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0. Introduction

The compact Riemann surfaces which are not of general type are those
which are of semipositive curvature. In higher dimensions the situation is much
more subtle and it has been a long standing conjecture due to Frankel to
characterize IPn as the only compact Kähler manifold with positive holomorphic
bisectional curvature. Hartshorne extended Frankel’s conjecture and weakened the
assumption to the case of ample tangent bundle. In his famous paper [Mo79] Mori
solved the Hartshorne conjecture by using characteristic p methods. Around the
same time Siu and Yau [SY80] gave an (analytic) proof of the Frankel conjecture.
Combining algebraic and analytic tools Mok [Mk88] classified all compact Kähler
manifolds with semipositive holomorphic bisectional curvature.

In algebraic geometry a powerful and flexible notion of semipositivity is
numerical effectivity (”nefness”). A line bundle L on a projective manifold X
is said to be nef if L · C ≥ 0 for all compact curves C ⊂ X . It is clear that a line
bundle with semipositive curvature is nef. The converse had been conjectured by
Fujita [Fu83]. Unfortunately this is not true as we shall see in §1, example 1.7.

A vector bundle E is called numerically effective (nef) if the line bundle
OE(1) on IP(E), the projective bundle of hyperplanes in the fibres of E, is nef.
Again it is clear that a vector bundle E which admits a metric with semipositive
curvature (in the sense of Griffiths) is nef. A compact Kähler manifold X having
semipositive holomorphic bisectional curvature has by definition a tangent bundle
TX with semipositive curvature. Again the converse does not hold. From an
algebraic geometric point of view it is natural to consider the class of projective
manifolds X whose tangent bundle is nef. This has been done by Campana and
Peternell [CP91] and –in case of dimension 3– by Zheng [Zh90]. In particular, a
complete classification is obtained for dimension at most three.

The purpose of this paper is to investigate compact Kähler manifolds with
nef tangent bundles. One difficulty in carrying over the algebraic definition of
nefness to the Kähler case is the possible lack of curves. This is overcome by the
following

Definition. — Let X be a compact complex manifold with a fixed hermitian
metric ω. A line bundle L over X is nef if for every ε > 0 there exists a smooth
hermitian metric hε on L such that the curvature satisfies

Θhε ≥ −ε ω .

This means that the curvature of L can have an arbitrarily small negative
part. Clearly a nef line bundle L satisfies L · C ≥ 0 for all curves C ⊂ X , but the
converse is not true. For projective algebraic X both notions coincide. Our main
result is a structure theorem on the Albanese map.
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Main Theorem. — Let X be a compact Kähler manifold with nef tangent
bundle TX . Let X̃ be a finite étale cover of X of maximum irregularity q =
q(X̃) = h1(X̃,O

X̃
). Then

(i) π1(X̃) ≃ ZZ
2q.

(ii) The Albanese map α : X̃ → A(X̃) is a smooth fibration over a q-dimensional
torus with nef relative tangent bundle.

(iii) The fibres F of α are Fano manifolds with nef tangent bundles.

As a consequence one gets the

Corollary. — As an abstract group, the fundamental group π1(X) is an
extension of a finite group by ZZ

2q.

It is conjectured in [CP91] that Fano manifolds (i.e. manifolds such that
−K is ample) with nef tangent bundle are rational homogeneous. Once this is
proved our main theorem classifies the compact Kähler manifolds with nef tangent
bundle up to étale cover. In §1 we prove basic properties of nef vector bundles.
An important technical point – used over and over – is the following:

Lemma. — Let E be a nef vector bundle on a compact complex connected
manifold X and let σ ∈ H0(X,E⋆) be a non trivial section. Then σ has no
zeros at all.

The main result of §1 characterizes vector bundles E which are numerically
flat, i.e. such that E and E⋆ are nef.

Theorem. — Let E be numerically flat on the compact Kähler manifold X .
Then E admits a filtration by vector bundles whose graded pieces are hermitian
flat, i.e. given by unitary representations of π1(X).

The proof uses two deep facts: the Uhlenbeck-Yau theorem on the existence
of Hermite-Einstein metrics on stable vector bundles and Kobayashi’s flatness
criterion derived from Lübke’s inequality on Chern classes. In §2 it is shown that
the Fulton-Lazarsfeld inequalities [FL83] for Chern classes of ample vector bundles
still hold for nef vector bundles on compact Kähler manifolds.

Theorem. — Let X be a compact Kähler manifold and let E be a nef vector
bundle on X . Then E is numerically semipositive, i.e. P (c(E)) ≥ 0 for all positive
polynomials P .

As a consequence we get the following

Corollary. — If E is nef and c1(E)n = 0, n = dim X , then all Chern
polynomials P (c(E)) of degree 2n vanish.
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This will be used in the proof of our main theorem. §3 contains the proof of
our main theorem cited above. One of the key points is the following

Proposition. — Let X be a compact Kähler n-fold with TX nef. Then

(i) If c1(X)n > 0, then X is a Fano manifold.

(ii) If c1(X)n = 0, then χ(OX) = 0 and there exists a non zero holomorphic

p-form, p suitable odd and a finite étale cover X̃ → X such that q(X̃) > 0.

The difficult part is (ii). Since c1(X)n = 0 we get by the above corollary
that χ(OX) = 0. From this we infer the existence of a non zero p-form u for some
suitable odd number p. By contraction with u we get a map S : Λp−1TX → Ω1

X .
The image E has constant rank and is therefore a subbundle of Ω1

X . Hence E
is numerically flat. The theorem in §1 implies the existence of a hermitian flat
subbundle E1 ⊂ E. If E1 would be trivial after some finite étale cover the
proposition would be proved. We use a result of Tits that every subgroup of
a linear group contains either a non abelian free subgroup or a solvable subgroup
of finite index. The first case cannot occur since we show in [DPS92] that π1(X)
has sub-exponential growth. The second case leads to the desired conclusion.

In §4 we give algebraic proofs of the following two results, stated resp. proved
in 3.6 and 3.10 (i).

Theorem. — Any Moishezon manifold with nef tangent bundle is projective.

Theorem. — Let X be a compact Kähler n-fold with TX nef and c1(X)n > 0.
Then X is a Fano manifold.

In §5 we show that a Mori contraction ϕ : X → Y of a projective manifold
X with TX nef is smooth; moreover Y is smooth too. As a consequence we get an
algebraic proof of the crucial proposition 3.10. In §6 we classify all non algebraic
surfaces with nef tangent bundles.

Theorem. — The smooth non algebraic compact complex surfaces with nef
tangent bundles are precisely the following:

(i) Non algebraic tori ;

(ii) Kodaira surfaces ;

(iii) Hopf surfaces.

In the final section we give a classification of all non algebraic Kähler 3-folds.

Theorem. — Let X be a non algebraic 3-dimensional compact Kähler manifold.
Then TX is nef if and only if X is up to finite étale cover either a torus or of the
form IP(E) where E is a numerically flat rank 2-bundle over a 2-dimensional torus.
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Let us mention that the classification of projective surfaces and 3-folds with
nef tangent bundle is contained in [CP91] and [Zh90].

Acknowledgement: Our collaboration has been made possible by Procope and
the DFG Schwerpunktprogramm “Komplexe Mannigfaltigkeiten”.

1. Basic properties of nef vector bundles

1.A. Nef line bundles

Let X be a compact complex manifold and let L be a holomorphic line bundle
over X . When X is projective or Moishezon, L is said to be numerically effective
(nef for short) if L ·C =

∫
C
c1(L) ≥ 0 for every curve C in X . This definition can

no longer be used for a general compact manifold X because X need not possess
any curve. An alternative definition is suggested by the following lemma, which is
an easy consequence of Seshadri’s ampleness criterion (namely, a line bundle A is
ample if and only if there exists ε > 0 such that A ·C ≥ ε ·m(C) for every curve C,
where m(C) is the maximum multiplicity of singular points in C).

Lemma 1.1. — Suppose that X is projective algebraic and let A be an ample
line bundle on X . Then L is nef if and only if Lk ⊗ A is ample for every integer
k ≥ 0.

Now it is well known that a line bundle A is ample if and only if it carries a
smooth hermitian metric h such that the associated Chern curvature form

Θh(A) =
i

2π
D2
A,h

is positive definite everywhere. Suppose that h is such a metric on A. If L is nef,
lemma 1.1 shows that there is a smooth hermitian metric hk on L such that

Θ
(
Lk ⊗ A

)
= kΘhk

(L) + Θh(A) > 0,

hence

Θhk
(L) ≥ −

1

k
Θh(A)

can have an arbitrary small negative part. We take this property as the general
definition.

Definition 1.2. — Let X be an arbitrary compact complex manifold, equipped
with a hermitian metric ω. A line bundle L over X is said to be nef if for every
ε > 0 there exists a smooth hermitian metric hε on L such that

Θhε
(L) ≥ −εω.

If C is a curve in X , we infer from this

L · C =

∫

C

Θhε
(L) ≥ −ε

∫

C

ω
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for every ε > 0, so L · C ≥ 0. However this property does not imply nefness in
general, as shown by:

Example 1.3. — Let X =
(
C2 \ {0}

)
/Γ be the primary Hopf surface associated

to the infinite cyclic group Γ = {λp; p ∈ ZZ,λ > 1}. Then X ≃ S3 × S1 has zero
second Betti number, so every line bundle L is numerically trivial (i.e. c1(L) = 0),
in particular L · C = 0 for every curve C. However, if π : X → IP1 is the natural
projection, the pull-back L = π⋆O(−1) cannot be nef, otherwise O(−1) itself
would be nef by property 1.8 (ii) below.

One may wonder whether ε can be made equal to zero in Definition 1.2. This
is true if the hermitian metric h is allowed to be singular.

Proposition 1.4. — If L is nef, there exists a singular hermitian metric h on L
(trivialized locally by weight functions ϕ ∈ L1

loc with h ≃ e−ϕ) such that

Θh(L) =
i

2π
∂∂ϕ ≥ 0

in the sense of currents, i.e. such that the weight functions ϕ are plurisubharmonic.

Proof. Let ω be a hermitian metric on X and let h0 be a fixed smooth metric
on L. For every ε ∈ ]0, 1[ there is a hermitian metric hε = h0e

−ψε such that
Θhε

(L) ≥ −εω. We can always multiply hε by a constant in such a way that
maxX ψε = 0. Then

i

2π
∂∂ψε = Θhε

(L) − Θh0
(L) ≥ −ω + Θh0

(L).

In particular, there is a covering (Uj) of X by coordinate patches and a constant
C > 0 such that ψε(z) + C|z(j)|2 is plurisubharmonic in each Uj . The well
known properties of subharmonic functions (namely, the mean value inequality
and the Green-Riesz formula) show that the family (ψε) is bounded in L1 norm
on each patch Uj , and therefore relatively compact in L1(X). Hence there exists
a subsequence (ψεν

) converging to a limit ψ in L1(X). The possibly singular
hermitian metric h = h0e

−ψ has curvature Θh(L) = limν→+∞ Θhεν
(L) in the

weak topology of currents. Therefore Θh(L) ≥ 0.

Corollary 1.5. — A line bundle L is nef as well as its dual L⋆ = L−1 if and
only if L is hermitian flat, that is, L is given by a representation π1(X) → S1 in
the unit circle.

Proof. If L is hermitian flat, then of course both L and L⋆ are nef. Conversely,
suppose that L and L⋆ are nef. By Proposition 1.4, there are (possibly singular)
hermitian metrics h on L and h′ on L⋆ with semipositive curvature in the sense
of currents. Then h ⊗ h′ is a metric of semipositive curvature on the trivial
line bundle L ⊗ L⋆, given by a weight h × h′ = e−ψ where ψ is a global
plurisubharmonic function onX . Since X is compact, we infer that ψ is a constant,
hence Θh(L) + Θh′(L⋆) = 0 and therefore Θh(L) = Θh′(L) = 0, each term being
semipositive. This implies that h, h′ are smooth and flat.
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Remark 1.6. — If L admits a singular metric h with Θh(L) ≥ 0, it does not
necessarily follow that L is nef. In fact, let X be the blow-up of some manifold
at one point and let L = O(E) be the line bundle associated to the exceptional
divisor E. Then L is not nef because L · C < 0 for every curve C ⊂ E. However
the inclusion morphism O ⊂ O(E) gives a singular metric h on O(E) with poles
along E, such that

Θh(O(E)) = [E]

is the current of integration on E. In particular Θh(L) ≥ 0.

It is also important to observe that a smooth hermitian metric h with
Θh(L) ≥ 0 need not exist when L is nef, thus ε cannot be taken equal to 0 in
Definition 1.2, disproving a conjecture of Fujita ([Fu83], 4.14):

Example 1.7. — Let Γ = C/(ZZ + ZZτ), Im τ > 0, be an elliptic curve and let E
be the rank 2 vector bundle over Γ defined by

E = C × C2/(ZZ + ZZτ)

where the action of ZZ + ZZτ is given by the two automorphisms

g1(x, z1, z2) = (x+ 1, z1, z2),

gτ (x, z1, z2) = (x+ τ, z1 + z2, z2),

and where the projection E → Γ is induced by the first projection (x, z1, z2) 7→ x.
Then C × C × {0}/(ZZ + ZZτ) is clearly a trivial line subbundle O →֒ E, and the
quotient E/O ≃ Γ × {0} × C is also trivial. Let L be the line bundle L = OE(1)
over the ruled surface X = IP(E). The exact sequence

0 → O → E → O → 0

shows by Prop. 1.14 (ii) below that L is nef over X . Now, we are going to
determine all hermitian metrics (including singular ones) such that the curvature
Θ(L) is semipositive in the sense of currents. As the total space of L−1 is equal
to E⋆ blown up along the zero section, the function

ϕ(ζ) = log ‖ ζ ‖2
h−1 , ζ ∈ L−1

associated to any hermitian metric h on L can also be seen as a function on E⋆

satisfying the log-homogeneity condition

ϕ(λζ) = log | λ | +ϕ(ζ)

for every λ ∈ C. We have

i

2π
∂∂ϕ(ζ) = π⋆L−1Θh(L), πL−1 : L−1 → X,

thus Θh(L) ≥ 0 if and only if ϕ is plurisubharmonic on E⋆. The total space of E⋆

is the quotient

E⋆ = C × C2/(ZZ + ZZτ)

7



by the dual action

g⋆1(x, w1, w2) = (x+ 1, w1, w2),

g⋆τ (x, w1, w2) = (x+ τ, w1, w1 + w2).

