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Abstract

This article is a survey on the theory of Monge-Ampere operators and Lelong numbers.
The definition of complex Monge-Ampére operators is extended in such a way that wedge
products of closed positive currents become admissible in a large variety of situations; the
only basic requirement is that the polar set singularities have mutual intersections of the
correct codimension. This makes possible to develope the intersection theory of analytic
cycles by means of current theory and Lelong numbers. The advantage of this point of
view, in addition to its wider generality, is to produce simpler proofs of previously known
results, as well as to relate some of these results to other questions in analytic geometry
or number theory. For instance, the generalized Lelong-Jensen formula provides a useful
tool for studying the location and multiplicities of zeros of entire functions on C" or
on a manifold, in relation with the growth at infinity (Schwarz lemma type estimates).
Finally, we obtain a general self-intersection inequality for divisors and positive (1,1)-
currents on compact Kéhler manifolds, based on a singularity attenuation technique for
quasi-plurisubharmonic functions.
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0. Introduction

This contribution is a survey article on the theory of Lelong numbers, viewed
as a tool for studying intersection theory by complex differential geometry.
We have not attempted to make an exhaustive compilation of the existing
literature on the subject, nor to present a complete account of the state-of-
the-art. Instead, we have tried to present a coherent unifying frame for the
most basic results of the theory, based in part on our earlier works [Del,2,3,4]
and on Siu’s fundamental work [Siu]. To a large extent, the asserted results
are given with complete proofs, many of them substantially shorter and
simpler than their original counterparts. We only assume that the reader has
some familiarity with differential calculus on complex manifolds and with the
elementary facts concerning analytic sets and plurisubharmonic functions.
The reader can consult Lelong’s books [Le2,3] for an introduction to the
subject. Most of our results still work on arbitrary complex analytic spaces,
provided that suitable definitions are given for currents, plurisubharmonic
functions, etc, in this more general situation. We have refrained ourselves
from doing so for simplicity of exposition; we refer the reader to [De3| for
the technical definitions required in the context of analytic spaces.

Let us first recall a few basic definitions. A current of degree ¢ on an
oriented differentiable manifold M is simply a differential ¢g-form @ with
distribution coefficients. Alternatively, a current of degree ¢ is an element ©
in the dual space D), (M) of the space D,(M) of smooth differential forms of
degree p = dim M — q with compact support; the duality pairing is given by

(0.1) (©,a) = /M@Aa, o€ D,(M).

A basic example is the current of integration [S] over a compact oriented
submanifold S of M :

(0.2) ([5], ) = /Sa, dega = p = dimp S.

Then [S] is a current with measure coefficients, and Stokes’ formula shows
that d[S] = (—1)771[dS], in particular d[S] = 0 if S has no boundary.
Because of this example, the integer p is said to be the dimension of ©
when © € D,,(M). The current © is said to be closed if d© = 0.

On a complex manifold X, we have similar notions of bidegree and
bidimension. According to Lelong [Lel], a current T of bidimension (p,p)
is said to be (weakly) positive if for every choice of smooth (1,0)-forms
ag,...,ap on X the distribution

(0.3) T Niag Aag A ... Ny, AN, 1S a positive measure.

Then, the coefficients 17 ; of T" are complex measures, and up to constants,
they are dominated by the trace measure ) T7 ; which is positive. With
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every closed analytic set A C X of pure dimension p is associated a current
of integration

(0.4) ([A], ) = /A a, «a€D,yX),

obtained by integrating over the regular points of A. It is easy to see that
[A] is positive. Lelong [Lel| has shown that [A] has locally finite mass near
Aging and that [A] is closed in X. This last result can be seen today as a
consequence of the Skoda-El Mir extension theorem ([EM], [Sk3]; also [Sib]).

(0.5) Theorem. Let E be a closed complete pluripolar set in X, and let ©
be a closed positive current on X \ E such that the coefficients Or ; of ©
are measures with locally finite mass near E. Then the trivial extension o
obtained by extending the measures @1 j by 0 on E is still closed.

A complete pluripolar set is by definition a set E such that there
is an open covering ({2;) of X and plurisubharmonic functions w; on 2,
with E N 2; = uj_l(—oo). Any (closed) analytic set is of course complete
pluripolar. Lelong’s result d[A] = 0 is obtained by applying the El Mir-Skoda
theorem to © = [A,eg] on X \ Aging. Another interesting consequence is

(0.6) Corollary. Let T' be a closed positive current on X and let E be a
complete pluripolar set. Then IgT and Ix\gT are closed positive currents.
In fact 1gT =T \T, where T is the trivial extension of Tyx\g to X.

The other main tool used in this paper is the theory of plurisubharmonic
functions. If u is a plurisubharmonic function on X, we can associate with
u a closed positive current T = i90u of bidegree (1,1). Conversely, every
closed positive current of bidegree (1,1) can be written under this form if
H% (X, R) = H(X,0) = 0. In the special case u = log |F| with a non zero
holomorphic function F' € O(X), we have the important Lelong-Poincaré
equation

(0.7) ;aélog F| = [ZF),

where Zp =) m;Z;, m; € IN, is the zero divisor of F and [ZF] = > m;[Z;]
is the associated current of integration.

Our goal is to develope the intersection theory of analytic cycles from
this point of view. In particular, we would like to define the wedge product
T AidJu A. . . NiDuy, of a closed positive current T by “generalized” divisors
i@guj. In general this is not possible, because measures cannot be multiplied.
However, we will show in sections 1,2 that Monge-Ampere operators of this
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type are well defined as soon as the set of poles of the u;’s have intersections
of sufficiently low dimension. The proof rests on a procedure due to Bedford
and Taylor [B-T1], [B-T2] and consists mostly in rather simple integration
by parts. In spite of its simple nature, this result seems to be new.

Then, following [De2,4], we introduce the generalized Lelong numbers
of a closed positive current T' € D;, ,(X) with respect to a plurisubharmonic
weight ¢. Under suitable exhaustivity conditions for ¢, we define v(T, ¢) as
the residue

(0.8) (T, p) = [p_l(m)TA <%35<p)p.

The standard Lelong number v(T), x) corresponds to the “isotropic” weight
v(z) = log|z — z|; it can also be seen as the euclidean density of T" at =z,
when T is compared to the current of integration over a p-dimensional vector
subspace in C". However the generalized definition is more flexible and allows
us to give very simple proofs of several basic properties: in particular, the
Lelong number v(T,z) does not depend on the choice of coordinates, and
coincides with the algebraic multiplicity in the case of a current of integration
T = [A] (Thie’s theorem [Th]). These facts are obtained as a consequence of
a comparison theorem for the Lelong numbers v(T', ¢) and v(T), 1) associated
with different weights.

Next, we prove Siu’s semicontinuity theorem in this general setting: if
¢y is a family of plurisubharmonic functions on X depending on a parameter
y € Y, such that ¢(x,y) := ¢, (x) is plurisubharmonic and satisfies some
natural exhaustivity and continuity conditions, then y — v(T, ¢, ) is upper
semicontinuous with respect to the (analytic) Zariski topology. Explicitly,
the upperlevel sets
(0.9) E(T)={yeY;v(T,¢y) 2c}, ¢>0
are analytic in Y. The result of [Siu] concerning ordinary Lelong numbers
is obtained for ¢(zx,y) = log |z — y|, but the above result allows much more
general variations of the weight. The proof uses ideas of Kiselman [Ki 1,2] and

rests heavily on L? estimates for 0, specifically on the Hérmander-Bombieri-
Skoda theorem ([H&], [Bo], [Sk2]).

Next, following [De2], we investigate the behaviour of Lelong numbers
under direct images by proper holomorphic maps. Let T" be a closed positive
current of bidimension (p,p) on X, let FF : X — Y be a proper and
finite analytic map and let F,T be the direct image of T' by F. We prove
inequalities of the type

(0.10) v(F,T,y) > > m(Fa)v(T,x),
zE€Supp TNF~1(y)
(0.10) v(F.T,y) < > (Fa)v(T,x),

zE€Supp TNF~1(y)
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where 1, (F, z) and Ti,,(F, v) are suitable multiplicities attached to " at each
point. In case p = dim X, the multiplicity u,(F,x) coincides with the one
introduced by Stoll [St] (see also Draper [Dr]).

As an application of these inequalities, we prove a general Schwarz
lemma for entire functions in C", relating the growth at infinity of such a
function and the location of its zeros ([Del]). The proof is essentially based
on the Lelong-Jensen formula. Finally, we use the Schwarz lemma to derive a
simple proof of Bombieri’s theorem [Bo] on algebraic values of meromorphic
maps satisfying algebraic differential equations.

The above techniques are also useful for relating local intersection
invariants to global ones, e.g. intersection numbers of analytic cycles in
compact Kahler manifolds. In that case, it is very important to consider
self-intersections or situations with excess dimension of intersection. Such
situations can also be handled by the Monge-Ampere techniques, thanks
to a general regularization process for closed positive (1,1)-currents on
compact manifolds [De7]. The smooth approximations of a positive current
are no longer positive, but they have a small negative part depending on the
curvature of the tangent bundle of the ambient manifold. As an application,
we obtain a general self-intersection inequality giving a bound for the degree
of the strata of constant multiplicity in an effective divisor D, in terms of a
polynomial in the cohomology class {D} € H% (X, IR). This inequality can
be seen as a generalization of the usual bound d(d — 1)/2 for the number of
multiple points of a plane curve of degree d. Other applications are presented
in [Deb,6].

This paper is an expanded version of a course made in Nice in July 1989,
at a summer school on Complex Analysis organized by the ICPAM. Since
then, the author has benefited from many valuable remarks made by
several mathematicians, in particular M.S. Narasimhan at the Tata Institute,
Th. Peternell and M. Schneider at Bayreuth University, and Z. Btocki,
S. Kotodziej, J. Siciak and T. Winiarski at the Jagellonian University in
Cracow. The author expresses his warm thanks to these institutions for their
hospitality.

1. Definition of Monge-Ampere Operators

Let X be a n-dimensional complex manifold. We denote by d = d’ + d” the
usual decomposition of the exterior derivative in terms of its (1,0) and (0, 1)
parts, and we set
1
d° = —
2im

(d —d").
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It follows in particular that d¢ is a real operator, i.e. d°u = d°u, and
that dd® = %d’ d"”. Although not quite standard, the 1/2ir normalization
is very convenient for many purposes, since we may then forget 27 almost
everywhere (e.g. in the Lelong-Poincaré equation (0.7)). In this context, we
have the following integration by part formula.

(1.1) Formula. Let 2 CC X be a smoothly bounded open set in X and
let f,g be forms of class C* on (2 of pure bidegrees (p,p) and (q,q)
withp+q=mn—1. Then

/f/\ddcg—ddcf/\g:/ fAdg—d°f Ng.
Q 09

Proof. By Stokes’ theorem the right hand side is the integral over 2 of
d(f Nd°g—d°fNg)=fAdd°g—dd°f Ng+ (df Nd°g+d°f A dg).

As all forms of total degree 2n and bidegree # (n,n) are zero, we get

df/\dcg:%(d"f/\d'g—d'f/\d"g):—dcf/\dg. O

Let u be a plurisubharmonic function on X and let T" be a closed
positive current of bidimension (p,p), i.e. of bidegree (n — p,n — p). Our
desire is to define the wedge product dd°u AT even when neither u nor
T are smooth. A priori, this product does not make sense because ddu
and T have measure coefficients and measures cannot be multiplied. The
discussion made in section 9 shows that there is no way of defining dd°u AT
as a closed positive current without further hypotheses (see also [Ki3| for
interesting counterexamples). Assume however that u is a locally bounded
plurisubharmonic function. Then the current u7" is well defined since u is a

locally bounded Borel function and T has measure coefficients. According to
Bedford-Taylor [B-T2] we define

dd°u AT = dd°(uT)

where dd°( ) is taken in the sense of distribution (or current) theory.

(1.2) Proposition. The wedge product ddu A T is again a closed positive
current.

Proof. The result is local. In an open set {2 C C", we can use convolution
with a family of regularizing kernels to find a decreasing sequence of smooth
plurisubharmonic functions uy = u x py/ converging pointwise to u. Then
u < up < uq and Lebesgue’s dominated convergence theorem shows that w1
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converges weakly to uT; thus dd®(uxT') converges weakly to dd®(uT") by the
weak continuity of differentiations. However, since uy is smooth, dd®(uxT')
coincides with the product ddui A T in its usual sense. As T' > 0 and as
dduy is a positive (1, 1)-form, we have dd“ux AT > 0, hence the weak limit

dd‘u AT is > 0 (and obviously closed). O
Given locally bounded plurisubharmonic functions w1, ..., u,, we define
inductively

dduy A ddug A ... Nddug NT = dd°(urddus ... ANddug NT).

By (1.2) the product is a closed positive current. In particular, when u is
a locally bounded plurisubharmonic function, the bidegree (n,n) current
(dd°u)™ is well defined and is a positive measure. If u is of class C?, a
computation in local coordinates gives

2 !
(dd°w)" = det (=2 ) .

— —idzy ANdzy N ... Nidz, N\ dz,,.
0207y,

ﬂ-’I’L
The expression “Monge-Ampere operator” classically refers to the non-
linear partial differential operator u —— det(9%u/dz;0z)). By extension,
all operators (dd®)? defined above are also called Monge-Ampere operators.

Now, let © be a current of order 0. When K CC X is an arbitrary
compact subset, we define a mass semi-norm

wmzz/ S 16
i YEKi g

by taking a partition K = |J K; where each K; is contained in a coordinate
patch and where O ; are the corresponding measure coefficients. Up to
constants, the semi-norm ||@||x does not depend on the choice of the
coordinate systems involved. When K itself is contained in a coordinate
patch, we set 8 = dd|z|? over K ; then, if © > 0, there are constants
C1,Cy > 0 such that

m@Ms/@Amg@wm.
K

We denote by L(K), resp. by L>°(K), the space of integrable (resp. bounded
measurable) functions on K with respect to any smooth positive density
on X.

(1.3) Chern-Levine-Nirenberg inequalities ([C-L-N]). For all compact subsets
K,L of X with L C K°, there exists a constant Ck 1, > 0 such that

lddous A ... Add°ug AT < Crer, |[uall oo iy - - - gl 1 ) 1T -
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Proof. By induction, it is sufficient to prove the result for ¢ = 1 and u; = u.
There is a covering of L by a family of balls B;. CC Bj C ,K contained in
coordinate patches of X. Let x € D(B;) be equal to 1 on B;. Then

|ddu AT||, 5 < C/ ddu NT N3P~ < 0/ xddu AT A BPE
g B B;
As T and (3 are closed, an integration by parts yields
||ddu A THL@;_ < C/ wT Addx A P~ < C'||ul| Lo ) || T |
B;

where O is equal to C' multiplied by a bound for the coefficients of the
smooth form dd®y A BP~1. O

(1.4) Remark. With the same notations as above, any plurisubharmonic
function V on X satisfies inequalities of the type

(a)  ldd°V||L < Ck.r V|1 (x)-

(b) S%PVJF < Cr,L VIl x)-

In fact the inequality

/ ddV AR < / \dd°V A g :/ Vddoy A B!
LﬂBj B; B

J

implies (a), and (b) follows from the mean value inequality.

(1.5) Remark. Products of the form © = v; A ... Ay AT with mixed
(1,1)-forms v, = dd°u; or v; = dvj A d°w; + dw; A d°v; are also well
defined whenever u;, v;, w; are locally bounded plurisubharmonic functions.
Moreover, for L C K°, we have

1011 < Cre.LlITlie [ ] sl ooy [T Hosllzoe ooy T 1 wsll e )
To check this, we may suppose v;,w; > 0 and ||v;|| = ||w;|| =1 in L= (K).
Then the inequality follows from (1.3) by the polarization identity
2(dv; Ad°w;+dw; Adv;) = dd°(vj+w;)? —dd°v} —dd°w? —v;dd°w; —w;dd v,

in which all dd® operators act on plurisubharmonic functions.

(1.6) Corollary. Let uy,...,uq be continuous (finite) plurisubharmonic func-
tions and let uf, . .. ,u’; be sequences of plurisubharmonic functions converg-
ing locally uniformly to uq,...,uq. If T} is a sequence of closed positive
currents converging weakly to T, then
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(a) ubddul A... A ddcu’; NTp — wrddug A ... ANddug NT  weakly.

(b) dd°uf A...Adduf ATy, — dduy A ... Nddug AT weakly.

Proof. We observe that (b) is an immediate consequence of (a) by the weak
continuity of dd°. By using induction on ¢, it is enough to prove result
(a) when ¢ = 1. If (u*) converges locally uniformly to a finite continuous
plurisubharmonic function u, we introduce local regularizations u. = u * p.
and write

uF Ty —uT = (u* — w)Th + (u — ue) T + ue (T — T).

As the sequence T} is weakly convergent, it is locally uniformly bounded
in mass, thus |[(u* — u)Tk||x < [|[u¥ — ul|peo (k)| |Tk||x converges to 0 on
every compact set K. The same argument shows that ||(u—u.)Tk||x can be
made arbitrarily small by choosing € small enough. Finally u. is smooth, so
ue (T, — T') converges weakly to 0. 0

Now, we prove a deeper monotone continuity theorem due to Bedford-
Taylor [B-T2], according to which the continuity and uniform convergence
assumptions can be dropped if each sequence (u*) is decreasing and T}, is a

J
constant sequence.

(1.7) Theorem. Let uq,. .., uq be locally bounded plurisubharmonic functions
and let u’f,...,u’; be decreasing sequences of plurisubharmonic functions
converging pointwise to ui,...,uq. Then

(a) ufddul A...ANdduf NT — uyddus A ... Nddug AT weakly.
(b) dd°uf A...Addui AT — dduy A ... Adduqg AT weakly.

Proof. Again by induction, observing that (a) => (b) and that (a) is obvious
for ¢ = 1 thanks to Lebesgue’s bounded convergence theorem. To proceed
with the induction step, we first have to make some slight modifications of
our functions u; and u"f

As the sequence (u?) is decreasing and as u; is locally bounded, the
family (u;€ ke is locally uniformly bounded. The results are local, so we can
work on a Stein open set {2 CC X with strongly pseudoconvex boundary.
We use the following notations:

(1.8) Let ¢ be a strongly plurisubharmonic function of class C*° near 2
with ¢ < 0 on §2 and ¥ =0, dip # 0 on 0f2.

(1.8") We set 25 = {z € 2; ¢(z2) < =6} for all 6 > 0.



