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0. INTRODUCTION

The goal of these lectures is to study the conjecture of Kobayashi [Kob70, Kob78| on the hyper-
bolicity of generic hypersurfaces of high degree in projective space, and the related conjecture by
Green-Griffiths [GG79] and Lang [Lan86] on the structure of entire curve loci.

1. SEMPLE TOWER ASSOCIATED TO A DIRECTED MANIFOLD

1.A. CATEGORY OF DIRECTED MANIFOLDS

We start by recalling the main definitions concerning the category of directed varieties. For the
sake of simplicity, we first assume that the objects under consideration are nonsingular.

1.1. Definition. A (complezx) directed manifold is a pair (X,V) consisting of a n-dimensional
complex manifold X equipped with a A morphism ® : (X, V) — (Y, W) in the category of directed
manifolds is a holomorphic map such that ®,.(V) C W.

It is eventually interesting to allow singularities for V. We then assume that there exists a dense
Zariski open set X’ = X \'Y C X such that Vjx/ is a subbundle of (T'x))| X" and the closure V|x
in the total space of T'x is an anaytic subset. The rank r € {0,1,...,n} of V is by definition the
dimension of V, at points x € X’; the dimension may be larger at points € Y. This happens e.g.
on X = C" for the rank 1 linear space V' generated by the Euler vector field: V, =C} ", <j<n Zja%j

for z £ 0, and Vy = C". The absolute situation is the case V = T'x and the relative situation is

the case when V' = T/g is the relative tangent space to a smooth holomorphic map X — S. In

general, we can associate to V' a sheaf V = O(V)) € O(Tx) of holomorphic sections. No assumption
1
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need be made on the Lie bracket tensor [e,e] : V x V — O(Tx)/V, i.e. we do not assume any kind
of integrability for V. One of the most central conjectures in the theory is the

1.2. Generalized Green-Griffiths-Lang conjecture. Let (X,V) be a projective directed
manifold where V. C Tx is nonsingular (i.e. a subbundle of Tx). Assume that (X, V') is of “general
type” in the sense that Ky := det V* is a big line bundle. Then there should exist a proper algebraic
subvariety Y C X containing the images f(C) of all entire curves f : C — X tangent to V.

A similar statement can be made when V is singular, but then Ky has to be replaced by a certain
(nonnecessarily invertible) rank 1 sheaf of “locally bounded” forms of O(det V*), with respect to a
smooth hermitian form w on Tx. The reader will find a more precise definition in [Dem18|.

1.B. THE 1-JET FONCTOR

The basic idea is to introduce a fonctorial process which produces a new complex directed
manifold (X, V) from a given one (X, V). The new structure (X, V') plays the role of a space of
1-jets over X. We let

(1.3) X=PV), VcTx

be the projectivized bundle of lines of V', together with a subbundle V of T% defined as follows:
for every point (z, [v]) € X associated with a vector v € V, \ {0},

(1.3") Vi) = 10 € T%, (o)) s dma(n) € Cv},  Cov CV, C Ty,

where 7 : X = P(V) — X is the natural projection and . : Tx — 7*T is its differential. On
X = P(V) we have a tautological line bundle Ox(—1) C 7"V C 7*Tx such that O%(—1) (1)) = Cv.
The bundle V is characterized by the exact sequences

0— Tg/x — Tx I 7' Tx — 0,

[ U U
(1.4) 0— Tg;x — V 95 0%(-1) — 0,
(1.4") 0— 0% —71mV®e0x(1) — Tx/x —0,

where Tz /x denotes the relative tangent bundle of the fibration  : X — X. The first sequence
is a direct consequence of the definition of V', whereas the second is a relative version of the Euler
exact sequence describing the tangent bundle of the fibers P(V,). From these exact sequences we
infer

(1.5) dimX =n+r—1, rank V = rank V = r,
and by taking determinants we find det(T%,x) = 7*det V ® Ox(r), hence
(1.6) detV = n*det V @ Ox(r — 1).

Clearly  : ()Z' , 17) — (X,V) is a morphism of complex directed manifolds and this construction is
fonctorial with respect to morphisms ® : (X, V) — (Y, W) for which ®, is injective.

1.C. LIFTING OF CURVES TO THE 1-JET BUNDLE

Suppose that we are given a holomorphic curve f : D(0,R) — X parametrized by the disk
D(0,R) of centre 0 and radius R in the complex plane, and that f is a tangent curve of the
directed manifold, i.e., f'(t) € Vj for every t € D(0,R). If f is nonconstant, there is a well
defined and unique tangent line [f'(¢)] for every ¢, even at stationary points, and the map

(1.7) F:DO,R) = X, tw f(t) = (F(),[f (1))
is holomorphic (at a stationary point to, we just write f'(t) = (t — to)°u(t) with s € N* and
u(tp) # 0, and we define the tangent line at ¢y to be [u(to)], hence f(t) = (f(t),[u(t)]) near
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to; even for t = tg, we still denote [f'(to)] = [u(to)] for simplicity of notation). By definition
f'(t) € Ox(=1)f1) = Cu(t), hence the derivative f" defines a section
(1.8) I Tpo,r) — Frox(-1).
Moreover 7 o f: f, therefore
mf'(t) = £'(t) € Cult) = F'(t) € Vs.ue) = Vi)

and we see that f is a tangent trajectory of ()? , 17) We say thaLt~Jva is the canonical lifting of f
to X. Conversely, if g : D(0, R) — X is a tangent trajectory of (X, V), then by definition of V'
we see that f = 7o g is a tangent trajectory of (X, V) and that g = f (unless g is contained in a
vertical fiber P(V,), in which case f is constant).

For any point z¢p € X, there are local coordinates (z1,...,2,) on a neighborhood €2 of zy such
that the fibers (V. ),cq can be defined by linear equations
0
(1.9) V, = {v = Z Vig, Vi = Z a;i(z)vy for j =1+ 1,...,n},
1<j<n J 1<k<r

where (aji) is a holomorphic (n — r) x r matrix. It follows that a vector v € V, is completely
determined by its first r components (v1,...,v,), and the affine chart v; # 0 of P(V);q can be
described by the coordinate system

v Vj_1 vj v
(1.10) <21,...,zn;—1,...,J—1,]—+1,... —T)

)

Uj Vi Y Uj

Let f ~ (f1,...,fn) be the components of f in the coordinates (z1,...,2,) (we suppose here R
so small that f(D(0,R)) C ). It should be observed that f is uniquely determined by its initial
value x and by the first » components (fi,..., f.). Indeed, as f'(t) € V@), we can recover the
other components by integrating the system of ordinary differential equations

(111) [y = D7 ap(FENM),  i>r

1<k<r
on a neighborhood of 0, with initial data f(0) = x. We denote by m = m(f,tg) the multiplicity of
f at any point to € D(0, R), that is, m(f, ) is the smallest integer m € N* such that f}m) (to) #0
for some j. By (1.11), we can always suppose j € {1,...,7}, for example frm)(to) # 0. Then

f'(t) = (t — to)™ tu(t) with u,.(tg) # 0, and the lifting f is described in the coordinates of the
affine chart v, # 0 of P(V);q by

(1.12) Fe (fl,...,fn;j;{i,..., 7;;1).

1.D. THE SEMPLE TOWER

Following [Dem95|, we define inductively the projectivized k-jet bundle X (or Semple k-jet
bundle) and the associated subbundle V;, C T’x, by

(1.13) (X0, Vo) = (X, V), (X5 Vi) = (Xp—1, Vie_1)-

In other words, (Xg,V;) is obtained from (X,V') by iterating k-times the lifting construction
(X,V) — (X,V) described in § 1.B. By (1.3-1.5), we find

(1.14) dim X =n+k(r —1), rank Vi, = r,
together with exact sequences
(1.15) 0—Tx,/x,y — Vi UIOLN Ox,(-1) — 0,

(1.15) 0— Ox, — MV ® Ox, (1) — Tx, /x,, — 0.
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where 7y, is the natural projection 7y, : X — Xx—1 and (7). its differential. Formula (1.6) yields
(1.16) det Vi, = 7). det Vk,1®(’)xk(r— 1).

Every nonconstant tangent trajectory f : D(0, R) — X of (X, V) lifts to a well defined and unique
tangent trajectory fi; : D(0, R) — Xy of (Xy, Vi). Moreover, the derivative f[’k_l] gives rise to a
section

(1.17) f[/k_l] : Tpo,r) = fiyOx,. (=1).

In coordinates, one can compute f[k] in terms of its components in the various affine charts (1.10)
occurring at each step: we get inductively

FyooEL
(1.18) fip = (Fuoo o FN), i) = <F1FNF—, - )
Sr Sp
where N =n+k(r—1) and {s1,...,s,} C{1,...,N}. If k > 1, {s1,..., s, } contains the last r —1
indices of {1, ..., N} corresponding to the “vertical” components of the projection X — Xj_1, and
in general, s, is an index such that m(Fs,,0) = m(fj,0), that is, F, has the smallest vanishing
order among all components Fs (s, may be vertical or not, and the choice of {s1,...,s,} need not
be unique).
By definition, there is a canonical injection Ox, (—1) — 7;Vj,_1, and a composition with the
projection (mx—_1)« (analogue for order k — 1 of the arrow (7). in the sequence (1.15)) yields for
all £ > 2 a canonical line bundle morphism

(mx)* (dmg—1)

(1.19) OXk(_l) — WZVk—l WZOinl(—l),

which admits precisely Dy = P(Tx, ,/x, ,) C P(Vi—1) = X} as its zero divisor (clearly, Dy, is a
hyperplane subbundle of X}). Hence we find

(1.20) Ox, (1) = m,0x,_,(1) ® O(Dy,).
Now, we consider the composition of projections
(1.21) 7rk:,j:7T]'+1O--~07rk_107rk:Xk—>Xj.

Then 79 : X — Xo = X is a locally trivial holomorphic fiber bundle over X, and the fibers
Xio = W,;(l)(x) are k-stage towers of P"~1-bundles. Since we have (in both directions) morphisms
(C™, Tcr) N (X, V) of directed manifolds which are bijective on the level of bundle morphisms,
the fibers are all isomorphic to a “universal” non singular projective algebraic variety of dimension
k(r—1) which we will denote by R, ; it is not hard to see that R, j, is rational, since (1.18) provides
affine charts of R, ; that are isomorphic to Ck(r=1),

1.22. Remark. When (X, V) is singular, one can easily extend the construction of the Semple
tower by fonctoriality. In fact, assume that X is a closed analytic subset of some open set Z c CV,
and that X’ C X is a Zariski open subset on which V}x- is a subbundle of T'ys. Then we consider the
injection of the nonsingular directed manifold (X', V') into the absolute structure (Z, W), W = T.
This yields an injection (X, V}) < (Z, Wy), and we simply define (X, Vj) to be the closure of
(X}, V) into (Zy, Wy). It is not hard to see that this is indeed a closed analytic subset of the same
dimension n + k(r — 1), where r = rank V.