The function ϕ gives rise to a plurisubharmonic function ϕ̃ on C × C2 which is
invariant by g⋆1 and g⋆τ and log-homogeneous with respect to (w1, w2). We claim
that the only such functions are

(+) ϕ̃(x, w1, w2) = log |w1| + a, a ∈ IR.

Hence the associated metric h−1 on L−1 must have zeros along the curve C =
{w1 = 0} ≃ {z2 = 0} in IP(E⋆) ≃ IP(E). By the Lelong-Poincaré equation, we
then find

Θh(L) = [C]

where [C] denotes the current of integration over C.

To check (+), we first observe that any periodic subharmonic function u on C
with logarithmic growth at infinity must be constant: suppose u(z) ≤ A log+ |z|+B
and u(z+ 1) = u(z), then v(z) = supt∈[0,1] u(z+ t) satisfies a similar upper bound
and depends only on Im z; since v is a convex function of Im z it must be a constant,
so u is bounded above and constant, too. As

ϕ̃(x+ p+ qτ, w1, w2) = ϕ̃(x, w1, w2 + qw1)

for all p, q ∈ ZZ, the log-homogeneity of ϕ̃ in (w1, w2) implies that ϕ̃ has logarithmic
growth also in x. But x 7→ ϕ̃(x, w1, w2) is 1-periodic, so ϕ̃ must be independent of
x. Now, the invariance by g⋆τ shows that w2 7→ ϕ̃(w1, w2) is periodic for w1 6= 0.
Therefore ϕ̃ is also independent of w2. The log-homogeneity implies

ϕ̃(w1) = log |w1| + ϕ̃(1),

as desired.

We have thus shown that OE(1) does not admit any smooth hermitian metric
with semipositive curvature. In particular, E is not semipositive in the sense
of Griffiths (see 1.10 (i) for the definition). This weaker statement could have
been proved directly as follows: if Θh(E) ≥ 0, then TrΘh(E) = Θh(det E) ≥ 0
and must be zero, for det E ≃ O; therefore the full curvature tensor Θh(E)
would itself vanish and so E would be hermitian flat; then the exact sequence
0 → O → E → O → 0 would split holomorphically (by the orthogonal splitting),
which is easily seen not to be the case.

Proposition 1.8. — Let X , Y be compact complex manifolds, let L be a line
bundle on X and let f : Y → X be an analytic map.

(i) If L is nef, then f⋆L is nef.

(ii) Suppose that f is surjective and has equidimensional fibres. If f⋆L is nef,
then L is nef.

These results are of course well known in the algebraic case (see e.g. [Fu83]).
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Proof. Let ω, ω′ be hermitian metrics onX , Y respectively. There exists a constant
a > 0 such that

f⋆ω ≤ aω′.

(i) If hε is as in Definition 1.2, then

Θf⋆hε
(f⋆L) = f⋆Θhε

(L) ≥ −εf⋆ω ≥ −εaω′.

This shows that f⋆L is nef.

(ii) Fix an arbitrary hermitian metric h on L and set α = Θh(L). If f⋆L is nef,
there is for every ε > 0 a metric h′ε = e−ψεf⋆h on f⋆L, where ψε is some smooth
real function on Y , such that

Θh′
ε
(f⋆L) = f⋆α+

i

2π
∂∂ψε ≥ −εω′.

The idea, in very rough terms, is to define a metric hε on L by

|ξ|hε(x) = inf
y∈f−1(x)

|ξ|h′
ε(y)

, ξ ∈ Lx = (f⋆L)y, y ∈ f−1(x),

that is, hε = e−ϕεh with ϕε(x) = supy∈f−1(x) ψε(y). However, this simple-minded
idea would not give the desired lower bound for Θhε

(L) in a neighborhood of the
critical values of f in X . Therefore, a slightly modified construction is needed.

Let p be the dimension of the fibres of f . For any point y ∈ Y , there
are local coordinates (w) = (w1, . . . , wm) centered at y such that the map
z 7→ (f(z), w1(z), . . . , wp(z)) is proper and finite from a neighborhood of y onto a
neighborhood of f(y)×{0} in X×Cp. Thus we can find local coordinates centered
at f(y) on X and a neighborhood U of y such that

|F (z) − F (y)|
2

+
∑

1≤j≤p

|wj(z)|
2
> 0

on ∂U , where F = (F1, . . . , Fn) denote the local coordinate components of f .
As Y is compact, we can find finitely many points yk ∈ Y and local coordinates

(w(k)) = (w
(k)
1 , . . . , w

(k)
m ) on neighborhoods Uk of yk (with w(k)(yk) = 0), resp.

local coordinates on X centered at f(yk), such that the corresponding components

F (k) = (F
(k)
1 , . . . , F

(k)
n ) of f satisfy

2δk := |F (k)(z) − F (k)(yk)|
2
+

∑

1≤j≤p

|w
(k)
j (z)|

2
> 0 on ∂Uk,

and such that the collection of open sets (Vk) defined by

Vk :=




z ∈ Uk ; |F (k)(z) − F (k)(yk)|
2

+
∑

1≤j≤p

|w
(k)
j (z)|

2
< δk






is a covering of Y . For z ∈ Uk and x ∈ X we define

λ(k)
ε (z) := ε3|w(k)(z)|

2
− ε2


|F (k)(z) − F (k)(yk)|

2
+

∑

1≤j≤p

|w
(k)
j (z)|

2
− δk


 ,

ϕε(x) := sup
y∈f−1(x),Uk∋y

ψε4(y) + λ(k)
ε (y),
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where ε is chosen ≤ ε0 so small that λ
(k)
ε < 0 on ∂Uk. Since λ

(k)
ε ≥ 0 on Vk,

it follows that the supremum in ϕε(x) is never attained for an index j such that

∂Uj ∋ y: indeed we then have λ
(j)
ε (y) < 0, while λ

(k)
ε (y) ≥ 0 for some k such that

Vk ∋ y. Therefore ϕε is continous. Moreover, for ε ≤ ε1 small
i

2π
∂∂

(
ε3|w(k)|

2
)
≥ ε4ω′,

i

2π
∂∂

(
ε2|F (k) − F (k)(yk)|

2
)
≤
ε

2
f⋆ω

on each Uk. Hence by definition of ψε we get

f⋆α+
i

2π
∂∂

(
ψε4 + λ(k)

ε

)
≥ −

ε

2
f⋆ω − ε2

i

2π
∂∂

∑

1≤j≤p

|w
(k)
j |

2
.

We will check below that this implies

(⋆) α+
i

2π
∂∂ϕε ≥ −

ε

2
ω.

By Richberg’s regularization theorem [Ri68], we can find a smooth function ϕ̃ε

such that α+ i
2π∂∂ϕ̃ε ≥ −εω. Then the metric hε = e−ϕ̃εh on L satisfies

Θhε
(L) = α+

i

2π
∂∂ϕ̃ε ≥ −εω, QED.

To check (⋆), fix a point x0 ∈ X and take y0 ∈ Y and Uk ∋ y0 such that

ϕε(x0) = ψε4(y0) + λ
(k)
ε (y0). Take an arbitrary quadratic function q(x) near x0

such that i
2π
∂∂q > α+ ε

2
ω at x0. Then

i

2π
∂∂Ψ ≥ 0 where Ψ = ψε4 + λ(k)

ε + q ◦ f + ε2
∑

1≤j≤p

|w
(k)
j |

2

i.e. the function Ψ is plurisubharmonic near y0. However, f defines a finite map
from the submanifold

S = {z ∈ Uk ; w1,k(z) = w1,k(y0), . . . , wp,k(z) = wp,k(y0)}

onto a neighborhood of x0 (by construction of (w(k))). Hence the function

Φ(x) := sup
y∈f−1(x)∩S

Ψ(y)

is well defined near x0 and satisfies

Φ(x) ≤ ϕε(x) + q(x) + ε2
∑

1≤j≤p

|w
(k)
j (y0)|

2

with equality at x = x0. Since Φ is plurisubharmonic, we conclude that ϕε + q
satisfies the mean value inequality at x0. This is also true at all nearby points
where i

2π
∂∂q > α+ ε

2
ω, so ϕε + q is plurisubharmonic near x0. Taking i

2π
∂∂q as

close as possible to α+ ε
2ω at x0, we conclude that (⋆) holds.

Of course we expect that property 1.8 (ii) holds for arbitrary surjective maps
f : Y → X , but there are serious technical difficulties to overcome.
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1.B. Nef vector bundles

Let E be a holomorphic vector bundle of rank r over a compact complex
manifold. We denote by IP(E) the projectivized bundle of hyperplanes of E and
by OE(1) the associated canonical line bundle.

Definition 1.9. — We say that E is nef over X if OE(1) is nef over IP(E).

Proposition 1.8 can then be immediately extended to the vector bundle case
by taking L = OE(1), X = IP(E), Y = IP(f⋆E):

Proposition 1.10. — Let X , Y be compact complex manifolds, let f : Y → X
be an analytic map and let E be a vector bundle over X . Then E nef implies f⋆E
nef, and the converse is true if f is surjective and has equidimensional fibres.

It will be useful to have a differential geometric criterion for nefness directly
over X . First recall a few basic properties of hermitian differential geometry (see
e.g. Griffiths [Gr69]).

Proposition 1.11. — If (E, h) is a hermitian vector bundle, the Chern curva-
ture tensor

Θh(E) =
i

2π
D2
E,h = i

∑

1≤j,k≤n
1≤λ,µ≤r

ajkλµdzj ∧ dzk ⊗ e⋆λ ⊗ eµ

is a hermitian (1,1)-form with values in Hom(E,E); here (z1, . . . , zn) are local
coordinates on X and (eλ)1≤λ≤r is a local orthonormal frame of E.

(i) We say that (E, h) is semipositive in Griffiths’ sense and write Θh(E) ≥ 0
if Θh(E)(ξ ⊗ t) =

∑
ajkλµξjξkvλvµ ≥ 0 for every ξ ∈ TxX , v ∈ Ex, x ∈ X .

We write Θh(E) > 0 in case there is strict inequality for ξ 6= 0, v 6= 0.

(ii) If (F, h′) is another hermitian vector bundle, then

Θh⊗h′(E ⊗ F ) = Θh(E) ⊗ IdF + IdE ⊗ Θh′(F ).

(iii) If 0 → F → E → Q→ 0 is an exact sequence and if the metrics of F , Q are
induced by the metric of E, the orthogonal splitting E ≃ F ⊕Q yields

DE =

(
DF −β⋆

β DQ

)
, Θ(E) =

(
Θ(F ) − β⋆ ∧ β −D1,0β⋆

D0,1β Θ(Q) − β ∧ β⋆

)

where β is the (1,0) second fundamental form with values in Hom(F,Q).

(iv) As follows easily from (iii), we have Θ(Q) = Θ(E)|Q + β ∧ β⋆ ≥ Θ(E)|Q in
Griffiths’ sense, where Θ(E)|Q is a short-hand notation for the block of Θ(E)
that lies in Hom(Q,Q).

Theorem 1.12. — Let ω be a fixed hermitian metric on X . A vector bundle E
on X is nef if and only if the symmetric powers SmE satisfy the following property:
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There is a sequence of hermitian metrics hm on SmE such that for every ε > 0
and m ≥ m0(ε)

Θhm
(SmE) ≥ −mεω ⊗ IdSmE

in the sense of Griffiths.

Proof. If π : IP(E) → X is the projection, there is a surjective morphism
π⋆SmE → OE(m). Suppose first that hm exists and satisfies the above inequality.

Let h̃m be the quotient metric on OE(m). By 1.11 (iv) we get

Θ
h̃m

(OE(m)) ≥ π⋆Θhm
(SmE)|OE(m) ≥ −mεπ⋆ω ⊗ IdOE(m),

i.e.
Θ
h̃
1/m
m

(OE(1)) ≥ −επ⋆ω.

This implies that OE(1) is nef. Conversely, suppose that OE(1) is nef and let ω′

be a hermitian metric on IP(E). Then for every ε > 0 there is a hermitian metric

h̃ε on OE(1) such that
Θ
h̃ε

(OE(1)) ≥ −εω′.

Let H be a fixed hermitian metric on E and let H̃ be the induced metric on OE(1).
Then Θ

H̃
(OE(1)) is positive along the fibres of π, so there exists a constant C > 0

such that
Θ
H̃

(OE(1)) + Cπ⋆ω ≥ C−1ω′

on IP(E). We consider the barycenter metric ĥε = h̃1−Cε
ε H̃Cε on OE(1). Then

Θ
ĥε

(OE(1)) = (1 − Cε) Θ
h̃ε

(OE(1)) + CεΘ
H̃

(OE(1))

≥ − (1 − Cε) εω′ + Cε
(
C−1ω′ − Cπ⋆ω

)

≥ Cε2ω′ − C2επ⋆ω

> −C2επ⋆ω.

By theorem 4.1 of [De91] applied with v = −C2εω, we can therefore find a metric
hm,ε on SmE such that for m ≥ µ0(ε) large

Θhm,ε
(SmE) ≥ −m

(
C2 + 1

)
εω ⊗ IdSmE .

This implies theorem 1.12 by taking hm = hm,εm
with a sequence εm converging

to 0 so slowly that µ0(εm) ≤ m.

Corollary 1.13. — Let ΓaE be the irreducible tensor representation of Gl(E)
of highest weight a = (a1, . . . , ar) ∈ ZZ

r, with a1 ≥ . . . ≥ ar ≥ 0. Then there are
hermitian metrics ha on ΓaE such that for every ε > 0

Θha
(ΓaE) ≥ −|a|εω ⊗ IdΓaE

for |a| :=
∑
aj ≥ A(ε).

