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1. Statement of results and applications.

This note is a report about a recent work of Thierry Bouche (Univ. Joseph
Fourier, Grenoble). Bouche [Bo] obtained an extension of the holomorphic Morse
inequalities proved in Demailly [D3] for strongly g—convex manifolds.

Let X be a complex manifold of dimension n . We assume that X is strongly
g—convex in the sense of Andreotti-Grauert [A-G], i.e. that there exists a C°
exhaustion function 1 on X such that the complex Hessian id'd”1) has at least
n—q+1 positive eigenvalues outside a compact subset of X . In this case, Andreotti-
Grauert’s theorem [A-G] asserts that all cohomology groups H™ (X, F) with values
in a coherent analytic sheaf are finite dimensional for m > ¢ .

Let L — X be a holomorphic line bundle with a hermitian metric of class
C*>® and F — X a holomorphic vector bundle of rank r . Let D = D’ + D”
be the Chern connection of L and ¢(L) = D? the associated curvature form. We
denote by X (m, L) the set of points of X where the real (1,1)—form ic(L) is non
degenerate and has exactly m negative eigenvalues. We also set

X(<m,L)= ) X(wv,L), X(zmL)=|J)X(wL).

v<m vzm

Then the cohomology groups H™(X, E ® L¥) are finite dimensional for m > ¢ ,
and the following theorem gives an asymptotic estimate of dim H™(X, F ® L*) as
k tends to +oo .



1.1. Theorem. — Assume that X is strongly g—convex and that the
curvature form ic(L) has at least n — p + 1 nonnegative eigenvalues outside a
compact subset of X . Then for all m > p + q — 1 the following asymptotic
inequalities hold :

(a;,) Weak Morse inequalities :

kn i n
im H™(X,F® L) <r— —1)™( —c(L ")
dim H™(X, B @ I¥) < - /X(m’L)( " (yee(r))” + o™

(b)) Strong Morse inequalities :

3 (~1) T dim HY (X, E® LF) < rk—' / (—1)m(Lc(L))” +o(k") .
m<v<n n. X (>m,L) 27
Observe that (a,,) is obtained simply by adding (b,,) and (b,,+1). The
special case when X is compact (p = ¢ = 0) has been first proved in [D3]. Then
(an,) and (by,) are valid for all m > —1 . As the strong Morse inequalities (bg) ,
(b_1) are identical except for the sign of their terms, we see that the case m =0
is an asymptotic equality; this equality is in fact a weak form of the Riemann-
Roch-Hirzebruch formula for the Euler-Poincaré characteristic (X, E ® L*) .
Subtracting inequality (bs) from (bg) , we get the lower bound
(1.2)
dim H(X, E @ L*) — dim HY(X, E © L*) > rk—' / (LC(L))n +o(k) .
n: X(<1,L) 2w
This result is used in [D3]| in order to obtain a new proof of the Grauert-
Riemenschneider conjecture [G-R], which had been solved in the affirmative by
Y.T. Siu [S2] soon before. More precisely, we get the following stronger version of
the conjecture.

1.3. Theorem. — Let X be a connected n—dimensional compact manifold.
If X carries a hermitian line bundle L such that fX(<1 L) (ZC(L))n >0, then X is

Moisezon.

Let us recall that the algebraic dimension a(X) is by definition the trans-
cendence degree of the field of meromorphic functions of X . This degree always
verifies 0 < a(X) < n and X is said to be a Moisezon variety if a(X) = n .
Inequality (1.2) shows that dim H°(X,L*) > ck™ for some constant ¢ > 0 and
k > ko; by a standard method of Poincaré, Serre [Se| and Siegel [Si], it follows
that the field of meromorphic functions generated by quotients of sections in
H°(X,L*) , k € N, has transcendence degree > n , hence a(X) =n . O

Another consequence of Morse inequalities is a general a priori estimate for
Monge-Ampere operator (id'd”)™ on g—convex manifolds.

