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Hans Grauert was born in 1930 in Haren, a town in Niedersachsen, Germany. He
passed away on September 4, 2011, leaving the mathematical world with an extraordi-
nary legacy in complex analysis and analytic geometry. I would like to share here a few
recollections of my encounters with him during the last decades, and some connections of
his work with my own research. I first met Hans Grauert at the end of the 70’s, on the
occasion of a conference in Paris, and still remember very well a discussion we had then.
I was a young student at that time, and on the detour of a naive question I had raised, he
had to explain the concept of a meromorphic map X — Y between complex manifolds ...
Of course, I had been already somewhat acquainted with Grauert’s major contributions
to the theory of analytic spaces [G-Reb8], [Gra62] and the Levi problem [Gra55, Grab8] —
and as a consequence was very impressed to exchange a few words with him.

In 1986, Hans Grauert had heard more of my work, and he invited me to spend a
couple of weeks in Gottingen; my stay actually took place in November 1986. At that
time, Grauert was interested in the study of Kobayashi hyperbolicity, especially in view of
his recently published paper “Hyperbolicity of the complement of plane curves” [G-Pe85],
in collaboration with his daughter Ulrike Grauert-Peternell. He raised on the occasion a
number of tough questions about hyperbolicity, and at that time I could not even think of
any possible attempt to investigate them. Anyway, the discussion was to have a profound
influence on my thinking years later — I will give a few more details on this below. It
was also around that period that Grauert had received a private copy of Grothendieck’s
writing “Récoltes et semailles” [Gro85], a very personal account of an important period of
Grothendieck’s mathematical life. Grauert had been in close contact with Grothendieck
already at the end of the 50’s, culminating with their work on the direct image theorem for
coherent sheaves (in the algebraic and analytic settings, [Gro58] and [Gra60] respectively).
Athough he was obviously not at all targeted, I remember that Grauert was a bit upset
about some of the controversial sentences contained in Grothendieck’s testimony ...

Coming back to Kobayashi hyperbolicity theory, Grauert introduced in [Gra90] the
important concept of a jet metric, following previous work by Green-Griffiths [Gr-G79]
on jet differentials. If X is a projective nonsingular variety, let us consider J;yX to be
the bundle of k-jets of holomorphic curves f : (C,0) — X, together with the C*-action
(X- f)(t) = f(\t) obtained by reparametrizing the curve with a linear change of parameter.
One can consider the projectivized jet bundle X := Jp X/C* whose fibers are weighted
projective spaces, and the corresponding Ox, (1) tautological sheaf. A k-jet metric is
then just a hermitian metric on that sheaf; in other words, this is a nonnegative function
p: JkX — R* such that p(\- f) = || p(f), in Grauert’s own notation. By looking at all
holomorphic curve f : A — X on the unit disk possessing a prescribed k-jet at 0 up to
the C* action, and trying to maximize the multiple, one defines in canonical way a k-jet
metric pg can Which is just the k-jet analogue of the Kobayashi infinitesimal metric in the
case k = 1. Grauert realized that under a suitable negativity assumption for the curvature
of the k-jet metric p, the Ahlfors-Schwarz lemma would imply the Kobayashi hyperbolicity
of X; he then asked what type of curvature estimates the k-jet metric py can should satisfy.
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This question, which was further explained to me by Grauert’s younger collaborators Gerd
Dethloff and Siegmund Kosarew, is still unsolved at present. In fact, it is convenient to
introduce a variant of these jet bundles (replacing the C* action by the group Gy of k-jets
of biholomorphisms ¢ : (C,0) — (C,0), cf. [Dem95]), and then the conjecture is expressed
by saying that X s Kobayashi hyperbolic if and only if there exists a k-jet metric with
strictly megative curvature (in a suitable sense), with poles contained in the set of k-jets
that are singular at the origin, for all k > ko large enough. In this statement, it can be
shown, starting with hyperbolic complex surfaces, that kg may have to be taken arbitrary
large. In the positive direction, it can be derived from a recent result of [Demlla] that a
projective manifold of general type always possesses a negatively curved k-jet metric for &k
large, if one forgets about the demands on the set of poles, thus proving only some sort of
weak generic hyperbolicity of X. This is done by studying the cohomology of the bundles
of jet differentials, and inferring from there that every entire holomorphic curve f : C — X
has to satisfy global algebraic differential equations P(f; f’,..., f(*)) = 0; in fact f has to
satisfy a large number of them when k increases.