Proof. (Compare with [Ha66]). The representation ΓaE is a direct summand in
Sa1E ⊗ . . .⊗ SarE. Let hm be a metric on SmE such that

Θhm
(SmE) ≥ −mεmω ⊗ IdSmE

12



with lim εm = 0 and let h̃a be the quotient metric of ha1
⊗ . . .⊗har

on ΓaE. Then
by 1.11 (ii) and (iv) we get

Θha
(ΓaE) ≥ −

∑
ajεaj

ω ⊗ IdΓaE

and it is clear that the ratio
∑
ajεaj

/|a| tends to 0 when |a| =
∑
aj tends to +∞.

We can now prove the basic properties of nef vector bundles. In the case
of ample vector bundles over algebraic varieties, these properties are well known
by [Ha66]; the nef case then follows essentially by passing to the limit if the base
X is algebraic (see [CP91] for details).

Proposition 1.14. — Let E, F be holomorphic vector bundles.

(i) If E and F are nef, then E ⊗ F is nef.

(ii) If E is nef, any tensor power ΓaE with a1 ≥ . . . ≥ ar ≥ 0 is nef.

(iii) If some symmetric power SmE is nef (m > 0), then E is nef.

Proof.
(i) There is a direct sum decomposition

Sm(E ⊗ F ) =
⊕

|a|=m
|b|=m

na,bΓ
aE ⊗ ΓbF

into irreducible Gl(E) × Gl(F ) modules of degree (m,m) (the exact formula is
not needed, except that the weights a, b are non negative). We take the metric

h̃a,E ⊗ h̃b,F on each summand. Corollary 1.13 and property 1.11 (ii) imply

Θ (Sm(E ⊗ F )) ≥ −2mεω ⊗ IdSm(E⊗F )

for m ≥ A(ε) (note that each summand contributes in a different block of the
curvature matrix and that |a|, |b| ≥ A(ε)).

(ii) The nefness of ΓaE is obtained in the same way, by observing that Sm(ΓaE)
is a direct sum of tensor powers ΓbE with b ≥ 0 and |b| = m|a|.

(iii) The pull-back π⋆SmE of SmE to IP(E) is nef by Prop. 1.10. Its quotient
OE(m) is therefore nef by Prop. 1.15 (i) below. Hence OE(1) = OE(m)1/m is nef.

Proposition 1.15. — Let 0 → F → E → Q → 0 be an exact sequence of
holomorphic vector bundles. Then

(i) E is nef ⇒ Q is nef.

(ii) F , Q nef ⇒ E is nef.

(ii) E nef, (detQ)−1 nef ⇒ F nef.
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Proof.
(i) Apply theorem 1.12 and take the quotient metric of SmE on SmQ. Then

Θ (SmQ) ≥ Θ(SmE)|SmQ ≥ −mεω ⊗ IdSmQ

for m ≥ m0(ε).

(ii) Fix once for all a C∞ splitting E = F ⊕Q. Then we have a C∞ splitting

Φ : SmE
≃
−→

⊕

a+b=m

SaF ⊗ SbQ.

By assumption, there are metrics h′a on SaF and h′′b on SbQ such that

Θh′
a
(SaF ) ≥ −aεaω ⊗ IdSaF , Θh′′

b

(
SbQ

)
≥ −bηbω ⊗ IdSbQ

with lim
a→+∞

εa = lim
b→+∞

ηb = 0. We define hermitian metrics hm,ρ on SmE by

hm,ρ = Φ⋆
⊕

a+b=m

ρ−2bh′a ⊗ h′′b ,

where ρ > 0 is a small rescaling factor. Changing slightly our viewpoint, we replace
the initial splitting Φ by the splitting Φρ obtained by multiplying the SaF ⊗ SbQ
component by ρ−b. Then

hm,ρ = Φ⋆ρ
⊕

a+b=m

h′a ⊗ h′′b .

With respect to Φρ, the Chern connection Dhm,ρ
on SmE takes the form

Dhm,ρ
=




Dh′
m⊗h′′

0
· · · −ρk−jβ⋆k,j

... Dh′
m−j

⊗h′′
j

...

ρj−kβj,k · · · Dh′
0
⊗h′′

m




where βj,k is a (1,0)-form with values in

Hom(Sm−kF ⊗ SkQ, Sm−jF ⊗ SjQ), j > k

and is independent of ρ. To check this, recall the formula β⋆j,k = −πk ◦ ∂π
⋆
j where

πj is the orthogonal projection of SmE onto Sm−jF ⊗ SjQ given by Φ1 , and
π⋆j : Sm−jF ⊗ SjQ→ SmE is the adjoint (and right inverse) of πj . By definition

of Φρ, the projection πk is replaced by ρ−kπk, thus π⋆j is replaced by ρjπ⋆j and β⋆j,k
by ρj−kβ⋆j,k, as desired. By computing the matrix of D2

hm,ρ
, we get

Θhm,ρ
(SmE) =

⊕

0≤j≤m

π⋆j ◦ Θh′
m−j

⊗h′′
j
◦ πj +O(ρ),

therefore

Θhm,ρ
(SmE) ≥ −

(
max

0≤j≤m
((m− j)εm−j + jηj) +O(ρ)

)
ω ⊗ IdSmE
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where O(ρ) comes from the contribution of the second fundamental form ρj−kβj,k,
j > k. For ρ = ρm small this contribution is negligible. On the other hand, it is
easy to see that

lim
m→+∞

1

m
max

0≤j≤m
((m− j)εm−j + jηj) = 0,

thus E is nef.

(iii) We have F = Λs−1F ⋆ ⊗ detF where s is the rank of F . By dualizing and
taking the s− 1 exterior product in the exact sequence, we get a surjection

Λs−1E⋆ → Λs−1F ⋆ = F ⊗ (detF )−1.

We multiply by detF = detE ⊗ (detQ)−1 to get a surjection

Λr−(s−1)E ⊗ (detQ)−1 → F

where r = rank(E). Now the left hand side is nef by Prop. 1.14 and the assumption
that (detQ)−1 is nef, so its quotient F is nef.

The next proposition concerns the behaviour of holomorphic sections in the
dual of a nef vector bundle.

Proposition 1.16. — Let E be a nef vector bundle over a connected compact
n-fold X and let σ ∈ H0(X,E⋆) be a non zero section. Then σ does not vanish
anywhere.

Proof. By Gauduchon [Ga77], we know that any conformal class of hermitian
metrics on X contains a special metric with ∂∂

(
ωn−1

)
= 0. Let hm be hermitian

metrics as in theorem 1.12 and let h⋆m be the dual metric on SmE⋆. Then the
closed (1,1)-current

Tm =
i

2π
∂∂

1

m
log ‖ σm ‖2

h⋆
m

satisfies

Tm ≥ −
1

m

〈Θh⋆
m

(SmE⋆)σm, σm〉h⋆
m

‖ σm ‖2
h⋆

m

.

For m ≥ m0(ε) we have

−Θh⋆
m

(SmE⋆) = tΘhm
(SmE) ≥ −mεω ⊗ IdSmE⋆ .

Hence Tm ≥ −εω for m ≥ m0(ε). Now, if ω is a Gauduchon metric
∫

X

(Tm + εω) ∧ ωn−1 = ε

∫

X

ωn

because Tm is ∂∂-exact. This implies that Tm + εω and Tm converge weakly to
zero as m→ +∞. If σ(x) = 0 at some point x ∈ X , the Lelong number ν(Tm, x)
would be at least 1 (and equal to the vanishing order of σ at x). Thus by [S74],
the Lelong number of any weak limit T = limTm would satisfy ν(T, x) ≥ 1, a
contradiction.
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We end this section with the following important analogue of Corollary 1.5
in the vector bundle case.

Definition 1.17. — We say that a holomorphic vector bundle E is numerically
flat if both E and E⋆ are nef (equivalently if E and (detE)−1 are nef).

Theorem 1.18. — Suppose thatX is Kähler. Then a holomorphic vector bundle
E over X is numerically flat if and only if E admits a filtration

{0} = E0 ⊂ E1 ⊂ . . . ⊂ Ep = E

by vector subbundles such that the quotients Ek/Ek−1 are hermitian flat, i.e.
given by unitary representations π1(X) → U(rk).

It should be observed that E itself need not be hermitian flat as example 1.7
shows.

Corollary 1.19. — If X is Kähler and E is numerically flat, then all Chern
classes ck(E) vanish.

Proof. Note that the ”if” part of the statement is clear by Prop. 1.15 (ii). The
proof of the ”only if” part is based on two deep facts: first the Uhlenbeck-
Yau theorem asserting the existence of Hermite-Einstein metrics on stable vector
bundles, secondly Kobayashi’s flatness criterion derived from Lübke’s inequality
on Chern classes.

Since detE is numerically flat, Cor. 1.5 implies that c1(E) = c1(detE) = 0.
Fix a Kähler metric ω on X .

Step 1. Let F be a subsheaf of O(E) of rank p and let detF = (ΛpF)
⋆⋆

be
its determinant: detF is a reflexive rank 1 sheaf, so it is locally free and we have
an injection of sheaves

detF →֒ ΛpE.

This morphism can be seen as a (non necessarily injective!) morphism of bundles.
We know by 1.14 (ii) that ΛpE⋆ is nef, so there is a sequence hm of hermitian
metrics on Sm(ΛpE⋆) such that

Θhm
(Sm (ΛpE⋆)) ≥ −mεω ⊗ Id

for m ≥ m0(ε). We equip detF with the possibly singular hermitian metric
induced as a quotient of hm by the non necessarily surjective morphism

Sm (ΛpE∗) → (detF)
−m

.

Then 1.1 (iv) implies in the sense of currents

Θ
h̃m

(
(detF)−1

)
≥

1

m
Θm (Sm(ΛpE⋆))|(detF)−m ≥ −εω

for m ≥ m0(ε) (one cannot conclude from this that (detF)−1 is nef because h̃m
is singular). Therefore c1(F) = c1(detF) satisfies the cohomology inequality

c1(F) · {ω}n−1 =

∫

X

−Θ
h̃m

(
(detF)−1

)
∧ ωn−1 ≤ 0.
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If c1(F) ·{ω}n−1 = 0, the same arguments as in the proof of Proposition 1.16 show
that limΘ

h̃m
((detF)−1) = 0 in the weak topology, in particular c1(F) = 0 and

detF is hermitian flat. In that case, Prop. 1.16 implies that detF → ΛpE has no
zeros: consider the section given by O → ΛpE ⊗ (detF)−1 and observe that the
dual of ΛpE ⊗ (detF)−1 is nef.

Step 2. Now take a subsheaf F ⊂ O(E) of minimal rank p > 0 with
c1(F) · {ω}n−1 = 0. After replacing F by F⋆⋆ we can assume that F is reflexive.
The discussion made in Step 1 shows that detF is a line subbundle of ΛpE. The
elementary lemma 1.20 below implies that F itself is locally free and is a subbundle
of E. By definition, F cannot have any subsheaf of degree≥ 0 and of positive
rank < p. Therefore F is ω-stable and by Uhlenbeck-Yau [UY86] F possesses a
Hermite-Einstein metric. Since F⋆ is a quotient of E⋆, 1.15 (i) shows that F⋆

is nef and therefore F is numerically flat because detF is flat. The inequalities
for Chern classes which will be proved in Cor. 2.6 (independently of Cor. 1.19 !)
imply c2(F) · {ω}n−2 = 0, because c1(F) = 0. The Kobayashi-Lübke flatness
criterion ([Ko87], Th. 4.11) finally shows that F is hermitian flat. We set E1 = F
and conclude by induction on the rank, since E/E1 is again numerically flat by
Prop. 1.15.

Lemma 1.20. — Let E be a vector bundle over a complex manifold M and
let F be a reflexive subsheaf of O(E) such that the induced bundle morphism
detF → ΛpE is injective,where p = rankF . Then F is locally free and is a
subbundle of E.

Proof. We are indebted to F.-O. Schreyer for the simple and elegant argument
given below.

Since the question is purely local, we can assume that M is a ball in Cn and
that E = Or is a trivial vector bundle. As F is reflexive, F is locally free on the
complement M \Z of some analytic subset Z of codimension≥ 3. As detF → ΛpE
is injective, F|M\Z is actually a subbundle of E|M\Z , so we get a holomorphic map
into the Grassmannian G(p, r) of p-planes of Cn:

M \ Z → G(p, r), x→ Fx.

Now the composition with the Plücker embedding

G(p, r) → P (ΛpCr), S 7→ ΛpS

is precisely the map M \ Z → P (ΛpE), x 7→ detFx. This map extends across
Z by the assumption that detF → ΛpE is everywhere injective. Hence the map
x 7→ Fx extends as a holomorphic map Φ : M → G(p, r). By construction F|M\Z

is contained in the pull-back Φ⋆S of the tautological rank p bundle on G(p, r).
Therefore F ⊂ Φ⋆S with equality on M \ Z, and Φ⋆S is a vector subbundle of
E. The sheaves Hom(F ,Φ⋆S) and Hom(Φ⋆S,F) are themselves reflexive, so the
identity homomorphism extends across Z into an isomorphism. Hence F = Φ⋆S
is a subbundle of E.
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Remark 1.21. — It would be interesting to know whether Theorem 1.18 and
Cor. 1.19 are still true in the non Kähler case. In fact Li-Yau [LY87] proved
the existence of Hermite-Einstein metrics also in that case, assuming that ω is a
Gauduchon metric. The difficulty is with the Fulton-Lazarsfeld inequalities for
Chern classes, which we can only prove for Kähler manifolds (the hard Lefschetz
theorem is used, see §2).

2. Inequalities for Chern classes

The goal of this section is to show that the Fulton-Lazarsfeld inequali-
ties [FL83] for Chern classes of ample vector bundles still hold for nef vector
bundles over compact Kähler manifolds. The proof follows basically the same
lines, but the arguments involving tensor products with ample line bundles must
be replaced by arguments using the Kähler metric. This gain in generality will
fortunately be accompanied by a substantial simplification of the technique (cov-
ering tricks are eliminated). The first step is an extension of the Bloch-Gieseker
inequalities [BG71].

Proposition 2.1. — Let X be a compact complex n-fold possessing a Kähler
metric ω and let E be a nef vector bundle of rank r over X . Then for every λ ≥ 0
we have

n∑

k=0

(
r ∨ n− k

n− k

)
λn−k

∫

X

ck(E) ∧ ωn−k ≥ 0

where r ∨ n = max(r, n). In particular
∫
X
cn(E) ≥ 0 and more generally

∫

X

ck(E) ∧ ωn−k ≥ 0

if the integral vanishes for higher values of k.