1.E. JET BUNDLES AND JET DIFFERENTIALS
Following Green-Griffiths [GrGr79], we consider the bundle J; X — X of k-jets of germs of para-
metrized curves in X, i.e., the set of equivalence classes of holomorphic maps f : (C,0) — (X, z),

with the equivalence relation f ~ ¢ if and only if all derivatives f0)(0) = ¢g)(0) coincide for
0 < j < k, when computed in some local coordinate system of X near x. The projection map



MORSE COHOMOLOGY ESTIMATES FOR SEMPLE JET BUNDLES 5

JgX — X is simply f — f(0). If (z1,...,2,) are local holomorphic coordinates on an open set
Q) C X, the elements f of any fiber Jp X,., x € €, can be seen as C"-valued maps

f=(, fa): (C0)»>QCCm,
and they are completetely determined by their Taylor expansion of order k at ¢t =0

k

In these coordinates, the fiber J; X, can thus be identified with the set of k-tuples of vectors
(€1,.. &) = (f0),...,f®)(0)) € (C™*. Tt follows that J,X is a holomorphic fiber bundle
with typical fiber (C")* over X. However, J; X is not a vector bundle for k > 2, because of the
nonlinearity of coordinate changes: a coordinate change z — w = ¥(z) on X induces a polynomial
transition automorphism on the fibers of J; X, given by a formula

s=j
(123) (e NV =W Iy DT Gl YO )

s=2 jitjet-+js=J
with suitable integer constants c¢;j, ;. (this is easily checked by induction on s). According to
the above philosophy, we introduce the concept of jet bundle in the general situation of complex
directed manifolds.

1.24. Definition. Let (X, V) be a complex directed manifold. We define J,V — X to be the bundle
of k-jets of curves f: (C,0) — X which are tangent to V., i.e., such that f'(t) € Vi) for allt in a
neighborhood of 0, together with the projection map f +— f(0) onto X.

It is easy to check that JiV is actually a subbundle of J;X. In fact, by using (1.11), we see that
the fibers J;V, are parametrized by
k T
(1), s 105 (F1O), - £(0))s 3 (7(0), ., £ (0))) € (C)F

for all 2 € Q, hence J,V is a locally trivial (C")¥-subbundle of J,X. Alternatively, we can pick a
local holomorphic connection V on V such that for any germs w = Zléjgn wjaizj € O(Tx ) and

v =) 1caerOaex € O(V); in a local trivializing frame (e1, ..., e,) of Viq we have
ov),
(1.25) Vyv(z) = Z wjgex(x) + Z F?/\(ac)wjm eu(z).
1<5<n, 1AL J 1<5<n, 1<, pu<r

We can of course take the frame obtained from (1.9) by lifting the vector fields 0/0z1,...,0/0z,
and the “trivial connection” given by the zero Christoffel symbolds I' = 0. One then obtains a
trivialization J kVFQ o~ Vr%k by considering

(1.26) JeVa 3 = (61,62, &) = (VF(0), V2F(0),..., VR £(0)) € VF*
and computing inductively the successive derivatives V f(t) = f/(¢) and V*f(¢) via
d
V= (Vg = Y (V) e+ Y TaDS (V) enlh).
1<ALr 1<j<n, 1<\ u<sr

This identification depends of course on the choice of V and cannot be defined globally in general
(unless we are in the rare situation where V' has a global holomorphic connection). O

Let Gy, be the group of germs of k-jets of biholomorphisms of (C,0), that is, the group of germs
of biholomorphic maps
t o(t) = art + agt® + - - - + agt", a1 €C* a; €C, j>2,

in which the composition law is taken modulo terms #/ of degree j > k. Then Gy, is a k-dimensional
nilpotent complex Lie group, which admits a natural fiberwise right action on JiV

(1.27) TV x G = V. (f,0) = foe.
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There is a semidirect decomposition Gy = G}, x C* given by a split exact sequence
1—-G)—>G,—C"—=1

where G, — C* is the obvious morphism ¢ — ¢'(0), the commutator group G, = [Gy,Gy] is
the group of k-jets of biholomorphisms tangent to the identity, and C* C Gy is the (nonnormal)
subgroup of homotheties p(t) = At. The corresponding action of C* on k-jets is described in
coordinates by

(517£2)"'5€k) ()\517)‘2527" )‘ké-k) 58 = Sf( )
Following [GrGr79], we introduce the bundle EGG V* — X of polynomials P(x;&1,...,&) that are
homogeneous on the fibers of JiV of weighted degree m with respect to the C* action, i.e.

(1.28) P(x; M1, .. \EE) = NP (2361, ... &),
in other words they are polynomials of the form
(1.29) P(z;61,...&) = > Qoo (1) E71EG2 - €1

|1 |+2] |+ +klag|[=m

where & = (§5.1,...,&,) € C" >~ V, and &£ fas o ?}’r, las| = Zlgjgr o ;. Sections of the
sheaf O(E,S’T%V*) can also be viewed as algebraic dlﬁerential operators acting on germs of curves
f:(C,0) — X tangent to V, by putting

(1.29') P(f)(t) = > oo (F(£)) (VF(E) (V2 F(£))22 - - (VF £ (1))

|t |42z |+--+k[ag|=m

where the aq,...q, () are holomorphic in z. With the graded algebra bundle E,?.GV* =, E,?S’LV*
we associate an analytic fiber bundle

(1.30) X{9 = Proj(EFJV™) = (JiV ~ {0})/C*

over X, which has weighted projective spaces ]P’(l[’"], olrl ..., krm) as fibers; here JiV ~ {0} is the
set of nonconstant jets of order k. As such, it possesses a tautological sheaf Oycc(1) [the reader
should observe however that O xgc (m) is invertible only when m is a multiple of lem(1,2,. .., k)].

1.31. Proposition. By construction, if my : XEG — X s the natural projection, we have the
direct image formula

()+ O (m) = O(EESV?)
for all k and m.

In the geometric context, we are not really interested in the bundles (J;V ~ {0})/C* themselves,
but rather on their quotients (J; V' ~{0}) // G (would such nice complex space quotients exist!). In
fact the following fundamental result from [Dem95] shows that the Semple bundle X}, constructed
above plays the role of such a quotient.

1.32. Theorem and Definition. Let Ej,,V* C EISS;V* be the set of polynomial differential

operators f +— P(f) that are invariant under arbitrary changes of parametrization, i.e., such that
for every p € Gy,

(%) P(fop)=(¢)"P(f)o
[the weighted degree condition (1.28) being the special case when p(t) = At, A € C*].

Let 0 : Xi, — X be the Semple jet bundles defined above and let J,V'® be the bundle of regular

k-jets of maps f : (C,0) — (X, V), that is, jets f such that f'(0) # 0. Then

(i) The quotient Ji V™8 /Gy has the structure of a locally trivial bundle over X, and there is a
holomorphic embedding J,V*8 /Gy, — X}, over X, which identifies Ji, V8 /Gy, with X,°® (thus
Xy is a relative compactification of J V'8 /Gy, over X).
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(ii) The direct image sheaf
(71,0)+Ox, (M) =~ O(Ef V")
can be identified with the sheaf of holomorphic sections of Ej V™.
(iii) For every m > 1, the relative base locus of the linear system |Ox, (m)| is equal to the set Xzing
of singular k-jets [one has Xzing = for k =1]. Moreover, Ox, (1) is relatively big over X.

Sketch of proof. We refer to [Dem95] for details. In order to prove (i) and (ii), the main point is
that the lifts fi : D(0, R) — (X, Vi) of a curve f : D(0, R) — (X, V) are defined inductively by
fig) = (Flre—15 [f[’k_l]]), hence for any change of variable ¢ : D(0, R’) — D(0, R), they satisfy the
relations

(foo)m = fwop, (fop)p_y=¢flzyyop € Ox, (1) C7fjy Vi1
We conclude that there is a well defined set-theoretic map
(1.33) kareg/Gk — X]Zeg, f mod Gk — f[k] (0)

Given a holomorphic section o € H(7; 5(U), Ox, (m)), we can then associate a differential operator

(1.34) P(f) = U(f[k]) : (f[/kfu)m

Clearly, condition (x) is satisfied and in particular P is homogeneous of degree m on JiV'; such
a holomorphic function must be a homogeneous polynomial on the fibers. O

2. ALGEBRAIC PROPERTIES OF THE ALGEBRA OF DIFFERENTIAL OPERATORS

2.A. GREEN-GRIFFITHS AND SEMPLE ALGEBRAS
By construction, the Green-Griffiths graded algebra
(2.1) AFCV: = @ EFGV*
meZ

of differential operators is fiberwise isomorphic to the polynomial ring

C[f{?"’7f’]{'7f{/7"‘7f’l{‘/7"'7f]Fk)7"'7fT(k):|

and in particular it is finitely generated. More geometrically, we get a holomorphic filtration of
E,SﬁV* by considering the partial degree of P(f) in terms of the last derivative f (k) and putting

FUEZGV*) = {P € EGV*; degpu P(f) < a}.
Then the graded pieces are polynomials of the form Q(f’, ..., f(kfl))(f(k))o‘k, lag| = a, i.e.
GUERSV*) = BJG V> ® S“V*.
We can then inductively combine the successive filtrations obtained via the partial degrees in f*),
fE=D M) = 7 to get a full decomposition
(2.2) G (EjSV*) ~ & SUVER @ SWVE,

a=(ay,..., ak)eNl"
u1+2a2+~»~+kak:m

Hence ASGV* is just locally isomorphic to a k-fold tensor product of symmetric algebras S*V™*.
We define the Semple algebra to be the graded subalgebra of ASG such that
(2.3) AV* = (AFDE = P EpnV*,

meZ

in particular A;V* = AFCV* = S*V*. As Gy, is a non reductive group, it is a priori unclear
whether A V™ is finitely generated for k > 2.
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the subalgebra of G)-invariant differential operators is finitely generated. This can be checked
by hand ([Dem07a], [Dem07b]) for n = 2 and k < 4. Rousseau [Rou06] also checked the case n = 3,
k = 3, and then Merker [Mer08, Mer10] proved the finiteness forn = 2,3,4, k <4 andn =2, k = 5.
Recently, Bérczi and Kirwan [BeKil2] made an attempt to prove the finiteness in full generality,
but it appears that the general case is still unsettled.

