p—1
N ool (ool 1+ 1)
_Sf:: b o, bz fl(_l) 3=0 (fp®~--®f1)({{ap,17...,ao}}pb0), (6.12)

.....

where we have used that

(A1® @ frn 100 fin)(01®+ - QUp) = (=) (/1@ - @ fin) (01 @ - - @V DVpy.a),

for all homogeneous a € A, v1,...,v, € M and fi,..., fm € M#, where M is a
graded A-bimodule, and €’ = [a|(| f,n| + | 2272, [v5])-

Replacing (6.10), (6.11) and (6.12) into (6.9) and comparing it with equation
(DLeibes (p)), we see that the latter holds if and only if

p—1
[bo|(p+1bo|+] f1|+ ;O la;l)

Sap 1,..,01,a0b0 ap 1yeey@0 1 7

f;m f1 - fpv - f2,b0.f1 ’ (613)
P a17a0b0 _ ( )|a0|(\bo\+\fp|)sap 15.4,@1,b0

fpv ”07f11 1 f1”

It is rather tedious but straightforward to check that our choice (6.2) satisfies the
previous identities, so the Leibniz property is verified.

Remark 6.4. As in Theorem 5.2, assuming that s fl’ P is just a function of the degrees
lail, ..., lap| and |fi1], ..., |fp] (satzsﬂmg that 3°%_, |a]| +1fil = p— 2 (mod2)), one
can also show that our chozce for s 1P is the unique solution of (6.8) and (6.13), up to
a multiplicative constant £1. This is again how we found such an involved expression. In

fact, the uniqueness of such a solution (up to multiplicative constant) already holds if one
considers (6.8) for only cyclic permutations and (6.13).

We will now prove (DJac..(p)) for p € N. In order to do so, we consider (SI(7))
for n = 2p—1. Since the A-algebra structure on J_ A is essentially odd, it reduces
to (4.2). Since mo is associative, the first term in the left member of (4.2) vanishes,
so it is equivalent to

i—

1
m21 10 ld ® m2(p Z +1 ® 1d®(2(17177")))

P i—2

i Z Zm%—l o (id§(2r+1) ® Ma(p_iyr1 ® id%@(iflfr)*l)) -0

i=1r=0
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If we evaluateitata; @ tfy ® -+ ® ap—1 @ tfp—1 ® a, and we apply 3(—,tfp), for

homogeneous ay,...,a, € Aand fi,..., f, € A%, it gives
Pl ek 3 (lag I
do> (-1 = 6(m2i_1(a1,tf1,...,ar,tfr,
i=1 r=0
Magp—iy41(@rt1, L frt1y o Qrgp—it1), tfripit, - - ,ap),tfp)
p i—2 T
r+lappa|+ 30 (lag[+]fi])
+ZZ(71) =t 6<m2’i—1(a17tf17'"7a‘7“7tf7‘7a7‘+17
=1 r=0
m2(p7i)+1(tf’r+17 Ar42, .- - ath+P—i+1)7 Ar4p—it2;--- ,Cbp),tfp) =0.
(6.14)

Using the cyclicity of g, the terms appearing in the first two lines of (6.14) can
be rewritten as

p i—1

> (1% (mm‘fl (magp—iy+1(ars1s thrst, oy Qrip—itn),
i=1 r=0 (6.15)

th+P*’L'+17 L) apvtfpv a’17tf17 L) a"l‘)7 tf"‘)?
where v = (r + 327 (|a;] + [f;1))(p — 7 + 25, 1 (las| + [£5]))-
Concerning the terms in the last two lines of (6.14), we first use the cyclicity of
» to move mog, i1 (tfri1, @rg2, ..., tfryp_it1) to the last argument of 3. Then,

we apply the super symmetry of g to flip its two arguments, and then again the

cyclicity of 3. After these computations, the terms in the last two lines of the left
member of (6.14) become

p i—2

Z Z(_l)ﬁb (mQ(pfi)#»l (mgifl(a’r“ﬁpf’H’?? th+P*i+27 <oy Qp, t.fm ai, tfla ey
i=1r=0 (6.16)

arytfryaryr), tfria,. .. 7ar+p7i+1)7tfr+p7i+l>a

where § = (r+p—i+ 1+ 3300 o |+ D)+ +14 570 allag 1 +1f1):
Before proceeding further, we will provide the following useful result:

Fact6.5. Letay,...,a, € Aand fi,..., f, € A% be homogeneous elements. Then, given
anyie€{l,...,p},
o (e 0 ) e aio fai - ap i Yir) o1
6.17
=93 (mgi,]_ (mQ(pfi)+1(ap7 tfp7 sy @it tfi+l; Cli), tfia cee 2, tf27 al)atf1)7

where

P+ DT (-0 lag |+ 3 G- Dlas i+ 35, G-I
J= J=i Ji=

1 @15--5Qp
frogy =(=1)
P
S lagllarl+ S agllaslt S 5IHATS a5l (6.18)
(71)1§J<k<@ i<j<k<p 1<j<k<p j=i
p—1 P
S lallfil+ S ekl S lagllfel
(_1)1<]§k<z i<j<k<p j=t k=i+1 .

Proof. By (6.1), the right member of (6.17) coincides with

S(}i;flb(fl @@ fi)({ar, ... ai1,b:}) (6.19)
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where b; = my(, Z)Jrl(a,,, tfp, .eoyix1,tfiy1,a;), whereas the left member of (6.17)
a1,

is by definition ‘O "

.....

S S Gl S 1] p
= i<j<k<p ® ..®fi)({{a1,_..7ai,1,cl}}i) H fj(CJ;iH)7

(_1)j:11+1k 1
j=i+1
(6.20)
where ¢1®- - -®cp_i+1 = {ai, ..., apfp—it1. Asaconsequence, (6.17) is tantamount
to
yeees S@i—1,b;
lD?{ ;:5;11 (;1 VU (Magp—iy1(ap, tfp, - -5 Gig1, tfiy1, ai),tg;) 621)

= (=1)* (gi®fi+1®"'®fp)({{ai,-~-7ap}}p—i+1),

for all g; € A* homogeneous of degree i + 1 — p + |a;| + Ej iv1(ajl —1f;1), where

2= > Y Ul + (1 =ptlail+ > (ol = 1£45D) (D 1£])
j=it+1 k=1 j=it1 j=it1

Using (6.1) on the left member of (6.21) we conclude that

igata _( 1)z Q1,505 —1,0i _QiyenyQp

fiyee Sfipeesfi Gisfit1sesfp”

After using (6.2) in the previous identity and a lengthy but straightforward com-
putation, the statement follows. O

Applying Fact 6.5 to (6.15) we obtain that the first two lines in (6.14) give exactly

p 1—1
NS a1 (@ ® [ ® fy @ ® frpa)
i=1 r=0 T (6.22)
({{aT‘a <oA1, Apy e vy Qrgp—i42, {O’T-‘rp—i-‘rla EERE) ai+1}}p—i+l }i,L)v

where a = (7 + 7, (|laj| + | fi))(p —r + ZJ 11 (las| + 1f;1)), whereas the same
result applied to (6.16) tells us that the latter is precisely

p 1—2

2D O Ui @ B [0y @@ i)
i=1 r=0
({arer itls ey Ar42, {{arJrla cee A1, Apy ey ar+p7i+2}}i}p7i+1,l‘) (_1)67

(6.23)

where 5 = (r+p—i+1+ 3700 oy |+ 1) i+ + 14320, o lag |+ /i])-
Let o € S, be the unique cyclic permutation sending 1 to 2. Using (2.8), we see
that (6.22) and (6.23) are equivalent to

i—1

p
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where
r P
= Yl +ED) =7+ Y e +150)+ 3 Y 1A
a g=r+l J=1k=r+1

24



and

i—2

p
E § ’iDar+p—i+l ----- A1,Ap;--sQr4p—it2

frap—it1r o 1, pss frap—ita
=1 r=0
(o
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where
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F=(rtp—itit S (ol +1fiD)(+r+1
j=1
P

r+p—i+l D
+ > (gl +1m)+ Y o fillfl,
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respectively. Furthermore, if we reindex (6.25) by setting i’ = p — i + 1 and +’/
r + p — i+ 1, the former becomes
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where

ﬁ"z(T’+Z(\aj\+|fj|))(7°'+1’+ D Uagl +1ED)+D2 > 1fillfl:

j=ri+1 j=1k=r'+1
On the other hand, after a tedious but straightforward calculation, we see that,
foralli € {1,...,ptand r € {0,...,i — 1},
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and forall ¢ € {1,.