Proof. We first observe that for every λ > 0

ξλ = c1(OE(1)) + λπ⋆{ω}

is a Kähler class on IP(E). Indeed, the construction of ĥε in the proof of Th. 1.12
shows that

Θ
ĥε

(OE(1)) + λπ⋆ω > 0

for ε > 0 small. We can of course suppose that r ≥ n, otherwise we replace E by
E ⊕On−r. Then ξ0 = c1(OE(1)) satisfies the relation

ξr0 − π⋆c1(E)ξr−1
0 + . . .+ (−1)nπ⋆cn(E)ξr−n0 = 0.

It follows that ξλ = ξ0 + λπ⋆{ω} satisfies

ξrλ − π⋆a1(λ)ξr−1
λ + . . .+ (−1)nπ⋆an(λ)ξr−nλ = 0,
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where

ap(λ) =

p∑

k=0

(
r − k

p− k

)
λp−kck(E) · {ω}p−k

(ap(λ) is just the p-th elementary symmetric function in ρj+λ{ω}, where ρ1, . . . , ρr
are the Chern roots). If the inequality of Prop. 2.1 does not hold, there is λ ≥ 0
such that an(λ) < 0. Since an(λ) ∼

(
r
n

)
{ω}nλn tends to +∞ when λ → +∞,

there would exist λ > 0 such that an(λ) = 0. Suppose that λ is chosen in this way
and consider the cohomology class

α = ξn−1
λ − π⋆a1(λ)ξn−2

λ + . . .+ (−1)n−1π⋆an−1(λ) ∈ H2n−2(IP(E), IR).

Then α 6= 0, for the projection formula implies

π⋆
(
α · ξr−nλ

)
= π⋆

(
ξr−1
λ

)
= 1 ∈ H0(X, IR).

On the other hand α · ξr+1−n
λ = 0 by our choice of λ. This contradicts the hard

Lefschetz theorem.

Corollary 2.2. — If Y is a d-dimensional analytic subset of X with d ≥ r,
then

∫
Y
cr(E) ∧ ωd−r ≥ 0.

Proof. Let X̃ → X be an embedded resolution of singularities of Y in X
(Hironaka [Hi64], Bierstone-Milman [BM90]), and let f : Ỹ → X be the induced

map to X . Then f⋆E is nef over Ỹ and Ỹ is Kähler, so
∫

Ỹ

cr(f
⋆E) ∧ ω̃d−r ≥ 0

for every Kähler metric ω̃ on Ỹ (clearly the integrals corresponding to degrees
greater than r = rankE vanish, so Prop. 2.1 can be applied). Replacing ω̃ by
ω̃ε = f⋆ω + εω̃ with ε→ 0, we get

∫

Y

cr(E) ∧ ωd−r =

∫

Ỹ

cr(f
⋆E) ∧ f⋆ωd−r ≥ 0.

The second step is a semipositivity statement for the intersection with cone
classes. Let E = P (E ⊕ O) be the compactification of E by the hyperplane at
infinity and let ZE be the zero section of E. If C is a cone in E, that is, a C⋆-
invariant analytic subset in the total space of E, we denote by C = P (C ⊕O) its
closure in E. There are well defined cohomology classes

{ZE} ∈ H2r(E, IR), {C} ∈ H2p(E, IR)

with p = codimC, which can be seen for instance as the cohomology classes of the
associated closed positive currents [ZE ], [C]. We are interested in computing the
intersection class

{ZE} · {C}

in H2(r+p)(E, IR) (note that dimE = r + n). Following [FL83], we introduce the
tautological quotient vector bundle Q = π⋆(E⊕O)/OE(−1) of rank r on E. Then
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we have cr(Q) = {ZE} since the canonical section of Q (=image of 0 ⊕ 1 in Q)
admits ZE as its transversal zero locus in E. In this way, by using the fact that
E is Kähler, Cor. 2.2 implies

Proposition 2.3. — If E is nef, then for every cone C in E of dimension
d = r + n− p ≥ r, we have

{ZE} · {C} · {π
⋆ωd−r} =

∫

C

cr(Q) ∧ π⋆ωd−r ≥ 0.

The third and final step is an application of the determinantal formula of
Kempf-Laksov [KL74]. First recall a few notations about Schur polynomials and
Schubert calculus. Denote by Λ(k, r) the set of all partitions of k by non negative
integers ≤ r. Thus an element a ∈ Λ(k, r) is a sequence

r ≥ a1 ≥ a2 ≥ . . . ≥ ar ≥ 0 with
∑

aj = k.

Each a ∈ Λ(k, r) gives rise to a Schur polynomial Pa ∈ ZZ[c1, . . . , cr] of weighted
degree 2k (with deg ci = 2i), defined as the r × r determinant

Pa(c) = det(cai−i+j)1≤i,j≤r

where by convention c0 = 1 and ci = 0 if i /∈ [0, r]. For every vector bundle E, the
Kempf-Laksov formula expresses Pa(c(E)) as the class of a cone intersection.

Formula 2.4. — Let E be a complex vector bundle of rank r on a compact
differentiable manifold M . Let V be a complex vector space of dimension
k + r and let VM be the trivial vector bundle M × V . Fix a flag of subspaces
{0} ⊂ V1 ⊂ . . . ⊂ Vk ⊂ V with dimVi = r + i − ai. Consider the cone
Ωa(E) ⊂ Hom(VM , E) whose fibre over x ∈ M consists of all u ∈ Hom(V,Ex)
such that

dim(keru ∩ Vi) ≥ i.

Then Ωa(E) is a locally trivial cone bundle over M of codimension k =
∑
ai in

Hom(VM , E) and we have

Pa(c(E)) = π⋆

(
{ZHom(VM ,E)} · {Ωa(E)}

)

where π⋆ denotes the integration along the fibres of π : Hom(VM , E) →M .

Proof. Observe first that the current [Ωa(E)] is well defined, although Ωa(E) is
singular and M is not analytic; indeed Ωa(E) is locally the product of an open
set in the base with an analytic set in the fibre of Hom(VM , E). Formula 2.4 is
proved in [KL74] in the context of schemes and non singular projective varieties.
Since we allow ourselves to deal with C∞ objects, the proof becomes in fact much
easier. First observe that the formula is functorial with respect to base change.
Now, every C∞ vector bundle is generated by a finite number N of sections, hence
there is a commutative diagram

E −→ Q
↓ ↓
M −→ G(N − r,N)
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where Q is the universal quotient vector bundle of rank r over the Grassmannian.
Hence it is sufficient to check the formula for E = Q. In that case the formula is
simply a sophisticated formulation of Giambelli’s formula for Schubert cycles in
G(N − r,N) (see e.g. [GH78], p.206 and 415).

A combination of formula 2.4 with Prop. 2.3 gives
∫

X

Pa(c(E)) ∧ ωn−k = {ZHom(VM ,E)} · {Ωa(E)} · {π⋆ωn−k} ≥ 0

when E is nef. More generally, the argument of Cor. 2.2 implies:

Theorem 2.5. — Let E be a nef vector bundle over a compact complex manifold
X equipped with a Kähler metric ω. Then for any Schur polynomial Pa of degree
2k and any analytic subset Y ⊂ X of dimension d ≥ k we have

∫

Y

Pa(c(E)) ∧ ωd−k ≥ 0.

Even in the case of projective algebraic manifolds, this result is new because
ωd−k need not be representable by an algebraic cycle. Interesting examples of
Schur polynomials are

Pk00...(c) =

∣∣∣∣∣∣∣∣

ck ck+1 ck+2 . . . . . .
0 1 0 . . . 0
...

. . .
...

0 . . . 1

∣∣∣∣∣∣∣∣
= ck,

P11...10...0(c) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

c1 c2 c3 . . . ck

1 c1 c2
...

0 1 c1
...

... 1
...

... c1 c2
0 . . . 0 1 c1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= Segre class sk,

Pk−1,10...0(c) =

∣∣∣∣
ck−1 ck

1 c1

∣∣∣∣ = c1ck−1 − ck.

The Schur polynomials Pa with a ∈ Λ(k, r) form a basis of the Q-vector space of
polynomials of weighted degree 2k. A Polynomial

P =
∑

λaPa

is said to be numerically positive if all coefficients λa are ≥ 0. It is well known in
the theory of Schur polynomials that a product of numerically positive polynomials
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is again numerically positive (see [FL83] or [Md79] p.68 for a purely combinatorial
proof based on the Littlewood-Richardson rule). In particular

ck1 − ck =

k∑

j=2

ck−j1 (c1cj−1 − cj) ≥ 0,

i.e. ck ≤ ck1 . Similarly, any Chern monomial cI = ci11 . . . cirr of degree 2k satisfies
0 ≤ cI ≤ ck1 . By Th. 2.5 we thus get:

Corollary 2.6. — If E is nef, any Chern monomial cI of degree 2k satisfies

0 ≤

∫

X

cI(E) ∧ ωn−k ≤

∫

X

c1(E)k ∧ ωn−k.

Corollary 2.7. — If E is nef and c1(E)n = 0, all Chern polynomials P (c(E))
of degree 2n vanish.

3. Compact manifolds with nef tangent bundles.

Structure of the Albanese map (Kähler case)

3.A. Some examples

The first examples are produced by

Proposition 3.1. — Every homogeneous compact complex manifold has a nef
tangent bundle.

Indeed, if X is homogeneous, the Killing vector fields generate TX , so TX is
a quotient of a trivial vector bundle. In particular, we get the following

Examples 3.2 (homogeneous case). —

(i) Rational homogeneous manifolds: IPn, flag manifolds, quadricsQn , and more
generally quotients X = G/P of a simply connected complex Lie group G by
a parabolic subgroup P
(all projective algebraic with K−1

X ample).

(ii) Tori Cn/Λ
(Kähler, possibly non algebraic).

(iii) Hopf manifolds (Cn \ {0})/H where H is a discrete group of homotheties
(non Kähler for n ≥ 2).

(iv) Iwasawa manifolds G/Λ where G is the group of unipotent upper triangular
p × p matrices and Λ the subgroup of matrices with entries in the ring of
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integers of some imaginary quadratic field, e.g. ZZ[i]
(non Kähler if p ≥ 3, although TX is trivial).

We must remark at this point that not all manifolds X with nef tangent
bundles are homogeneous, the automorphism group may even be discrete:

Example 3.3. — Let Γ = C/(ZZ + ZZτ), Im τ > 0, be an elliptic curve. Consider
the quotient space X = (Γ × Γ × Γ)/G where G = {1, g1, g2, g1g2} ≃ ZZ2 × ZZ2 is
given by

g1(z1, z2, z3) = (z1 + 1
2
,−z2,−z3),

g2(z1, z2, z3) = (−z1, z2 + 1
2 ,−z3 + 1

2 ),

g1g2(z1, z2, z3) = (−z1 + 1
2 ,−z2 + 1

2 , z3 + 1
2).

Then G acts freely, so X is smooth. It is clear also that TX is nef (in fact TX is
unitary flat). Since the pull-back of TX to Γ× Γ× Γ is trivial, we easily conclude
that TX has no sections, thanks to the change of signs in g1, g2, g1g2. Therefore
the automorphism group Aut(X) is discrete. The same argument shows that
H0(X,Ω1

X) = 0.

Similar examples can be found in higher dimensions: for instance, one can
replace one or several of the factors Γ in Γ × Γ × Γ by an arbitrary torus, the
translation by 1

2 being replaced by a translation with an element in the half-
lattice. In this way we get examples of Kähler non algebraic manifolds with TX
nef and H0(X,Ω1

X) = 0 for all n = dimX ≥ 4, possibly of algebraic dimension
0 when n ≥ 6 (by Prop. 7.3 below, such non algebraic examples do not exist in
dimension ≤ 3).

The above example suggests that we should try to classify manifolds with
nef tangent bundles only up to finite étale covers. In fact Prop. 1.10 immediately
implies:

Proposition 3.4. — Let X be a compact complex manifold and let X̃ be a
finite étale cover of X . Then TX is nef if and only if T

X̃
is nef.

Example 3.5. — Let X be the ruled surface IP(E) over the elliptic curve
Γ = C/(ZZ + ZZτ) defined in 1.7. Then the relative tangent bundle of IP(E) → Γ
(=relative anticanonical line bundle) is π⋆(detE⋆) ⊗ OE(2) ≃ OE(2) and TΓ is
trivial, so TX is nef. Moreover X is almost homogeneous, with automorphisms
induced by

(x, z1, z2) 7→ (x+ a, z1 + b, z2), (a, b) ∈ C2

and has a single closed orbit equal to the curve {z2 = 0}. Here, no finite étale
cover of X can be homogeneous, otherwise K−1

X = OE(2) would be semipositive.
Observe that no power of K−1

X is generated by sections, although K−1
X is nef.
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3.B. General properties

Let X be a compact complex n-dimensional manifold. We collect here a few
remarkable facts which hold under the assumption that TX is nef.

Proposition 3.6 [De91]. — Suppose that TX is nef. If X belongs to the Fujiki
class C (class of manifolds bimeromorphic to Kähler manifolds), then X is Kähler.
In particular, if X is Moishezon, then X is projective algebraic.

An algebraic proof of 3.6 for the Moishezon case will be given in §4. The
next proposition was also proved in [CP91] in the algebraic case.

Proposition 3.7. — If TX is nef, then the line bundle O(D) is nef for every
effective divisor D in X .

Proof. Propositions 3.6 and 3.7 are obtained in [De91] as consequences of a general
regularization theorem for closed positive currents. Since 3.7 is quite elementary
we indicate here briefly the argument.

Let σ ∈ H0(X,O(D)) be a section with divisor D. Then for k larger than
the maximum vanishing order of σ on X , the k-jet section Jkσ ∈ H0(X, JkO(D))
has no zeros. Therefore, there is an injection O → JkO(D) and a dual surjection

(
JkO(D)

)⋆
⊗O(D) → O(D).

Now, we observe that JkO(D) has a filtration whose graded bundle is⊕
0≤p≤k S

pT ⋆X⊗O(D), so (JkO(D))⋆⊗O(D) has a dual filtration with graded bun-

dle
⊕

0≤p≤k S
pTX . By 1.14 (ii) and 1.15 (ii), we conclude that (JkO(D))⋆⊗O(D)

is nef, so its quotient O(D) is nef by 1.15 (i).

