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0. Introduction and main definitions

The present work is concerned primarily with the existence of logarithmic and orbifold jet dif-
ferentials on projective varieties. For the sake of generality, and in view of potential applications
to the case of foliations, we work throughout this paper in the category of directed varieties, and
generalize them by introducing the concept of directed orbifold.

0.1. Definition. Let X be a complex manifold or variety. A directed structure (X,V) on X is
defined to be a subsheaf V- C O(Tx) such that O(Tx)/V is torsion free. A morphism of directed
varieties U : (X, V) — (Y, W) is a holomorphic map ¥ : X — Y such that d¥V(V) C U*W. We
say that (X,V) is non singular if X is non singular and V is locally free, i.e., is a holomorphic
subbundle of T'x.

We refer to the absolute case as being the situation when V = Tx, the relative case when
V' = Tx,g for some fibration X — S, and the foliated case when V is integrable, i.e. V,VjcVv,
that is, V is the tangent sheaf to a holomorphic foliation. We now combine these concepts with
orbifold structures in the sense of Campana [CamO04].

0.2. Definition. A directed orbifold is a triple (X,V, D) where (X,V) is a directed variety and

D=>(1- p%_)Aj an effective real divisor, where Aj is an irreducible hypersurface and p; € |1, 0]

an associated “ramification number”. We denote by [D] = Y A; the corresponding reduced divisor,

and by |D| = A; its support.

(a) We will say that (X,V, D) is non singular if (X,V) is non singular and D is a simple normal
crossing divisor such that D is transverse to V. If r = rank(V'), we mean by this that there are
at most r components A; meeting at any point x € X, and that for any p-tuple (j1,...,jp) of
indices, 1 < p < r, we have dim V, N ﬂ§:1 TAM’I =7 —p at any point x € ﬂ§:1 Aj,.
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(b) If (X, V, D) is non singular, the canonical divisor of (X,V, D) is defined to be
KV,D =Ky+D

(in additive notation), where Ky = det V*.

(c) The so called logarithmic case corresponds to all multiplicities p; = oo being taken infinite, so
that D =% Aj = [D].

In case V = Tx, we recover the concept of orbifold introduced in [Cam04], except possibly for
the fact that we allow here p; > 1 to be real or oo, (even though the case where p; is in NU {oo}
is of greater interest). It would certainly be interesting to investigate the case when (X,V, D) is
singular, by allowing singularities in V and tangencies between V and D, and to study whether the
results discussed in this paper can be extended in some way, e.g. by introducing suitable multiplier
ideal sheaves taking care of singularities, as was done in [Dem15] for the study of directed varieties
(X, V). For the sake of technical simplicity, we will refrain to do so here, and will therefore leave
for future work the study of singular directed orbifolds.

0.3. Definition. Let (X,V, D) be a singular directed orbifold. We say that f : C — X is an orbifold

entire curve if f is a non constant holomorphic map such that :

(a) f is tangent to V (i.e. f'(t) € Vi) at every point, or equivalently f : (C,Tc) — (X,V) is a
morphism of directed varieties;

(b) f(C) is not identically contained in |D)|;

(c) at every point ty € C such that f(to) € Aj, f meets A with ramification number > p;, i.e., if
Aj; = {z; = 0} near f(to), then z; o f(t) vanishes with multiplicity > p; at to.

In the case of a logarithmic component Aj (p; = 00), condition (c) is to be replaced by the assump-

tion

(c') f(C) does not meet A;.

One can now consider a category of directed orbifolds as follows.

0.4. Definition. Consider directed orbifolds (X,V, D), (Y, W, D’) with

p=%" (1— l)Ai, D=3 (1 — i,)A;.
Pi Pj
A morphism ¥ : (X,V,D) — (Y,W,D’) is a morphism ¥ : (X, V) — (Y,W) of directed varieties
satisfying the additional following properties (a,b,c).
(a) for every component A7, \Ilfl(A;) consists of a union of components A;, i € I(j), eventually
after adding a number of extra components /\; with p; =1 ;
(b) in case pj; < oo, for every i € I(j) and z € A;, the derivatives d*W(z) of ¥ at z, computed in
suitable local coordinates on X and Y, vanish for all multi-indices o € N™ with 0 < |a| < p;/p; ;
(c) if A is a logarithmic component (p} = o0), then ®~1(A}) = Uier(j) Ai where the (Ai)icr ()
consist of logarithmic components (p; = 00).