1.4. Theorem. — Let X be a strongly q—convex manifold and ¢ a C*>
function on X , weakly p-convex outside a compact subset K C X . ForO <v <n,
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let G, be the set of points of X where id'd”¢ is non degenerate and admits v
negative eigenvalues. Then for all m > p+ q — 1 one has

> / mGid'd" )" >0 .

mv<n

This result has been first obtained by Y.T. Siu [S4] for g—convex domains
) in a Stein manifold X . Siu’s method is rather sophisticated and rests merely
upon the compact case of theorem 1.1 : X is “approximated” by affine algebraic
manifolds X, , and the proof is then reduced to an application of Morse
inequalities on a compactification of X,j; . The general statement given above
appears in fact as a straightforward consequence of the g—convex case of theorem
1.1 : take for L the trivial bundle X x C endowed with the curvature form defined
by the weight e=% . Then ic(L) = id'd"¢ . Since H™(X,L*) = H™(X,C) is
independent of k and finite dimensional for m > ¢ , theorem 1.1 (b) implies

Z / " (id'd" o)™ > constant

mv<n
for all k > kg and m > p+ q¢ — 1 , whence the result. [

Following Th. Bouche [Bo], we give now an account of the main ideas
occurring in the proof of theorem 1.1. We refer to [Bo] and to [D3] for the details.

2. The Bochner technique.

The cohomology groups H™(X,E ® L*) are computed by means of the
Dolbeault complex D : C55,(X, E ® L¥) , where C$5(X, E) denotes the space
of " sections of the bundle A*'T*X ® E . This complex is isomorphic to the
complex C7°, (X, E ® L*) with E = A"TX , thus after changing E into E , we
can work with forms of bidegree (n,m) 1nstead of (0,m) (note that the estimates
of theorem 1.1 do not depend on E except for the rank r).

Assume that the bundle F is endowed with a C'*® hermitian metric, and let
D = D'+ D", ¢(E) = D? be the corresponding Chern connection and curvature
form. Let w be a complete hermitian metric on X (to be chosen later in a suitable
way), (?,7) the pointwise inner product of differential forms on X with values in
E and (?,7)) the global L? inner product obtained after integration with respect
to the volume form dV = w™/n! . The corresponding norms are denoted | ?| and
[| 7], and A stands as usual for the (pointwise) adjoint of the wedge multiplication
by w . Finally, we denote by 6 = ¢’ + §” the formal adjoint of D .

If A and B are endomorphisms of respective degrees a,b of the graded
module C°(X, E) , we set [A,B] = AB — (-1)*BA . The holomorphic and
conjugate-holomorphic Laplace-Beltrami operators are then defined by

A/ — [D/,(S,] , A// — [D”,(S”] .
These operators are related by a formula of Weitzenbock type, known as the
Bochner-Kodaira-Nakano identity; we refer to [D1] for the explicit formulation
given below.



2.1. Proposition. — Let 7 = .[A,d’w] , let T be its pointwise adjoint,
Al =[D' 47,0 + 7] and T, = [A, [A, 5d'd"w]] — [d'w, (d'w)*] . Then

A" = Al + [ic(E),A]+ T, .

Now, assume that ¢ is an exhaustion function on X that is strongly ¢—
convex on X \ K and that ic(L) has at least (n — p 4+ 1) nonnegative eigenvalues
on X \ K , for some compact set K in X . In order to take into account the
q-convexity of X in formula 2.1, we multiply the metric of L by a weight e=X°¥
where Y is a convex increasing function. The resulting hermitian line bundle is
denoted L, . Formula 2.1 is now applied to the bundle £ ® Lf( , whose curvature
form is ¢(E ® LY) = ¢(E) + ke(Ly) ® Idg . For every compactly supported smooth
form with values in E ® L* one gets

(2.2)  (A"u,u) = (Alu,u) + / (k([ic(LX), AJu, u) + (O, u>)dv

X
where © = [ic(F), Al + T, is a C*° endomorphism independent of x and &k . Now,
we have (A"u,u) = ||D"u||*+||6"u||* and a similar formula for A’ | in particular

(Al u,u) is nonnegative.
For every c € R , we consider the sublevel sets
Xe={reX;yx)<c}.

Select ¢o such that K C X, . One can choose a hermitian metric w® on X in such
a way that the eigenvalues 79 < ... <Y of id'd"v with respect to w? verify

—1/n<’y?<...<’y§_1<1 and ’yg:...:’yg:l on X\ X, ;

this can be achieved by taking w® equal to id’d”v¢ on a C*° subbundle of TX
of rank n — g + 1 on which id’d"”+ is positive, and w® large on the orthogonal
complement. We select w = e”wy where p is a function increasing fast enough at
infinity so that w is complete. Let o be the lowest eigenvalue of ic(L) with respect
to w . The eigenvalues #; < ... < G, of

ic(Ly) =ic(L) +id'd" (x o) = ic(L) + x oypid'd"y
with respect to w verify the inequality
Biza+x opn;/e .
Let u be a (n,m)—form. A standard computation gives
(2.3) (lic(Ly), Alu,u) = (Br + ...+ By |ul* -
Moreover, we have