)

..,ptandr € {i,.
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The Koszul sign rule tells us that, fori € {1,...,p}and r € {0,...,i — 1},
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where

T p s p
a=@-—i-1 lal+ > ) +D0 > lasllaxl,
j=1 j=r+p—i+2 Jj=1k=r+1

whereas, fori € {1,...,p}and r € {i,...,p — 1}, we have that
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- 6.30
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where

B=@—i-=1( > la)+> D lajllaxl.

j=r—i+2 j=1k=r+1

Using >, [f;j| = p— 14 _%_, |a;| (mod 2) in the last term of the right member of
(6.27) and utilizing this result together with (6.29) in (6.24), we see that the latter is
equivalent to

|
—

p 1
Z (p+1)(l+r)+a(fp K- fl) ((U_T ° {{ : }i,p—i-i-l o O'T)(ap B al))’
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where & is given by

P »

> =i=Dlagl+>_G-DIf1+ D lasllanl+ D 1flfl+ D lagllfal-
=1 =1 1<j<k<p 1<j<k<p 1<j<k<p

The precise same argument but involving instead (6.30) and (6.28) in (6.26) yields
that the latter is tantamount to

p p—l
Z Z(_l)(p+1)(i+r)+d(fp ® - ® f1) ((O—r of.. '}}i,p—i—i-l o ar)(ap ®R® a1)>.
i=1 r=i
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As a consequence, (6.14) is exactly
p p—1
OZ (P+1)(1+T) (fr®- ®f1)(( Tof.. Yip—it1 oar)(ap@)...@al)).
i=1 r=i
(6.33)

Since sgn(o) = (—1)PT!, we obtain precisely (D.Jac..(p)), as was to be shown.

We will show that (6.3) is bijective. Note first that, given any good and man-
ageable d-pre-Calabi-Yau structure {ms}ecy on A4, it is uniquely determined by
Magt1|(apa#[-1))eapa, for all ¢ € No. Indeed, the fact that the pre-Calabi-Yau
structure on A is good tells us that the full mo,1 on 0_1 A is unique, and the man-
ageability hypothesis implies that m is uniquely determined by the algebra struc-
ture of A. As a consequence, and using that the identity (6.1) implies that the corre-
sponding double bracket {...} 1 completely determines magt1|(aga%[-1]))2eca
we conclude that (6.3) is injective.

We will finally show that (6.3) is surjective. It suffices to prove that, given any
collection of good morphisms ma,11 : O_1 A®RHY) — 9 ;A of degree 1 — 2¢g
for ¢ € Ny on the graded algebra 0_1 A, whose product is denoted by ms, sat-
isfying the cyclic identities (4.3), for the natural bilinear form g of degree —1,
then the vanishing of SI(2p), |4g(aga#[-1])e» is equivalent to SI(2p), = 0, and
SI(2p — 1), [(aga#[—1)ye» = 0 is tantamount to the vanishing of SI(2p — 1),, for
all p € N. We leave to the reader the tedious but straightforward verification that

26



the vanishing of SI(2p), |ag(aga#[—1))2» and that of SI(2p), |, ag(aga#[-1])r) are
equivalent, for any o € Cyp,y1, whereas SI(2p), |,(ag(aga#|-1])er) trivially van-
ishes if 0 € Sgpt1 \ Copt1. Similarly, it is long but easy to verify that SI(2p —
D), l(aga#[—1))er = 0is equivalent to SI(2p — 1), |,((a@a#[-1])er) = 0, for any cyclic
permutation 0 € Ca, C Sy, and SI(2p — 1), [,((aga#[-1))er) is trivially zero if
o € Syp \ Cap. This concludes the proof of the theorem. O
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