It is easy to check that, if the image of the composed morphism is not contained in the support
of the divisor on the target space, the composite of directed orbifold morphisms is actually a
directed orbifold morphism, and that the composition of an orbifold entire curve f : C — (X, V, D)
with a directed orbifold morphism ¥ : (X,V, D) — (Y, W, D’) produces an orbifold entire curve
Vo f:C— (Y,W,D') (provided that ¥o f(C) ¢ |D’|). One of our main goals is to investigate the
following orbifold generalization of the Green-Griffiths conjecture.

0.5. Conjecture. Let (X,V, D) be a non singular directed orbifold of general type, in the sense that
the canonical divisor Ky + D is big. Then then exists an algebraic subvariety Y C X containing
all orbifold entire curves f:C — (X,V, D).
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As in the absolute case (V = Tx, D = 0), the idea is to show, at least as a first step towards
the conjecture, that orbifold entire curves must satisfy suitable algebraic differential equations. In
section 1, we introduce graded algebras

(0.6) P ErmV

meN

of sheaves of “orbifold jet differentials”. These sheaves correspond to algebraic differential operators
P(fif', f", ..., f®)) acting on germs of k-jets of curves that are tangent to V and satisfy the
ramification conditions prescribed by D. The strategy relies on the following orbifold version of
the vanishing theorem, whose proof is sketched in the appendix.

0.7. Proposition. Let (X,V, D) be a projective non singular directed orbifold, and A an ample di-
visor on X. Then, for every orbifold entire curve f : C — (X, V, D) and every global jet differential
operator P € H(X, ExmV*(D) ® 0x(—A)), we have P(f; f, f",..., f®) =0.

The next step consists precisely of finding sufficient conditions that ensure the existence of global
sections P € HY(X, B mV*(D)®0x(—A)). Recall that it has been shown in [CDR20, Proposition
5.1] that the general type assumption is not a sufficient condition for the existence of global jet
differentials.

Among more general results, we obtain

0.8. Theorem. Let D = Zj(l - pij)Aj a simple normal crossing orbifold divisor on P"™ with
deg Aj = dj. Then there exist non zero jet differentials of order k and large degree m on P™(D),
with a small negative twist Opn (—m7), T > 0, under any of the following two sufficient conditions :

() k=n, N>=1, pj=p>nand
. 1 n
g dj.min(mjn<gj),2>H(l—;>>cn

J J s=1

where

n n—1
1 1
. 2 _ 2 N /2, n+7/2 — ~1
cni=n(n”+n 1)n!< E_ . + n3> (2m)/=n" e "(y+logn) .

(b) k=1, N=n, p;j=>p>1and fort=max(max(d;/p;),2),

> Hd(l—)>(2n—1)t<nt—n—1—|—Zdj(1—1/pj)>n

JC{1,...N},|J|=n j€J

-1

When all components (Aj)1<j<n possess the same degrees dj = d > 1 and ramification numbers
pj = p, we get the following simpler sufficient conditions :

n
(@) k=n, N>1, p>n, Nmin(p,d) H (1 - f) > 2¢y,
p
s=1

1\
(b") k>1, N>n, p>1, Nmin(p,d) (1—7> >2"(2n—1)n"
p

Let us recall some related results previously obtained in this orbifold setting. In the case of orbifold
surfaces (]P’Q, (1 — %)C’) where C' is a smooth curve of degree d, such existence results have been

obtained in [CDR20] for k = 2, d > 12 and p > 5 depending on d. In [DR20], the existence of jet
differentials is obtained for orbifolds (IP’”, Z?Zl (1 — %)Hz) in any dimension for kK =1, p > 3 along
an arrangement of hyperplanes of degree d > 2n(pQT”2 + 1). In [BD18], it is established that the
orbifold (]P”, (1 — é)D), where D is a general smooth hypersurface of degree d, is hyperbolic i.e.
there is no non-constant orbifold entire curve f: C — (P", (1 —1)D), if d > (n+2)" "3 (n+1)"*3.
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The proof of Theorem 0.8 depends on a number of ingredients and on rather extensive curvature
calculations. The first point is that the curvature tensor of the orbifold directed structure V(D)
can be controlled in a precise manner. This is detailed in §6.A.

