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Abstract

In this article we show that, given a quadratic algebra satisfying some assumptions, which
we call having a resolving datum, one can construct a projective resolution of the trivial mod-
ule which is obtained as iterated cones of Koszul complexes, and this projective resolution
is minimal under some further assumptions. We observe that many examples of quadratic
algebras studied so far have a resolving datum, and that the (minimal) projective resolutions
constructed for all of them in the literature are an example of our construction. The second
main result of the article is that the Fomin-Kirillov algebra FK(4) of index 4 has a resolving
datum. As an application we compute the dimensions of the first cohomology groups of
FK(4).
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1 Introduction

In their study of the Schubert calculus of flag manifolds, S. Fomin and A. Kirillov intro-
duced a family of quadratic algebras over a field k of characteristic zero, now called the Fomin-
Kirillov algebras FK(n), indexed by the positive integers n € N (see [6,9,10]). In case the index
n takes the values 3, 4 or 5, the Fomin-Kirillov algebras are also Nichols algebras (see [7,11]),
which appear in the classification of finite dimensional pointed Hopf algebras (see [1]). Their
(co)homological properties have gained some importance, in particular in relation to the conjec-
ture by P. Etingof and V. Ostrik that claims that the Yoneda algebra of every finite dimensional
Hopf algebra is finitely generated.

The explicit homological computations of a graded connected k-algebra A typically involve
the construction of a “small” projective resolution of the trivial module k. The methods for
constructing such projective resolution P, are typically of “local nature”, i.e. for n € N the pro-
jective module P, is obtained from the previous steps. This is the case for instance of the usual
construction of the minimal projective resolution, but also up to some extent of the Anick reso-
lution and variations thereof. The obvious drawback of these procedures is that it is in general
rather hard to describe the generic module P, of P, or its differential d,, : P, — P,,_;. We also
note that for a quadratic algebra 4, if there is a choice of monomial order for the generators of
A such that the corresponding Anick resolution is minimal then A is Koszul (see [12], Chapter
4, Thm. 3.1), which gives another motivation for a different method of constructing projective
resolutions.

In this article, given a quadratic algebra A over k satisfying some assumptions, we give a
method to construct a projective resolution P, of the trivial module k that is of “global nature”
(at least partially). By this we mean that the description of every module P, of P, as well
as some components of the differential P, — P,_; are described in a straightforward man-
ner by means of a quiver associated with A, which we call the resolving quiver (see Theorem
2.10). The method is however not completely satisfactory, since the description of the remaining
pieces of the differentials is of local nature, and the projective resolution we get is not minimal
in general, even though it is minimal in many interesting examples —for which the Anick reso-
lution cannot be minimal, as observed above—-. Despite these drawbacks, we remark that many
examples of quadratic algebras studied in the literature so far have such a resolving quiver, and
that the minimal projective resolutions constructed in the literature for all of them are a specific



instance of our construction (see Propositions 2.5 and 2.6, Examples 2.7-2.9 and Remark 2.11),
which makes us wonder why the method we present here was not noticed previously. In any
case, the main motivation for introducing this machinery is due to the second main result of
the article, which states that the Fomin-Kirillov algebra FK(4) of index 4 has a resolving quiver
(see Theorem 3.5), so we can construct an explicit projective resolution of its trivial module.
As an explicit application of these results, we have also computed the dimensions of the first
cohomological components of Extp 4 (k, k), using the projective resolution given by Theorem
2.10 for the resolving datum of FK(4) in Theorem 3.5 (see Table 3.1).

The structure of the article is as follows. In the first half of Section 2, Subsection 2.1, we re-
call the basic definitions and properties of quadratic algebras and quadratic modules, whereas
in the second half, Subsection 2.2, we introduce the novel notion of resolving datum. After
providing some examples of quadratic algebras having a resolving datum, we prove the first
main result of this article, Theorem 2.10. In the first subsection of Section 3 we recall the def-
inition and basic homological properties of the Fomin-Kirillov algebra FK(4) of index 4. We
then present the second main result of the article, Theorem 3.5, which states that FK(4) has a
resolving datum, consisting of quadratic modules {k = M° M M? M3}. The proof of the
theorem is based on several intermediate results that appear in Subsections 3.3 and 3.4, namely
Lemmas 3.11, 3.17, 3.23 and 3.29. We also present in the appendix several auxiliary computa-
tions, most of which are obtained using GAP. Namely, in Appendix A.1 we give the GAP code
for finding a basis of the Fomin-Kirillov algebra FK(4) whereas in Appendix A.2 we provide
several products in the quadratic dual algebra FK(4), that are used in the sequel. In Appendix
A.3 we provide the explicit GAP code to obtain a basis of the quadratic module M*, whereas
in Appendix A.4 we provide the GAP code to compute the homology of the Koszul complex of
all the quadratic modules M* over FK(4) for i € [0, 3]. Finally in Appendix A.5 we provide the
GAP code to obtain a basis of (M?)', and in Appendix A.6 some products describing the action
of FK(4)' on (M?)". We believe these snippets of code could be useful for the reader interested
in dealing with other quadratic algebras.

We will denote by N (resp., Ny, Z) the set of positive (resp., nonnegative, all) integers. Given
i € Z, we will denote by Zg, the set {m € Z|m < i}. Given i,j € Z with i < j, we will denote
by [, j] = {m € Z|i < m < j} the integer interval, and we define x,, = 0 if n is an odd integer
and x,, = 1if n is an even integer. Moreover, given r € R, we set |r] = sup{n € Z|n < r}.
Moreover, in the following we will intensively use routines in GAP for many computations,
using the GBNP package, so we refer the reader to [5].

The first author would like to thank Nicolds Andruskiewitsch, for the motivation to study
the Fomin-Kirillov algebras and the many references and information on the topic, and Chelsea
Walton for several discussions concerning the quadratic dual of the Fomin-Kirillov algebra of
index 4 as well as sharing some computations in GAP. We are indebted to Jan W. Knopper for
assistance with the code involving the computation of Grobner bases of quadratic modules.

2 Quadratic algebras and modules

In the first subsection we recall the basic definitions of quadratic algebras and modules,
as well as their Koszul complexes. In the second subsection we introduce a new property of
quadratic algebras that allows to construct projective resolutions.

2.1 Basic definitions

All of the definitions and results in this subsection are classical and can be found in [12].

From now on, let k be a field. All vector spaces will be over k, and all maps between vector
spaces will be linear unless otherwise stated. Moreover, we will denote the usual tensor product
of vector spaces simply by ®.

Recall that a unitary associative k-algebra A is said to be nonnegatively graded if A =
BrenyArn is a direct sum decomposition of vector spaces such that A4,, - A,, C A,y for all
n,m € Ny, and 14 € Ay. The grading will be called internal or Adams to emphasize that it
does not intervene in the Koszul sign rule. A is said to be connected if we have furthermore
Ay = k, which we assume from now on. Let A.g = ®penAdy, and let V be a graded vector
subspace of A such that the restriction of the canonical projection A~y — Aso/(Aso-Asg) to
V is a bijection. We will assume for the rest of this section that V' is finite-dimensional. We say
in this case that A is a finitely generated algebra. Then, the canonical map T(V) — A induced



by the inclusion V' C A is surjective, where T(V) = ®,en,V®" denotes the tensor algebra. We
will usually write the product of T(V') by juxtaposition. A nonnegatively graded connected
algebra A is said to be quadratic if V' = A; and there is a subspace R C V®2 such that the
kernel of T(V) — A is the two-sided ideal generated by R. By abuse of terminology, we will
identify the quadratic algebra A with its presentation (V, R), where A = T(V')/(R).

Let V* be the dual vector space of V' and for every integer n > 2 define the pairing 7, :
(V9@ VO 5 kby 1, (f1 Q@ @ fn,v1 @+ ®vy) = fi(vi)... fa(vy), forallvy, ... v, €V
and fi,..., fn € V*.Set R+ C V* ® V* to be the vector subspace orthogonal to R for 7, i.e.

Rt = {a € (V*)®? | yo(a,r) = 0,forall r € R}.

The quadratic dual A' of a quadratic algebra A = T(V')/(R) is the algebra given by T(V*)/(R™).
The induced internal grading is denoted by A' = @®,en, AL ,,. Note that A) = kand A' | =
V*. Moreover, for any integer n > 2, the composition of the isomorphism (V*)®" = (V®n)*
induced by the pairing 7, and the dual of the canonical inclusion N?-}V® @ R V&n-1-2)

V®" induces a canonical isomorphism of vector spaces

n—2 *
AL < (V¥ ®Re v®<”i2>> . (2.1)

-n
=0

Recall that the graded dual (A')# = @,en, (A" ,,)* is a graded bimodule over A' via (a - f -
b)(c) = f(bca), for all a,b,c € A' and f € (A")#. Note in particular that v - f € (A',)*, for
all f € (A", _)*, v € V*and n € Ny. Since V* ® V ~ Endy(V), there is a unique element
t € V* ® V whose image under the previous isomorphism is the identity of V. It is easy to
prove that, if {v;};cs is a basis of V and {f;}:cs is the dual basis of V*, then v = ., fi ® v;.
For n € Ny set K,,(A) = (A" ,,)* ® A, provided with the regular (right) A-module structure, and
dpt1 @ Kny1(A) = K, (A) as the multiplication by ¢ on the left. Furthermore, let € : Ky(A4) — k
be the canonical projection from A onto Ay = k. To reduce space, we will typically denote
the composition f o g of maps f and g simply by their juxtaposition fg. It is easy to see that
dpdn+1 = 0, for all n € N, and ed; = 0. The complex (Ko(A),d.) is called the (right) Koszul
complex of A. As usual, we can consider the Koszul complex as a complex indexed by Z,
with K,(A) = 0foralln € Z¢_1, and d, = O for all n € Z¢o. Equivalently, if we use the

~

composition of the canonical isomorphism V& 5 (V®")** and the dual of (2.1) for A' ,, then
dp+1 : Kni1(A) — K, (A) identifies with the restriction of the map d,,; : V®"+) @ A —
V& @ A determined by

(M@ - QUpy1)®ar (V1 @+ QUy) @ Upt1a,

forallvy,...,v,41 € V,a € Aand n € Ny.
The following result is immediate.

Fact 2.1. Let A be a quadratic algebra. Then, Ker(e) = Im(dy) and Ker(d1) = Im(dz), and in fact
(Ko(A),ds) coincides with the minimal projective resolution of the trivial right A-module k in the
category of bounded below graded right A-modules, up to homological degree 2.

Recall that a quadratic algebra A is said to be Koszul if its Koszul complex is exact in positive
homological degrees.

Let M = &®,cz M, be a graded right module over a quadratic algebra A such that dim(A4,,)
is finite for all n € Z. Given j € Z, we denote by M(j) the same underlying module with
shifted (internal) grading given by M (j); = M;4; for i € Z. We remark that a morphism of
graded right A-modules f : M — N is a homogeneous A-linear map of degree zero. Moreover,
for a nonzero graded module M over 4, if there exist integers s < ¢ such that dim(M,,) = 0 for
alln € Z )\ [s,t] and dim(Mj) - dim(DM;) # 0, then we say that the dimension vector of M is
(dim(Ms), . .., dim(My)).

Let M = ®pen, M, be a graded right module over the quadratic algebra A = T(V')/(R). We
say that M is quadratic if the canonical map p|p,04 : Mo ® A — M given by the restriction of
the action p : M ® A — Ais surjective and the kernel of p|as,g4 is the A-submodule generated
by a vector subspace Ry C Mo®V, called the space of relations of M. We will typically denote
My by Vi, and call it the space of generators of M. We will assume for the rest of this section



that Vi is finite-dimensional. Note that, by definition, a quadratic module is generated by a
space of generators concentrated in degree zero. By abuse of notation we will usually denote
a quadratic module by its presentation (Vas, Rar)a, which we will also be denoted simply by
(Var, Rar) if A is clear from the context. Note that, if A is a quadratic algebra, then the trivial
module k is quadratic with Vy =k and Ry =, ® V.

Given a quadratic right module M with presentation (Vys, Rar) 4, we define its quadratic
dual M'™ as the quotient of the graded right A'-module V;; ® A' by the graded submodule
generated by Ry, C V;; ® V*, where

th = {ﬂ € Vl\tl QV* | ’YQ’]VI(/B,T) =0forallr e R]\/[},

where yo 37 Vi @ VF @ Viy ® V' — k is the map given by v v (f ® g ® u ® v) = f(u)g(v) for
feVi,geV*, ue Vyandv € V. Note that M' = ®pen, M'j"n is a graded right module over
A', where M'™ sits in degree —n. As a consequence, the graded dual (M'™)# = @,,cn, (M'™)*
is a graded left module over A'. On the other hand, it is easy to see that k' = A'.

Let M be a quadratic right module M over the quadratic algebra A. For n € Ny, set
Kd(M) = (M'™)* @ A, provided with the regular right A-module structure, and d,,4+1 :
KoY (M) — K"°4(M) as the multiplication by ¢ on the left. Furthermore, let € : Kg'°(M) — M
be the canonical morphism py,,g4 : Var ® A — M onto M. It is easy to see that d,,d,,+1 = 0,
for all n € N, and py,,gad; = 0. The complex (K2°4(M), d,) is called the (right) Koszul com-
plex of M. As usual, we can consider the Koszul complex as a complex indexed by Z, with
KglOd(M) =0foralln € Z¢_y,and d,, =0 for all n € Zo.

The following immediate result is the analogous of Fact 2.1 for right modules.

Fact 2.2. Let M be a quadratic right module over a quadratic algebra A. Then, Ker(py,,04) = Im(d1),
and in fact (K2°Y(M),d,) coincides with the minimal projective resolution of M in the category of
bounded below graded right A-modules, up to homological degree 1.

Let M and N be two quadratic right modules over the quadratic algebra A = T(V)/(R),
with presentations (Vis, Rar) and (V, Ry), respectively. Let us denote by hom 4 (M, N) the
vector space formed by all homogeneous morphisms f : M — N of right A-modules of degree
zero, and by Hom((Vas, Rar), (Viv, Rn)) the vector space formed by all linear morphisms g :
Vi — Vi satisfying that (g ® idy )(Rar) € Ry. Then, it is clear that the map

hom 4 (M, N) — Hom ((V]MaRM)a (VN7RN>)

sending f to its restriction fl|v,, : Var — Vi is an isomorphism. This tells us that f : M — N is
a monomorphism (resp., epimorphism) in the category of quadratic right A-modules with ho-
mogeneous morphisms of A-modules of degree zero if and only if f|, : My — Ny is injective
(resp., surjective). In particular, a morphism of the category of quadratic right A-modules with
homogeneous morphisms of A-modules of degree zero is an epimorphism if and only if it is a
surjection.

Remark 2.3. Assume the space of generators of the quadratic algebra A has nonzero dimension. Then,
the category of quadratic right A-modules with homogeneous morphisms of A-modules of degree zero is
not abelian, since the canonical projection A — k is a monomorphism and an epimorphism but it is not
an isomorphism. In particular, the example shows that monomorphisms of the category of quadratic right
modules are not necessarily injective. For a less trivial example, consider k of characteristic different from
2, A=k(z,y)/(zy—yx) =klz,y], M =e. A, M' = (e1. A®ez.A)/(e1.x + es.2,e1.y — e2.y) and the
morphism f : M — M’ of right A-modules sending e to e1. Then f is a non-injective monomorphism
of quadratic right modules, since

flexy +eyx) = (e1.x + ea.x).y + (e1.y — e2.y).x
vanishes, but f|p, and f|a, are injective.

Given f € homa (M, N), define the homogeneous morphism f'= : N'= — M'" of right
A'-modules of degree zero whose restriction to V7 is precisely the dual (f|v,,)* of flvy, : Var —
V. Since ((f|v,,)* @ idy+)(Ry) C Ry, the map f' is well defined. By taking the graded dual



(f'=)# : (M')# — (N'")# we obtain a homogeneous morphism of left A'-modules of degree
zero. We finally define the morphism

KEO(f) - Ko (M) — KE*4(N)

of complexes of right A-modules by KX (f) = (f')# @ ida. It is clear that KI**(fg) =
K3o4(f) o KP°Y(g) and K (idps) = idgmeaasy, for f € homa(M,N), g € homa(N', M) and
N’ a quadratic right A-module.

Remark 2.4. If f is injective, then f|v,, is also injective, which implies that its dual (f|v,,)* is surjec-
tive, so f'm is surjective as well, which in turn implies that (f'=)# and K2°4(f) are injective.

From now on, by (resp., graded, quadratic) module over a (resp., graded, quadratic) algebra
A we will refer to (resp., graded, quadratic) right A-module, unless otherwise stated.

2.2 Resolving data on quadratic algebras

We introduce the following definition. A resolving datum on a quadratic algebra A is a
finite set Ml = {M°, ..., MV} of pairwise non-isomorphic quadratic (right) A-modules with
N € Ny such that M° = k is the trivial module and a map

h o [0, N]* x N? — N2
such that

(A.1) % has finite support (i.e. there exists a finite set S C [0, N]? x N? such that #.(i, j, k, () =
(0,0) for all (i, j, k, £) € ([0, N]? x N?)\ S),

(A.2) there are short exact sequences of right A-modules

71 (R (i,5,k,0))
)) e =0 (22

. N . w2 (f(i,5,k,L))
— Ho(K (M) — @ @ (M (-0)
j=0¢eN

with homogeneous morphisms of degree zero for all (i, k) € [0, N] x N, where 7; : N —
Ny is the canonical projection on the i-th component for i € {1,2},

(A.3) If (2.2) splits for some iy € [0, N] and k¢ € N, then 7 (% (o, j, ko, £)) = 0 for all j € [0, N]
and ¢ € N.

Recall that a quiver is the datum of a set @)y, called set of vertices, and a set ()1, called set
of arrows, together with maps s,¢ : Q1 — Qo called the source and target maps of the quiver.
We say the quiver is bigraded if we further have a map bideg : Q1 — Z2. We will denote the
bidegree of an arrow « of Q1 by bideg() = (bideg, (), bideg,(c)) € Z2. The difference degree
of an arrow « is defined as dfdeg(«) = bideg,(«) — bideg; (a) € Z.

We also recall that, given a quiver with set of vertices )y and set of arrows ()1, a path of
length n € Ny is a vertex if n = 0, and a tuple & = (o, ..., a,,) in QF for n € N such that t(a;) =
s(ai41) forallé € [1,n—1]. As usual, we define s(e) = t(e) = e for any vertexe, s(aq, ..., a,) =
s(on) and t(aq, ..., ap) = t(ay,) for every path @ = (a4, . .., a,) of length n € N. Furthermore,
if the quiver is bigraded, given a path @ = (o, ..., a,) of length n € N, we define its bidegree
bideg(a) = (bideg; (@), bideg,(a)) € Z* by (3.1, bideg; (), > i, bideg,(«;)). The bidegree of
a path of length zero given by a vertex e is defined as bideg(e) = (bideg; (), bideg,(e)) = (0,0).
The difference degree of a path & is defined as dfdeg(a) = bideg, (@) — bideg, (@) € Z.

Given a quadratic algebra together with a resolving datum as in the first paragraph of this
subsection, we define the associated resolving quiver RQ 4 as the unique bigraded quiver
with set of vertices {M?, ..., MV}, and whose set of arrows of degree (d’,d") from M® to M’
has cardinality m (%(¢,j,d" — 1,d")) + w2 (R (i, 5,d" — 1,d")). To be able to manipulate these
arrows, assume we have chosen a fixed set 911*27 ;.. of arrows of degree (d',d”) from M* to
M of cardinality (% (i,j,d — 1,d")) and another fixed set i+ ; 5 4 of arrows of degree
(d',d") from M* to M7 of cardinality my (% (i, j,d’ — 1,d")), such that sl#; ; 4 4o and A} ; 40 40
are disjoint. For every i € [0, N] and d’ € N, we also set a strict partial order on the set of all
arrows o of RQ 4 such that s(a) = M* and bideg, (o) = d’ by setting precisely that every arrow
of sd# ; 4 4 is strictly less than every arrow of sl#; j 4 g forall j,j" € [0, N] and d”,d"" € N.



Note that this quiver is finite by (A.1). We will say that the resolving datum is connected if the
associated resolving quiver is connected.

As we will see in Theorem 2.10, the resolving quiver RQ 4 contains some homological in-
formation of the algebra A. The first clues in this direction are given by the following results,
the first of which is trivial.

Proposition 2.5. A quadratic algebra A is Koszul if and only if the resolving quiver associated to a
(equivalently, to every) connected resolving datum on A has no arrows.

Proposition 2.6. Let p,q > 2 be integers. A quadratic algebra A is (p,q)-Koszul (in the sense in-
troduced by S. Brenner, M. Butler and A. King in [2]) if and only if it is finite dimensional with
dim(A,) # 0 and dim(A,11) = 0, the Koszul complex of A has finite length q and the resolving
quiver associated to a (equivalently, to every) connected resolving datum on A has only one vertex and
dim(A,) - dim(A}) arrows of bidegree (q + 1,q + p).

Proof. This is precisely Prop. 3.9 of [2]. O

We also have the following three (families of) examples of resolving quivers. They show that
the notion of resolving quiver pervades many of the examples of quadratic algebras considered
so far (see also Remark 2.11).

Example 2.7. Let m > 5 be an integer. Set V(m) as the vector space of dimension 3m generated
by the set U?Z'{lSi, where S1 = {n}, S2 = {p,q,r}, S3 = {s,t,u}, S = {v,w,x1,y1,21}, S; =
{1‘7;_3, Yi—3, Zi_g}fm’i S [[5,7)’1 — 1]], Sy = {Zﬁm_g, ym_g} and Sm+1 = {JCm_Q}. Let R(m) be the
vector subspace of dimension 3m + 4 of V (m)®? generated by

{np —ng,np —nr,ps — pt,qt — qu,rs — ru, sv — sw,tw — tr;, UV — UT1, VT2, WT2, SV — SY1,
tw — tyy, ury — UY1, 21, t21, uzl} U {xixi+1,yi_1xi +zicwyi |i€l,m— 3]]}
U {zizi+1 | 1€ [[l,m - 5]]},
where we denote the tensor product ® by simple juxtaposition. Then, let C,, be the quadratic algebra
defined as TV (m)/(R(m)). This algebra was defined in Section 2 of [3]. Let Ml = {k, M} where M*
is the standard right module C,,,, and let f : {0,1}? x N? — N2 be the map given by #.(0,1,m—1,m+

1) = (0,1) and 2.(i, j, k,€) = (0,0) if (i,4,k,¢) # (0,1,m — 1,m + 1). Then, [3], Thm. 2.7, tells us
that this gives us a connected resolving datum on C,,, whose associated resolving quiver is

k M?

such that its arrow has bidegree (m, m + 1).

Example 2.8. Given g € k, let V' be the vector space generated by the set {x,y, z} and let R(g) be the
vector subspace of V2 generated by the set

{.’L’y - yl‘,ZQ,.'I}Z — kT — y2 - 91‘2}7

where we denote the tensor product ® by simple juxtaposition. Define A(g) as the quadratic algebra
given by TV/(R(g)). This is precisely the algebra T'(g,0) of Lemma 5.2 of [4], where we interchanged
the role of x and y, and we wrote z instead of w. Let Ml = {k, M} where M" is the quadratic right
module v.A(g)/(v.z), and let h : {0,1}*> x N> — N3 be the map given by #(0,1,3,4) = (0,1)
and 7.(i,5,k,€) = (0,0) if (4,4, k,£) # (0,1,3,4). Then, [4], Thm. 5.6, tells us that this gives us a
connected resolving datum on A(g), whose associated resolving quiver is

k —— M!

such that its arrow has bidegree (3, 4).

Example 2.9. Consider the Fomin-Kirillov algebra FK(3) on three generators (see [8], Section 2.3). Let
M = {k} and let h : {0}* x N? — N2 be the map given by #.(0,0,3,6) = (0,1) and ~(i, j, k,£) =
(0,0) if (4,7, k,¢) # (0,0,3,6). Then, [8], Prop. 3.1, tells us that this gives a resolving datum on FK(3)
whose associated resolving quiver is

k)

such that its arrow has bidegree (4, 6).



From the resolving quiver associated to a resolving datum of the form given in the first
paragraph of this subsection we can define the set of paths %« y;: given as the set formed by
all paths @ of the quiver RQ 4 such that s(@) = M*. Moreover, we will define the following
strict partial order on Py, for every i € [0, N] as follows. First, we set the vertex at M* to be
strictly greater than any other path of %« ;:. Given a = (a1,...,a,) and 8 = (B1,...,8m) in
Py withn,m € N, wesay thata < Bif a; = B, forall j € [1, jo] for some jo € [0, min(n,m)],
and one of the following possibilities holds:

(0.1) n,m > jo, bidegy (vjy+1) = bideg, (Bj,+1) and ajo 41 < Bjo+1;
(0.2) n,m > jo, bideg, (aj,+1) < bideg; (Bj,+1);
(0.3) jo=m <n.

It is clear that this defines a strict partial order on P ;:.

We now give the first main result of this article, which gives a description of a projective
resolution of every quadratic module M in a connected resolving datum {M°, ..., M™} of a
quadratic algebra A.

Theorem 2.10. Assume we have a connected resolving datum on a quadratic algebra A with set of
quadratic modules M = {M°, ..., M™} and whose resolving quiver is denoted by RQ 4. Then, there

exists a projective resolution PM ' of M in the category of bounded below graded right A-modules such
that

Pyjyi = @ d-K?S%idegl(a) (t(d))( - bideg2(&)) @3)

&9 .
a € J‘@]\/ﬂ,‘
bidegj (@) < n

forall n € Ng and i € [0, N, where the symbol & multiplying the Koszul complex on the left is only a
formal symbol used as a simple bookkeeping device. Moreover, if

dfdeg(a) # dfdeg(f8) — 1 (2.4)

for all &, B € Py such that & < B (e.g. if dfdeg(a) is even for all arrows o of RQ 4), then the
previous projective resolution is minimal.

Proof. We are going to use the following notation. Let

0 M’ M M 0

be a short exact sequence of right A-modules and let P; — M’ and P, — M" be two projective
resolutions (resp., up to homological degree m € N) with differentials d;, and d, respectively.
Then, we will note by P, = P,&P. — M a fixed projective resolution (resp., up to homological
degree m € N) given by the Horseshoe lemma (see [14], Lemma 2.2.8). We recall that P, =
P! @ P! foralln € Ny (resp., for alln € [0, m]) with differential d, satisfying that d.|p; = d, and
de|py = dy+f, for some family {f,, : P}/ — P} _, | n € N} (vesp., {fn : P,/ = P, _, | n € [1,m]})
of morphisms of A-modules.

Given i € [0, N], let m; € N be the largest positive integer such that H,,, (K4 (M?)) # 0
and Hy (K2°4(M?)) = 0 for all integers k > m;. If Hy,(K3°Y(M?)) = 0 for all k € N, then we set
m; = 0in this case.

‘We will denote by dj , , : Kot (M) — Kped(M?) the differential of the Koszul complex of
M" for k € Ng and ¢ € [0, N]. For every i € [0, N], we will construct a projective resolution
P! of M. By Fact 2.2 we will assume that P! = K™ (M%) for i € [0, N] and n € {0,1}. In
particular, P! coincides with (2.3) for all i € [0, N] and n € {0, 1}. We will in fact prove that P!
coincides with (2.3) for all i € [0, N] and n € Ny by induction on the homological degree n. If
m; = 0, we set P! = KM°4(M%) for all @ € Ny. It is straightforward to see that the resolutions P!
and (2.3) coincide.

We will now construct P; for all € N for i € [0, N] such that m; > 0. Let m € N. Assume
that we have defined P! foralli € [0, N] such that m; > 0 and n € [0, m] such that P} coincides
with (2.3) for all n € [0, m]. Using the Horseshoe lemma for (2.2), we get a projective resolution

of Hy, (K24 (M*)) of the form

ik _ <GNBED (P.j(g))ﬂl(ﬁ(id,k,e)))@(é\é@ (P.j(g))ﬂg(fb(i,j,k,é))>

j=0 ¢eN =0 £eN



defined for homological degrees o € [0,m], ¢ € [1,N] and k& € [1,m;]. We will construct
by induction on the index k € [0,m;] a family of complexes of right A-modules ™ R%* for
e € [0,m + 1] such that ™RL* is a projective resolution of Im(d}, _;,,) up to homologi-
cal degree m + 1. For kK = 0, we set m Ry as the complex of right A-modules given by
(K0S (M%), di . 1)een,- Note that ™Ry is a projective resolution of Im(d!, ) for i €
[0, N] such that m; > 0, and it is independent of m. Assume now we have defined a complex
of right A-modules ™R5*~! for some k € [1,m;] and e € [0,m + 1] such that ™ RE* ! is a pro-
jective resolution of Im(df,, _, ;) up to homological degree m + 1. Then, we define the complex
of right A-modules ™ R%* by

m pik _ prmod i m pik _ zk lw’“m sz
RO - Kmikarl(M ) and Ro Q

for e € [1,m + 1], the differential di* for e > 2 is induced by that of "R kl FmQL™ ik and
dbk . mREF _y m RUF s given as the composition of the augmentation ™ RE* 1 &™m Q¥ i —

Ker(d;, _,,,)and the inclusion Ker(dp, 1) < Km‘i’fkﬂ(Ml). Using the Horseshoe lemma
for

0 —— Im(di, _, o) — Ker(dl, 1) — Hp—pp1 (KP°YM)) —— 0

together with the projective resolutions ™ Re* " and ™Qy™ ~**" for e € [0,m], we obtain that
the complex "RY* & QY™ **! for ¢ € [0,m] is a projective resolution of Ker(d’, . ,)
up to homologlcal degree m, and thus ™ R%" for for € [0,m + 1] is a projective resolutlon

of Im(d;, _,. ;) up to homological degree m + 1, as was to be shown. In particular, ™ Ry™
for e € [[O m + 1] is a pro]ectlve resolution of Im(d}) up to homological degree m + 1. Let
mRi = K2°Y(M?) and mRi = ™R.™ for e € [1,m + 2]. Then ™Ri for ¢ € [0,m + 2] is

a projective resolution of M* up to homological degree m + 2. A long but straightforward
computation shows that ™ R} coincides with (2.3) for e € [0, m + 2], and that we can take the
complexes ™ RY and ™! R} to coincide up to homological degree m + 1. Hence, if i € [0, N]
such that m; > 0, we define the complex P to be equal to ™ R}, up to homological degree m + 2.
Since this holds for every m € N, the first part of the theorem is proved.

To prove the last one, let us denote by P}, , the direct summand in (2.3) indexed by & €
P pri. The construction of the projective resolution P! given in the first part of the proof tells
us that, given a, 8 € P i, if the component

AP @aidy: Pl o @4k — P! @k

of the differential of P! ® 4k is nonzero, then & < 3 and dfdeg(a) = dfdeg(3)—1. The minimality
result then follows. O

Remark 2.11. It is easy to check that conditions (2.4) are verified in the case of Proposition 2.6, as well
as in Examples 2.7, 2.8 and 2.9, so the corresponding projective resolution (2.3) is minimal, coinciding
with the resolutions constructed in those references. We also remark that the Anick resolution for the
three previous examples cannot be minimal, regardless of the choice of the order on the generators of the
algebras, as it is the case for any quadratic algebra that is not Koszul (see [12], Chapter 4, Thm. 3.1).
This in particular implies that our resolution can be minimal even when Anick’s resolution is not.

Remark 2.12. All the definitions and results of this section were done in the context of quadratic alge-
bras. More generally, these definitions and results extend directly (by the same underlying arquments)
to the case of N-homogeneous algebras for any integer N > 2. The main reason for restricting to
the quadratic case (i.e. N = 2) is simply because we are not aware of any interesting example of N-
homogeneous algebra with N > 3 that is not generalized Koszul.

3 Resolving datum on FK(4)

We will prove in this section the second main result of this article, namely that the Fomin-
Kirillov algebra FK(4) of index 4 has a connected resolving datum (see Theorem 3.5). In con-
sequence, combining this with Theorem 2.10 we obtain immediately a projective resolution of
the trivial module in the category of bounded-below graded right FK(4)-modules.



3.1 Generalities on the Fomin-Kirillov algebra FK(4) and its quadratic dual

From now on we assume that the field k has characteristic different from 2 and 3. For a set
S, we denote by kS the k-vector space spanned by all elements of S.