A combination of 3.6 and 3.7 leads to the following result.

Proposition 3.8. — Let X be a Kähler n-fold such that TX is nef. If X admits
a nef line bundle L such that c1(L)n 6= 0, then X is projective algebraic and L is
ample.

Proof. Let ω be a Kähler metric on X . Then for every ε > 0 there is a hermitian
metric hε on L such that Θhε

(L) ≥ −εω. We apply the holomorphic Morse
inequalities proved in [De85]: let X(hε, q) be the open set of points x ∈ X where
Θhε

(L) has q negative eigenvalues and n− q positive ones, and let X(hε,≤ q) be
the union of X(hε, j) for j ≤ q. On X(hε, q) we have

0 ≤
1

n!
(−1)qΘhε

(L)n ≤
1

q!(n− q)!
εqωq ∧ (Θhε

(L) + εω)
n−q

.

Indeed, 1
n!Θhε

(L)n/ωn is the product λ1 . . . λn of the eigenvalues of Θhε
(L), which

satisfy

−ε ≤ λ1 ≤ . . . ≤ λq < 0 < λq+1 ≤ . . . ≤ λn on X(hε, q).
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Our inequality then follows from the obvious bound

|λ1 . . . λn| ≤ εq (λq+1 + ε) . . . (λn + ε) .

By integration over X , we infer from this that
∣∣∣∣∣

∫

X(hε,≥2)

Θhε
(L)n

∣∣∣∣∣ ≤
n∑

q=2

n!

q!(n− q)!
εq{ω}q · (c1(L) + ε{ω})

n−q
= O(ε2).

Hence ∫

X(hε,≤1)

Θhε
(L)n = c1(L)n −

∫

X(hε,≥2)

Θhε
(L)n > 0

for ε > 0 small enough. By [De85], it follows that X is Moishezon and κ(L) = n,
and so X is projective algebraic thanks to Proposition 3.6. It remains to show
that L is ample. Let A be a very ample smooth divisor. The exact sequence

0 → H0(X,O(kL− A)) → H0(X,O(kL)) → H0(A,O(kL)|A)

shows that O(kL − A) has sections for k large: in fact since L is nef and big
we have h0(X,O(kL)) ≥ ckn, while h0(A,O(kL)|A) ≤ ckn−1. Hence there is an
effective divisor D such that O(kL) = O(A+D). Proposition 3.7 implies that D
is nef, therefore A+D and L are ample.

3.C. Structure of the Albanese map (Kähler case)

We now investigate the structure of the Albanese map when X is Kähler.
Let q = h1(X,OX) = h0(X,Ω1

X) be the irregularity of X and let u1, . . . , uq be a
basis of holomorphic 1-forms. Since X is Kähler, the forms uj are always closed.
The Albanese map is classically defined as follows: consider the map

X̃ → Cq, x 7→

( ∫ x

x0

uj

)

1≤j≤q

where X̃ is the universal covering of X and x0 ∈ X̃ a given point. Then the orbit
of x0 under π1(X) is mapped onto a lattice Λ ⊂ Cq (by Hodge theory). Therefore

the map X̃ → Cq factorizes into a map

α : X → A(X) := Cq/Λ,

which is precisely the Albanese map. By construction dα = (u1, . . . , uq) at every
point. The following fact was already remarked in [CP91].

Proposition 3.9. — Let X be a Kähler manifold with TX nef. Then the
Albanese map α is a submersion onto the Albanese torus A(X) and the relative
tangent bundle to α is nef. The fibres are connected and have nef tangent bundles.

Proof. If we had rank (dα(x)) < q at some point x ∈ X , there would exist a non
zero linear combination u = λ1u1 + . . . + λquq with u(x) = 0. Since TX is nef,
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u ∈ H0(X, T ⋆X) would contradict Prop. 1.16. Therefore α is a submersion. The
relative tangent bundle sequence

0 −→ TX/A(X) −→ TX
dα
−→α⋆TA(X) −→ 0

in which TA(X) is trivial shows by 1.15 (iii) that TX/A(X) is nef. This implies in
particular that the fibres have nef tangent bundles. If the fibres were not connected,
their connected components would give rise to a factorization α : X → Y → A(X)
where X → Y has connected fibres and Y → A(X) is a finite étale cover. Then
Y is a complex torus, so the universal property of the Albanese map gives a
factorization X → A(X) → Y where A(X) → Y is again étale. But then the
fibres of X → Y would not be connected, contradiction.

The crucial step in the proof of our structure theorem is contained in the
following proposition (we denote here by ck(X) = ck(TX) the Chern classes of X).

Proposition 3.10. — Let X be a Kähler manifold with TX nef. One of the two
following situations occurs:

(i) c1(X)n > 0.
Then X is a Fano manifold (that is, a projective algebraic manifold with
K−1
X ample) and χ(X,OX) = 1.

(ii) c1(X)n = 0.
Then χ(X,OX) = 0 and X admits a non trivial holomorphic p-form of odd

degree. Moreover, there is a finite étale cover X̃ of X such that

q(X̃) := h0(X,Ω1

X̃
) > 0.

Proof. Since c1(X) = c1(K
−1
X ) and K−1

X = ΛnTX is nef, we certainly have
c1(X)n ≥ 0.

(i) If c1(X)n > 0, Prop. 3.8 shows that X is projective algebraic and that K−1
X is

ample. Then the Kodaira vanishing theorem implies

Hq(X,OX) = Hq(X,KX ⊗K−1
X ) = 0 for q ≥ 1,

therefore χ(X,OX) = h0(X,OX) = 1.

(ii) If c1(X)n = c1(TX)n = 0, Corollary 2.7 implies that all Chern polynomials
P (c1(X), . . . , cn(X)) of degree 2n vanish. Hence the Hirzebruch-Riemann-Roch
formula

χ(X,OX) =

∫

X

ch(OX) · Todd(TX)

shows that χ(X,OX) =
∑

(−1)php(X,OX) = 0. Since h0(X,OX) = 1, it follows
necessarily that h0(X,ΩpX) = hp(X,OX) ≥ 1 for some odd degree p.

Let u ∈ H0(X,ΩpX) be a non zero p-form. We consider the contraction
morphism

Λp−1TX
S

−→Ω1
X , S(v) = v u.
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We claim that S has constant rank (as a bundle morphism). In fact, if r is the
generic rank of S, then

ΛrS : Λr
(
Λp−1TX

)
→ ΩrX

can be seen as a non zero holomorphic section of(
Λr(Λp−1TX) ⊗ ΛrTX

)⋆
,

and Λr(Λp−1TX) ⊗ ΛrTX is nef by Prop. 1.14. Therefore ΛrS has no zeros and
so the rank of S is equal to r at every point (note that r > 0 since u 6= 0).
Now E = ImS is a rank r subbundle of Ω1

X which is a quotient of Λp−1TX . By
Prop. 1.14 (ii) and 1.15 (i) we conclude that E is nef; since E⋆ is a quotient of
(Ω1

X)⋆ = TX , we also infer that E⋆ is nef.

Finally, Th. 1.18 implies that E admits a hermitian flat subbundle E1 of
positive rank r1 ≤ r, given by some unitary representation ρ : π1(X) → U(r1).
We would like E1 to have a finite monodromy group G := ρ(π1(X)), so that

the pull-back of E1 by some finite étale cover π : X̃ → X gives rise to a trivial
subbundle π⋆E1 ⊂ π⋆Ω1

X = Ω1

X̃
. A well-known theorem of Tits [Ti72] asserts that

every subgroup G of a linear group either contains a non abelian free subgroup
or a solvable subgroup of finite index. The first case of Tits’ alternative is not
possible here: in fact, Th. 1.1 of [DPS92] shows, since K−1

X is nef, that π1(X) has
subexponential growth and cannot contain a non abelian free subgroup. Therefore
G contains a solvable subgroup Γ of finite index. Let

Γ = Γ0 ⊃ Γ1 ⊃ . . . ⊃ ΓN = {1}

be the series of derived subgroups Γi+1 = [Γi,Γi]. If G is finite, we have already

seen that there is a trivial finite étale pull-back π⋆E1 ⊂ Ω1

X̃
and so H0(X̃,Ω1

X̃
) 6= 0.

Otherwise G and Γ are infinite. Let i be the smallest index such that Γi/Γi+1

is infinite. Then G/Γ, Γ/Γ1, . . . ,Γi−1/Γi are finite, and so is G/Γi. Therefore

Πi = ρ−1(Γi) is of finite index in π1(X) and gives rise to a finite étale cover X̃ → X

with π1(X̃) = Πi. The representation ρ induces a surjective homomorphism

H1(X̃,ZZ) = Πi/[Πi,Πi] −→ Γi/[Γi,Γi] = Γi/Γi+1.

Hence H1(X̃,ZZ) is infinite, X̃ has non zero first Betti number b1 and

h0(X̃,Ω1

X̃
) = 1

2
b1 > 0,

as desired.

Remark 3.11. — Example 3.3 shows that H0(X,Ω1
X) is not necessarily different

from 0 in the second case (ii) of Prop. 3.10. In this example, it is easily verified
that

h0(X,OX) = 1, h0(X,Ω1
X) = h0(X,Ω2

X) = 0, h0(X,Ω3
X) = 1.

The proof of the structure theorem proceeds by induction on the dimension.
In the induction step, we need to compute the irregularity of the fibres of the
Albanese map. For convenience, we introduce the notations

q(X) = h1(X,OX), q̃(X) = sup q(X̃)

27



where the supremum is taken over all finite étale covers X̃ → X . The following
topological result generalizes and makes more precise Prop. 2.8 of [CP91].

Proposition 3.12. — LetX, Y be compact Kähler manifolds and let g : X → Y
be a smooth fibration with connected fibres. If F denotes any fibre of g, then

(i) q(X) ≤ q(Y ) + q(F ),

(ii) q̃(X) ≤ q̃(Y ) + q̃(F ).

(ii) Suppose that Y is a complex torus and that the fibres F have the following
properties: π1(F ) contains an abelian subgroup of finite index, and for every

finite étale cover F̃ of F the Albanese map F̃ → A(F̃ ) has constant rank.
Then

q̃(X) = q̃(Y ) + q̃(F ).

Proof. (i) The Leray spectral sequence of the constant sheaf IRX over X satisfies

Es,t2 = Hs(Y,Rtg⋆IRX),

Es,tr ⇒ Hs+t(X, IR).

Since the fibres of g are connected and since g is differentiably a locally trivial
fibre bundle, we have R0g⋆IRX = IRY , while R1g⋆IRX is a locally constant real
vector bundle of rank 2q, q = q(F ), containing R1g⋆ZZX as a lattice; in particular
the monodromy group is contained in SL2q(ZZ). Therefore

dimH0(Y,R1g⋆IRX) ≤ 2q(F ),

the equality occuring if and only if the locally constant system R1g⋆ZZX is trivial,
i.e. π1(X) acts trivially onH1(F,ZZ) by monodromy. We know by Blanchard [Bl56]
that the Leray spectral sequence always degenerates in E2 for Kähler fibrations.
Hence

2q(X) = dimH1(X, IR)

= dimH1(Y, IR) + dimH0(Y,R1g⋆IRX)

≤ 2q(Y ) + 2q(F ),

with equality if and only if π1(X) → Aut(H1(F,ZZ)) is trivial.

(ii) The homotopy exact sequence of the fibration yields

π2(Y ) → π1(F ) → π1(X) → π1(Y ) → 1.

Any finite étale cover X̃ of X corresponds to a subgroup π1(X̃) ⊂ π1(X) of finite

index. If we take the image of π1(X̃) in π1(Y ) and its inverse image in π1(F ),

we obtain subgroups of finite indices, corresponding to étale covers Ỹ and F̃ .
Moreover π2(Y ) = π2(Ỹ ) is mapped onto the kernel of π1(F̃ ) → π1(X̃), so we get

a smooth fibration X̃ → Ỹ with fibre F̃ . By (i) this implies

q(X̃) ≤ q(Ỹ ) + q(F̃ ) ≤ q̃(Y ) + q̃(F ).

Inequality (ii) follows by taking the supremum over all X̃.
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(iii) Since π1(F ) is finitely generated, the additional hypotheses in (iii) imply that
π1(F ) contains a free finitely generated abelian subgroup Λ of finite index. Take a

finite étale cover F̃ of F with π1(F̃ ) = Λ, so that q(F̃ ) = 1
2

rank Λ = q̃(F ). It is easy
to see that Λ has only finitely many conjugates by Aut(π1(F )): if ϕ ∈ Aut(π1(F ))
and N = [π1(F ) : Λ], then Λ∩ϕ(Λ) has index at most [π1(F ) : ϕ(Λ)] = N in Λ, so
Λ∩ϕ(Λ) ⊃ NΛ. Therefore Λ′ =

⋂
ϕ∈Aut(π1(F )) ϕ(Λ) is such thatNΛ ⊂ Λ′ ⊂ Λ, has

finite index in π1(F ) and is left invariant by the monodromy π1(Y ) → Aut(π1(F )).
This gives rise to a semidirect product G′ = Λ′ ⊲<π1(Y ) and to a commutative
diagram

0 −→ Λ′ −→ G′ −→ π1(Y ) −→ 0

↓
∩

↓
∩

↓=
0 −→ π1(F ) −→ π1(X) −→ π1(Y ) −→ 0

where the injections have finite index (note that π2(Y ) = 0). The upper row

corresponds to a Kähler fibration X ′ → Y whose fibre F ′ covers F̃ . We check
below in Steps (iv-vii) that the monodromy action

π1(Y ) → Aut(H1(F ′,ZZ)) ≃ Aut(Λ′⋆)

has a finite image, and therefore there is a subgroup H̃ ⊂ π1(Y ) of finite index

which has trivial action. We set G̃ = Λ′ ⊲< H̃ ⊂ G′ and obtain in this way a
fibration X̃ → Ỹ with fibre F̃ = F ′, such that the monodromy is trivial. This
implies

q̃(X) ≥ q(X̃) = q(Ỹ ) + q(F̃ ) = q̃(Y ) + q̃(F )

as desired.