0.9. Theorem. Assume that X is projective. Given an an ample line bundle A on X, let vy be the
infimum of real numbers v > 0 such that vO 4 ® Idy — Oy is positive in the sense of Griffiths, for
suitable C°° smooth hermitian metrics on V. Assume that D = (1 —1/p;)A; is transverse to
V, and select d;j > 0 such that djA — A; is nef. Then for v > vy,p := max(max(d;/p;), ) = 0
and for suitable hermitian metrics on A, V, Ox(4;), the “orbifold metric”

() [ul} . = [ul}y + S 510yl 2% (Vo (u)l}, w€ Vi oy € HOX, 0x(A))
1<<N

yields a curvature tensor v©4 ® Id — Oy py such that the associated quadratic form Qv (py .. on
Tx ®V satisfies foreny K eny_1 K --- KL g1 K 1 the curvature estimate

(b) Qv (D)1 (2)(E @ 1) = 7O 4(E6) [ul* — (B (£,€) - u,u)
+ Z%’ |0 | 7220 (YO 4(E,€) — p; 1 O, (£,9)) V05 (u)?

J
gj loy|>*2/ei

; 1+ ej |og|=242/0 Vo2

| V205(,u) — (1= 1/pj) 05! V;0;(6) V05 (w)| .

Here, the symbol ~ means that the ratio of the left and right hand sides can be chosen in [1—a, 1+a/]
for any a > 0 prescribed in advance.

The next argument is the observation that the sheaf O x (Ej,,,V*(D)) is the direct image of a certain
tautological rank 1 sheaf Ox, (1/(p))(m) on the “orbifold k-jet bundle” X(V(D)) — X. Choosing
hermitian metrics according to Theorem 0.9, one then gets a hermitian metric on Ox, (v, D))(l)
associated with an “orbifold Finsler metric” on the bundle JiV of k-jets of holomorphic curves
f:(C,0) — (X,V). In normalized coordinates (z1,...,2,) on X and on V, the latter can be
expressed as

k D r 2b/s 1/b
(0.10) (Za§b<z | f5 1720 e | p 12 4§ \f}S)F) ) . feJHV, f0) ==,
s=1 Nj=1 j=p+1
at any point x € X where A; = {z; =0}, 1 < j < p, r = rank V. An application of holomorphic

Morse inequalities ([Dem85], see also §2,3,4) then provides asymptotic estimates of the dimensions
of the cohomology groups

O011)  HIUX, BV (D) ® 0x(~A) = HU(XK(V(D)), Ox, v (py) (m) © m{0x (~ A)).

This is done in several steps. Section §4 expresses the Morse integrals that need to be computed.
Section § 5 establishes some general estimates of Chern forms related to the curvature tensor ©g
of a given hermitian vector bundle (F,h), under suitable positivity assumptions. More precisely,
Proposition 5.13 gives upper and lower bounds of integrals of the form

(0.12) /GS(E) [0 (w)]? .. [0 (u) 2 (Opn(u), u>f;k dp(u)

in terms of Trg O j, = Odet E,det h, Where 1 is the unitary invariant probability measure on the unit
sphere bundle S(E), and the ¢; are linear forms. As far as we know, these estimates seem to be new.
Sections § 6.B and §7 then proceed with the detailed calculations of the orbifold and logarithmic
Morse integrals involved in the problem. It is remarkable that a large part of the calculations
use Chern forms and are non cohomological, although the final bounds are purely cohomological.
At this point, we do not have a complete explanation of this “transcendental” phenomenon.
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1. Logarithmic and orbifold jet differentials

1.A. Directed varieties and associated jet differentials

Let (X,V) be a non singular directed variety. We set n = dim¢ X, » = rankc V, and following
the exposition of [Dem97], we denote by 7, : J¥V — X the bundle of k-jets of holomorphic curves
tangent to V' at each point. The canonical bundle of V' is defined to be

(1.1) Ky =det(V*) = A"V™.
If f:(C,0) » X, t = f(t) is a germ of holomorphic curve tangent to V', we denote by f};;(0) its
k-jet at t = 0. For zp € X given, we take a coordinate system (z1,...,z,) centered at xy such

that V,, = Span(%)lgugr. Then there exists a neighborhood U of zy such that V) admits a
holomorphic frame (e,)1<u<r of the form