Let .F be the set {(i,j) € [1,4]*> | i < j}, Fi the set {(1,2),(1,3),(2,3)} and ¥ the set
{(i,5) € [1,4]% | @ # j}. We recall that the Fomin-Kirillov algebra FK(4) of index 4 is the
quadratic k-algebra generated by the k-vector space V spanned by X = {z;; | (4,j) € J},
modulo the ideal generated by the vector space R C V®? spanned by the following 17 elements

T3 9, @7 3,05 5, X7 4, 5 4, X5 4, T1 2T2,3 — T2,3T1,3 — T1,3T1,2, T2,3T1,2 — T1,2T1,3 — T1,332,3,
L1224 —T24X1,4 — X1,401,2,024T1,2 — L1,201,4 — L1,472,4,21,373,4 — L34T1,4 — T1,47T1,3,
£3,4%1,3 — L1,301,4 — L1,4T3,4, 12,3034 — L3,4L2,4 — L2,4T23,L3,4L23 — L23T2,4 — L2,4T34,
L1203 4 — X34%1,2,71,3024 — L2471,3,T1,4223 — T2,3T14-

To simplify, we will denote the Fomin-Kirillov algebra FK(4) of index 4 simply by A. Recall
that the dimension of A is 576 and the Hilbert series of A is

[2]°[3)%[4]* = 1 + 6t + 19t% + 42> 4+ 71" + 961° + 106t° + 96t" + 71t° + 42t7 + 19" + 64" 4 12,

where [n] = Z?:_()l t’, for n € N. Note that A = Smefo,12]Am, Where A,, is the subspace of
A concentrated in internal degree m. We refer the reader to [6, 11] for more information on
Fomin-Kirillov algebras.

The previous Hilbert series can be reobtained using GAP code in Appendix A.1. If the free
monoid generated by X is equipped with the homogeneous lexicographic order induced by the
well order x1 5 < 213 < T23 < 1,4 < T24 < T34 on X, then a Grobner basis G 4 of the ideal
(R) in the algebra T(V') is given by the following 30 elements

T3 9,47 5, W2,3T1 2 — T1,3T23 — T1,2T13, T2,3T1,3 + T1,3T1,2 — T1,2T2,3, T3 3,71 4T2,3 — T2,3T1 4,
x%A, T24T12 — T1,4%24 — T12%1,4,T24T1,3 — T1,3024,224T1,4 + T1,4T12 — T1,2%2 4, 17%,47
T3,4%1,2 — L1,2034,23,421,3 — L1,4T3,4 — L1,301,4,23,4223 — L24T3 4 — T23T24,
T3,4T1,4 + T1,4T1,3 — T1,3T3,4,T3,4T2,4 + T2,4T23 — T2,3T3,4, iU?Q,A, 21,3%1,2%1,3 + £1,221,3%1,2,
T1,4%1,2T1,4 + £1,2T1,4T1,2,%1,4T1,3%1,2 — T1,401,2%2,3 + £2,3%1,471,3,
21,4%1,3%2,3 + £1,4%1,2%1,3 — £2,3%1,4%1,2, £1,4T1,3%1,4 + £1,3%1,471 3,
T9,4%23%1,4 + £1,4T1,2T23 — T1,2%24%2,3, 2,402,324 + £2,3T2,4T2 3,
T1,4%1,2%1,3T2,3 — L2301 4%1,272,3,T1,401,221,3%1,4 + T1,3%1,4%1,271,3 + T1,2%1,3%1,4%1,2,
T1,4%1,2%2,3C1,4 + T1,201,4%1,2%2,3, T1,4%1,21,3T1,2%2,3 + T2, 3%1,4T1,2T1,3%1,2,
T1,401,271,301,201,4%1,2 — £1,321,421,221,371,271 4,
£1,421,221,301,221,401,3 — 21,221,471,2201,301,271 4,
which are obtained using the GAP code in Appendix A.4. The classes in A of the standard
words of T (V) with respect to G4 thus form a homogeneous k-basis & of A. We set &,,, =
BN Ay, form e [0,12].
We denote by {y;; = =7, | (i,j) € F} the basis of V* dual to the basis X = {z;; |

(i,7) € I} of V. Then, the space of relations R+ C (V*)®2 of the quadratic dual algebra
A'=T(V*)/(R*) = @®pen, AL, of Ais spanned by the following 19 elements

Y1,2Y2,3 + Y2,3Y1,3, Y1,3Y2,3 T Y2,3Y1,2, Y1,2¥2,3 + Y1,3Y1,2, Y1,2Y1,3 + ¥Y2,3Y1,2,
Y1,2Y2,4 T Y2,4Y1,4,Y1,4Y2,4 + Y2,.4Y1,2, Y1,2Y2,4 + Y1,4Y1,2, Y1,2Y1,4 + Y2,4Y1,2,
Y1,3Y3,4 T Y3,4Y1.4,Y1,4Y3.4 + Y3,4Y1,3, Y1,3Y3,4 + Y1,4Y1,3, Y1,3Y1,4 + Y3,4Y1,3,
Y2,3Y3,4 T Y3,4Y2,4, Y2,4Y3,4 + Y3,4Y2,3, Y2,3Y3,4 + Y2,4Y2,3, Y2,3Y2,4 T Y3,4Y2,3,
Y1,2Y3,4 T Y3,4Y1,2,Y1,3Y2,4 + Y2,4Y1,3,Y2,3Y1,4 + Y1,4Y2,3-

Using the GAP code in Appendix A .4, we get a Grébner basis G of the ideal (R*) in T(V*)



given by the following 31 elements

Y1,3Y1,2 + Y1,242,3, Y1,3Y2,3 — Y1,2Y1,3, Y2,3Y1,2 T ¥1,3Y2,3, ¥2,3Y1,3 + Y1,2¥2,3, Y1,4Y1,2 T Y1,2Y2,4,
Y1,4Y1,3 T Y1,3Y3.4, Y1,4Y23 + Y2,3Y1,4; Y1,4Y2,4 — Y1,2Y1,4, Y1,4Y3,4 — Y1.3Y1,4, Y2.4Y1,2 + Y1,4Y2.4,
Y2,4Y1,3 T Y1,3Y2,4, Y2,4Y2,3 + Y2,3Y3,4, Y24Y1,4 + Y1,2Y2.4, Y2,4Y3,4 — Y2,3Y2,4, ¥3,4Y1,2 + Y1,2Y3 4,
Y3,4Y1,3 T Y1,4Y3.4, Y3,4Y2,3 + Y2,4Y3,4, Y3,4Y1,4 + Y1,3Y3,4, Y3,4Y2,4 + Y2,.3Y3 4, 1/1,21/3,3 - yl,Qy%,gv
91,2313,4 - y1,2y%747 y1,3y§74 - ?Jl,SZ/fA, y2,33/§,4 - y2,3y§74, y1,2y§’73 - yf,2y1,37

Y1,2U1,3Y5.4 — Y1,2U1,3Y1 40 Y1,2Y2,3Y5 4 — Y1,2Y2,3Y5 4> Y1254 — YioY1as Y1,3Y54 — Y5 3Y14s
yg,3y§74 - y§,3y2,4, yl,QyiBygA - y1,2yi3yi4, y1,2y2,3y%,4 - yizy2,3y1,4~

(3.1)

Let B} = {1} Ck, let B} = {y;; | (i,4) € F} C V*, let B, C A", be the set formed by the
following 17 elements
y%,z, Y1,291,3, Y1,2Y2,3, Y1,2Y1,4, Y1,2Y2,4, Y1,2Y3,4, yi:&a Y1,3Y1,4, Y1,3Y2,4, Y1,3Y3,4, y§,37 Y2,3Y1,4,

2 2 2
Y2,3Y2,4, Y2,3Y3,45 Y1,45 Y2,45 Y345

let B, C A' ; be the set formed by the following 30 elements

3 2 2 2 2 2 2
Y12 Y1,2Y1.35 Y1,2Y2.35 Y12Y1,45 Y1,2Y2,45 Y1,2Y3,45 Y1,2Y1 35 Y1,2Y1,3Y1,4, Y1,2Y1,3Y2,4,

2 2 3 2 2
Y1,2Y1,3Y3,4, Y1,2Y2,3Y1,4, Y1,2Y2,3Y2,4, Y1,2Y2,3Y3.4, Y1,2Y1 45 Y1,2Y34, Y1,35 Y1,3Y1,4, Y1 3Y2,4,

2 2 2 3 2 2 2 2 2 3 3 3
Y1,3Y3,4, Y1,3Y1,4> Y1,3Y2.45 Y235 Y2.3Y1,4; Y2.3Y2,4, Y23Y3,4; Y2,3Y1 45 Y2,3Y2 45 Y145 Y2,45 Y345

and let B} C A", be the set formed by the following 38 elements

4 3 3 3 3 3 2 2 2 2

Y1,20 Y1,2Y1,35 Y1,2Y2,3; Y12Y1,45 Y12Y2,45 Y1,2Y3,45 Y1,2Y1,3> Y1,2Y1,3Y1,45 Y1,2Y1,3Y2,4,

2 2 2 2 2,2 2,2 2 2

Y1,291,3Y3,45 Y1,2Y2,3Y1.45 Y1,2Y2,3Y2,4, Y1 2Y2,3Y3,4, Y1 2Y1 4> Y1,2Y3,4> Y1,2Y1,3Y1,4, Y1,2Y71 3Y2,4,
2 2 2 3 4 3 3 3 2 2

Y1,2Y1.3Y3,45 Y1,2Y1,3Y1,45 Y1,2Y2,3Y1 4> Y1,2Y34> Y1,35 Y1,3Y1,4; Y1,3Y2,4; Y1,3Y3,4; Y1,3Y1,45

2 2 3 4 3 3 3 2 2 2 2 3 4 4 4

Y1,3Y2,.4> Y1,3Y2.45 Y235 Y2.3Y1,45 Y2.3Y2,45 Y2.3Y3,45 Y2 3Y1,45 Y2.3Y2,45 Y2,3Y1,45 Y145 Y2,45 Y3,4-

Moreover, for every integer n > 5, define %!, = U!, U B!, where the set U} C A" consists of
the following 24 elements

-1 -1 -1 -1 —2 2 —2 —2 —2
Yo Y1,3: Y72 Y2,3:YT2 Y1,4:Y12 Y2.4,Y12 Yi3: Y12 Y1,3Y1,4, Y12 Y1,3Y2,4, Y1 2 Y1,3Y3.4,

—2 —2 —2 —2 2 -3, 2 -3 2 -3 92
yﬁz y2,32/1,4,y?,2 y273y2,4,yf72 y273y3,4,yf2 Z/1,4a2/?,2 ?J1,3y1,4,yfz Z/1,3y2,4,y11,2 Y1,3Y3,4,

-3 2 -3 2 —4,2 2 -1 -1 —2 2 -1 -1 —2 2
Y12 Y13YT 4 Yl e Y2,3YT 4 Ul e YiaYiaYls YiasYls Y34, Uis YiaYas Y2.4,Ys3 Y3.4,Ys3 Y ds
and 6, C A", is the set of 3(n + 1) elements given by

! — — —
G, = {Ui2 V54 Uis Yo ¥5s Y4 | T €[0,0]}.

The following result is proved directly from the explicit description of the Grobner basis G5
given in (3.1) for the ideal (R+) C T(V*) .

Fact 3.1. The set B!, is a basis of AL, for n € Ny, consisting of standard words with respect to the
Grobner basis Gg. In consequence, #(B.,) = 3n + 27 for n > 5, and the Hilbert series h(t) of A' is
given by

> 14 4t + 6t + 23 — 5t* — 415 — 16
h(t) =1+ 6t + 17¢% + 30> 4 38t* + > (3n + 27)t" = tAt Jzt —1)e :

n=>5

The following result describes several identities expressing products of the generators of the
quadratic dual algebra A' in terms of the basis B' = U,,cn,%!,. The proof is a straightforward
but rather lengthy verification, which we leave to the reader.
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Fact 3.2. We have the following identities

(_1)r n—r+1

n—r, r _ r n—r_r _ . n—r, r+1
Yij YraYij = Yij Y0 Yig YeaYel = Yij Yk (3.2)

and

n—r+1 n—r, n—r, r+1

YigYis Yoo =Yis = Yko YeYig Yeo = (D" Ty

in A", for all integersn > 2, € [1,n—1], (i,7) € Fu, (k,1) € F with #{i, j, k,1} = 4. Moreover, we
also have the identities

YLS Y AV = Xe¥ T2 YLaYTa — XUl YL3YL 4,

YLD Yh A28 = Xe¥T 2 Y28YE a4 — XUl Y2,3Y2.4,

Y1S Yh aY1a = XeT 2 YR 314 — XYl W1.3Ys.4,

Y2 Y 42,4 = XeUT 2 YT 3Y2.4 — Xo1YL 2 Y2,3Y3.4,

Ys Uh aY12 = XnXe U2 UL aYt 4 — Xnt1XrUl 2 Y285 4+ XnXr+191 2 Y2,3Y1.4
- Xn+1Xr+1yf§23J%3y1,4a

YT Y 4Y2.3 = XnXr ¥t s Y23 e + Xnt 1 XYl 2 YL3YE 4 — X Xr1YT Y13Y3a
- Xn+1Xr+1yi§11‘12,3y3,4,

Ys Y 414 = XnXe Yo Ui 3Y1.4 F Xnt1 Xe Wl s Y1,3Y1.4 + XnXr+1Y1 2 Y2,3Y2.4
- Xn—‘—er—&-lyngyiSyZAa (3.3)

Y15 b 4Ys.4 = XnXria UTaY3.4 T Xnt1 XrUl 2 Y1,8Y3.4 + XnXr4101 2 Y1,3Y2.4
F X1 Xr+ 1972 Y2,3Y2.4,

YSs YL Y12 = XnXe Wl 2 Ui 38U — Xnt 1 Xe Wl 2 YL,3YT.4 + XnXr+1U1 2 Y1,3Y2,4
— Xnt1Xr+1912 V1 3Y2.4,

Y5 YT Y13 = XnXe Ul a VLY. — XntlXr Ul a Y2,3Y5.4 + XnXr+1U13  Y2,3Y3.4
— Xnt1Xr U1 s Y1,3Y3.4,

USS YT Y24 = XnXr T2 YR sY2.4  Xn1 Xe¥T S Y2,3Y2,4 — XnXr1U1 2 Y13Y1.4
+ Xnt1Xr 1912 Y1 3Y1.45

Y55 YT 4Ys.a = XnXrUia UL aY3.4 + Xnt1XrUl s Y2.8U3.4 — XnXr41UT s Y2.3Y1.4

n—1
T Xn+1Xr+1¥Y1,2 Y1,3Y1,4,

and

V13U 2 Y54 = XnXr Ui a Y13YT 4 — XnXr41U1 2 Y2.3U3.4 — Xnt1XrUl 2 Y2395 4
+ Xnt1Xr 1912 Y1393,

Y2491 3 Vs 4 = XnXr 2 YT 3Y2.4 — XnXr+1U12 Y13YL4 — Xn41Xr Ui s Y sY1a
+ Xn+1Xr 1912 Y2,3Y2.4,

2,390 Y 4 = XnXr s Y23 e — XnXr+ 1Yl s Y1,3Y34 — Xn+1Xr¥T s Y13Y 04
+ Xn+1Xr+1yi§1y2,3y3,4,

YLaYL s Vi 4 = XnXe Yl 2 Ui 314 — XnXr+1Y1 2 Y2324 — Xnt1XeYl 2 Vi 3Y2.4
+ Xn+1Xr+1y?,§1y1,3y1,4,

V12015 Vb4 = XnXo Ul 2 Vs 854 F XnXr+1U1 U1,3Y2,4 + Xnt 1 Xe Ul 2 YL,3Y5 4
+ X1 Xr 1582 YR sY2.4, (3.4)

Y343 Y5 4 = XnXr Ui o UT.8Y3,4 + Xn Xr411 2 Y2,8U1.4 — X1 Xr¥T 2 Y1,3Y1.4
- Xn+1Xr+1y?7§1y2,3y3,4a

Yo,391 s o4 = (1) xey1 2 y2305 4 + (= 1) T w3 Y, sy2.4,
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Y14y Y5 4 = Xn—r¥T 2 Y1 a4 + (= 1) Xn—ri 1972 Y1,3Y3.4,

Y1255 YL 4 = XnXo U2 YL .aYt 4+ Xn Xr4100 2 2,801, + Xt Xr ¥} 2 Y2305 4
+ Xn-‘rlXT-‘rlyi;Qy%?)yl74’

Ys.4Y53 Y5 4 = XnXo Wl 2 Ui 3Y3.4 — XnXr+1Y12 Y1,3Y2.4 — Xnt1XrYl 2 Y2,3Y2.4
- Xn+1Xr+1y7f,§1y1,3y3,4a

V13U s YT 4 = XeU T2 YL3YT 4 + XYl  YLsYL 4,

Y2495 5 Y 4 = (1) " Xn—r¥ 2 YT 3Y2,.4 — Xn—r1U13 Y2,3Y3.4,

together with
Y1,3Y12 = Xn¥1 2Y1,3 — Xn+1Y1 2923 Y1,3Y34 = xnyfglyh + Xn+1V1 393,45
Y2,4Y7 2 = Xn¥12Y2,4 — Xn+1YT 2Y1.4, Y2,4Y5 4 = Y3 3Y2.4,
Y2.3U1 0 = Xn¥T 2¥2.3 — Xnt1¥l2¥1,3, Y2.8Y54 = Xn¥b3 Usa + Xnt1V5 3Y3.4,
Y1,4YT2 = Xn¥T 2¥1.4 — Xn+1Y1 292,45 Y1,4Y54 = Y1 3Y1,4s
Y1291 3 = Xny?,glyi?, + Xn+1Y7 291,35 Y1,2Ys 4 = Xny?gly% 4+ Xn+1V7 22,4,
Y3,4Y1 3 = Xn¥1 3Y3.4 — Xn+1Y1 3914, Ys,ays 4 = (— 1)”1/33?/3 45 (3.5)
Y2397 s = (=1)"y7 2423, Y2,3Y24 = Xn¥s3 y2,4 + Xn+1Y3 3Y2.4,
y1,4yf3 = Xny1,3y1,4 - Xn+1y?,3y3,47 y1,4y§l,4 = y?,2y1,47
Y12U5 5 = Xn¥1'2 Yis + Xns1¥T 22,3, Y1207 4 = Xn¥1'2 Yia + Xns1¥T 2U1 4,
313,4%/3,3 = Xny§,3y3,4 - Xn+1y§,3y2,4, y3,4yf4 = (—1)"yf3y374,
Y1,3Y33 = Y1 2Y1,3, Y1,3Y1 4 = xnyfglyi4 + Xn+191 391,45
Y2,4Y5 3 = Xn¥33Y2,4 — Xn+1Y23Y3.4, Y2491 = (1) "y 02,4,

in A', for all integers n > 2 and r € [1,n — 1].

We also provided further identities in A' given in Appendix A.2, which are also straightfor-
ward to verify.

Recall that the graded dual (A4')# @neNo (AL,)* is a graded bimodule over A' via the
identity (ufv)(w) = f(vwu) for u,v,w € A' and f € (A")#. Let B! be the dual basis to the
basis 9B, for n € Np. We write B = {€'} and zi17* ...zl = (yit' ) ny]T)* € B for
Yl yfj € B!, wheren =ny +---+n,, n,m,n1,...,n, € Nand (i1,51), ..., (ir,jr) € F.
We will omit the index n; for j € [1,r] if n; = 1 in the element 2171 ... z/77r or yt, ...
Obviously, y; ;27 = ¢ for (i, j) € .F and the other actions of %} on B} Vamsh.

Recall that (K,.(A), ds) denotes the Koszul complex of A in the category of bounded below
graded (right) A-modules and ¢ : K((A) — k is the canonical projection. The differential
d, : K,,(A) = K,_1(A) for n € Nis given by the multiplication of Z(m)ej Yi,; ®x; ; on the left.
To reduce space, we will simply write K, instead of K,,(A) for n € Ny and we will typically
use vertical bars instead of the tensor product symbols ®.

The differential do of the Koszul complex of A can be explicitly described in the following
result. Its proof is a straightforward but lengthy verification, using the identities listed in Fact
3.2 and in Appendix A.2.

Ny
Yir g

Fact 3.3. Let dy, : K,, — K,_1 be the differential of the Koszul complex of A for n € N. It can be
explicitly described as follows. First, dy(2%7|1) = €|z, ; for (i,j) € F, and

ij okl
dp (27,2,

n—r

1) = (- 1)”2” 12 ) |:c” +zn o 1|$kz, (3.6)

forn > 2,r €[0,n], (i,j) € H, (k1) € F with #{i, j, k, 1} = 4, where we follow the convention
that 200 250 = 203, 20Tk = oL 2ii Ml — 0 and 299 280 = 0 for n € N. Moreover, for n > 5, the
differential d,, 4 is given by (3. 6) and

e 13|1'_> (i2lz’ + Xns120 )‘3312"‘( +2 222 P Xn2p )|x13

+ (22212 + Xng120%) | 72,3,
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220 — {22 1Z +Xn+1zn Moz — {22212°° + xng120° Han s

+{Z +Zn 222 +X’“«Zn }|fL’2 3

Zl 22 4|1 = {Zn 1Z + Xn+lzn’ }|1"172 + {Z + Zl 2222 + ani’4}|x1,4
+ {Z ’, 2" +Xn+1271{4}|$2,4,
222 e {222 + xn+1z};4}|w1 2 — {2225 4 Xnga 2 Han 4

+{Zn, + 12222 + XnZn }|:Z?247

Z:L21 2’ |1 = {Zl 2222 + Xn(zrlz’g + Zn’ )}|$1,2 + Zi2121’3|$1,3 + 271{31Z273|$2,37
12 13 14 23,24

Zn’flz |1'_>{2n 2% +X Zn 1Z 4}"73112

1,2 _1,3_3,4 3,4 3,4
- zn 522 z +Xn+1zn 12 + Zn 23+1228— |CE13

1,2 1,3 14
— {2027 + xnzp2y 2" }\962,3
n—1
2
1,2 1,3 1,2 _1,3_14 1,3 .24
+ 92,2177 +2,7232777257 + Xnt1 E Zn—2s%2s (1714
s=1
n
B
1,2 2,3 14 523 1,4
- Zn72z +X n 25+1z257 "’E24
s=1
n—1
2
1,2 12 1.3 14 2,3 1,4
+{Zn 12’ + 2,732y + Xn+1 E an2s+122;—1}|x3,4a
s=1

n
2

1,2 _1,3 24 1,2 2,3 1,4 2:23 1,4

ZnLIZ |1 = { 22 Tz +X" ZnL2s+1Z2371}|x152

s=1
_{Zn IZ +2n 32% 3Z2 +X’ﬂ+1zn 1% > }|1‘13—{2’n 2213 34+X Zn 12 4}‘$23
{22520 2y 2 P e + {22020 + 2252 st e

n
2
12 13 24 1,3 2,4
T 92022 + Xn § Zn 05117251 23,4,
s=1

1,2 _1,3 34

n’—lz |1'_>{Zn 2Z25 3

Z +ann 1% 4}|x1,2

n—1

1,2 1,2 1,3 14
7{277,—1 + 2, 7325727 4 Xnt1 E zn 29+1223— }|x13
s=1

1

1,2 _1,3_2,4
f{zn 22 727 + Xn

I:
f Mw\:
I}

1,3 2,4
Zn 23+1223— ‘1'2 3

L5
1,2 1,334 3,4 3,4
— 202322 X222 25 4 Zn 25+122571 1,4

—{212 213 34+Xn z8 12 }‘I2,4

n—1
2
1,2 1,3 1,2 _1,3_1,4 1,3 2,4
+ Zp—1% + Zn—3% %2 + Xn+1 E Zn—25%2s |x3;47
s=1
n
2
1,2 23 1,4 1,2 1,3 24 13 2,4 1,2 23 34 3,4
Bp—1% |1 =42, 0% + Xn Zp—2s4+1%25—1 |$112 + {Zn + Xn an }|1’1,3
s=1
3 1,4 1,3

1,4 1 1,4
- {Zn 1% +Z 322 200+ X122 w2
2,

3 ,2 3 1 4 2,3 1,2 _1, 3 1,4 1,4
+ {anlz T+ Zn732 + Xn+12, 2Z2 }|CC1 a— {2,052 + Xn2,~ 12 Hz,a
2
1,2 _2,3_14 2,3 1,4
- Zn72z z +X”7« Zn72s+1z2571 ‘m314’
1,2 2,3 2,4 1,3,1,4 1, 23,24 2,3 2.4
Zn—1% |1 — {Z'n 2% + XnZp_ 1Z }|l‘1 2 + {Zn 2% + XnZn_17 }|LL’1,3

12 13 3.4 3,4 3,4
—\%n_3%2 + Xn4120°01 250 + Zn 23+1225— 22,3
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1,2 1,3 24

W
f Mw\:
Il

1,3 2,4
Zp 9s+1%25—1 1,4

n—
+ Xn+1 E Zn 25225 |$2’4

s=1

1,2 _2,3 1,2 2,3 14
+ Zn 1% +Zn73

‘Il—
1,2 1,3 2,4
JF{Zn 127 JrZn 329" 27+ Xnt1 E Zn 25+1Z25— }|3734a

n
B
1,2 2.3 34 L1334 3,4 12 .23 1,4 Z 1,4
Znle |1|—>{Z +X Zn 1’2 }|$172+ Zn72z 2s+122571 1'173
1,2 1,2 1,3 .24 1,3 2,4
—92,= 1Z’ + 2, 23257727 + Xnt1 E 2, 0ay1%25—1 (72,3
2,3 3,4
+{Zn 2% +ann 1Z > }\x14
1,2 _1,3_3,4 3,4
— 32023220 X222 +§ z,? 25+1Z257 |72,
1,2 2,3 1,2 Z
+ {Zn 12 +Zn—32 s +X1’L+1 Zn 25225 }|CE3 4,
1,2 1,2 1,2 1,2 2,4
22 2y |1'—>{z 2ozt oxn (2t 4 2 )}|x12+zn 2 e+ 282 2% 2o, (3.7
—1
2
1,2 1,3 1.4 1,2 1,3 24 2,3 24 1,3 2,4 1,2 1,3 34
20020 2 I =9 2,732 27 + X | 2,0,277 + Zn—2s4+1%2s—1 |12 — 2,252 7727 213
s=1
12 2,3 1,4
— 2 9% |w2,3

nf Ln;l
2,4

1,3 1,4 1,2
Zn 2Z2 +Zn 429" %)+ Xn 'n’ 232 t+ E Z'n 25325 + E 2~ 25Z25 |71,
—1

+

s=1

—1

s 1 3 1,4 1,2 _1,3 1 4
+ {Zn 32 + Xn+1 ( + E Zn 25+lz2s— ) }|$2,4 + Zn—QZ |ZE3 4,
{ ’ 3

2
12 13 24 13,14 1,3 _1,4 2,3 1,4 1,2 1,324
Zn 272 |1 = =942, 3% + Xn+1 Zp—1% + § Zn—2s+1%25—1 |LE172 —Rp—2% % ‘33113
=1
1,2 .23 .34 1,2 1,3 2,4
— 2, 0027 27 | T2,3 — (2, 03207 27 + Xnt1 ‘4 Z'n, 23+1Z2s 1) plria

LL*lJ
1,2 1,2 1,314
+9%n= 2Z +Zn 47297723 + Xn Zn 222 +§ Zn 25223 + § Zn 23325 |z2,4

12 23 2.4
+2,752 |z3,4,
1,2 1,3 3,4 1,3_3,4 1,3 3,4 3,4 1,2 1,3 1,4
232020 2 U —{23232°2% 4 X1 (22,270 + 202 Hare = 2,752 2 2 s
12 23 24 1,2 _1,3_3,4 12 23 34
— 2,52 |x2,3 — 2, 02 2 |zl,4—zn,22 |22,4
n—2
2
1,2 1,3_1,4 1,3 2,3 1,4
+ 92" 2Z +Z 2752 +Z 422 D) +Xn§ (2,2 25225 + 2, 005725 ) (|T3,4,
s=1
12 .13, 14 1,2 2,3 14 Z
zn QZ |1'—> Zn 32 +Xn+l< n 222 + Zn 23229 |ZE172
—1
L™=
1,2 1,3 1,4 2,3 1,2 3.4
+ 9 2= 2Z2 +Zn 479" %y Xn | 250 222 "‘E Z'n 25225 + E Z2n g%y (171,3
s=1
n—l
12 13, 14 Z
+ {Zn 3Z +Xn+1( n 222 + Zn 29229 )}|x2a3
12 13 14 13,24 13,34
+ 2,727 21,4 + 2002 w24 + 20252 |73,4,
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1,2 23 14 1,2 1,3 14 z:
zn 2% |]"_> { T +X’Vl+1< 2Z2 + Zn 25Z25 >}|CL‘12

1,2 23 14 3 z :
- {Zn 3% +Xn+1< Zp— 2Z2 + Zn 23229 )}|:rla3

1,2 1,3 1,4 1,2
+{Z'n 22’2 +Zn 472" %2 +Xn<n 222 "‘E Z'n 25225)"’ E 2= 25'225 }‘3523

23 1,4 2,3 24 2,3 34

+ 222,z 21,4 + 20252 |z2,4 + 2.7 22 |34,

12 13, 14 1,2 1,314 1,3 2,3
2, "3%5 |1'_>{ 2, 47297 23"+ Xn (Zn 232 +Z7L72Z2 + § 2" 25325 + 2, - 23’22‘5 )>}|$12

+Z,}L23213 14|33 3"‘2"23223 1,4 |.T 3+Zn 32%321 |$ 4+Zn23213 24|$24
1,3_3,4
+Z'n 322" 27" 3,4,
13 1,4 3,4

W O R e R LW
+{Zn, 12 ’4+Xn+12711’4}|x3,47

2L e {22 1Z’ +Xn+1zyll’4}|$13—{Zi’3123’4+Xn+1Z3’4}\$1,4
+{Z +Zn 222 +X’"«Zn }|l’347

Z |1’_){Zn 222 +X’n( +Zn )}|ZE13+Z" 12 |{1714+Zn 125 4|.’L’3,4,

Z” 24|1H> {22 Xz s + {20+ 2002 e e
+{Zn 1% ‘4+XTL+1Z$LV4}|$3,47

22 {2202 ez Hres — (202027 + X ez

+{Z’ + 23222 +Xn272{4}|1’34:

z,2131z2 |1»—>{zn 222 —l—xn(zn + 234 }|1323+Zn 12 4|x2,4+2i‘3123’4|m3,4.

3.2 The main result about FK(4)

We will now define some quadratic A-modules M’ for i € [1,3]. Let M* be the A-module
generated by two homogeneous elements a1, a2 of degree zero, subject to the following 6 rela-
tions

a1212 + a2 2,011 3, 272 3, G221 4, G1T2. 4,123 4 + A2T3 4. (3.8)

Let M? be the A-module generated by the set {h; | i € [1,7]} of seven homogeneous elements
of degree zero, subject to the following 24 relations

h1z12, h121,3, h1T23, hot1,2, hoty 4, hoo 4, haxy 3, hax1 4, haT3 4, haTo 3, haTo 4, hyw3 4,
hi1v24 — h3xa 4 — hsxy 3, how1 3 — hax1 3 + hsxo 4, hsx3 4 — heT1,2, h121 4 — hawy 4 + heo 3,
haxa3 — h3xa 3 — her1,4, hsT1,2 + hex3 4, h1x3.4 + hox3 4 + h7x1 2, heX2 4 + hry 3,

hsx14 + hrxo 3, hsx23 — hrx1 4, hex1,3 — hrxa 4, haz1 2 + haxy o + hr23 4.
(3.9)

Finally, let M3 be the A-module generated by the set {e; | i € [1,8]} of eight homogeneous
elements of degree zero, subject to the following 24 relations

€1%1,2 + €2%3,4,€1T3 4 — €2T1,2,€301,2 — €4%3 4,€3T3 4 + €4T12,€4T1 3 + €202 4, €422 4 — €271 3,
€3%1,3 + €1%2,4,€3T2 4 — €1T1,3,€1X23 — €4X1,4,€1T1,4 T €4T23,€3T2 3 — €21 4, €321 4 + €222 3,

€5%1,2,€5T1,3,€5%2,3,€6L1,2,€6L1,4,€62L24,€E7L1,3,€7L1 4, €73 4,€8L23,E8L2 4,€E8L3 4.