Fix coordinates (z1,...,z2,) near a point g € X, such that V,, = Vect(9/0z1,...,0/0z). Let
f = (fi,..., fn) be a regular k-jet tangent to V. Then there exists i € {1,2,...,r} such that
f1(0) # 0, and there is a unique reparametrization ¢ = ¢(7) such that foo =g = (91,92,...,9n)
with ¢;(7) = 7 (we just express the curve as a graph over the z;-axis, by means of a change of
parameter 7 = f;(t), i.e. t = (1) = f;1(7)). Suppose i = r for the simplicity of notation. The
space X} is a k-stage tower of P"~!-bundles. In the corresponding inhomogeneous coordinates on
these P"~1’s, the point fi(0) is given by the collection of derivatives

((9.0), - 951 (0)): (91(0). ., g1 ()i 5 (9170 9/, (0)).
[Recall that the other components (g,1,...,gn) can be recovered from (g1, ..., g,) by integrating
the differential system (5.10)]. Thus the map J;V™ /Gy — X} is a bijection onto X;°®, and the
fibers of these isomorphic bundles can be seen as unions of r affine charts ~ (C"~1)*, associated with
each choice of the axis z; used to describe the curve as a graph. The change of parameter formula
d f,l( 7 di xa ; expresses all derivatives gz( )( ) = d’/g;/dr7 in terms of the derivatives f )( t) = d’f;/dt}

(ghs--- g0 1) = (fl --,f’”’l);

FEAR
(3'12) (gilv'--agr 1) (f ff7{3frf17"'7 lfo,g T 1)7 cee s
(k) o1 p(k) g1 / (k) 1
(ggk)7 s 7gr(’k)1) (fl f}/k—f—{r fl [ f lff/k-{: fT 1) + (OI‘dGI‘ < k>

2.B. WRONSKIANS

Let U be an open set of X, dim X = n, and so,...,s; € Ox(U) be holomorphic functions. To
these functions, we can associate a Wronskian operator of order k defined by

DSO(f) DSl(f) - Dsk(f)
(4.1) Wiso.....s0)(f) = (Sc:)(f)) (s1(f)) - (S]T(f))
D¥(so(f)) D*(s1(f)) .. D"(sk(f))

where f : ¢t — f(t) € U C X is a germ of holomorphic curve (or a k-jet of curve), and D = %. For
a biholomorphic change of variable ¢ of (C,0), we find by induction on ¢ a polynomial differential
operator @y s of order < £ acting on ¢ satisfying

D(s;(f o)) = @D (s;(f)) o o+ Y _prs(p)D*(55(f)) 0 .
s<t
It follows easily from there that

Wi(s0, - -5 s1)(f 0 0) = () 2T W(s0, .., s1) (f) 0,

hence Wy(so,...,s,)(f) is an invariant differential operator of degree k' = 1k(k + 1). Especially,
we get in this way a section that we denote

S0 S1 AN Sk
D(So) D(Sl) e D(Sk)
(4.2) Wk(SO,...,Sk) = . : € HO(U, Ek,k’T;()'

D(so) DF(sy) ... DF(sy)
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2.2. Proposition. These Wronskian operators satisfy the following properties.
(a) Wi(so, ..., sk) is C-multilinear and alternate in (s, ..., Sk).
(b) For any g € Ox(U), we have

Wk(QSO, cee agsk) = gk+1Wk(807 ceey Sk)'

Property 2.2 (b) is an easy consequence of the Leibniz formula

l
D)) =3 (o) PO 1)

k=0

by performing linear combinations of rows in the determinants. This property implies in its turn
that one can define more generally an operator

(2.3) Wi(s0, .-, 81) € HO(U, Ep o T @ LF1)

for any (k+ 1)-tuple of sections s, ..., s, € HO(U, L) of a holomorphic line bundle L — X. In fact,
when we compute the Wronskian in a local trivialization of L, Property 4.3 (b) shows that the
determinant is independent of the trivialization. Moreover, if g € H°(U,G) for some line bundle
G — X, we have

(2.4) Wi(gs0, - - - gsk) = ¢" T Wi(s0, ..., s,) € H (U, By Tk ® LFtT @ G,

2.C. BRACKETS

If P is a differential operator given by a section of O(ESCV*), we define DP to be its “obvious”
derivative

. d
(2.5) DP(f) = P(f)', ie. DP(f)(t) = —P(f){).
The operator DP is then a section of O(E,SS;V*). If P is a G} -invariant operator in O(Ejy,,V*),
the relation P(f o) = @'™P(f) o  implies
DP(fop)=(¢'"P(f)op) =™ DP(f) oo +me' ™ 1" P(f) o p,

therefore DP is no longer an invariant operator (unless m = 0, in which case DP is of degree 1).
However, if P,@Q are G)-invariant operators of respective degrees dp,dq; it is easy to check that
their bracket defined as

(2.6) [P, Q] = pP(DQ) — 6qQ(DP)

is again Gj-invariant, of degree 0p + dg + 1. This can be seen by observing that the terms ¢"(...)
coming from DP and D@ cancel, or by noticing that

(2.6 P.Q = P5Q+1Q_5P+1D<g;)

where Q%P /P%@ is homogeneous of degree 0 (i.e. Gp-invariant). A straightforward albeit tedious
calculation shows that this bracket satisfies the usual Jacobi identity

(2.7) IP.[Q. R + [Q. [R, P]| + [R. [P,Q]] = 0.
Formula (2.6") has the advantage that for any line bundle L (or even any Q-line bundle L) and
Pe H'X,E5,V*® L°P), Q € H(X, Eys,V* ® L°9)
we also get globally defined brackets
[P, Q] € HY(X, Ejy1,5p 45041V ® LPH0Q),
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Another special case is the “degree 0” bracket associated with two sections 01,09 € H(X, L)

(2.8) 7 =[o1,09] = 01Doy — 09Doy = 03D <"2> € HY(X,E11T% ® L*) = H(X, T% ® L?).

o1
In a similar way, given integers a,b > 1 and families of sections o; € HOX, LY, 1<j<k—2
7€ HY(X,V*® Lb) = H(X, E1 1 V* ® L?), 1 < j < k, we define inductively iterated brackets

(2.9) Bi(01, -y 0371,y T) € HY(X, Bpop V¥ @ LE=2atkty > o
by putting
(2.9 Bo(71,79) = [11, 2] = 72D <7—2>,

T1

and, for k >3 and ¢ = (k—3) — (k—2)b/a € Q,

(2.9") Bi(o1,. -, 0k—2;3T1, ..., Tk) = on 2h_3

O_ik+17_12k—2 D<Bk—1(027 ey Op—23T2,... 7Tk)>'
01N

If L is very ample, by (2.8), there are many such sections when we take a =1, b =2, ¢, = 1 — k,
and we then get sections By(o1,...,04_2;71,...,7) € H(X, Epop1V*® L3k_2) whose degrees
m = 2k — 1 grow linearly with k, as well as the correcting twist L3*~2.

3. MORSE INEQUALITIES AND THE GREEN-GRIFFITHS-LANG CONJECTURE

3.A. STATEMENT OF MORSE INEQUALITIES

One of the main purpose of holomorphic Morse inequalities is to provide estimates of cohomology
groups with values in high tensor powers of a given line bundle L, once a smooth hermitian metric
h on L is given. We denote by O, ), = —5-00log h the (1, 1)-curvature form of h.

3.1. Holomorphic Morse inequalities ([Dem85]). Let X be a compact complex manifolds,
E — X a holomorphic vector bundle of rank r, and (L, h) a hermitian line bundle. The dimensions
hi(X,E® L™) of cohomology groups of the tensor powers E @ L™ satisfy the following asymptotic
estimates as m — +00 :

(3.1 WM) Weak Morse inequalities :

W(X,E®L™) <l (—=1)707 , + o(m™) .
n X (Lha) ’
(3.1 SM) Strong Morse inequalities:

. . n
Y ()X E@L™) < r (~1)90} ), + o(m") .
0<j<q n: JX(L,h<q)

(3.1 RR) Asymptotic Riemann-Roch formula:

WX E@ L") = 3 (1PN Ee L™ =" [ e+ ofm)

0<jsn

Moreover (cf. Bonavero’s PhD thesis [Bon93]), if h = e~% is a singular hermitian metric with
analytic singularities of pole set ¥ = ¢~ !(—o0), the estimates still hold provided all cohomology
groups are replaced by cohomology groups H4(X, E® L™ ®Z(h™)) twisted with the corresponding
L? multiplier ideal sheaves

I(h™) =I(kp) ={f € Oxq, IV 21, / |f(2)]Pe ™7 dA(2) < 400},
1%
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and provided the Morse integrals are computed on the regular locus of h, namely restricted to

X(L,h,q) N\ X
[ e,
X(L,h,g)\X

The special case of 3.1 (SM) when ¢ = 1 yields a very useful criterion for the existence of sections
of large multiples of L.

3.2. Corollary. Let L — X be a holomorphic line bundle equipped with a singular hermitian
metric h = e~¥ with analytic singularities of pole set ¥ = ¢ ~(—oc0). Then we have the following
lower bounds

(a) at the h level :

(X, E®L™) >h'(X,E® L™ o I(h™))
> (X, E L"®I(h™)) - h(X,E® L™ o I(h™))
k;n
>r— ©7 , —o(k") .

n! X(Lh<)NS
Especially L is big as soon as fX(L b

(b) at the hY level :

<13 @L,h > 0 for some singular hermitian metric h on L.

k’n
MX,EQL"QI(W™)>r— > (—1)‘1/ OF , — o(k") .
™ = Taat X(Lhg)N%

The goal of this section is to study the existence and properties of entire curves f : C — X drawn
in a complex irreducible n-dimensional variety X, and more specifically to show that they must
satisfy certain global algebraic or differential equations as soon as X is projective of general type.
By means of holomorphic Morse inequalities and a probabilistic analysis of the cohomology of jet
spaces, it is possible to prove a significant step of the generalized Green-Griffiths-Lang conjecture.
The use of holomorphic Morse inequalities was first suggested in [Dem07a], and then carried out
in an algebraic context by S. Diverio in his PhD work ([Div08, Div09]). The general more analytic
and more powerful results presented here first appeared in [Dem11, Dem12].