0 0
(1.2) eu(2) = —+ Z aw(z)a—z)\, <<,

z
Ko rr1<)<n

with ay,(0) = 0. Germs of curves f : (C,0) — X tangent to V|; are obtained by integrating the
system of ordinary differential equations

(1.3) A=Y au(fO) fit), r+1<i<n,
1<pgr
when we write f = (f1,..., fn) in coordinates. Therefore any such germ of curve f is uniquely

determined by its initial point z = f(0) and its projection f = (f1,..., f») on the first r coordinates.
By definition, every k-jet fi) € J ky, = 7rk_1(z) is uniquely determined by its initial point f(0) =

2z~ (z1,...,2,) and the Taylor expansion of order k
~ = 1 1
(1.4)  f(t) = f(0) =t& + 5t2§2 +o Et’“gk + O, teDd(0,e), & €CT, 1<s<k.

Alternatively, we can pick an arbitrary local holomorphic connection V on V|; and represent the
k-jet fix)(0) by (&1,-.-,&k), where § = V°f(0) € V. is defined inductively by Vif = f and
Vo f = Vp(VSTLf). This gives a local biholomorphic trivialization of J*Vj;; of the form

(1.5) Ty = ViE' fw(0) = (G, &) = (VF(0),..., VIF(0);

the particular choice of the “trivial connection” Vo of V| that turns (e,)i1<u<r into a parallel
frame precisely yields the components & € V] =~ C" appearing in (1.4). We could of course also
use a C° connection V = Vo +I'" where I' € C*°(U,T% ® Hom(V,V)), and in this case, the
corresponding trivialization (1.5) is just a C*° diffeomorphism; the advantage, though, is that we
can always produce such a global C'"*° connection V by using a partition of unity on X, and then
(1.5) becomes a global C™ diffeomorphism. Now, there is a global holomorphic C* action on J*V
given at the level of germs by f +— a - f where a - f(t) := f(at), a € C*. With respect to our
trivializations (1.5), this is the weighted C* action defined by

(16) Q- (£1>§27 s aék) = (0661706262, . '7ak§k)7 §S ev.

We see that J¥V — X is an algebraic fiber bundle with typical fiber C™*, and that the projectivized
k-jet bundle

(1.7) Xp(V) = (J*V {oh)/c*, mp Xp(V) = X
is a P17, 21kl weighted projective bundle over X, of total dimension
(1.8) dim X3 (V) =n+ kr — 1.

1.9. Definition. We define O x (Ey V™) to be the sheaf over X of holomorphic functions P(z; &1, ..., &)
on JFV that are weighted polynomials of degree m in (&1, ...,6m).



6 FREDERIC CAMPANA, LIONEL DARONDEAU, JEAN-PIERRE DEMAILLY, ERWAN ROUSSEAU

In coordinates and in multi-index notation, we can write

P(zi €1, 6) = 3 Gy (2) €1 €2

at,..., o ENT
loa[+2]ag |+ +k|og |=m

where the aq, .., (2) are holomorphic functions in z = (21,. .., 2,) and £ actually means
So=goyt ey for &g = (opye &) €CT, as = (s, asy) ENT

and |ag| = Z;Zl o ;. Such sections can be interpreted as algebraic differential operators acting on
holomorphic curves f : D(0, R) — X tangent to V, by putting P(f) := u where

(1.10) u(t) = > oo () F1(0) . fB) (1),

at,...,a EN"
o [+2] ez |+ +k|oy |=m

Here f(5)(t)® is actually to be expanded as
FOwW = 17w g

with respect to the components f;s) defined in (1.4). We also set w = P(f; ', f",..., f¥)) when
we want to make more explicit the dependence of the expression in terms of the derivatives of f.
We thus get a sheaf of graded algebras

(1.11) P ox(EpmV).