10 Lelong Numbers and Intersection Theory

After addition of a constant we can assume that —M < uk < —1 near 2.
Let us denote by (u ’E), e € ]0,&0], an increasing family of regularizations
converging to u? as ¢ — 0 and such that —M < u™ < —1 on 2. Set
A= M/5 with § > 0 small and replace u by v = maX{ArZJ, k} and uk e
by v; ke = max.{ Ay, u ’5} Where max. = max * pe is a regularlzed max
function (the construction of v is described by Fig. 1).

Fig. 1. Construction of vf

Then vf coincides with uk on {25 since Ay < —Ad = —M on (25, and vk
is equal to At on the corona 2\ 25/ Wlthout loss of generality, we can
therefore assume that all u (and similarly all u ®) coincide with A1) on a
fixed neighborhood of 0f2. We need a lemma.

(1.9) Lemma. Let fi be a decreasing sequence of upper semi-continuous
functions converging to f on some separable locally compact space X and
Wi o sequence of positive measures converging weakly to i on X. Then every
weak limit v of frux satisfies v < fpu.

Indeed if (g,) is a decreasing sequence of continuous functions converg-
ing to fy, for some ko, then frur < fi,pr < gpur for k > ko, thus v < g,
as k — +o00. The monotone convergence theorem then gives v < fi p as
p — +oo and v < fu as kg — +00. O

End of proof of Theorem 1.7. Assume that (a) has been proved for ¢ — 1.
Then

SF=ddu§ A ANdduE AT — S =ddus A ... Addug AT
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By 1.3 the sequence (u¥S*) has locally bounded mass, hence is relatively
compact for the weak topology. In order to prove (a), we only have to
show that every weak limit © of u¥S* is equal to u;S. Let (m,m) be the
bidimension of S and let v be an arbitrary smooth and strongly positive form
of bidegree (m,m). Then the positive measures S* A v converge weakly to
S A~ and Lemma 1.9 shows that @ Ay < u3 S A7, hence © < u1.S. To get the
equality, we set § = dd“y > 0 and show that [, u1SAB™ < [,ONL™, Le.

/ulddch/\.../\ddcuq/\T/\ﬂm glkiminf/ uyddus A. . Adduf NT AB™.
0 —ToJR

Asu; < u’f < ulf’sl for every €1 > 0, we get
/ urddug A ... ANddug NT N B™
2
< / ub S ddCug AL A ddCug AT A BT
)

_ /Q ddut A ugddCus A ... A ddug AT A B
after an integration by parts (there is no boundary term because u}f’al and
ug both vanish on 02). Repeating this argument with us, ..., u,, we obtain

/ urdd®ug A ... ANdd“ug NT N B™
2
< /Q dduf ™ Ao A ddoul T AugT A BT
< / uf S ddouy = AL A ddCuk s ATA B
2

Now let e, — 0,...,e1 — 0 in this order. We have weak convergence at each
step and u}f’al = 0 on the boundary; therefore the integral in the last line
converges and we get the desired inequality

/ulddcuzA...AddCquTAﬁmg/u’fddcu’gA...Addcu’;ATAﬁm. O
9] 2

1.10) Corollary. The product dd“ui A...Add“us NT s symmetric with respect
q
to uy, ..., uq.

Proof. Observe that the definition was unsymmetric. The result is true when

Ui, ...,u, are smooth and follows in general from Th. 1.7 applied to the
sequences uf =u;*xp1/, 1 <J<gq. O
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(1.11) Proposition. Let K, L be compact subsets of X such that L C K°. For
any plurisubharmonic functions V,u1,...,uqs on X such that uy,...,u, are
locally bounded, there is an inequality

||Vddcu1 /\.../\ddcuqHL < CK,L HVHLl(K)HUlHLoo(K)...HU,qHLoo(K).

Proof. We may assume that L is contained in a strongly pseudoconvex open
set 2 = {1y < 0} C K (otherwise we cover L by small balls contained in K).
A suitable normalization gives —2 < u; < —1 on K ; then we can modify
uj on 2\ L so that u; = Ay on {2\ {25 with a fixed constant A and 6 > 0
such that L C §25. Let x > 0 be a smooth function equal to — on (25
with compact support in §2. If we take ||V||1x) = 1, we see that V, is
uniformly bounded on {25 by 1.4 (b); after subtraction of a fixed constant
we can assume V' < 0 on (25. First suppose ¢ <n—1. As u; = Ay on 2\ (2,
we find

/ —Vdd®uy A ... Nddug A BT
25

= / Vdduy A...Addug, A BT A ddCx — Aq/ VA" Addey
0 2\

= / X ddV Adduy A ... Addu, AT — Al / VA L A ddey.
Q 2\ 02
The first integral of the last line is uniformly bounded thanks to 1.3 and
1.4 (a), and the second one is bounded by ||V||p1(o) < constant. Inequality
1.11 follows for ¢ < n—1. If ¢ = n, we can work instead on X x C and consider
V,u1,...,uq as functions on X x C independent of the extra variable in C.
O

2. Case of Unbounded Plurisubharmonic Functions

We would like to define dd°uq A ... A dd°uqy AT also in some cases when
Ui, ...,uq are not bounded below everywhere, especially when the u; have
logarithmic poles. Consider first the case ¢ = 1 and let u be a plurisubhar-
monic function on X. The pole set of u is by definition P(u) = u~!(—o0).
We define the unbounded locus L(u) to be the set of points z € X such
that w is unbounded in every neighborhood of z. Clearly L(u) is closed
and we have L(u) D P(u) but in general these sets are different: in fact,

u(z) =Yk 2log(|z —1/k]| +e‘k3) is everywhere finite in C but L(u) = {0}.
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(2.1) Proposition. We make two additional assumptions:
(a) T has non zero bidimension (p,p) (i.e. degree of T < 2n).

(b) X is covered by a family of Stein open sets {2 CC X whose boundaries
012 do not intersect L(u) N SuppT'.

Then the current uT' has locally finite mass in X.

For any current 7', hypothesis 2.1 (b) is clearly satisfied when u has a
discrete unbounded locus L(u); an interesting example is u = log | F'| where
F = (F},..., Fy) are holomorphic functions having a discrete set of common
zeros. Observe that the current u7T' need not have locally finite mass when
T has degree 2n (i.e. T' is a measure); example: T' = §p and u(z) = log |z|
in C". The result also fails when the sets {2 are not assumed to be Stein;
example: X = blow-up of C" at 0, T'= [E] = current of integration on the
exceptional divisor and u(z) = log |z|.

Proof. By shrinking 2 slightly, we may assume that {2 has a smooth strongly
pseudoconvex boundary. Let ¢ be a defining function of (2 as in (1.8). By
subtracting a constant to u, we may assume u < —¢ on {2. We fix § so small
that £2 \ 25 does not intersect L(u) N Supp T and we select a neighborhood

w of (£2\2s)NSuppT such that wN L(u) = (). Then we define

us(2) = {max{u(z)w‘lw(z‘)} on w,
s maX{U(Z),S} on ‘(25 — {w < —(5}

By construction © > —M on w for some constant M > 0. We fix A > M/§
and take s < —M, so

max{u(z), AY(z)} = max{u(z),s} =u(z) on wn s
and our definition of u, is coherent. Observe that u, is defined on w U 2,
which is a neighborhood of 2 N Supp T. Now, u, = A on wN (2 \ 2c/4),
hence Stokes’ theorem implies

/ dd®us AT A (ddp)P~ — / Addp AT A (ddop)P~"
0 02

= / dd® [(us — Ap)T A (dd“¢)P~] =0
9]

because the current [...] has a compact support contained in £2, /A~ Since ug
and 1 both vanish on 0f2, an integration by parts gives

/ usT A (dd)P = / Yddus AT A (ddap)P~
02 0
> —||9)]| poo(2) / T A dd®ug A (dd®p)P~1
0

— —\\w||Loo<mA/QTA<ddcw>P-
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Finally, take A = M/, let s tend to —oo and use the inequality u > —M
on w. We obtain

/ uT A (ddp)P > —M / T A(ddY)? + Lim [ uT A (dd°)?
02

w §— —00 Qs

> = (M + Wllima /) [ T (a0

The last integral is finite. This concludes the proof. O

(2.2) Remark. If 2 is smooth and strongly pseudoconvex, the above proof
shows in fact that

Tl < Sl e 31y rsupe 111

when L(u) N SuppT C §25. In fact, if v is continuous and if w is cho-
sen sufficiently small, the constant M can be taken arbitrarily close to
]| oo (@ 25)nSupp ) - Moreover, the maximum principle implies

so we can achieve u < —¢ on a neighborhood of 2N Supp T by subtracting
Hu||Loo((§\95)msuppT) + 2¢ [Proof of maximum principle: if u(zg) > 0 at
20 € 2N SuppT and u < 0 near 952 N Supp T, then

/ uy T A (ddap)P = / Yddu, AT A (dd“p)P~1 <0,
0 2

a contradiction]. O

(2.3) Corollary. Let uq, . . ., uq be plurisubharmonic functions on X such that
X is covered by Stein open sets 2 with 02N L(u;) N SuppT = . We use
again induction to define

dd°ui ANddug A ... ANddug AT = dd°(urddug ... N ddug NT).

Then, if u¥, ..., u’; are decreasing sequences of plurisubharmonic functions

converging pointwise to ui,...,uq, ¢ < p, properties (1.7a,b) hold.
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Supp T’

L(uy) 27\ 82

Fig. 2. Modified construction of vf

Proof. Same proof as for Th. 1.7, with the following minor modification:
the max procedure v;’? = max{u?, At} is applied only on a neighborhood
w of SuppT N (2 \ 2s) with § > 0 small, and u"f is left unchanged near
SuppT N {25 (see Fig. 2). Observe that the integration by part process

requires the functions uf and u?’s to be defined only near 2N Supp7. O

(2.4) Proposition. Let 2 CC X be a Stein open subset. If V' is a plurisubhar-
monic function on X and uy,...,uq, 1 < g < n—1, are plurisubharmonic
functions such that 02 N L(u;) = 0, then Vdduy A ... A dd°uq has locally
finite mass in 2.

Proof. Same proof as for 1.11, when § > 0 is taken so small that 25 D L(u;)
forall 1 <5 <gq. O

Finally, we show that Monge-Ampere operators can also be defined
in the case of plurisubharmonic functions with non compact pole sets,
provided that the mutual intersections of the pole sets are of sufficiently
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small Hausdorff dimension with respect to the dimension p of T

(2.5) Theorem. Let uy,...,u, be plurisubharmonic functions on X. The
currents uidd®us A ... A dd°ug AT and dduy A ... A dd°uq AT are well
defined and have locally finite mass in X as soon as ¢ < p and

Hzp_2m+1 (L(Ujl) N...N L(Ujm) N Supp T) =0

for all choices of indices j1 < ... < jm in{1,...,q}.

The proof is an easy induction on ¢, thanks to the following improved
version of the Chern-Levine-Nirenberg inequalities.

(2.6) Proposition. Let Ay,..., A, C X be closed sets such that
Hzp_2m+1 (Ajl N...N Ajm N Supp T) =0

for all choices of j1 < ... < jm in {l,...,q}. Then for all compact sets K,
L of X with L C K°, there exist neighborhoods V; of KN A; and a constant
C = C(K,L,Aj) such that the conditions u; < 0 on K and L(uj;) C A;j
imply

(a) ||u1ddcu2/\.../\ddcuq/\T||L§C||u1||Loo(K\V1)...||uq||Loo(K\Vq)||T||K
(b) ||ddcu1/\/\ddcuq/\THLSCHU’IHLOO(K\Vl)||uqHL°°(K\Vq)||T||K

Proof. We need only show that every point zy € K° has a neighborhood
L such that (a), (b) hold. Hence it is enough to work in a coordinate open
set. We may thus assume that X C C" is open, and after a regularization
process u; = limu; % p for j = ¢, ¢ —1,...,1 in this order, that uq,...,u,
are smooth. We proceed by induction on ¢ in two steps:

Step 1. (by—1) = (by),
Step 2. (a,—1) and (by) = (ay),

where (by) is the trivial statement ||T||r < ||T'||x and (ag) is void. Observe
that we have (a,) = (a¢) and (b,) = (by) for £ < ¢ < p by taking
up+1(2) = ... = ugy(z) = |2|%. We need the following elementary fact.

(2.7) Lemma. Let FF C C" be a closed set such that Has+1(F) = 0 for
some integer 0 < s < n. Then for almost all choices of unitary coordinates
(215 2n) = (2, 2") with 2/ = (21,...,25), 2" = (2s41,...,2,) and almost
all radii of balls B” = B(0,r") C C"°, the set {0} x OB" does not
intersect F'.
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Proof. The unitary group U(n) has real dimension n?. There is a proper
submersion

®:U(n)x (C"°\{0}) — C" {0}, (g.2") — ¢(0,2"),

whose fibers have real dimension N = n? — 2s. It follows that the inverse
image @1 (F) has zero Hausdorff measure Hy 2511 = Hp241. The set of
pairs (g,7") € U(n) x IR7 such that g({0} x 0B") intersects F' is precisely
the image of ~!(F) in U(n) x IR’ by the Lipschitz map (g, 2”) — (g, |2”]).
Hence this set has zero H,,2 1-measure. O

Proof of step 1. Take zo = 0 € K°. Suppose first 0 € A; N ... N A, and set
F=A1Nn...nA;NSuppT. Since Hop_24+1(F) = 0, Lemma 2.7 implies that
there are coordinates 2z’ = (z1,...,2s), 2’ = (2s41,...,2,) With s = p — ¢
and a ball B such that F N ({0} x @B") = § and {0} x B' < K°. By
compactness of K, we can find neighborhoods W; of K N A; and a ball
B’ = B(0,r') C €° such that B' x B" ¢ K° and

(2.8) Win...nW,NSuppT N (F’x (Fu \(1—6)B”)> =0

for § > 0 small. If 0 ¢ A; for some j, we choose instead W; to be a small
neighborhood of 0 such that W C (F’ X (1 —=60)B") \ A;; property (2.8) is
then automatically satisfied. Let x; > 0 be a function with compact support
in W;, equal to 1 near K N A; if A; 5 0 (resp. equal to 1 near 0 if A; Z 0)

and let x(z’) > 0 be a function equal to 1 on 1/2 B" with compact support
in B’. Then

/ dd®(x1u1) A ... Add(xquq) AT A x(2) (dd°|Z)?)® =
B'xB"

because the integrand is dd° exact and has compact support in B’ x B”
thanks to (2.8). If we expand all factors dd®(x;u;), we find a term

X1 ---XgX(Z)dduy Ao AN ddug AT >0

which coincides with dduy A ... A ddus AT on a small neighborhood of 0
where x; = x = 1. The other terms involve

dx; N duj + duj A dx; + uidd®x;

for at least one index j. However dy; and dd“y vanlsh on some neighborhood
Vi of KN Aj and therefore u; is bounded on B xB'\ V. We then apply
the 1nduct10n hypothesis (by—1) to the current

O =dd°uy A ... ANddu; A ... Addug AT

and the usual Chern-Levine-Nirenberg inequality to the product of @ with

the mixed term dx; A d°u; +du; Ad°x;. Remark 1.5 can be applied because
1 _ ( )

x; ~ of locally bounded

X; 1s smooth and is therefore a difference x;
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plurlsubharmonlc functions in C". Let K’ be a compact neighborhood of
B x B with K’ ¢ K°, and let V be a neighborhood of K N A; with
V; C V/. Then with L' := (B x B ) \ VI C (K" \V;)° we obtain

||(de/\dCUj + de/\dCXj> A @HEIXEN = ||(de/\dCUj + de/\dCXj) A @HL’
< Cillugl| oo (v 1Ol kv,
1Ol v, < 1Ol < Callunllpoe vy - - [lusll - ugl Lo e vvip 1T -
Now, we may slightly move the unitary basis in €™ and get coordinate

systems z™ = (z{",...,z") with the same properties as above, such that
the forms

|
(dde|z™2)* = Zidzm AdET AL ANidZm AdE?, 1<m <N
7-‘-5
define a basis of A**(C")*. It follows that all measures
ddui A .. ANddug NT ANidz]" NdZU A NTd2]T AN dZL
satisfy estimate (by) on a small neighborhood L of 0.

Proof of Step 2. We argue in a similar way with the integrals

/ x1u1dd®(xaua) A ... dd*(xqug) AT A x(2")(dd°|2'|*)® A dd®|ze41 |
leB//

= / |zs41]7dd (x1w1) A ... dd(xquq) NT N x(2')(dd|2'|?)°.
B'xB"

We already know by (b,) and Remark 1.5 that all terms in the right hand
integral admit the desired bound. For ¢ = 1, this shows that (b;) = (a;).
Except for xi...xqx(2)widd®us A ... A dd°ug AT, all terms in the left
hand integral involve derivatives of x ;. By construction, the support of these
derivatives is disjoint from A;, thus we only have to obtain a bound for

/ulddCuQ/\.../\ddCuq/\T/\a
L

when L = B(zo,r) is disjoint from A; for some j > 2, say LNAy = 0, and « is
a constant positive form of type (p—q,p—q). Then B(zg,r+¢) C K°\V for
some € > 0 and some neighborhood V5 of K N A5. By the max construction
used e.g. in Prop. 2.1, we can replace us by a plurisubharmonic function s
equal to uy in L and to A(|z —z¢|? —7%) — M in B(zg,7+¢) \B(zo,7+¢/2),
with M = ||uz||po(x\v5) and A = M/er. Let x > 0 be a smooth function
equal to 1 on B(zg,r + ¢/2) with support in B(zg,r). Then

/ urdd®(xuz) Addus A ... ANddug NT A o
B(zo,r+¢)

= / Xuadduy A ddug A ... ANdduqg NT N o
B(zg,r+¢)

<O0(1)

[ul|poe (g \va) - - gl Loe (w1 T ]| i



2. Case of Unbounded Plurisubharmonic Functions 19

where the last estimate is obtained by the induction hypothesis (by_1)
applied to dd“ui A ddus A ... A dd°uqy ANT. By construction

dd®(xuz) = x dd“us + (smooth terms involving dy)

coincides with dd“ug in L, and (a,—1) implies the required estimate for the
other terms in the left hand integral. O

Proposition 2.9. With the assumptions of Th. 2.5, the analogue of the
monotone convergence Theorem 1.7 (a,b) holds.

