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Xp, q ∈ Xchain of analytic diskspq

fj : ∆ := D(0, 1)→ Xaj , bj ∈ ∆, 0 ≤ j ≤ k

p = f0(a0), q = fk(bk), fj(bj) = fj+1(aj+1), 0 ≤ j ≤ k − 1.

Kobayashi pseudodistancedKobX

dKob(p, q) = inf
{fj ,aj ,bj}

dPoincar´e(a1, b1) + · · ·+ d
Poincaré(ak, bk).

Kobayashi-Royden infinitesimal pseudometricX

kx(ξ) = inf
{
λ > 0 ; ∃f : ∆→ X, f(0) = x, λf ′(0) = ξ

}
, ξ ∈ TX,x.

dKob

XdKob : X ×X → R+
f : C → Xn

XdimCX = n
X
X 6 ∃f : C → X
kx

1Xg ≥ 2

pξ = ξ1 ∧ . . . ∧ ξpΛpTX,x(TX , p)

epx(ξ) = inf
{
λ > 0 ; ∃f : Bp → X, f(0) = x, λf ′(0) · τ = ξ

}
,

Bp ⊂ Cpτ = ∂
∂t1
∧ . . . ∧ ∂

∂tp

Xpep

p = n = dimX

•X⇐⇒X KX⇐=
•XKX

XC∃Y Xf : C → Xf(C) ⊂ Y

XK0Y = GGL(X)Y X(K)Y ∀K ⊃ K0

XYX

Z = Cn/Λf(C)
Zar

f : C → Z

XZXX

XZXX

•X ⊂ Pn+1d ≥ dn X
• dn ≥ 2n+ 1dn = 2n+ 1X⊂P 3d ≥ 21
d ≥ 35d ≥ 18ă
ndn

X ⊂ Pn+1d ≥ dn := 2n
5

Alertdn =
⌊
n4

3

(
n log(n log(24n))

)n⌋
= O(exp(n1+ε)),∀ε > 0

X ⊂ P 4d ≥ 593

f : C → Xf ′(C) ⊂ V V TXTX∀x ∈ XVx := V ∩ TX,x.

(X,V )XCV ⊂ TX
ψ : (X,V )→ (Y,W )ψ∗V ⊂W
(X,TX)V = TX
(X,TX/S)X → S
[V, V ] ⊂ V

(X,V ) 7→ (X̃, Ṽ )

X̃ = P (V ) = V

π : X̃ = P (V )→ X, (x, [v]) 7→ x, v ∈ Vx
Ṽ(x,[v]) =

{
ξ ∈ TX̃,(x,[v]) ; π∗ξ ∈ Cv ⊂ TX,x

}

f : (C, TC)→ (X,V )V

f[1](t) := (f(t), [f ′(t)]) ∈ P (Vf(t)) ⊂ X̃
f[1] : (C, TC)→ (X̃, Ṽ )

(Xk, Vk) = k(X,V ) 7→ (X̃, Ṽ )
f[k] : (C, TC)→ (Xk, Vk)kf

0→ TX̃/X → Ṽ
π?→ OX̃(−1)→ 0Alert⇒ rkṼ = r = rkV

0→ OX̃ → π?V ⊗OX̃(1)→ TX̃/X → 0

0→ TXk/Xk−1
→ Vk

(πk)?→ OXk(−1)→ 0Alert⇒ rkVk = r

0→ OXk → π?kVk−1 ⊗OXk(1)→ TXk/Xk−1
→ 0

k

n = dimXr = rkV P r−1

πk,0 : Xk
πk→ Xk−1 → · · · → X1

π1→ X0 = X

dimXk = n+ k(r − 1)rkVk = r
OXk(1)Xk = P (Vk−1)

JkV kV JkVxf : (C, 0)→ (X,V )f(t) = (f1(t), . . . , fn(t))

f(t) = x+ tξ1 + . . .+ tkξk +O(tk+1).

ξs = 1
s!∇

sf(0)V ξs ∈ Vx

JkVx ' V ⊕kx ' Ckr.

Gkkϕ : (C, 0)→ (C, 0)

ϕ(t) = α1t+ α2t
2 + . . .+ αkt

k +O(tk+1)

Gk

JkV ×Gk → JkV, (f, ϕ) 7→ f ◦ ϕ.

JkV regregular curvesξ1 = f ′(0) 6= 0

XkJkV
reg/Gk

t 7→ z = f(t)f[k] = (f ′, f ′′, . . . , f (k))kt = 0C∗dilationsϕ(t) = ηλ(t) = λt

ξs = ∆sf(0)C∗f(λt)JkVx ' V ⊕kx

(∗) λ · (ξ1, ξ2, . . . , ξk) = (λξ1, λ
2ξ2, . . . , λ

kξk).