(3.10)

Since the previous modules are finite dimensional, we use GAP to obtain a homogeneous k-
basis of M, and in particular, the Hilbert series of M?, for i € [1,3]. See Appendix A.3 for a
basis of M.
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Fact 3.4. Given i € [1,3], the Hilbert series hyy:(t) of the quadratic A-module M* introduced in the
previous paragraph is given by

har (t) = 24 6t + 1162 + 1263 + 11¢* + 6t° + 245,
hoare (t) = 7+ 18t + 3262 + 423 4+ 40t* + 30t° 4 1615 + 67 + 1¢5,
hags (t) = 8 + 24t + 4812 + 7213 + 80t* + 72t + 48t° + 2447 + 815

We now present the second main result of this article, which states that the Fomin-Kirillov
algebra of index 4 has a connected resolving datum. The proof of this theorem will follow
from several intermediate results that we will provide in the following two subsections (see
Subsection 3.5).

Theorem 3.5. Let M = {M° =k, M*', M? M3} be the family of quadratic A-modules introduced in
the first paragraph of this subsection, and let f : [0, N]? x N? — NZ be the map given by

#(0,2,3,6) = £(0,0,3,6) = A(1,2,1,4) = (1,0),
£(0,0,3,8) = (0,1,4,8) = £(0,0,5,16) = £(1,0,1,6) = A(1,0,1,8) = #(2,0,1,4)
=h(2,0,1,6) = 7(2,1,2,6) = 7(2,3,3,6) = #(3,3,3,6) = (0, 1),

and f(i, j, k, {) vanishes on other (i, j, k, £). Then this gives a connected resolving datum on A, whose

. . . . . . . ~ d’'.d’ .
associated resolving quiver is given in Figure 1, where we denote by jo; °*“ the unique arrow from
M to M? having bidegree (d',d"). In this case, the strict partial order on the arrows is given by

4 4, 4 2 2, 2,4 s :
00y < 0y ®, 00y, and 030, 00 < gat?. The arrows a® and 10iy° of odd difference degrees

appear in red.

4,6
2,6 5,8 30 E 4.6
00" o] | 10 M2 ——= , M3 305"

6,16
0

Ck pal
NN
00

Figure 1: Resolving quiver of FK(4).

As an explicit application of the previous results, we have also implemented a routine in
GAP to compute the dimensions of the Yoneda algebra Extfy 4 (k, k), using the projective res-
olution given by Theorem 2.10 for the resolving datum of FK(4) in Theorem 3.5. They appear
in Table 3.1.

We do not present the precise GAP code used in the computation for Table 3.1, since it is
not used to prove any particular theorem. However, it shows that the projective resolution in
Theorem 2.10 can be used for even rather hard computations: it took GAP around 23 hours to
compute these values in a standard laptop computer, whereas we could not manage to compute
any of them by means of the package QPA in GAP that uses a projective resolution constructed
using Grobner bases. The entry for n = 4 and m = 6 in Table 3.1 was mentioned without proof
in the last remark of [13].
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m~n|0 1 2 3 4 5 6 7 8 9 10
0 1
1 6
2 17
3 30
4 38
5 42
6 8 45
7 30 48
8 1 58 51
9 6 78 54
10 18 86 57
11 36 90
12 1 62 93
13 6 96
14 25 129
15 60
16 1 97
17 6
18 26
19
20 1
Table 3.1: Dimension of Extic ;) (k, k), where n is the cohomological degree and —m

the internal degree. The entries that are not explicitly indicated are zero.

3.3 The homology of the Koszul complex of FK(4)

3.3.1 The dimensions of the homology groups

Recall that (K, ds) is the Koszul complex of the trivial module k in the category of bounded
below graded (right) A-modules. Let K, ,,, = (AL,)* ® A, dome = dulk, @ Kngm —
Kn—l,m-‘rlr Bn,'rn = Im(dn-‘rl,'rn—l)r Dn,nb = Ker(dn,m)r Hn,m = Dn,m/Bn,m forn € Ny and
m € [0,12]. Let H,, = @®mepo,12)Hn,m for n € No. We can compute the dimension of B, ,,
using GAP for n less than some arbitrary positive integer and m € [1, 12] by using the code in
Appendix A .4 together with the following simple routine.

for j in [0..11] do
for i in [1..12] do
Print(j, " ", i, " ", RankMat (FF(0,3,1i)), "\n");
od;
od;

For the rest of the section, we will only indicate the extra code added to the one in Appendix A.4
for every computation, and, for the reader’s convenience, we will often indicate the output of
many of the intermediate commands in the corresponding successive line: it will be preceded
by a pound sign #.

The dimension of B, ,, for n € [0,11] and m € [0, 12] is displayed in Table 3.2.
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1 2 3 4 ) 6 7

8

9

10

11

12

6 19 42 71 96 106 96

17 72 181 330 470 540 505
30 142 384 737 1092 1297 1248
38 186 515 1020 1550 1890 1866
42 207 576 1146 1752 2151 2142
45 222 618 1230 1881 2310 2301
48 237 660 1314 2010 2469 2460
51 252 702 1398 2139 2628 2619
o4 267 744 1482 2268 2787 2778
57 282 786 1566 2397 2946 2937
60 297 828 1650 2526 3105 3096
63 312 870 1734 2655 3264 3255

© 00O Ui W+~ O
OO DD DODDODDODDODOO OO oo

— =
— O

71
384
974
1494
1731
1860
1989
2118
2247
2376
2505
2634

42
233
606
956
1122
1206
1290
1374
1458
1542
1626
1710

19
108
288
468
558
600
642
684
726
768
810
852

6
35
96

162
198
213
228
243
258
273
288
303

1
6
17
30
38
42
45
48
51
54
57
60

Table 3.2: Dimension of By, .

Since dim D, ,,, = dim K, ,,, — dim By,_1 ;n+1, using Table 3.2 we get the dimension of D,, ,, for

n € [0,5] and m € [0, 12], which is displayed in Table 3.3.

n~m | 0 1 2 3 4 5 6 7 8 9 10 11 12
0 1 6 19 42 71 96 106 96 71 42 19 6 1
1 0 17 72 181 330 470 540 505 384 233 108 35 6
2 0 30 142 384 737 1092 1297 1248 974 606 288 96 17
3 0 38 186 523 1038 1583 1932 1906 1524 972 474 163 30
4 0 42 207 576 1148 1758 2162 2154 1742 1128 560 198 38
5 0 45 222 618 1230 1881 2310 2301 1860 1206 600 214 42

Table 3.3: Dimension of D, ,.

Finally, since dim H,, ,,, = dim D,, ,,, — dim B,, ,,,, using Tables 3.2 and 3.3 we get the dimension
of H, ,, for n € [0,5] and m € [0, 12], which appears in Table 3.4.

n~m |0 1 2 3 4 5 6 7 & 9 10 11 12
0 P o000 0 o o o0 o o 0 o0 o0
3 |0 0 0 8 18 33 42 40 30 16 6 1 O
4 0o 0 0 0 2 6 11 12 11 6 2 0 0
5 c o o0 o0 o 0 O 0 O 0 0 1 0
Table 3.4: Dimension of Hy, .
More generally, we have the following result.
Proposition 3.6. For n > 5, the dimension of B,, ,, is given by
Oa lfm = O’
3n + 30, ifm=1,

84n + 810, ifm

15n + 147, ifm =2,
42n + 408, ifm=3,
—4,
129n + 1236, ifm =5,

dim By, = { 1590 + 1515, if m = 6,

18

159n + 1506, ifm =17,
129n + 1215, ifm =38,
84n + 786, ifm=09,
42n + 390, ifm =10,
15n +138,  ifm =11,
3n + 27, ifm=12.

(3.11)



Before giving the proof of the previous proposition, let us first give a direct consequence.

Corollary 3.7. We have dim H,, = 0 for n € N\ {3,4,5}. Moreover, the dimension of H, ,, for
n=0,3,4,5and m € [0,12] is the one given in Table 3.4.

Proof. By dim D,, ,, = dim K, ,,, — dim B;,_1 41, Proposition 3.6, together with Tables 3.2 and
3.3, we have dim D,, ,,, = dim B,, ,, for n € N\ {3,4,5} and m € [0,12]. Then the corollary
holds. O]

In order to prove Proposition 3.6, we need some preparatory results. Let 6, = U j)e.q, 657,
where
Gl = {27, 25| (k,1) € F such that #{i, j, k, 1} = 4,7 € [0,n]} C B

for (i,j) € J1 and n € N, and let U,, = B!¥ \ 6, for n € N. Note that the pair (k1) € .F
is uniquely determined in the definition of 6%7. Given m,n € N, let C,, ,,, be the subspace
of k8,, ® A, spanned by {dn1(z|z) | 2 € €ny1,2 € A1}, CfJ, be the subspace of C,
spanned by {d,,+1(z|z) | z € C@;’il, x € A1} for (4,j) € J1, and Uy, ,,, be the subspace of B,, ,,,
spanned by {d,,+1(2|z) | 2 € Un+1,2 € A1}

FiXiI‘lg the order T12 < T34 <X T1,3 X T23 X T14 = T24 (resp., T1,3 < T24 <X T12 < T3 <
14 < T34, T23 < T1a < T12 < 1,3 < Taa < T34), the corresponding basis of A consisting
of standard words will be denoted by W2 (resp., W3, W23). It can be explicitly computed
using GAP (see Appendix A.1 for W12). For (i, j) € 91, let (k,1) € F such that #{i, j, k,l} = 4,
set Wii = Whi N Ap,. Set EiJ as the subset of W7 containing elements whose first element
is not z; ;, and set E%i as the subset of W containing elements whose first element is neither
@i ; NOr T, Let aly = #E57 and b}/ = #E}7 for m € [0,11]. The integers a}/ and bZ/ are
easily computed from the explicit description of the bases W7, they are 1ndependent of (i, j),
so they will be denoted simply by a,, and b,,,, respectively, and are given in Table 3.5.

m 2 3 4 5 6 7 8 9 10 11

0 1
(o1, 1 5 14 28 43 53 53 43 28 14 5 1
b, 1 4 10 18 25 28 25 18 10 4 1 0

Table 3.5: Values of a,, and b,,,.

Lemma 3.8. We have Cy,.m = @D ; j)e5, C}3,, and the dimension of CJ, is given by

n+ 2, ifm=1,
5n+9, ifm =2,
ldn +24, ifm =3,
28n + 46, ifm = 4,
43n 468, ifm =5,
53n + 81, ifm =46,
53n+ 78, ifm=7,
43n+61, ifm =3,
28n+38, ifm=29,
l4n +18, ifm = 10,
5n + 6, ifm =11,
n+1, ifm=12,

i L2y -
dim Cy7, =

forall (i,7) € J1 and n € N. Else diim C};7, =0

Proof Given (i,j) € 9, fix (k,1) € F such that #{i, j,k,I} = 4. Then, the maps kE"/ |

A,, and kE) | — A,, given by left multiplication by z; ; and by left multiplication by mk,l,
respectively, are injective form € [1, 12]] Hence, using (3.6), we see that the set formed by the

T 0d

elements (— 1) 200 2k |x”x+ 2yt T_HZT ' agax, forz € EXY | and r € [0,n], together with the

elements 25|z, 1y for y € E7 | gives a basis of Chi,. Then, dim C)J, = apm_1(n+1) + byyy,
which together with Table 3.5 proves the claim. O
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Lemma 3.9. We have dimU,, ,,, = dim Uy42 1, and dim(U,, ., N Chn) = Aim(Upt2.m N Crtom)
forn = 5and m € [1,12].

Proof. Forn > 5, set

g _ Bkl g _ ijokl
unt = E zyl 2zt and vy = 20l 2t

r e [1,n—1], r e [1,n—1],
7 odd T even

for (i,5) € Fu, (k,1) € F, #{i,j,k,1} = 4,and
Qp =W, U {257 | (i,5) € TP U{ubd vl | (i,5) € F1} C (AL,)".

Let U%7 be the subset of U,, consisting of elements whose first element is z%7 for (i,j) € F.
There is an isomorphism f, : k@, — k@, 1, of vector spaces defined by fn(z) = 257 2 for z € UL
and (i,5) € Ju, fa(ul?) = uly, fu(v57) = V7, and f,(27) = 20, for (i,j) € F. Then, the
map g, = fp, ®ida : kQ, ® A = kQ,, o ® Aisalinear 1somorph1sm By 3.7), Up.m C kQ,, ® A,
and g,,(Un,m) = Un+2.m, giving an isomorphism U,, ,,, = Uy, 42,m of vector spaces for n > 5 and
m € [1,12]. This proves the first part of the lemma.

Set Fjm = (kQ, ® Ay,) N G,y and define LY, = k{z)/, 2l ubhd v} @ A, as the subspace
of kK67 ® Ay, where (i,5) € 5, (k1) € g w1th #{i,7,k, l} = 4. Itis clear that F,,,, =
Sgem (L, N Ci ). Fix (i,7) € 1, (k1) € F with #{i,j, k, [} = 4. Let €9 € %7 . Then

£47 is of the form

gi)j: Z Tf{ T ;L’Jr Zy’

Jx—’_zn r+lzr 1|xklx}+ Z HyZ kl| LY

r € 1ol yeET (3.12)
rE B
for Ao, py € k. If €77 € LiJ, , then £ is of the form
4] 1,3 k.l ,J i,J
& = Z (awzy? [w + Buwzy [ + ywuy! [w + nwvy’ [w) (3.13)

wEerLj

for oy, Buw, Yw, Nw € k. Comparing the coefficients in (3.12) and (3.13), we obtain

Qg jo = Ao,z gy = )\1,y7 Bm”z = (_1>n)‘n,w7 /BZEk,Ly = My,
Yoo e = —Apa for p € [1,n — 1] with p odd,

Yery = Aq,y fOr ¢ € [2,n] with ¢ even,

Nz ;o = Az fOr g € [2,n — 1] with g even,

Nay1y = Ap,y for p € [3,n] with p odd,

where 2 € E, | and y € E/ |. Hence, if n is even, the space L, N C%J is spanned by

2| g, (O eng =i |es g+ 27 [ew)e for o € Ep), 2i away, (u g + o e+ 25 ey
fory € E7 1, vii|z; jwand 28|z, jw forw € B\ B2 . If nis odd, the space Li/, N C&Y
is spanned by 2hi\ 2z, (u 73|:13kl + vid|x; )T for x € Ew 22y, (v 73|:1ck’l — ubd|z; ;i +

2hi @y — 282 )y fory € BN | uid |z, jwand 28 |z jw forw € EXY |\ E'7_|. We finally note
that Un,man,m - Un,m ﬂF n,m and gn( n,m) = Fn+2,m Hence, n,mmc n,m 2 n+2,mmcn+2,m
as vector spaces. This proves the second part of the lemma. O

Proof of Proposition 3.6. By Table 3.2, we obtain that (3.11) holds for (n,m) € [5,6] x [0,12]. On
the other hand, by Lemma 3.9, we get that dim B2, — dim B, , = dim Cp42, — dim Cy, 1,
forn > 5 and m € [1,12]. The statement then follows. O

Using GAP, we can easily compute the dimension of U, ,,, for n > 3 and m € [[1,12], which is
given in Table 3.6.
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n m | 1 2 3 4 ) 6 7 8 9 10 11 12

3 23 138 422 896 1428 1800 1815 1468 947 466 162 30
n>4withneven | 24 136 408 850 1344 1690 1716 1406 924 466 168 34
n>bwithnodd | 24 144 434 912 1452 1836 1872 1536 1008 504 180 36

Table 3.6: Dimension of Uy, .

Remark 3.10. Lemma 3.8 tells us that the subcomplex of Ko formed by the submodules k'6,, @ A for
n € Nis exact for n > 2.
3.3.2 The A-module structure of the homology groups
Lemma 3.11. We have the following isomorphisms
MY (-8), ifn=4,
H,(k) = {k(-16), ifn=35, (3.14)
0, ifn e N\ [3,5],
of graded A-modules, as well as the non-split short exact sequence
0 — M?*(—6) ® k(—6) — Hz(k) — k(—8) = 0 (3.15)
of graded A-modules.

Proof. The isomorphism in (3.14) for n € N\ [3,5] follows from Corollary 3.7. Similarly, the
isomorphism in (3.14) for n = 5 follows immediately from Table 3.4. Recall that we write H,,
instead of H,, (k) for n € N to simplify the notation.

Let us prove the isomorphism in (3.14) for n = 4. The following GAP code shows that the
dimension vector of the submodule of H, generated by two basis elements a}, a, of Hy 4 is
(2,6,11,12,11,6, 2). So, Table 3.4 tells us that H, is generated by af, a5 as an A-module.

Imm:=Im(0,4,4);;
RankMat (Imm) ;
# 1146
gene:=geneMH (0,4, 4);;
Append (Imm, gene) ;
RankMat (Imm) ;
# 1148
Uh:=UU (gene, 4);; Vh:=VV(gene,4);; Wh:=WW(gene, 4);;
for r in [5..10] do
hxr:=HXR(0,Uh,Vh,Wh, 4,4,r-4);
Im4r:=Im(0,4,r);
Append (Im4r, hxr);
Print (r, " ", RankMat (Im4r)-RankMat (Im(0,4,r)), "\n");

4= % # W % O
= O 00 J oy U1~
[

N

02

On the other hand, it is direct to check that the generators a/, a5 of Hy satisfy the quadratic re-
lations (3.8) defining M. Indeed, the following code shows that the dimension of the subspace
generated by B, 5 together with the elements of the form (3.8) with a} instead of a; coincides
with the dimension of By 5.

gene:=geneMH (0, 4,4) ;;

Uh:=UU (gene, 4);; Vh:=VV(gene,4);; Wh:=WW(gene, 4);;
hx:=HXR(0,Uh,Vh,Wh,4,4,1);;

cc:=0x[1..61;;

cc[l]:=hx[1]+hx[7];; cc[2]:=hx[2];; cc[3]:=hx[5];; cc[4]:=hx[6]+hx[12];;
cc[5]:=hx[9];; cc[6]:=hx[10];;

Imm:=Im(0,4,5);;

RankMat (Imm) ;

# 1752

Append (Imm, cc) ;
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RankMat (Imm) ;
# 1752

Hence, there is a surjective morphism M'(—-8) — H, of graded A-modules. Since the di-
mension vector of M is (2,6,11,12,11,6,2) by Fact 3.4, we have Hy = M'(-8) as graded
A-modules, as claimed.

Let us now prove the existence of the short exact sequence (3.15). The following GAP code
shows that the dimension vector of the submodule of H3 generated by the basis elements ¢}, i €
[1,8] of Hs 5 is (8, 18,32, 42, 40,30, 16,6, 1).

Imm:=Im(0,3,3);;
RankMat (Imm) ;
# 515
gene:=geneMH (0, 3, 3) ;;
Append (Imm, gene) ;
RankMat (Imm) ;
# 523
Uh:=UU(gene, 3) ;; Vh:=VV(gene, 3);; Wh:=WW(gene,3);;
for r in [4..11] do
hxr:=HXR (0, Uh,Vh,Wh,3,3,r-3);
Im3r:=Im(0,3,r);
Append (Im3r, hxr);
Print (r, "™ ", RankMat (Im3r)-RankMat (Im(0,3,r)), "\n");

[o}

O O ~J O U >~

18
32
42
40
30
16
10 6
111

HH H H o H H W O

Let M* be the quadratic module generated by the set {¢; | i € [1,8]} of eight homogeneous
elements of degree zero, subject to the following 30 relations

C1%1,2,C1%1,3, C122,3, C2%1,2, C2T1,4, C2T2,4, C3T1,3, C3T1,4, C3T3,4, C4T2,3,C4T2, 4, C4T3 4,

C521,3 — C1T2.4 + C3%2,4,C5%2,4 + C2%13 — C4T13,C6T2,3 + C12T1,4 — C4T1 4,

C6T1,4 — C2T2,3 + C3T2,3,CrT1,2 + C1T3,4 + C2T3,4,C7T3 4 + C3T1,2 + C4%1,2,C5%1 2 + T34, (3.16)
C5%3,4 — C6T1,2,C6%1,3 — C7T2,4,C6L2,4 + C7T13,C5%1,4 + C7T23,C5%23 — C7T1 4,

C8x1,2,C8%1,3,C822,3,C8T1 4,C8T2 4,C8T3 4.

Using GAP we get that the dimension vector of M* is (8,18, 32,42, 40,30, 16,6, 1). It is direct
to check that the elements ¢}, i € [1,8] of Hj satisfy the quadratic relations (3.16). Indeed, the
following code shows that the dimension of the subspace generated by B3 4 together with the
elements of the form (3.16) with ¢} instead of ¢; coincides with the dimension of B3 4.

gene:=geneMH (0, 3, 3) ;;

Uh:=UU (gene, 3);; Vh:=VV(gene, 3);; Wh:=WW(gene, 3);;

hx:=HXR (0,Uh,Vh,Wh,3,3,1);;

cc:=0%x[1..30]1;;

ccl[l]:=hx[1];; cc[2]:=hx[2];; cc[3]:=hx[3];; ccl[d4]:=hx[7];; cc[5]:=hx[10];;

cc[6]:=hx[11];; cc[7]):=hx[14];; cc[8]:=hx[16];; cc[9]:=hx[18];; cc[1l0]:=hx[21];;
cc[1l1l]:=hx[23];; ccl[l2]:=hx[24];; cc[1l3]:=hx[5]-hx[17]-hx[26];;

cc[14] :=hx[8]-hx[20]+hx[29];; cc[15]:=hx[30]-hx[31];; cc[l6]:=hx[4]-hx[22]+hx[33];;
cc[17]:=hx[9]-hx[15]-hx[34];; cc[18]:=hx[25]+hx[36];; cc[19]:=hx[6]+hx[12]+hx[37];;
cc[20] :=hx[35]+hx[38];; cc[21]:=hx[28]+hx[39];; ccl[22]:=hx[27]-hx[40];;
cc[23]:=hx[32]-hx[41];; cc[24]:=hx[13]+hx[19]+hx[42];; cc[25]:=hx[43];;

ccl[26] :=hx[44];; cc[27]:=hx[45];; cc[28]:=hx[46];; cc[29]:=hx[47];; cc[30]:=hx[48];;
Imm:=Im(0,3,4);;

RankMat (Imm) ;

# 1020

Append (Imm, cc) ;

RankMat (Imm) ;

# 1020

Hence, there is a morphism M*(—6) — Hj of graded A-modules whose image is the submodule
of Hj generated by c},i € [1,8]. Since the dimension vectors of M* and the submodule of Hj
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generated by ¢;,i € [1,8] are the same, the previous morphism is injective. Moreover, the
submodule of M* generated by ¢;,i € [1,7] is isomorphic to M? via the map given by ¢; — h;
for i € [1,7], and the submodule of M* generated by cg is isomorphic to the trivial A-module
k. It is direct to check that these submodules have trivial intersection, by degree reasons. By
comparing the Hilbert series of M*, M? and k we obtain the isomorphism M* =~ M? & k of
graded A-modules. In consequence, there is an injective morphism M?(—6) & k(—6) — Hs. By
a direct dimension and grading argument using Table 3.4, its cokernel is exactly k(—8).

Finally, we prove that the short exact sequence (3.15) is non-split. Let ¢; for i € [1,33] be the
basis elements of space Hs 5 and p : Hs(k) — k(—8) the surjection in (3.15), satisfying that
p(c;) = 0 for i € [1,32], and p(c33) = e1, where e; is the identity element of k(—8). The
short exact sequence (3.15) is split if and only if there exists a morphism s : k(—8) — Hs(k) of
graded A-modules such that the composition ps is the identity map. Assume that there exists
such a map s. Let m = s(e;) € Hs. Then m is of the form Z?il Aic; + ca3 for A\; € k, and
m.z = s(er).x = s(e;.x) = s(0) =0forall x € A;. In particular, Zf’il AiCiT1,2 + c33x1,2 = 0 for
some \; € k, i.e. c33xy 2 is a linear combination of c;z1 2 for ¢ € [1,32]. Using GAP, we choose
suitable representative elements ¢ € D3 5 of ¢; for i € [1, 33], and get that the dimension of the
space spanned by ¢}z o for ¢ € [1,33] and elements in Bs g, is strictly larger than the dimension
of the space spanned by c}xz1 » for ¢ € [1, 32] and elements in Bs g, as the following code shows.

gene:=geneMH (0, 3,3) ;;

Uh:=UU(gene, 3) ;; Vh:=VV (gene, 3);; Wh:=WW(gene,3);;
hx:=HXR(0,Uh,Vh,Wh,3,3,2);;

hxx:=0x[1..33];;

hxx[1]:=hx[14];; hxx[2]:=hx[15];; hxx[3]:=hx[16];; hxx[4]:=hx[17];; hxx[5]:=hx[18];;
hxx[6] :=hx[19];; hxx[7]:=hx[25];; hxx[8]:=hx[26];; hxx[9]:=hx[27];; hxx[10]:=hx[29];;
hxx[11]:=hx[31];; hxx[12]:=hx[32];; hxx[13]:=hx[39];; hxx[14]:=hx[40];;

hxx[15] :=hx[41];; hxx[16]:=hx[42];; hxx[17]:=hx[50];; hxx[18]:=hx[51];;

hxx[19] :=hx[58];; hxx[20]:=hx[59];; hxx[21]:=hx[60];; hxx[22]:=hx[61];;

hxx[23] :=hx[65];; hxx[24]:=hx[67];; hxx[25]:=hx[77];; hxx[26]:=hx[78];;

hxx[27] :=hx[79];; hxx[28]:=hx[80];; hxx[29]:=hx[88];; hxx[30]:=hx[89];;
hxx[31]:=hx[91];; hxx[32]:=hx[93];; hxx[33]:=Ker(0,3,5)[79]1;;

Imm:=Im(0,3,5);;

RankMat (Imm) ;

# 1550

Append (Imm, hxx);

RankMat (Imm) ;

# 1583

gene:=hxx;;

Uh:=UU(gene, 5) ;; Vh:=VV(gene,5);; Wh:=WW(gene,5);;

cc:=HXR(0,Uh,Vh,Wh,3,5,1);;

ccl2:=0*[1..32];;

for 1 in [1..32] do
ccl2[i]:=cc[6%x1-5];

od;

Imm:=Im(0,3,6);;

RankMat (Imm) ;

# 1890

Append (Imm,ccl2) ;

RankMat (Imm) ;

# 1910

Append (Imm, [cc[6%33-5]1);

RankMat (Imm) ;

# 1911

This shows that cgsz1,2 # 0, and it is not a linear combination of ¢;z; 2 for ¢ € [1,32], which is
a contradiction. So, (3.15) is non-split. O

3.4 The homology of the Koszul complex of M fori € {1,2,3}

For a quadratic A-module M, we write the quadratic dual module M'" simply by M', and
write the Koszul complex of M by (Ke¢(M),de(M)), where K,,(M) = (M",))* ® A for n € Ny
and the differential d,, (M) for n € Nis given by the multiplication of 3, ;) 7 ¥i,; ® 2;,; on the
left. Let Ky 0 (M) = (ML,)* @ A, dnn(M) = dn(M)|k,, (1) 2 Knom (M) = Kp—1,m41(M),
B =Im(dpg1,m—1(M)), D), = Ker(dy,m(M)) and H, ,, (M) = D), /BN for n € Ny and
m € [0,12]. Let H,,(M) = @yeq0,12] Huym (M) for n € Ny. Using GAP, we can also compute
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the dimension of the H,, ,,, (M) for n less than some arbitrary positive integer, m € [1,12] and
i€ [1,3].

3.4.1 Homology of the Koszul complex of M*

In this subsubsection, we compute H,, (M) for all n € Nj.

3.4.1.1 The dimensions of the homology groups

Recall that M' = (W ® A)/(I), where W is the 2-dimensional vector space spanned by a1, as,
and I is the subspace of W ® V spanned by (3.8). The quadratic dual (M) = @,en, (M), =
(U ® A")/(J) of M! is an A'-module, where U is the 2-dimensional vector space spanned by
b1, ba (for {b1, b2} the dual basis to {a1,az2}), and J is the subspace of U ® V* spanned by

{b1y1,2 — b2y 2, b2y1 3, b1y2,3, b1Y1,4, b2y2,4, b1ys.a — bays ). (3.17)
Lemma 3.12. Recall that B' = U, en, B, is the basis of A'. Let u,v € B' and

Y12 = {Fy1hys%lr1, 2 € Nob, Y13 = {£y1’395% (1,72 € Nob, Yo 3 = {Fys'3y1% 71,72 € No}.
(3.18)
Ifuv €Y, for (i,7) € Sy, then u,v € Y ;.

Proof. We will prove the lemma by induction on the degree of v. Let u € %!, and v € %A,
for m,n € Ny. Obviously, the lemma holds for n = 0 and m € Nj. Assume that v = v’y for
y € {ys,e|(s,t) € Ftand v’ € B,_,. Note that uv’ = £c, wherec € %!, ,, ;. By Tables A.1- A7
together with (3.2) and (3.3), cy € Y; ; implies that ¢,y € Y; ;. Then, by induction hypothesis we
get that u,v" € Y; ;. In consequence, v = v’y € Y; ;, as was to be shown. O

Lemma 3.13. Set T, = {b1y} oy5 5" b1yt a5 3", bavh syt 5" | k € [0,n]} C (MY)-,, for n € No.
Note that T, has cardinal 3(n + 1) for n € N, and cardinal 2 for n = 0, since Ty = {b1,b2}. Then, T,,
is a basis of the space (M*)"_,, for n € Ny.

—-n

Proof. Note that the space (M!)' , is spanned by {biy,boy | y € B} for n € Ny. It is easy to
check that

biyi'2y1,3 = Xmb1¥33Y1,3 — Xm+101Y33Y1,2 = 0,
bjy1'aY2,3 = Xmbayi'3Y2,3 — Xm+1b2yi'3y1,2 = 0,
biy1'ay1,4 = Xmba¥s 4¥1,.4 — Xm+102y3'4y1,2 = 0,
biyi"2y2,.4 = Xmb1y1 4y2.4 — Xm+101Y7"491,2 = 0,
b1y7"391,4 = Xmb1Y5'4Y1,4 + Xm+1019774Y3,4 = Xmb2y54y1,4 + Xm+101974Y3,4
= Xmb2¥13Y1,4 + Xm+1019774y3.4 = 0,
b1y1"3Y3.4 = Xmb1Y1'4¥3.4 — Xm+10197"4y1,3 = 0,
bays'3y2,.4 = Xmbaysay2,4 + Xm+1b2Y3'4Y3,4 = Xmb1Y34Y2,4 + Xm+1b2Y5'4Y3,4
= Xmb1Y53Y2,4 + Xm11b2y5"4y3.4 = 0,
bays'3Y3.a = Xmb2ys4Y3.4 — Xm+1b2y5 42,3 = 0,
for j € [1,2] and m € N. Together with (3.17), we get that the space (M!)" , is spanned by T;,
for n € Np.