(iv) It is sufficient to show, under the hypotheses of (iii) and after changing
(X, Y, F ) into (X ′, Y, F ′), that

π1(Y ) → Aut(H1(F,ZZ))

has a finite image, i.e. that the monodromy group of R1g⋆IRX is finite. For this,
we define a euclidean structure on R1g⋆IRX as follows: if u, v are local sections
of R1g⋆IRX near a point y ∈ Y corresponding to classes u, v ∈ H1(Fy, IR), Hodge
theory shows that one can write u = Re(u′), v = Re(v′) for some uniquely defined
holomorphic 1-forms u′, v′ on Fy. Then we set

〈u, v〉y = Re

∫

Fy

iu′ ∧ v′ ∧ ωp−1, p = dimFy,

where ω is a Kähler metric on X . If the euclidean structure can be proved to be
locally flat, then the monodromy group is contained in SL2q(ZZ)∩O2q(〈 , 〉) which
is a finite group.

(v) Consider the relative Albanese factorization

X → A(X/Y ) → Y

of the fibration: A(X/Y ) is a smooth torus fibration over Y whose fibres are the
Albanese tori of the fibres Fy; the existence of such a relative Albanese map is
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proved in [Fj83] and [Cm85] in a much more general context, but is very easy
to check here since everything is smooth. We prove later that A(X/Y ) → Y
is a holomorphically locally trivial torus bundle over Y . Then if U is a small
neighborhood of a point y ∈ Y and g−1(U) its inverse image in X , there are well
defined holomorphic maps

g−1(U) → A(g−1(U)/U) ≃ A(Fy) × U
pr2
−→A(Fy)

over U . This shows that every holomorphic 1-form on Fy can be extended to a d-
closed holomorphic 1-form on g−1(U). Therefore in the above definition of 〈u, v〉y
we may suppose that u′, v′ are d-closed holomorphic 1-forms on g−1(U). Stokes’
formula then shows that 〈u, v〉y does not depend on y ∈ U , as desired.

(vi) We first check that the total space A(X/Y ) is Kähler. In fact, for every fibre
F the image α(F ) in the Albanese torus A(F ) is by assumption a submanifold S of
A(F ). The tangent spaces TxS at various points x ∈ S generate the vector space
TA(F ), otherwise S would be contained in a subtorus of A(F ) (this is of course
impossible by the universal property of the Albanese map). Therefore there is an
integer N such that the map

FN −→ A(F )

(x1, . . . , xN ) 7−→ α(X1) +

N∑

j=2

(α(xj) − α(x1))

is a submersion. Doing this fibre by fibre and using the compactness of Y , we find
a N -th power fibered product of X over Y and a submersion

X ×Y X ×Y . . .×Y X → A(X/Y ).

The fibered product is a closed submanifold of XN , thus Kähler, and therefore its
submersive image A(X/Y ) is Kähler by pushing forward an appropriate power ωp

of a Kähler metric.

(vii) By (vi), the local triviality of A(X/Y ) → Y is a consequence of the fact that
any smooth Kähler fibration T → C by complex tori is trivial (join any two points
of Y by a line and take the pull-back of A(X/Y ) → Y to the line). In fact any such
fibration T → C is given by a map from C to the Siegel domain D parametrizing
the moduli space of complex tori which are polarized by a Kähler form ω with
given periods. It is known by general results of Griffiths and Schmid (see [GS69],
Cor.9.4) that there are no non constant holomorphic maps C → D. In our case the
argument is so simple that we can explain briefly the details. Let C ∋ z 7→ P (z)
be the n×2n holomorphic matrix representing a lattice basis corresponding to the
torus Tz. If H(z) is the positive hermitian matrix representing the Kähler class
ω|Tz

, the periods of ω are given by

Im
(
tPHP

)
= Q

where Q is a real symplectic 2n × 2n matrix with constant coefficients. Let U
be an invertible real 2n × 2n matrix such that tUQU is the standard symplectic
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matrix and set PU = (AB) where A,B are holomorphic n× n matrices. We may
assume (possibly after changing U) that A(z) is generically invertible, and thus
that A(z) = I by changing the basis of Cn via A(z)−1. We then get a meromorphic
matrix B on C such that

Im

(
I
tB

)
H(IB) = tUQU =

(
0 I
−I 0

)
,

i.e. tB = B and ImB = H−1 positive definite. The second condition clearly
implies thatB must be constant by Liouville’s theorem, therefore the lattice matrix
P is constant.

Remark 3.13. — A careful examination of the proof shows that the equality
q̃(X) = q̃(Y ) + q̃(F ) holds under the following much more general hypotheses:

(iii’) X, Y are Kähler, the boundary map π2(Y ) → π1(F ) is zero, π1(F ) contains
an abelian (or polycyclic) subgroup of finite index and Y contains a subvariety S

with π1(S) ≃ π1(Y ), such that any two generic points in the universal covering Ŝ

can be joined through a chain of holomorphic images C → Ŝ.

The proof of Prop. 3.12 actually shows that the monodromy group of π1(Y )
in Aut(H1(F,ZZ)) is finite and that the relative Albanese fibration A(X/Y ) → Y
is locally trivial over S.

The constant rank assumption made in (iii) is not necessary because we
always get in (vi) a surjective map X ×Y . . . ×Y X → A(X/Y ), in particular
A(X/Y ) always admits a Kähler current with poles. This shows that the
polarization used in (vii) exists for almost all fibres Tz of the relative Albanese

space A(X/Y ), after pulling back everything to C by C → Ŝ → S → Y .

We are now ready to prove our main theorem on the structure of the Albanese
map.

Theorem 3.14. — LetX be a compact Kähler manifold with nef tangent bundle
TX . Let X̃ be a finite étale cover of maximum irregularity q = q(X̃) = q̃(X). Then

(i) π1(X̃) ≃ ZZ
2q.

(ii) The Albanese map α : X̃ → A(X̃) is a smooth fibration over a q-dimensional
torus with nef relative tangent bundle.

(iii) The fibres F of α are Fano manifolds with nef tangent bundles (i.e. K−1
F is

ample and TF is nef).

Corollary 3.15. — As an abstract group, the fundamental group π1(X) is an
extension of a finite group by ZZ

2q.

Proof. We prove 3.14 and 3.15 simultaneously by induction on n = dimX . Suppose
that the result is known in dimension < n. Then X̃ → A(X̃) satisfies 3.14 (ii) by
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Prop. 3.9. In particular the fibres F have nef tangent bundle, and the induction
hypothesis for 3.15 implies that π1(F ) contains an abelian subgroup of finite
index. We can now apply Prop. 3.12 (iii) to conclude that q̃(F ) = 0. Hence
the alternative 3.10 (ii) cannot occur for F and so F is a Fano manifold. Property
3.14 (iii) is thus proved. Finally it is well known [Ko61] that Fano manifolds
are simply connected. The homotopy exact sequence of the Albanese fibration
shows that π1(X̃) ≃ π1(A(X̃)) ≃ ZZ

2q. There is a composition of finite étale

covers
˜̃
X → X̃ → X such that

˜̃
X is a Galois cover of X (take π1(

˜̃
X) to be the

normal subgroup of finite index in π1(X) obtained by taking the intersection of

all conjugates of π1(X̃)). Again π1(
˜̃
X) ≃ ZZ

2q as a subgroup of finite index in
π1(X) ≃ ZZ

2q, and 3.15 follows.

Remark 3.16. — In order to complete the classification of Kähler manifolds with
nef tangent bundles, it would remain essentially to understand the case when X is
a Fano manifold. This case is by far the most difficult. It is conjectured in [CP91]
that every Fano manifold with nef tangent bundle is rational homogeneous.

3.D. Numerical flatness of the Albanese map

In this subsection, we want to analyze more precisely how the fibres of the
Albanese map can vary over the base torus. The Albanese map appears in fact to
be extremely rigid. We will show, at least when X is projective, that the fibres
can be embedded “in a numerically flat way” in a projectivized numerically flat
vector bundle over the Albanese torus. We start with the special case of projective
bundles.

Example 3.17. — Let E be a holomorphic vector bundle of rank r over a complex
torus Y and let X = IP(E). Then the natural projection α : X → Y coincides
with the Albanese map. The relative and Euler exact sequences for the tangent
bundles give

0 −→ TX/Y −→ TX −→ α⋆TY −→ 0,

0 −→ OX −→ α⋆E⋆ ⊗OE(1) −→ TX/Y −→ 0.

By Prop.1.15 it follows immediately from this that X = IP(E) has a nef tangent
bundle as soon as E is numerically flat. This is true more generally if E
is projectively flat in the sense that E ⊗ (detE)−1/r is numerically flat (i.e.
G := SrE ⊗ (detE)−1 is numerically flat). To see this, observe that

Sr (α⋆E⋆ ⊗OE(1)) = α⋆SrE⋆ ⊗OE(r)

= α⋆G⋆ ⊗OE(r) ⊗ α⋆(detE)−1

and that OE(r) ⊗ α⋆(detE)−1 is a quotient of α⋆G; hence α⋆E⋆ ⊗ OE(1) is nef
by 1.14 (iii). The converse is also true and was proved in [CP91] in the algebraic
case:
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Proposition 3.18. — Let E be a holomorphic vector bundle of rank r over a
torus. Then TIP(E) is nef if and only if E ⊗ (detE)−1/r is numerically flat.

Proof. If TIP(E) is nef, the above exact sequences imply that α⋆E⋆ ⊗OE(1) is nef
(note that TY is trivial). In particular

det (α⋆E⋆ ⊗OE(1))
1

r = (α⋆(detE)⋆ ⊗OE(r))
1

r = OE⊗(detE)−1/r(1)

is nef over IP(E). Theorem 1.12 then shows that E ⊗ (detE)−1/r is nef (this
formal tensor product is not really a vector bundle over Y but the proof of 1.12
together with 1.14 (ii) implies that SrE⊗(detE)−1 is nef). Since SrE⊗(detE)−1

has trivial determinant, we conclude that SrE ⊗ (detE)−1 is numerically flat.

We now suppose for the rest of this subsection that X is projective. It is
then easy to show that the numerical dimension ν(K−1

X ) coincides with the fibre

dimension of the Albanese map of X̃ (if L is a nef line bundle, ν(L) is by definition
the largest integer m such that c1(L)m 6= 0).

Proposition 3.19. — Let X be a projective manifold with nef tangent bundle.
Then

ν(K−1
X ) = dimX − q̃(X).

Proof. Replacing X with a suitable finite étale covering, we can suppose that
q(X) = q̃(X) = q. Set n = dimX and let α : X → A(X) be the Albanese map.
Since α is surjective and the fibres are Fano manifolds, we have c1(X)n−q 6= 0,
hence m := ν(−KX) ≥ n − q. Assume that m > n − q. This implies
c1(X)n−q+1 6= 0. Hence the Kawamata-Viehweg vanishing theorem [Ka82, Vi82]
applied to K−1

X gives

Hi(X,OX) = 0 for i ≥ q .

Since q = dimA(X) we have H0(X,ΩqX) 6= 0, contradicting Hq(X,OX) = 0.

We now suppose that X is a projective manifold with TX nef and such that
q(X) = q̃(X). Then K−1

X is relatively ample along the fibres of α : X −→ A(X)
since the fibres are Fano varieties. The Kodaira vanishing theorem implies that
Rqα⋆(K

−m
X ) = 0 for all m, q ≥ 1. Therefore α⋆(K

−m
X ) is a locally free sheaf,

which we can identify with a vector bundle Em over A(X). For m ≥ m0 large,
each fibre F has a very ample pluricanonical line bundle K−m

F and we thus get
a pluricanonical embedding of F into IP

(
H0(F,K−m

F )
)
. By compactness of the

base, the integer m0 can be chosen independent of F . In this way we obtain a
relative embedding over A(X) :

X
j

−֒−−→ IP(Em)

αց ւ π

A(X)
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for all m ≥ m0. Set

Vm,p = π⋆
(
IX ⊗OIP(Em)(p)

)
⊂ π⋆

(
OIP(Em)(p)

)
= O(SpEm).

For p ≥ p0(m) large enough, the relative sections of IX ⊗OIP(Em)(p) define X in
the fibres of IP(Em) as a transversal intersection of hypersurfaces of degree p, and
we have Rqπ⋆

(
IX ⊗OIP(Em)(p)

)
= 0 for all q ≥ 1. In particular Vm,p is a locally

free subsheaf of O(SpEm).

Theorem 3.20. — With the above notations and hypotheses, the locally free
sheaves Em = α⋆(K

−m
X ) and Vm,p = π⋆

(
IX ⊗OIP(Em)(p)

)
are numerically flat.

We first need some general results about the nefness of direct images of nef
line bundles by smooth morphisms.

Lemma 3.21. — Let ϕ : X −→ Y be a smooth morphism of projective manifolds
and let L be a nef and relatively ample line bundle on X .

(i) Let G be a very ample line bundle over Y and let m = dimY . Then

ϕ⋆(KX/Y ⊗ L) ⊗KY ⊗Gm+1

is generated by sections.

(ii) Suppose that Y has the following property: there exists a holomorphic self-
map θ : Y → Y and an ample line bundle H over Y such that θ⋆H ⊗H−2 is
nef. Then ϕ⋆(KX/Y ⊗ L) is nef over Y .

Proof. First observe that the sheaf ϕ⋆(KX/Y ⊗ L) is locally free, because we have
Rqϕ⋆(KX/Y ⊗ L) = 0 for q ≥ 1 by the Kodaira vanishing theorem.

(i) The assertion means that every section σ of

KX/Y ⊗ L⊗ ϕ⋆(KY ⊗Gm+1) = KX ⊗ L⊗ ϕ⋆(Gm+1)

along a fibre F = ϕ−1(x0) can be extended to all of X . Let µ : X̃ → X (resp.