1
51+...+ﬂm>ma+e_px’o¢(7?+...+721)>a+ge_px’o¢ on X\ X,

because 7§ > —1/n and v, = 1 (m > q) . It follows that one can choose x
increasing very fast in such a way that (2.2) and (2.3) imply

(2.4) (A"u,u) > k/ Alul?dV — C’/ lu|? V',

X\Xe, Xeo
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where A > 1 is a function tending to +oo at infinity on X and where C' is a large
constant. The completeness of the metric w shows that inequality (2.4) is still valid
for any u in the domain of A” acting on the Hilbert space L? , (X, E® Lk) .

2.5. Lemma. — When Y increases sufficiently fast at infinity, the space
H™™(X, E® LF) of A"~harmonic forms in L2 (X, E® L¥) is isomorphic to the
cohomology group H™(X,A"T*X ® E® L*) for allk € N and m > q .

As A tends to o0 in inequality (2.4), Rellich’s lemma easily shows that A”
has a compact resolvent. Hence the spectrum of A’ is discrete and its eigenspaces
are finite dimensional. When X is compact, lemma 2.5 is true for all m > 0 and
for any choice of x (a very well-known fact of Hodge theory). The g—convex case
is slightly more involved; it rests essentially on the above finiteness result and

on an approximation theorem of Runge type deduced from (2.4) (cf. for example
[D2]). O

3. Witten’s complex.

We come now to one of the main ideas introduced by E. Witten [Wi]. This
idea led Witten to an analytic new proof of the standard Morse inequalities for
Betti numbers of a compact differentiable manifold. In our case, we consider the
Dolbeault complex instead of the De Rham complex, but the method is similar by
many aspects.

Since D" commutes with A” | the sequence of eigenspaces E™()\) C
L?%,,m(X7 E®Lf<) corresponding to a given eigenvalue A is a subcomplex of the Dol-
beault complex D" : C3°, (X, EQ L*) . Moreover we have D"§"+6" D" = A” = X1d

on E*(\) , thus $46” is a homotopy operator for D” and E*®()) is acyclic for A # 0 .
For any A > 0, let

(3.1) Hxp(A), m=q,

be the sum of the eigenspaces of A” corresponding to eigenvalues < kA (the
reason for this choice will become apparent later). By what we have said at the
end of §2, the sequence H)T?,k()\) , m = q , is a finite dimensional subcomplex
of the Dolbeault complex. Its cohomology groups are equal to the desired groups
H™(X,A"T*X ® E® L¥) , except perhaps for m = ¢ . In order to get the correct
group for m = ¢, one possibility is to add an extra term

Hg(_’kl()\) =4" (cycles in Hgka()\)> :

The following elementary lemma of homological algebra is then involved.

0 1 n
3.2. Lemma. — Let 0 — (C° d—>C’1 L-~-%C’” d—>0bea

complex of finite dimensional vector spaces of dimensions c? over a field K .
Let h? = dim H9(C*®) . Then for every index m the following “strong Morse
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inequalities” hold :
A — hm—i—l T (_1)n—mhn < cmo— Cm—l—l 4t (_1)n—mcn )

In our case, C™ = HY% ;(A\) and H™(C*) = H™(X,A"T"X @ F ® Lk) for
m > q . The proof of theorem 1.1 is therefore reduced to finding an asymptotic
estimation of the dimensions dim H'¢ ; (A) . The first step is to show that this can
be done after replacing X by relatively compact open sets {2 CC X .

For a domain 2 CC X , we consider the quadratic form

1
Q) = [ (D"l + j5"up) v

associated to %A’ " with Dirichlet conditions on 9€2; this means that the domain of
Qg 1 (u) is the Sobolev space W (Q, A»™T*X @ E ® L¥) of sections which are in
L?(Q) so as their first derivatives, and which can be approximated in this topology

by smooth sections with compact support in 2 . We denote by H ,.(A\) the direct
sum of all eigenspaces of Qg corresponding to eigenvalues < A (i. e. < kA for A ).