It is clear that Tj is linearly independent. Next, we prove that the elements in T}, are linearly
independent for n € N. Suppose that

D arbiytoysat+ D Bebiubausat+ D wbaysauiF =0
ke[0,n] keo,n] ke[0,n]
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in (M')",,, where ax, Bk, v« € k for k € [0,n]. Then

D crbiyiaysa D Bubiwiaysst+ D mbaysayis"

ke[0,n] ke[o,n] ke[0,n]
Z Mu(b1y12 — bayr 2)u + Z A2,ub2y1,3u + Z A3,ub1Y2,3u

uERB!, | u€ERB!, | uERB!, |

+ Z Aqub1y1,4u + Z As,ub2y2 au + Z N6,u(brys,a — baysa)u € U@ A,
u€B! | u€B! | u€B! |

where \; , € k fori € [1,6] and u € %},_;. So,

Z ’ka2y12€,3y111,2k:* Z A1,uboyr 2u + Z A2,ub2y1 3u + Z As,ub2y2 au
ke[0,n] ueR! | uER!, _, uER,
o (3.19)
Z A6,uboyzau € kibo} @ A= A
u€B! |
and
Z arbiyf s s " + Z Brb1yt 3y5 2"
ke[0,n] ke[o,n]
Z Alub1y1,2u + Z A3,ub192,3u + Z Ag,ub1y1,40u + Z X6,ub1ysau  (3.20)
uER! wERB!, | uER!, | u€RB, |

ceki{b}®A = A"
Lemma 3.12 and (3.19) imply that

Z Wb 3yt 2" = Z A1uY1,2u + Z A6,uy3,au =0

k’E'IO,n]] ueRB! ﬂYl’z u€ER! ﬂYLQ

n—1 n—1

in A', whereas Lemma 3.12 and (3.20) imply that

Sooarbasit = > AMavieu+ D Aewysau, Y Beybaysst =0

kefo,n] ueR!, _NY1 2 w€RBL, _ NYi > ke[o,n]

n—1 n—1

in A'. Hence, o, = B¢ = v = 0 for k € [0,n]. The lemma is thus proved. O

Given n € N, we will denote by T, = {z* | = € T,} the dual basis of T,,. Note that the
differential d; (M) : K1 (M) — Ko(M?) is given by

(b1y1,2)" |1 = bl |21 2 + b3|w1 2, (b1y1,3)" |1 = bT|®1 3, (b1y2,4)" |1 = bI|x2 4,
(b1y3,4)"|1 = bT|x3,4 + b3|x34, (b2y2,3)" |1 = b3|xa 3, (boy1,4)" |1 = b3|xy 4,

where byy; ; € Th and (bsy; ;)* € T7 is the dual element of b,y; ;. The differential d,, (M by
K, (M) = K,_1(M?") for n > 2 is given by

n—r, r—1

(bsy75 "y ) 1= (=17 (sy?s Y ) i + (bsy)'y vy ) ek,

where s € [1,2], r € [0,n], (i,5) € S, (k,1) € F with #{4,j, k, 1} = 4, bsy;"; "yp, € T, and
€ ((MY),)* € Tr is the dual element of x € T}, C (M*1)",

Proposition 3.14. We have dim H,,(M?') = 0 for integers n > 2.

Proof. 1t is clear that there is an isomorphism ((M 1)’, )* ® A — k6, ® A of chain complex
of graded A-modules given by (bsy;'; vy )|z — 2 b7 28|z, where + € Aand n € N. So,

dim BM = dim C,, ,,, for m € [0,12] and n € N, where dim C,, ,, is given by Lemma 3.8. The
result now follows from the fact that the Koszul complex K, (M 1) is isomorphic to the complex
k6. ® A for e € N and Remark 3.10. O

25



Corollary 3.15. The dimension of B,%ln forn € Ng and m € [0, 12] is given by

n~m |0 1 2 3 4 5 6 7 8 9 10 11 12
n=0 |0 6 27 72 131 186 210 192 142 84 38 12 2
neN |0 3n+6 15n+27 420472 84n+138 129n+204 159n+243 159n+234 1290 +183 8dn+114 42n+454 1on+18 3n+3

Table 3.7: Dimension of sz”:n

Proof. The last row of Table 3.7 follows from Lemma 3.8, since dim B%; =dimC, , forn € N
and m € [0,12], as explained in the proof of Proposition 3.14. For the remaining case, note

that dim B}, = dim DY’ = dim(((M")})* ® A,,) — dim Hy 44 = 2dim Ay, — dim Hy 44 for
m € [0, 12]. The result now follows. O

Corollary 3.16. The dimension of D{Wnll for m € [0,12] is given by

m 0 1 2 3 4 5 6 7 8 9 10 11 12
dimD{”nlI 0 9 42 121 240 366 444 434 342 214 102 34 6

Table 3.8: Dimension of Df{il

Hence, the dimension of Hy ,,,(M?) for m € [0,12] is exactly given in Table 3.9, by dim Hy ,, (M) =
dim D{VIWIL — dim B{”nl1 In particular, dim Hy (M) = 194.

Proof. The result follows directly from dim DM = dim((M")" })* ® A,,) — dim B!, ., =
6 dim A,, — dim B(])Vﬁ,ll 41 for m € [0, 12], together with Corollary 3.15. O

We can also use GAP to get the dimension of the homology H,,(M*) of the Koszul complex of
M? for n less than some positive integer. In particular, using Appendix A.4 and the following
routine in GAP

for j in [0..8] do
for i in [1..12] do
Print(j, " ", i, " ", RankMat (FF(1,3,1i)), "\n");
od;
od;

we obtain the dimension of nyrln for n € [0,8] and m € [1,12]. The dimension of homology of
the Koszul complex of M! for n = 1 and m € [0,12] is given in Table 3.9. The dimensions that

are not listed in the following table are zeros.

n~m |0 1 2 3 4 5 6 7 8 9 10 11 12
1 7 18 33 42 41 30 16 6 1
Table 3.9: Dimension of H,, ., (M").

3.4.1.2 The A-module structure of the homology groups
Lemma 3.17. We have the isomorphism
H,(M') =0 (3.21)

of graded A-modules for n > 2, as well as the non-split short exact sequence of graded A-modules of the
form

0 — M?(—4) —» H; (M) = k(—6) @ k(—8) — 0. (3.22)

Proof. The isomorphism in (3.21) for n € N\ {1} follows from Proposition 3.14. It remains to
show the existence of the non-split short exact sequence.

The following GAP code shows that the dimension vector of the A-submodule of H; (M) gen-
erated by basis elements h/,i € [1,7] of Hy 3(M?!) is (7,18, 32,42, 40, 30, 16,6, 1).
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Imm:=Im(1,1,3);;
RankMat (Imm) ;
# 114
gene:=geneMH (1,1, 3);;
Append (Imm, gene) ;
RankMat (Imm) ;
# 121
Uh:=UU(gene, 3) ;; Vh:=VV(gene, 3);; Wh:=WW(gene,3);;
for r in [4..11] do
hxr:=HXR(1,Uh,Vh,Wh,1,3,r-3);
Imlr:=Im(1l,1,r);
Append (Imlr, hxr);
Print(r, " ", RankMat (Imlr)-RankMat (Im(1l,1,r)), "\n");

[o}

O O ~J O U >~

18
32
42
40
30
16
10 6
111

HH o H H H H O

Moreover, it is direct to check that the elements h},i € [1, 7] of H; (M?!) satisfy the quadratic re-
lations (3.9) defining M?. Indeed, the following code shows that the dimension of the subspace

generated by B{‘fﬂf together with the elements of the form (3.9) with & instead of h; coincides
with the dimension of B}, .

gene:=geneMH (1,1,3);;

Uh:=UU(gene, 3) ;; Vh:=VV(gene, 3);; Wh:=WW(gene, 3);;
hx:=HXR(1,Uh,Vh,Wh,1,3,1);;

cc:=0x[1..24];;

cc[l]:=hx[1];; ccl[2]:=hx[2];; cc[3]:=hx[3];; ccl4]:=hx[7];; cc[5]:=hx[10];;

cc[6]:=hx[11];; cc[7]:=hx[l4];; cc[8]:=hx[16];; cc[9] —hx[18],, cc[10]:=hx[21]1;;

ccl[ll]: *h [23];; ccl[1l2]:=hx[24]1;; cc[13]:=hx[5]-hx[17]-hx[26];

cc[1l4]:=hx[8] hx[20]+hx[29],, cc[15]:=hx[30] hx[3l] ; ccllo]: —hx[4]7hx[22]+hx[33];;

cc[17] x[9]-hx[15]-hx[34];; cc[18]:=hx[25]+hx[36];; cc[19]:=hx[6]+hx[12]+hx[37];;
07]:

cl[2 x[35]+hx[38];; cc[21]:=hx[28]+hx[39];; cc[22]:=hx[27]-hx[40];;
cc[23] —hx[32]—hx[4l];; ccl[24] :=hx[13]+hx[19]+hx[42];;
Imm:=Im(1,1,4);;
RankMat (Imm) ;
# 222
Append (Imm, cc) ;
RankMat (Imm) ;
# 222

Hence, there is a surjective morphism from M?(—4) to the submodule of H; (M*) generated
by h},i € [1,7], which is an isomorphism of graded A-modules since the dimension vector
of M? is also (7,18, 32,42,40, 30, 16,6,1). Namely, there is an injective morphism M?(—4) —
H; (M?") of graded modules. A simple argument using dimensions and grading together with
Table 3.9 tells us that the cokernel of this injective morphism is exactly the graded A-module
k(—6) @ k(—8), as was to be shown.

We finally show that (3.22) is non-split. Let ¢, for ¢ € [1,33] be the basis elements of space
Hi5(M?') and p : Hi(M?') — k(—6) @ k(—8) the surjection in (3.22), satisfying that p(c;) = 0
for i € [1,32], and p(c33) = e1, where e; is the identity element of k(—6). The short exact
sequence (3.22) is split if and only if there exists a morphism s : k(—6) @& k(—8) — Hy(M?!)
of graded A-modules such that the composition ps is the identity map. Assume there is such
amap s. Let m = s(e;) € Hy 5(M?'). Then m is of the form Zf’il Aic; + ca3 for \; € k, and
m.x = s(e1).x = s(er.x) = s(0) =0forall z € A;. In particular, Zf’il AiCi1,2 + c33x1,2 = 0 for
some \; € k, i.e. cz3zq 2 is a linear combination of ¢;x1 2 for i € [1,32]. Using GAP, we choose
suitable representative elements ¢; € D} "of c; fori € [1, 33]], and get that the dimension of the
space spanned by c.z; 5 fori € [1,33] and elements in B} 6 ,1s strictly larger than the dimension
of the space spanned by c/z1 » for i € [1,32] and elements in B~ 6 , as the following code shows.
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gene:=geneMH(1,1,3);;
Uh:=UU(gene, 3) ;; Vh:=VV(gene,3);; Wh:=WW(gene,3);;
hx:=HXR(1,Uh,Vh,Wh,1,3,2);;

hxx:=0%[1..33];;
hxx[1]:=hx[14];; hxx[2
hxx[6] :=hx[19];; hxx|[

;7 hxx[4]:=hx[17];; hxx[5]:=hx[18];;

:=hx[15];; hxx[3]:=hx[16
: ;7 hxx[9]:=hx[27];; hxx[10]:=hx[29];;

]
]:=hx[25];; hxx[8]:=hx[26
12]1:=hx[32];; hxx[13]:=hx

]
7 17
hxx[11]:=hx[31];; hxx[ [39];; hxx[14]:=hx[40];;
hxx[15] :=hx[41];; hxx[16]:=hx[42];; hxx[17]:=hx[50];; hxx[18]:=hx[51];;
hxx[19] :=hx[58];; hxx[20]:=hx[59];; hxx[21]:=hx[60];; hxx[22]:=hx[61];;
hxx[23] :=hx[65];; hxx[24]:=hx[67];; hxx[25]:=hx[77];; hxx[26]:=hx[78];;
hxx[27] :=hx[79];; hxx[28]:=hx[80];; hxx[29]:=hx[88];; hxx[30]:=hx[89];;
hxx[31]:=hx[91];; hxx[32]:=hx[93];; hxx[33]:=Ker(1,1,5)([76];;

Imm:=Im(1,1,5);;

RankMat (Imm) ;

# 333

Append (Imm, hxx);

RankMat (Imm) ;

# 366

gene:=hxx;;

Uh:=UU (gene, 5);; Vh:=VV(gene,5);; Wh:=WW(gene,5);;

cc:=HXR(1,Uh,Vh,Wh,1,5,1);;

ccl2:=0*«[1..32];;

for 1 in [1..32] do
ccl2[i]:=cc[6%xi-5];

od;

Imm:=Im(1,1,6);;

RankMat (Imm) ;

# 402

Append (Imm,ccl2) ;

RankMat (Imm) ;

# 422

Append (Imm, [cc[6%x33-5]11]);

RankMat (Imm) ;

# 423

This shows that cg3z1,2 # 0, and it is not a linear combination of c;z1 2 for ¢ € [1,32], which is
a contradiction. So, (3.22) is non-split. O

3.4.2 Homology of the Koszul complex of M?

3.4.2.1 The dimensions of the homology groups

Recall the definition of the quadratic module M? given in Subsection 3.2. Let {g; | i € [1,7]} be
the dual basis to the basis {h; | i € [1,7]} of the space of generators of M?. Then, it is easy to
see that the A'-module (M?)' is generated by g;,i € [1, 7], subject to the following 18 relations

91Y3,4 — 92Y3.4, 93Y1,2 — 94Y1,2, 95Y1,2 — 96Y3,4, 95Y3.4 + J6Y1,2, 91Y3,4 — 97Y1,2, 93Y1,2 — 97Y3.4,
91Y2.4 + 93Y2.4,92Y1,3 + 9aY1.3, 96Y1,3 + g7rY2.4, 96Y2,4 — 97Y1,3, 91Y2,4 + G5Y1,3, 92Y1,3 — 95924,

91Y1,4 + 94Y1.4,92Y2,3 + 93Y2.3, 95Y2,3 + g7rY1,4, 95Y1,4 — 97Y2,3, 91Y1.4 — 96Y2,3, 92Y2.3 + J6Y1,4-
(3.23)

Using GAP we get the basis of (M2)", for n € [0, 3] given in Appendix A.5. Let UM be the
subset of (M?)", consisting of the following 24 elements
glyfglyl,s, glyﬁglyz,sa 9 e 1yt s Y glyﬁggyigv 919?75291,3211,4, 92 Y1 3Y2.4,
glyf§2y1,3y3,4, gly?,§2y2,3y1,4, gly?,52y2,3y2,4, gly?,§2y2,3y3,4, glnyQy%A, glnyByigy3,4,
gly?,ggymyh, 911/?,53112,31/%,47 g2yf§1y1,4, 929?,§1y2,4, gznyQ?J%A» 9397115191,47 93%,51?/3,47

n—2, 2 n—1 n—1 n—2,2
93Y1,3 Y1,4:94Y23 Y2,4,94Y23 Y3,4,94Y2 3 Y2 4,

(3.24)

and 6;M * the subset of (M?)"_,, consisting of the following 3n + 21 elements

_ —1 —1

1Y 2, 91YT 2 Y3 a5 91Y3.45 G2YT 25 G3Y1,2Y5 4 > G3Y3 4> G4Y5 4> 95YT 05 95YT 2 Y345
- -1 -1

G1YT 35 91Y1 3 Ys 4> 915 45 G2Y1,3Y5 4 > 925 4> G3YT 35 94Y3 45 96Y1 3, I6Y1 3 Y2,45 (3.25)
— -1 -1

91933, 91Y5 3 Y1 45 91Y1 4, 92Y2,3Y1 4+ 9291 45 G3Y1 4> 94Y3 35 95Y5 35 95Y2 3 Y1.4,

where r € [1,n — 1] and n > 4.
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Lemma 3.18. The set TM" = ULM UBLM” is a basis of (M?2)",, for n > 4. Moreover, dim(M?)),

7, dim(M?)"

—n

=24, dim(M?)" , = 43 and dim(M?)" ,, = 3n + 45 forn > 3.

Proof. We will prove that the set T is a basis of (M?2)"_,, for n > 4. Firstly, using GAP, T is
a basis of (M?)'_, for n € [4,7]. Note that the space (M?)"_, is spanned by {g:y | i € [1,7],y €
B!} for n € Ny. Moreover, the following identities are straightforward to verify and are left to

the reader:

n—3, 2
91Y1,2 Y1,3Y1,4

n—3, 2
91Y1,2 Y1,3Y2,4

n—1
91913 Y1,4 =

n—1 _
91Y1,3 Y34 =

n—1
91Y2.3 Y2,4

n—1
91Y2.3 Y34 =

9201 3

n—1 _
92Y12 Y2,3 =

= 912/?,531/1,411%,3 = —XnglyS,Zgyl,zyig + Xn+191?/3,13y1,4yi3

= XnG5Y13Y5 5 Y1.2UT.s — Xnt195Y1,3Y5 4 Y14V s = —g5Y5 o¥2,3Y5 4

= —g6Y3.aYi 2Y2.3Y5 4 = G6Y2,3Y5 oYs s = 1YLAY: 2V = 1yt 2 Y14,
= 91072 Y247 5 = —Xn 1YL 1 V12U 3 + Xnt 19101 1 Y2V 5

= *Xngtsyz,syffyl,zyig + Xn+196y2,3y?,24y2,4y%,3

= Xn96¥3 o¥18Y1 2" = Xnt196Y1 2 Y1,3Y1.4

= —Xn95y3,4y%,291,3y?;4 + Xn+1g5y3,4yf§3y1,3y1,4

= Xn95Y18Y7 201 3" — Xn+195Y1,3Y1,4Y1 5 Y1

= —XnG1Y2,4Y10U0 1" Xn 19192491497 2 Y14 = G107 Y2.u,

= —XnG7YT aVL 2 YL + Xnt197Y2,3Y1,2Y3.4Y1 5
= Xng5y2,3y1,4yf§3y1,3 + Xn+195y1,4y1,2y3,4yf§3
= —XnG5Y1 3Y1.2Y2.4Y1 3" — Xn4105Y1,8Y1.4Y1 5"
= xng1y2,4y1,33/1,23/2,42/?,54 + Xn+1g1y2,4y1,4yf52
= XnG1Y1 2 Y1,3Y1,4 + Xn+191yf§1y1,4,

= Xng7Y2,4Y1201 5" + Xnt197Y5 391 2"

= —Xng6y1,3y1,zyf§2 + Xn+196y2,4yl,3yf§2

= —Xn96Y5 3Y1s" + Xn+196Y2.3Y1.3Y14Y 2

= —XnG1Y1.4Y5 3Y15° + Xnr19191.4Y1,3Y1,4Y1 5"
= XnglyiEle,SySA + Xn+191y?,53yi393,4,

= Q1Y24Y5 s = —9sY1,3Y5 4 = Xn0sY1,4Y}3" — Xnt195Y1 4Vl

= Xng7Y2,3Y15" — Xn+197Y2,3U1.4Y15° = —Xng7U} 2 Y2,8 — Xn4197Y1 2 Y2,3Y3.4

= _Xngly3,4y?,52y2,3 - Xn+191y3,4y?,§3y2,3y3,4

—XnG1Y5 7 V1,3 F Xn4101Y5 0 Y14 = —Xng7Y1.2Y5 2 Y13 + Xn+197Y1.2Y5 4 Y14

_Xngly3,4y1,4y711’§2 + Xn+1gly3,4yf§1 = —Xn97yl,2y1,4yf§2 + Xn+197y1,2yf§1

= Xn91U1 2 Y2.3Y2.4 + Xnt 19191 2 Y1 32,4 = XnG1Y1 2 Y2,3Y2.4 + Xnt191U1 5 Y20,

(=) grysays st = (=1)" M gryroys st

= —XnGTYsaY12Y5 5" + Xn+197Y5 5 Y12

= Xng6Y1,3Y2.4Y1,2Y5 10 — Xn+196Y1,3Y5 4 Y12
= —Xng6Y2,3Y1,3Y1,4Y5 4 + Xn+196Y2,3Y1 3 Y14
= —XnG1Y14Y1,3Y1,4Y5 1" + Xn+19191,4Y15 Y1,

= Xngly?,§2y2,3y3,4 + Xn+1912/f§1y3,4 = Xngly?,§2y2,3y3,4 + Xn+191yf§3yigy3,47

= 05Y2,4Y1,3 = —95Y1,3Y2,4 = 91y§,4, 92y§,3 = —96Y1,4Y2,3 = g6Y2,3Y1,4 = glyizp

n—1 _
92Y12 Y1,3 =

—Xn92Y3 3Y12° + Xn+1925 391,31 2"
= —Xn 1YL aY2.3Y1 5" + X 1O aYL3YT 2" = 91yt 2 YLsYt 4,
—XnG23 sY12° + Xn+192U3 V2,391 2"

= —Xn1Y3.4YL3Y 2" Xnt191Y5 Y237 2> = 91075 Y230 4
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93Y1 0 = 7YYLz = —9TY1,2Y3,4 = —G1Y3 45
95Y3 .4 = —J6Y1,2Y3,4 = J6Y3,4Y1,2 = 95Yi.9: G5Yt.a = J7Y2,3Y1.4 = —grY1,4Y2,3 = G5Y3 3,
95U12 VL8 = Xn0sY1,3Y2,3Y1 2" + Xnt195Y18Y1 2 = —XnG1Y2,4Y2,3Y1 2" — Xn+191Y2,4Y1 2"
= XnglyiEQyQ,SySA - Xn+191yf§1y2,4,
9512 2,3 = —XnGsY1,3Y1 2"+ Xn+105U1 8Y2,301 2"
= Xn91y274?/?,§1 - Xn+191y274y1,3y2,3yf§3
= —XnG1U1'2 Y14 — Xn 4101912 Y1.3Y3.4,
9512 Y14 = XnG5U5 4UT 2 Y14 = Xng5YT 3Y1.4Y2,4Y1 2"+ Xn+ 19591 aY1,4Y7 2"
= —Xng1y2,4yl,3y1,4y2,4yf§4 - Xn+191y2,4y1,3y1,4y?,§3
= Xn1U5' 2 Y285 4 + Xn 19191 2 Y2,3Y2,4,
gsyfglyz,zx = Xng5y§74y?,§3y2,4 = —xngsyism,wfgs - Xn+195y%,3y1,4y2,4y?54
= xng1y2,4y1,3y1,4y?,§3 + Xn+19192,4311,3?;1,4?/2,42/?54
= —Xng1Y} 2 YY1 + Xn+ 191972 Y13V E 4
gsyé‘,glym = g5yi4y§’§3y2,4 = Xngsyf,3y2,3y2,4y§l,§4 - Xn+1g5y%,3y2,3ys,4y§,§4
= —xn91yz,4y1,3y2,3y2,4y3,§4 + xn+1gly2,4y1,3yz,3y3,4y3,§4
= XnG1Y12 Y1334 T Xn+10197 2 V1,307 45
95Y5 3 Vs = G5YLaYs s Ysa = XnG5Yi 3Y2.3Y3.4Y5 5 + Xn+195Y5 3Y3,4Y5 5"
= _Xngly2,4y1,3y2,3y3,4y;§4 - Xn+1g1yz,4y1,3y3,4y3,§3
= fxngly{‘?yl,syﬂ + Xn+191yf§2y1,3y2,47
96y§,4 = g7Y1,2Y2,4 = —97Y2,4Y1,3 = 963/%,37
96yf§1y1,4 = —Xng6Ys.4YT s + Xnt196Y14Y1 5 = —Xn0sY12Y15" — Xnt192Y2,3Y1 5
= *Xngly?,§2y2,3y3,4 - Xn+1glyf§3y2,3yi4a
9615 Y34 = —XnG6Y14YT3 "+ Xn+106Y3.4Y1 5" = Xng2Y2,3U15 " + Xnt105Y1,201 5
= —Xn1Y12 Y2,3Y1 4 + Xnt 19101 2 Y2314,
for n > 5. Using the previous identities together with (3.23) we see that the space (M?)" , is
spanned by T for n > 8.

We will next prove that the elements in 7 *forn > 8 are linearly independent. Suppose that
we have the identity

Z a;t; + Z almt}’?—i— Z ag’?’t%’?’—i— Z a?’?’t?’?’: Z N riu, (3.26)

i€[1,24] i€[1,n+7] i€[1,n+7] i€[1,n+7] i€ [1,18],
u € By, g

in k{g;|li € [1,7]} ® A', where t; is the i-th element in (3.24) for i € [1,24], t1"* is the i-th
element in the first line of (3.25), t%’g is the i-th element in the second line of (3.25), and tf’?’ is
the i-th element in the last line of (3.25) for ¢ € [1,n + 7], r; is the i-th element in (3.23), and
ai,al? al? a?? Al € k. We need to prove that the coefficients o; vanish for all i € [1,24], as
well as that o} %, a}** and a* vanish for all i € [1,n + 7] . By Lemma 3.12, (3.26) implies that

S el = > M, (3.27)

i€[1,n+7] i € [1,6],
wEBL_ | NYL o

Z ot = Z N, (3.28)

i€[1,n+7] ie[7,12],
weEBL | NYL3

T a2t > N, (3.29)

i€[1,n+7] i € [13, 18],
u€RB, 1NYy3
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and

dooati= Y Npwt > Npwt Yo A, (3.30)

1€[1,24] i € [1,6], i € [7,12], i € [13, 181,
uGJ&n 1\Y12 “G%h,fl\ylﬁ u€873'n71\Y213

in k{g;li € [1,7]} ® A" By (3.27), we get o> = 0 for i € [1,n + 7]. Indeed, since there
is N0 9297 5, 93Y5 4, 9ay5 4 on the right side of (3.27), we get that ai’iz = a}l’il = aiis = 0.
Furthermore, as there is no g4y;',"y3 4 for n — 7 € N on the left side of (3.27), we see that A =0
foru e B, _,NYio. Moreover since there is no g7y% 4 on the left side of (3.27), we obtain that

)‘g" , = 0. This implies that o, 3 =0and \S = 0 for u € B!, _; NV . Finally, since there is no

3,4

g2u and gru for u € B!, on the left side of (3.27), we have that AL = \> = 0 foru € &B!,_; N Y} .
In consequence, we get a;> = 0 for i € [1,n + 1]. Now, we have that

aptegsyle + o tagsyla ysa = D> arlgsyre — geysa)ut Y Br(gsysa + geyre)u
re0,n—1] re0,n—1]

ink{g;|i € [1,7]} ® A', where @, = )\i”,l,r , and 6, = )\j”,l,r .
11,2 1 1 1

Y3,4 1,2 Y3,4

for r € [0,n — 1]. Hence,

12 n 12 el
QL 695Y1,2 T QY 795Y1 0 Y34

= 0’095yf2 + Z <a"” + ((_I)TX” + (_l)r1Xn+1)ﬁT—1>9591L,ETy§,4 + ﬁn—1g5y§,4
re[l,n—1]

+Bogeytat Y <ﬁr + (=D X + (1)Txn+1)ar_1>gﬁyf§ry§,4 — Gn-196Y54
refl,n—1]

in k{g:|i € [1,7]} ® A'. Comparing the coefficients, it is easy to see that ai’iﬁ = ) +7 =0 and
@, = 6, = 0 for r € [0,n — 1]. Similarly, (3.28) implies a;”® = 0 for i € [1,n + 7], and (3.29)
implies a?’g = 0for ¢ € [1,n + 7]. By regarding the coefficients of g; in (3.30) for ¢ € [1,7], we
get that (3.30) is tantamount to

91(y3.4A" + Y3 aA° + Y2 a AT + Yo s AT + 41 JAP 4y JATT) = Z ats,
i€[1,15]

92 (= Y3 A" +y1 3A% + 41 3AZ Yo s A 4 yp 3ATE) = Z it
i€[[16,18]
93 (Y1287 + 41 2A% + yo 4 AT + o 3 A1) = Z a;t;,
ic[19,21] (3.31)

94( - yl,2A2 + y1,3AES + y1,4A13) = Z a;ty,
ic€[22,24]

95 (y1,2A% + y3 s A" + y1 sAM — Yo 4 A 4y AT 4y JA0) =0,

96(— y3,4A°% + Y1 oA + 41 3AY + 2 g A — o s AT + gy 4 ATP) =0,

g7( = y1,20° — ys 4 A® + 4 g A” — Yy A0 4y JAY — gy sAM0) =0,
in k{g;} ® A' for i € [1,7] respectively, where A7 = > o v, M for j € [1,6], A7 =
Duem. v Muforj € [7,12], AV =37 gy, Mufor j € [13,18] and Y;; is defined in

(3.18). In consequence, we see that the elements in T/ * are linearly independent if and only if
equation (3.31) implies that a;; = 0 for i € [1, 24].

Let

i i 73 i i i i i
ahg =N, _1,a0 = AN, _1,a] = E Aol . ah = E Al

0 yIL,2 170 y;41’ 1 nyl Ty§,4’ 2 y?2 Ty§4’

rel,n—2], re[l,n—2],
r odd r even

) ) , ) . . )

=N b =N b= g Mo b, = E M.

O Tyt 0 ypa L T R eV

r € [1,n— 2], r e [1,n— 2],
r odd r even
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k k k k § k k § k
C(] :>\yn 1700 —>\ 'n. 1,01 = )\ n—1—r T47C2 == )\ n—1—r T4,

fori e [7,18], 7 € [1,6] U [13,18] and %k € [1,12]. From (3.31) as well as the products (3.4) and
(3.5) in A', we get a system E,, of linear equations in the field k, which contains 24 x 7 = 168

linear equations and 24 + 24 x 18 + 4 x 12 x 3 = 600 variables a;, A, for u€ U, _y,ah,al, al,
ab, b, b, b1, b, ck, ek, ¢, ck. Moreover, the linear independence of TM (or, equivalently, the
fact that (3.31) implies that a; = 0 for ¢ € [1,24]) is equivalent to the fact that the linear system
E,, implies that a; = 0 for ¢ € [1,24]. Note that E,, has the same form when n increases by 2.
Using GAP, the elements in T * are linearly independent for n € {8,9}, so the lemma holds

for all integers n > 8. O

Let UM* be the dual basis to ClLL;Mz, GM’ the dual basis to CGT’;MQ, and GM* = Ugig)es C@};L-ijz,
where @2M” is the subset of €" consisting of elements of the form (9syi7 "yp,)* for (i,5) €
S, (k,1) € F with #{i,j, k,1} = 4. Given n,m € N, let C,IL”;L be the subspace of k€M ® A,
spanned by

{dn+1( ?)(zlo) | z € By @ € A},

o M the subspace of C}/ spanned by

{du (M) (el | 2 € G410 o € A}
for (,7) € %, and U, M the subspace of B}/, spanned by

{dni1 (M) (2l2) | z € UML) @ € Apya ).

Using the actions listed in Appendix A6, it is direct but lengthy to check that the differential in

the subcomplex k%}lf’le ® A of the Koszul complex is given by

(gly?gl) 11+ (9191 2)" |x1 2,
(191 9y3,4) 11 = —(91075  ys,a) w12 + (9191 0) " w34 + (9207 2) " |34,
(1075 s ) e (1) (91912 y5.0) |12 + (91915 "5 e ) w4 forr € [2,n — 1],
(191,205 )" 11 = (=1)" (195 4) w12 + (91912055 1) [w5.4,
(gry5E)* 11 = (9195 4) [ws.a + (=1)"(g3y1.205 5 1) |12,
(9291511 = (g291) |12,
(g3y1,205 )" |1 = (=1)" (9355 4) w12 + (1) (9ay5 4) w12 + (gsv1.255 5 ") w54,
(9395 47)* 11 = (9395 4)* |23 4,
(94@/,31—1) 11— (9ay3.4)" |3,4,
(95731 = (g5y1)" |$1 2+ (95975 y3.4) |3 4,
(9591 9y3,4) 11— = (9512 ys.a) w12 + (9551 0) | w3.4,

for n > 4. Similarly, the differential in k%}lflM ® A is given by

(31 = (gly?g)*lwl 3,
(191 3y2,4) 11 = —(91075  y2,0) 21,3 + (91913) " w24 — (9397 3) " 22,4,
(5 " ys )L (1) (1975 v5.0) 215 + (1975 Y500 ) o, for r € [2,n — 1],
(191,395 11 = (=1)" (0195 4) " [w1,3 + (91913955 1) [ 22,4,
(91y24 )L (9195.4) w20 — (=1)" (92513955 )*|21,3,
(9251,395 )" |1 = (=1)" (9295 4) w13 — (1) (9ay5 4) w13 + (9201395 5 1) 72,4,
(92054 L = (9295 4)" 22,4,
(93575 11 = (g3yi's) |21 3,
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(gays )L (g4 4)" |24,

(969151 11 = (g6yi's) w13 + (96vT 5 Y2.a) 72,4,

(967 3y2.4) [T = — (96915 ' y2,4) " |71,3 + (9691'3) 72,4,
for n > 4, whereas the differential in k6 3 M ® Ais given by

(s L= (q1y55)" |$2 3
(9192, 391, 1)1 (glyz 3 U ) |T2,3 + (913/3,3)*\351 4~ (g4y§l,3)*|9€1,4,

(1955 "yt DL (1) (1955 91 0) 223 + (155" "y 0 ) |21 for r € [2,n — 1],
(912,391 4) "1 = (=1)" (9191 4) " |72,3 + (91923975 ") |14,
(i s 1 = (gyia) w1a — (1) (9292307 7" ) w23,
(9292351 4) 11 = (1) (297 0) w23 — (=1)"(g3y} 4) w23 + (92923075 ") 71,4,
(9274 1 = (9297 4)* |2 1,4,
(93974 ) 1 = (9391 0)*|21,4,
(9ay55")* 11 = (945 3)" w23,
(95055 )11 = (9595 ) w23 + (9555 y1.4) |14,
(9595 3y1,4) 11 = — (959575 y1.4) 22,3 + (9595 3) [ @ 1,4,

forn > 4.