Proof. By the arguments already used in the proof of Th. 1.7 (e.g. by
Lemma 1.9), it is enough to show that

/ X1---Xqui Addug A ... ANddug NT A o
B/><B//

< lim inf/ X1 ---Xq U7 Mddeul A ddcu’; ANT N a
k—+o0 I« B!
where a = x(2’)(dd®|2’|*)* is closed. Here the functions x;, x are chosen as
in the proof of Step 1 in 2.7, especially their product has compact support in
B’ x B"” and x; = x =1 in a neighborhood of the given point xy. We argue
by induction on ¢ and also on the number m of functions (u;);>; which are
unbounded near xg. If u; is bounded near xg, we take W;’ cC W]’ cc W;
to be small balls of center xy on which u; is bounded and we modify the

sequence u? on the corona W; \W’ " s0 as to make it constant and equal to a
smooth function A|z —xg|? + B on the smaller corona Wj \ W, In that case,
we take x; equal to 1 near W and Supp x; C W;. For every (=1,...,q,

we are going to check that

lim inf kdde

dd®(xe—1uf_1) A dd(xeue) A dd(xer1tes1) - - - dd®(xquq) NT N

< liminf/ x1ufdd®(xaub) A
k——+o00 B’ x B

dd®(xe_1uf_ ) A dd®(xeuf) A dd®(xes1terr) - .. ddS(xqug) AT A a.

In order to do this, we integrate by parts yiufdd®(xsue) into xeuedd®(x1u¥)
for £ > 2, and we use the inequality u, < u’g. Of course, the derivatives d;,
d®x;, dd°x; produce terms which are no longer positive and we have to take
care of these. However, Supp dy; is disjoint from the unbounded locus of
u; when wu; is unbounded, and contained in W; \ W] when u; is bounded.
The number m of unbounded functions is therefore replaced by m — 1 in
the first case, whereas in the second case u"f = u; is constant and smooth

on Suppdy;, so ¢ can be replaced by ¢ — 1. By induction on ¢ + m (and
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thanks to the polarization technique 1.5), the limit of the terms involving
derivatives of x; is equal on both sides to the corresponding terms obtained
by suppressing all indices k. Hence these terms do not give any contribution
in the inequalities. a

We finally quote the following simple consequences of Th. 2.5 when T' is
arbitrary and ¢ = 1, resp. when 7' = 1 has bidegree (0,0) and ¢ is arbitrary.

(2.10) Corollary. Let T' be a closed positive current of bidimension (p,p)
and let u be a plurisubharmonic function on X such that L(u) N Supp T
is contained in an analytic set of dimension at most p — 1. Then uT and
dd°u N'T are well defined and have locally finite mass in X. O

(2.11) Corollary. Let uy,...,u, be plurisubharmonic functions on X such
that L(u;) is contained in an analytic set A; C X for every j. Then
dduqy A ... ANddug is well defined as soon as Aj, N...NA;j  has codimension
at least m for all choices of indices j1 < ... < jm in{1,...,q}. O

In the particular case when u; = log | f;| for some non zero holomorphic
function f; on X, we see that the intersection product of the associated zero
divisors [Z;] = dd‘u; is well defined as soon as the supports |Z;| satisfy
codim|Z;,|N...N|Zj, | = m for every m. Similarly, when 7' = [A] is an
analytic p-cycle, Cor. 2.10 shows that [Z] A [A] is well defined for every
divisor Z such that dim |Z| N |A| = p — 1. These observations easily imply
the following

(2.12) Proposition. Suppose that the divisors Z; satisfy the above codimen-
sion condition and let (Ck)r>1 be the irreducible components of the point set
intersection |Z1| N ... N |Z,|. Then there exist integers my > 0 such that

(Z) A AN Zg) =) mi[Chl

The number my, s called the multiplicity of intersection of Z,...,Z,
along Cl.

Proof. The wedge product has bidegree (q,q) and support in C = |JC
where codim C = ¢, so it must be a sum as above with m;, € IR. We check
by induction on ¢ that my is a positive integer. If we denote by A some
irreducible component of |Z;|N...N|Z,_1|, we need only check that [A]A[Z,]
is an integral analytic cycle of codimension ¢ with positive coefficients on
each component C}, of the intersection. However [A]A[Z,] = dd°(log | f,| [A]).
First suppose that no component of AN f,~ 1(0) is contained in the singular
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part Aging. Then the Lelong-Poincaré equation applied on A,.; shows that
dd(log|fq| [A]) = > mi[Ck] on X \ Aging, where my, is the vanishing order
of f, along C in A,eg. Since C'N Aging has codimension ¢ + 1 at least, the
equality must hold on X. In general, we replace f, by f,—¢ so that the divisor
of fy—¢ has no component contained in Aging. Then dd®(log | f, —€| [4]) is an
integral codimension ¢ cycle with positive multiplicities on each component
of AN fq_l(s) and we conclude by letting e tend to zero. O

3. Generalized Lelong Numbers

The concepts we are going to study mostly concern the behaviour of currents
or plurisubharmonic functions in a neighborhood of a point at which we
have for instance a logarithmic pole. Since the interesting applications are
local, we assume from now on (unless otherwise stated) that X is a Stein
manifold, i.e. that X has a strictly plurisubharmonic exhaustion function.
Let ¢ : X — [—00,+00[ be a continuous plurisubharmonic function (in
general ¢ may have —oo poles, our continuity assumption means that e” is
continuous). The sets

(3.1) S(r)={z € X; p(x) =r},
(3.1) B(r)={z € X; p(zx) <1},
(3.1 B(r)={recX;px) <r}

will be called pseudo-spheres and pseudo-balls associated with ¢. Note that
B(r) is not necessarily equal to the closure of B(r), but this is often true in
concrete situations. The most simple example we have in mind is the case
of the function ¢(z) = log|z — a| on an open subset X C C"; in this case
B(r) is the euclidean ball of center a and radius €” ; moreover, the forms

1 . .
(3.2) Sddoe® = L d'd"|2)?,  ddp = Ld'd"log|z — a

2 27 us
can be interpreted respectively as the flat hermitian metric on C" and as

the pull-back over C" of the Fubini-Study metric of IP" !, translated by a.

(3.3) Definition. We say that ¢ is semi-exhaustive if there exists a real
number R such that B(R) CC X. Similarly, ¢ is said to be semi-exhaustive
on a closed subset A C X if there exists R such that AN B(R) cC X.

We are interested especially in the set of poles S(—o0) = {¢ = —o0}
and in the behaviour of ¢ near S(—o0). Let T be a closed positive current of
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bidimension (p,p) on X. Assume that ¢ is semi-exhaustive on Supp T and
that B(R) N SuppT CC X. Then P = S(—o0) N SuppT is compact and the
results of §2 show that the measure T A (dd°p)P is well defined. Following
[De2], [De4], we introduce:

(3.4) Definition. If ¢ is semi-exhaustive on SuppT and if R is such that
B(R)NSuppT CC X, we set for all r € | — oo, R]

U(T, o,7) = / T A (dd°p)P,
B(r)

v(T, @) = /S( )T A (ddp)P = TEr_noo v(T, p,r).

The number v(T, p) will be called the (generalized) Lelong number of T with
respect to the weight .

If we had not required T'A (dd®p)P to be defined pointwise on ¢~ (—o00),
the assumption that X is Stein could have been dropped: in fact, the integral
over B(r) always makes sense if we define

v(T, 1) = / T A (dd° max{go,s})p with s <.
B(r)

Stokes’ formula shows that the right hand integral is actually independent
of s. The example given after (2.1) shows however that T'A (dd°y)P need not
exist on p~!(—o00) if p~1(—o0) contains an exceptional compact analytic
subset. We leave the reader consider by himself this more general situation
and extend our statements by the max{¢p, s} technique. Observe that r —
v(T,p,r) is always an increasing function of r. Before giving examples, we
need a formula.

(3.5) Formula. For any convex increasing function x : IR — IR we have
/ T A (ddx 0 )7 = x'(r = 0)P v(T, ¢,7)
B(r)

where x'(r — 0) denotes the left derivative of x at r.

Proof. Let x. be the convex function equal to x on [r — &, 400] and to a
linear function of slope x'(r —e — 0) on | — oo, 7 — €]. We get dd®(x- o ¢) =
X' (r —e —0)dd°¢p on B(r — ¢) and Stokes’ theorem implies

/ T A (dd°x o p)P = / T A (dd®xe o )P
B(r) B(r)

> / T A (dd°xc o )P
B(r—e¢)

=xX'(r—e—0Pu(T,p,r—¢).
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Similarly, taking X. equal to x on | — co,r — ¢| and linear on [r — g, 7], we

obtain

/ T A (ddx 0 p)? < / T A (ddXe 0 )P = X'(r — e = 0)Pv(T, o, 7).
B(r—e¢) B(r)

The expected formula follows when € tends to 0. O

We get in particular fB(T) T A (dde*#)P = (2¢2")Pu(T, @, ), whence the
formula

1
(3.6) v(T,p,r) = 8_2’”"/ T A (—ddceQ‘P>p.
B(r) 2

Now, assume that X is an open subset of C" and that ¢(z) = log|z —al
for some a € X. Formula (3.6) gives

U(T, @, logr) = 17 /

|z—a|<r

p

i
T (_d/d// 2)
A o H

The positive measure op = %T/\(%d’d”|z|2)p =2"PY Ty r.i"dz1 A. . .ANdZy,
is called the trace measure of T'. We get

or (B(a, r))

(3.7) v(T, p,logr) = Ty

and v(T,¢) is the limit of this ratio as » — 0. This limit is called the
(ordinary) Lelong number of T' at point a and is denoted v(T), a). This was
precisely the original definition of Lelong (cf. [Le3]). Let us mention a simple
but important consequence.

(3.8) Consequence. The ratio or(B(a,r))/r?? is an increasing function of r.
Moreover, for every compact subset K C X and every ro < d(K,0X) we
have

UT(B(a,r)) <Cr? for a€ K and r < rg,

where C = op (K + B(0,10)) /75"

All these results are particularly interesting when 7' = [A] is the current
of integration over an analytic subset A C X of pure dimension p. Then
or(B(a,r)) is the euclidean area of AN B(a,r), while 7Pr2P /p! is the area
of a ball of radius r in a p-dimensional subspace of C". Thus v(T, ¢, logr)
is the ratio of these areas and the Lelong number v (7, a) is the limit ratio.

(3.9) Remark. It is immediate to check that
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0 for x ¢ A,
1 when x € A is a regular point.

(l4)5) = {

We will see later that v([A], x) is always an integer (Thie’s theorem 5.8).

(3.10) Remark. When X = C", ¢(z) =log|z —a| and A = X (i.e. T = 1),
we obtain in particular fB(a T)(ddc log |z — a|)™ =1 for all r. This implies

(dd°log |z — a|)™ = d,.

This fundamental formula can be viewed as a higher dimensional analogue
of the usual formula Alog|z — a| = 27J, in C. O

We next prove a result which shows in particular that the Lelong
numbers of a closed positive current are zero except on a very small set.

(3.11) Proposition. If T is a closed positive current of bidimension (p,p),
then for each ¢ > 0 the set E. = {x € X; v(T,x) > c is a closed set of
locally finite Hap Hausdorff measure in X.

Proof. By (3.7), we infer v(T, a) = lim, o o7 (B(a,r))p!/7Pr?". The function
ar— or (E(a, 7“)) is clearly upper semicontinuous. Hence the decreasing limit
v(T,a) as r decreases to 0 is also upper semicontinuous in a. This implies
that E. is closed. Now, let K be a compact subset in X and let {a;}i1<j<n,
N = N(g), be a maximal collection of points in E.NK such that |a;—ay| > 2¢
for j # k. The balls B(aj,2¢) cover E. N K, whereas the balls B(a;,¢) are
disjoint. If K. . is the set of points which are at distance < ¢ of E. N K, we
get

or(Kee) > Y or(B(aj,e)) > N(e) en?e /pl,
since v(T, a;) > c. By the definition of Hausdorff measure, we infer
. . 2p
Hop(E.NK) < lu;n_)l(l)qf Z (diam B(a;, 2¢))

) ) 2 p!42p
< lllgrl_}élfN(e)(éLs) < m—paT(Ec NK). 0

Finally, we conclude this section by proving two simple semi-continuity
results for Lelong numbers.

(3.12) Proposition. Let T be a sequence of closed positive currents of
bidimension (p,p) converging weakly to a limit T'. Suppose that there is a
closed set A such that SuppTy, C A for all k and such that ¢ is semi-
exhaustive on A with AN B(R) CC X. Then for all ¥ < R we have
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/ T A (ddp)P < lim inf/ Ty A (ddp)?
B(r) k—+co JB(r)

< lim Sup/ T A (ddp)?P < / T A (ddp)P.
k—+o00 E(T) B

B(r)
When r tends to —oo, we find in particular

lim sSup V(Tkv 90) < V(T7 ()0>
k—+o0

Proof. Let us prove for instance the third inequality. Let ¢, be a sequence
of smooth plurisubharmonic approximations of ¢ with ¢ < ¢, < ¢+ 1/¢ on
{r—e<p<r+e}. Weset

— ¥ on E(T>7
Yo =
max{p, (1 +¢)(pe—1/0) —re} on X \ B(r).
This definition is coherent since ¥y = ¢ near S(r), and we have
o= (1+¢)(pe—1/0) —re mnear S(r+e/2)
as soon as £ is large enough, i.e. (14+¢)/¢ < €2/2. Let x. be a cut-off function
equal to 1 in B(r + ¢/2) with support in B(r + ¢). Then

/ T A (dngO)p < / T A (ddcwg)p
B(r) B(r+¢/2)
=1+ a)p/ Ty A (ddCpr)?
B(r+e/2)

< (1 + €)p/ Xelk N (ddcwg)p.
B(r+e)

As x:(dd®pg)P is smooth with compact support and as T} converges weakly
to T', we infer

lim Sup/ T A (ddp)? < (14 a)p/ XeT A (ddCpg)?.
k—+o00 JB(r) B(r+e)

We then let ¢ tend to +00 and € tend to 0 to get the desired inequality. The
first inequality is obtained in a similar way, we define 1, so that ¥y = ¢ on
X \B(r) and 1, = max{(1 —e&)(¢¢ — 1/¢) +re} on B(r), and we take x. = 1
on B(r — &) with Supp x. C B(r —¢/2). Then for ¢ large

/ Ty A (ddp)? > / Ty A (dd°pg)?
B(r)

B(r—e/2)

> (1-— 6)p/ XeTk A (ddpp)P. 0
B(r—¢/2)

(3.13) Proposition. Let @i be a (non necessarily monotone) sequence of
continuous plurisubharmonic functions such that e¥* converges uniformly
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to e¥ on every compact subset of X . Suppose that {p < R} NSuppT CC X.
Then for r < R we have

T A (dd°pp)?P §/ T A (dd°p)P.
{e<r}

lim sup/
k—+oo J{pp<rin{p<Rr}

In particular limsupy,_, , o v(T, or) < v(T, ).

When we take ¢y (2) = log |z — ag| with ax — a, Prop. 3.13 implies the
upper semicontinuity of a — v(7, a) which was already noticed in the proof
of Prop. 3.11.

Proof. Our assumption is equivalent to saying that max{ys,t} converges
locally uniformly to max{p,t} for every t. Then Cor. 1.6 shows that
T A (dd® max{pg,t})? converges weakly to T' A (dd®max{p,t})P. If . is
a cut-off function equal to 1 on {¢ < r 4+ ¢/2} with support in {¢ <7+ €},
we get

lim X1 A (dd° max{pg,t})? = / XTI A (dd° max{ep,t})P.
k—+oo Jx X

For k large, we have {pr < r} N{p < R} C {¢ < r +¢/2}, thus when ¢
tends to 0 we infer

lim sup / T A (dd° max{oop, 1) < / T A (dd° max{e, £})P.
k—+oo J{pp<r}n{e<R} {p<r}

When we choose t < r, this is equivalent to the first inequality in statement
(3.13). O

4. The Lelong-Jensen Formula

We assume in this section that X is Stein, that ¢ is semi-exhaustive on X
and that B(R) CcC X. We set for simplicity ¢., = max{y,r}. For every
r € | —o0, R[, the measures dd°(¢-,)" are well defined. By Cor. 1.6, the map
r +— (dd°p,)™ is continuous on | —oo, R| with respect to the weak topology.
As (dd®ps, )™ = (dd°p)™ on X \B(r) and as ¢s, =7, (dd°p=,)" = 0 on B(r),
the left continuity implies (ddp.,)" > lx\p()(dd°p)". Here 14 denotes
the characteristic function of any subset A C X. According to the definition
introduced in [De3|, the collection of Monge-Ampére measures associated
with ¢ is the family of positive measures p, such that

(41) Hr = (ddc(pZT)n - ]lX\B(r) (ddc(p)nv S ] — 00, R[
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The measure pu,. is supported on S(r) and r —— pu, is weakly continuous
on the left by the bounded convergence theorem. Stokes’ formula shows
that fB(S)(dngpzr)” — (dd°p)™ = 0 for s > r, hence the total mass

wr(S(r)) = p-(B(s)) is equal to the difference between the masses of (ddp)"
and lx\p((dd°p)"™ over B(s), i.e.

(4.2) 1 (5(r)) = /B ey

(4.3) Example. When (dd®p)™ = 0 on X \ p~!(—o00), formula (4.1) can be
simplified into p, = (dd®p,)™. This is so for ¢(z) = log|z|. In this case,
the invariance of ¢ under unitary transformations implies that u, is also
invariant. As the total mass of u, is equal to 1 by 3.10 and (4.2), we see that
i is the invariant measure of mass 1 on the euclidean sphere of radius e”.

Proposition 4.4. Assume that ¢ is smooth near S(r) and that dp # 0 on
S(r), i.e. v is a non critical value. Then S(r) = 0B(r) is a smooth oriented
real hypersurface and the measure p, is given by the (2n — 1)-volume form

(ddc(p)n_l /\ dcgprS(T‘) .

Proof. Write max{t,r} = limp_ 4 xx(t) where x is a decreasing sequence
of smooth convex functions with xx(t) = r for t < r — 1/k, xx(t) = ¢
for t > r + 1/k. Corollary 1.6 shows that (dd®xy o ¢)™ converges weakly
to (dd®ps,)". Let h be a smooth function with compact support near S(r).
We first compute the limit, noting that lim x}, o ¢ = lx\p(, a.e., and then
apply Stokes’ theorem on X \ B(r) (the boundary is S(r) with opposite
orientation):

/ hddoo-,)" = Tlim | h(dd®xe o )"
X

k—+4oco [x

— lim —dh A (dd°xs 0 )" A dC(xg 0 @)
k——4o00 b'e

— lim — (X, 0 @) dh A (dd°)" 1 A dfp

= / —dh A (dd°p)" "t NdCy
X\B(r)

= / h(dd°o)" ™t A dp +/ h (dd)" ™ A dCp.
S(r) X\B(r)

Near S(r) we thus have an equality of measures

(dd®ps,)" = (dd°@)" ™! N d°pgpy + Lx B (dd°p)". 0
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(4.5) Lelong-Jensen formula. Let V' be any plurisubharmonic function on X.
Then V' is p.-integrable for every r € | — oo, R[ and

1 (V) — / V(ddp)" = / (dd°V, o, 1) dt.
B(r)

—

Proof. Proposition 1.11 shows that V' is integrable with respect to (dd“p,)",
hence V is u,-integrable. By definition

v(dd°V, ¢, t) = / dd°V A (dd®p)" !
p(z)<t
and the Fubini theorem gives

/ v(dd°V, e, t) dt = // dd°V (2) A (ddp(z))" ! dt
p(z)<t<r

(4.6) = /B ( )(r — Q)dd°V A (dd°p)" .