3.B. POSITIVELY CURVED HERMITIAN METRIC ON THE SEMPLE TAUTOLOGICAL BUNDLE

To start with, we consider the directed variety (C",Tcr) when C” is equipped with its standard
hermitian metric. Pick a random k-jet

(3.3) ft) =z +t& + 26+ + 56+ O@F ), & eCr, 1<s<k.

Given €1,...,e; > 0, we get a natural Finsler metric on the tautological Green-Griffiths bundle
OGG?(CT)IC(_I) of (C",T¢r) by putting

k 1/2p
oy = (Z<ss|5s|>2p/s) .

s=1

(3-4) I

In fact if X - f denotes the ¢ — f(At), we do have the required homogeneity property under the C*
action, namely ||\ - f] S’g’ =[]l ||f”§g' The choice of a suitable integer p (e.g. p = lem(1,2,... k)
or a multiple) yields a smooth metric on Ogg,cry, (—1). However, formula (3.4) is not Gj; invariant
and therefore cannot be used to construct a metric on the Semple tautological bundle Ocr), (—1)
of (C",Tcr). Let us assume that we have a regular k-jet, i.e. that & # 0. By composing f
with a suitable element (t) = t + aot? + ... + axt® + O(t**1) and applying a Gram-Schmidt
orthogonalization argument, we can always obtain & € (£1)* for s > 2 (proceeding inductively
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with changes of variables ¢ — t 4 ast®). In fact, there is a unique ¢ € G), achieving this condition.
In view of (7?), it is natural to define a Finsler metric on f (taken mod G} by

k 1/2p
(3.5) I fllep = (Z es\flr“ﬂs|§slﬁs>2”> :

s=1

under the assumption that & € (£;) for s > 2; here 8 = (B1,...,0s) is a positive weight with
B =1and 0 < 5 < 1/s for s > 2 (the first term in the sum is equal to (g1]£1])%” and we will in
fact take e1 = 1). The curvature of O(cry, (1) fiberwise (i.e. on the rational variety R, ) is given
by 2ﬂ88 log || f H2p, provided holomorphic coordinates are used. We compute the curvature form
at a point €0 = (€Y)1<4<k such that &) # 0. By applying a dilation ¢ +— f(\t), A € C*, we can
assume that [€7] = 1. A nearby point £ = (&)1<s<k can be written as & = &) + ¢ and &, s > 2,
with ¢, & € (€)1, Notice that ((£9)4)* is a k(r — 1)-dimensional complex subspace that defines
an affine chart of R, ; containing €0, The difficulty is that we do not necessarily have (£, &1) = 0
any more, however (£5,&1) = (€5,¢) = O(|C]) for s > 2, and we have to correct this by applying an
element ¢ € Gj; close to identity. When computing 288( ) at ¢ = 0, all terms O(¢?,¢2,[¢[?) can
be neglected, and the calculations performed below will be made modulo such terms. In particular,
higher powers of (£, () can be be neglected as they are of the form O(¢?). A suitable choice is

k

p(t) =t =Y (&, Ot

s=2

Then

k
foot) =+ % +O(t")

s=1

where 51 =¢1 and

s—1
€ =6 — (&, Q6 — D j{€a—js1, Q)& modO(C%, (% [¢%), s >2

Jj=2

(the final summation is obtained by expanding the terms (¢ — >, (&s, Ot)ig for2<j<s—1

and £ = s — j+1). Observe that |§1|2 =1+ |C|2 and (&;,&1) = <§j,§(1)) +(&5,0) = (&,Q) for j > 2,
hence
s—1

(€s:61) = (66, €) = (€ QO+ ICP) = D d(Esmj (&, ) = O3, C2 [¢%),

Jj=2
so we do not need any more accurate correction. Moreover, by a straightforward calculation

2

[ — (&, O)|* mod O(C%,¢%,[¢).

s—1
&= Y (€11, Q)4
j=2

Therefore, for e = 1, we find

k 3 1/2p
18 = (&Fp + (58|51|1_555|58|55)2p>

s=2

k 1/2p
(3.6) <1+\<\ P+ (214 (¢ P \25s)>
5§=2
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We take profit of the constants s to perform a rescaling and set us; = €3§s. Then our formula
becomes

k 1/2p
(3.7) 1125 = (041G 4 3 (0 I )
s=2
where (modulo negligible terms) the us and @, are defined by u; = u{ + ¢, |uf|? =1,
s—1
s = us — (us, ¢ (us—j+1, Qu
s s ] =~ 5353 ]+1 s—J Uj
s—1 2
~ 12 _ 2
|ts|” = ZEJES J+1 J(ts—j+1, Q)uy |(us, O)|°.

J=

By taking ¢ < p_1 < -+ < g2 < 1, all terms €,/(eje5—j+1) will become negligible (e.g. equal to
¢ if we put e, = €273, s > 2). However, we have to estimate the errors more precisely and for this,
we observe that for all complex numbers z,y and all v > 0, we have

jzy| < a4 [y
consider the disjoint cases < |z|” and |z| < 7). In particular
( j y y

(\usj+1Huj\)Bs < \us_j+1‘ﬁs(1+'y) + ’uj‘ﬁs(l—‘,-l/»y)'

In this circumstance, we want that 55(14+7v) = Bs—j+1 and Bs(1+1/v) = ;, whence v = Bs—j+1/5;,
and so we get the condition
1 1 1

Bs(1+ Bsfjﬂ/ﬁj) = Bs—j+1, Le 57 + Bsimt = E

for all j,s > 2. This leads us to take 1/85 = Const (s — 1), i.e. s = /(s —1) for s > 2, and we
want to take the largest possible value of o > 0. In any case, with the above choise of the 5; and
with |¢| < 1, we find

k

1/2p
(3-8) 1125, = ((1 ISP+ D@+ PP (s — [ (s, C>\2)p55> (1+0(e))

s=2
by expanding the € terms in the squares |is|?. Modulo negligible terms O(¢?, (2, [¢]?), we have

|us|2 + |us A <|2
1+ ¢?

Jus — [{us, Q)7 = lus|® + [us A ¢ = Jus|?|¢]* =

hence
k

1/2p
(3.8) IflZs, = ((1+ PP+ Y (@ PP D5 (jug 2 4 !us/\CP)pﬁs> (1+0(e))-

s=2

In order to ensure the plurisubharmonicity of the summation between the big parentheses (so as
to get a singular hermitian metric of Ox, (1) of nonnegative relative curvature form), we want
Bs=af(s—1)<1/(s+1). For s > 2, this leads us to take o« = 1/3, hence s = 1/3(s — 1).

A suitable choice is
k
p(t) =t — &0 D (& Ot
s=2
Then

k
foolt)=az+> %+ 0"

s=1
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where §~1 =¢; and

s—1
— €772 (<§s,<>§1 + Zj<fs_j+1,<>§j> mod O(¢, ¢, [¢%), s>2

Jj=2

(the final summation is obtained by expanding the terms (¢ — (&, Qté)jgj ford =s—j+1,7<s—1.
As (&, €1) = |€9)? + |¢|?, we have

€917 + ¢

<ES7£1> = <557C> - <§S,C> 012
€71

s—1

— 0172 (&1, O, ) = O CPL ¢,
j=2

so we do not need any more accurate correction. Moreover, by a straightforward calculation

s—1 . ) 2 2 _
6- 3 Mot 8 woaoi o)

.
&1 = Gl

j=2
Therefore, we find

1/2p

k
11y = (el )
(3.6) (ZES _|_|C| S 1|£ |)p/ (25— 1)>

By rotating the coordinates and using a dilation, we can always reduce ourselves to computing
the curvature at a point £ = (£9)1<s<k such that €0 = (1,0,...,0) and (£2,£7) =0, i.e. £, = 0 for
5> 2. A nearby point (&) 1<sck is given by & = &0 +¢ = (1,Ga,-, &) and & = (0, &z, ., &),
and the k(r — 1) coordinates (; and &, ;, 2 < s,j < r, precisely define the holomorphic structure.
The difficulty is that we do not necessarily have (£5,&1) = 0 any more, however (£;,&1) = (&5,() =
O(|¢]) for s > 2, and we have to correct this by applying an element ¢ € G, close to identity.
When computing i99(...) at ¢ = 0, all terms O(¢2,2,|¢|?) can be neglected, and the calculations
performed below will be made modulo such terms. In particular, higher powers of ({3, () can be be
neglected (they are of the form O((?)).

1/2p

9.A. INTRODUCTION

Let (X, V) be a directed variety. By definition, proving the algebraic degeneracy of an entire
curve f;(C,T¢) — (X, V) means finding a non zero polynomial P on X such that P(f) = 0. As
already explained in § 8, all known methods of proof are based on establishing first the existence of
certain algebraic differential equations P(f; f/, f”,..., f%*)) = 0 of some order k, and then trying
to find enough such equations so that they cut out a proper algebraic locus Y C X. We use for this
global sections of H(X, E,?T%V* ®O(—A)) where A is ample, and apply the fundamental vanishing
theorem 8.15. It is expected that the global sections of H(X, E,?SLV* ®O(—A)) are precisely those
which ultimately define the algebraic locus Y C X where the curve f should lie. The problem is
then reduced to (i) showing that there are many non zero sections of H°(X, E,S’SLV* ®O(—A)) and
(i) understanding what is their joint base locus. The first part of this program is the main result
of this section.