Recall that the sets W/, E%J and E%J for (i,5) € J are defined in the paragraph before Table
3.5. For (i,5) € B, (k1) € F with #{i,j,k,1} = 4, let E"J be the subset of W:J containing
elements whose first element is z; ; and second element is not zj ;. Let E;}IJ be the subset of
Wi containing elements whose first element is z; ; and the second element is x ;. The left

multiplication of x,; from kE"’ | to kE/:J is isomorphic. It is easy to check that #(E%I U
Eb1) = a,,, where a,, is given in Table 3.5. A ba51s of C}2; M?* is given by dp.q (M2)(t;]x) for
iel,n+1]Uu{n+3n+7,n+8andzx c E: 1,dnH(Z\lQ)(t |z) for i € [n+ 4,n + 6] and
re B UEN, dn+1(M2)((gly§Ljfl) |z) for z € B} |, where t; € C@iflM is the i-th element
in the followmg sequence

g1y )" (gryl s ys4)" forr € [1,n], (grys i)™, (9200 5")", (g3y1.2954)", (39551,

(9493:{ ) a(95y1,2 ) 7(95?/1,2?}3,4) .

Abasis of C3; M is given by dy, 41 (M?)(t;|z) fori € [1, n+1}]U{n+5 n+7,n+8} andz € E-*

m—17/
A1 (M?)(t; |1:) forie {n+3,n+4,n+6tandz e E;;° UE" |, dpi1(M?)((91y54")*|2) for
xe BN, wheret; € C@ij’lM is the i-th element in the following sequence

(w3 (i " ys.0)" forr € [Ln], (w5 3", (9201,395.4)%s (9205 50)", (gsyi5h)",

1y e (3.33)
(9ay5 1) (96T 31)"s (g6yi sy2,4)"

A basis of C’fl:f’,;M2 is given by d,,+1(M?)(t;]z) fori € [1,n+ 1] U [n+6,n + 8] and z € E>* ,
dns1 (M?)(t;|7) fori € [n+3,n+5]and x € E%° \UE>? |, doyt (M?)((gry74")*|2) fora € E22 |,
where t; € %SflM is the i-th element in the followmg sequence

(919531 (91955 yi0)" for r € [Ln], (9192.5970)", (91978")", (920041 (93914,

( n+1

. . (3.34)
9495 51)", (95955, (9595 591,4)"

So, dim C};%MZ = am_1(n+7) + b;,—1, where a,, and b,, are given in Table 3.5.
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n,m m

Lemma 3.19. We have CM, = Dy CitM* and the dimension of Ci;3,M” is given by

n+8, ifm=1,
5n+39,  ifm=2,
14n +108, ifm =3,
28n + 214, ifm =4,
43n 4+ 326, ifm =35,
e ) B3n4399, ifm =06,
dm ™ =1 53, 4 306, ifm =1,
43n+319, ifm =S8,
28n 4206, ifm =29,
14n + 102, ifm = 10,
5n+36,  ifm=11,
n+7, ifm =12,

forall (i,5) € J1 and n > 4. Moreover, if (i,7) € J1, n > 4and m > 13, dim C};%Mz =0.

Lemma 3.20. We have dim UM’ = dim U}

M and dim(UM, N CM ) = dim(UM,,,, N CMS, )
forn > 4and m € [1,12].

2,m n,m n,m

Proof. Let
D DI (70t ) A U S (1 u TN

re[l,n—1], re[l,n—1],
r odd reven

for (i, j) € Ju, (k,1) € F with #{i, j, k, 1} = 4. Let

nrvn

@Z{j - (%};J}Mz \ {ti,jmv c [[2,71]]}) U {ui’j Vb

for (i,7) € J1, where t27" = (gry7'; " Hlyp ) € @M forr € [2,n]. Let

2 -
Qn = U U (UG es Q7).
It is clear that there is an isomorphism f, : kQ, — kQ, 2 of vector spaces. Consider thus the

linear isomorphism g, = f, ® id4g : kQ,, ® A — kQ, 42 ® A. Then U,i‘/{; C k@, ® A,, and
g (UM = UM, | forn > 4. Hence, UM, = UM, as vector spaces for n > 4.

Let Fid, = (k@57 @ A,,) N CL3M for (i, j) € Fy. Then

UM nCM = UM A (kQ, @ An) NCMY = UM N ( D Ff;’,in)
(4,7)€N

To prove that dim(UM, NCM ) = dim(U, ,,,N\CM, ), itis sufficient to show that g,, (Fi7,,) =
F’rlL<JF2m for (4, j) € J1. This follows directly from the next simple facts, whose proof is left to the

reader. If n is even, F}%J, is spanned by the elements

(B1) (1y2,)* iz, (id|wpg — wi |2 + (91y7) |2 + €99 |zp,)x for o € By,
(B2) ((gryp ) |t + "7 )y, (Wi @i + ubd | + (gryp ) e )y fory € BT,
(B.3) v |z jw, (gryp,)*|wijw forw € By \ EJ7 ),

(E4) dpi1(M?)(tH|x) for (r,z) € A%,

whereas, if n is odd, F}7, is spanned by the elements

©O.1) (gry))*|wi g, (Wi |wpy + vi|a; j)z forx € BT,
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©.2) ((gryp ) |z + 0"

i)y, (OF7 Tk g — i@ 4+ (9197) ek + €97 |eng — (gryi)* i)y

forye E}7 .,
(0.3) uy|zijw, (gry,)*|wijw forw € B\ By,

(04) dys (M?)(t3]) for (r,z) € AV,

Here, t}% (resp., t,7, t2:%) is the r-th element in (3.32) (resp., (3.33), (3.34)), and £ = (g2y7'5)*,
§93 = —(gsyl's)", €% = —(gay33)", 12 = (=1)"(gsvn2952)" ™ = (=1)" " (g2w1,39541)",
7% = (1" (g2y2a974 )" AV = ({03, 47, 8} B2 )U([n-4, e+ 6] % (% UE, ),
AV = ({n+5,n+T,n+8 xEX* YU({n+3,n+4,n+6} x (B2 UEL® ), and A>3

m

([n+6,n+8] x Ex2 ) U([n+3,n+5] x (B2, UEL? ). m

m

Recall that BS/I; (resp., Dﬂ/{;) is the image (resp., kernel) concentrated in homological degree n
and internal degree m + n of the Koszul complex of M?.

Proposition 3.21. The dimension of BM. is given by

n,m

0, ifm =0,
3n + 48, ifm=1,
150 +237,  ifm=2,
42n + 660,  ifm=3,
84n + 1314, ifm =4,
1290 + 2010, ifm =5,
dim BM = { 1590 + 2469, ifm = 6,
159n + 2460, ifm =7,
1290 + 1989, ifm =8,
84n +1290, ifm =9,
42n 4642, ifm = 10,
15n 4228,  ifm =11,
3n + 45, ifm =12,

forn > 3.

Proof. By Lemma 3.20, we have dim BM?, | —dim B), = dim CM, | —dimC} forn > 4and
m € [1,12]. Using GAP we get the value of dim B’ for n € [3,5] and m € [1,12]. O

n,m

Corollary 3.22. We have H,,(M?) = 0 forn > 4.

Proof. The result follows from dim DQ/I; = (3n + 45)dim A,, — dim BM" 1.m+1 forn > 4 and
m € [0,12], and dim H,, ,,,(M?) = dim DM’ — dim BY, . O

By Appendix A.4 and the following code

for j in [0..8] do
for i in [1..12] do
Print (3, " ", i, " ", RankMat (FF(2,73,1)), "\n");
od;
od;

we obtain the dimension of B,]l”; for n € [0,8] and m € [1,12]. Then the dimension of
H,,.n(M?) for n € [1,8] and m € [0,12] is given by Table 3.10. The dimensions that are not
listed in the following table are zeros.
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n~m |0 1 2 3 4 5 6 7 8 9 10 11 12
1 1 1

2 2 6 11 12 11 6 2

3 8 24 48 72 80 72 48 24 8

Table 3.10: Dimension of H,, ., (M?).

3.4.2.2 The A-module structure of the homology groups
Lemma 3.23. We have the following isomorphisms of graded A-modules

k(—4) B k(—6), ifn=1,

2\ A Ml(_6)7 lfn:2/
H,(M*) = M (—6), ifn=3, (3.35)
0, ifn > 4.

Proof. The isomorphisms in (3.35) for all integers n > 4 follow immediately from Corollary
3.22. A simple argument using dimension and grading together with Table 3.10 gives the iso-
moprhism in (3.35) for n = 1.

We prove that the space Hy(M?) is a quadratic module, which is isomorphic to M*!(—6). The
following GAP code shows that the dimension vector of the submodule of Hy(M?) generated
by two basis elements af, ay of Ho 4(M?) is (2,6,11,12,11,6,2). So, Hy(M?) is generated by the
two elements as an A-module.

Imm:=Im(2,2,4);;
RankMat (Imm) ;
# 1474
gene:=geneMH (2,2,4);;
Append (Imm, gene) ;
RankMat (Imm) ;
# 1476
Uh:=UU (gene, 4);; Vh:=VV(gene,4);; Wh:=WW(gene,4);;
for r in [5..10] do
hxr:=HXR(2,Uh,Vh,Wh,2,4,r-4);
Im2r:=Im(2,2,r);
Append (Im2r, hxr);
Print (r, " ", RankMat (Im2r)-RankMat (Im(2,2,r)), "\n");
d

H % e # H # O
= O 0 J oy U1~
[

N

02

Furthermore, it is direct to check that the generators af, a}y of Hy(M?) satisfy the quadratic re-
lations (3.8) defining M. Indeed, the following code shows that the dimension of the subspace

generated by Bé‘f; together with the elements of the form (3.8) with a} instead of a; coincides
with the dimension of Béw’;.

gene:=geneMH (2,2,4);;

Uh:=UU(gene, 4) ;; Vh:=VV(gene,4);; Wh:=WW(gene,4);;
hx:=HXR(2,Uh,Vh,Wh,2,4,1);;

cc:=0x[1..61;;

cc[l]:=hx[1]+hx[7];; ccl2]:=hx[2];; cc[3]:=hx[5];; cc[4]:=hx[6]+hx[12];;
cc[5]):=hx[9];; cc[6]:=hx[10];;

Imm:=Im(2,2,5);;

RankMat (Imm) ;

# 2244

Append (Imm, cc) ;

RankMat (Imm) ;

# 2244

Hence, there is a surjective morphism M*(—6) — Hy(M?) of graded A-modules. Since the di-
mension vector of M is (2,6,11,12,11,6,2), we have Ho(M?) = M'(—6) as graded A-modules,
as claimed.
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Next, we prove that the space H3(M?) is also a quadratic module, which is isomorphic to
M3(—6). The following code shows that the dimension vector of the submodule of H3(M?) gen-
erated by basis elements e}, € [1,8] of Hs 5(M?) is (8, 24, 48,72, 80, 72,48, 24, 8). So, H3(M?) is
generated by the eight elements e}, ¢ € [1, 8] as an A-module.

Imm:=Im(2,3,3);;
RankMat (Imm) ;
# 786
gene:=geneMH (2,3,3);;
Append (Imm, gene) ;
RankMat (Imm) ;
# 794
Uh:=UU (gene, 3);; Vh:=VV(gene,3);; Wh:=WW(gene, 3);;
for r in [4..11] do
hxr:=HXR(2,Uh,Vh,Wh,3,3,r-3);
Im3r:=Im(2,3,r);
Append (Im3r, hxr);
Print (r, " ", RankMat (Im3r)-RankMat (Im(2,3,r)), "\n");

[o}

O O ~J o) U1 >~

24
48
72
80
72
48
10 24
11 8

H H H o I H H H O

Moreover, it is direct to check that the generators e}, i € [1, 8] of H3(M?) satisfy the quadratic
relations (3.10). Indeed, the following code shows that the dimension of the subspace generated

by Bé‘ﬁf together with the elements of the form (3.10) with e} instead of e; coincides with the
dimension of B?I,‘f[:.

gene:=geneMH (2, 3, 3) ;;

cc[17} =hx[34];;
ccl[22]:=hx[45];;

Uh:=UU (gene, 3) ;; Vh:=VV(gene, 3);; Wh:=WW(gene, 3);;
hx:=HXR(2,Uh,Vh,Wh,3,3,1);;
cc:=0x[1..241;;
ccl[l]: —hx[1]+hx[12};; ccl[2] :=hx[6]-hx[7];; cc[3]:=hx[13] hx[24] ;
ccl[4]:=hx[18]+hx[19];; cc[5]:=hx[20]+hx[11];; cc[6]:=hx[23]-hx[8];;
cc[7] =hx[14]+hx[5];; cc[8]:=hx[17]-hx[2];; cc[9]:=hx[3] hx[22] ;
cll :hx[4]+hx[21];; cc[ll]:=hx[15]-hx[10];; cc[l2]:=hx[16]+h
3
4

07]: x[
cc[13] =hx[25];; [14] :=hx[26];; cc[1l5]:=hx[27];; cc[16] =hx[31];
c[18]:=hx[35];; c[l9]::hx[38];; cc[20] :=hx[40];; cc[21l]:=hx[42];
cc[23] =hx[47];; cc[24]:=hx[48];;
Imm:=Im(2,3,4);;
RankMat (Imm) ;
# 1566
Append (Imm, cc) ;
RankMat (Imm) ;
# 1566

9]

Hence, there is a surjective morphism M3(—6) — H3(M?) of graded A-modules. Since the
dimension vector of M?3 is (8, 24,48, 72, 80, 72,48, 24,8), we have H3(M?) = M3(—6) as graded
A-modules, as claimed. O

3.4.3 Homology of the Koszul complex of M3

3.4.3.1 The dimensions of the homology groups

Note first that M? = N & (Sreq1,4)5k) as graded A-modules, where N is the submodule of
M3 generated by e;, i € [1,4], and Sy, is the submodule generated by ej4 for k € [1,4]. Let
{fi |'i € [1,8]} be the dual basis to {e; | i € [1,8]}. It is easy to see that the A'-module (M3)" is
generated by f; for i € [1, 8], subject to the following 24 relations

fiyi2 — fays.a, f1ys,a + foyr,2, f3yi,2 + faysa, faysa — fayr2, favr,3 — foy2.4, fayea + foyr s,
f3y1,3 — f1ye.4, f3y2.4 + f1y1,3, frye,3 + fayr.a, fiyra — faye3, f3y2,3 + foy1,a, f3y1,4 — fayo.3,
f5y1.4, f5u2.4, [593,4, f6y1,3, f6y2,3, feys,a, fry1,2, fry2,3, fryz.4, fay1,2, fayr,3, fay1 4.
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Using GAP, a basis of (M?)' | is given by the 24 elements

fiyi,2, f1y1.3, f1y2,3, f1Y1,4, f1y2,4, f1Y3.4, foy1,3, foY2,3, fay1,4, foYo.a, f3y1,2, f3Y3.4, 5912, f501,3,
f5Y2.3, f6y1,2, feyr.4, fe¥2,4, fry1,3, fry1,4, f1y3,4, f3Y2,3, faVy2,4, fays 4,

and a basis of (M?)" , is given by the 40 elements

J1U3 90 Fry1.201.3, [191,2Y2,3, fry1,201,4, J1Y1.2Y2.4, Fiy2Ys.4. J1Y5 s f191,3Y1,4, f1y1,392,4,
f1Y1,3Y3.4, flyigﬂ J1Y2,3Y1,4, f1Y2.3Y2,4, [1Y2,3Y3 4, fzy%,gn Jay1,3Y2 4, f2y§,37 Jay2,3y1 4, f3y%,27
Fsy1.2Us.45 f503 o [591,291,3, four,202.3: f5UT 3, f53 30 feUt o f6y1,2y1,4, four 202,45 f6U.a» fovs 4
JrU3 50 Fryn,3y1,4s fry1,3Ys.4, frs a0 F1Ya.a0 fsvs 50 fsy2,392,4, f32,3Ys.4. fsvs 40 [sY34-
Remark 3.24. Let k € [1,4] and friaYi, 4, --- Vi, j. be a monomial in (Sy)', where s € N and
(il,jl), ey (is,js) S Z If5 — ke {il,jl, . ,is,js}, then fk+4yi1,j1 e Yig g = 0e (Sk)!.
Remark 3.25. Let k € [1,4], i, j, - Yirj. = Yir i - Yirgr in A for (i1, 1), ..., (is,Js) € F,
(@1, 91), -, (i%,7%) € Fand s € N If k € {ix, ju, ..., s, s}, then k € {i1, 51, ..., 45, 5}

Lemma 3.26. Let

T = {fsyi o, sy vis, foul's W, [syia i a3 fsul s, fous s},
TS = {fey1 2 fGy?,ElylA, fey?,§1y2,4, fGyiEQyizp Jout 45 foys 4}
T = { fryl s, frys yras Fruts ys.as frut syt as oyt as FryB by
TS = {fsys s, sy s Yo, fsyss ys.as fsU5 5 5.4, favs s Fsysa)s

for n > 3. Then T* is a basis of (Sk)"_,, for k € [1,4] and n > 3. Note that T'>* has cardinal 6 for
ke [l,4]) andn > 3.

Proof. The space (Si)',, is spanned by {fi+4y | y € %AB.}. By Remark 3.24, the space (Si)",,
is spanned by T5* for n > 3. By Remark 3.25, it is easy to see that the elements of T)7* are
linearly independent. Indeed, let 37,cpy gy @it = Yyeq | Aufsyrau + Xeq  Aifsyzau +
Duem! A3 fsys auink{fs} @ A', where a;, M, € k, and ¢; is the i-th element of 7). By Remark

3.25, the right side of the equation is a linear combination of elements of form fsy;, j, - - - ¥i,,j. €
5B, for 4 € {i1,41,..,in,jn}. This implies o; = 0 for i € [1,6]. Hence, 7! are linearly
independent. The other cases are similar. O

Lemma 3.27. The set T}V consisting of the following 24 elements

J1Y7 2, f1yf§1y3,4, J1yi'ss fly?,§1y2,47 193 3, f1y3,51y1,4, J2yi'ss fzy?,§1y2,47 J2y3 3,
Fous 5 ynas Faylos F3uis s Fryt s s, Auls s, Fiul s by, Aty Y,
S22t s Al s i synas Ayt 2y sy, Frut s v sys.as F1U s y2,301 .4,

Y5 y2892.4, 1Y 5 Y2, 8Y3 .45 [T 5 Y8 3ys.4

(3.36)

is a basis of N*,, forn >3
Proof. Firstly, using GAP, TV is a basis of N', for n € [3,5]. Note that the space N', is

spanned by {fiy | i € [1,4],y € B} for n € Ny. By the dual relations, it is easy to see that N*
is spanned by

-1 -1 -1 -1 -1

flyfzafly?,z 3/3,47f1yf3»f1yf3 y2,4,f1y§l,37f1y3,3 y1,47f2y?,3>f2y?,3 yz,4,f2y£‘,37f2y3,3 Y1,4,
—1

f3y1 25 3912 Y34, fiy,

fori € [1,3], y € U', and n > 2. Note that y; ; is central in A'and fsui; = fsyi, for s € [1,4]
and (4, j), (k,1) EJWlth#{z,],k I} =4 Forn>5andz€ [1,3],

n—2, 2 _ n—2_2 _ n—2_ 2 n—3, 2 _ n—3, 2 _ n—1
fi?h,g Yi,a = fiy1,2 Ya 3 = fiy1,2 Y13, fz‘yl,z Y1,3Y1,4 = fz‘y1,2 Y2,4Y1,4 = fing Y1,4,
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fiyfgsy%,gyzzl fzyl 2 92 4= fzy1 2 112 45 fzy1 2 yl 33/1 4= fzy1 2 yl 33/2 3= fzy1 2 yl 35
fiy?,53y2,329%4 fivia 2 92 3= [iV12 ,2 y2 3, fivi's ,2 y1 3y1 1= fiyls )2 y1 392 3= fiy1,2 y1,37
Fivts vra = Xn fiyrsys 3 Y1a + Xnt1 iV a Yia = Xn fiy1,3915 Y14 + Xnt1 fivTs Y14
= Xn i1 2 Y13Y14 + Xns1 fi¥T 2 YL,
fiy?,§1y3,4 = fiy?,§3y§,4y3,4 = fiy?,§3y§,3y3,4 = aniy?,§3y1,3y2,3y3,4 + xn+1fiy?,53y§,3y3,4
= Xn Sl 2 Y1334 + Xna1 FiT 2 YR 53,4,
fiv3 3 Y20 = Xn fiv2,391 2 V2.8 + X1 it 3 Y2a = Xn JiY2,3U7 2 Y24 + Xnt1 fiVi' 2 U2
= XnJi¥1 2 Y2.8Y2,4 + Xna1 [T 2 Yo.as
fivs 3 ysa = fivs syt aysa = fiys s U8 aysa = —Xnfiyl s Y2,391,3Y3.4 + Xnt1fiVl 2 U3 sYs.a
= XnJiU1 2 Y2,3Y3.4 + X1 FiUT 2 U3 3Ys.4-

Moreover, by the dual relation foy;,2 = —fi1ys,4, and

f3y?,§1y1,3 = an3y1,2y1,3y?,§2 + Xn+1f3y1,3y?,§1 = —an3y2,3y1,2yf§2 + Xn+1f3y1,3y?,§1
= Xnfoyra¥t s + Xnt1fry2a915 "

Sy 2 2.3 = X f31,202,391 57 + Xnt1f302,307 2" = —Xnf3Y2.3U1,397 2" + Xnt1S3Y2.307 5"
= Xnfoy1,491,3915° — Xnt1fay1497 5

Fsur 2 e = Xnfsyr201,4975° + X1 fay1.a90 s = —XaS3y2,491,207 2" + Xns1S3yrayi s
= an1y1,3yf§1 + Xn+1f2y2,3yﬁ§1,

F3y 5 20 = X f3y1,202.497 57 + X1 fsy2,497 5" = —Xn f3y1ay1,207 57 + Xnt1 f3y2.497 5"
= —XnfoY28Y1.201 2" — Xn+1 151,397

for n > 3, the space N' ,, is spanned by TV for n > 5.

—n
Next, we prove that the elements in 7)Y for n > 6 are linearly independent. Suppose that we
have the identity

Z a;t; = Z Ao (fry1.2 — faysa)u+ Z Ao (f1ysa + fayi2)u

i€[1,24] u€RB | u€RB!, |

+ Z XS (fsyr2 + faysa)u+ Z Aa(fsys.a — fayr2)u
UGQBn 1 ue%'" 1

+ > Nfays— fap)u+ > A(favoa+ foyrs)u
uER, uER,

. . (3.37)

+ Y M(fsyrs — frzaut Y N (fsyza + fivis)u
uER], uER,,

+ > Nhes+ fandut D N (fiyia — fayes)u
UE%;L 1 uegyn 1

+ Z At (fsy2,3 + fayra)u + Z A2 (fsyra — faye3)u,
uER], uER,, _,

in k{f1, f2, f3, f1} ® A', where a;, M), € k, and t; is the i-th element in (3.36). We need to
show that a; = 0 for all ¢ € [1,24]. By inspecting the coefficients of the term fsy;'; "y, for
#{i, 7, k, 1} = 4, itis easy to see that a; = 0 for i € [1,12]. Then (3.37) is equivalent to

Fr(mn oA +ysal® +y13A°% — o s AT+ a3 A” + 1 4A0) = Y gty
i€[13,24]

f2 (Y1287 — y3 s AY + y1 3A% — yo 4y A® — o AT gy JAM) =0, (3.38)
f3(y128°% + Y3 s A + y1 sAT + yo 4 A® + o sAM + 41 4A) =0,
fa( = yr2A% + Y34 A% + 41 305 + 42, 4A% — Yo 3AY + 41 4A%) =0,
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in k{f;} ® A" for i € [1,4] respectively, where A7 = Due® _\Yis Mu for j € [1,4], A =
e v, Muforj € [5,8], A =30 gy, Muforj € [9,12] and Y ; is defined in

(3.18). In particular, we see that the elements in T') are linearly independent if and only if
equation (3.38) implies that a; = 0 for all 7 € [13, 24].

Let
J _y\J 13 \J J _ J J _ J .
ad=XN,_1,a] =N, _,a] = E N, ,ah= E Mo, forje[5,12],
Yi,2 Y3,4 Yi,2 Y3,4 Yi,2 Y3,4
r € [1,n — 2], r € [1,n — 2],
r odd r even
J o \J /i \J Jo_ J J o J :
bp =N, 1,bg =N, _1,b1 = E N oie by = E N i, forje[1,4]U[9,12],
Y1,3 Y2,4 Y1,3 Y24 Y1,3 Y2,4
re[1,n—2], r e [1,n — 2],
r odd T even
J o \J /J__\J | J J _ J .
o =N, 1,¢d = n717C{‘7 § D . » 1Cy = § D N ” for j € HI,SR
Y23 Y1,4 Y23 Y1,4 Ya.3 Y1,4
rel,n—2], re [1,n— 2],

T odd T even

Using (3.38) together with the products (3.4) and (3.5), in A', we get a system of linear equations
E,,, which contains 24 x 4 = 96 linear equations and 12424 x 12+4 x 8 x 3 = 396 variables a;, A/,
forue U, d),af,dl,al, b, b7, 0,0}, c, ¢, cl, ch. Hence, the linear independence of TN (or,
equivalently, the fact that equation (3.38) implies that ; = 0 for all ¢ € [13, 24]) is tantamount
to the fact that the linear system F,, implies that a; = 0 for all ¢ € [13, 24]. Furthermore, it is
easy to see that E,, has the same form as E,, ;5. We then use GAP to check that the elements in
TN are linearly independent for n € [6, 7], and conclude that the lemma holds for all integers
n > 6. O

Corollary 3.28. We have H,,(M?) = 0 forn € N\ {3}.
Proof. By Tables A.6 and A.7, and the reductions in the proof of Lemma 3.27, the differential at
homological degree n in the Koszul complex N or S}, has the same form when n > 4 increases

by 2. Then H,,42(M?3) = H,(M?3) for n > 4. Using GAP, H,,(M?) = 0 for n € [1,5] \ {3}. By
induction on n, H,(M3) = 0 forn € N\ {3}. O

By Appendix A .4 and the code

for j in [0..8] do
for i in [1..12] do
Print(j, " ", i, " ", RankMat (FF(3,3,1i)), "\n");
od;
od;

we obtain the dimension of B%jl for n € [0,8] and m € [1,12]. Then the dimension of

H,, . (M3) is given by Table 3.11 for n € [1,8] and m € [0,12]. The dimensions that are not
listed in the following table are zeros.

n~m |0 1 2 3 4 5 6 7 8 9 10 11 12
3 8 24 48 72 80 72 48 24 8
Table 3.11: Dimension of H,, ., (M?).

3.4.3.2 The A-module structure of the homology groups
Lemma 3.29. We have the following isomorphisms of graded A-modules

M3(—6), ifn=3,

0, ifn € N\ {3}. (3.39)

H,(M?) g{

Proof. The isomorphism in (3.39) for n € N'\ {3} immediately follows from Corollary 3.28. We
prove that the space H3(M?3) is isomorphic to M3(—6). The following GAP code shows that
the dimension vector of the submodule of H3(M?) generated by basis elements €/, i € [1, 8] of
Hj 3(M3) is (8,24,48,72,80, 72,48, 24,8). So, H3(M?) is generated by the eight elements as an
A-module.
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Imm:=Im(3,3,3);;
RankMat (Imm) ;
# 672
gene:=geneMH (3,3, 3) ;;
Append (Imm, gene) ;
RankMat (Imm) ;
# 680
Uh:=UU(gene, 3) ;; Vh:=VV(gene, 3);; Wh:=WW(gene,3);;
for r in [4..11] do
hxr:=HXR (3, Uh,Vh,Wh,3,3,r-3);
Im3r:=Im(3,3,r);
Append (Im3r, hxr);
Print (r, " ", RankMat (Im3r)-RankMat (Im(3,3,r)), "\n");

[o}

O O ~J O U >~

24
48
72
80
72
48
10 24
11 8

HH o H H H H O

Furthermore, it is direct to check that the generators e, i € [1, 8] of H3(M?) satisfy the quadratic
relations (3.10). Indeed, the following code shows that the dimension of the subspace generated

by Bé‘ﬂf together with the elements of the form (3.10) with ¢/ instead of e; coincides with the
dimension of Bé‘f.

gene:=geneMH (3, 3, 3) ;;

Uh:=UU (gene, 3);; Vh:=VV(gene, 3);; Wh:=WW(gene, 3);;

hx:=HXR(3,Uh,Vh,Wh,3,3,1);;

cc:=0x[1..24];;

ccl[l]: —hx[1]+hx[12];; ccl[2] :=hx[6]-hx[7];; cc[3]:=hx[13]-hx [ 41;;

cc[4]:=hx[18]+hx[19];; cc[5]:=hx[20]+hx[11];; ccl[6]:=hx[23]-hx[8];;

cc[7]:=hx[14]+hx[5];; cc[8]:=hx[17]-hx[2];; cc[9] *hx[3]—hx[22],,

cc[10]:=hx[4]+hx[21];; cc[ll]:=hx[15]-hx[10];; cc[l2]:=hx[16]+hx[9];

cc[13] =hx[25];; [14] :=hx[26];; CC[15]:=hx[27];; ccl[l6]:=hx[31];; cc[17]::hx[34];;
c[18]:=hx[35];; cc[19]:=hx[38];; cc[20]:=hx[40]1;; cc[21]:=hx[42];; cc[22]:=hx[45];;

[

cc[23].—hx[47];;
Imm:=Im(3,3,4);;
RankMat (Imm) ;

# 1344

Append (Imm, cc) ;
RankMat (Imm) ;

# 1344

241 :=hx[48];;

Hence, we see that there is a surjective morphism M3(—6) — H3(M?3) of graded A-modules.
Since the dimension vector of M? is (8, 24,48, 72,80, 72, 48,24, 8), we have H3(M?) = M3(—6)
as graded A-modules, as claimed.

3.5 Proof of Theorem 3.5

Proof of Theorem 3.5. The result is a direct consequence of Lemmas 3.11, 3.17, 3.23 and 3.29. [

A Some computations

In this Appendix, we list some computations about the Fomin-Kirillov algebra FK(4) of index
4. As before, we will usually denote FK(4) simply by A.

A.1 A basis of FK(4)

We present here the GAP code as well the result to compute the basis W2 (consisting of stan-
dard words) of A under the order x1 5 < 234 < 13 < T23 < T14 < T24.