3.3. Lemma. — Forevery A > 0 and e > 0, there exists a domain ) CC X
and an integer kg such that

Proof. — As we work on a complete manifold, the eigenvalues of %A’ " on
L,%%n(X, E®Lf<) are the same as those of the quadratic form Q' ; . The left hand
inequality is then a consequence of the minimax principle, because the domain of
Q% is contained in that of Q¢ , (the sections of W (£2) can be extended by 0 on
X\ Q). ’

For the other inequality, we proceed in several steps. Let u € H%k()\) )

Then
(A u, ) = ||D"ul]® 4 16" ul|* < EMJul?

and a combination of this estimate with (2.4) yields

k/ A\u|2dV—C/ lul? dV < kA/ lul?dV .
X\XCO Xeg X

Consider the compact set P = X., U{A(z) < a} . Then A(x) > a on X \ P and

we find Otk
/ w2dv < £ / | dV .
X\P ka X

If we choose a large enough, we get fX\P lul2dV < €l||lul]? . Let ¢ € D(X) be a
cut-off function equal to 1 on P and {2 CC X an open set containing the support
of ¢ . The section pu is in the domain of Q¢ , and we have

1
QA x(u) = E/ (Jd"o Au+D"ul* +|6"u—d'v 1 ul?) dV
Q

/

< (1 2)QF () + (14 1/0) ful
< ((1+5)>\ %(1+1/€))||UHQ .
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As [loul? = [p|ul?dV = (1 = ¢)[|ul|* , we infer

m 1+e€ Cle
Qi alen) < (+EEa+ S

If € is replaced by a smaller number and k£ taken large enough, we obtain
Qo p(v) < (A + e)||v]|?> when v describes the space ¢H% 1, (A) . The right hand
inequality in lemma 3.3 follows by the minimax principle. [J

In order to handle properly the quadratic form Qg,k , we need another
calculation derived from the Bochner-Kodaira-Nakano identity (2.2) (cf. [D3]) :

(34) 205w = /

Q

where V is the canonical hermitian connection on the bundle A" T*X ® E ® Lfc
deduced from the Chern connections on AT*X , E and L, . The operators S and
© are hermitian endomorphisms which act only on the component A™"T*X ® E
and are independent of k . Finally V' is a curvature endomorphism acting only
on the component A™™T*X . Let (&1,...,&,) , (€é1,...,¢e.) and [ be orthonormal
frames of TX , E , L, respectively, and assume that ic(L,) is diagonalized in
(&) - One finds

<%|Vu + Sul? — (Vu,u) + %(@u,u)) av,

u= >y U &AL NG e ®IF
|J|=m,1<hr
(3.5) Vuuy= > (Bos = B)lusnl?

|J|=m,1<h<r

where 1, ..., 3, are the eigenvalues of ic(L,) and 8y = ZjeJ Bj -

4. A spectral theorem for Schrodinger operators.

The main tool for the proof of Morse inequalities is a spectral theorem which
describes very precisely the asymptotic distribution of eigenvalues for quadratic
forms similar to Qg . -

Let M be a n—dimensional Riemannian manifold of class C*° and ' — M ,
L — M hermitian vector bundles of respective ranks ¢ and 1 . We assume that
F, L are endowed with hermitian connections Vg , V , and we let Vi be the
resulting connection on F ® L* . Finally let V and S be hermitian endomorphisms
of F'; we still denote by V and S their extensions V ®Id , S®Id to F ® L* . For
any domain ) CC M , we consider the quadratic forms

(4.1)  Qax(u) :/ <%|V;€u+5u|2 - <Vu,u>) AV, uweWiQ,F® L)
Q

with Dirichlet condition on 0f2 . For every real number A , we denote by Ng ()
the number of eigenvalues of Qo ; which are < \; these eigenvalues are of course
counted with multiplicity. We shall see soon that Nq (A) can be estimated in
terms of the curvature of L and of the potential V' .
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The curvature form B = ic(L) = iV2 is a real 2-form on X ; at each point
x € M , this form can be written

(4.2) B(x)= ) Bj(x)&; 1 N&;, s<n/2
1<j<s

where (£7,...,&)) is an orthonormal basis of T M and Bj(z) < ... < Bg(z) >0
the modules of the non zero eigenvalues of B(x) , viewed as an antisymmetric
endomorphism on T, M . Let

28—nﬂ_—n/2

(n/2)—s
Tyt B 3 (A—Z(2pj+1)3j)+ .