We first show that formula 4.5 is true when ¢ and V' are smooth. As both
members of the formula are left continuous with respect to r and as almost
all values of ¢ are non critical by Sard’s theorem, we may assume r non
critical. Formula 1.1 applied with f = (r — ¢)(dd®¢)"~! and g = V shows
that integral (4.6) is equal to

| vaaertado- [ vidaer = mv)- [ v
S(r) B(r) B(r)

Formula 4.5 is thus proved when ¢ and V are smooth. If V' is smooth and
¢ merely continuous and finite, one can write ¢ = lim ¢y where ¢ is a
decreasing sequence of smooth plurisubharmonic functions (because X is
Stein). Then dd°V A (dd¢py)" ! converges weakly to ddV A (dd°¢)"~1 and
(4.6) converges, since I, (r—) is continuous with compact support on X.
The left hand side of formula 4.5 also converges because the definition of p,
implies

i (V) — / Vi) = /X V(dd°pp o) — (ddipy)")

and we can apply again weak convergence on a neighborhood of B(r). If ¢
assumes —oo as a value, we replace ¢ by ¢._j where k — +o00. Then pu, (V)
is unchanged, fB(T) V(dd®ps k)™ converges to fB(r) V(ddp)™ and the right
hand side of formula 4.5 is replaced by fik v(dd°V, ¢, t) dt. Finally, for V
arbitrary, write V' = lim | V; with a sequence of smooth functions V;. Then
dd°V; A (dd°p)™ ! converges weakly to dd°V A (dd°p)"~1 by Prop. 2.4, so

lim inf/ (r — @)dd°V} A (dd )"t > / (r —@)dd°V A (ddp)"
k—+oo JB(r) B(r)
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with equality if ¢ is finite. As p,(V;) and fB(T) Vi(dd®p)™ converge to the
expected limits by the monotone convergence theorem, we get

(V) / V(ddp)" > / (r — Q)ddV A (dd°p)" ",
B(r) B(r)

with equality if ¢ does not assume —oo as a value. In particular, replacing
¢ by ¢-_, we find

(V) — / V(dd¢es )" = / v(dd°V, p, t) dt,
B(r) B k
and from the equality —V = sup —V; we easily get

/ —V(dd°p)" < liminf/ —V(dd®ps_i)".
B(r) k=+o0 JB(r) B

A limit as k — +oo yields the expected converse inequality

T

1 (V) — / V(dd°g)" < / (dd°V, o, 1) dt. .
B(r) —o0

For r < rg < R, the Lelong-Jensen formula implies

An )=+ [ V(o) = [ vddVp.0
B(ro) \B(r) T0

(4.8) Corollary. Assume that (dd°p)™ =0 on X \S(—o0). Then r — p, (V)
is a convex increasing function of r and the lelong number v(dd°V, ) is
given by

v(dd°V,p) = lim MT(V).

r——00 r

Proof. By (4.7) we have

pr (V) = g (V) + /T v(dd°V, @, t) dt.

To
As v(dd°V, ¢, t) is increasing and nonnegative, it follows that r — p,.(V') is
convex and increasing. The formula for v(dd°V, ¢) = lim;_, _ o, v(dd°V, @, t)
is then obvious. O

(4.9) Example. Let X be an open subset of C" equipped with the semi-
exhaustive function ¢(z) = log|z — a|, a € X. Then (dd®p)™ = ¢, and the
Lelong-Jensen formula becomes

(V) =Via)+ /T v(dd°V, @, t) dt.

— o0
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As p,- is the mean value measure on the sphere S(a, €”), we make the change
of variables r — logr, t — logt and obtain the more familiar formula

" dt
(4.92) WV, S(a,r)) = V(a) + / W(dd°V,a,1) %
0
where v(dd°V, a,t) = v(dd°V, ¢,logt) is given by (3.7):

1 1
49b dd°V,a,t) = — AV.
(4.9b) AV, a,t) = T — 1)1 /Bm,t) 2
In this setting, Cor. 4.8 implies

V? S Y su a,r V
(4.9¢) v(ddV,a) = lim u(_(ar)) = lim PPS@n) 7
r—0 logr r—0  logr

To prove the last equality, we may assume V < 0 after subtraction of a
constant. Inequality > follows from the obvious estimate wu(V,S(a,r)) <
SUPg(q,r) V', While inequality < follows from the standard Harnack estimate

1-¢
4.9d sup V< ———u(V,S(a,r
( ) S(a,lajr) N (1 + 5>2n_1 M( ( ))
when € is small. As supg(, )V = supp(q,,,) V, Formula (4.9¢) can also be
rewritten v(dd°V,a) = liminf,_, V(z)/log|z — a|. Since supg(, )V is a
convex (increasing) function of logr, we infer that

(4.9e) V(z) <~vlogl|z —al + O(1)

with v = v(dd°V, a), and v(dd°V, a) is the largest constant v which satisfies
this inequality. Thus v(dd°V, a) = + is equivalent to V' having a logarithmic
pole of coefficient ~.

(4.10) Special case. Take in particular V' = log | f| where f is a holomorphic
function on X. The Lelong-Poincaré formula shows that dd° log | f| is equal to
the zero divisor [Zf] = ) m;[H;|, where H; are the irreducible components
of f71(0) and m; is the multiplicity of f on H,. The trace %Af is then
the euclidean area measure of Z; (with corresponding multiplicities m;).
By Formula (4.9c), we see that the Lelong number v([Z¢],a) is equal
to the vanishing order ord,(f), that is, the smallest integer m such that
D® f(a) # 0 for some multiindex « with || = m. In dimension n = 1, we
have 5= Af = > m;d,,. Then (4.9a) is the usual Jensen formula

u(log|f|,5(0,r))—log|f(o>|:/0 y(t)%zzmjlogﬁ

where v(t) is the number of zeros a; in the disk D(0,t), counted with multi-
plicities m;.

(4.11) Example. Take ¢(z) = log max |z;|* where \; > 0. Then B(r) is the
polydisk of radii (er/Al, . er/A”). If some coordinate z; is non zero, say z1,
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we can write ¢(z) as Ajlog|zi| plus some function depending only on the
(n—1) variables zj/zi‘l/kj. Hence (dd°p)™ = 0 on C" \{0}. It will be shown
later that

(411 a) (dngO)n = )\1 e )\n 50.

We now determine the measures p,.. At any point z where not all terms
\zj\kﬂ' are equal, the smallest one can be omitted without changing ¢
in a neighborhood of z. Thus ¢ depends only on (n — 1)-variables and
(dd®p>r)" = 0, pr = 0 near z. It follows that pu, is supported by the
distinguished boundary |z;| = "/ of the polydisk B(r). As ¢ is invariant
by all rotations z; —— el zj, the measure p, is also invariant and we see
that p, is a constant multiple of df ...d#,,. By formula (4.2) and (4.11a)
we get

(411b) My = >\1'-')\n (27T)_nd91...d0n.
In particular, the Lelong number v(dd®V, ¢) is given by

v(dd°V,¢) = lim u/ V(er/MHo o/ Akt dfs . ..doy,
e T 0,€[0,27] (2m)™

These numbers have been introduced and studied by Kiselman [Ki4]. We

call them directional Lelong numbers with coefficients (A1, ..., \,). For an
arbitrary current 7', we define
(4.11¢) v(T,z, ) = v(T,log max |z; — xj|>‘j).

The above formula for v(dd°V, ¢) combined with the analogue of Harnack’s
inequality (4.9d) for polydisks gives

v(ddV,z, \) = lim M- dn /V(rl/’\leiel, i/ Aneifn) ... dbn
r—0 logr (2m)"

A1

C A . )
(4.11d) = lim ———— sup V(Tl//\lelgl, cee rl/’\"ele").
r—0 logr g, . 4,

5. Comparison Theorems for Lelong Numbers

Let T be a closed positive current of bidimension (p, p) on a Stein manifold X
equipped with a semi-exhaustive plurisubharmonic weight . We first show
that the Lelong numbers v (T, ¢) only depend on the asymptotic behaviour
of ¢ near the polar set S(—o0). In a precise way:
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(5.1) First comparison theorem. Let ¢, : X — [—00, +00| be continuous
plurisubharmonic functions. We assume that @, are semi-exhaustive on
Supp T and that

¢ := lim sup M <400 as z € SuppT and p(x) — —oc.

()
Then v(T, ) < LPu(T, @), and the equality holds if £ =lim/p.

Proof. Definition 3.4 shows immediately that v(T,\p) = NPv(T,p) for
every scalar A > 0. It is thus sufficient to verify the inequality v (T, ) <
v(T, ) under the hypothesis limsup /¢ < 1. For all ¢ > 0, consider the
plurisubharmonic function

ue = max (¥ — ¢, p).

Let R, and Ry be such that B,(R,) N SuppT and By (Ry) N Supp T be
relatively compact in X. Let » < R, and a < r be fixed. For ¢ > 0 large
enough, we have u. = ¢ on ¢~ !([a,r]) and Stokes’ formula gives

v(T,o,r) =v(T,ue,r) > v(T, ue).

The hypothesis limsup ¢ /¢ < 1 implies on the other hand that there exists
to < 0 such that u. =¥ — ¢ on {u. < to} N Supp T'. We infer

V(T7UC> :V(T7¢_C> :V(T,@D),

hence v(T,v) < v(T, p). The equality case is obtained by reversing the roles
of ¢ and v and observing that lim /¢ = 1/I. 0

Assume in particular that z* = (2¥,...,2F), & = 1,2, are coordinate

’rn
systems centered at a point z € X and let

1/2
or(2) = log|2F| = log(|zf|2 +...+ |z§|2) /2,

We have lim,_,, ¢2(2)/p1(2) = 1, hence v(T, ¢1) = v(T, p2) by Th. 5.1.

(5.2) Corollary. The usual Lelong numbers v(T,x) are independent of the
choice of local coordinates. a

This result had been originally proved by [Siu] with a much more
delicate proof. Another interesting consequence is:

(5.3) Corollary. On an open subset of C", the Lelong numbers and Kiselman
numbers are related by

v(T,z) =v(T,z,(1,...,1)).
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Proof. By definition, the Lelong number v(T, x) is associated with the weight
©(z) = log |z — x| and the Kiselman number I/(T, x,(1,..., 1)) to the weight
Y (z) = logmax |z; — x;|. It is clear that lim,_., ¥(z)/¢p(z) = 1, whence the
conclusion. O

Another consequence of Th. 5.1 is that v(7T,z,\) is an increasing
function of each variable \;. Moreover, if \; < ... < A,, we get the
inequalities

Nuv(T,z) <v(T,z,\) < y(T, x).

These inequalities will be improved in section 7 (see Cor. 7.14). For the
moment, we just prove the following special case.

(5.4) Corollary. For all A\y,..., A\, > 0 we have
(dd®log max |zj|>‘j)n = <ddclog Z \zj\’\j) = A1... A 0p.

1<j<n -
1<j<n

Proof. In fact, our measures vanish on C" \ {0} by the arguments explained
in example 4.11. Hence they are equal to ¢ dy for some constant ¢ > 0 which
is simply the Lelong number of the bidimension (n,n)-current 7' = [X] =1
with the corresponding weight. The comparison theorem shows that the first
equality holds and that

(dd°10g 12; |zj|*j)n = 7 (dde log 192” |zj|“f)n

for all ¢ > 0. By taking ¢ large and approximating ¢); with 2[¢\;/2], we may
assume that \; = 2s; is an even integer. Then formula (3.6) gives

dd® log |Z'|25j>n :r_Q"/ (ddc \z'\25j>n
/Dzﬂswz( 2.1 Sy P <2 2.1

=8y...8,7 2" 2m Ld’d”|w|2 =X ...\
lej‘2<r2 2

by using the s; ...s,-sheeted change of variables w; = zj” O

Now, we assume that 7' = [A] is the current of integration over an
analytic set A C X of pure dimension p (cf. P. Lelong[Lel]). The above
comparison theorem will enable us to give a simple proof of P. Thie’s main
result [Th]: the Lelong number v([A], x) can be interpreted as the multiplicity
of the analytic set A at point x.

Let x € A be a given point and Z4 , the ideal of germs of holomor-
phic functions at x vanishing on A. Then, one can find local coordinates
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z = (21,...,2,) on X centered at = such that there exist distinguished
Weierstrass polynomials P; € 74 , in the variable z;, p < j < n, of the type

d;
d; di—k
(5.5) Pj(z) = ij + E aqu(zl, Ceey Zj_1>zjj , Ak € Méj-l,o
k=1

where M x , is the maximal ideal of X at z.

Indeed, we will prove this property by induction on codim X = n — p.
We fix a coordinate system (w1, . .., w,) by which we identify the germ (X, x)
to (C",0).

If n —p > 1, there exists a non zero element f € Z4 .. Let d be the
smallest integer such that f € M%n’o and let e,, € C" be a non zero vector
such that lim;_,o f(te,)/t? # 0. Complete e, into a basis (€1,...,€n_1,€n)
of C" and denote by (Z1,...,2,-1, 2,) the corresponding coordinates. The
Weierstrass preparation theorem gives a factorization f = ¢gP where P
is a distinguished polynomial of type (5.5) in the variable z, and where
g is an invertible holomorphic function at point x. If n — p = 1, the
polynomial P, = P satisfies the requirements. Observe that a generic choice
of e, actually works, since e,, only has to avoid the algebraic hypersurface

fa(z) = 0 where f; is the polynomial of lowest degree in the Taylor expansion
of f at 0.

Ifn—p>2 04, =0x4:/TaqisaOgn-1g=C{Z,...,2,_1}-module
of finite type, i.e. the projection pr : (X,z) ~ (C",0) — (C*1,0) is a
finite morphism of (A, x) onto a germ (Z,0) C (C™~*,0) of dimension p. The
induction hypothesis applied to Z7 0 = Ogn-1,gNZa,, implies the existence

of a new basis (e1,...,e,—1) of €' and of Weierstrass polynomials
Ppi1,...,Pho1 € Iz, of the type (5.5) with respect to the coordinates
(21, ..., 2n—1) associated with (e1,...,e,—1). The polynomials Ppi1,..., P,

show that the expected property also holds in codimension n — p.

For any polynomial Q(w) = w? + ayw?! + ...+ ag € Cw], the roots
w of @) satisfy
(5.6) lw| <2 max |az|'/*,
1<k<d

otherwise Q(w)w™? = 1+a;w™ ! +...4+aqw~? would have a modulus larger
than 1— (271 +...+279) = 274 a contradiction. Let us denote z = (2/, 2)
with 2/ = (z1,...,2p) and 2" = (2p41,...,2n). As a; € Méjﬂ’o, we get

|aj,k(z1, .. .,Zj_1>| = O((|Zl| 4+ ...+ |Zj_1|)k) if ] > p,

and we deduce from (5.5), (5.6) that |z;| = O(|z1| + ...+ |2j-1]) on (4, z).
Therefore, we get:
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(5.7) Lemma. For a generic choice of coordinates z' = (z1,...,%p) and
2" = (Zp41,...,2n) on (X,x), the germ (A, x) is contained in a cone
|2"| < Cl7]. O

We use this property to compute the Lelong number of [A] at point .
When z € A tends to x, the functions

p(z) = log 2| = log(|2'* + [2"[))V/%,  4(2) = log|~|.
are equivalent. As ¢, are semi-exhaustive on A, Th. 5.1 implies
v([A],z) = v([A], p) = v([4],¢).

Let B’ C CP the ball of center 0 and radius r’, B” C C"? the ball of center
0 and radius 7" = Cr’. The inclusion of germ (A, x) in the cone |2”| < C|Z/|
shows that for r’ small enough the projection

pr: An(B'x B") — B’

is proper. The fibers are finite by (5.5). Hence this projection is a ramified
covering with finite sheet number m (see Fig. 3).

e QP
0
B” T
} A
\
| | v

\

| | | |

‘ \ | ‘

| | |

1 . . [

s S gL J e

Fig. 3. Ramified covering 7 and ramification locus S

Let us apply formula (3.6) to ¢ : for every t < r’ we get
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V(Pﬂaﬂnlogt)=:t‘2pjf [A] A (%dd662¢>p

{y<logt}
1 p
= t_zp/ (—pr*ddc\z’|2>
An{|z'|<t} 2

1 D
:mf%/ @mw%>:m
crn{lz|<t} N2

hence v (T, 1) = m. Here, we used the fact that pr is actually a covering with
m sheets over the complement of the ramification locus S C B’, which is
of zero Lebesgue measure. We thus obtain a new proof of Thie’s result [Th]
that v([A], z) is equal to the multiplicity of A at x:

(5.8) Theorem. Let A be an analytic set of dimension p in a complex manifold
of dimension n. For every point x € A, there exist local coordinates

z2=(2",2"), Z=(z1,.-,20), 2" =1(2pt1,---s2n)
centered at x and balls B € C?, B” C C""? of radii r',r" in these coordi-
nates, such that AN (B’ x B") is contained in the cone |2"| < (v /1")|Z/|.
The multiplicity of A at x is defined as the number m of sheets of any such
ramified covering map AN (B’ x B") — B’. Then v([4],z) = m.

There is another interesting version of the comparison theorem which
compares the Lelong numbers of two currents obtained as intersection
products (in that case, we take the same weight for both).

(5.9) Second comparison theorem. Let uq,...,u, and vq,...,vq be plurisub-
harmonic functions such that each q-tuple satisfies the hypotheses of Th. 2.5
with respect to T. Suppose moreover that u; = —oo on SuppT N ¢~ (—o0)
and that

v;(2)
u;(z)

¢ := limsup

<400 when z € SuppT \uj_l(—oo), p(z) = —oc.

Then
v(ddvi Ao Nddvg NT, ) < Uy .. bgv(dd®us A ... ANddug AT, p).

Proof. By homogeneity in each factor vy, it is enough to prove the inequality
with constants ¢; = 1 under the hypothesis limsupv;/u; < 1. We set

wj,. = max{v; — ¢, u,}.