Locally in coordinates, the algebra is isomorphic to the weighted polynomial ring

(s)
(112) Ox [f] ]1<j<r,1<sgk’

deg f;s) =5

over Ox. An immediate consequence of these definitions is :

1.13. Proposition. The projectivized bundle 7y, : Xy (V) — X can be identified with

(a) Proj ( @ OX(Eka*)) - X,

meN

and, if Ox, (v (m) denote the associated tautological sheaves, we have the direct image formula

(b) (Tx)+0x, (v)(m) = Ox (Egm V™).

1.14. Remark. These objects were denoted X EG and E,ST%V* in our previous paper [Dem97], as
a reference to the work of Green-Griffiths [GGT79], but we will avoid here the superscript GG to
simplify the notation.

Thanks to the Faa di Bruno formula, a change of coordinates w = ¥ (z) on X leads to a transfor-
mation rule

o )M =y o f- f® +Qu(f,....f& Y

where @y is a polynomial of weighted degree k in the lower order derivatives. This shows that the

transformation rule of the top derivative is linear and, as a consequence, the partial degree in f*)
of the polynomial P(f; f',...,f k)) is intrinsically defined. By taking the corresponding filtration
and factorizing the monomials (f*¥))* with polynomials in f’, f,..., f*=1 we get graded pieces

G*(ErmV") = @ Br-1me, V" @ SHV™.

£ EN
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k—1)

By considering successively the partial degrees with respect to f*), f&=1 7 ¢ and merging

inductively the resulting filtrations, we get a multi-filtration such that

(1.15) G*(EpmV*) = 4 Shvre SV . @ SV
L1, R EN, €1 2004+ kl=m

1.B. Logarithmic directed varieties
We now turn ourselves to the logarithmic case. Let (X,V,D) be a non singular logarithmic
variety, where D = )  A; is a simple normal crossing divisor. Fix a point zp € X. By the

assumption that D is transverse to V, we can then select holomorphic coordinates (z1,...,z2y)
centered at o such that V,, = Span(%)lgjgr and A; = {z; =0}, 1 < j < p, are the components
J

of D that contain z( (here p < r and we can have p = 0 if zy ¢ |D|). What we want is to introduce
an algebra of differential operators, defined locally near xg as the weighted polynomial ring

(1.16) 0x [(10g ;){jcp- (A pr1ciar] 1oy deg f17) = deg(log £;)) = s,
or equivalently
(1.16) 0x[(15 i sizo s prrcser) g degf;” =5, deg £ =0,

For this we notice that
(log f1)" = (fi ' f1) = fi ' A = (FTH D2
(log f1)" = fi ' f1" =30 DU D + 2080 D)3

A similar argument easily shows that the above graded rings do not depend on the particular choice
of coordinates made, as soon as they satisfy A; = {z; = 0}.

Now (as is well known in the absolute case V = Tx), we have a corresponding logarithmic
directed structure V(D) and its dual V*(D). If the coordinates (z1,...,2,) are chosen so that

Vio = {dzr41 = ... = dz, = 0}, then the fiber V(D),, is spanned by the derivations
0 0 0 0
zla—m,...,zpa—%, FERRILEL
The dual sheaf Ox(V*(D)) is the locally free sheaf generated by
%,...,%, dzpt1, ..., dz,
Z1 Zp

[where the 1-forms are considered in restriction to Ox (V (D)) C Ox(V)]. It follows from this that
Ox(V(D)) and Ox(V*(D)) are locally free sheaves of rank r. By taking det(V*(D)) and using the
above generators, we find

(1.17) det(V*(D)) = det(V*) ® Ox(D) = Ky + D
in additive notation. Quite similarly to 1.13 and 1.15, we have :

1.18. Proposition. Let @, .\ Ox (Ek,»V*(D)) be the graded algebra defined in coordinates by (1.16)
or (1.16"). We define the logarithmic k-jet bundle to be

(a) X, (V(D)) := Proj ( P oX<Ek,mv*<D>>) - X

meN

If OXk(V<D>)(m) denote the associated tautological sheaves, we get the direct image formula
(b) (1)« O x, (v (py) (M) = Ox (B V(D).
Moreover, the multi-filtration by the partial degrees in the derivatives f;s) has graded pieces

() G*(EpnV*(D)) = P SHvVH(D)® SVHD)® - @ S*V*(D).
01,... R EN, 01+ 2004+ kl=m
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1.C. Orbifold directed varieties