9.1. Theorem. Let (X,V) be a directed projective variety such that Ky is big and let A be an
ample divisor. Then for k > 1 and 6 € Q4 small enough, § < c(logk)/k, the number of sections
RY(X, EggV* ® O(—=mdA)) has mazimal growth, i.e. is larger that cxm™ =1 for some m > my,,
where ¢, ¢, > 0, n = dim X and r = rank V. In particular, entire curves f : (C,T¢) — (X, V)
satisfy (many) algebraic differential equations.
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The statement is very elementary to check when r = rankV = 1, and therefore when n =
dim X = 1. In higher dimensions n > 2, only very partial results were known before Theorem 9.1
was obtained in [Dem11], [and they dealt merely with the absolute case V' = Tx]. In dimension 2,
Theorem 9.1 is a consequence of the Riemann-Roch calculation of Green-Griffiths [GrGr79], com-
bined with a vanishing theorem due to Bogomolov [Bog79] — the latter actually only applies to the
top cohomology group H", and things become much more delicate when extimates of intermediate
cohomology groups are needed. In higher dimensions, Diverio [Div08, Div09] proved the existence
of sections of HY(X, EE%V* ®O(—1)) whenever X is a hypersurface of P of high degree d > d,,,
assuming k > n and m > m,,. More recently, Merker [Mer15] was able to treat the case of arbitrary
hypersurfaces of general type, i.e. d > n + 3, assuming this time &k to be very large. The latter
result is obtained through explicit algebraic calculations of the spaces of sections, and the proof is
computationally very intensive. Bérczi [Berl5, Berl8] also obtained related results with a different
approach based on residue formulas, assuming e.g. d > n".

All these approaches are algebraic in nature. Here, however, our techniques are based on more
elaborate curvature estimates in the spirit of Cowen-Griffiths [CoGr76]. They require holomorphic
Morse inequalities (see 9.10 below) — and we do not know how to translate our method in an alge-
braic setting. Notice that holomorphic Morse inequalities are essentially insensitive to singularities,
as we can pass to non singular models and blow-up X as much as we want: if p: X — X is a
modification then 11,0 = Ox and RO is supported on a codimension 1 analytic subset (even
codimension 2 if X is smooth). It follows from the Leray spectral sequence that the cohomology
estimates for L on X or for L = w*L on X differ by negligible terms, i.e.

(9.2) RI(X, LE™) — R9(X, LZ™) = O(m" ).

Finally, singular holomorphic Morse inequalities (in the form obtained by L. Bonavero [Bon93])
allow us to work with singular Hermitian metrics h; this is the reason why we will only require to
have big line bundles rather than ample line bundles. In the case of linear subspaces V C T, we
introduce singular Hermitian metrics as follows.

9.3. Definition. A singular hermitian metric on a linear subspace V. C Tx is a metric h on the
fibers of V' such that the function logh : £ — log ]f\% is locally integrable on the total space of V.

Such a metric can also be viewed as a singular Hermitian metric on the tautological line bundle
Op(v)(—1) on the projectivized bundle P(V') = V'~ {0}/C*, and therefore its dual metric h* defines
a curvature current Op,, . (1),n+ of type (1,1) on P(V) C P(Tx), such that

(9.4) P 00, (1) = ﬁaa log h, where p: V ~ {0} — P(V).

If log h is quasi-plurisubharmonic (or quasi-psh, which means psh modulo addition of a smooth
function) on V', then log h is indeed locally integrable, and we have moreover

(95) 6013(\/)(1),}74* 2 —C’w

for some smooth positive (1,1)-form on P(V') and some constant C' > 0 ; conversely, if (9.5) holds,
then log h is quasi-psh.

9.6. Definition. We will say that a singular Hermitian metric h on V is admissible if h can be
written as h = e?hqpy where ho is a smooth positive definite Hermitian on Tx and ¢ is a quasi-psh
weight with analytic singularities on X, as in Definition 9.3. Then h can be seen as a singular
hermitian metric on Op(y)(1), with the property that it induces a smooth positive definite metric
on a Zariski open set X' C X \ Sing(V); we will denote by Sing(h) D Sing(V') the complement of
the largest such Zariski open set X'.

If h is an admissible metric, we define O (V*) to be the sheaf of germs of holomorphic sections

sections of V&\Sing(h) which are h*-bounded near Sing(h); by the assumption on the analytic

singularities, this is a coherent sheaf (as the direct image of some coherent sheaf on P(V')), and
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actually, since h* = e~ ?hg, it is a subsheaf of the sheaf O(V*) := Oy, (V*) associated with a smooth
positive definite metric hg on Tx. If r is the generic rank of V and m a positive integer, we define
similarly

[m]

(9.7) 'K v.n = sheaf of germs of holomorphic sections of (det V&,)@)m = (A’"V&,)®m
which are det h*-bounded,

so that °K Q/n b=k Kn }]LO according to Def. 2.7. For a given admissible Hermitian structure (V,h),
we define similarly the sheaf EE%V; to be the sheaf of polynomials defined over X \ Sing(h) which
are “h-bounded”. This means that when they are viewed as polynomials P(z; &1,...,&) in terms
of § = (V}Z’Oo)jf(()) where V,ll’oo is the (1, 0)-component of the induced Chern connection on (V, hg),
there is a uniform bound

(9.8) }P(Z;fl,...,gk)’ gc(ZH@H}Z/J)m

near points of X \ X’ (see section 2 for more details on this). Again, by a direct image argument,
one sees that E,S’SLV}Z* is always a coherent sheaf. The sheaf E,?%V* is defined to be ES%V; when
h = hg (it is actually independent of the choice of hg, as follows from arguments similar to those
given in section 2). Notice that this is exactly what is needed to extend the proof of the vanishing
theorem 8.15 to the case of a singular linear space V' ; the value distribution theory argument can
only work when the functions P(f; f',..., f*)(t) do not exhibit poles, and this is guaranteed
here by the boundedness assumption.

Our strategy can be described as follows. We consider the Green-Griffiths bundle of k-jets
XSG = JkV  {0}/C*, which by (9.3) consists of a fibration in weighted projective spaces, and its
associated tautological sheaf

L=0 XGG (1),

viewed rather as a virtual Q-line bundle Oxgc(mg)l/mo with mg = lem(1,2, ..., k). Then, if

Ty X,S’G — X is the natural projection, we have

E,S,'g = (Wk)*OXkQG(m> and Rq(wk)*OXEG(m) =0 for g > 1.
Hence, by the Leray spectral sequence we get for every invertible sheaf F' on X the isomorphism
(9.9) HY(X,EfuV* @ F) ~ HY(XFC, Oxca(m) @ mp F).
The latter group can be evaluated thanks to holomorphic Morse inequalities. Let us recall the main
statement.

9.10. Holomorphic Morse inequalities ([Dem85]). Let X be a compact complex manifolds,
E — X a holomorphic vector bundle of rank r, and (L, h) a hermitian line bundle. The dimensions
h4(X,E® L™) of cohomology groups of the tensor powers E @ L™ satisfy the following asymptotic
estimates as m — +00 :

(WM) Weak Morse inequalities:

WX, E® L™) < re

T Sy TVOEaF olm™)
: I’ 7q

(SM) Strong Morse inequalities:

S (—1)TIRI(X, B e L) < rm'/ (—1)107 , + o(m") .
0<j<q e JX(L,h,<q)
(RR) Asymptotic Riemann-Roch formula:
XX EoDm) = 3 (“1h(X, B ™) =" / 7+ o(m") .
X

0<j<n
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Moreover (cf. Bonavero’s PhD thesis [Bon93]), if h = e™% is a singular hermitian metric with
analytic singularities of pole set P = ¢~ !(—00), the estimates still hold provided all cohomology
groups are replaced by cohomology groups H4(X, E® L™ ®Z(h™)) twisted with the corresponding
L? multiplier ideal sheaves

Z(h™) =Z(kp) = {f € Oxy, IV 3z, / \f(z)\Qe_m“D(z)d/\(z) < —|—oo},
14

and provided the Morse integrals are computed on the regular locus of h, namely restricted to

X(L,h,q) N2
[ e,
X(L,h,g)\X

The special case of 9.10 (SM) when ¢ = 1 yields a very useful criterion for the existence of sections
of large multiples of L.

9.11. Corollary. Let L — X be a holomorphic line bundle equipped with a singular hermitian
metric h = e~¥ with analytic singularities of pole set ¥ = ¢ ~(—oc0). Then we have the following
lower bounds

(a) at the hO level :

(X, E®L™) > h'(X,E® L™ oI(h™))
>h(X,E@ L™ @ Z(h™)) — h'(X, E@ L™ @ Z(A™))
kTL
>r— Tn—o(k") .

n! X (L,h,<1)\Z

Especially L is big as soon as fX(L b

(b) at the hY level :

k’fl
WX EE e T0) >t Y (-1 [ O — olk™) .
" j=q—1,q,q+1 X(L,h,j)NE

<1 @L,h > 0 for some singular hermitian metric h on L.

Now, given a directed manifold (X, V'), we can associate with any admissible metric h on V a
metric (or rather a natural family) of metrics on L = O X,SG(l)- The space X§'C always possesses

quotient singularities if & > 2 (and even some more if V is singular), but we do not really care
since Morse inequalities still work in this setting thanks to Bonavero’s generalization. As we
will see, it is then possible to get nice asymptotic formulas as m — 4o00. They appear to be of a
probabilistic nature if we take the components of the k-jet (i.e. the successive derivatives {; = f (@) (0),
1 < j < k) as random variables. This probabilistic behaviour was somehow already visible in the
Riemann-Roch calculation of [GrGr79]. In this way, assuming Ky big, we produce a lot of sections
oj = HO(XFC, OX]?G (m) ® miF), corresponding to certain divisors Z; C X ¢, The hard problem
which is left in order to complete a proof of the generalized Green-Griffiths-Lang conjecture is to
compute the base locus Z = () Z; and to show that ¥ = 7m;,(Z) C X must be a proper algebraic
variety.

9.B. HERMITIAN GEOMETRY OF WEIGHTED PROJECTIVE SPACES

The goal of this section is to introduce natural Kahler metrics on weighted projective spaces,
and to evaluate the corresponding volume forms. Here we put d° = ﬁ(é — 0) so that dd° = %85.
The normalization of the d° operator is chosen such that we have precisely (ddlog |z|?)" = o for
the Monge-Ampere operator in C™. Given a k-tuple of “weights” a = (ay,...,ax), i.e. of integers
as > 0 with ged(aq, ..., ar) = 1, we introduce the weighted projective space P(ay,...,ax) to be the
quotient of C* <. {0} by the corresponding weighted C* action:

(9.12) P(ay,...,a;) = CF < {0}/C*, Az= A"z, .00, A% 2.
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As is well known, this defines a toric (k — 1)-dimensional algebraic variety with quotient singular-
ities. On this variety, we introduce the possibly singular (but almost everywhere smooth and non
degenerate) Kahler form w, ) defined by

(9.13) TWap = ddPap,  Pap(z log S JzPle,
1<s<k
where 7, : C¥~ {0} — P(a1,...,ay) is the canonical projection and p > 0 is a positive constant. It

is clear that ¢, 4 is real analytic on Ck~ {0} if p is an integer and a common multiple of all weights
as, and we will implicitly pick such a p later on to avoid any difficulty. Elementary calculations
give the following well-known formula for the volume

1
9.14 / R et
914 Plat,mar) T @10k

(notice that this is independent of p, as it is obvious by Stokes theorem, since the cohomology class
of w,p does not depend on p).