(pla"'7p8)€NS 1<]<5

(4.3) vB(A) =

Here a means the maximum of a and 0 , with the special convention that a9 = 0
for a < 0and af =1 for a > 0.1t is clear that v5()) is a non decreasing function
of A that is continuous on the left side; one can also check that vp(,)()) is lower
semi-continuous in x . Let 7p(\) = lim._,o4 vp(\) be the associated increasing
function continuous on the right side. The asymptotic eigenvalue distribution of
Qq,k is then given by the following fundamental theorem.

4.4. Theorem. — Let Vi(z),...,Vi(x) be the eigenvalues of the endomor-
phism V(z) € End(F,) . Then

liminf k"% Nog(A) > ) /UB(X/j+A)dV,
Q

k——+o00
1<t

limsup k"2 Nop(A) < ) /vB(Vj—i—)\)dV.

hoeo 1<t

Assume that OS2 has measure zero. As the integrals are increasing functions
of A and as the upper bound is the limit of the lower bound at A + 0 , we easily
conclude :

4.5. Corollary. — There is a countable subset D C R such that

Nog(A) ~ k™2 Y /VB(X/jJFA)dv, VAeR\D.
Q

1<t

The proof of theorem 4.4 is made in several steps. The first step is a
localization procedure originated with the work of H. Weyl. Weyl [We| introduced
the localization procedure and the minimax principle to get the asymptotic
estimate of the distribution of eigenvalues of linear partial differential equations.
Assume that Q is partitioned into a union of small cubes plus some extra set of
small measure. The intuition is that for the Dirichlet problem with zero boundary
value, the wave length of all eigenfunctions tends to 0 as k tends to infinity and the
Dirichlet problem looks more and more like the union of the Dirichlet problems for
the small cubes. If the side of the cubes is well chosen (k~'/3 is a suitable scale)
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the problem can be approximated by a simpler one in which the potential V' and
the curvature B are constant. At this point, an expansion of u as a Fourier series
shows that the variables can be separated. Our Dirichlet problem is then reduced to
the 1-dimensional harmonic oscillator problem, or to the Dirichlet problem for the
operator —d?/dxz? on an interval. In these cases, the eigenvalues and eigenfunctions
can be computed explicitly. The general estimate follows. [

To get the eigenvalue distribution of Qg in (3.4), we apply corollary 4.5 to
the bundles F' = A™™T*X x FE , L = L, and note that dimgr X = 2n . When the
eigenvalues (; are ordered in such a way that |81| > ... > |Bs| > 0=Fep1 = ... =
B , we get B; = |5;| . By (3.5), the eigenvalues V; are the quantities Sg; — (s
when J describes all multi-indices of length |J| = m , counted with multiplicity
r . Hence the eigenvalue distribution N§'; (A) of Q) (}) is given by

N (A) ~ k™ / vp(2A+ Bg; — Bs)dV , VYAER\D.
|J|=m Q
We use this estimate when A tends to 0+ . Each integral converges to the limit
Jo7B(Bgy — Bs)dV and we have
28—21’L

ﬂ_—n

v(fes — Bs) = m\ﬂl - Bs|x
> (ﬂw —Br— > @2+ 1)|ﬁj\>+
(P15--,ps EN®) 1<yss
The expression between ()4 is always < 0 , and it can be zero only when
pr=...=ps=0,0;<0for j€Jand 3 >0 for j € CJ . By our conventions

limy—o4+ (A\)% =1 and the result is non zero only when s = n. The above function
is therefore equal to zero in all cases except when 3; < 0 for j € J and ; > 0 for
j € 0J; then

vp(Bes — Bs) = 2m) " "|Br... Bul -
This situation can only happen at a point z € X (m, L, ) , and the corresponding
multi-index J is then unique. We find therefore

ADOt koo 2.k(A) T/X(vaX)( )" |B1 .. Bl

== (1) (5=elLy)) av .

" JX(m,Ly)
This shows that theorem 1.1 is valid for all m > ¢ when the curvature form
ic(L) is replaced by ic(L,) . Let K CC X be the exceptional compact set where
the convexity properties of 1) and L are not satisfied. Take a convex increasing
function x such that y =0 on ] — 00, ¢p] with X., D K . Then

ic(Ly) = ic(L) +id'd" (x o )

coincides with ic(L) on K and has at least n— (p—1) — (¢ — 1) positive eigenvalues
on X \ K | because ic(L) and id'd"+) are both positive on subspaces of respective
codimensions p —1,¢ — 1 in TX . Hence X(m, L) = X(m,L) form > p+q—1
and ic(L,) = ic(L) on these sets. Theorem 1.1 is proved.
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