Our assumption implies that w; . coincides with v; — ¢ on a neighborhood
SuppT N{p < rg} of SuppT N {p < —oc}, thus
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v(ddvi N ANddvg AT, @) = v(ddwi e A ... ANddwg e NT, @)

for every c. Now, fix » < R,. Proposition 2.9 shows that the current
dd°wi e A ... A ddwg. N'T converges weakly to dd“u; A ... Add°ug N'T
when ¢ tends to +o00. By Prop. 3.12 we get

limsup v(dd“wicA...ANddwg . NT,p) <v(ddui A...ANddug AT, ). O

c——+o0

(5.10) Corollary. If dduy A...Add°uy AT is well defined, then at every point
x € X we have

v(ddui A ... Addug AT, z) > v(dd®ur, z) ... v(ddug, z) v(T, x).

Proof. Apply (5.9) with ¢(z) = vi(z) = ... = vye(z) = log|z — z| and
observe that ¢; := limsupv;/u; = 1/v(dd‘u;, x) (there is nothing to prove
if v(dduj,x) = 0). O

Finally, we present an interesting stability property of Lelong numbers
due to [Siu]: almost all slices of a closed positive current 7' along linear
subspaces passing through a given point have the same Lelong number as 7T'.
Before giving a proof of this, we need a useful formula known as Crofton’s
formula.

(5.11) Lemma. Let o be a closed positive (p,p)-form on C™ \ {0} which is
invariant under the unitary group U(n). Then a has the form

a = (dd°x(log|z]))"

where x is a convex increasing function. Moreover « is invariant by homo-
theties if and only if x is an affine function, i.e. o = X (ddlog |z|)P.

Proof. A radial convolution a.(z) = [ p(t/€) a(e’z) dt produces a smooth
form with the same properties as a and lim._,pa. = «. Hence we can
suppose that « is smooth on C™ \ {0}. At a point z = (0,...,0, 2,), the
(p, p)-form a(z) € APP(C")* must be invariant by U(n — 1) acting on the
first (n — 1) coordinates. We claim that the subspace of U(n — 1)-invariants
in APP(C™)* is generated by (dd¢|z|?)? and (dd€|z|?)P~! Aidz, AdZ,. In fact,
a form 8 =3 B, 7dz; Adz ;s is invariant by U(1)"~! C U(n—1) if and only if
Br,; = 0for I # J, and invariant by the permutation group S,,—1 C U(n—1)
if and only if all coefficients B; 1 (resp. Byn,yn) with I,J C {1,...,n — 1}
are equal. Hence

B=AD" dzr ndzrp( Y dzg Adzy) Adz A dza,

lIl=p |J|=p—1
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This proves our claim. As d|z|? A d°|z|* = 1|z, [2dz, A dZ, at (0,...,0,2,),
we conclude that

a(z) = f(2)(dd’]2]*)? + g(2)(dd®|2]*)P " Adl2]* A d°2]?

for some smooth functions f, g on C" \{0}. The U(n)-invariance of o shows
that f and g are radial functions. We may rewrite the last formula as

a(2) = u(log|z|)(dd® log | 2| )P 4+ v(log |z])(dd® log |2|)P~! Adlog|z| A d€log|z].

Here (dd°log|z|)? is a positive (p,p)-form coming from IP"~!, hence it has
zero contraction in the radial direction, while the contraction of the form
(dd®log |z])P~tAd log |z|Ad¢ 1og | 2| by the radial vector field is (dd° log |2|)P~1.
This shows easily that a(z) > 0 if and only if u,v > 0. Next, the closedness
condition da = 0 gives v/ — v = 0. Thus u is increasing and we define a

convex increasing function y by x’ = u/?. Then v = v/ = px?~'x" and

a(z) = (ddx(log|2|))".
If « is invariant by homotheties, the functions u and v must be constant,
thus v = 0 and a = A(dd€log |z]|)P. O

(5.12) Corollary (Crofton’s formula). Let dv be the unique U(n)-invariant
measure of mass 1 on the Grassmannian G(p,n) of p-dimensional subspaces
in C". Then

[S]dv(S) = (ddlog|z|)"P.
SeG(p,n)

Proof. The left hand integral is a closed positive bidegree (n — p,n — p)
current which is invariant by U(n) and by homotheties. By lemma 5.11, this
current must coincide with the form A(dd®log|z|)" P for some A > 0. The
coefficient A is the Lelong number at 0. As v([S],0) = 1 for every S, we get
A= Japmy dv(S) = 1. 0

We now recall the basic facts of slicing theory (see Federer [Fe| and
Harvey [Ha]). Let 0 : M — M’ be a submersion of smooth differentiable
manifolds and let @ be a locally flat current on M, that is a current which
can be written locally as © = U + dV where U, V have locally integrable
coefficients. It can be shown that every current ® such that both @ and
dO® have measure coefficients is locally flat; in particular, closed positive
currents are locally flats. Then, for almost every z/ € M’, there is a well
defined slice ©,,, which is the current on the fiber o ~!(z’) defined by

@x’ = U[*g—l(x/) + dvra—l(x’)‘

The restrictions of U, V to the fibers exist for almost all 2’ by the Fubini
theorem. It is easy to show by a regularization ©. = @ x p. that the slices
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of a closed positive current are again closed and positive: in fact U, ,» and
Ve 2 converge to U, and V,/ in Llloc, thus O, ./ converges weakly to 6,
for almost every z’. This kind of slicing can be referred to as parallel slicing
(if we think of o as being a projection map). The kind of slicing we need
(where the slices are taken over linear subspaces passing through a given
point) is of a slightly different nature and is called concurrent slicing.

The possibility of concurrent slicing is proved as follows. Let T be a
closed positive current of bidimension (p,p) in the ball B(0, R) C C". Let

Y ={(z,9)€C" xG(q,n); z €S}

be the total space of the tautological rank ¢ vector bundle over the Grass-
mannian G(g,n), equipped with the obvious projections

o:Y — G(g,n), w:Y—C".

We set Yg = 7~ 1(B(0, R)) and Y3 = 7~ }(B(0, R) \ {0}). The restriction g
of 7 to Y} is a submersion onto B(0, R) \ {0}, so we have a well defined pull-
back w51 over Y. We would like to extend it as a pull-back 7*T" over Y,
so as to define slices Tyg = (77 to—1(s) ; Of course, these slices can be non
zero only if the dimension of S is at least equal to the degree of T, i.e. if
g > n — p. We first claim that w37 has locally finite mass near the zero
section 771(0) of 0. In fact let we be a unitary invariant Kéihler metric over
G(q,n) and let 8 = dd°|z|? in C". Then we get a Kéihler metric on Y defined
by wy = c*wg +7*6. If N = (¢ — 1)(n — q) is the dimension of the fibers
of m, the projection formula 7, (u A 7*v) = (m,u) A v gives

N _
ﬂ_*wg-l-p _ Z ( +p)ﬂk/\7r*(a*wg+p k)

1<k<p k
Here W*(J*wgﬂ’ ~%) is a unitary and homothety invariant (p — k,p — k)
closed positive form on C™ \ {0}, so W*(J*wgﬂ’_k) is proportional to

(dd®log |z])"~*. With some constants A, > 0, we thus get

/ T Awy P = Y )\k/ T A B* A (dd®log|z])*—?
Yr B(0,r)\{0}

0<k<p
= > 2Rk / TApBP < +oo.
0<k<p B(0,r)\{0}

The Skoda-El Mir theorem 0.5 shows that the trivial extension 737" of w§T
is a closed positive current on Yx. Of course, the zero section 7~1(0) might
also carry some extra mass of the desired current 7*T. Since 7~1(0) has
codimension ¢, this extra mass cannot exist when ¢ > n — p = codim 7*7T
and we simply set 7*1" = w37 On the other hand, if ¢ = n — p, we set

(5.13) 7T = 75T + v(T,0) [x1(0)].
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We can now apply parallel slicing with respect to o : Y — G(q,n), which
is a submersion: for almost all S € G(gq,n), there is a well defined slice
Tyg = (W*T)rg,l( s)- These slices coincide with the usual restrictions of 7' to
S if T is smooth.

(5.14) Theorem ([Siu]). For almost all S € G(q,n) with ¢ > n — p, the slice
Tyg satisfies v(Tyg,0) = v(T,0).

Proof. If ¢ = n — p, the slice Tyg consists of some positive measure with
support in S \ {0} plus a Dirac measure v(7T,0)dy coming from the slice
of v(T,0) [r~1(0)]. The equality v(T}g,0) = v(T,0) thus follows directly
from (5.13).

In the general case ¢ > n—p, it is clearly sufficient to prove the following
two properties:

(a) v(T,0,r)= / v(Tyg,0,7)dv(S) for all r € ]0, R[;
SeG(q,n)

(b) v(T}g,0) > v(T,0) for almost all S.

In fact, (a) implies that v/(7,0) is the average of all Lelong numbers v(T}g,0)
and the conjunction with (b) implies that these numbers must be equal to
v(T,0) for almost all S. In order to prove (a) and (b), we can suppose without
loss of generality that 7" is smooth on B(0, R) \ {0}. Otherwise, we perform
a small convolution with respect to the action of Gl,,(C) on C":

T. = / pe(9) 9*T dv(g)
geGl, (C)

where (pc) is a regularizing family with support in an e-neighborhood of
the unit element of Gl,,(C). Then T; is smooth in B(0, (1 —¢)R) \ {0} and
converges weakly to 7. Moreover, we have v(7,0) = v(7,0) by (5.2) and
v(Thg,0) > limsup,_ov(7. 15,0) by (3.12), thus (a), (b) are preserved in
the limit. If T is smooth on B(0, R) \ {0}, the slice T}g is defined for all S
and is simply the restriction of 7" to S\ {0} (carrying no mass at the origin).

(a) Here we may even assume that 7' is smooth at 0 by performing an
ordinary convolution. As Tjg has bidegree (n — p,n — p), we have

v(Tyg,0,7) :/

TAaL P = / T A[S] A akram
SNB(0,r)

B(0,r)

where ag = ddlog |w| and w = (ws,...,w,) are orthonormal coordinates
on S. We simply have to check that

/ [S] A %77 du(S) = (dd®log |2|)P.
SeG(gq,n)
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However, both sides are unitary and homothety invariant (p, p)-forms with
Lelong number 1 at the origin, so they must coincide by Lemma 5.11.

(b) We prove the inequality when S = €7 x {0}. By the comparison
theorem 5.1, for every r > 0 and € > 0 we have

(5.15) / T ANy >v(T,0) where
B(0,r)

1
Ve = gdd°log(e|z1 " + ... +elzg|” + |zgpa [+ [enl?).

We claim that the current 2 converges weakly to

_ 1 ptg—n

[S] A a7 = [S] A <§ddc log(lz1]? + ... + |zq|2)>
as ¢ tends to 0. In fact, the Lelong number of +? at 0 is 1, hence by
homogeneity
VE A (dd|2?)" TP = (2r7)P
B(0,r)

for all e,7 > 0. Therefore the family (7?) is relatively compact in the weak
topology. Since v9 = lim . is smooth on C™ \ .S and depends only on n — ¢
variables (n — g < p), we have lim~+? = ~§ = 0 on €" \ S. This shows that
every weak limit of (7?) has support in S. Each of these is the direct image
by inclusion of a unitary and homothety invariant (p+ ¢ —n, p+ ¢ —n)-form
on S with Lelong number equal to 1 at 0. Therefore we must have

llH(l) ")/g = (7,'5)*(041;_‘1_") = [S] A ag—i—q—n,
e—

and our claim is proved (of course, this can also be checked by direct
elementary calculations). By taking the limsup in (5.15) we obtain

UTrg, 0,1 +0) = / T A[S] Al > (T, 0)
B(0,r)

(the singularity of T" at 0 does not create any difficulty because we can modify

T by a dd°-exact form near 0 to make it smooth everywhere). Property (b)

follows when r tends to 0. O

6. Siu’s Semicontinuity Theorem

Let X, Y be complex manifolds of dimension n, m such that X is Stein. Let
¢ : X xY — [—00,+00| be a continuous plurisubharmonic function. We
assume that ¢ is semi-exhaustive with respect to Supp 7', i.e. that for every
compact subset L C Y there exists R = R(L) < 0 such that
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(6.1) {(z,y) € SuppT X L; p(x,y) < R} CC X x Y.

Let T be a closed positive current of bidimension (p, p) on X. For every point
y € Y, the function ¢, (z) := ¢(z,y) is semi-exhaustive on Supp T'; one can
therefore associate with y a generalized Lelong number v(T', ¢, ). Proposition
3.13 implies that the map y — v(T, ¢, ) is upper semi-continuous, hence the
upperlevel sets

(6.2) E.=E.(T,p)={yeY;v(T,py) >c}, c>0

are closed. Under mild additional hypotheses, we are going to show (following
[Ded]) that the sets E. are in fact analytic subsets of Y.

(6.3) Definition. We say that a function f(x,y) is locally Hélder continuous
with respect to y on X XY if every point of X XY has a neighborhood {2
on which

|f(z,91) — f(z,y2)| < Mlys — yo|?

for all (x,y1) € 2, (x,y2) € 2, with some constants M > 0, v € ]0,1], and
suitable coordinates on'Y .

(6.4) Theorem ([Ded]). Let T be a closed positive current on X and let
p: X XY — [—o0,+00|
be a continuous plurisubharmonic function. Assume that ¢ is semi-exhaustive

on SuppT and that e?®Y) s locally Hélder continuous with respect to y
on X xXY. Then the upperlevel sets

E(T,p) ={y € Y;u(T,p,) > c}

are analytic subsets of Y.

This theorem can be rephrased by saying that y — v(T', ¢, ) is upper
semi-continuous with respect to the analytic Zariski topology. As a special
case, we get the following important result of [Siu]:

(6.5) Corollary. If T is a closed positive current of bidimension (p,p) on a
complex manifold X, the upperlevel sets E.(T) = {x € X; v(T,z) > ¢} of
the usual Lelong numbers are analytic subsets of dimension < p.

Proof. The result is local, so we may assume that X C C" is an open subset.
Theorem 6.4 with Y = X and ¢(z,y) = log|z — y| shows that E.(T) is
analytic. Moreover, Prop. 3.11 implies dim E.(T) < p. O

(6.6) Generalization. Theorem 6.4 can be applied more generally to weight
functions of the type
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'V
o(e,y) = max log (D [Fyale,y) )
k
where F}j, are holomorphic functions on X x Y and where «; ;, are positive
real constants; in this case e¥ is Holder continuous of exponent ~ =
min{\; z,1} and ¢ is semi-exhaustive with respect to the whole space X
as soon as the projection pry, : [ Fj_kl(O) — Y is proper and finite.

For example, when ¢(z,y) = logmax |z; — y;|} on an open subset X
of C" , we see that the upperlevel sets for Kiselman’s numbers v(T, x, \)
are analytic in X (a result first proved in [Ki4]). More generally, set
¥a(z) = logmax |z;|% and ¢(z,y,9) = ¥x(g(z — y)) where z,y € C" and
g € GI(C"). Then v(T, ¢, 4) is the Kiselman number of T" at y when the
coordinates have been rotated by g. It is clear that ¢ is plurisubharmonic in
(z,y, g) and semi-exhaustive with respect to x, and that e? is locally Holder
continuous with respect to (y, g). Thus the upperlevel sets

E.={(y,9) € X x GI(C"); v(T, py,g) = c}

are analytic in X x GI(C"). However this result is not meaningful on a
manifold, because it is not invariant under coordinate changes. One can
obtain an invariant version as follows. Let X be a manifold and let J*Ox be
the bundle of k-jets of holomorphic functions on X. We consider the bundle
Sy over X whose fiber Sy, , is the set of n-tuples of k-jets u = (uq,...,uy) €
(J*Ox )" such that u;(y) = 0 and duy A ... A du,(y) # 0. Let (z;) be local
coordinates on an open set 2 C X. Modulo O(|z — y|**1), we can write

ui(z) = > ajalz—y)"

1<]a|<k

with det(aj (o,....1,,...,00)) # 0. The numbers ((y;), (a;.)) define a coordinate
system on the total space of S . For (z,(y,u)) € X x S, we introduce
the function

Aj

Aj = logmax‘ Z aj.o(r—1y)”

1<]a|<k

p(z,y,u) = log max u;(z)|

which has all properties required by Th. 6.4 on a neighborhood of the
diagonal z = y, i.e. a neighborhood of X xx S; in X x Si. For k large,
we claim that Kiselman’s directional Lelong numbers

v(T,y,u, A) == v(T, oy u)

with respect to the coordinate system (u;) at y do not depend on the
selection of the jet representives and are therefore canonically defined on Sj.
In fact, a change of u; by O(|z — y|**1) adds O(|z — y|F+DN) to e?,
and we have e? > O(|z — y|™a**i). Hence by (5.1) it is enough to take
k +1 > max\;/min A;. Theorem 6.4 then shows that the upperlevel sets
E.(T, ) are analytic in Sk. 0
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Now we give the detailed proof of Th. 6.4. As the result is local on Y, we
may assume without loss of generality that Y is a ball in C™. After addition
of a constant to (o, we may also assume that there exists a compact subset
K C X such that

{(z,y) € X xY;p(z,y) <0} C K xY.

By Th. 5.1, the Lelong numbers depend only on the asymptotic behaviour
of ¢ near the (compact) polar set p=!(—o0) N (SuppT x Y). We can add a
smooth strictly plurisubharmonic function on X x Y to make ¢ strictly
plurisuharmonic. Then Richberg’s approximation theorem for continuous
plurisubharmonic functions shows that there exists a smooth plurisubhar-
monic function ¢ such that ¢ < ¢ < ¢ + 1. We may therefore assume that
¢ is smooth on (X x Y) \ p~1(—00).

e First step: construction of a local plurisubharmonic potential.

Our goal is to generalize the usual construction of plurisubharmonic
potentials associated with a closed positive current (cf. P. Lelong[Le2] and
H. Skoda[Sk1]). We replace here the usual kernel |z — (|72P arising from
the hermitian metric of C" by a kernel depending on the weight . Let
x € C*°(IR,R) be an increasing function such that x(¢) =¢ for ¢t < —1 and
x(t) =0 for t > 0. We consider the half-plane H = {z € C; Rez < —1} and
associate with T" the potential function V on Y x H defined by

(6.7 Vs == [ T (@

For every t > Re z, Stokes’ formula gives
Topt) = [ T(@) A (@53, 2)
p(z,y)<t

with @(z,y, 2z) := max{p(z,y), Rez}. The Fubini theorem applied to (6.7)
gives

V) = [ ooy s T A dB .20 X ()
Re z<t<0

_ / _ T@ B,y 2) (@5 o,y )"

For all (n — 1,n — 1)-form h of class C*° with compact support in Y x H,
we get

(dd°V, h) = (V, dd°h)
- / T(2) A x( @y, 2))(ddG(a, y, 2))P A dd°h(y, 2).
XXYxH

Observe that the replacement of dd¢ by the total differentiation dd® = dd

T,Y,z
does not modify the integrand, because the terms in dx, dZ must have total
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bidegree (n,n). The current T'(z) A x(@(x,y, z))h(y, z) has compact support
in X XY x H. An integration by parts can thus be performed to obtain

@V = [ T(@) A (o By, 2) A (A Fe 2y, )
XXYxH

On the corona {—1 < ¢p(z,y) < 0} we have ¢(x,y, z) = ¢(x,y), whereas for

o(z,y) < —1 we get ¢ < —1 and x o » = @. As ¢ is plurisubharmonic, we

see that dd°V (y, z) is the sum of the positive (1, 1)-form

(y,2) — T(x) A (dd5 , ,@(z,y, 2))"
{reX;p(z,y)<—1}

and of the (1,1)-form independent of z

Y — T Nddy ,(x o p)A(ddg ,e)P.
{z€X;—1<p(z,y) <0}
As ¢ is smooth outside ¢~!'(—oc), this last form has locally bounded
coefficients. Hence dd°V (y,z) is > 0 except perhaps for locally bounded
terms. In addition, V' is continuous on Y x H because T' A (dd°p, )P is
weakly continuous in the variables (y, z) by Cor. 1.6. We therefore obtain
the following result.