Another foundational result is the Grauert-Riemenschneider theorem [G-Ri70]: if X
is a projective or Moishezon manifold, then H1(X, Kx @ L) = 0 for every ¢ > 1 and every
semi-ample line bundle L — X of mazximal Kodaira dimension. The result is often used in
its relative form, stating that if u: X — Y is a projective birational morphism over some
base Y, then all higher direct images Ripu,O(Kx) vanish (¢ > 1). In the same paper,
Grauert and Riemenschneider conjectured that a compact analytic space is Moishezon if
and only if it carries an almost positive coherent sheaf of rank 1, cf. also [Rie71]. Pursuing
these ideas, Oswald Riemenschneider solved the Kéhler case in [Rie73], by showing that
a compact Kahler manifold carrying a line bundle whose curvature is semipositive and
strictly positive at one point is actually Moishezon. The general case (removing the Kéhler
assumption) was finally settled by Yum-Tong Siu in [Siu84|, using very clever bounds on
Cech cohomology classes and their harmonic counterparts. These results served as the main
motivation and as a strong guide for the discovery of holomorphic Morse inequalities in
[Dem85] (probably the reason for Grauert’s interest in my work in 1986, and, incidentally,
also one of the main ingredients for the above mentioned result of [Demlla]). These
inequalities can be stated as follows: for every compact complex manifold X and every
holomorphic line bundle L, we have as k — 400 the asymptotic estimate of cohomology
groups
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where u is a smooth closed (1,1)-form in c¢1(L), and X (u, < q) is the open set of points
x € X where u(x) is non degenerate with at most q negative eigenvalues. Assuming
1l X (u,<1) u™ > 0, the estimate implies that L®* has many sections, hence that L is big and
that the base manifold X is Moishezon. Using a slight improvement due to L. Bonavero
[Bon93] (“singular holomorphic Morse inequalities” ), one concludes that a compact complex
manifold is Moishezon if and only if it carries a holomorphic line bundle possessing a
singular hermitian metric h with analytic singularities, such that the curvature current
u = Opy € c1(L) satisfies fX(u,<1)\Z u™ > 0, on the complement of the set of poles
Z C X. This characterization strengthens Siu’s solution of the Grauert-Riemenschneider
conjecture.



Among Grauert’s other fundamental contributions, the Andreotti-Grauert theorem
[A-Gr62] stands out as one of the most important finiteness theorems of analytic geometry.
Let us recall that a complez n-dimensional complex manifold X is said to be q-convex (resp.
q-complete) if X possesses a smooth exhaustion function ¢ such that the Levi form i00p
has at least n—q+1 strictly positive eigenvalues on the complement X ~ K of a compact set
(resp. on X itself); an appropriate definition can also be given for arbitrary complex spaces.
Along with many other results, [A-Gr62] proves that the cohomology groups H? (X, F) of
a coherent analytic sheaf F on X are finite dimensional (resp. vanish) if X is q-convex
(resp. g-complete), and j > q. This finiteness statement implies a very interesting corollary
also in the compact case. Let (L,h) be a hermitian line bundle on a compact complex
manifold X, such that the curvature form Oy ; = _%65 log h has at least n—q+1 positive
eigenvalues at every point. Then the total space of the dual line bundle L* is g-convex, and
one can derive easily from this that H7(X, L®*) = 0 for j > ¢ and k large enough. The
holomorphic Morse inequalities would yield here the related (but somewhat less precise)
result that b7 (X, L®%) = o(k™) for j > ¢, whenever Oy, j, has at least n — ¢+ 1 semipositive
eigenvalues at every point. An important unsolved question is whether a converse of the
Andreotti-Grauert theorem holds true: assuming that X (resp. L) is cohomologically q-
convez, in the sense that the relevant cohomology groups H’ (X, F) are finite dimensional
(resp. vanish, resp. H'(X,L%*) = 0, k > 0) for j > q, does it follow that X is q-convex
(resp. q-complete), resp. does it follow that L possesses a hermitian metric h with the
required signature? The latter question has been analyzed in more depth in [DPS96]. In
general, the answer is unknown except in the strictly pseudoconvex case (¢ = 1). Very
recently, a partial converse was settled for line bundles L over compact complex surfaces
(n = dimg X = 2), in the form of an asymptotic Morse equality
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(cf. [Dem11b]), the case of complex curves (n = 1) being also easy to check. It would be
interesting to know whether such a result holds true when n > 3.

Hans Grauert has contributed many more fundamental results than those briefly dis-
cussed here. He can be considered as one of the founders of modern analytic geometry,
and his achievements will certainly provide very strong guidelines for future research in
the field. T have been myself deeply influenced by the research directions he initiated, and
also strongly encouraged by the role he played for the recognition of my work as a member
of the Mathematisches Institut and of the Akademie der Wissenschaften zu Gottingen.
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