EGGk,mV
∗mJkVx

P (x ; ξ1, . . . , ξk) =
∑

aα1α2...αk(x) ξα1
1 . . . ξαkk , ξs ∈ Vx.

PxP (f[k]) = P (f ; f ′, f ′′, . . . , f (k))

P (f[k])(t) =
∑
aα1α2...αk(f(t))f ′(t)α1f ′′(t)α2 . . . f (k)(t)αk ,

P ((f ◦ ηλ)[k]) = λmP (f[k]) ◦ ηλ(∗)(α1, . . . , αk)

|α1|+ 2|α2|+ . . .+ k|αk| = m

XGG
k := JkV 6=const/C∗πk : XGG

k → X

O(EGGk,mV
∗) = (πk)∗OXGG

k
(m)

mOXGG
k

(1)XGG
k OXk(m)Xk = JkV reg/Gkπk,0 : Xk → X0 = X

(πk,0)∗OXk(m) = O(Ek,mV
∗)Ek,mV

∗ ⊂ EGGk,mV ∗Gkf 7→ P (f[k])

P ((f ◦ ϕ)[k]) = ϕ′mP (f[k]) ◦ ϕ,∀ϕ ∈ Gk.



V KV = det(V ∗)
V 1bKV detV ∗TX

bKV
ΛrT ∗X → ΛrV ∗ → LV := invert.sheaf(ΛrV ∗)∗∗

LV ⊗ JV JV ⊂ OX
bKV = LV ⊗ J V ,J V = JV .µ : X̃ → XX̃Ṽ = µ̃−1(V ) AlertbKV ⊂ µ∗(bK Ṽ

) ⊂ LV
µ∗(

bK
Ṽ

)µ
1 K

[m]
V = lim

µ
↑ µ∗(bK Ṽ

)⊗m, (bKV )⊗m ⊂ K [m]
V ⊂ L⊗mV

(X,V )
µmµm
(X,V )H0(X,K

[m]
V )Xm� 1(X,V )K•V ∃Y X∀f : (C, TC)→ (X,V )f(C) ⊂ Y.

r = rkV = 1V ∗∃ASmV ∗ ⊗O(−A)XY
γ = i

∑
γjkdtj ∧ dtk ≥ 0B(0, R) ⊂ Cp−Ricci(γ) := i ∂∂ log det γ ≥ CγC > 0γé

det(γ) ≤
(p+ 1

CR2

)p 1

(1− |t|2/R2)p+1
.

R ≤
(
p+1
C

)1/2
(det(γ(0))−1/2p

V

‖ξ‖2V,h :=
(∑

j |σj(x) · ξm|2h∗
A

)−1/m
ξ ∈ Vxσj ∈ H0(X,SmV ∗ ⊗O(−A)γ(t) = i‖f ′(t)‖2V,hdt ∧ dtD(0, R)γ 6≡ 0

−Ricci(γ) = i∂∂‖f ′(t)‖2V,h ≥ f∗ΘV ∗,h∗ ≥
1

m
f∗ΘA,hA ≥ Cγ,

RR = +∞
∀P ∈ H0(X,EGGk,mV

∗ ⊗O(−A))XA∀f : (C, TC)→ (X,V )P (f[k]) ≡ 0.
f‖f ′‖ωωXPAPCA
f (s)uA(t) = P (f[k])(t)

AA ∈ |A|Af(C) ⊂ XuAuA ≡ 0

P ∈ H0(X,Ek,mV
∗ ⊗O(−A))Gkσ ∈ H0(Xk,OXk(m)⊗ π∗k,0O(−A))

σOXk(1)Xk−1hσOXk(−1)|ξm · σ|2/mi∂∂ log hσ äωXkhσZσ

f[k−1] : C → Xk−1f
′
[k−1]f

∗
[k]OXk(−1)

γ(t) = i ‖f ′[k−1]‖
2
hσ
dt ∧ dtf(C) 6⊂ Zσγ 6≡ 0C

−Ricci(γ) = i∂∂ log γ ≥ f∗[k]ΘOXk (1),h?σ ≥ Cf
∗
[k]ω ≥ C

′γ.

f(C) ⊂ ZσPGk(ϕ∗P )(f[k]) := P ((f ◦ ϕ)[k])(0)

(ϕ∗P )(f[k]) =
∑

α∈Nk, |α|w=m

ϕ(α)(0)Pα(f[k])