LoadPackage ("GBNP") ;
A:=FreeAssociativeAlgebraWithOne (Rationals, "x12", "x34","x13", "x23","x14","x24") ;;
x12:=A.x12;; x13:=A.x13;; x23:=A.x23;; x14:=A.x14;; x24:=A.x24;; x34:=A.x34;;
OA:=0One (A) ;;
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relationsA:=[x12"2, x1372, %2372, x1472, %2472, x3472, x12xx23-x23*x13-x13%x12,
xX23%x12-x12xx13-x13%xx23, x12*x24-x24+xx14-x14%xx12, x24+x12-x12+x14-x14%x24,
x13%x34-x34%x14-x14xx13, x34%x13-x13+x14-x14%x34, x23*xx34-x34xx24-x24%x23,
x34xx23-x23xx24-x24xx34, x12*x34-x34xx12, x13*x24-x24%x13, x14+x23-x23*x14];;
relsANP:=GP2NPList (relationsA);;

GA:=Grobner (relsANP) ;;

GBNP.ConfigPrint (A);

PrintNPList (GA) ;

x12"2

x34x12 - x12x34

x34°2

%1372

x23x12 - x13x23 - x12x13

x23x13 + x13x12 - x12x23

x23°2

x14x34 + x13x14 - x34x13

x14x13 - x13x34 + x34x14

x14x23 - x23x14

x14°2

x24x12 - x14x24 - x12x14

x24x34 + x23x24 - x34x23

x24x13 - x13x24

x24x23 - x23x34 + x34x24

x24x14 + x14x12 - x12x24

x24"2

x13x12x13 + x12x13x12

x13x34x13 - x34x13x34

x23x34x23 - x34x23x34

x14x12x34 + x13x14x12 - x34x13x12

x14x12x13 - x23x14x12 + x13x34x23 - x34x23x14
x14x12x23 + x23x34x14 + x34x14x12 - x12x23x34
x14x12x14 + x12x14x12

x23x34x13x12 - x13x34x23x34 + x34x23x34x13 - x12x13x34x23
x23x34x13x34 + x13x12x34x13 - x12x23x34x13
x23x34x13x23 + x13x23x34x13 - x34x13x23x34
x13x12x34x13x12 + x34x13x12x34x13
x13x12x34x13x34 + x12x13x12x34x13

W:=BaseQA (GA,6,0);;
PrintNPList (W) ;

The basis W2 is given by the following 576 elements

1,21,2,234,%1,3,%2,3, T1,4, T2,4, 1,234, T1,271,3, T1,272,3, T1,2T1 4, 1,272 4, L3,4%1,3, L3,472,3,
X3,471,4, L3422 4,2L1,321,2,21,323,4, 21,3223, L1,301,4,L1,3L24,L23L3,4,L23L1,4,L23L24,L1,4T1 2,
L1,4L2 4, L1,2L3,4L1,3, L1,2L3,4L2.3,L1,2L3.4L1,4,2L1,2L34L2.4,T1,221,321,2,L1,201,3L3,4,L1,2L1,3L2 3,
L1,2201,371,4,11,271,3T2,4,L1,2223L3.4,T1,2T23T1,4,T1,202,3L24,T1,2L1,4L1,2,T1,2L1,4T2 4,
L34%1,3%01,2,23,4%1,3034,23,4L1,3023,23,421,3L1,4,L3,421,302,4,L34L2 323 4,2T34L23L] 4,
X3,4223202,4,23,4%1,421,2,X3,4L1,4X2,4,21,301,2L3,4,L1,321,222,3,21,321,221,4,L1,301,222.4,
X1,303,4L2.3, L1,3L3,4L1,4,L1,3L3,4L2.4,21,3L23L34,T1,3023%1,4,T1,3C23L24,T1,301,4%1,2,
L1,3%1,4%2,4, 22303 4%1,3,T2,3L34L1 4,223T34L24,L23L1,421,2,L23%1,4L24,T1,4T12T2 4,
L1,203,4%1,3201,2,21,2034%1,3%3,4,L1,2034%1,3%23,21,223,4L1,301,4,21,223,421,3L24,

L1,223,4L2 3034, L1,2L3 422 3L1,4,L1,2L3 4L2 3L2.4,L1,20L3.4L1,4L1,2,L1,2L3,4L1,4L2 4,
£1,221,301,223,4,L1,221,321,222.3,L1,201,3C1,2L1,4, L1,2L1,301,2L2 4, L1,2L1,3L3,4L2.3,
L1,2%1,303,4%1,4,21,201,3L34%24,L1,201,3023%34,21,221,3023%1,4,21,221,302,3L2 4,
L1,201,301,421,2,21,201,3%1,4202,4, 21,202,373 421 3,2L1,222,3L34L1,4,21,222,3L34L2 4,
L1,222,301,401,2, L1,222, 301,424, L1,201,4L1,202.4, L3,401,3L1,2L3,4,L3,4L1,3L1,222 3,
X3,401,371,2T1,4,L3,421,301,202 4,L3 4L1,3L34L2 3, T3 4L1,3L3,4L1,4,L3,4L1,3L34L24,
L34%1,302,303,4,234%1,3%23%1,4,2L3,401,3023%24,2T34L1,301,4L1,2,23,421,301,4L24,
L3,402323,4%1,3,L3,4T23L34L1,4,T34L23L34L24,T3,4T23T1,4L1,2,23,4T23T1,4T24,
X3,401,421,2L2,4,L1,321,223,4L1,3,T1,301,2L3 422 3,T1,301,2L3,4L1,4,L1,3L1,2L3,4L2.4,

T1,3%1,222,3%3,4,T1,321,222,3%1,4, T1,321,222,3%2 4, 21,321,221,421,2,21,3T1,221,4%2 4,
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L1,303,4%2,3203,4,21,3034%23%1,4,L1,3034L23%24,21,3034L1,4L1,2,21,373,4L1,4L24,
X1,3202,373,421,3,21,322,323,4L1,4,21,302,303,4L24,T1,302,301,421,2,L1,322,3L1,4L2.4,
L1,301,4L1,2L2,4, L2 3L3 4L1,301,4,L23L34T1,3L24,T23L34L1,4L1,2, L2 3L34L1,4TL24,
T2,301,4%1,202,4, 11,203 4%1,3%1,203,4, 11,203 4%1,301,222,3, 71,203 4%1,3L1,2%1,4,
L1,2034%1,301,202,4,L1,203,421,303,422,3,L1,203,421,303,4L1,4,L1,203,421,3L3,4L2 4,
X1,223,421,322,373,4,21,223,401,302,3L1,4,21,203,421,3L2,372,4,L1,223,471,301,4%1,2,
X1,203,421,371,4L2,4, 21,223,402 3L3,4L1,3,L1,223,4L2,303,4L1,4,L1,203,4L2,3L3,4L2 4,
L1,203,4%2,301,471,2,L1,203,402,301,4L2,4,L1,2L3,421,421,2L24,L1,201,321,223,4L1,3,
L1,221,301,203,422 3,L1,2L1,30L1,2L3,4L1,4,L1,201,321,2L3,4L2.4,L1,221,3L1,222 334,
£1,221,301,222,301,4,L1,221,301,2L2 32 4, L1,2L1,3L1,2L1,4L1,2,L1,2L1,3L1,2L1,4L2 4,
X1,2%1,373,422,303.4,L1,221,3L3,4L2 31,4, L1,2L1,3L3,4L2,3L2.4,L1,2L1,3L3,4L1,4T1,2,
L1,201,303,401,422,4,L1,201,302,303,421,3,L1,201,302,3L3,4L1,4,L1,201,302,3L3,4L2 4,
X1,221,322,321,471,2,21,221,302,301,4L2 4, %1,201,301,471,222,4,2L1,222,303,4L1,3%1 4,
L1,202,3L3,4L1,302.4,T1,202,3T3,4L1,4L1,2, L1202 3L34L1,4L2.4,L1,2L2,3L1,4L1,2L2 4,
T34%1,3%01,203,471,3,L34%1,301,203,472,3,L34L1,301,203,4L1,4,L3,421,371,223,4L2 4,
L3,4%1,3%01,2202,303,4,L34%1,321,202,3L1,4,L34L1,301,202,3L24,L3421,321,221,4L1,2,
X3,421,301,201,422 4, L3 41,303 422 3L3,4,L3,4L1,3L34L23L1,4,L34L1,3L3,4L23L24,
X3,401,3L3,4L1,401,2,L3,4L1,3L3 4L1,4L2 4, L3,4L1,3L23L3,4L1,3,L3,4L1,3023L34L1 4,
T34%1,302,303,472,4, L3 4%1,3202,3201,471,2,L3,4L1,302,3L1,4L2 4, L3 4L1,301,421,2L2 4,

L3402 323,4201,301,4, L3402 3L3,421,3L2,4, L3 4L23L3,4L1,4L1,2,L34L23L3,4L1,4L2 4,

X3,422 301,401,222 4, 21,301,203 4L1,32L2,3,L1,301,243,4L1,301,4,L1,3L1,223,4L1,322 4,
X1,3%1,223,422,303,4,21,301,203,422,3L1,4,L1,301,2L3,4L2 3T2 4,L1,301,223,4L1,4L1,2,
L1,301,203,401,472,4,L1,301,202,303,421,3,L1,301,202,303,4L1,4,L1,301,202,3L3,4L2 4,
£1,3201,222,321,471,2,21,371,202,301,4L2 4, L1,301,221,4L1,222,4,L1,373,4T2,3L3,4T1,3,
X1,323,422,3L3,4L1,4,L1,303,4L2,3L3,4L2,4,L1,3L3,4L2,301,421,2,L1,303,4L2,3L1,4L24,
X1,303,471,471,222,4,L1,302,3L3 4L1,3L1,4,L1,3023L3,4L1,3L2,4,L1,3L2,3L34L1,4T1,2,
L1,302,303,401,472,4,L1,302,3%1,421,222,4, L2 3L3,421,301,4L1,2,L2,3L3,4L1,301,4L2 4,
T2,3034%1,421,202,4, L1283 421,301,223,4T1,3,L1,2L3,4L1,371,273,4L23,L1,223,471,371,2234T1 4,
L1,203,421,321,203,4T2 4, T1,2L3 4L1,3L1,222 3L3.4,L1,2L3,4L1,301,2L2 3L1,4,L1,203,4L1,3L1,2L2,3L2 4,
L1,203,4%1,301,201,471,2,L1,203,401,301,221,4L2 4, L1,2L3,421,303,4L2 3L3 4,21,223,421,3L3,4L2 3L 4,
L1,203,4%1,303,422,3L2 4, L1,203,4201,3L3,421,4L1,2,21,203,421,3L3,4L1,4L2 4,21,223,421,3L23L34L1 3,
X1,223,421,322,303,401,4,21,203,4L1,302,3L3,4L2,4,L1,2L3,421,302,301,4L1,2,L1,203,4L1,3L2,371,4L2 4,
L1,203,421,321,401,202,4,T1,2L3 4L2 3L3 4L1,3L1,4,L1,2L3,4L2,3L34L1,3024,T1,2L34L2 3L34L1,4L1,2,
L1,203,4%2,303,471,4L2 4, L1,203,422,3L1,421,2L2 4,%1,221,321,223,421,302 3,21,221,371,223,4L1,371 4,
L1,201,3%01,203,421,3L2,4,L1,221,3201,223,4L2,3L3,4,21,201,321,223,4L2 3L1 4,21,221,3L1,2L3,4L2 3L2 4,
L1,221,301,203,421,421,2,L1,201,3L1,203,4L1,4L2 4,L1,2L1,301,222 33,4213, L1,201,301,202,3L34L1 .4,
£1,221,301,222,303,4T2 4, T1,201,3L1,2L2 3L1,4L1,2,L1,221,3L1,2L2,3L1,4L2 4, L1,201,3L1,2L1,4L1,2L2 4,
L1,201,303,402,303,471,3,L1,201,303,4L2,3L3,4L1,4,21,201,3L3,422,3L34L2 4,21,221,3L3,4L23T1,4L1,2,
X1,221,373,422,301,472,4,21,201,303,4L1,421,2L2,4,21,221,322,30L3,4L1,301,4,L1,201,372,3L3,471,3L2 4,
L1,221,302,3L3,401,401,2,T1,221,3L2 3L3,4L1,4L24,L1,2L1,3L2,3L1,4L1,2L2 4, L1122 3L34L1,3L1,471,2,
X1,202,3L3,4L1,301,4T2 4, T1,202 33 4L1,4L1,2L2.4,L3,4L1,3L1,2L3,4L1,302 3, L3,4L1,3L1,223,4L1,3T1 4,
L34%1,3%01,203,401,3L2,4,L34%1,301,203,422,3L3,4,L3,421,301,223,4L2 3L1 4,23,421,301,223,4L2 3L2 4,
X3,421,301,203,421,421,2,L3,4L1,321,2L3,4L1,4L2 4, L3 4L1,301,222 323,421 3,L3,4L1,301,2L23L3,4L1 .4,
X3,401,301,222,303,4T2 4, L3 ,4T1,3L1,2L2 3L1,4L1,2,L3,4L1,3L1,202,3L1,4L2 4,T3,4L1,3L1,221,4L1,2L24,
T34%1,303,402,303,471,3,L3,4%1,303,4L23L3,4L1,4,L34L1,3L3,4223L34L2 4,23,421,3L3,4L23T14L1,2,
L3401,303,402,301,4L2 4, L3 4%1,303,421,421,2L2 4,L3,421,302,3L3,4L1,301 4,23,421,322,3L34L1,3L2 4,

X3,421,372,303,401,401,2,13,401,302,3L3,4L1,4L2,4,L34L1,322,301,4L1,202 4,X3,4L232L3,42L1,301,471,2,
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L3402 3%3,4201,301,4L24, L3 422,3L3,4L1,421,2L2 4,21,301,223,421,3L23L3 4,21,301,223,4L1,302 371 4,
X1,3201,223,471,302,302,4,21,301,203,4L1,371,4L1,2,21,321,223,401,301,4L2 4,L1,301,223,4L2,373,4L1,3,
£1,301,243,422,303,4%1,4,L1,301,2L3,4L2 3L3 4L2 4, L1,3L1,2L3,4L23L1,4L1,2,L1,301,2L3,4L23L1,4L2 4,
L1,3%1,203,401,421,222,4,L1,3%01,202,313,421,3L1,4,L1,3L1,222,303,4L1,302 4,21,301,222,3L3,4L1,4L1,2,
L1,301,222,303,4L1,4L2,4,L1,3L1,202,3L1,401,2T24,L1,3L3,4L2,303,4L1,301,4,L1,303,4T2,373,4L1,3224,
X1,3203,422,303,421,401,2,21,303,402,3L3,4L1,4L2,4,L1,3L3,4L2,301,4L1,2024,X1,302,32L3,42L1,301,471,2,
£1,302,303,421,301,402 4,T1,302 3L3,4L1,4L1,2L2,4, L2 3L34L1,301,4L1,2L2 4,
L1,203,4%1,301,203,421,302,3,L1,203,421,301,223,4%1 3%1,4,2T1,223,401,301,203 421,324,
L1,223,421,301,243,4L23L3 4, L1,2L34L1,301,243,4L2,3L1,4,2L1,2L34L1,301,223,4L2,3TL2 4,
L1,203,421,321,223,401,4L1,2,T1,2L3,4L1,3L1,2L3,4L1,422,4,L1,2L3,4L1,3L1,2L2 3L3 41,3,
X1,203,471,321,222,3L3,4L1,4,L1,2L3,4L1,301,2L2,3L3,4L2.4,L1,203,4T1,3L1,2L2 3L1,4T1,2,
L1,203,4%1,301,202,371,4L24,21,203,421,301,201,401 222 4,2L1,2L34L1,3L3 422 3L3,4L1,3,
L1,203,4%1,303,422,3L3,4T1,4,L1,243,401,3L3,4L23L34L24,T1,2T34L1,3L34L23L1,4L1,2,
L1,203,471,3L3,4L2,3L1,4L2 4,T1,2L34L1,3L34L1,4L1,202,4,L1,2L3,4L1,3L23L3,4L1,3T1,4,
L1,203,4%1,302,303,421,302,4,%1,203,421,302 303 4L1 4%1,2,T1,2L34L1,3L2 323 4L1,4L24,
L1,203,4%1,302,301,421,222 4, 21,203,4223L34L1,301,4%1,2,2T1,2L3,4L23L34X1 31,4224,
X1,223,422,373,471,401,202,4,21,201,301,223,4L1,322,303,4,21,201,301,203,4L1,3L2,3T1 4,
£1,221,301,223,421,302,3L2 4,T1,2L1,301,223,4L1,3L1,401,2,L1,221,3L1,2L3,4L1,3L1,4T2 .4,
L1,2%1,3%01,203,422,323,421,3,L1,201,301,223,402 373 4%1,4,T1,221,301,203 402 33,4224,
L1,201,3%01,2203,422,371,421,2,L1,221,301,223,4023L1 422 4,2L1,221,301,2L3 401 401,222 4,
X1,221,371,222,323,401,301,4,21,201,301,222,3L3,421,302,4,21,201,301,202,323,4L1 41,2,
L1,221,301,222,3L3,4T1,4L2 4,T1,2L1,301,222 3L1,4L1,202,4,L1,221,3L3,4L2 3L3,4L1,3T1,4,
L1,201,303,402,303,421,302,4,21,201,323,4L2 303 4L1 4%1,2,2T1,221,3034L2 3L34L1,4L2 4,
X1,221,373,422,301,401,202,4,T1,201,302,323,4L1,301,421,2,21,221,302,3L3,4L1,3L1,4L2 .4,
£1,221,322,303,4L1,4L1,222,4,L1,2L2,3L3,4L1,3L1,4L1,2L2,4,L3,4L1,301,223,4L1,3L2,3L3 4,
X3,401,371,223,421,302,3L1,4,L3,4L1,301,223,4L1,3L2,3L2.4,L34L1,3L1,2L34L1,371,4T1,2,
L34%1,301,203,421,301,4L2 4,23,421,301,223,4L2 373 4X1 3,2L3,4L1,301,203 402 3L3,4L1,4,
X3,421,301,203,422 303,422 4, L3 411,301,203 4L2 3L1,4L1,2, L3 42L1,301,2L3,4L2,3L1,4L2 4,
X3,401,301,2L3,4L1,4T1,2L2 4,T3,4L1,3L1,222 3L3,4L1,301,4,L3,4L1,3L1,2L2 3L3,4L1,3T24,
T34%1,3%01,202,303,421,401,2,L3,401,301,222 303 4L1 422 4,T3,4T1,301,2223%1,421,272.4,
L3,401,303,402,303,421,301,4,23,421,3L3,4L2 303 4L1 302 4,L3,4L1,3034L2 323 4L1,4%1,2,
X3,41,373,422,303,401,422,4,L3,4L1,303,422,3L1,421,202,4,23,4L1,302,303,421,371,4TL1,2,
X3,401,302,3L3,4L1,301,4L2 4,T3,4L1,302 3L34L1,4L1,202,4,L3,4L23L34L1,3L1,4L1,2L2.4,
T1,3%1,203,4201,302,323,401,3,L1,301,223,421,302,303 4%1,4,T1,301,2034L1,3023L3,4L2 4,
L1,301,203,421,302,371,421,2, L1,321,223,421,302,301,4224,2L1,301,203 421 301,421,224,
X1,3201,223,422,303,401,301,4,21,301,203,422,3L3,421,302,4,21,301,203,4L2 323,41 4TL1,2,
X1,3%1,223,4L2,303,4L1,4L2,4,L1,3L1,2L3,4L2 3L1,4L1,2L2,4,T1,3L1,202,3%3,421,3L1,4T1,2,
L1,3%1,202,303,421,371,402,4,21,301,222,3L3,4L1,4L1 2L24,T1,3L34L23L34X1 32L1,4%1,2,
X1,303,422,323,421,301,402,4,L1,303,4L2,3L3,4L1,421,202,4,21,302,303,4L1,301,4L1,2L2 .4,
X1,203,421,321,223,401,3L2 33 4, L1,2L34L1,3L1,2L3,421,302,3L1,4,L1,2L3,4L1,3L1,2L3,4L1,322,3T2 4,
L1,203,471,321,223,401,301,4L1,2,L1,2X3,421,3L1,2L3,421,3L1,4L2 4,L1,2L34L1,371,2L3,4L2,3L34T1,3,
L1,2034%1,301,203,422,3L3,4L1,4,21,223,421,301,2234L2 3L34X24,T1,223 471 301,203 42232L1,471,2,
L1,223,421,301,223,4L23L1,4L2 4, L1,2L3,4L1,3L1,2L3,4L1,4L1,2L2,4, L1,2L3 421,301,222, 3L3,4L1,3L1 4,
X1,203,421,321,222,3L3,4L1,3L2 4, L12X34L1,3L1,2L2,3L3,4L1,4L1,2,L1,2L34L1,3L1,2L2,3L3,4L1,4T2 4,
L1,203,4%1,301,202,371,401,2L2 4,21,223,421,303,4L2 303 4L1,3%1,4,T1,203,4L1 303 4L2323,421,3L24,
L1,203,4%1,303,422,323,4L1,4L1,2,21,223,421,3L3,4L2 303 4L1,4024,T1,2L34L1 303 4L2 321,421,224,

X1,223,421,322,303,401,301,4L1,2,21,203,421,3L2,373,421,301,4L2 4,L1,203,421,3L2,3L3,4L1,421,202 4,
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L1,203,4%2,3203,421,321,401,222 4,21,221,321,223,421,302,3L34%1,3,L1,221,301,203 421,322,3L3,4L1,4,
X1,221,371,223,421,302,303,4L2 4, 21,201,371,2L3,421,322,301,41,2,L1,201,301,223,4L1,322,301,422 4,
£1,221,321,223,4L1,301,4L1,202.4,L1,221,301,223,4L2,303,40L1,3L1,4,L1,221,3L1,2L3,4L2,3L3,4L1,30L2 4,
L1,201,3%01,203,422,323,401,4L1,2,L1,221,301,223,4L2 303 421,424, T1,201,301,203 42 321,401,224,
L1,201,3%01,222,303,421,301,421,2,L1,221,321,222,3L3 401,301,424, L1,221,301,202 303 421,421,224,
X1,221,373,472,323,401,301,4L1,2,21,221,373,4L2,373,421,301,4L2,4,L1,201,303,4L2,3L3,4L1,421,202 4,
X1,221,302,3L3,421,301,4L1,2X2 4, L3 4L1,301,2L3,4L1,302,3L3,4L1,3,L3,4L1,301,223,4L1,302,3L3,4L1 4,
L3,4%1,3%01,203,421,322,303,4L2 4,23,421,301,223,4L1,30L23%1,401,2,L3,401,301,2034X1,322,301,4T24,
L3,421,301,203,421,301,4L1,2L2,4, L3 4L1,301,2L3,4L2,3L3 4L1,3L1,4,L3,4L1,3L1,2L3,4L2 3L3,4L1,3L2 4,
X3,41,301,223,4L2,3L3,4L1 41,2, L3,4L1,3L1,2L3,4L2,3L3,4L1,4L2 4,T3,4L1,3L1,2L34L23L1,4L1,2L2 4,
X3,4%1,301,222,303,421,3L1,421,2,L3,4L1,301,222,3L3,4L1,301,4L2,4,L3,4%1,3L1,2L2,303,4L1,4L1,2T2 4,
L3,4%1,303,4202,303,421,301,4L1,2,L3,421,323,4L2 323 4L1 3L1,4024,L34L1,3034L23L3 421,421,224,
L3,401,322,303,4L1,301,401,2L2 4,L1,301,223,4T1,302,3L34L1,3L1,4,T1,301,223 471 3L23L3,4L1,3L24,
L1,301,243,421,322,3L3,4L1 41,2, L1,301,223,4L1,3L2,3L3,4L1,4L2 4,T1,3L1,2L3,4L1,3L2,3L1,421,2L2 4,
L1,3%1,2%3,402,303,421,301,471,2,L1,301,223,4L2 323471 3L1,4024,T1,301,203 4T2 33 4%1,401,2T24,
L1,301,202,303,421,321,421,2L2 4, 21,323,422 323 4L1 301,421,224,
X1,223,421,301,223,401,302,303,421,3,L1,223,4L1,371,223,401,302,3L3,4T1 4,
L1,203,421,371,223,401,3L2 3L3,4L2 4, L1,2L3,4L1,3L1,223,4T1,3L2 3L1,4L1,2,
L1,203,4%1,301,203,421,302,301,4724,21,223,401,301,203 41 321,401,224,
L1,203,4%1,301,203,422,3234L1,3L1,4,21,223,401,301,203 42 3L3,42L1,3L2 4,
X1,223,421,301,223,402,303,4L1,421,2,L1,223,4L1,371,273,402,3L3,4L1,4T2 4,
L1,203,471,371,223,4T2 3L1, 401,272 4, L1,223,4L1 3L1,222,3L3,4L1,301,4T1,2,
L1,203,4%1,301,202,323,401,301,4724,21,223,401,301,202 3L3 41,401,224,

L1,223,421,303,422 3L3,4L1,371,4L1,2, L1,2L3,4L1,3L3,4L2 3L34L1,3L1,4L2 4,
L1,203,4L1,3L3,4L2,3L3,4L1 4L1,2L2 4, L1,2L3,4L1,3L2,3L3,4T1,3L1,4L1,2L2 4,
L1,221,371,223,421,302,3L3,4L1,3L1,4, L1,221,3L1,2L3,4T1,3L2,3L3 4L1,3T2 4,
L1,2%1,301,2203,421,322,303,4L1,4%1,2,21,221,301,223 401 ,3L23L3,4L1,4L2 4,
L1,221,301,203,421,302,3L1,471,2L2.4, L1,201,3L1,2L3,4L2 3L34L1,301,4L1,2,
L1,221,301,2L3,4L2,3L3,4L1,301,4L2 4, L1,2L1,3L1,2L3,4T2,3L3 4L1 4L1,2L2 4,
L1,2%1,3%01,2202,303,421,301,471,202 4,T1,221,303,4L2 303 41 31,401,224,
L3,4%1,301,203,421,322,303,4L1,301,4,23,421,301,203 401 3L2323,4L1,3L2 4,
X3,41,371,223,421,302,303,4L1,421,2, L3,421,3L1,223,421,302,3L3,4L1,4T2 4,
X3,401,301,223,421,302,3L1,4L1,2L2 4, L3,4L1,3L1,2L3,4T2,3L34L1,3L1,4L1,2,
T34%1,301,203,422,3L3,401,301,4724,23,4L1,301,2L34L2 3L3 421,401,224,
L3,4%1,3%01,2202,303,421,301,4L1,2L24,2T3,4L1,3L34L2 303 4X1 31,421,224,
X1,3201,223,421,322,303,401,301,421,2,L1,321,2L3,471,372,303,4L1,301,4T2 4,
X1,3%1,223,421,302,323,4L1,4L1,202,4,L1,301,223,422,3L3,4L1,3L1,4L1,2T2 4,
L1,2034%1,3201,203,421,302,323471,3%1,4,21,203,4L1,301,2L34%1,302,3L3,421,3L2 4,
L1,223,421,301,223,421,3023L3,4L1,421,2,L1,243,4L1,3L1,2L3,4L1,3L2 3L3,4L1,4L2 4,
L1,203,421,321,223,4T1,3L2 3L1,4L1,2L2,4,L1,2L3,4L1,301,2L3 422 3L34L1,3L1,471,2,
L1,203,471,371,223,4T2 3L3,4L1,3L1,4L2,4,1,2L3,4L1,30C1,2L3 42 3L34L1,4L1,2T2 4,
L1,2034%1,301,202,323,421,301,401,2X24,21,2234L1 303 4L2 323 4L1,301,421,2L2 4,
L1,201,3%1,243,421,302,303,421,301,4%1,2,21,271,301,203 421 ,322,3L3,4L1,301,4T2 4,
L1,221,301,223,421,302,3L3,4L1,421,2L2,4,L1,2L1,3L1,2L3,4L2 3L3,4L1,3L1,4L1,2L2 4,
T34%1,3%1,203,421,372,303,4L1,301,4%1,2,23,401,301,203 4%1,302,323,421,301,4L2 4,
L34%1,301,203,421,322,303,4L1,4L1,2X24,23,4L1,301,2L3 4L2 303 421,301,421,2L2 4,

X1,3201,223,421,372,303,401,301,421,2L2,4,21,223,421,321,203,4L1,302,3L3,4L1,321,471,2,
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L1,203,4%1,3201,203,421,302,323471,301,4024,L1,223 471,321,203 421,302,303,4L1,421,2L2 4,
L1,223,421,301,243,4L2 323 421,3L1,4L1,2L2,4,L1,22L1,3L1,223,4L1,3L2,3L3,4L1,3L1,4L1,2L2 4,

X3,401,371,223,421,302,3L3,4L1,301,4L1,2L2,4,L1,2L3,4T1,3L1,2L3,4L1,3L23L3,4L1,3L1,4L1,2L2 4.

A.2 Products in FK(4)

It is easy to check the products in A', listed in Table A.1-A .4, by using GAP or by computing
them directly, and to check the products listed in A.6-A.9 by induction on integers n > 5.
In Tables A.1-A.4, A.6 and A.7, the entry appearing in the row indexed by y and the column
indexed by ¢’ is the product yy'. In Tables A.8 and A.9, the entry appearing in the column
indexed by 3’ and the row indexed by y is the product y'y. To reduce space, in Table A.3, we
write the product yy’ by £m, where m € [55,92] is the integer appearing in the first column
of Table A .4, and indicating the element in the second column of Table A .4 that is in the same
row as it. In Table A.4, we write the product yy’ by £m, where m € [93,134] is the integer
appearing in the first column of Table A.5, and indicating the element in the second column
of Table A5 that is in the same row as it. In Table A.8 and A.9, we write the product yy’ by
+m, where m € [1,24] is the integer appearing in the first column of Table A.8 (or A.9), and
indicating the element a?n“, where

al = y1'5 v s, ay = y1'5 %yl 5, a3 = y1'5 ' yas, at = y1'5 via,
al =yl vsyia, a8 =iy yiavia A =uls v, ag = Y5 Y2314,
ag = yffﬁ,m afy = yfggyl,gyi4, afy = yf54yi3yi4v afy = nyQyim
afy = 9?5392,33/%,47 afy = 9?5192,4» afy = 9?5291,33/2747 afg = y?,§3y%,3y274v
aly = Y15 Yasy24,  als = Y3 Y2, aly = Y33 Ys.ar a%y = Y15 Y1334,
aty = Y13 Yl aysa, A% =5 Usa, aly = Y15 Y2.3Ys4,  Aby = Y3 Usa,

forn = 5and m € [1,24].

1|y ' Y1,2 Y1,3 Y2,3 Y1,4 Y2.,4 Y34

2 Y1,2 y%,z Y1,2Y1,3 Y1,2Y2,3 Y1,2Y1,4 Y1,2Y2.4 Y1,2Y3.4
3 Y1.,3 —Y1,2Y2.3 yig Y1,2Y1,3 Y1,3Y1,4 Y1,3Y2,4 Y1,3Y3,4
4 Y2,3 —Y12¥13  —Y1.2%23 Y33 Y2,3Y1,4 Y2,3Y2,.4  Y2,3Y3.4
5 Y14 —Y1,2Y2,4 —Y1,3Y34  —Y2,3Y14 yi4 Y1,2Y1,4  Y1,3Y1,4
6 Y2.4 —Y1,2Y1,4  —Y1,3Y2,4 —Y2,3Y34  —Y1,2Y2.4 y%A Y2,3Y2,4
7 Y3,4 —Y1,2Y34  —Y1,3Y14  —Y23Y24 —Y13Y34 —Y2,3Y34 y§74

Table A.1: Products yy'.
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1y Y1,2 Y1,3 Y23 Y14 Y24 Y34
8 Yio Yt Y1 2y13 Yt 223 Y1 oY1 YT 224 Y7 2Y3.4
9 Y1,2Y1,3 —y%;yg?g yl,Qyiis y%,2y1,3 Y1,2Y1,3Y1,4 Y1,2Y1,3Y2,4 Y1,2Y1,3Y3,4
10 | y1292,3 —13 oU1,3 —3 9¥2,3 Y1297 3 Y12Y23Y1,4  Y1,2Y23Y24  Y1,2Y2,3Y34
11| y12y14 —Yiol2a  —YL2Y13YU34  —Y12Y2,3Y14 Y1205 4 Yi oy Y1,2Y1,3Y1,4
12| 12924 —YioUia  —YL2V1sY24  —Y12V23Y34  —Yioloa Y1203 4 Y1,2Y2,3Y2,4
13 Y1,2Y3,4 *y%,zy3,4 —Y1,2Y1.3Y1,4  —Y1,2Y23Y24 —Y12Y1,3Y34  —Y1,2Y2,3Y34 y1,2y§,4
4| i Y1207 3 Yis Y1 o3 Y1 3Y1.4 Yt 3924 Y7 3Y3.4
5| v13v14 | Y1,292,3Y2.4 —y%73y374 —Y1,2Y1,3Y1,4 y1,3y%,4 —Y1,2Y2,3Y1,4 y%,3y1,4
16 Y1,3Y2,4 Y1,2Y2,3Y1,4 —yigyz,zx —Y1,2Y1,3Y34  Y1,2Y2,3Y2,4 y1,3y§,4 Y1,2Y1,3Y2,4
17 | y1,3Y3,4 Y1,2Y2,3Y3,4 _y%,3y1,4 —Y1,2Y1,3Y2,4 —y%,3y3,4 —Y1,2Y1,3Y3,4 yl,3yi4
18 Yo Y1297 5 Y1213 Y53 Y5,391,4 Y3 32,4 Y3 3934
19 | wya3y14 | Y12013Y24  Y1,2Y2,3Y3.4 —Y3.3Y14 Y2397 4 —Y1,2Y1,3Y14  —Y1,2Y2,3Y1,4
20 | Y2,3Y24 | Y12913Y14  Y1,2Y2,3Y24 —Y3 3Y3.4 Y1,2Y1,3Y2,4 Y2394 Y3 3Y2.4
21 | y23Y34 | Y12Y13Y34  Y1,2Y2,3Y14 —15 3Y2.4 Y1,292,3Y3,4 —Y3.3Y3.4 Y2,3Y5 4
22 Yia Y1295 4 Y135 4 Y2397 4 i Y oy2.4 Yi3Y3.4
23| 43, Y1293, Y1,3Y3.4 Y2,3Y3 4 Yl oy1a Y34 Y3 3y
24 Y34 Y1293 Y135 4 Y2,3Y3.4 YLy Y3 3Y2.4 Y34
Table A.2: Products yy'.