Our later calculations will require a slightly more general setting. Instead of looking at C*, we
consider the weighted C* action defined by

(9.15) CM=Cmx...xC*,  Xoz=A\"z,...,A%z).
Here z; € C™ for some k-tuple r = (ry,...,7%) and |r| = r1 +...+ 7. This gives rise to a weighted
projective space
P(a[lrl],...,agk]) =P(ay,...,a1,...,Q,-..,a%),
(9.16) Tar : C X x €~ {0} — P(al™, .. el

obtained by repeating r, times each weight as. On this space, we introduce the degenerate Kahler
metric wq,rp such that

(9.17) TorWarp = dd“Qarp, Parp(Z flog Z |2 |2p/“5

1<s<k

where |z;| stands now for the standard Hermitian norm (3, |25.4]%)/? on C"s. This metric
is cohomologous to the corresponding “polydisc-like” metric w,;, already defined, and therefore
Stokes theorem implies

1
9.18 At —
(9.18) /P(allrl a7k Warp art...apt

yeey Qg

Using standard results of integration theory (Fubini, change of variable formula...), one obtains:

9.19. Proposition. Let f(z) be a bounded function on P(a [rl],. ag’“}) which is continuous

outside of the hyperplane sections zs = 0. We also view f as a C*-invariant continuous function
on [[(C"s ~ {0}). Then

|r|—1
Z)w
Loty 15

yeenr iy
_ (r[=1)! /

H aS (z,u)EAR_1 X[ S?7s—1
where Ag_q is the (k—1)-simplex {xs > 0, > xs =1}, dv = dx1 A...Ndxp_q its standard measure,

and where dp(u) = dpy(ug) . .. dug(ug) is the rotation invariant probability measure on the product
I, 52— of unit spheres in C™ x ... x C™. As a consequence

1
li [r|-1 _ ‘
palrfoo P(a[fl agk]) f(z) wa \Tsp H ars 1§21 f(u) dp(u)

a1/2p ay/2p ape!
F@7 " Fug, . w  ug) H — 7 dx dp(u)
1<s<k(rs 1)!
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Also, by elementary integrations by parts and induction on k, r1,...,7g, it can be checked that
1
rs—1 — —1)!
(9.20) / H re dry . drg_g = =1 H (r¢ —1)!.
TEAR—1 1 s<k " 1<s<k

rs—1
This implies that (|r| — 1) ], << h dz is a probability measure on Ag_1.

9.C. PROBABILISTIC ESTIMATE OF THE CURVATURE OF k-JET BUNDLES

Let (X, V) be a compact complex directed non singular variety. To avoid any technical difficulty
at this point, we first assume that V' is a holomorphic vector subbundle of T, equipped with a
smooth Hermitian metric h.

According to the notation already specified in §7, we denote by J*V the bundle of k-jets of
holomorphic curves f : (C,0) — X tangent to V at each point. Let us set n = dim¢ X and
r = rankc V. Then J*V — X is an algebraic fiber bundle with typical fiber C™*, and we get a
projectivized k-jet bundle

(9.21) X5C .= (JFV ~{0})/C, T X095 X
which is a P(lm, ol ..., km) weighted projective bundle over X, and we have the direct image

formula (ﬂk)*(’)xgc (m) = O(ES&V*) (cf. Proposition 7.9). In the sequel, we do not make a direct

use of coordinates, because they need not be related in any way to the Hermitian metric h of V.
Instead, we choose a local holomorphic coordinate frame (eq(2))1<a<r of V' on a neighborhood U
of xg, such that

(9.22) (eal2),es(2)) =bap+ D> cijapziz; +O(|2)
1<i,j<n, 1<a,B<r

for suitable complex coefficients (c;ja3). It is a standard fact that such a normalized coordinate
system always exists, and that the Chern curvature tensor ﬁD‘% p of (V,h) at xg is then given by

i ]
(9.23) @V,h(l'o) = “on Z Cijap dzi NdZ; ® e, ® eg.
Z’7j7a7ﬂ
Consider a local holomorphic connection V on V| (e.g. the one which turns (e,) into a parallel
frame), and take & = V¥ £(0) € V, defined inductively by V!f = f' and V°f = V (V=1 f). This
gives a local identification

TVie = Vi fe (G &) = (V). V0)),
and the weighted C* action on JiV is expressed in this setting by
A (€&, &) = (M, NG, M),

Now, we fix a finite open covering (U, )qacr of X by open coordinate charts such that Viu,, is trivial,
along with holomorphic connections V4 on Vjy,. Let 6, be a partition of unity of X subordinate
to the covering (U,). Let us fix p > 0 and small parameters 1 = g1 > €3 > ... > ¢ > 0. Then
we define a global weighted Finsler metric on J*V by putting for any k-jet f € JEV

Y
(9.24) oD o= (D 0a0) Y Ivas)25)"”
acl 1<s<k

where || ||y is the Hermitian metric h of V' evaluated on the fiber V;, z = f(0). The function
U}, pe satisfies the fundamental homogeneity property

(9.25) hpeO - ) = Upp e (F) [N

with respect to the C* action on J*V, in other words, it induces a Hermitian metric on the dual
L* of the tautological Q-line bundle L, = O XI?G(].) over X ,?G. The curvature of Ly, is given by

(9.26) T OL ;= ddlog Uy,
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Our next goal is to compute precisely the curvature and to apply holomorphic Morse inequalities
to L — X,SG with the above metric. It might look a priori like an untractable problem, since
the definition of Wy, . is a rather unnatural one. However, the “miracle” is that the asymptotic
behavior of Wy, . as €,/es—1 — 0 is in some sense uniquely defined and very natural. It will lead
to a computable asymptotic formula, which is moreover simple enough to produce useful results.

9.27. Lemma. On each coordinate chart U equipped with a holomorphic connection V of Viy,
let us define the components of a k-jet f € J*V by & = Vf(0), and consider the rescaling
transformation

pV,E(€17£Q7 e 75]47) = (5%51783527 v 761135147) on J£V7 reU

(it commutes with the C*-action but is otherwise unrelated and not canonically defined over X as
it depends on the choice of V). Then, if p is a multiple of lem(1,2,...,k) and e5/es—1 — 0 for all

s=2,...,k, the rescaled function ¥y, . o pgls (&1,...,&k) converges towards
1/p
2
(X )
1<s<k

on every compact subset of JkV|U ~ {0}, uniformly in C° topology.
Proof. Let U C X be an open set on which Vi is trivial and equipped with some holomorphic
connection V. Let us pick another holomorphic connection V =V +T where I € H (U, Qﬁ( ®
Hom(V, V). Then V2f = V2f +T(f)(f') - f/, and inductively we get

V=V P(f iV V)

where P(x; &1,...,8—1) is a polynomial with holomorphic coefficients in z € U which is of
weighted homogeneous degree s in (§1,...,&s—1). In other words, the corresponding change in
the parametrization of J kV\U is given by a C*-homogeneous transformation

gg:£5+PS(l';£1,..-,§371).

Let us introduce the corresponding rescaled components

(i v ) = (€161, -, 5 k), G ,gkva) = (lgy,... k&),
Then
Eoe=Eect el Pulwi 67 e, e, Ve 10)
= Eoe+ O(es/e5-1)  O(||E1ell + ...+ [|Esmr e/ 71

and the error terms are thus polynomials of fixed degree with arbitrarily small coefficients as
€s/es—1 — 0. Now, the definition of ¥y, ,, . consists of glueing the sums

STl = Y ik

1<s<k 1<s<k

2p/s
h

corresponding to & = V2 f(0) by means of the partition of unity > 60,(x) = 1. We see that
by using the rescaled variables . the changes occurring when replacing a connection V, by an
alternative one Vg are arbitrary small in C* topology, with error terms uniformly controlled in
terms of the ratios £5/e,_1 on all compact subsets of V¥~ {0}. This shows that in C* topology,

U pe opglg(fl, -+, &) converges uniformly towards (D, Hgkuip/s)l/q whatever the trivializing
open set U and the holomorphic connection V used to evaluate the components and perform the
rescaling are. O

Now, we fix a point g € X and a local holomorphic frame (e, (2))1<a<r satisfying (9.22) on
a neighborhood U of zy. We introduce the rescaled components & = £5V°f(0) on JkV|U and
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compute the curvature of

\Ijh,p,e © p%}g(z7 517 s 7€k < Z ‘|£S‘|2p/8>

1<s<k

(by Lemma 9.27, the errors can be taken arbitrary small in C*° topology). We write {5 =
Zlgagr €sala- By (9.22) we have

I€sl7 =D lesal® + D cijapziZibsalas + O IE]%).
« i7j7a7ﬁ
The question is to evaluate the curvature of the weighted metric defined by

weigng) - (X ||5S||2p/8)

1<s<k
_ \p/s\ VP
- ( Z (ZKSO‘F + Z Cijaﬁzigjfsafsﬁ) > +O(|Z’ )
1<8<k @ i?jvavﬁ

We set &2 =Y, [€sal?. A straightforward calculation yields
10g‘1’(2; &1,y k) =

. 1 |&,|2/s Esals
log Z €| 2P/% + Z 56\&,]21’” Z CijafZiZj & ’25 +0(]2)?).

1<s<k 1<s<k i,7,a,8
By (9.26), the curvature form of Lj = OXIS;G(l) is given at the central point z¢ by the following
formula.

9.28. Proposition. With the above choice of coordinates and with respect to the rescaled compo-
nents & = SV f(0) at g € X, we have the approximate expression

Osws (00, [6) = wompl€) + o 3 LS sl s,
P W0 = Wa,r,p Cija i J
o hiﬂ 2m 1<s<k 8 Z |§t‘2p/t ,7,0,0 ’58’2
where the error terms are O(maxacs<k(€s/€s—1)°) uniformly on the compact variety X,?G. Here
Warp i the (degenerate) Kdihler metric associated with the weight a = (11,2071 k1) of the
canonical C* action on JFV.