ν : Ỹ → Y ) be the blow-up of X with center F (resp. of Y at x0) and let D ⊂ X̃

(resp. E ⊂ Ỹ ) be the exceptional divisor. Then there is a map ϕ̃ : X̃ → Ỹ
extending ϕ to the blow-ups, i.e. such that ν ◦ ϕ̃ = ϕ ◦ µ, and we have D = ϕ̃⋆E,
K
X̃

= µ⋆KX ⊗O((m− 1)D). Now,

B := µ⋆
(
L⊗ ϕ⋆(Gm+1)

)
⊗O(−mD)

is easily seen to be ample on X̃ ; indeed µ⋆L is nef and ϕ̃-ample, while
µ⋆ϕ⋆(Gm+1) ⊗ O(−mD) is the pull-back by ϕ̃ of ν⋆(Gm+1) ⊗ O(−mE) which

is ample on Ỹ (note that ν⋆Gp ⊗ O(−E) is ample for p large and generated by
sections for p = 1 thanks to the very ampleness of G, and make an interpolation).
By the Kodaira vanishing theorem and the Leray spectral sequence we get

0 = H1(X̃,K
X̃
⊗B) = H1

(
X̃, µ⋆(KX ⊗ L⊗ ϕ⋆(Gm+1)) ⊗O(−D)

)

= H1
(
X,KX ⊗ L⊗ ϕ⋆(Gm+1) ⊗ IF

)
.
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This implies the desired extension property.

(ii) By replacing if necessary H by some power, we may assume that

H ⊗ (KY ⊗Gm+1)−1

is nef. Then (i) implies that ϕ⋆(KX/Y ⊗ L) ⊗ H is nef. Observe that the line
bundles G and H can be chosen independent of X , L and ϕ. Let Xp be the
fibered product X ϕ×θp Y , so that we have a commutative diagram

Xp

Θp
−→ X

ϕp
y yϕ

Y
θp
−→ Y

Set Lp = Θ⋆
pL. An obvious base change yields

(θp)⋆
(
ϕ⋆(KX/Y ⊗ L)

)
= (ϕp)⋆

(
KXp/Y ⊗ Lp

)
.

By (i) applied to ϕp : Xp → Y , we infer that (θp)⋆
(
ϕ⋆(KX/Y ⊗ L)

)
⊗ H is nef.

The assumption on θ implies (θp)⋆H ≥ H2p

, hence

(θp)⋆
(
ϕ⋆(KX/Y ⊗ L) ⊗H−2p)

is nef, and therefore so is
(
ϕ⋆(KX/Y ⊗L)

)
⊗H−2p

by Proposition 1.10. Since this
result holds for arbitrarily large p, we conclude that ϕ⋆(KX/Y ⊗ L) is nef (one

can avoid fractional powers by taking symmetric powers S2p

(•) ; note also that the
equidimensionality of the fibres of the base change is not needed in the projective
case; we will anyway only use the equidimensional case later).

Proof of Theorem 3.20. The existence of a self-map θ : Y → Y as in
Lemma 3.21 (ii) is clear when Y is a torus (take θ to be the isogeny θ(x) = 2x)
or when Y is a projective space IPN (take θ[z0, . . . , zN ] = [z2

0 , . . . , z
2
N ]). Since

K−1
X = K−1

X/A(X) is nef and relatively ample, Lemma 3.21 (ii) shows that

Em = α⋆(K
−m
X ) = α⋆(K

−m
X/A(X))

is a nef vector bundle. Now, since Rqα⋆(K
−m
X ) = 0 for q ≥ 1, the Riemann-Roch-

Grothendieck formula yields (see [BS58]):

Ch(Em) = α⋆
(
Ch(K−1

X ) · Todd(TX/A(X)

)
.

In particular, we see that c1(Em) is the direct image (integration along the fibres)
of a polynomial of degree dimF+1 in the Chern classes ofX . All these polynomials
must vanish by Proposition 3.19 and Corollary 2.6. Therefore c1(Em) = 0 ; the
nefness of Em then shows that Em is numerically flat. Now, take the tensor
product of the exact sequence

0 −→ IX −→ OIP(Em) −→ j⋆OX −→ 0

by OIP(Em)(p) and compute the direct image by π. We have by construction

j⋆OIP(Em)(1) = K−m
X and so

π⋆
(
j⋆OX ⊗OIP(Em)(p)

)
= α⋆(K

−mp
X ) = Emp.
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This gives rise to an exact sequence

0 −→ Vm,p −→ SpEm −→ Emp −→ 0,

and we conclude that Vm,p is numerically flat by Proposition 1.15.

Remark 3.22. — We expect Proposition 3.19 and Theorem 3.20 to be true also
in the Kähler case. This would require a Kähler version of the Kawamata-Viehweg
vanishing theorem, at least in our special situation. The rest of the proof would be
almost unchanged, except that we would have to replace very ample line bundles
in the proof of Lemma 3.21 by high multiples of a Kähler form on Y (and invoke
the results of [De91] on the almost generation of nef vector bundles over arbitrary
compact complex manifolds).

4. Moishezon manifolds with nef tangent bundles

In this section we show in a purely algebraic way that Moishezon manifolds
with nef tangent bundles are projective. This is just the algebraic part of 3.6.
Moreover we give another proof that any compact Kähler n-fold X with TX nef
and Kn

X 6= 0 is automatically projective and even Fano.

Theorem 4.1. — Let X be a Moishezon manifold with TX nef. Then X is
projective.

Proof. Let π : X̂ → X be a sequence of blow-up’s such that X̂ is a projective
manifold. Let L̂ be very ample on X̂ and put L = π⋆(L̂)⋆⋆. Since H0(X,L) 6= 0
and since every effective divisor on X is nef by [CP91] or by 3.7, L is nef. Since
κ(X,L) = dimX , L is also big. As K−1

X is nef, we deduce nefness of L ⊗ KX ,
hence by the base point free theorem, Lm is generated by sections for some m≫ 0
(the base point free theorem also holds for Moishezon manifolds by exactly the
same proof, see e.g. [KMM85]). We obtain a morphism φ : X → Y to a normal
projective variety Y and it is sufficient to prove that φ is an isomorphism. Assume
the contrary and let E be the degeneracy set (L being big, φ is a modification). By
substituting Y by local hypersurface sections, we may assume that E is mapped
to a point y0, i.e. E is exceptional. Thus we substitute X by a lower-dimensional
manifold containing E whose tangent bundle is still nef (near E). Now we equip
E with a complex structure whose conormal sheaf N⋆

E/X is (weakly) positive, i.e.

OIP(N⋆
E/X

)(1) is ample ([An82], [Pe82]). We find some m ∈ IN (the ”minimal

vanishing order”) and a canonical generically non zero map

α : N⋆
E/X| red E → SmΩ1

X| red E ,

by associating to a function the homogeneous part of degree m in the power series
expansion. Now we take a general curve C ⊂ red E, which may be assumed to be
smooth (otherwise normalize). Let S = N⋆

E/X|C/torsion. Then αC : S → SmΩ1
X|C
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is non zero. Since IP(S) ⊂ IP(N⋆
E/X|C) and since

OIP(S)(1) ≃ OIP(N⋆
E/X|C

)(1)
|IP(S)

,

S is positive, i.e. ample. But this contradicts the nefness of TX (for this consider
detS → ΛrSmΩ1

X|C , r = rk(S)).

We will use 4.1 to prove

Theorem 4.2. — Let X be a compact Kähler manifold of dimension n. Assume
that TX is nef and that Kn

X 6= 0. Then X is Fano, in particular projective.

Proof. Since K−1
X is nef and (K−1

X )n > 0 by our assumption, it follows from [De85]
that X must be Moishezon, compare the proof of 3.8. By 4.1, X is projective. By
the base point free theorem K−m

X is generated by sections for some m ≫ 0. Let
ϕ : X → Y be the map defined by |K−m

X |. ϕ is birational, and if K−1
X is not ample,

ϕ is not finite. Since K−1
X is ϕ-nef, we can apply [Ka91, appendix] to produce a

rational curve C contracted by ϕ. TX being nef, C deforms to fill up X ,which
gives a contradiction since KX ·C′ = 0 if and only if C′ is contracted by ϕ. Hence
K−1
X is ample, i.e. X is Fano.

5. Two structure Theorems

In this section we prove two general theorems on the structure of projective
manifolds with nef tangent bundles. In particular we prove a criterion when X is
Fano.

Proposition 5.1. — Let X be a complex manifold, Y a reduced locally irre-
ducible complex space and ϕ : X → Y a holomorphic surjective map. Assume
dimY < dimX and TX to be ϕ-nef, i.e. TX is nef on every curve contracted
by ϕ. Assume for a fixed y0 ∈ Y that every component of ϕ−1(y0) of dimen-
sion dimϕ−1(y0) is compact. Let F ⊂ ϕ−1(y0) be such a component of maximal
dimension (with the canonical structure). Then:

(i) red F is smooth.

(ii) N⋆
red F/X is topologically trivial up to tensoring with a torsion line bundle.

(iii) N⋆
red F/X is numerically flat.

Proof. We let F ′ = ϕ−1(y0) be equipped with the canonical fibre structure. Let
F0 = red F . We prove the proposition by induction on n = dimX . For n = 1 we
have nothing to prove. So assume 5.1 to be proved for dimX < n.

1. First case: dimF = dimF ′ ≤ n− 2.
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Take fy0 ∈ OY,y0 general with f(y0) = 0. Then {f = 0} will be a locally
irreducible reduced hypersurface in Y (possibly shrink Y ). Let Y1 = {f = 0}

and X1 = {ϕ⋆(f) = 0}, with reduced structure. Let X̃1 ⊂ X be the analytic
preimage of Y1, i.e. defined ideal-theoretically by ϕ⋆(f). F is (set-theoretically)
still contained in X1 since dimF ≤ n− 2. Then the conormal sheaf satisfies

N⋆

X̃1/X|F0

≃ OF0
.

Since X̃1 = kX1 as divisors on X , we conclude

N⋆k
X1/X|F0

≃ OF0
.

So N⋆
X1/X|F0

is a torsion line bundle. Now consider the exact sequence

0 → N⋆
X1/X|F0

α
→Ω1

X|F0
→ Ω1

X1|F0
→ 0.

Since TX is nef, α must have constant rank, otherwise SkΩ1
X|F0

would have a

section with zeros which is impossible by [CP91, 2.12] or by 1.16. Hence Ω1
X1|F0

is locally free, consequently X1 must be smooth near F0. By shrinking we may
assume X1 to be smooth everywhere. By induction we conclude smoothness of F0.
Moreover the exact sequence

0 → N⋆
X1/X|F0

→ N⋆
F0/X

→ N⋆
F0/X1

→ 0

together with induction proves that N⋆
F0/X

is topologically trivial up to tensoring
with a torsion line bundle. Since NF0/X is nef as a quotient of TX|F0

and detNF0/X

is topological trivial we conclude that NF0/X is numerically flat.

2. Second case: dimF = n− 1.

In this case we even don’t need induction. Since F ′ carries the full fibre
structure N⋆

F ′/X is generated by global sections. Choose k maximal, such that the

k-th infinitesimal neighborhood F0,k is contained in F ′. Let

β : N⋆
F ′/X|F0

→ N⋆
F0,k/X|F0

= N⋆k
F0/X

be the canonical map. Then we conclude the existence of s ∈ H0(N⋆
F ′/X), such

that β(s) 6= 0. Now consider the exact sequence

0 → N⋆
F0/X

→ Ω1
X|F0

→ Ω1
F0

→ 0.

Since TX|F0
is nef, β(s) cannot have zeros (pass to Sk). So N⋆k

F0/X
≃ OF0

and
moreover F0 is smooth.

Theorem 5.2. — Let X be a projective manifold with TX nef, let ϕ : X → Y
be the contraction of an extremal ray ([Mo82], [KMM85]). Then Y and ϕ are
smooth.

Proof. Of course we may assume dimY > 0, moreover by [CP91] we know that ϕ
cannot be a modification, hence dimY < dimX . We let F ′ = ϕ−1(y) be a fibre of
ϕ equipped with the full fibre structure. It is sufficient to prove that F ′ is smooth
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with dimF ′ = dimX − dimY . This follows easily from [Fi76, p.100] since by our
assumption Ω1

X/Y is locally free of rank = dimX − dimY . So let F ⊂ F ′ be a

component of maximal dimension in F ′, with induced structure. By 5.1, red F
is smooth and N⋆

red F/X is topologically trivial up to tensoring with a torsion line

bundle. So detN⋆ ≡ 0 (numerically). By the adjunction formula and the fact that
−KX is ϕ-ample (ϕ being a Mori contraction), Kred F is negative, i.e. F0 = red F
is Fano. By 5.1 N⋆

F0/X
is nef as well as its dual. By 1.18, N⋆

F0/X
has a filtration

by hermitian flat quotient vector bundles. F0 being simply connected, all these
are trivial, hence N⋆

F0/X
is trivial. Now NF0/X is generated by sections and

H1(NF0/X) = 0,

so the deformations of F0 fill up X [Gr66]. Since dimϕ(F0) = 0, all deformations
F0,t fulfill

dimϕ(F0,t) = 0

as well (consider (F0,t · ϕ
⋆(Lk)), L ample on Y ). Hence dimF0 = dimX − dimY

and moreover F = F0 as complex spaces. So F is smooth.

Remark 5.3. — Instead of assuming ϕ to be a contraction of an extremal ray in
5.2, it is sufficient to assume:

(i) X to be a compact manifold,

(ii) Y to be a normal compact complex space which is a subspace of a Kähler
manifold.

(iii) KX to be negative on every fibre of ϕ, ϕ⋆(OX) = OY .

We now prove 3.10 in the algebraic case.

Theorem 5.4. — Let X be a projective manifold with TX nef. Assume
c1(X)n = 0 with n = dimX . Then q̃(X) > 0.

Proof. We proceed by induction on n. For n = 1 we have nothing to show. Now
let X be of dimension n. If KX ≡ 0 we are done since X is covered by an
abelian variety. So assume KX not to be nef. Then there is a contraction of
an extremal ray, say ϕ : X → Y . Y cannot be a point, because then X would
be Fano. So by 5.1 Y and ϕ are smooth and 0 < dimY < n. Thus TY is nef
again. Let m = dimY . If c1(Y )m 6= 0 then Y is Fano by 4.2, hence χ(OY ) = 1,
hence χ(OX) = 1 contradicting c1(X)n = 0 (which implies χ(OX) = 0 by 2.7 and
Riemann-Roch). So c1(Y )m = 0. Then q̃(Y ) > 0 by induction, hence q̃(X) > 0.