11y y Y12 Y1,3 Y23 Y14 Y24 Y34

25 Yio 55 56 57 58 59 60

26 | ylans | 57 61 56 62 63 64

27 | i3 | =56 57 61 65 66 67

28 | ylayia | —59 —64 —65 68 58 62

20 | yi,yoa | —B8 —63 —67 —59 68 66

30 | yi,ysa | —60 —62 —66 —64 —67 69

31| yiay?, | 61 56 57 70 71 72

32 Y1,2Y1,3Y1,4 66 —72 —62 73 —65 70

33 | yioyisyes | 65 —71 —64 66 T3 63

34 Y1,2Y1,3Y3,4 67 —70 —63 —72 —64 73

35 Y1,2Y2,3Y1,4 63 67 —70 74 —62 —65

36 Y1,2Y2,3Y2,4 62 66 —72 63 74 71

37 Y1,2Y2,3Y3,4 64 65 71 67 —72 74

38 | w12yl 68 73 T4 58 59 T2

30| yioyis | 69 T3 T4 0 7175

40 Yis —57 76 56 77 78 79

A1 | ydga | —T1 =79 —65 80 70 77

12| ylagpa | -T0 —78 —67 —T1 81 66

43 | ylgysa | -T2 =TT —66 —T79 —67 80

44| yiayl, | -T4 80 T3 7T 63 79

45| ypayi, | -74 81 T3 62 82 64

46 Y33 -56 —57 83 84 8 86

A7 | ydgpa | —T1 64 —84 87 70 62

48 | ydgyea | 70 —63 -8 -71 88 85

49 | ydaysa | -T2 —62 -85 —64 —86 8§

50 | yasyia | -73 74 8T 89 66 67

51| wyasyss | 73 —74 88 65 85 86

52 Yia —59 —79 —89 90 58 77

53 Y34 -58 —82 —86 —59 91 85

54 yg’ 4 =75 =77 -8 79 —-86 92

Table A.3: Products yy’.
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Ly ' Y12 Y1,3 Y23 Yia Y24 Y34
55 Yt o 93 94 95 96 97 98

56| yians |95 99 94 100 101 102
57| yioyes | —94 —95 99 103 104 105
58| yisyna | —97 —102 103 106 96 100
590 yioyea | —96 —101 —105 —97 106 104
60| yf,ysa | —98 —100 —104 —102 —105 107
61|  yi.uis 99 94 95 108 109 110
62| yioyrayia | 104 —110 =100 111 —103 108
63| y2 o190 | 103 —109 —102 104 111 101
64| y3,y1,3ys.4 | 105 —108 —101 —110 —102 111
65| y7oy2.3y1,4 | 101 105 —108 112 —100 —103
66| y3,y2,324 | 100 104 —110 101 112 109
67| Y3 ay2aysa | 102 103 —109 105 —110 112
68|  y7auia 106 111 112 96 97 110
69|  yiau3a 107 111 112 108 109 113
70| y12934y14 |—109 —102 —103 114 108 100
71| Y1293 3924 | 108 —101 —105 —109 114 104
72| Y1293 3y3.4 | 110 —100 —104 —102 —105 114
73| yioyiayd, |—112 114 111 100 101 102
TA| yioyssyi 4 |—111 —112 114 103 104 105
75| yieyds | —113 =100 —104 —102 —105 115
76 yls 99 116 95 117 118 119
77| yispa | 104 119 —100 120 —103 117
78| yisyea | 103 —118 —102 104 121 101
79 yigysa | 105 —117 —101 —119 —102 120
80| yisy?, | 114 120 112 117 109 119
81| yisus4 114 121 112 108 122 110
82| wisys, | 103 —122 —102 104 123 101
83| a3 99 94 124 125 126 127
84| yisyia | 101 105 —125 128 —100 —103
85| wyisyaa | 100 104 —127 101 129 126
86| ySgysa | 102 103 —126 105 —127 129
87| Y33Yia 114 111 128 130 109 110
88| y3sy3, | 114 111 129 108 126 127
89| yosyi, | 101 105 —130 131 —100 —103
90 Yt 106 120 131 132 97 119
91 Y34 106 123 129 96 133 127
92| 4, 115 120 129 117 126 134

Table A.4: Products yy'.
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93 yir),z

94 | yiouis
95 | yioyas
96 | yioyia
97 Yl Y24
98 | yioysa
99 Y3 ou7 3
100 | 4} oy1,391.4
101 | y? ou1.3Y2,4
102 | 47913934
103 | Y 2y2,3v1.4
104 |y 5y2,32.4
105 | o} 92,334
106 Y3 oyt
107 Y3 ou3 4
108 | yio¥7 314
109 y%,zy%,3y2,4
110 | yioy73y3.4
111 y%,gngy%A
112 y%,zy2,3yi4
113 YT U5 4
114 2/1,29%,33/%,4
115 yl,2y§,4
116 Yl s

]. 17 y%’3y1’4

1 18 y%73y2’4

1 19 yf3y3,4
120 yigy%A
121 Y1,3Y2,4
122 y%,3y2,4
123 Y1,3Y5.4
124 Y53
125 | w314
126 | 5 3y2.4
127 | y53y3.4
128 | w3 auia
129 Y3 3Y3.4
130 Y3 395 4
131 | w23via4
132 yir’A
133 Y54
134 yg 4

Table A.5: Elements in %4.



y Yy Y1,2 1,3 Y2,3
Yl st Yoy 3 Vi ay2.3
Vi s —Y1aYas Vil Yoy s
¥ e —Y2¥13 —Y12Y2,3 vl
y?z 13/1 4 —Yla¥24 —y15 Y1 3. ~Yis Ya3y1.4
Yo a4 —YaY14 —1/11,511/1,31/2,4 —yﬁ§1y2,3y3,4
iz s iz vl Ui ay1,3 Ui ay2,3

n_
Y12 Y1,3Y1,4
n—2
Y12 Y1,3Y2,4
n—2
Y12 Y1,3Y3.4
n—2
Y12 Y2,3Y1,4
n—2
Y12 Y2,3Y2,4
n—2
y12 .7/2 3y34

n—1
Y12 Y2,3Y2,4
n—1
Y12 Y2,3Y1.4
n—1
Y12 Y2,3Y3.4
n—1
Y12 Y1,3Y2,4
n—1
Y12 Y1,3Y1,4
n—1
Y12 yl 3.7/34

n—1

n—2, 2
Y12 Y13Y3.4
n—2, 2
Y12 Y1 3Y24
n—2,2
Y12 Yi3Y14

n—1
Y12 Y2,3Y3.4
n—1
Y12 Y2,3Y2,4
n—1
Y12 Y2,3Y1.4

n—1

Y12 Y1,3Y14
n—1

“Y1,2 Y1,3Y3,4
n—1

Y12 Y1,3Y2.4
n—2,2

Y12 Y13Y14
n—2 2

Y12 Y1,3Y34
n—2, 92

Y12 Y1 3Y24

1/1 2 1/1 4 Y1 2 1/1 4 1/?,521/1,31/%,4 1/?,521/2,31/%,4
Yo yl 3Y1.4 *y#EQ?Jé,gyzA *yggiyl,syw *95292,3111,4
y1,2 y1,3y2,4 Y12 Y1 3¥14 Y12 Y1,3Y24 Y12 Y2,3Y34
U?ESU% Y4 —y15 Y s —y15 Y134 —7/?51?%2 3924
(1 2 1/1 51/1 4 *935292,3?!%,4 1/?531/%,31/%,4 yr 2 1/1 31/1 4
Yo y2 3y1 4 *?452?413?4%,4 *935292,39%,4 Yia yl dyl 4
y1,2 91.391.4 yfgsyfgyfzi yf§2y1,3yi4 y1,2 92,391.4
Y3 XnnyEly% 3 Xn+1’U1L27Jz 3 yrt Xn¥1242,3 T Xn+1YT2Y1,3
s ya mmzynm4fmﬂwzymm4 334 mwiwum4fmww$@uw4
yf’.g;ya,zx XnY1, 2192 3y3 4= X'H—lyl 2 ?41 3Y3,4 —YT Y14 Xnyl 3 "y, 392 4= Xnt1¥1 2 312 392 4
VS | XU 2 sy — X0 s V23R s i XWMyN%4+MH%2M3%4
Yos XnU?ElT/% 3= Xn+1V1, 2U1 3 XnU?zUl 3— Xn+11/il27/2 3 s
yé‘;lyu Xn¥1 zlyl 3Y14 = Xn+1Y1 2 yiayia el 2 Yo 3Y2.4 — X419, 2 yl 3Y2.4 —Y2.3Y3,4
Y5 Ysa Xuli s y13y34—fxn+1y122913934 Xl y23y14"Xn+1y12 913914 ~Y53Y2.4
Vs WBa | XU Vs — XUl VYR XeWT 2 YLsYE 4 — o1l s Y28V Vo3 Y3
Wy Xn¥12 UE 4 — Xnr1¥) oY, Xn¥is Vi 4 = Xnt1¥} s¥s. (—1)"y2,3574
Y, Xn¥12 Yh 4 — Xns1¥) o¥14 (—1)"y1,355 4 Xn¥53 V3.4 — Xnt1¥8 3Y3.4
Yi4 (=) y12054 Xo¥i's ¥R 4 — Xnr1U} 51 Xn¥3s Y34 — Xnt1V3 s¥2.4
Table A.6: Products yy’ for n > 5.
Y y Y1,4 Yo2,4 Y3,4
Yla Y1 2Y1,4 Y1 2Y2,4 Y1'2Y3,4
Yo s Uis yiaia Uis Y1sy2a s viaysa
?J{Slyz,s yfglyzsym yf§1y2,3y2,4 y?¢§1y213y3,4
Y12 el Yoy a Ui sy
Y1 Yo Z/?gyz 4 yi‘;ly% 4 y{’;lyz 3Y2.4
y?gzy%,?, yr 2 J1 391 4 yr 2 Z/l 3Y2,4 yr 2 Z/1 3Y3,4
3/?; Y1,3Y1,4 y1 2 y1 3?}1 4 ?/1 2 Y2, 33!1 4 y1 2 y1 3Y1,4
?/12 3/13J24 J12 J23J24 912 yl 3y14 J12 J13J24
vy 22y1 ,3Y3,4 -y 2 y1 dys 4 *y}l,zlyl,sy3,4 Yy 2 yl 3?/1 4
yr 2 Z/? 3Y1.4 Y 2 ?J2 3111 4 *37117,22 yl,s?ém *yl 2 y2 3Y1,4
yr 22@/2 ,3Y2,4 ?J1 2 y1 3Y2,4 y1.nz_;J2.23y1,4 3115323/1,32/3,4
yl 2 ?JZ 393 4 3J1,2 y2,3y34’4 Y12 Y1,3Y3.4 Y12 Y2,3Y14
m2yu Y1 oy YT ay2.4 Y15 YR s34
y1 2, y1 3Y1,4 U2yt syt s YIS YR sy Ui sy
91,2 91,392,4 —yiEQyis?ﬁA yﬁ?y%.syﬁ yi;ly213y2,4

U Y3 gysa
U2 syl
e
1/1549%,3%,4
Yi's
Zlfglyu
Ui's ' ysa

—yﬁ§1y113y3,4
y?,§1y1,3y1,4
Ui Y23ya
Ui yiana

n—1

Y12 Y2,3Y3,4
n—1

Y12 Y1,3Y2,4
n—1

Y12 Y2,3Y2,.4
n—2,2

Y12 Yi3Y2,4

Y13Y1,4 Y1'3Y2,4
syt Xn 41915 Y3 31,4 — wa?glw 3Y1,4
—UT 33,4 —Xn¥ 2 Y1.393.4 = Xn+1Y1, 2 Yy.3ys.a
YlaY1,4 X33 YR sy, + Xn1912 Y1324
Yo.3Y1,4 Ya.3Y2,4
Xny?;§1y113y2,4 - Xn+1yf§2yi3y2,4 y§L§192 4
Xny?Elyz 3Y3.4 — Xn+1yf§1y1 3Y3.4 Y3 3Y3,4
M%zym%4+Xmﬂh2m3%4 Y 3Y2,4
e Xn¥YT 2Y2,4 + Xn+1YT 2Y1,4
Xn¥T 2¥1,4 = Xn+1Y12Y2,4 ot

Xnyisyl,z; - Xn+1yf3y3,4 Xny5l,3y2,4 - Xn+1y5l,3y3,4

n—3,2 2

Y12 Y1,3Y14
n—1

Y1,2 Y1,3Y34
n—1

Y12 Y2,3Y3.4
n—2, 2

Y12 Y1,3Y34
Y1 3Y3,4
yﬁ3?/1,4
n—1, 2
Y13 Y14
Y13Y3,4
Yo.3Y3,4
Y2 32,4
n—1 2
Y23 Y24
y2,3y3,4

Xn¥1 3Y3,.4 + Xn+1V1 3914
Xn¥2 3Y3,4 + Xn+192,3Y2,4
n+1

Y34

Table A.7: Products yy’ for n > 5.
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Y Yy Yi,2 Y34  Y1,3 Y24 Y23 Y14
L viy'ns 1 5 3 20 -2 15
2 THER T 2 21 1 16 3 6
30 'y 'yes 3 17 -2 8 -1 23
41 Y5 4 20 -8 -9 -5 14
5 | iy yiayia | 5 —10 6 —17 -8 21
6 | v lama | 6 20 -8 —11 -5 16
T urslva 5 —12 7 17 -8 22
8 | yi3 yesyia | 8 —15 5 —23 6 —13
9 | y'vis 9 21 10 14 13 4
10 | y75%mayis | 10 5 13 20 11 15
11| yia*dayis | 110 21 10 16 13 6
12| yl3%vi, 11 22 12 16 13 7
13| 73 sri, | 13 17 —11 8 10 23
4|yt Y 14 23 17 -4 —15 -9
15 | yi5visyea | 15 8 16 —10 —-17 20
16 | 45y | 16 23 17 -6 —15 —11
17 | yi52yeayes | 17 —13 15 21 16 5
18 | 455 y2a 17 —19 15 24 18 5
19 | yh5%y3, 11 24 10 18 19 6
20 | i3 yiaysa | 200 -6 21 —15 —23 10
21 | yi5%y2aysa | 21 —11 —23 -5 20 17
22 | yPilyss | 200 -7 22 —15 —23 —12
23 | yi5 yeaysa | 23 —16 20 13 21 8
24 | yhilysa | 23 18 20 19 24 8

Table A.8: Products y'y for n > 6 even.

Y Y Y12 Y34 Y13 Y24 Y23 Y14
1] yis'vs 1 5 2 15 -3 —20
2 | urois 2 21 -3 -6 -1 —16
30 yy'ves 3 17 1 -23 2 -8
40 i s 4 -20 5 14 8 9
5 | yl%yiaya | 50 10 8 —21 -6 17
6 | yiotyiama | 6 —20 5 —16 & 11
T urstvia 6 -22 7 —16 8 12
8 | yio%pesyia | 8 15 —6 13 -5 23
9 | Y3yl 9 —21 -13 -4 -10 -—14
10 | 75 yayis | 10 =5 11 —15 —13  —20
11| yi*Bayl, | 11 —21 —13 -6 —10 -16
12| yiz%l, 0 -7 12 —15 —13 —22
13 | Y75 yesyds | 13 17 10 -23 11 -8
4|y ya 14 -23 15 9 17 4
15 | yi5 yiayes | 15 -8 17 —20 —16 10
16 | y75%y2ayea | 16 23 15 11 17 6
17 | 45 sy | 17 13 =16 —5 —15 —21
18| yh3lyea | 16 —24 15 19 18 6
19 | Y8573, 13 —18 10 -24 19 -8
20 | y'o yi3ysa | 20 6 23 10 -21 15
21 | yi5aysa | 20 11 20 17 23 5
22 | ytglyss | 20 120 2 17 23 7
23 | yP3yesysa | 23 16 —21 -8 —20 13
24 | 955 ysa 21 19 20 18 24 5

Table A.9: Products y'y for n > 5 odd.
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A.3 A basis of M

We present here the GAP code for computing a basis of the quadratic module M*, defined at
the beginning of Subsection 3.2. The code was provided by J.W. Knopper.

# Knopper’s code

LoadPackage ("GBNP") ;
A:=FreeAssociativeAlgebraWithOne (Rationals, "x12", "x13", "x23", "x14", "x24","x34") ;;
x12:=A.x12;; x13:=A.x13;; x23:=A.x23;; x14:=A.x14;; x24:=A.x24;; x34:=A.x34;;
OoA:=One (A) ;;

relationsA:=[x12"2, x1372, %2372, x1472, x2472, x3472, x12xx23-x23%*x13-x13%x12,
x23%*x12-x12+x13-x13xx23, x12*xx24-x24+x14-x14%x12, x24xx12-x12+xx14-x14%x24,
xX13%x34-x34%x14-x14xx13, x34%*x13-x13%x14-x14+xx34, x23%xx34-x34%x24-x24%x23,
x34*x23-x23*x24-x24*x34, x12xx34-x34+x12, x13*x24-x24xx13, x14xx23-x23*x14];;
relsANP:=GP2NPList (relationsA);;

GBNP.ConfigPrint (A);

GA:=Grobner (relsANP) ; ;

MD:=A"2;;

ab:=GeneratorsOfLeftModule (MD) ;

c2:=ab[l]; cl:=ab[2];

modrels:=[cl*x13, cl*x24, c2xx23, c2*x14, cl*x12+c2+x12, clxx34+c2xx34];;
modrelsNP:=GP2NPList (modrels) ;

PrintNPList (modrelsNP) ;

GBNP.CheckHom:=function (G, wtv)
local i,3j,%k,1,mon,hl,h2,ans;
mon :=LMonsNP (G) ;
ans:=GBNP.WeightedDegreeList (mon, wtv) ;
for i in [1l..Length(G)] do
hl:=ans[1];

l:=Length(GI[1i][1]);
for j in [2..1] do
mon:=G[i] [1]1[3];

h2:=0;
for k in [1l..Length(mon)] do
if mon[k]>0 then
# Don’t count module generators, which have a negative index.
# Only count two-sided generators with index 1 or more.
h2:=h2+wtv[mon[k]];
fi;
od;
if h2<>hl then return(false); fi;
od;
od;
Info (InfoGBNP, 1, "Input is homogeneous");
return (ans) ;
end;

GBNP .WeightedDegreeMon:=function (mon, 1st)
local i,ans;
ans:=0;
for i in mon do
# Don’t count module generators, which have a negative index.
# Only count two-sided generators with index 1 or more.
if i>0 then
ans:=ans+1lst[i];
fi;
od;
return (ans) ;
end; ;

SetInfolLevel (InfoGBNP, 1) ;

SetInfolevel (InfoGBNPTime, 1) ;
combinedrelsNP:=Concatenation (GA, modrelsNP) ;
GAT:=SGrobnerTrunc (combinedrelsNP, 9, [1,1,1,1,1,11);
PrintNPList (GAT) ;

splitGAT:=function (GAT)
local p, ts, rel, 1lm;
# p: list of module or prefix relations, ts: list of two-sided relations,
# rel: current relation, lm: leading monomial of current relation rel.
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p:=[1;
ts:=[1;
for rel in GAT do
# get leading monomial.
Im := rel[l,1];
if Length(lm)>1 and 1m[1]<0 then
# module relations start with a negative generator.
# if 1 is part of the GB then it does not have a generator,
# furthermore it is two-sided.
Add (p, rel);
else
Add (ts, rel);
fi;
od;
return rec(p:=p, ts:=ts);
end; ;

split:=splitGAT (GAT);

GBR:=rec(p:=split.p, pg:=2, ts:=split.ts);
BQM:=BaseQM (GBR, 6,2,0) ; ;

PrintNPList (BQM) ;

0
1, 0]
0, x12 ]
0, x23 1]
0, x14 ]
0, x34 ]
]
, 0]
x12x13
x12x23
x12x14
x12x24
x12x34
x23x14
x23x24
x23x34
x14x13
x14x34 ]
3x24 , 0]
x12x13x14
x12x13x24
x12x13x34
x12x23x14
x12x23x24
x12x23x34
x12x14x13
x12x14x34
x12x24x23
x12x24x34
x23x14x12
x23x14x34 ]
x12x13x14x12
x12x13x14x13
x12x13x14x24
x12x13x14x34
x12x13x24x23
x12x13x24x34
x12x23x14x13
x12x23x14x24
x12x23x24x34
x12x14x13x34
x12x24x23x34 ]
x12x13x14x12%x23 ]
x12x13x14x12x24 ]
x12x13x14x12x34 ]
]
]

b
~ N
i

S~ S SN S N o~ o~

S S S S S S S S S S s S~~~ S N SN S S S S S S S~ p|so~

~

x12x13x14x13x34
x12x13x14%x24%23
x12x13x24x23%34 ]
x12x13x14x12x23%x34 ]
x12x13x14x12x24x23 ]

~ 0~ 0~

~

[eNeoNeoNeoNoNoNoNeoNoNoNoNoNeoNoNoNoNoNoNoNoNolNoleolNoNoNoNolNeoNoNoNol el olNolNoNeolNolNoNolNoNel
~
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A4 Koszul complex of M’ fori € {0,1,2,3}

We present here the GAP code for computing the differential of the Koszul complex of the
quadratic modules M° = k and M for i € [1,3] defined in Subsection 3.2. We also present a
basis of H,, ,,,(M?) for some pairs (n,m). In the following code, the matrix FF(inm) represents
the linear map dp11,m—1(M?) : Kpi1.m-1(M?) — K,m(M?), Im(inm) is a basis of the space
Bﬁ/[m and Ker(i,nm) is a basis of the space Dﬁ/[m Moreover, geneMH(i,n,m) are some elements in

Dﬂ/{;, and we can show that it represents a basis of H,, ,,, (M) since the dimension of the space

spanned by B,lem and geneMH(i,n,m) coincides with the dimension of Di‘fm

LoadPackage ("GBNP") ;

A:=FreeAssociativeAlgebraWithOne (Rationals, "x12", "x13", "x23", "x14", "x24","x34") ;;
x12:=A.x12;; x13:=A.x13;; x23:=A.x23;; x14:=A.x14;; x24:=A.x24;; x34:=A.x34;;
OA:=0One (A) ;;

relationsA:=[x12"2, x1372, %2372, %1472, %2472, x3472, x12xx23-x23*x13-x13%x12,
xX23%x12-x12%x13-x13%x23, x12%x24-x24+x14-x14%x12, x24xx12-x12+x14-x14%x24,
x13%x34-x34%x14-x14xx13, x34*xx13-x13%x14-x14%x34, x23%xx34-x34*x24-x24%x23,
xX34%x23-x23%x24-x24xx34, x12%xx34-x34%x12, x13%x24-x24xx13, x14+xx23-x23*x14];;
# A/relationsA is the Fomin-Kirillov algbera on 4 generators.
relsANP:=GP2NPList (relationsA);;

GBNP.ConfigPrint (A);

GA:=Grobner (relsANP);; # GA is a Grdbner basis of the ideal in A.

# PrintNPList (GA);

C:=BaseQA(GA,6,0);; # C is the set of standard words with respect to GA.

# PrintNPList (C);

f:=function (n)
if n=0 then return 1;
elif n=1 then return 6;

elif n=2 then return 19;
elif n=3 then return 42;
elif n=4 then return 71;
elif n=5 then return 96;
elif n=6 then return 106;
elif n=7 then return 96;
elif n=8 then return 71;
elif n=9 then return 42;

elif n=10 then return 19;
elif n=11 then return 6;
elif n=12 then return 1;
fi;
end;
# f(n) is the dimension of S$SA_nS.

g:=function (n)
if n=-1 then return O0;
elif n=0 then return £(0);
elif n>0 then return Sum(List ([0..n], s-—>f(s)));
fi;
end;
# g(n)-g(n-1)=f (n).

B:=FreeAssociativeAlgebraWithOne (Rationals, "y12","y13","y23","y14",6 "y24","y34");;
y1l2:=B.yl2;; yl13:=B.y1l3;; y23:=B.y23;; yl4:=B.yl4;; y24:=B.y24;; y34:=B.y34;;
oB:=0One (B) ;;

relationsB:=[yl2xy23+y23%y1l3, y13xy23+y23xy12, y12xy23+y1l3xy1l2, y12xy13+y23xyl2,
v12xy24+y24xyl4, y14xy24+y24xy12, y12+y24+y1l4xyl2, y12+yld+y24xyl2, yl1l3+y34+y34xyl4,
v14+y34+y34xy13, y13xy34+yl4dxyl3, yl3xyl4+y34*y1l3, y23xy34+y34xy24, y24xy34+y34xy23,
v23%y34+y24xy23, y23xy24+y34xy23, yl2xy34+y34xyl2, yl3xy24+y24+yl3,
v23xyld+y14xy23];;

# B/relationsB is the quadratic dual of the Fomin-Kirillov algebra on 4 generators.
relsBNP:=GP2NPList (relationsB) ;;

wtv:= [1,1,1,1,1,1];;

GBNP.ConfigPrint (B);;

GB:=Grobner (relsBNP);; # GB is a Grdbner basis of the ideal in B.

# PrintNPList (GB) ;

D:= BaseQATrunc (GB,15,wtv);;

for degpart in D do for mon in degpart do PrintNP ([ [mon], [1]]); od; od;

DT:=[1];

for degpart in D do for mon in degpart do Append (DT, [[[mon], [1]1]1]); od; od;
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S:=B"8;;

ab:=GeneratorsOfLeftModule (S);;

g8:=ab[l]l;; g7:=ab[2];; g6:=ab[3];; g5:=ab[4];;

g4:=ab[5];; g3:=abl[6];; g2:=ab[7];; gl:=ab[8];;

modrels:=[gl*yl2-g2xy34, glxy34+g2xyl2, g3*xyl2+gdxy34, g3xy34-gd*yl2, gdxyl3-g2xy24,
gdxy24+g2+y13, g3xyl3-glxy24, g3+y24+glxyl3, glxy23+gdxyld, glxyld-gd*y23,
g3*xy23+g2+yl4, g3xyld-g2xy23, gbxyld, g5xy24, g5xy34, gb6*yl3, gb6xy23, gb6xy34, g7+yl2,
g7xy23, gl*y24, g8xyl2, g8xyl3, g8xyld ];;

modrelsNP:=GP2NPList (modrels) ;;

# PrintNPList (modrelsNP);;

GBNP.CheckHom:=function (G, wtv)
local i,3j,%k,1,mon,hl,h2,ans;
mon :=LMonsNP (G) ;
ans:=GBNP.WeightedDegreeList (mon,wtv) ;
for i in [1l..Length(G)] do
hl:=ans[i];

l:=Length(G[i][1]);
for j in [2..1] do
mon:=G[1][1]1[]];

h2:=0;
for k in [1..Length(mon)] do
if mon[k]>0 then
h2:=h2+wtv[mon[k]];
fi;
od;
if h2<>hl then return(false); fi;
od;
od;
Info (InfoGBNP, 1, "Input is homogeneous");
return (ans) ;
end;

GBNP.WeightedDegreeMon:=function (mon, lst)
local i, ans;
ans:=0;
for i in mon do
if i>0 then
ans:=ans+lst[i];
fi;
od;
return (ans) ;
end; ;

SetInfolevel (InfoGBNP, 1) ;;

SetInfolevel (InfoGBNPTime, 1) ;;
combinedrelsNP:=Concatenation (GB, modrelsNP) ;;
GBT:=SGrobnerTrunc (combinedrelsNpP, 15, [1,1,1,1,1,11);;
# PrintNPList (GBT);

splitGBT:=function (GBT)
local p, ts, rel, 1m;

p:=[];

ts:=[1;

for rel in GBT do
Im := rel[l,1];

if Length(lm)>1 and 1Im[1]<0 then
Add(p, rel);
else
Add (ts, rel);
fi;
od;
return rec(p:=p, ts:=ts);
end; ;

split:=splitGBT (GBT);;

GBRM3:=rec (p:=split.p, pg:=8, ts:=split.ts);;
BOMM3 :=BaseQM (GBRM3, 6, 8, 650) ;;

# PrintNPList (BQMM3) ;

S:=B"7;;
ab:=GeneratorsOfLeftModule (S);;
g7:=ab[1l];; g6:=ab[2];; gb:=ab[3];; gd4:=ab[4];; g3:=ab[5];; g2:=ab[6];; gl:=ab[7];;
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modrels:=[glxyld+gd*yld, glxy24+g3xy24, glxy34-g2+y34, g2xyl3+gdxyl3, g2+xy23+g3*y23,
g3xyl12-gd*yl2, g5xyl2-g6+y34, gl*y24+g5xy1l3, gbxy23+g7+yl4d, gb5xyld-gT7xy23,
g2+xy13-g5*y24, g5xy34+g6xyl2, gb6xyl3+g7+y24, glxyld-g6xy23, g2+y23+gbxyl4,
g6xy24-g7+y1l3, glxy34-g7xyl2, g3xyl2-g7+y34]1;;

modrelsNP:=GP2NPList (modrels);;

# PrintNPList (modrelsNP) ;

SetInfolevel (InfoGBNP, 1) ;;

SetInfolLevel (InfoGBNPTime, 1) ;;
combinedrelsNP:=Concatenation (GB, modrelsNP) ;;
GBT:=SGrobnerTrunc (combinedrelsNpP, 15, [1,1,1,1,1,1]);;
# PrintNPList (GBT) ;

split:=splitGBT (GBT);;

GBRM2:=rec (p:=split.p, pg:=7, ts:=split.ts);;
BQMM?2 : =BaseQM (GBRM2, 6,7, 1000) ; ;

# PrintNPList (BQMM2) ;

MD:=B"2;;

ab:=GeneratorsOfLeftModule (MD) ; ;

g2:=abll];; gl:=ab[2];;

modrels:=[gl*xyl2-g2xy1l2, g2xyl3, glxy23, glxyld, g2xy24, glxy34-g2xy34];;
modrelsNP:=GP2NPList (modrels);;

# PrintNPList (modrelsNP) ;

SetInfolevel (InfoGBNP, 1) ;;

SetInfolLevel (InfoGBNPTime, 1) ;;
combinedrelsNP:=Concatenation (GB, modrelsNP);;
GBT:=SGrobnerTrunc (combinedrelsNpP, 15, [1,1,1,1,1,1]1);;
# PrintNPList (GBT) ;

split:=splitGBT (GBT);;

GBRM1l:=rec (p:=split.p, pg:=2, ts:=split.ts);;
BOMM1 : =BaseQM (GBRM1, 6,2,400) ;;

# PrintNPList (BQMMI1) ;

ff:=function (i, n)
if i=0 and n=-1 then return 0;

elif i=0 and n=0 then return 1;
elif i=0 and n=1 then return 7;
elif i=0 and n=2 then return 24;
elif i=0 and n=3 then return 54;
elif i=0 and n=4 then return 92;
elif i=0 and n>4 then return (3*n+69)x*(n-4)/2+92;
elif i=1 and n=-1 then return 0;

i=1
elif i=1 and n=0 then return 2;
elif i=1 and n>0 then return (3*n+9)*n/2+2;

elif i=2 and n=-1 then return 0;
elif i=2 and n=0 then return 7;
elif i=2 and n=1 then return 31;
elif i=2 and n=2 then return 74;
elif i=2 and n>2 then return (3*n+99)x*(n-2)/2+74;

elif i=3 and n=-1 then return 0;

elif i=3 and n=0 then return 8;

elif i=3 and n=1 then return 32;

elif i=3 and n=2 then return 72;

elif i=3 and n>2 then return 48xn-24;
fi;

end;