(6.8) Proposition. There exists a positive plurisubharmonic function p €
C>(Y) such that p(y) + V (y, 2) is plurisubharmonic on'Y x H.

If we let Re z tend to —oo, we see that the function
0

Uo(y) = ply) + V(y, —00) = ply) — / V(T gy X (D)t

— 00
is locally plurisubharmonic or identically —oo on Y. Moreover, it is clear that
Up(y) = —oo at every point y such that v(7T, ¢,) > 0. If Y is connected and
Uy # —o0, we already conclude that the density set (J ., E. is pluripolar
inY.

e Second step: application of Kiselman’s minimum principle.

We refer to Kiselman [Kil] for a proof (in a somewhat more general
situation) of the following basic minimum principle for plurisubharmonic
functions.

(6.9) Kiselman’s minimum principle. Let M be a complex manifold, let
w C IR" be a convexr open subset and {2 be the “tube domain” 2 = w +ilR".
For every plurisubharmonic function v((, z) on M x {2 that does not depend
on Im z, the function
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u(¢) = inf v((, 2)

zELN

s plurisubharmonic or locally = —oo on M. a

Let a > 0 be arbitrary. The function
Y xH>(y,2)— ply) + V(y,2) — aRez

is plurisubharmonic and independent of Im z. By 6.9, the Legendre transform
Ua(y) = inf {p(y) + V(y,r) - ar}

is locally plurisubharmonic or = —oco on Y.

(6.10) Lemma. Let yop € Y be a given point.
(a) Ifa>v(T,¢y,), then U, is bounded below on a neighborhood of yo.
(b) Ifa <v(T,py,), then Uy(yo) = —o0.

Proof. By definition of V' (cf. (6.7)) we have

(6.11) V(y,r) < —v(T, <py,r)/ X (t)dt = rv(T, gy, 1) < rv(T, p,).

Then clearly Ug(yo) = —oo if a < v(T,py,). On the other hand, if
v(T, py,) < a, there exists ty < 0 such that v(T, py,,t0) < a. Fix ro < t.
The semi-continuity property (3.13) shows that there exists a neighborhood
w of yo such that sup,c,, v(T,¢,,r0) < a. For all y € w, we get

Viy,r) > —-C — a/ X' (t)dt = —C + a(r — ro),

and this implies U, (y) > —C — aro. O

(6.12) Theorem. If Y is connected and if E. # Y, then E. is a closed com-
plete pluripolar subset of Y, i.e. there exists a continuous plurisubharmonic
function w : Y — [—o0, +00| such that E, = w™(—00).

Proof. We first observe that the family (U,) is increasing in a, that U, = —oc
on E. for all a < ¢ and that sup, . Uy(y) > —oo if y € Y \ E. (apply
Lemma 6.10). For any integer k > 1, let w, € C*°(Y') be a plurisubharmonic
regularization of U._;/ such that wy > U._y/, on Y and wy < —2% on
E.NY}), where Y, ={y € Y; d(y,0Y) > 1/k}. Then Lemma 6.10 (a) shows
that the family (wy) is uniformly bounded below on every compact subset of
Y \ E.. We can also choose wj uniformly bounded above on every compact
subset of ¥ because U._;,x < U.. The function
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40
w = Z 2_kwk
k=1

satifies our requirements. O

e Third step: estimation of the singularities of the potentials U, .

(6.13) Lemma. Let yg € Y be a given point, L a compact neighborhood of yo,
K C X a compact subset and roy a real number < —1 such that

{(z,y) € X x Lyp(z,y) <ro} C K x L.
Assume that e?@Y) s locally Holder continuous in y and that

|f(33,y1) - f(x,y2)| < M|y1 - y2|’7

for all (x,y1,y2) € K x L x L. Then, for all € € ]0,1], there exists a real
number n(e) > 0 such that all y € Y with |y — yo| < n(e) satisfy

Ualy) < ply) + (1~ 0T 9y0) — ) (~logly — o] +log “0).

Proof. First, we try to estimate v(T, p,,r) when y € L is near yo. Set

P(x) = (1 —¢e)py,(z) +er —e/2 if Oy (z) <7 —1
P(x) = max(py(x), (1 — &)y, (x) +er —e/2) if r—1<py(z) <7
P(x) = py(x) if r <y, (¥) <o

and verify that this definition is coherent when |y — yo| is small enough. By
hypothesis
e#v () — PP < My — yo|.
This inequality implies
0y () < @yo () + log (1 + My — yo|Te#n )
0y () > g0 () +1og (1 — My — yo|Te™#w0 @),

In particular, for ¢,,(z) = r, we have (1 —e)py,(z) +er —e/2 =r —¢/2,
thus
py(x) = r+log(l — Mly —yo[7e™").

Similarly, for ¢, (z) = r—1, we have (1 —¢)py, (z) +er—c/2 =r—14¢/2,
thus
py(w) <7 —1+log(l+ My —yo7e™").

The definition of 1) is thus coherent as soon as M|y — yo|7e! ™" < ¢e/2, i.e.
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2eM

vlog |y — yo| + log <r.

€
In this case v coincides with ¢, on a neighborhood of {¢) = r} , and with

(1 —&)py,(z) +er—e/2
on a neighborhood of the polar set 1) ~!(—o0). By Stokes’ formula applied to
v(T,v,r), we infer

V(Tv Py T’) = V<T7 %"‘) > V(Tv ¢) = (1 - 5)py(T, Spyo)'
From (6.11) we get V(y,r) < rv(T, ¢y, ), hence
Ua(y) < p(y) + V(y,r) — ar < p(y) + r(v(T, 0y, 1) — a),
(6.14)  Ua(y) < ply) +7((1 — &)Pu(T, py,) — a).

Suppose ylog |y — yo| +log(2eM/e) < ro , ie. |y —yol < (e/2eM)!/7er/7;
one can then choose r = vlog |y —yo|+log(2eM/e), and by (6.14) this yields
the inequality asserted in Lemma 6.13. O

e Fourth step: application of Hérmander’s L? estimates.

The end of the proof rests upon the following crucial result, known as
the Hérmander-Bombieri-Skoda theorem (cf. [H6|, [Bo] and [Sk1,Sk2]).

(6.15) Theorem. Let u be a plurisubharmonic function on a pseudoconver
open set §2 C C". For every point zg € 2 such that e~ is integrable in a
neighborhood of zy, there exists a holomorphic function F' on {2 such that
F(zy) =1 and

|F(2)|?e )

(6.16) Corollary. Let u be a plurisubharmonic function on a complex mani-
fold Y. The set of points in a neighborhood of which e™" is not integrable is
an analytic subset of Y.

Proof. The result is local, so we may assume that Y is a ball in C".
Then the set of non integrability points of e~ is the intersection of all
hypersurfaces F~1(0) defined by the holomorphic functions F such that
fy |F|?e~*d\ < +oc0. Indeed F must vanish at any non integrability point,
and on the other hand Th. 6.15 shows that one can choose F'(zp) = 1 at any
integrability point zg. O

End of proof of Th. 6.4. The main idea in what follows is due to Kiselman
[Ki2]. For a,b > 0, we let Z,; be the set of points in a neighborhood of
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which exp(—U,/b) is not integrable. Then Z, ; is analytic, and as the family
(U,) is increasing in a, we have Z, p D Zgr pr if @' < a”, V' < b".

Let yo € Y be a given point. If yo ¢ E., then v(T, ¢,,) < c by definition
of E.. Choose a such that v(T, ¢,,) < a < c. Lemma 6.10 (a) implies that
U, is bounded below in a neighborhood of yg, thus exp(—U,/b) is integrable
and yo ¢ Z, for all b > 0.

On the other hand, if yo € E. and if a < ¢, then Lemma 6.13 implies
for all € > 0 that

Ua(y) < (1 —€)(c—a)ylogly — yo| + C(e)

on a neighborhood of yo. Hence exp(—U, /b) is non integrable at yq as soon
as b < (¢ — a)y/2m, where m = dimY. We obtain therefore

Ec= (] Zaw

a<c
b<(c—a)vy/2m

This proves that E. is an analytic subset of Y. O

Finally, we use corollary 6.5 to derive an important decomposition
formula for currents, which is again due to [Siu]. We first begin by two
simple observations.

(6.17) Lemma. If T' is a closed positive current of bidimension (p,p) and A
15 an irreducible analytic set in X, we set

ma =inf{z € A; v(T,x)}.
Then v(T,x) = ma for allz € A\ A}, where (A}) is a countable family of

J?
proper analytic subsets of A. We say that m 4 is the generic Lelong number

of T along A.

Proof. By definition of my and E.(T'), we have v(T,x) > m4 for every z € A
and
v(T,z) =myg on A\ U ANE(T).

CGQ’ c>ma

However, for ¢ > my, the intersection AN E.(T) is a proper analytic subset
of A. O

(6.18) Proposition. Let T be a closed positive current of bidimension (p,p)
and let A be an irreducible p-dimensional analytic subset of X. Then
1AT = malA], in particular T — ma[A] is positive.
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Proof. As the question is local and as a closed positive current of bidimension
(p,p) cannot carry any mass on a (p — 1)-dimensional analytic subset, it is
enough to work in a neighborhood of a regular point xy € A. Hence, by
choosing suitable coordinates, we can suppose that X is an open set in C"
and that A is the intersection of X with a p-dimensional linear subspace.
Then, for every point a € A, the inequality v(T,a) > my4 implies

or(B(a,r)) > mamPr? /pl = maoa)(Bl(a,r))

for all r such that B(a,r) C X. Now, set © = T — mu[A] and 8 = dd°|z|%.
Our inequality says that [ 1 B(a,r)ONBP > 0. If we integrate this with respect
to some positive continuous function f with compact support in A, we get
fX 9.0 A P > 0 where

0r(2) = [ Mnan () fla)aa) = [ f(a) d(a).
A a€ANB(z,r)
Here g, is continuous on €", and as r tends to 0 the function g, (z)/(7Pr?? /p!)
converges to f on A and to 0 on X \ A, with a global uniform bound. Hence
we obtain [14f© A P > 0. Since this inequality is true for all continuous
functions f > 0 with compact support in A, we conclude that the measure
146 A BP is positive. By a linear change of coordinates, we see that

146 A (dd° 3 Aglusf?) " >0

1<j<n
for every basis (u1,...,u,) of linear forms and for all coefficients A; > 0.
Take \y = ... = A, = 1 and let the other A; tend to 0. Then we get

140 Niduy ANduy A ... Aduy, Ada, > 0. This implies 1460 > 0, or equiva-
lently 14T > ma[A]. By a result of Skoda [Sk3], we know that 147 is a
closed positive current, thus 147 = A[A] with A > 0. We have just seen that
A > my. On the other hand, T'> 14T = A[A] clearly implies m4 > A. O

(6.19) Siu’s decomposition formula. If T is a closed positive current of
bidimension (p,p), there is a unique decomposition of T as a (possibly finite)
weakly convergent series

T=> NAJ+R, X >0,
jz1
where [Aj] is the current of integration over an irreducible p-dimensional

analytic set A; C X and where R is a closed positive current with the
property that dim E.(R) < p for every ¢ > 0.

Uniqueness. If T has such a decomposition, the p-dimensional components of
E.(T) are (Aj)x;>c, for v(T,z) = > \jv([A;], ) + v(R, ) is non zero only
on JA; U E:(R), and is equal to \; generically on A; (more precisely,
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v(T,x) = A; at every regular point of A; which does not belong to any
intersection A; U Ay, k # j or to |JE,(R)). In particular A; and \; are
unique.

FExistence. Let (A;);>1 be the countable collection of p-dimensional compo-
nents occurring in one of the sets E.(T), ¢ € QF, and let A\; > 0 be the
generic Lelong number of T" along A;. Then Prop. 6.18 shows by induction
on N that Ry =T — 3o Aj[A4;] is positive. As Ry is a decreasing se-
quence, there must be a limit R = limy_, 4+ Ry in the weak topology. Thus
we have the asserted decomposition. By construction, R has zero generic Le-
long number along A;, so dim E.(R) < p for every ¢ > 0. O

It is very important to note that some components of lower dimension
can actually occur in E.(R), but they cannot be subtracted because R has
bidimension (p, p). A typical case is the case of a bidimension (n —1,n — 1)
current T = ddu with v = log(|F;|" + ...|Fny|"™) and F; € O(X). In
general |JE.(T) = ﬂFj_l(O) has dimension < n — 1. In that case, an
important formula due to King plays the role of (6.19). We state it in a
somewhat more general form than its original version [Kg].

(6.20) King’s formula. Let F}, ..., Fy be holomorphic functions on a complex
manifold X, such that the zero variety Z =) Fj_l(O) has codimension > p,
and set w = log > |F;|" with arbitrary coefficients ~v; > 0. Let (Zy)r>1 be
the irreducible components of Z of codimension p exactly. Then there exist
multiplicities A\, > 0 such that

(dd“u)? =" Ne[Zi] + R,
k>1
where R is a closed positive current such that 1z R = 0 and codim E.(R) > p
for every ¢ > 0. Moreover the multiplicities A\, are integers if v1,..., YN are
integers, and A\, = y1...7p if 1 < ... < g~ and some partial Jacobian
determinant of (Fi,...,F,) of order p does not vanish identically along Zj,.

Proof. Observe that (dd“u)? is well defined thanks to Cor. 2.11. The
comparison theorem 5.9 applied with ¢(z) =log|z —z|, v1 = ... = v, =1,
up = ... =1u, = ¢ and T = 1 shows that the Lelong number of (ddu)?
is equal to 0 at every point of X \ Z. Hence E.((dd°u)P) is contained in Z
and its (n — p)-dimensional components are members of the family (Z).
The asserted decomposition follows from Siu’s formula 6.19. We must have
1z, R = 0 for all irreducible components of Z: when codim Z;, > p this is
automatically true, and when codim Z; = p this follows from (6.18) and
the fact that codim E.(R) > p. If det(0F};/0z;)1<jr<p 7 0 at some point
xo € Zy, then (Z,x¢) = (Zg, o) is a smooth germ defined by the equations
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Fy=...=F,=0.1If we denote v = log 3, |Fj[" with v1 < ... < 9w,
then u ~ v near Zj and Th. 5.9 implies v((ddu)?, z) = v((ddv)?, x) for all
x € Zj near xg. On the other hand, if G := (F4,...,F,): X — CP, Cor. 5.4

gives

(dd°v)? = G* (ddc log 3 \zj\w>p =1y GO0 = 1 -y [Za]
1<5<p
near zo. This implies that the generic Lelong number of (dd“u)P along Zj
is Ay = 71...7p. The integrality of A\ when ~1,...,yn are integers will be
proved in the next section. O

7. Transformation of Lelong Numbers by Direct Images

Let FF : X — Y be a holomorphic map between complex manifolds of
respective dimensions dim X =n, dimY = m, and let T" be a closed positive

current of bidimension (p,p) on X. If Frgupp 18 proper, the direct image
F,T is defined by

(7.1) (BT, ) = (T, F*a)
for every test form « of bidegree (p,p) on Y. This makes sense because

SuppT N F~(Suppa) is compact. It is easily seen that F,T is a closed
positive current of bidimension (p,p) on Y.

(7.2) Example. Let T'= [A] where A is a p-dimensional irreducible analytic
set in X such that F}, is proper. We know by Remmert’s theorem [Rel,2]
that F'(A) is an analytic set in Y. Two cases may occur. Either F}, is
generically finite and F induces an étale covering A\ F~1(Z) — F(A)\Z
for some nowhere dense analytic subset Z C F'(A), or I} 4 has generic fibers
of positive dimension and dim F'(A) < dim A. In the first case, let s < 400
be the covering degree. Then for every test form a of bidegree (p,p) on Y
we get

(FL[A], ) :/AF*a:/A\Fl(Z) F*a:s/F(A)\Za:s<[F(A)],a>

because Z and F~1(Z) are negligible sets. Hence F,[A] = s[F(A)]. On the
other hand, if dim F/(A) < dim A = p, the restriction of a to F'(A),eq is zero,
and therefore so is this the restriction of F*«a to A,ee. Hence Fi[A] =0. O

Now, let 9 be a continuous plurisubharmonic function on Y which is
semi-exhaustive on F'(Supp7’) (this set certainly contains SuppF,T). Since
Fysuppr 18 proper, it follows that ¢ o F' is semi-exhaustive on Supp 7', for
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SuppT N{po F < R} = F~'(F(SuppT) N {¢ < R}).

(7.3) Proposition. If F'(SuppT) N{y < R} CCY, we have
v(F, T, ¢, r)=v(T,po F,r) forall r <R,
in particular v(F,T,v) = v(T,1 o F).

Here, we do not necessarily assume that X or Y are Stein; we thus
replace ¢ with ¢., = max{v, s}, s < r, in the definition of v(F,T,,r) and
v(T, 1o F,r).

Proof. The first equality can be written

/ FT A gy 2y (ddotps )P = / T A (Igyery 0 F)(dd°tos o F)P.
Y X

This follows almost immediately from the adjunction formula (7.1) when
¢ is smooth and when we write l;y<py = lim T g for some sequence
of smooth functions gi. In general, we write 1).; as a decreasing limit of
smooth plurisubharmonic functions and we apply our monotone continuity
theorems (if Y is not Stein, Richberg’s theorem shows that we can obtain a
decreasing sequence of almost plurisubharmonic approximations such that
the negative part of dd® converges uniformly to 0; this is good enough to
apply the monotone continuity theorem; note that the integration is made
on compact subsets, thanks to the semi-exhaustivity assumption on ). O

It follows from this that understanding the transformation of Lelong
numbers under direct images is equivalent to understanding the effect of F'
on the weight. We are mostly interested in computing the ordinary Lelong
numbers v(F,T,y) associated with the weight ¢ (w) = log|w — y| in some

local coordinates (w1, ..., wy,) on Y near y. Then Prop. 7.3 gives
(7.4) v(F,T, y) = V(T log|F—y|) with
log |F(z) logZ|F 2) —y;l?, Fj=wjoF.