α = (α1, . . . , αk) ∈ Nkϕ(α) = (ϕ′)α1(ϕ′′)α2 . . . (ϕ(k))αk |α|w = α1 + 2α2 + . . .+ kαkαP = mPα

degPα = m− (α2 + 2α3 + . . .+ (k − 1)αk) = α1 + α2 + . . .+ αk.
(X,V )bKV 1∃P ∈ H0(X,Ek,mV

∗ ⊗O(−A))m�k�1⇒∃ZXkf[k](C) ⊂ Z∀f : (C, TC)→ (X,V )
kJkV kf : (C, TC)→ (X,V )
V hJkV p = k! AlertΨhk(f) :=

( ∑
1≤s≤k

εs‖∇sf(0)‖2p/sh(x)

)1/p
, 1 = ε1 � ε2 � · · · � εk.

ξs = ∇sf(0)hkLk := OXGG
k

(1)(x, ξ1, . . . , ξk) 7→ ΘLk,hk = ωFS,k(ξ) +
i

2π

∑
1≤s≤k

1

s

|ξs|2p/s∑
t |ξt|2p/t

∑
i,j,α,β

cijαβ
ξsαξsβ
|ξs|2

dzi ∧ dzj
(cijαβ)ΘV ∗,h∗ωFS,kX

GG
k → X

xs = |ξs|2p/sh us = ξs/|ξs|h = ∇sf(0)/|∇sf(0)|
ΘLk,hk = ωFS,p,k(ξ) +

i

2π

∑
1≤s≤k

1

s
xs

∑
i,j,α,β

cijαβ(z)usαusβ dzi ∧ dzj

ωFS,k(ξ)ξΘV,husSV ⊂ V∑
|ξs|2p/s = 1xs ≥ 0

∑
xs = 1

∑
1
sγ(us)usk → +∞ (

1 +
1

2
+ . . .+

1

k

)∫
u∈SV

γ(u) du.

γ
∫
u∈SV γ(u) du = 1

rTr(γ)
⇒ΘV ∗,h∗(detV ∗,deth∗) > 0detV ∗(X,V )F → XQ(V, h)(F, hF )

Lk = OXGG
k

(1)⊗ π∗kO
( 1

kr

(
1 +

1

2
+ . . .+

1

k

)
F
)
,

η = ΘdetV ∗,deth∗ + ΘF,hF .

q ≥ 0m� k � 1mq = 0

hq(XGG
k ,O(L⊗mk )) ≤ mn+kr−1

(n+kr−1)!

(log k)n

n! (k!)r

(∫
X(η,q)

(−1)qηn +
C

log k

)
hq(XGG

k ,O(L⊗mk )) ≥ mn+kr−1

(n+kr−1)!

(log k)n

n! (k!)r

(∫
X(η,q, q±1)

(−1)qηn − C

log k

)
.

ZkXkXk
(Z,W ) ↪→ (Xk, Vk)W ⊂ TZ ⊂ TXk|ZTZ′ ∩ VkZ ′ ⊂ ZregTZ′
WTZ′ ∩ Vkk(Xk,Ak)(X0,A0) = (X,TX) Alert(Z,W ) ⊂ (Xk, Vk).

πk,k−1(Z) = Xk−1 ⇒ rkW < rkVk = rkV
(X,V )X(X,V )ZXkXXk 6⊂ Dk := P (TXk−1/Xk−2

)(Z,W ) ⊂ (Xk, Vk)Xk → XbKW ⊗OXk(m)|Zm ∈ Q+
(X,V )(X,V )∃Y Xf : (C, TC)→ (X,V )f(C) ⊂ Y V
AXZ ⊂ XkXk−1k ≥ 1Z 6⊂ DkZ = X = X0k = 0(Z,W )µA(Z,W ) = inf

{
λ ∈ Q ; ∃m ∈ Q+,

bKW⊗
(
OXk(m)⊗π∗k,0O(λA)

)
|ZZ

}
rankW

.
(X,V )µA(X,V ) < 0

(X,V )AAµA(Z,W ) < µA(X,V )µA(Z,W ) ≤ µA(X,V )ZXk(X,V )A(X,V )(X,V )X(X,V )ZXkXk 6⊂ Dk(Z,W ) ⊂ (Xk, Vk)W = 0Xk → X
(X,V )(X,V )f : (C, TC)→ (X,V )X = H1 ∩ . . . ∩Hc ⊂ Pn+cc(d1, ..., dc)

∑
dj ≥ 2n+ c(X,TX)

(X ,V)→ SSπ : X → SXt = π−1(t)Vt ⊂ TXt Alertt 7→ h0(Xt,K
[m]
Vt

)

SX ⊂ Pn+1