We finally consider a non singular directed orbifold (X,V, D), where D = (1 — )Aj is a
simple normal crossing divisor transverse to V. Let [D]| = )  A; be the correspondlng reduced
divisor. By § 1.B, we have associated logarithmic sheaves O x (Ej, ,»,V*([D])). We want to introduce
a graded subalgebra

(1.19) P ox(ErmV (D) ¢ B Ox(ExmV*([D]))

meN meN

in such a way that for every germ P € Ox (Ej ,,V*(D)) and every germ of orbifold curve f : (C,0) —
(X,V,D) the germ of meromorphic function P(f)(¢) is bounded at ¢t = 0 (hence holomorphic).
Assume that Ay = {z; = 0} and that f has multiplicity ¢ > p; > 1 along A; at ¢t = 0. Then
fl(s) still vanishes at order > (¢ — s)4, thus (fl)_ﬁfl(s) is bounded as soon as 8q < (¢ — $)4, i.e.
B < (1= 2)4. Thus, it is sufficient to ask that 8 < (1 — pil)Jr. At a point zg € |[A1|N...N|A,], a
sufficient condition for a monomial of the form

(1.20) f B”HH )23,y = () €N, Bi,...,Bp €N

s=1j=1

to be bounded is to require that the multiplicities of poles satisfy

k
(1.20') <> an(1-2) . 1<j<p
s=1 Pis+

1.21. Definition. The subalgebra @,y Ox (Ey,mV (D)) is taken to be the graded ring generated by
monomials (1.20) of degree > slas| = m, satisfying the pole multiplicity conditions (1.20"). These
conditions do not depend on the choice of coordinates, hence we get a globally and intrinsically
defined sheaf of algebras on X.

Proof. We only have to prove the last assertion. Consider a change of variables w = v (z) such that
Aj can still be expressed as Aj = {w; = 0}. Then, for j = 1,...,p, we can write w; = zju;(z) with
an invertible holomorphic factor uj. We need to check that the monomials (1.20) computed with
g=1o f are holomorphic combinations of those associated with f. However, we have g; = fju;(f),

hence g = 0<ees (O f é)( (£)E79 by the Leibniz formula, and we see that

—1 ] BpHH as]

s=1j7=1
expands as a linear combination of monomials
r OQs,j
iy BPHH I £ gy < s,
s=1j7=1m=1
multiplied by holomorphic factors of the form
p r Qs
Lot < T T st
j=1 s=1j=1m=1
However, we have
k Qs
7] m
Z asi(1=7), <05 (1-=22)
= s=1m=1

so the f-monomials satisfy again the required multiplicity conditions for the poles fj_ﬁj . O
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The above conditions (1.20") suggest to introduce as in [CDR20] a sequence of “differentiated”
orbifold divisors

(1.22) D =% <1 - 8) A;.
+

; Pj

We say that D) is the order s orbifold divisor associated to D; its ramification numbers are
p(-s) = max(p;/s,1). By definition, the logarithmic components (p; = 0o) of D remain logarithmic
in D) while all others eventually disappear when s is large.

Now, we introduce (in a purely formal way) a sheaf of rings Ox = O x[#7] by adjoining all positive
real powers of coordinates z; such that A; = {z; = 0} is locally a component of D. Locally over X,
this can be done by taking the universal cover Y of a punctured polydisk

D*(0,7):= [] D*(0,r;)x J[ DO,r) c D(O,r):= ] D(0,7r;)
1<<p pH1<jisn I<isn

in the local coordinates z; on X. If v : Y — D*(0,r) — X is the covering map and U C D(0,r) is
an open subset, we can then consider the functions of Ox (U) as being defined on 4~ (U ND*(0, 7).
In case X is projective, one can even achieve such a construction “globally”, at least on a Zariski
open set, by taking Y to be the universal cover of a complement X ~ (|D|U|A]|), where A = )" A;
is a very ample normal crossing divisor transverse to D, such that O X (Aj)|x4) is trivial for every
j; then Ox is well defined as a genuine sheaf on X ~\ |A]|.