FFMO:=function(j, 1)
local F,RDF,H,L,RFA,DFA, rra,dda,s,LAs,k,t;
RDF:=List ([f£(0,3j-1)+1..£f£(0,j+1)], p —> DT[p]);
H:=List ([l..6], s —> TransposedMat (MatrixQA (s,RDF,GB)));;
L:=List ([1l..6], s -> List([f£(0,3)-f£(0,3j-1)+1..££(0,3+1)-££(0,3-1)1,
g —> List([1..££(0,3)-££(0,3-1)]1, p —> H[s][allpl)));;
RFA:=List ([g(i-1)+1..g9(i)], p —-> Clpl);
DFA:=List ([g(i-2)+1..g(i-1)], p —> Clpl);
rra:=Length (RFA);
dda:=Length (DFA) ;
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F:=[];
for s in [1..6] do
LAs:=0%[1..dda];
for k in [1l..dda] do
LAs[k]:=0%[1..rra]l;
for t in [1..Length(MulQA(C[s+1], DFA[k], GA)[1l])] do
LAs[k] [Position (RFA, [ [MulQA(C[s+1], DFA[k], GA)[1]1[t]],[11]1)]:=
MulQA(C[s+1], DFA[k], GA)I[2]I[t];
od;
od;
F:=F+KroneckerProduct (L[s],LAs);
od;
return F;
end; ;

FFM1:=function(j, 1)
local FF,RF,DF,rr,dd,RFA,DFA,rra,dda,s,LLs,LAs,k,t;
RF:=List ([ff(1,3-1)+1..££(1,3)], p —> BOMM1[p]);
DF:=List ([f£(1,3)+1..£f£(1,3+1)], p —-> BOMMl[pl);
rr:=Length (RF) ;
dd:=Length (DF) ;
RFA:=List ([g(i-1)+1..g(i)], p —> Clpl);
DFA:=List ([g(i-2)+1..g(i-1)], p —-> Clpl);
rra:=Length (RFA) ;
dda:=Length (DFA) ;
FF:=[];
for s in [1..6] do
LLs:=0%[1..rr];
LAs:=0*[1..dda];
for k in [1l..rr] do
LLs[k]:=0x[1..dd];
for t in [1..Length (MulQM(RF[k], DT[s+1], GBRM1l) [1])] do
LLs[k] [Position (DF, [ [MulQM(RF[k], DT[s+1], GBRM1) [1]1([t]],I[11]1)]:=
MulQM(RF [k], DT[s+1], GBRM1) [2][t];
od;
od;
for k in [1..dda] do
LAs[k]:=0*[1..rral;
for t in [1l..Length (MulQA(C[s+1], DFA[k], GA)[1l])] do
LAs[k] [Position (RFA, [ [MulQA(C[s+1], DFA[k], GA) [1]1[t]],[111)]:=
MulQA(C[s+1], DFA[k], GA)I[2][t];

od;
od;
FF:=FF+KroneckerProduct (TransposedMat (LLs), LAs) ;
od;
return FF;
end;

FFM2:=function(j, 1)
local FF,RF,DF,rr,dd,RFA,DFA,rra,dda,s,LLs,LAs,k,t;
RF:=List ([f£(2,3-1)+1..£f£(2,3)]1, p —> BOMM2[pl);
DF:=List ([ff(2,3)+1..£f£(2,3+1)], p —-> BOQMM2[p]);
rr:=Length (RF) ;
dd:=Length (DF) ;
RFA:=List ([g(i-1)+1..g9(i)], p —> Clpl);
DFA:=List ([g(i-2)+1..g9(i-1)]1, p —> Clpl);
rra:=Length (RFA);
dda:=Length (DFA) ;
FE:=[];
for s in [1..6] do
LLs:=0*[1..rr];
LAs:=0%[1..dda];
for k in [1l..rr] do
LLs[k]:=0%[1..dd];
for t in [1..Length (MulQM(RF[k], DT[s+1], GBRM2) [1])] do
LLs[k] [Position (DF, [ [MulQM(RF[k], DT[s+1], GBRM2) [1]([t]],I[11])]:=
MulQM(RF [k], DT[s+1], GBRM2) [2][t];
od;
od;
for k in [1l..dda] do
LAs[k]:=0%[1l..rral;
for t in [1l..Length(MulQA(C[s+1], DFA[k], GA)[1l])] do
LAs[k] [Position (RFA, [ [MulQA(C[s+1], DFA[k], GA)[1][t]],[1]1]1)]:=
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MulQA(C[s+1], DFA[k], GA)[2][t];

od;
od;
FF:=FF+KroneckerProduct (TransposedMat (LLs) , LAs) ;
od;
return FF;

end;

FFM3:=function(j, 1)
local FF,RF,DF,rr,dd,RFA,DFA,rra,dda,s,LLs,LAs,k, t;
RE:=List ([f£(3,3-1)+1..£f£(3,3)]1, p —-> BOMM3[p]);
DF:=List ([f£(3,3)+1..£f£(3,3+1)]1, p —-> BQMM3|[p]);
rr:=Length (RF) ;
dd:=Length (DF) ;
RFA:=List ([g(i-1)+1..g9(i)], p —> Clpl);
DFA:=List ([g(i-2)+1..g(i-1)], p —> CIlpl);
rra:=Length (RFA);
dda:=Length (DFA) ;
FF:=[];
for s in [1..6] do
LLs:=0x[1..rr];
LAs:=0%[1..dda];
for k in [1l..rr] do
LLs[k]:=0*[1..dd];
for t in [1..Length (MulQM(RF[k], DT[s+1], GBRM3) [1])] do
LLs[k] [Position (DF, [ [MulQM(RF [k], DT[s+1], GBRM3) [1][t]1],[111)]:=
MulQM(RF [k], DT[s+1], GBRM3) [2][t];
od;
od;
for k in [1l..dda] do
LAs[k]:=0%[1..rra]l;
for t in [1..Length(MulQA(C[s+1], DFA[k], GA)[1l])] do
LAs[k] [Position (RFA, [ [MulQA(C[s+1], DFA[k], GA)[1][t]],I[11]1)]:=
MulQA(C[s+1], DFA[k], GA)[2][t];

od;
od;
FF:=FF+KroneckerProduct (TransposedMat (LLs) , LAs) ;
od;
return FF;

end;

FF:=function(ii, j, i)
if ii=0 then return FFMO(j,1i);
elif ii=1 then return FFM1(j,1i);
elif ii=2 then return FFM2(j,1i);
elif ii=3 then return FFM3(j,1i);
fi;

end;

Im:=function(ii, j, 1)
local Imm;
Imm:=TriangulizedMat (BaseMatDestructive (FF (ii, 3,1)));
return Imm;

end;

Ker:=function(ii, j, 1)
local Kerr;
Kerr:=TriangulizedNullspaceMatDestructive (FF (ii, j-1,1i+1));
return Kerr;

end;

HXR:=function(ii, Uh,Vh,Wh,n, m, r)

local hxr,Vhxr,CC,s,t,le,yy,VP,j,1i,k;

VP:=[1;;

hxr:=0+[1..Length(Uh)*f(x)];

Vhxr:=0%[1..Length (Uh)*f (r)]

CC:=List ([g(m+r-1)+1..g(m+r)

for s in [1..Length(Uh)] do

for t in [1..f(r)] do

le:=Length (Uh[s]);;
yy:=Clg(r-1)+t];;
hxr[(s-1)«f(r)+t]:=0x[1..(f£f(ii,n)-ff(ii,n-1))*f(m+xr)]1;;
VP:=0x[1..le]l;;

’

’

I, p —> Clpl)i;
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Vhxr[(s-1)xf(r)+t]:=0%[1..1le]l;;
for j in [1l..le] do
VP[jl:=0 [ 1, [ 1 1;
for i in [1..Length(Vh[s][]j])] do

P[]]:=AddNP (VP [j],MulQA(C[g (m-1)+Vh[s] [J][1]],yy,GA),

Whis][J]1[i]);
od;
Vhxr[(s-1)xf(r)+t][j]:=List ([1l..Length(VP[Jj1[11)], k —>
Position(CC, [ [VP[JI1[L11[kll, [ 1 1 1 ));
for k in [1l..Length(VP[3][1])] do

hxr[(s-1)*f(r)+t] [£(m+r) * (Uh[s] [j]-1)+Vhxr[(s-1)«*f (r

P[JI1[2][k];
od;
od;
od;
od;
return hxr;
end;

UU:=function (gene, ii)
local Rest,Uh,Vh,Wh,Post, k,aa,Quo,Res, Sig,Qu,Re, Sqg,1i, J;
Rest:=function(n)
if n mod f£(ii) > 0 then return n mod f (ii);
else return f(ii);

fi;
end;
h:=0+[1..Length(gene)];;
h:=0x[1..Length(gene)l;;
h:=0«[1..Length(gene)];;
Post.—[];;
for k in [1l..Length(gene)] do
Uhlk]:=[]; Vh[k]:=[]; Wh[k]:=[];

aa:=genelk];
Post:=[1..Length(aa)];
SubtractSet (Post, Positions(aa,0));

Quo:=List ([1l..Length(Post)], s->(Post[s]-Rest (Post[s]))/f(ii)+1);

Res:=List ([1l..Length(Post)], s—->Rest (Post[s]));
Sig:=List ([1l..Length (Post)], s->genelk] [Post[s]]);
Qu:=Set (Quo) ;
Re:=0%[1..Length(Qu)];
Sg:=0x[1..Length(Qu)];
for i in [1..Length(Qu)] do

Re[i]:=[];

i [

[1..Length(Positions (Quo,Qu[i]))] do
Re[i] [Jj]:=Res[Position (Quo,Qul[i])+J-11;
[§j]:=Sig[Position (Quo,Quli])+3j-11;

od;
return Uh;
end;

VV:=function (gene,ii)
local Rest,Uh,Vh,Wh,Post, k,aa,Quo,Res, Sig,Qu,Re, Sg,1i, J;
Rest:=function(n)
if n mod f(ii) > 0 then return n mod f(ii);
else return f(ii);

fi;
end;
h:=0+[1..Length(gene)];;
h:=0x[1..Length(gene)];;
h:=0x[1..Length(gene)];;
Post.—[];;
for k in [1..Length(gene)] do
Uhlk]:=[]; Vh[k]:=[]; Wh[k]:=[];

aa:=genelk];
Post:=[1..Length(aa)];
SubtractSet (Post, Positions(aa,0));

Quo:=List ([1l..Length(Post)], s->(Post[s]-Rest (Post[s]))/f(ii)+1);

1,
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Res:=List ([1l..Length(Post)],
Sig:=List ([1l..Length(Post)],
Qu:=Set (Quo) ;
Re:=0%[1..Length(Qu)];
Sg:=0x[1..Length(Qu)];
for i in [1..Length(Qu)]
Re[i]:=[];
Sgli]:=[]
for 3 in
Re[i]
Sg[i]

s—>Rest (Post [s]));
s—->gene[k] [Post[s]]);

do

[1..Length(Positions (Quo,Qu[i]))] do
[j]:=Res[Position(Quo,Quli])+j-11;
[j]:=Sig[Position(Quo,Quli])+j-11;
od;
od;
Uh[k] :=Qu;
Vh (k] :=Re;
Wh[k]:=Sg;
od;
return Vh;
end;

WW:=function (gene, ii)
local Rest,Uh,Vh,Wh,Post,k,aa,Quo,Res, Sig,Qu,Re, Sqg, 1, J;
Rest:=function (n)
if n mod f(ii) > 0 then return n mod f(ii);
else return f(ii);

fi;
end;
Uh:=0%[1..Length(gene)];;
Vh:=0+[1..Length(gene)];;
Wh:=0%[1..Length(gene)];;
Post:=[];;
for k in [1l..Length(gene)] do
Uh[k]:=[]; Vh[k]:=[]; Wh[k]:=[];

aa:=genelk];

Post:=[1..Length(aa)l;

SubtractSet (Post, Positions(aa,0));

Quo:=List ([1l..Length(Post)], s->(Post[s]-Rest (Post[s]))/f(ii)+1);
Res:=List ([1l..Length(Post)], s->Rest (Post[s]));

Sig:=List ([1l..Length (Post)], s->genelk] [Post([s]]);

Qu:=Set (Quo) ;

Re:=0%[1..Length(Qu)];

Sg:=0x[1..Length(Qu)];

for i in [1..Length(Qu)] do
Re[i]:=[];
Sglil:=[1;
for j in [1l..Length(Positions (Quo,Quli]))] do
Re[i][]j]:=Res[Position(Quo,Quli])+j-11;
Sgl[i]l[j]:=Sig[Position(Quo,Quli])+3-11;
od;
od;
Uh[k] :=Qu;
Vh(k]:=Re;
Wh(k]:=5g;
od;
return Wh;
end;

geneMH:=function (i, n,m)
if i=0 and n=3 and m=3 then return

[Ker (0,3,3)[99], Ker(0,3,3)[378], Ker(0,3,3)[164], -Ker(0,3,3)[467],
Ker(0,3,3)[219], -Ker(0,3,3)[40], Ker(0,3,3)[301],
Ker (0,3,3) [206]-Ker(0,3,3)[99]-Ker(0,3,3) [378]+Ker (0,3,3) [164]-Ker(0,3,3)[467]11];

elif i=0 and n=3 and m=5 then return
elif i=0 and n=4 and m=4 then return

[Ker (0,3,5)[79]1;

[Ker (0,4,4)[5507,
elif i=0 and n=5
elif i=1 and n=1
[Ker(1,1,3)[15],
Ker(1,1,3)I[19],
elif i=1 and n=1
elif i=1 and
elif i=2 and
elif i=2 and

n=1
n=1
n=1

Ker (0,4,4) [450]1-Ker (0,4,4) [550]1;

and m=11 then return [Ker(0,5,11)[90]1];

and m=3 then return

Ker(1,1,3)[27], Ker(1,1,3)[53], -Ker(l,1,3)[67],
-Ker(1,1,3)[16], Ker(1,1,3)[221]1;

and m=5 then return [Ker(1,1,5)[76]11]1;

and m=7 then return [Ker(1l,1,7)[64]11];

and m=3 then return [Ker(2,1,3)[25711];

and m=5 then return [Ker(2,1,5)[908]1];
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elif i=2 and n=2 and m=4 then return
[Ker(2,2,4)[783]1-Ker(2,2,4)[784], Ker(2,2,4)[784]11];
elif i=2 and n=3 and m=3 then return
[Ker(2,3,3)[36]-Ker(2,3,3)[193]1-Ker(2,3,3)[470]1-Ker(2,3,3)[570]-Ker(2,3,3) [658],
Ker(2,3,3)[200], Ker(2,3,3)[197], -Ker(2,3,3)I[1l6],
Ker(2,3,3) 11931, Ker(2,3,3)1[4701, Ker(2,3,3)[570]1, Ker(2,3,3)[65811;
elif i=3 and n=3 and m=3 then return
[Ker(3,3,3)[179], -Ker(3,3,3)[185], -Ker(3,3,3)I[174], Ker(3,3,3)I[176],
Ker(3,3,3)[355], Ker(3,3,3)1452], Ker(3,3,3) 15401, Ker(3,3,3)162811;
else return [];
fi;

end;

A.5 A basis of (M?)'

We present here the GAP code to compute a basis of (M?)",, for n less than some positive
integer, where the quadratic module M? is defined at the beginning of Subsection 3.2. We also
list the basis of (M?2)', for n € [0, 3].

LoadPackage ("GBNP") ;
B:=FreeAssociativeAlgebraWithOne (Rationals, "y12","y13","y23","y14",6 "y24","y34");;
y12:=B.y12;; y13:=B.y13;; y23:=B.y23;; yl4:=B.yl4;; y24:=B.y24;; y34:=B.y34;;
oB:=0One (B) ;;

relationsB:=[yl2xy23+y23xy1l3, yl13xy23+y23xy1l2, yl12+y23+yl3xyl2, yl2xyl3+y23xyl2,
v12xy24+y24xyl4, y14xy24+y24xy12, y12xy24+y14xyl2, y12+yld+y24xyl2, yl1l3+y34+y34xyl4,
v14xy34+y34xy13, y13xy34+y14xy13, y13xyld+y34xy13, y23%y34+y34xy24, y24+y34+y34%y23,
v23%y34+y24xy23, y23xy24+y34xy23, yl2xy34+y34+yl2, yl3xy24+y24%yl3,
v23xyld+y14xy23];;

relsBNP:=GP2NPList (relationsB);;

wtv:= [1,1,1,1,1,11;;

GB:=Grobner (relsBNP) ; ;

GBNP.ConfigPrint (B);;

PrintNPList (GB) ;

D:= BaseQATrunc (GB,12,wtv);;
for degpart in D do
for mon in degpart do
PrintNP ([ [mon], [1]1]);
od;
od;
DT:=[];
for degpart in D do
for mon in degpart do
Append (DT, [ [ [mon], [1]1]11);
od;
od;

S:=B"7;

ab:=GeneratorsOfLeftModule (S);

g7:=ab[l]; g6:=ab[2]; g5:=ab[3]; g4:=ab[4]; g3:=ab[5]; g2:=ab[6]; gl:=ab[7];

modrels:=[glxyl4+gd*yl4d, glxy24+g3xy24, glxy34-g2+y34, g2xyl3+gd*yl3, g2+y23+g3xy23,
g3*xyl2-gd*yl2, g5xyl2-g6xy34, glxy24+g5xy1l3, g5xy23+g7xyl4, gbxyld-g7*y23,
g2xy13-g5*y24, g5xy34+g6xyl2, gb6xyl3+g7+y24, glxyld-g6xy23, g2+y23+gbxyl4,
gbxy24-g7+y13, glxy34-g7+y1l2, g3*yl2-g7xy34]1;

modrelsNP:=GP2NPList (modrels) ;

PrintNPList (modrelsNP) ;

GBNP.CheckHom:=function (G, wtv)
local i,3j,%k,1,mon,hl,h2,ans;
mon :=LMonsNP (G) ;
ans:=GBNP.WeightedDegreeList (mon, wtv) ;
for 1 in [1l..Length(G)] do
hl:=ans[i];

l:=Length(G[i][1]);

for j in [2..1] do
mon:=G[i][1][7];
h2:=0;

for k in [1l..Length(mon)] do
if mon[k]>0 then
h2:=h2+wtv[mon[k]];
fi;
od;
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if h2<>hl then return(false); fi;
od;
od;
Info (InfoGBNP, 1, "Input is homogeneous");
return (ans) ;
end;

GBNP .WeightedDegreeMon:=function (mon, 1st)
local i,ans;
ans:=0;
for i in mon do
if i>0 then
ans:=ans+lst[i];
fi;
od;
return (ans) ;
end; ;

SetInfolLevel (InfoGBNP, 1) ;

SetInfolevel (InfoGBNPTime, 1) ;
combinedrelsNP:=Concatenation (GB, modrelsNP) ;
GBT:=SGrobnerTrunc (combinedrelsNpP, 15, [1,1,1,1,1,1]);
PrintNPList (GBT) ;

splitGBT:=function (GBT)
local p, ts, rel, 1lm;

p:=[1;

ts:=[];

for rel in GBT do
Im := rel[l,1];

if Length(lm)>1 and 1m[1]<0 then
Add(p, rel);
else
Add (ts, rel);
fi;
od;
return rec(p:=p, ts:=ts);
end; ;

split:=splitGBT (GBT) ;

GBR:=rec(p:=split.p, pg:=7, ts:=split.ts);
BQM:=BaseQM (GBR, 6, 7,500) ;;
PrintNPList (BQM) ;

(o, o0 0, 0, 0, 0, 1]

[ o, 0 0,0 0, 1, 0]

(o, o6 0, 0, 1, 0, 0]

[ o, 00 1, 0,0, 0]

o o 1, 0, 0, 0, 0]

o, 1,0, 0,0 0, 0]

r+, o0, 0, 0, 0, 0, 0]

[ o 0, 0, O, 0, 0, y12 ]
[ o 0, 0, 0, 0, 0, y13 ]
[ o 0, 0, 0, 0, 0, y23 ]
[0, 0, 0, 0, 0, 0, yl4 ]
[ o 0, 0, O, 0, 0, y24 ]
[0, 0, 0, 0, 0, 0, y34 ]
[ o o0, 0, 0, 0, y12 , 0]
[0, 0, 0, 0, 0, yl3 , 0]
[ o 0, 0, 0, 0, y23 , 0]
[o 0, 0, O, 0, y14 , 0]
[0, 0, 0, 0, 0, y24 , 0]
(o o0, 0, 0, y12 , 0, 0]
[0, 0, 0, 0, y13, 0, 0]
[ o 0, 0, O, y14 , 0, 0]
[0, 0,0 0, 0, y34 , 0, 0]
[ o, 0, 0, y23 , 0, 0, 0]
[0, 0, 0, y24 , 0, 0, 0]
[0, 0, 0, y34 , 0, 0, 0]
(o, 0, yr2 , o, 0, 0, 0]
[0, 0, y23 , 0, 0, 0, 0]
[0, 0, y14 , 0, 0, 0, 0]
[0, 0, y34 , 0, 0, 0, 0]
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A.6 Right action of FK(4)' on (M?)'

We list below the right action of some elements of A' on (M?)!, where M? is the quadratic (right)
A-module defined at the beginning of Subsection 3.2. In Tables A.10-A.13, the entry appearing
in the row indexed by y and the column indexed by ¥’ is the product yy'. To reduce space, the
integer m € [1,24], appearing in the third to fifth columns of Tables A.10-A.13 indicates the
element b1, where b”, is the m-th element in (3.24) for n > 4 and m € [1, 24].

/

Y Y Y1,2 Y1,3 Y2,3
1 Qs s -2 5
2 | qis s -1 —2 5
30 gy via —4 -8 -9
41 g vea -3 -7 ~11
5 glyf’gzyi3 5 1 2
6 | 1972 Y1,3Y1.4 10 —13 —6
7 | 12 Y 3Y2.4 9 —4 -8
8 | g1yl3 Y1334 11 -3 -7
9 | g1yl3 Y2814 7 11 -3
10 | 91972 y2,392.4 6 10 ~13
11 glyig2y§,32y3,4 8 9 —4
.
13 | outabin T 4 o
1,2 Y1,3Y3,4
14| giyl5 ysyds ~15 12 14
15 | g1yl5%y2.508 4 —14 ~15 12
16 | g2u75 Y14 —17 -8 -9
17| 92915 vou —16 -7 —11
18 ggyiﬁiyh 18 14 15
19 ggy’ﬁg Y14 —10 —20 6
20 | gsyl's'ysa —11 -19 7
21 | gsyi57via —12 21 -15
22 | gays Yo -6 —10 -23
23 | gayh s ysa -8 -9 —22
24 | guyb5 Y34 —12 —14 24
91y7 s 9y’ 1 2
Qs vha | (D oyl s Xr14 — Xr116 Xr15 = Xr4110
91Y3.4 91Y1,2Y5 4 14 15
9212 gzygz 164 13
93Y1,2Y3 4 91Y3 4
938 4 931,205 4 21 ~15
94y§l,4 931/1,333?,4 —14 24
9597 2 95912 —4 -8
95Y12 Y34 —g5YT2Ys,4 —11 3
91yt 5 IR 2
G1Y13 Y a Xr12 4+ Xr119 (=D g5 s Xr15 — X118
92Y1,3Y3 4 9 —91Y5 4 -8
9293 4 18 92Y1,3Y3 4 15
937 3 —12 g3y ~15
9493,4 —12 —!]2y1,3y§,4 24
96U s -7 g6yi3! 3
g6Y's Y2, —-13 —9g6Y1 3Y2,4 —-10
Ny 5 1 Y55
91933 Y14 Xr12 4+ Xri17 Xr14 + xrp111 (=) g3 Myt
91Y1 4 12 14 91Y2,3Y7 4
9223975 7 11 —guyid!
9297 4 18 14 92Y2,3Y7 4
93YTa —12 21 —92Y2,3Y1'4
9ayb 3 —12 —14 gay5 !
958 5 9 —4 9595 3"
95955 Y14 —-13 —6 —95Y5 3Y1,4

Table A.10: Products yy’ for n > 4 even.
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Y Y Y1,4 Yo2.4 Y3.4
1 glyfglyl,s 6 7 8
2 glyi;lyz,s 9 10 11
3 915 v a 12 3 6
4 gly{ﬁ;lyz,4 —4 12 10
50 gwia?yls 3 4 13
6 | G1912 Y13Y14 14 -9 3
7 9193523}1,3%,4 10 14 7
8 | g1y Y13Y34 ~13 -8 14
9 | 105 Y2301 15 —6 9
10 gly?,§2y2,3y2,4 7 15 4
11 91@/?,52@/2,393,4 11 —13 15
12 | gyt i 3 4 13
13 | 19757 U7 334 -8 11 12
4 | g5 syt 6 7 8
15 gly?,§3y2,3y%,4 9 10 11
16 gzyfglyl,zl 18 16 6
17 922411,512/2,4 —17 18 10
18 | g2yi5°34 16 17 13
19 | g3yl's ' v1a 21 9 19
20 9313 Y3 —20 8 21
21 | g3y 03, 19 4 20
22 | gayss y2u -7 24 99
23 | gayy3 Ysa ~11 —23 24
24 | gayss Y3 -3 22 23
91Y7 2 3 4 91T 23,4
91Y12 Y34 Xr3 = Xr+18  Xrd — X111 guyn s
91934 3 4 g1 ygj 1
921, 16 17 G1YT 23
93y1,.2950" 8 11 931205 4
93Y3.4 19 —4 gsy5
94Y5 4 -3 22 g4yg’1'1
95Y12 10 14 95Y1.2Y3.4
g5yf§1y3,4 —15 6 gsyfgl
91Y1'3 3 G1YT 3Y2,4 13
G913 Yoa Xr3 + Xr+110 gwfgryﬂl Xr13 + X117
91954 3 gy st 13
92v1,3Y5 5" 10 9291395 4 7
92934 16 ggygjl 13
931’3 19 —91YT 3Y2,4 20
948 4 -3 gayy ! 23
96Y1'3 —15 96Y1 3Y2,4 9
gsy¥,§1y2,4 —38 geyr s’ 12
91Y33 91Y3 3Y1,4 4 13
91Y33 Yia s i xed = xer16 X3 = X9
YTy gy I 13
92y2,3y7 4" 92Y2,3Y1 4 —6 -9
92Y74 g2 17 13
9397 4 gsyi ! —4 20
91Y3 3 —91Y5 3Y1,4 22 23
9595 3 9595 3Y1,4 14 7
g5y§7§1y1,4 g5y§§1 —11 12

Table A.11: Products yy’ for n > 4 even.
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Y Y Y1,2 Y1,3 Y2,3
1 913/?7513/1,3 -2 5 1
2 919?513/2,3 -1 -2 5
3 9175 1 —4 -8 -9
4 913/?751212,4 -3 -7 —11
50 qwia vis 5 1 2
6 | 91912 Y1.3Y1.4 10 —13 —6
7| yls sy 9 —4 -8
8 | 1915 y1,3y3.4 11 -3 -7
9 | g1y15 Y2301 7 11 _3
10 913/?,52?/2,32;2,4 6 10 ~13
11 glyf§2y2,3y3,4 8 9 —4
12 R 12 14 15
13 | 1915°yi 3934 ~13 -6 ~10
14| g1yi 5 v13y3 4 —15 12 14
15 | g197 2 y2807 4 ~14 ~15 12
16 92@/?7513/1,4 =17 -8 -9
17| 92975 2 —16 7 11
18 | g2yl'5%3 4 18 14 15
19 | g3yi'3 Y14 4 —20 9
20 | gsy3'ysa 13 ~19 10
21 | gsyi5 Yt 15 21 —14
22 94933192,4 3 7 —923
23 | gaybs 'y 13 6 —99
24 | qyn3%y34 14 15 924
Yo ayrs 1 2
9t yss | (DTt s, xeld = Xe a6 Xr15 — Xr4110
9195 4 —01Y1,2Y5 4 —6 —10
I gzylﬁl 1;14 1155
93Y1,2Y3 4 —091Y3.4 - -
93Y3 4 —93Y1,2Y5 4 —19 10
94Y5 4 —93Y1,2Y35 4 6 —22
951 o gsyi s 11 -3
959?513/3,4 *953/?,21/3,4 74+1 -8
913/?73 -2 gly’f’g 1
919173 Y34 —Xr15 — Xr413 (*1)Tg1yi§r+ly§74 Xr14 — xra111
gly?,ﬁ X —135 _glylﬁiﬁl/lg,zi —1111
92Y1,3Y2 4 - 91¥Y2 4
9293 4 —16 —92Y1,3Y5 4 -1
93913 15 g3y 4" —14
94Y3 4 3 92Y1,3Y5 4 —23
96973 -8 geyr§" 4
9g6yi'3 Y24 10 — g6y 324 6
9195 3 -1 -2 9195 3
91Y33 Y14 —Xr14 = Xrp14 —xr15 = xr18  (=D)Tguys s r
G1YT 4 —4 -8 —91Y2.3Y1'4
92y23Y7 7" ~14 15 it
921/?,4 —17 —8 792y273y7ﬁ4
93Yia 4 —20 92Y2,3Y7 4
94Y3 3 14 15 gayss?
95Y3.3 —11 3 g5yt
951/3511/1,4 6 10 —g5y§igy1’4

Table A.12: Products yy’ for n > 5 odd.
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Y Y Y1,4 Yo2.4 Ys3,4
1 913/?7513/1,3 6 7 8
2 | giyis'yes 9 10 11
30 gz 12 3 6
41 qyls yeu —4 12 10
51 qwis vis 3 4 13
6 | 91912 Y1.3Y1.4 14 -9 3
T | s vsyea 10 14 7
8 | g1yl y13ysa ~13 -8 14
9 | g9l 3 Y3014 15 —6 -9
10 913/?,522/2,32!2,4 7 15 4
11 919?3292,3%,4 11 —13 15
12 | gyl i, 3 4 13
13 | g1y1'2 Yl 53,4 -8 ~11 12
14 | gy msyia 6 7 8
15 912/?,53?/2,32!%4 9 10 11
16 923/?7513/1,4 18 16 6
17| 92975 2 —17 18 10
18 | g2yl'5%3 4 16 17 13
19 93913 Y14 21 -3 19
20 | gsyl's Y34 —20 11 21
21 | gsylstyl, 19 -7 20
22 | gayhs'you 4 24 22
23 | b ysa 8 —23 24
24 | sy -9 22 23
G1Y7 2 3 4 G1YT 2Y3,4
91912 Y54 Xr3 = Xr+18  Xrd — Xr4111 91?}?,?%21
91954 -8 —11 gyt
92912 16 17 917 2Y3.4
93%,21/;21 -3 —4 g3y1’2y§24
93Y3.4 —20 11 935"
94Y5 4 8 —23 g4yg71'1
95Y72 15 —6 9597 23,4
95Yiz Y3a 10 14 g5y
G1Y1'3 6 9197 3Y2,4 8
g5 s | X6 —xe1d g3 ush Xe8+ X110
91U, —4 Nyt 10
gzy1,3y§’;Zl 6 92Y1,3Y3.4 8
923/3,4 -17 gzy;’jl 10
93Y1'3 19 —1Y13Y2,4 20
9gay5 4 4 g2y 22
96Y1'3 —11 96Y1 3Y2,4 —-15
9615 Y24 14 geyi %! 3
91933 91Y3,3Y1,4 10 11
9ss . | s i 104 xera3 Xe 11+ X6
9197 4 gyttt 3 6
92y2,3Y1 7" 92Y2,397 4 10 11
92914 g2y %" 16 6
g3y 4 gsy1 ! -3 19
94Y33 —01Y33Y1,4 22 23
95933 95Y3.3Y1,4 8 —14
953/3,511/1,4 g5y§§1 15 4

Table A.13: Products yy’ for n > 5 odd.
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