Corollary 5.5. — Let X be a projective manifold with TX nef. Then X is
Fano if and only if q̃(X) = 0, respectively if and only if c1(X)n 6= 0 (n = dimX).
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6. Surfaces with nef tangent bundles

In this section we give a classification of all (non necessarily Kähler) surfaces
whose tangent bundles are nef. In the algebraic case this has been carried out
in [CP91]:

Theorem 6.1. — Let X be a smooth projective surface and assume TX to be
nef. Then X is minimal and is exactly one of the surfaces in the following list:

(1) X is abelian ;

(2) X is hyperelliptic ;

(3) X = IP2 ;

(4) X = IP1 × IP1 ;

(5) X = IP(E), where E is a rank 2-vector bundle on an elliptic curve C with
either

(a) E = O ⊕ L, L ∈ Pic0(C), or

(b) E is given by a non split extension 0 → O → E → L → 0 with L = O
or degL = 1.

In the non algebraic case the classification is as follows:

Theorem 6.2. — Let X be a smooth non algebraic compact surface with TX
nef. Then X is minimal and is exactly one of the surfaces in the following list:

(1) X is a torus ;

(2) X is a Kodaira surface ;

(3) X is a Hopf surface.

For the convenience of the reader we recall the Kodaira classification of non
algebraic surfaces, cf. [BPV84] or Kodaira’s original papers. Let X be a minimal
non algebraic surface. Then the algebraic dimension a(X) is either one or zero.

If a(X) = 1, then either

(a) κ(X) = 1 and X is elliptic or

(b) κ(X) = 0 and X is a torus or a K3-surface or a Kodaira surface or

(c) κ(X) = −∞ and X is a Hopf surface.

If a(X) = 0, then either

(a) κ(X) = 0 and X is a torus or a K3-surface or

(b) κ(X) = −∞ and X is said to be of type VII.
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Recall that a Hopf surface is a compact surface whose universal cover is
C2 \ {0}, a K3-surface is a surface with KX ≃ O and b1(X) = 0 and a Kodaira
surface is a surface with κ(X) = 0 and b1(X) odd.

The proof of 6.2 splits into several steps according to this classification.

Proposition 6.3. — Let X be a compact surface with TX nef and a(X) = 1.
Then X is exactly one of the surfaces in the following list:

(1) X is a torus ;

(2) X is a Kodaira surface ;

(3) X is a Hopf surface.

Proof. By [CP91, 2.1] X is minimal. Let f : X → C be the algebraic reduction.
The map f is an elliptic fibration over a smooth curve C. The genus g(C)
is bounded by 1 since otherwise X would admit a holomorphic 1-form with
zeros contradicting [CP91, 2.1]. Using the classification of singular fibres of f
(cf. [BPV84]) and [CP91, 2.1] the only possible singular fibres are multiples of
smooth elliptic curves.

First observe that κ(X) ≤ 0 : clearly κ(X) ≤ 1 and if κ(X) = 1, X would
admit an elliptic fibration over an elliptic curve C (observe c21 = c2 = 0). Since
X → C must have a singular fibre (a multiple elliptic curve) we obtain again a
holomorphic 1-form with zeros.

(α) κ(X) = 0.

Since 0 = c1(X)2 ≥ c2(X) and TX is nef we get c2(X) = 0. Therefore X
cannot be a K3-surface and by surface classification X is a torus or a Kodaira
surface. Hence it remains to be shown that Kodaira surfaces have nef tangent
bundles. A primary Kodaira surfaces X is an elliptic fibre bundle over an elliptic
curve C with b1(X) = 3. By the exact sequence

0 → TX/C → TX → f⋆TC → 0

and the equalityKX = OX , we deduce that TX is nef by 1.14 (observe ωX/C ≃ OX

since ωX ≃ OX). A non primary (often called secondary) Kodaira surface admits
a primary Kodaira surface as a finite étale cover and hence has nef tangent bundle.

(β) κ(X) = −∞. Then X is a Hopf surface by classification. Therefore X is an
elliptic fibre bundle over IP1 (via algebraic reduction).By the exact sequence

0 → TX/IP1
→ TX → f⋆TIP1

→ 0

it is enough to show that TX/IP1
is trivial. For this purpose consider the line bundle

f⋆(ωX/IP1
). Since f is smooth we have deg f⋆(ωX/IP1

) = 0 (cf. [BPV84]) and hence
f⋆(ωX/IP1

) ≃ OIP1
. This gives a section of ωX/IP1

which has no zeros (restrict to
the fibres of f).

Proposition 6.4. — Let X be a compact surface with a(X) = 0. Then TX is
nef precisely if X is a Hopf surface or a torus.
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Proof. Assume first that TX is nef. By the same argument as in 6.3 X cannot be a
K3-surface. Hence by classification X is a torus or of type VII. Assume now that
X is of type VII. Since TX is nef, c1(X)2 = 0. Moreover χ(OX) = 0 and therefore
we get by Riemann-Roch that c2(X) = 0. This implies b2(X) = 0. By [Bo83]
and [LYZ90] X is either a Hopf surface or an Inoue surface.

Every Hopf surface can be covered by a primary Hopf surface, i.e. a Hopf
surface such that π1(X) ≃ ZZ. By [Kd66b], a primary Hopf surface is isomorphic
to the quotient of C2 \ {0} by an infinite cyclic group of automorphisms generated
either by a linear automorphism

g(z1, z2) = (α1z1, α2z2), 0 < |α1| ≤ |α2| < 1,

or by a polynomial automorphism of the type

g(z1, z2) = (λpz1 + zp2 , λz2), 0 < |λ| < 1, p ∈ IN \ {0}.

In the first case the directions ∂/∂z1, ∂/∂z2 are invariant and give rise to a splitting
TX = L1 ⊕ L2 into two line bundles. Set c = log |α2|/ log |α1| and fix a positive
integer k. Then L1, L2 can be equipped with hermitian metrics associated to the
plurisubharmonic weights:

(
|z1|

2kc
+ |z2|

2k
)− 1

2kc

|dz1|
2
, resp.

(
|z1|

2kc
+ |z2|

2k
)− 1

2k

|dz2|
2
.

These metrics are of class C2 for k large and have semipositive curvature. Hence
TX is Griffiths semipositive (with a metric of class C∞ only when c ∈ Q and
kc ∈ IN).

In the second case, only the first direction ∂/∂z1 is invariant and we get
instead an exact sequence

0 → L1 → TX → L2 → 0.

Observe that the metric defined on the pull-back of L1, L2 to C2 \ {0} by

(
ε2|z1|

2
+ |z2|

2p
)−1

|dz1|
2
, resp.

(
ε2|z1|

2
+ |z2|

2p
)−1/p

|dz2|
2

is almost invariant, since the inequality 2ε|z1||z
p
2 | ≤ ε2|z1|

2
+ |z2|

2p
implies

(
|λ|

2p
− ε|λ|

p
)(

ε2|z1|
2
+ |z2|

2p
)
≤ ε2|λpz1 + zp2 |

2
+ |λz2|

2p

≤
(
|λ|

2p
+ ε|λ|

p
+ ε2

)(
ε2|z1|

2
+ |z2|

2p
)
.

We use a partition of unity to glue the weight w1(z1, z2) = log
(
ε2|z1|

2
+ |z2|

2p)

with its transform w2 by the automorphism on two overlapping spherical shells,
so as to obtain a well defined metric on X . The resulting weight function w can
be made almost plurisubharmonic, with an arbitrary small negative part O(ε) in
its complex Hessian: apply e.g. Lemma 3.5 of [De91] to

w =
1

k
log

(
θ2
1e
kw1 + θ2

2e
kw2

)
, k ∼

1

ε
,
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after adding bump functions of order of magnitude O(ε) to w1 and w2 so that
C1 = C2 = 0. Therefore L1, L2 and TX are nef vector bundles by 1.15(ii).

The Inoue surfaces SM are constructed as follows (see [In74]). Let M be a
matrix in SL3(ZZ) admitting one real eigenvalue α > 1 and two complex conjugate
eigenvalues β 6= β. Let (a1, a2, a3) be a real eigenvector of M corresponding to
α and let (b1, b2, b3) be an eigenvector of M corresponding to β. Then X = SM
is the quotient of H × C (where H is the upper half plane in C) by the group of
affine automorphisms generated by

g0(w, z) = (αw, βz),

gi(w, z) = (w + ai, z + bi), i = 1, 2, 3.
It is clear that the directions ∂/∂w and ∂/∂z are left invariant by the automor-
phisms. Hence they give rise to a splitting TX = Lw ⊕ Lz. The line bundles Lw,
Lz can be equipped respectively with the invariant hermitian metrics

(Imw)
−2

|dw|
2
, (Imw) |dz|

2

(note that α|β|
2

= detM = 1). Their curvature forms are

Θ(Lw) =
i

2π
∂∂ log(Imw)2 = −

i

4π

dw ∧ dw

(Imw)2
≤ 0,

Θ(Lz) =
i

2π
∂∂ log(Imw)−1 =

i

8π

dw ∧ dw

(Imw)2
≥ 0.

Since Lw is seminegative and not flat (use e.g. a Gauduchon metric to see this),
TX cannot be nef.

The Inoue surfaces X = S+
N,p,q,r;t are defined as the quotient of H × C by

the group of affine automorphisms generated by
g0(w, z) = (αw, z + t),

gi(w, z) = (w + ai, z + biw + ci), i = 1, 2,

g3(w, z) = (w, z +
b1a2 − b2a1

r
),

where (a1, a2) and (b1, b2) are the eigenvectors of some matrix N ∈ SL2(ZZ)
admitting real eigenvalues α > 1, 1

α
. Moreover t ∈ C and p, q, r (r 6= 0) are

integers, while (c1, c2) depends on (ai, bi), p, q, r (see [In74]). The vector field
∂/∂z is invariant by the automorphisms, thus we get an exact sequence

0 → OX → TX → Lw → 0.
The quotient line bundle Lw can be equipped with the hermitian metric
(Imw)−2|dw|

2
which has seminegative curvature but is not flat. Hence TX cannot

be nef.

Finally, the Inoue surfaces of type S−
N,p,q,r possess a 2:1 étale cover of the

type S+
N1,p1,q1,r1;0

and it follows that their tangent bundles cannot be nef.

Since every Inoue surface is of type SM , S+ or S−, the proof of Prop. 6.4 is
finished.
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7. Kähler 3-folds with nef tangent bundles

Due to the complexity of the classification in the non Kähler case we will
restrict ourselves now to Kähler manifolds. In the 3-dimensional case we can give
a complete classification. In the algebraic case this has been carried out in [CP91].

Theorem 7.1. — Let X be a projective 3-fold. Then TX is nef if and only if X
is up to finite étale cover one of the manifolds in the following list:

(1) X = IP3 ;

(2) X = Q3, the 3-dimensional quadric ;

(3) X = IP1 × IP2 ;

(4) X = IP1 × IP1 × IP1 ;

(5) X = IP(TIP2
) ;

(6) X = IP(E), with E a numerically flat rank 3 bundle over an elliptic curve C ;

(7) X = IP(E)×CIP(F ), with E, F numerically flat rank 2 bundles over an
elliptic curve C ;

(8) X = IP(E), with E a numerically flat rank 2 bundle over an abelian surface ;

(9) X = abelian variety.

In the non algebraic case the classification is as follows.

Theorem 7.2. — Let X be a non algebraic 3-dimensional compact Kähler
manifold. Then TX is nef if and only if X is up to finite étale cover either a
torus or of the form IP(E), where E is a numerically flat rank 2-bundle over a
2-dimensional torus.

The proof is divided into several steps. First we treat the case that q(X) = 0.

Proposition 7.3. — Let X be a compact Kähler 3-fold with TX nef and
q(X) = 0. Then X is projective.

Proof. By a well-known result of Kodaira it is enough to show thatH2(X,OX) = 0.
Assume that H2(X,OX) 6= 0. This gives non zero sections of Ω2

X . These sections
have no zeros since Λ2TX is nef by 1.12. This provides us with an exact sequence

0 → OX → Ω2
X → V → 0,

where V is a rank 2-bundle onX . Tensoring this sequence by K−1
X gives a sequence

0 → K−1
X → TX →W → 0

with detW ∼= OX . Since W is nef all Chern classes of W vanish. In particular
c2(X) = 0. By Riemann-Roch we have χ(OX ) = 1

24c1(X)c2(X) = 0. On the other
hand χ(OX) = 1 + h2(OX) − h3(OX). But h3(OX) = h0(KX) ≤ 1, −KX being
nef. Therefore we obtain h2(OX) ≤ 0, a contradiction.
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We should remark that 7.3 does not extend to arbitrary dimension. But
it does extend if we assume q̃(X) = 0, see 3.10, 3.11. For the case of positive
irregularity we need

Lemma 7.4. — Let X be a 3-dimensional compact Kähler manifold with TX nef
and q(X) > 0. Then the Albanese map α : X → A(X) is smooth and surjective
and the fibres have nef tangent bundles. If q̃(X) = q(X), any fibre F of α satisfies
q̃(F ) = 0.

Proof. Special case of 3.9 and 3.12.

Proof of Theorem 7.2. Let TX be nef. By 7.3 we have q(X) ≥ 1. Let α : X → A
be the Albanese map. By 7.4 the map α is smooth and surjective. We may assume
that dimA ≤ 2 and q̃(X) = q(X).

First we treat the case dimA = 1. Let F be a fibre of α. By 7.4 we have q̃(F ) = 0
and TF is nef. By 6.1 and 6.2 the fibre F is either IP2 or IP1 × IP1. Hence X is
either a IP2-bundle or a IP1 × IP1-bundle over an elliptic curve. Therefore X is
algebraic (use [CP91], 7.2 in the case of IP1 × IP1).

Now let dimA = 2. Arguing as in the first case X is a IP1-bundle over A.
Then after finite étale cover X is of the form IP(E), E a flat 2-bundle over a
2-dimensional torus. This can be proved as in ([CP91], 8.2) with the following
modification: instead of quoting Donaldson we use the existence of a Hermite-
Einstein metric on a stable vector bundle over a Kähler manifold, due to Uhlenbeck
and Yau [UY86].
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