We are going to show that v(T,log|F — y|) is bounded below by a linear
combination of the Lelong numbers of T at points z in the fiber F'~!(y), with
suitable multiplicities attached to F' at these points. These multiplicities can

be seen as generalizations of the notion of multiplicity of an analytic map
introduced by W. Stoll [St].

(7.5) Definition. Let x € X and y = F(x). Suppose that the codimension of
the fiber F~'(y) at x is > p. Then we set pu,(F,z) = v((dd“log|F —y|)?, z).
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Observe that (dd®log|F — y|)? is well defined thanks to Cor. 2.10.
The second comparison theorem 5.9 immediately shows that pu,(F,z) is
independent of the choice of local coordinates on Y (and also on X, since
Lelong nombers do not depend on coordinates). By definition, pu,(F,x) is
the mass carried by {x} of the measure

(dd°log |F(z) — y|)? A (dd®log |z — x|)"P.

We are going to give of more geometric interpretation of this multiplicity,
from which it will follow that p,(F,x) is always a positive integer (in
particular, the proof of (6.20) will be complete).

(7.6) Example. For p = n = dim X, the assumption codim, F~!(y) > p
means that the germ of map F' : (X,z) — (Y,y) is finite. Let U, be a
neighborhood of z such that U, N F~!(y) = {z}, let W, be a neighborhood
of y disjoint from F(0U,) and let V,, = U, N F~Y(W,). Then F : V, — W,
is proper and finite, and we have F,[V,] = s[F(V,)] where s is the local
covering degree of F' : V,, — F(V,) at z. Therefore

pn(F,x) = /{ } (dd®log |F — y|)n = v([Va],log|F — y|) = v(F[Vi],y)

= SV(F(Vm),y).

In the particular case when dimY = dim X, we have (F(V,),y) = (Y,y), so
pn(F,z) = s. In general, it is a well known fact that the ideal generated by
(F1 —y1,..., Fiy — ym) in Ox, has the same integral closure as the ideal
generated by n generic linear combinations of the generators, that is, for
a generic choice of coordinates w' = (wy,...,w,), W' = (Wpi1,--., W)
on (Y,y), we have |F(z) — y| < C|w’ o F(z)| (this is a simple consequence
of Lemma 5.7 applied to A = F(V,)). Hence for p = n, the comparison
theorem 5.1 gives

pn(F,x) = pp(w’ o F,x) = local covering degree of w’' o F' at x,

for a generic choice of coordinates (w’,w”) on (Y, y). O

(7.7) Geometric interpretation of 1, (F, z). A formal application of Crofton’s
formula 5.12 shows, after a translation, that there is a small ball B(x,ry) on
which

(dd°log |F(z) — y|)? A (dd°log |z — x| )" 7P =
(7.7a) / (ddlog|F(z) — y))? A [x 4+ S]dv(S5).
SeG(p,n)

For a rigorous proof of (7.7a), we replace log|F(z) — y| by the smooth
function 1 log(|F(z) — y|* + &%) and let € tend to 0 on both sides. By (2.3)
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(resp. by (2.10)), the wedge product (dd®log|F(z) — y|)? A [z + S] is well
defined on a small ball B(z,rg) as soon as x + S does not intersect F~1(y)N
OB(x,r0) (resp. intersects F~1(y)NB(z,rp) at finitely many points); thanks
to the assumption codim(F~!(y),z) > p, Sard’s theorem shows that this is
the case for all S outside a negligible closed subset E in G(p,n) (resp. by
Bertini, an analytic subset A in G(p,n) with A C E). Fatou’s lemma then
implies that the inequality > holds in (7.7a). To get equality, we observe
that we have bounded convergence on all complements G(p,n) \ V(E) of
neighborhoods V (E) of E. However the mass of fV(E) [x4+S] dv(S) in B(z,10)

is proportional to v(V (E)) and therefore tends to 0 when V' (E) is small; this
is sufficient to complete the proof, since Prop. 2.6 (b) gives

/ C (ddlog(F(z) — g + %)) /\/ @ + §] dv(S) < Cv(V(E))
z€B(z,r0) SeV(E)

with a constant C' independent of . By evaluating (7.7a) on {z}, we get
(T7b) py(Fra) = / v((dd°log | Fr, g — 2P, ) do(S).
SeG(p,n)\A

Let us choose a linear parametrization ggs : C* — S depending analytically
on local coordinates of S in G(p,n). Then Theorem 6.4 with 7" = [C?] and
v(z,5) =log|F o gs(z) — y| shows that

v((dd®log |Fy, s — 2|),x) = v([C"],log |F 0 gs(2) — )

is Zariski upper semicontinuous in S on G(p,n) \ A. However, (7.6) shows
that these numbers are integers, so S — v/((dd®log |F},, ¢ — 2|)?, ) must be
constant on a Zariski open subset in G(p,n). By (7.7b), we obtain

(7.7¢) pp(Fx) = ,up(FrHS, x) = local degree of w’ o Fy,. g atx

for generic subspaces S € G(p, n) and generic coordinates w’ = (w1, ..., wp),

W’ = (wpt1,...,wy) on (Y, y). 0

(7.8) Example. Let F': C" — C" be defined by

F(z1,...,2n) = (27, ...,200),  s1<...<sp.

) “n B

We claim that p,(F,0) = s1...5,. In fact, for a generic p-dimensional
subspace S C C" such that 21, ..., 2, are coordinates on S and zp41, ..., 2y
are linear forms in z1, ..., z,, and for generic coordinates w’ = (w1, ..., wp),
w” = (Wpt1,...,w,) on C", we can rearrange w’ by linear combinations
so that w; o F}g is a linear combination of (zjSJ ,-..,25n) and has non zero
coefficient in zjj as a polynomial in (zj,...,%,). It is then an exercise to
show that w’ o Fyg has covering degree s;...s, at 0 [compute inductively
the roots 2, 2n—1,...,2; of w;j o Fyg(2) = a; and use (5.6) to show that the

s; values of z; lie near 0 when (a1, ...,a,) are small]. O
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We are now ready to prove the main result of this section, which des-
cribes the behaviour of Lelong numbers under proper morphisms. A similar
weaker result was already proved in [De2] (u,(F,z) was not optimal).

(7.9) Theorem. Let T be a closed positive current of bidimension (p,p) on X
and let F': X — Y be an analytic map such that the restriction Fig, 1 18
proper. Let 1(y) be the set of points x € Supp TNF~1(y) such that x is equal
to its connected component in SuppT N F~1(y) and codim(F~1(y),z) > p.
Then we have
v(F,T,y) > Z pp(F, ) v(T, ).
z€I(y)

In particular, we have v(F,T,y) > erl(y) v(T, z). This inequality no
longer holds if the summation is extended to all points z € Supp TNEF~1(Y)
and if this set contains positive dimensional connected components: for
example, if ' : X — Y is the blow-up of Y at a point and E is the
exceptional divisor, then T = [E] has direct image F,[E] = 0 thanks to (7.2).

Proof. We proceed in three steps.

Step 1. Reduction to the case of a single point x in the fiber. It is sufficient
to prove the inequality when the summation is taken over an arbitrary finite
subset {x1,...,zn} of I(y). As x; is equal to its connected component
in SuppT N F~1(y), it has a fondamental system of relative open-closed
neighborhoods, hence there are disjoint neighborhoods U; of z; such that
dU; does not intersect Supp T'N F~*(y). Then the image F(0U;NSupp T') is
a closed set which does not contain y. Let W be a neighborhood of y disjoint
from all sets F(OU; N SuppT), and let V; = U; N F~1(W). 1t is clear that
V; is a neighborhood of z; and that F A V; — W has a proper restriction
to SuppT N V;. Moreover, we obviously have F,T > Zj(Fh/j)*T on W.
Therefore, it is enough to check the inequality v(F\T,y) > pup(F,z)v(T, z)
for a single point = € I(y), in the case when X C C", Y C C™ are open
subsets and x =y = 0.

Step 2. Reduction to the case when F' is finite. By (7.4), we have

W(F.T,0) = inf /V T A (dd® log | F|)?

. ¢ NY\P
= é%foill% VT/\ (dd°log(|F| +¢|2|™))",

and the integrals are well defined as soon as OV does not intersect the set
SuppT N F~1(0) (may be after replacing log |F| by max{log|F|,s} with
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s < 0). For every V and ¢, the last integral is larger than v(G,T,0) where
G is the finite morphism defined by

G: X —YxC" (21,...,2p) — (F1(2), ..., Fn(2), 2], ..., 2N).

9 Rn

We claim that for N large enough we have p,(F,0) = pu,(G,0). In fact,
r € I(y) implies by definition codim(F~1(0),0) > p. Hence, if S =

{us = ... = up_p, = 0} is a generic p-dimensional subspace of C", the
germ of variety F~1(0) NS defined by (Fi,..., Em,u1,...,up_p) is {0}
Hilbert’s Nullstellensatz implies that some powers of zi,...,z, are in the

ideal (Fj,uy). Therefore |F(z)| + |u(z)] > C|z|* near 0 for some inte-
ger a independent of S (to see this, take coefficients of the wy’s as ad-
ditional variables); in particular |F(z)| > C|z|* for z € S near 0. The
comparison theorem 5.1 then shows that p,(F,0) = p,(G,0) for N > a.
If we are able to prove that v(G.T,0) > u,(G,0)v(T,0) in case G is finite,
the obvious inequality v(F,T,0) > v(G,T,0) concludes the proof.

Step 3. Proof of the inequality v(F\T,y) > pu,(F,z) v(T,z) when F is finite
and F~1(y) = z. Then ¢(z) = log|F(z) — y| has a single isolated pole at x
and we have p,(F,z) = v((dd°p)?, z). It is therefore sufficient to apply the
following Proposition. O

(7.10) Proposition. Let ¢ be a semi-ezhaustive continuous plurisubharmonic
function on X with a single isolated pole at x. Then

v(T, o) > v(T,z)v((dd°p)P, x).

Proof. Since the question is local, we can suppose that X is the ball B(0, )
in C" and x = 0. Set X’ = B(0,r1) with r; < ¢ and &(z,9) = ¢ o g(z)
for ¢ € Gl,(C). Then there is a small neighborhood 2 of the unitary
group U(n) C Gl,(C) such that @ is plurisubharmonic on X’ x {2 and
semi-exhaustive with respect to X’. Theorem 6.4 implies that the map
g — v(T,p o g) is Zariski upper semi-continuous on 2. In particular, we
must have v(T,pog) < v(T,¢) for all g € 2\ A in the complement of a
complex analytic set A. Since Gl,(C) is the complexification of U(n), the
intersection U(n) N A must be a nowhere dense real analytic subset of U(n).
Therefore, if dv is the Haar measure of mass 1 on U(n), we have

v(T,p) > /EU( )V(T,w o g)dv(g)

(7.11) = lim dv(g) / T A (dd°p o g)P.
geU(n) B(0,r)

r—0

Since fgeU(n)(dngoog)pdv(g) is a unitary invariant (p, p)-form on B, Lemma
5.11 implies
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/ (dd°p o g)Pdu(g) = (dd°x(log|z]))”
geU(n)

where x is a convex increasing function. The Lelong number at 0 of the
left hand side is equal to v((ddp)?,0), and must be equal to the Lelong
number of the right hand side, which is lim; ., x/(¢)? (to see this, use
either Formula (3.5) or Th. 5.9). Thanks to the last equality, Formulas (7.11)
and (3.5) imply

v(T,¢) > lim T A (dd°x(log |z|))p
r—0.JB(0,r)
= 111% X (logr — 0)Pu(T,0,7) > v((dd°p)?,0) v(T,0). O

Another interesting question is to know whether it is possible to get
inequalities in the opposite direction, i.e. to find upper bounds for v(F, T, y)
in terms of the Lelong numbers v(7T, x). The example T' = [I'] with the curve
It (¢t ) in €2 and F : €* — €2, (21, 29, 23) — (21, 22), for which
v(T,0) =1 and v(F,T,0) = a, shows that this may be possible only when
F' is finite. In this case, we have:

(7.12) Theorem. Let F': X — Y be a proper and finite analytic map and let
T be a closed positive current of bidimension (p,p) on X. Then

(a) VB Ty) < Y B(Fa)u(T )

xESupp TNF~1(y)
where Ti,(F, x) is the multiplicity defined as follows: if H : (X, z) — (C",0)
is a germ of finite map, we set

(b) o(H,z)=inf {a >0;3C >0, |H(z)| > C|z — z|* near z},

_ . .0(GoF,x)P
F,z) =inf —————
() m(Fz)=in i (G0)
where G runs over all germs of maps (Y,y) — (C",0) such that G o F is
finite.

Proof. If F~1(y) = {z1,...,7x}, there is a neighborhood W of y and disjoint
neighborhoods V; of x; such that F~1(W) = JV;. Then F,T = > (Fyy, )T
on W, so it is enough to consider the case when F~!(y) consists of a
single point x. Therefore, we assume that F' : V — W is proper and
finite, where V, W are neighborhoods of 0 in €", C™ and F~1(0) = {0}.
Let G : (C™,0) — (C",0) be a germ of map such that G o F is finite.
Hilbert’s Nullstellensatz shows that there exists & > 0 and C' > 0 such that
|G o F(z)| > C|z|“ near 0. Then the comparison theorem 5.1 implies
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V(G F.T,0) =v(T,log|Go F|) < aPv(T,log|z]) = oPv(T,0).
On the other hand, Th. 7.9 applied to © = F,T on W gives
v(G,F.T,0) > u,(G,0) v(F,.T,0).

Therefore »
o
V(F,T,0) < —~ (T, 0).
RO M
The infimum of all possible values of « is by definition (G o F,0), thus by
taking the infimum over G we obtain

v(F,T,0) < fi,(F,0) (T, 0). 0

(7.13) Example. Let F(z1,...,2,) = (27,...,25"), 51 < ... < s, as in 7.8.
Then we have

pp(F,0) =s1...5p, by, (F,0) = Sp_pi1---5n.

To see this, let s be the lowest common multiple of sq,...,s, and let
G(z1,...,zn) = (271, z3/"). Clearly pp(G,0) = (8/Sp—pt1) ... (8/sn)
and o(G o F,0) = s, so we get by definition 7i,,(F,0) < s, _p41 ... S, Finally,
if T'= [A] is the current of integration over the p-dimensional subspace
A={z = ... = 2, = 0}, then Fi[A] = s5,_p11...5,[A] because F},
has covering degree s,,_py1...5,. Theorem 7.12 shows that we must have
Sp—ptl---Sn < ﬂp(F, 0), QED. If Ay < ... <\, are positive real numbers
and s; is taken to be the integer part of k); as k tends to 4+-00, Theorems 7.9
and 7.12 imply in the limit the following:

(7.14) Corollary. For 0 < Ay < ... < \,, Kiselman’s directional Lelong
numbers satisfy the inequalities

M) <v(T,z,A) < Ap—pyi - A v(T o). 0

(7.15) Remark. It would be interesting to have a direct geometric interpre-
tation of 7z, (F, z). In fact, we do not even know whether 7z, (F, z) is always
an integer.
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8. A Schwarz Lemma. Application to Number Theory

In this section, we show how Jensen’s formula and Lelong numbers can be
used to prove a fairly general Schwarz lemma relating growth and zeros of
entire functions in C". In order to simplify notations, we denote by |F|,
the supremum of the modulus of a function F' on the ball of center 0 and
radius r. Then, following [Del], we present some applications with a more
arithmetical flavour.

(8.1) Schwarz lemma. Let Py,...,Py € Clz1,...,2,] be polynomials of
degree O, such that their homogeneous parts of degree § do mot vanish
simultaneously except at 0. Then there is a constant C > 2 such that for
all entire functions F € O(C™) and all R > r > 1 we have

. R
log |F|,» < log|F|r — &' "v([Zr), log |P|) log -

where Zp is the zero divisor of F' and P = (Py,...,Py) : C" — o,
Moreover

v([Zr)log|P)) > Y ord(F,w) pin-1(P,w)
weP~1(0)

where ord(F,w) denotes the vanishing order of F' at w and p,—1(P,w) is

the (n — 1)-multiplicity of P at w, as defined in (7.5) and (7.7).

Proof. Our assumptions imply that P is a proper and finite map. The last
inequality is then just a formal consequence of formula (7.4) and Th. 7.9
applied to T' = [ZF]. Let @Q; be the homogeneous part of degree ¢ in P;.
For zy € B(0,r), we introduce the weight functions

p(z) =log|P(2)],  ¥(2) =log|Q(z — 20)|.

Since Q71(0) = {0} by hypothesis, the homogeneity of Q shows that there
are constants C, Cy > 0 such that

(8.2) Cilz]° <1Q(2)] < Cslz”  on C".

The homogeneity also implies (ddy)™ = §™ §,,. We apply the Lelong Jensen
formula 4.5 to the measures s associated with ¢ and to V' = log | F|. This
gives

(83)  pwaloglF)) — M log|Fo) = [ b /{ AT

By (4.2), py,s has total mass 6" and has support in
{¥(2) = s} ={Q(z — ) = €*} C B(0,r + (¢*/C1)'/?).
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Note that the inequality in the Schwarz lemma is obvious if R < C'r, so we
can assume R > Cr > 2r. We take s = §log(R/2) + log C ; then

{Y(2) =s} C B(0,r+ R/2) C B(0,R).
In particular, we get 1y s(log|F|) < 6™ log|F|r and formula (8.3) gives

(8.4) log|F|r — log |F(z20)| > 5_”/ dt/ [Zp] A (ddCy)™ !
So {’l/)<t}

for any real number sy < s. The proof will be complete if we are able to
compare the integral in (8.4) to the corresponding integral with ¢ in place
of ¥. The argument for this is quite similar to the proof of the comparison
theorem, if we observe that ¢ ~ ¢ at infinity. We introduce the auxiliary
function

_ {max{y,(1-e)p+et—c} on {p>t—-2},
YTl —e)ptet—c on {¢ <t -2},

with a constant € to be determined later, such that (1 —e)p + et —e >
near {¢p =t —2} and (1 —e)p + et —e < ¢ near {¢ = t}. Then Stokes’
theorem implies

/ (Z0] A (ddeg)—! = / (Z0] A (ddw)!
{y<t} {y<t}

85 >(1-¢g"" /{¢<t_2}[ZF] A (dd°p)" " > (1= )" w([ZF], log | P]).