Thanks to the uniform approximation, we can (and will) neglect the error terms in the calcu-

lations below. Since wq . is positive definite on the fibers of X ,?G — X (at least outside of the
axes & = 0), the index of the (1,1) curvature form ®Lk7qj;p5(z, [€]) is equal to the index of the

(1,1)-form

] 2p/s sais
(9.29) Yi(2,6) == L Z L_I&[™ Z cijaﬁ(z)g gdei/\déj

2 Sk’ 2 &l irj0,3 &I°

depending only on the differentials (dz;)1<j<n on X. The g-index integral of (Lg, ¥}, ) on Xg¢
is therefore equal to

@nJrkr 1 _
GG Le¥5pe
Xk (Lk:Q)

(n+kr—1)! / / -1
= r 1 Z, 2, &)"
Tl' kr — 1 vex Jeepatl ki) ar,p (f) 'mq( f)f)/k( g)

where 1, ,(z,&) is the characteristic function of the open set of points where 7;(z,£) has sig-
nature (n — ¢,q) in terms of the dz;’s. Notice that since v4(z,£)" is a determinant, the product
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Ly, (2, )7k (2, €)™ gives rise to a continuous function on XF¢. Formula 9.20 with 7y = ... =1, =7
and ags = s yields the slightly more explicit integral

@nJrkr 1 _ (n—i—k‘r—l)' %
GG LYy pe l(kl)r
Xy (Ly,q) b TR

x1...x)" !
ﬂgk,q(z,x,u)gk(z,x,u)”gd:ﬁdu( )

zex J(a, u)eAk L x(§2r-1yk (r—1)k
where gx(z,z,u) = (2, ml xk/zpu ) is given by
(9.30) gk (z,x,u) = % *335 Z Cijap(2) Usallsg dz; N dZ;
1<s<k; i,7,0,

and 1y, (z,x,u) is the characteristic function of its g-index set. Here

x1... xk)rfl
is a probability measure on A;_1, and we can rewrite
/ Gn—i-kr 1 _ (n + kr — 1)‘ >
XEG(Lk,q) Lk, \I]ZP € n'(k')r(lm“ - ].)'
(9.32) / X/( o o Ly, (2,2, 0)gk(2, 2, w)" dvg (z) dp(u).
1S T,U)EAE_1X T

Now, formula (9.30) shows that gi(z,x,u) is a “Monte Carlo” evaluation of the curvature tensor,
obtained by averaging the curvature at random points us; € S?"~! with certain positive weights
xs/s; we should then think of the k-jet f as some sort of random variable such that the derivatives
V¥ £(0) are uniformly distributed in all directions. Let us compute the expected value of (z,u) +
(2, ,u) with respect to the probability measure dvy,, (z) du(u). Since [g,—1 usalspdp(us) = 2005
and fAFl Tsdvy,(x) = %, we find

E(gk(z, . o k’l“ Z g % Z cijaa(z) dZi A dzj.

1<s<k 07,0
In other words, we get the normalized trace of the curvature, i.e.

1

1 1
(9.33) E(gr(z,0,0)) = Tr (1 + 5 ..ot %>@det(v*),det h*

where Oget(v+) deths i the (1,1)-curvature form of det(V*) with the metric induced by h. It is

natural to guess that gi(z,z,u) behaves asymptotically as its expected value E(gx(z,e,e)) when k
tends to infinity. If we replace brutally g by its expected value in (9.32), we get the integral

(n+kr—1)! 1 ( 1 1 n/
1+=+... 7) 1, ",
W Ger — D)l eryr T2 T T g) [ el

where 7 := Ogeq(v+) det i+ and 1 4 is the characteristic function of its g-index set in X. The leading
constant is equivalent to (log k)™ /n!(k!)" modulo a multiplicative factor 1+O(1/log k). By working
out a more precise analysis of the deviation, the following result has been proved in [Dem11]| and
[Dem12].

9.34. Probabilistic estimate. Fix smooth Hermitian metrics h on V and w = ﬁ > wijdz; NdZ

on X. Denote by Oy ), = —% > Cijapdzi N dZ; ® e}, @ eg the curvature tensor of V' with respect to
an h-orthonormal frame (ey), and put

1
1(2) = Odet(v=) deshr = 5 > omigdzi AdZ, M= Y Cijaa:

1<i,j<n 1<agr
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Finally consider the k-jet line bundle L = (’)Xge(l) — XEG equipped with the induced metric
\I/}‘Lp6 (as defined above, with 1 =e1 > e3> ... > ¢}, > 0). When k tends to infinity, the integral
of the top power of the curvature of Ly on its q-index set X,?G(Lk, q) is given by

_ log k)™ B
@n—l—kr* 1 _ ( (/ 1 77” L0 logk‘ 1 )
/XEG(Lk,q) L, V5 e n! (k" < .4 (( )7)

for allq=0,1,...,n, and the error term O((logk)™!) can be bounded explicitly in terms of Oy, n
and w. Moreover, the left hand side is identically zero for ¢ > n.

The final statement follows from the observation that the curvature of Lj is positive along the
fibers of X ,?G — X, by the plurisubharmonicity of the weight (this is true even when the partition
of unity terms are taken into account, since they depend only on the base); therefore the g-index
sets are empty for ¢ > n. It will be useful to extend the above estimates to the case of sections of

(9.35) L = Oxga(1 )®7Tk(’)<k (1+2+ +;>F>

where F € Picg(X) is an arbitrary Q-line bundle on X and 7 : X P G — X is the natural projection.
We assume here that F' is also equipped with a smooth Hermitian metric hp. In formulas (9.32—
9.34), the renormalized curvature ng(z,x,u) of Ly takes the form

1
TA+3+...+7)

(9.36) (2,7, u) = gr(z,z,u) + Opp,(2),

and by the same calculations its expected value is

(9.37) n(z) == E(ni(2,e,0)) = Odet v+ det h* (2) + OF hp (2).

Then the variance estimate for 7 — 7 is unchanged, and the LP bounds for 7 are still valid, since
our forms are just shifted by adding the constant smooth term O, (2). The probabilistic estimate
9.34 is therefore still true in exactly the same form, provided we use (9.35 — 9.37) instead of the
previously defined Ly, nr and 7. An application of holomorphic Morse inequalities gives the desired
cohomology estimates for

hq<X E,SGV*®O(]W (1+ L }g)F))

= hI(XES, Oxga(m) @m0 (1o (1+ % SR %)F))

provided m is sufficiently divisible to give a multiple of F' which is a Z-line bundle.

9.38. Theorem. Let (X,V) be a directed manifold, F — X a Q-line bundle, (V,h) and (F, hp)
smooth Hermitian structure on V and F respectively. We define

R A NP

N = Odet v+ det h* + OF hp-
Then for all ¢ = 0 and all m > k > 1 such that m is sufficiently divisible, we have

anrkrfl (log k)n

(n+ kr — 1)l nl (k)" </ nq)( 1)%n" + O((log k)_1)>7

mn-l—/m“—l o n
() XS, 0 2 e (L o 0ttes k™) ).

(a) h(XEC, O(LE™)) <

n+kr71 (]Og k.)n
(n+ kr — 1) n!l (k)"

() X(XFC,0(LF™)) = (cr(V* @ F)" + O((logk)™)).
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Green and Griffiths [GrGr79] already checked the Riemann-Roch calculation (9.38¢) in the spe-
cial case V = T and F = Ox. Their proof is much simpler since it relies only on Chern class
calculations, but it cannot provide any information on the individual cohomology groups, except
in very special cases where vanishing theorems can be applied; in fact in dimension 2, the Euler
characteristic satisfies y = h® —h' +h? < h® + h?, hence it is enough to get the vanishing of the top
cohomology group H? to infer h® > y ; this works for surfaces by means of a well-known vanishing
theorem of Bogomolov which implies in general

(X BT 0 O (14 5 4o 1)F)) ) =0
as soon as Kx ® F'is big and m > 1.

In fact, thanks to Bonavero’s singular holomorphic Morse inequalities [Bon93|, everything works
almost unchanged in the case where V' C Tx has singularities and h is an admissible metric on
V' (see Definition 9.6). We only have to find a blow-up p : X — Xj so that the resulting pull-
backs p*Lj and p*V are locally free, and p*det h*, p*Wy, . only have divisorial singularities.
Then 7 is a (1, 1)-current with logarithmic poles, and we have to deal with smooth metrics on
L™ @ O(—mEy) where Ej, is a certain effective divisor on Xj, (which, by our assumption in
9.6, does not project onto X ). The cohomology groups involved are then the twisted cohomology
groups

HU(XEC, O(LY™) @ Tim)

where Ji m = p+(O(—mkE})) is the corresponding multiplier ideal sheaf, and the Morse integrals
need only be evaluated in the complement of the poles, that is on X (n,¢) ~\ S where S = Sing(V)U
Sing(h). Since
®m eleRym m 1 1
(ﬂ'k)*(O(Lk ) X jlam) C Ek,mV ® O<E<1 + 5 + ...+ E)F>)

we still get a lower bound for the H? of the latter sheaf (or for the H? of the un-twisted line bundle
O(LY™) on XF9). If we assume that Ky ® F is big, these considerations also allow us to obtain
a strong estimate in terms of the volume, by using an approximate Zariski decomposition on a
suitable blow-up of (X, V). The following corollary implies in particular Theorem 9.1.

9.39. Corollary. If F is an arbitrary Q-line bundle over X, one has
X (XEG> Oy (m) @ W;;O(%@ + % T }f)F))
S mnthr—1 (log k)n
T (n+kr— 1! nl (k)"
when m > k > 1, in particular there are many sections of the k-jet differentials of degree m twisted
by the appropriate power of F if Ky ® F s big.