In this setting, the subalgebra €, Ox (E,,V* (D)) still has a multi-filtration induced by the one
on ,, Ox(ExmV*(|D])), and by extending the structure sheaf Oy into Ox, we get an inclusion

(1.23) Ox(G*Ey,.,V*(D)) C @ Ox(SAV(DDN @ - @ Ox(S*HV*(DF)),
L1+28o+-+klp=m

Ox (V*(D®))) is the “s-th orbifold (dual) directed structure”, generated by the order s differentials
(1.24) TP g 1< <p, d9z, pr1< <
By construction, we have

(1.25) det(0x (V*(D®))) = 0x(Ky + D®)).

1.26. Remark. When p; = a;/b; € Q4, one can find a finite ramified Galois cover g :Y — X
from a smooth projective variety ¥ onto X, such that the compositions (z; o g)l/ % become single-
valued functions w; on Y. In this way, the pull-back Oy (¢*V*(D®))) is actually a locally free
Oy-module. On can also introduce a sheaf of algebras which we will denote by € Oy(EhmV* (D)),
generated, according to the notation of § 1.B, by the elements g*(zj(-l_s/pj)+d(s)zj), 1 <7 <p,and
g*(d®)z;), p+1 < j <r. Then, as already shown in [CDR20], there is indeed a multifiltration on
Oy(Ek,mYN/* (D)) whose graded pieces are

(1.27) Oy (G*Ej,mV* (D)) = & Oy (SAVH(DMY) @ - @ Oy (SHVH(DRY),
L1202+ +kl=m

However, we will adopt here an alternative viewpoint that avoids the introduction of finite or
infinite covers, and suits better our approach. Using the general philosophy of [Laz??], the idea is
to consider a “jet orbifold directed structure” X (V' (D)) as the underlying “jet logarithmic directed
structure” X (V([D])), equipped additionally with a submultiplicative sequence of ideal sheaves
Im(D) C Ox,(v([p]))- These are precisely defined as the base loci ideals of the local sections defined
by (1.20) and (1.20"), seen as sections of the logarithmic tautological sheaves Ox, (v (rp1))(m). The
corresponding analytic viewpoint is to consider ad hoc singular hermitian metrics on Ox, (v(p1))(1
whose singularities are asymptotically described by the limit of the formal m-th root of g, (D), see
§ 3.B. It then becomes possible to deal without trouble with real coefficients p; € |1, 00|, and since
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we no longer have to worry about the existence of Galois covers, the projectivity assumption on X
can be dropped as well.

2. Preliminaries on holomorphic Morse inequalities

2.A. Basic results

We first recall the basic results concerning holomorphic Morse inequalities for smooth hermitian
line bundles, first proved in [Dem85].

2.1. Theorem. Let X be a compact complex manifolds, E — X a holomorphic vector bundle of rank
r, and (L,h) a hermitian line bundle. We denote by O ), = ﬁv,% = —ﬁac‘) log h the curvature
form of (L, h) and introduce the open subsets of X

X(L,h,q) = {ac € X; Opp(x) has signature (n — q, q)},

(*) X(L,h,8) = | X(L,hq), ¥SC{0,1,....n}.
qeS

Then, for all ¢ = 0,1,...,n, the dimensions h%(X,E ® L™) of cohomology groups of the tensor
powers B2 @ L™ satisfy the following “Strong Morse inequalities” as m — 400 :

SM(q) : N (D)X, E® L) < (~1)967% 5, + o(m"),
0<j<q e JX(L,h,<q)

with equality x(X,E® L™) = rmT? Jx ©7%, +o(m™) for the Euler characteristic (q = n).

As a consequence, one gets upper and lower bounds for all cohomology groups, and especially a
very useful criterion for the existence of sections of large multiples of L.

2.2. Corollary. Under the above hypotheses, we have
(a) Upper bound for h® (Weak Morse inequalities) :

mn
h(X,E® L™) < rt
n! Jx (L)

(=1)7071 j, + o(m") .
(b) Lower bound for h° :
0 m 0 1 m" n n
WX, E®L™)>h’—h >r— ©7 , —o(m") .
n: X(L7h7<1) 7
Especially L is big as soon as fX(L h,<1) @z,h > 0 for some hermitian metric h on L.
(¢) Lower bound for h? :
n
h(X,E®L™) > h? — ha~t — patl > rm'/ (—1)70" , + o(m") .
e JX(Lh{q,q%1}) 7

Proof. (a) is obtained by taking SM(q)+SM(g — 1), (b) is equivalent to — SM(1) and (c) is equivalent
to —(SM(qg+1) +SM(q—2)). d
The following simple lemma is the key to derive algebraic Morse inequalities from their analytic

form (cf. [Dem94], Theorem 12.3).