By (8.2) and our hypothesis |z| < r, the condition ¥ (z) = t implies
Q(z—z)| = = €°/C/° < |z — 2| <)L,
[P(2) = Q(z = 20)| < Cs(1+ |20]) (1 + 2] + [20])°" < Cur(r +€'/)°71,
P(z) _ _ _ _ _
_1‘ < t/6 t/6 | 1)1 < 9o-1 t/s.
7@(2 ) < Cyre (re +1) < Cyre
provided that t > §logr. Hence for ¢(z) =t > 59 > 6§1log(2°Cyr), we get
[P(2)] _—
z) — (= :‘108; < Csre”"/°.
() ~ 0] = | tor 2] < C
Now, we have
[(A-e)ptet—e] —¢p=(1-e)lp—y)+e(t—1-19),

so this difference is < Csre™ "% — ¢ on {tp =t} and > —Csre(>~1/% 4 ¢ on
{¢) =t — 2}. Hence it is sufficient to take ¢ = Csre(>=9/9. This number has
to be < 1, so we take t > so > 2+ dlog(Csr). Moreover, (8.5) actually
holds only if P71(0) C {¢ < t — 2}, so by (8.2) it is enough to take
t > 59 > 2+ log(Cy(r + Cs)?) where Cg is such that P~1(0) ¢ B(0, Cg).
Finally, we see that we can choose



62 Lelong Numbers and Intersection Theory

s=dlogR— Cyr, so = 0 logr + Clg,
and inequalities (8.4), (8.5) together imply

log |F|r — log |F(z)| > 5—“(/ (1 — Cyre=0/9)n-1 dt)z/([ZF], log | P|).

S0

The integral is bounded below by

dlog(R/r)—C7
/ (1 — Coe %) dt > 5log(R/Cr).
Cy

This concludes the proof, by taking the infimum when zy runs over B(0, 7).
O

(8.6) Corollary. Let S be a finite subset of C" and let § be the minimal degree
of algebraic hypersurfaces containing S. Then there is a constant C > 2 such
that for all F € O(C™) and all R > r > 1 we have
d+n(n—1)/2 R
log —
n! & Cr

log |F|, <log|F|g — ord(F,S)
where ord(F, S) = minyeg ord(F, w).

Proof. In view of the Schwarz Lemma 8.1, we only have to select suitable
polynomials P, ..., Py. The vector space C|z1, ..., 2,]<s of polynomials of
degree < ¢ in C" has dimension

S4+n—1\ 6@6+1)...(0+n—1)
)

n n!

m(d) =

By definition of ¢, the linear forms
Clz1,. .., 2n)]<s — €, Pr+— P(w), wesS

vanish simultaneously only when P = 0. Hence we can find m = m(J)
points wi,...,w, € S such that the linear forms P — P(w,;) define
a basis of C[z1,...,2,]% s This means that there is a unique polynomial
P € Clz,...,%n|<s which takes given values P(w;) for 1 < j < m.
In particular, for every multiindex «, |a| = J, there is a unique polyno-
mial R, € Clz1,...,2p]<s such that R,(w;) = w§'. Then the polynomials
P,(z) = 2% — Rq(z) have degree §, vanish at all points w; and their homo-
geneous parts of maximum degree Q,(z) = z® do not vanish simultaneously
except at 0. We simply use the fact that ju,,—1 (P, w;) > 1 to get

v([ZF),log|P]) > ) ord(F,w) > m(d)ord(F, ).
weP—1(0)

Theorem 8.1 then gives the desired inequality, because m(¢) is a polynomial
with positive coefficients and leading terms (6™ +n(n —1)/25"1 +...)/n!
O
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Let S be a finite subset of C". According to Waldschmidt [Wal], we
introduce for every integer ¢ > 0 a number w;(S) equal to the minimal
degree of polynomials P € Clz, ..., z,] which vanish at order > t at every
point of S. The obvious subadditivity property

Wty +to (S) < Wiy (S) + wi, (S)
easily shows that
wt(S)

2(5) := inf = lim
t>0 ¢ t—+o0

wt(S) .

We call wi(S) the degree of S (minimal degree of algebraic hypersurfaces
containing S) and £2(S) the singular degree of S. If we apply Cor. 8.6 to a
polynomial F' vanishing at order ¢ on S and fix r = 1, we get

—1)/2
O =1/2100 B | 1og |,
n! C

log |[F|r =t

with 6 = w1 (S), in particular

teg > 25 E 0l =12
n.

The minimum of deg F' over all such F' is by definition w(S). If we divide
by t and take the infimum over ¢, we get the interesting inequality

(8.7) @ZQ(S)Zwl(S)-l-Zgn—l)/z

(8.8) Remark. The constant wl(s”’%”_l)m in (8.6) and (8.7) is optimal for
n = 1,2 but not for n > 3. It can be shown by means of Héormander’s L?
estimates (see [Wa2]) that for every € > 0 the Schwarz Lemma holds with
coefficient £2(S) — € in Cor. 8.6:

log |F|, <log|F|g — ord(F, S)(£2(S) — ¢) log CRT’

and that 2(S) > (wu(S)+1)/(u+n—1) for every u > 1 (this last inequality

is due to Esnault-Viehweg [E-V], who used deep tools of algebraic geometry;

Azhari [Az] reproved it recently by means of Hormander’s L? estimates).

Rather simple examples (see [Del]) lead to the conjecture

wu(S)+n—1
u+n-—1

The special case u = 1 of the conjecture is due to Chudnovsky [Ch].

2(8) >

for every u > 1.

Finally, let us mention that Cor. 8.6 contains Bombieri’s theorem [Bo]
on algebraic values of meromorphic maps satisfying algebraic differential
equations. Recall that an entire function F' € O(C") is said to be of order < p
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if for every € > 0 there is a constant C. such that |F(z)| < C.exp(|z|*T¢).
A meromorphic function is said to be of order < p if it can be written G/H
where G, H are entire functions of order < p.

(8.9) Theorem (Bombieri). Let Fi,...,Fn be meromorphic functions on
C", such that Fy,...,F;, n < d < N, are algebraically independent
over Q and have finite orders pi,...,pq. Let K be a number field of
degree [K : @Q]. Suppose that the ring K|[fi,...,fn]| is stable under all
derivations d/dzy, . ..,d/dz,. Then the set S of points z € C", distinct from
the poles of the F;’s, such that (F1(2),..., Fn(2)) € K~ is contained in an
algebraic hypersurface whose degree § satisfies

d+n(n—1)/2 Pt pa
n! - d—n

K : Q.

Proof. If the set S is not contained in any algebraic hypersurface of degree
< 6, the linear algebra argument used in the proof of Cor. 8.6 shows that
we can find m = m(4) points wy, ..., w,, € S which are not located on any
algebraic hypersurface of degree < 9. Let Hq,..., Hy be the denominators
of FY,..., F;. The standard arithmetical methods of transcendental number
theory allow us to construct a sequence of entire functions in the following
way: we set

G:P(F17"'7Fd)(H1"'Hd)S

where P is a polynomial of degree < s in each variable with integer
coefficients. The polynomials P are chosen so that G vanishes at a very
high order at each point w;. This amounts to solving a linear system whose
unknowns are the coefficients of P and whose coefficients are polynomials
in the derivatives of the F}’s (hence lying in the number field K'). Careful
estimates of size and denominators and a use of the Dirichlet-Siegel box
principle leads to the following lemma (cf. for example Waldschmidt [Wa2]).

(8.10) Lemma. For every € > 0, there exist constants C1,Cs >0, r > 1 and
an infinite sequence Gy, t € T C IN (depending on m and on the choice of
the points w;), such that

(a) Gy vanishes at order >t at all points w1, ..., W ;
(b) |G|y = (Crt)~t K@
(¢) |Gilry < C%  where R(t) = (t17"/logt)l/ (1 t-tpate),

An application of Cor. 8.6 to F' = G; and R = R(t) gives the desired
bound for the degree 9 as t tends to +o00 and ¢ tends to 0. If §g is the largest
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integer which satisfies the inequality of Th. 8.9, we get a contradiction if
we take 6 = dyp + 1. This shows that S must be contained in an algebraic
hypersurface of degree § < dg. O

9. Global Intersection Class and Self-intersection

Let X be a compact complex n-dimensional manifold. With every closed
current © of degree k (or of bidegree (p, q) with p+¢q = k), we can associate
a De Rham cohomology class {0} € HE »(X,R). In fact, it is well known
that De Rham cohomology can be computed either by the complex of smooth
differential forms or by the complex of currents: both complexes of sheaves
are fine resolutions of the locally constant sheaf IR. Moreover, the assignment
© — {O} is continuous with respect to the weak topology of currents; this
can be easily seen e.g. by Poincaré duality. In particular, with every analytic
cycle A = Y \;jA; of pure dimension p in X is associated a De Rham
cohomology class

(9.1) 4y ={ Y M4} € HEZP (X R),
When the coefficients A; are integers, the class {A} lies in the image of

H?"=2P(X,Z): this is for instance a consequence of the fact that every
analytic set can be triangulated.

The wedge product of smooth differential forms defines a ring structure
on De Rham cohomology. Given two currents @1, @3 on X, there is a
well defined intersection class {©1} - {©2} in the cohomology ring, even
when ©; A @5 is not defined pointwise as a current. Especially, when
deg ©1 + deg O = dimpg X, the top degree class {©1} - {@2} can be
considered as a number after integration over X. These simple observations
show in fact that wedge products of closed positive currents cannot be
defined in a reasonable way without further assumptions: if X is the blow-
up of some other manifold at one point and E ~ IP""! is the exceptional
divisor, then O(E), ~ O(—1) and so {E}" = [, c1(O(E))" ! = (=1)""1;
thus {F}? < 0if X is a surface! The same example shows that, in general, a
closed positive (1, 1)-current 7' cannot be approximated in the weak topology
by smooth closed positive currents: a necessary condition for this is that
{T}?-{Y'} > 0 for every p-dimensional subvariety Y C X. However, a result
proved in [De7] which we shall now recall shows that 1" can be approximated
by closed real currents with small negative part controlled by the curvature
of X. This result allows us to compute self-intersections by taking weak
limits of products in which the original currents have been replaced by their
regularizations. This technique will be applied here to get a fairly general
self-intersection inequality for closed positive currents of bidegree (1,1).
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We say that a bidimension (p,p) current T is almost positive if there
exists a smooth form v of bidegree (n — p,n — p) such that T'+ v > 0.
Similarly, a function ¢ on X is said to be almost psh if ¢ is locally equal to
the sum of a psh (plurisubharmonic) function and of a smooth function; then
the (1, 1)-current dd°p is almost positive; conversely, if a locally integrable
function ¢ is such that dd€p is almost positive, then ¢ is equal a.e. to an
almost psh function. If T is closed and almost positive, the Lelong numbers
v(T,z) are well defined, since the negative part always contributes to zero.
We refer to [De7] for a proof of the following basic approximation theorem:

(9.2) Theorem. Let T be a closed almost positive (1,1)-current and let « be
a smooth real (1,1)-form in the the same dd°-cohomology class as T, i.e.
T = a+ddp where ¢ is an almost psh function. Let v be a continuous real
(1,1)-form such that T > ~. Suppose that Orx (1) is equipped with a smooth
hermitian metric such that the curvature form satisfies

c(Orx (1)) + 7*u >0
with m : P(T*X) — X and with some nonnegative smooth (1,1)-form wu
on X. Fix a hermitian metric w on X. Then for every ¢ > 0, there is a
sequence of closed almost positive (1,1)-currents Te, = a + dd“. . such
that e 1 is smooth on X \ E.(T') and decreases to ¢ as k tends to +oo (in
particular, Te i, is smooth on X \ E.(T) and converges weakly to T' on X),
and

Tek 27— Aeplh — Ew

where

(i) Aek(z) is a decreasing sequence of continuous functions on X such that
limg— 100 e,k (@) = min (v(T, z),¢) at every point,

(i) limp_joocr =0,

(iil) v(Top, ) = (v(T, ) — c)+ at every point x € X. 0

Here O7x (1) is the canonical line bundle associated with T'X over the
hyperplane bundle P(T*X). Observe that the theorem gives in particular
approximants T ;, which are smooth everywhere on X if ¢ is taken such that
¢ > max,ex V(T,x). The equality in (iii) means that the procedure kills all
Lelong numbers that are < ¢ and shifts all others downwards by c¢. Hence
Th. 9.2 is an analogue over manifolds of Kiselman’s procedure [Kil,2] for
killing Lelong numbers of a plurisubharmonic functions on an open subset

of C".

(9.3) Corollary. Let © be a closed almost positive current of bidimension
(p,p) and let o, ..., a4 be closed almost positive (1,1)-currents such that
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ar A ... ANag A O is well defined by application of criteria 2.3 or 2.5, when
o 18 written locally as oy = dd°uj. Then

{ar Ao ANag NOY ={ar} - {aq} - {O}.

Proof. Theorem 9.2 and the monotone continuity theorems of § 2 show that

A NagANO = Tim af A NagAO

— 400

where Oz";? € {a;} is smooth. Since the result is by definition true for smooth
forms, we conclude by the weak continuity of cohomology class assignment.
O

Now, let X be a compact Kéahler manifold equipped with a Kahler
metric w. The degree of a closed positive current @ with respect to w is by
definition

(9.4) deg, O = / O AwWP,  bidimO = (p,p).
X

In particular, the degree of a p-dimensional analytic set A C X is its volume
/ 4 wP with respect to w. We are interested in the following problem.

(9.5) Problem. Let T' be a closed positive (1,1)-current on X. Is it possible
to derive a bound for the codimension p components in the Lelong upperlevel
sets E.(T) in terms of the cohomology class {T} € H3 p(X,R)?

We introduce the sequence 0 = b < ... < b, < b4 of “jumping
values” b, such that the dimension of E.(T") drops by one unit when c gets
larger than b,, namely codim E.(T') = p with at least some component of
codimension p when ¢ € by, byy1]. Let (Z, k)k>1 be the p-codimensional
components occurring in any of the sets E.(T") for ¢ € |by, by41], and let

vpry = min v(T,z) € |bpy, byt1]
a:EZp’k
be the generic Lelong number of T" along Z,, ;. Then we have the following
self-intersection inequality.

(9.6) Theorem. Suppose that X is Kdhler and that Orx (1) has a hermitian
metric such that C(OTX(l)) + m*u > 0, where u is a smooth closed semi-
positive (1,1)-form. For each p = 1,...,n, the De Rham cohomology class
{T}+0b1{u})--- {T}+bp{u}) can be represented by a closed positive current
O, of bidegree (p,p) such that

Op > > (Wpk = b1) - (Vpk = bp) [Zpk] + (Tape + bru) A A (Tabe + byr)
k>1
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where Tape > 0 is the absolutely continuous part in the Lebesque decomposi-
tion of the coefficients of T' into absolutely continuous and singular measures.

By neglecting the second term in the right hand side and taking the
wedge product with w™ P, we get the following interesting consequence:

(9.7) Corollary. If w is a Kdhler metric on X and if {u} is a semipositive
cohomology class such that ¢1(Orx (1)) + m*{u} is semipositive, the degrees
of the components Z, j with respect to w satisfy the estimate

40

Z(Vp,k —b1)... (Vpk — bp)/ (Zp k] Aw™™P

k=1 X

< ({7} +ou{u}) - ({73 + bp{u}) - {w}"

By a semipositive cohomology class of type (1,1), we mean a class in
the closure of the Kéhler cone of X. As a special case, if D is an effective
divisor and T = [D], we get a bound for the degrees of the p-codimensional
singular strata of D in terms of a polynomial of degree p in the cohomology
class { D}; the multiplicities (v x—b1) . . . (p xk—bp) are then positive integers.
The case when X is IP" or a homogeneous manifold is especially simple:
then T'X is generated by sections and we can take u = 0; the bound is thus
simply {D}? - {w}"~P; the same is true more generally as soon as Orx (1)
is semipositive. The main idea of the proof is to kill the Lelong numbers of
T up to the level b; ; then the singularities of the resulting current 7; occur
only in codimension j and it becomes possible to define the wedge product
Ty A ... NT, by means of Th. 2.5. Here are the details:

Proof of 9.6. We argue by induction on p. For p = 1, Siu’s decomposition
formula shows that

T =Y vklZik] +R,

and we have R > Typ. since the other part has singular measures as
coefficients. The result is thus true with ©; = T'. Now, suppose that 6,_;
has been constructed. For ¢ > by, the current Tt = o + ddy.  produced
by Th. 9.2 is such that codim L(%). ) = codim E.(T") > p. Hence Cor. 2.10
shows that

Qp,c,k = Qp—l N (Tc,k +cu+ 5kw>

is well defined. If ¢ tends to zero slowly enough, T, + cu + epw is
positive by (9.21), so @, > 0. Moreover, the cohomology class of O, . i

is {Op_1} - ({T} + c{u} + ex{w}), converging to {Op_1} - {T} + c{u}).
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Since the mass [ < Op,ek A W"P remains uniformly bounded, the family
(Op,c,k)celby b, +1],k>1 18 relatively compact in the weak topology. We define

O,= lim lim ©,.;
P c—byp+0 k—4o00 PGy

possibly after extracting some weakly convergent subsequence. Then {©,} =

{Op-1} - ({T} + bp{u}), and so {Op} = ({T} + ba{u})---({T} + bp{u}).

Moreover, we have

v(Op,z) > limsuplimsup v(Op_1 A (Top + cu+ epw), x)
c—bp+0 k—-+o0

> v(Op_1,x) x limsuplimsup v (T, k, x)
c—by+0 k—-+o0

> v(Op_1,x) (V(T737) - bp)+

by application of (3.12), (5.10) and (9.21iii). Hence by induction we get
v(Op,z) > (v(T,z) — b1)+ . (v(T,z) - bp)+,

in particular, the generic Lelong number of ©,, along Z, ; is at least equal
to (Vp,x —b1) ... (vp,x — bp). This already implies

Op = Z(Vp,k —b1) - (Vpk = bp) [Zp k]
k>1
Since the right hand side is Lebesgue singular, the desired inequality will be
proved if we show in addition that

9p,abc > (Tabc + blu) ARERRA (Tabc + bpu)7

or inductively, that O, abc > Op—1,abc A (Tabe + bpu). In order to do this, we
simply have to make sure that limy_, { oo Tt g abc = Tabe almost everywhere
and use induction again. But our arguments are not affected if we replace ..
by 1, ;, = max{y), ¢cr — A} with Ay converging quickly to +oc. It is then
easy to show that a suitable choice of Ay gives lim(dd®¢.. | )abe = (ddY)abe
almost everywhere (see Lemma 10.12 in [De6]). 7 0
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