<V01(KV ® F) — O((log k)fl)) _ 0<mn+kr71)7

Proof. The volume is computed here as usual, i.e. after performing a suitable log-resolution y :
X — X which converts Ky into an invertible sheaf. There is of course nothing to prove if Ky ® F
is not big, so we can assume Vol(Ky ® F') > 0. Let us fix smooth Hermitian metrics hg on T’x and
hr on F. They induce a metric p*(det hy' ® hr) on p*(Ky ® F) which, by our definition of Ky, is
a smooth metric (the divisor produced by the log-resolution gets simplified with the degeneration
divisor of the pull-back of the quotient metric on det V* induced by O(A"T%) — O(A"V*)). By
the result of Fujita [Fuj94] on approximate Zariski decomposition, for every § > 0, one can find a
modification pug : )?5 — X dominating u such that

ps(Ky @ F) = O (A+ E)
where A and E are Q-divisors, A ample and E effective, with
Vol(A) = A" > Vol(Ky ® F') — 4.
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If we take a smooth metric hy with positive definite curvature form © 4y, ,, then we get a singular
Hermitian metric hahp on pf(Ky ® F) with poles along E, i.e. the quotient hahp/p}(det hy ' @hp)
is of the form e™% where ¢ is quasi-psh with log poles log |og|? (mod C* (X5)) precisely given by
the divisor £. We then only need to take the singular metric h on T’x defined by

h = hger (#o)x#

(the choice of the factor % is there to correct adequately the metric on det V'). By construction h
induces an admissible metric on V' and the resulting curvature current n = O, deth* + OFpy is
such that

psn =Oan, + [E], [E] = current of integration on E.
Then the 0-index Morse integral in the complement of the poles is given by
/ = | O%,, = A" > Vol(Ky © F) — 6
X(n,00~8 X5

and (9.39) follows from the fact that § can be taken arbitrary small. O

The following corollary implies Theorem 0.12.

9.40. Corollary. Let (X,V) be a projective directed manifold such that K3, is big, and A an
ample Q-divisor on X such that K3, ® O(—A) is still big. Then, if we put 6, = ﬁ(l + % +...+ %),
r =rank V', the space of global invariant jet differentials

HY(X, B V* @ O(=mdA))
has (many) non zero sections for m > k> 1 and m sufficiently divisible.
Proof. Corollary 9.39 produces a non zero section P € H° (E,S’SLV* ®Ox(—mdiA)) form >k > 1,
and the arguments given in subsection 7.D (cf. (7.30)) yield a non zero section
Q € HY(EpV* @ Ox(—mdA)), m' < m.

By raising Q to some power p and using a section o € H%(X,Ox(dA)), we obtain a section

QPc™ € H(X, By p V* @ O(—m(pdy, — qd) A)).
One can adjust p and ¢ so that m(pdx — gd) = pm/d and pm/d; A is an integral divisor. O

9.41. Example. In some simple cases, the above estimates can lead to very explicit results.
Take for instance X to be a smooth complete intersection of multidegree (dj,ds,...,ds) in ]P’g“
and consider the absolute case V= Tx. Then Kx = Ox(d; +...+ds —n —s—1) and one can
check via explicit bounds of the error terms (cf. [Dem11], [Dem12]) that a sufficient condition for
the existence of sections is

k > exp (7.38nn+1/2<2d _anj_—;i a— 1>n>
J

This is good in view of the fact that we can cover arbitrary smooth complete intersections of general
type. On the other hand, even when the degrees d; tend to +oo, we still get a large lower bound
k ~ exp(7.38 nntl/ 2) on the order of jets, and this is far from being optimal : Diverio [Div08, Div09]
has shown e.g. that one can take k = n for smooth hypersurfaces of high degree, using the algebraic
Morse inequalities of Trapani [Tra95]. The next paragraph uses essentially the same idea, in our
more analytic setting. O
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9.D. NON PROBABILISTIC ESTIMATE OF THE MORSE INTEGRALS

We assume here that the curvature tensor (c;jo3) satisfies a lower bound

(9.42) D cijapbi&iuctis = =Y vl lul,  VEETx, ueV

i7j7a7ﬁ
for some semipositive (1,1)-form v = 5= > v;;(2) dz; A dz; on X. This is the same as assuming
that the curvature tensor of (V*, h*) satisfies the semipositivity condition

(9.42") Oveps +7 @ Idy- >0

in the sense of Griffiths, or equivalently Oy, — v ® Idy < 0. Thanks to the compactness of X,
such a form v always exists if h is an admissible metric on V. Now, instead of replacing Oy
with its trace free part ©y and exploiting a Monte Carlo convergence process, we replace Oy with
@q/ =0y —v®Idy <0, ie. ¢jas by czjaﬁ = CijaB T 7Vij0as- Also, we take a line bundle F' = Al
with © 44, > 0, i.e. F' seminegative. Then our earlier formulas (9.28), (9.35), (9.36) become instead

1 1 _ _
(9.43) gh(z,x,u) = 7 ST Z c%aﬁ(z) Usallsg dz; N dZj = 0,
1<s<k i,5,0,
9.44 L,=0 1 O 1 1 ! ! A
(9.44) k= Oxce(l) @ m (_H< +§+...+%> ),
1
(945) @Lk = nk(zvx’u) = QZ(Z#%U) - (@A,hA (Z) + r'y(z))

1 1

=l4+5+...+7)
In fact, replacing ©y by Oy — v ® Idy has the effect of replacing Oget v+ = Tr Oy« by Oget v+ + 77
The major gain that we have is that n, = O, is now expressed as a difference of semipositive

(1,1)-forms, and we can exploit the following simple lemma, which is the key to derive algebraic
Morse inequalities from their analytic form (cf. [Dem94], Theorem 12.3).

9.46. Lemma. Let n = o — 8 be a difference of semipositive (1,1)-forms on an n-dimensional
complex manifold X, and let 1, <, be the characteristic function of the open set where n is non
degenerate with a number of negative eigenvalues at most equal to q. Then

(=) e 0" < D (1) ",
0<j<q
i particular

I,<1 1" > a" - na" t A B forqg=1.

Proof. Without loss of generality, we can assume « > 0 positive definite, so that o can be taken as
the base hermitian metric on X. Let us denote by

MZX=...20 20
the eigenvalues of 8 with respect to a. The eigenvalues of n = a — 3 are then given by
1-A <. .<1=A<1=A1 <...<1— A,

hence the open set {\;+1 < 1} coincides with the support of 1, <4, except that it may also contain
a part of the degeneration set ™ = 0. On the other hand we have

(?) Q"IN B = O’%()\) a”,

where 07,()) is the j-th elementary symmetric function in the \;’s. Thus, to prove the lemma, we
only have to check that

DDNCE VAPV FURSTIES Vi || [C P

0<j<q 1<j<n
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This is easily done by induction on n (just split apart the parameter \,, and write J%()\) = Jifl()\)—}—
3 _1(A) An). O

On—1

We apply here Lemma 9.46 with
1 1
a=giezw),  F=Pe= (1444 7)Oan+7),

which are both semipositive by our assumption. The analogue of (9.32) leads to

@n+kr* 1
/XEG(Lk, <1) LeWhp.e
(n+kr—1)! / /
]1 Yo nd . d
n' RO (kr = D Jeex J@uyen, i x(s2r-1)k o<t (e = Br)" dves(z) dp(u)

(n+kr—1)! / / -1
> g.)" —n(g)" " A Br) dvg . (x) dp(u).
n' k' 7‘—1 2€X J(zu)EAR_1 X (S2r—1)k (( k) ( k) k) ¥ ( ) ( )

The resulting mtegral now produces a “closed formula” which can be expressed solely in terms of
Chern classes (at least if we assume that 7 is the Chern form of some semipositive line bundle). It
is just a matter of routine to find a sufficient condition for the positivity of the integral. One can
first observe that g/ is bounded from above by taking the trace of (¢;jag), in this way we get

0<g, < < Z ?)(@detv*-i-w)

1<s<k

where the right hand side no longer depends on u € (S?"~1)k. Also, g} can be written as a sum of
semipositive (1,1)-forms

x _ -
g] = Z fm(us), 07" (u) = Z c;yjoéﬁuaulg dz; N dz;,
1<s<k 1,3,0.3

hence for £ > n we have

Gzt S BT g ) A () A A (u, )
1<s1<...<5p,<k S1.--5n

Since [go,—1 07 (u) du(u) = 2 Tr(Oy= + ) = 1Oger v+ + 7, we infer from this

/ (g0)" dvgr () dp(u)
(zyu)eAk_lx(SQ’r*l)k ’

1 1 n

> n! Z ss(/ T1...Tn de,r(x)> (;@detv* + '7) .
1<s1 <osnh 1T N Ak

By putting everything together, we conclude:

9.47. Theorem. Assume that Oy+ > —vy ® Idy~ with a semipositive (1,1)-form v on X. Then the
Morse integral of the line bundle

Lkzoxgeu)@m’;o(—%(1+1+...+3)A), A0

satisfies for k > n the inequality

1 / n+kr—1
(n—i—k‘r— 1) XGG( <1) Lk’q/hps

(*) z k:r — )1 /X ik (Odesve + 1Y) = &y i (Odet ve + T’Y)n_l A (Oan, +17)
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where

n! 1
Crgk = — ( Z 7) / T1... Ty dvg (),
r 5180/ Ja,_,

1<s1<...<sn <k

/ — i(l 1 1) / ( E)n_l d
Crrk = 7 + 5 +...+ N Z . V().

1<s<k
Especially we have a lot of sections in HO(XEG,mLk), m > 1, as soon as the difference occurring
in (%) is positive.

The statement is also true for k& < n, but then ¢,,; = 0 and the lower bound () cannot
be positive. By Corollary 9.11, it still provides a non trivial lower bound for h%(X EG,mLk) —
hl(X,S’G,mLk), though. For k > n we have ¢, , 1 > 0 and (x) will be positive if Ogetv+ is large
enough. By Formula 9.20 we have

n! (kr —1)! 1 (kr — 1)!
9.48 - > )
(9.48) Cnrik (n+kr—1)! Z 1.--8n  (n+kr—1)!

1<s1<...<8n <k o
(with equality for £ = n), and by ([Dem11], Lemma 2.20 (b)) we get the upper bound

/ n—1
Crker @W+n—UW2( 1 1\ 1 2m(n —1)! 1 1\—m
ke o 14+=+... f) 1+ 4———————f<1 4 f) .
Cnk,r k/n +2jL +k +322(n—1—m)! +2+ +k

The case k = n is especially interesting. For k = n > 2 one can show (with » < n and H,, denoting
the harmonic sequence) that

c, 24n—1 2(n—1
(9.49) nhr M AR nﬂf2exp<4£2444)
H,

Cn.k,r 3
We will later need the particular values that can be obtained by direct calculations (cf. Formula
(9.20 and [Dem11, Lemma 2.20]).

+ nlog Hn) < %(nlog(nlog 24n))n.

1 9 6/2 2.9 45
9.50 c = —, c =, 22— 22
( 2) 2,2,2 20 2,2,2 16 222 4
1 451 Cy33 4961
9.50 - / _ B33 _ =02
(9:503) G357 990" P33T U860°  csss 54
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