2.3. Lemma. Let n = a—f3 be a difference of semipositive (1,1)-forms on an n-dimensional complex
manifold X, and let 1, <4 be the characteristic function of the open set where 1 is non degenerate
with a number of negative eigenvalues at most equal to q. Then

(_1)q]1777<q n" < Z (_1)1173' <?> oI /\ﬂj,

0<j<q
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i particular
L, <1 0" >a" — na" LA forg=1.

Proof. Without loss of generality, we can assume « > 0 positive definite, so that « can be taken as
the base hermitian metric on X. Let us denote by
AM=A=...20 20
the eigenvalues of 8 with respect to a. The eigenvalues of n = o — 3 are then given by
1-A <o 1= <= X1 <. < 1= Ay,

hence the open set {\;+1 < 1} coincides with the support of 1,, <, except that it may also contain
a part of the degeneration set ™ = 0. On the other hand we have

(7)o g o,

where 07,()) is the j-th elementary symmetric function in the \;’s. Thus, to prove the lemma, we
only have to check that

Y DTN = I,y (-D? T -2 > 0.
0<y<q 1<g<n
This is easily done by induction on n (just split apart the parameter \,, and write a%()\) = Ui_l()\)-i-

L) An). O

n—1

2.4. Corollary. Assume that 1 = ©Opp can be expressed as a difference n = a — 3 of smooth
(1,1)-forms a, B > 0. Then we have

SM(q) : S ()X, Ee L) < r% / S (—1)e (?) "IN B+ o(m™),

X

0<i<q 0<y<q
and in particular, for g =1,
mn
(X, E®@L™) >h"—h! >r— a™ —na™ A B+ o(m™).
n: X

2.5. Remark. These estimates are consequences of Theorem 2.1 and Lemma 2.3, by taking the
integral over X. The estimate for h? was stated and studied by Trapani [Tra93]. In the special
case a = Oy p, > 0, B = Opy, > 0 where A, B are ample line bundles, a direct proof can be
obtained by purely algebraic means, via the Riemann-Roch formula. However, we will later have
to use Corollary 2.4 in case o and S are not closed, a situation in which no algebraic proof seems
to exist.

2.B. Singular holomorphic Morse inequalities

The case of singular hermitian metrics has been considered in Bonavero’s PhD thesis [Bon93|
and will be important for us. We assume that L is equipped with a singular hermitian metric
h = hooe™¥ with analytic singularities, i.e., hoo is a smooth metric, and on an neighborhood V' 3 xg
of an arbitrary point g € X, the weight ¢ is of the form

(2.6) p(z) =clog Y |g;* +u(2)

1N

where g; € Ox (V) and u € C*(V). We then have O ), = a+ i@ggp where a = O, },_ is a smooth
closed (1,1)-form on X. In this situation, the multiplier ideal sheaves

(2.7) I(h™) = I(ky) = {f € Ox, IV Dz, /V 1f(2)[Pe ™ dN(2) < +oo}
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play an important role. We define the singularity set of h by Sing(h) = Sing(¢) = ¢! (—00) which,
by definition, is an analytic subset of X. The associated g-index sets are

(2.8) X(L,h,q) = {z € X \ Sing(h); O x(z) has signature (n —¢,q)}.
We can then state:

2.9. Theorem ([Bon93]). Morse inequalities still hold in the context of singular hermitian metric
with analytic singularities, provided the cohomology groups under consideration are twisted by the
appropriate multiplier ideal sheaves, i.e. replaced by HY(X,E ® L™ ® I(h™)).

n

2.10. Remark. The assumption (2.6) guarantees that the measure lx. ging(n)(Or,n)" is locally
integrable on X, as is easily seen by using the Hironaka desingularization theorem and by taking a
log resolution p : X — X such that p*(g;) = (7) C O% becomes a principal ideal associated with
a simple normal crossing divisor £ = div(y). Then p*©p ), = c[E] +  where § is a smooth closed

(1,1)-form on X, hence
(s 1) = 8" = 0= [ 6"
X ~Sing(h) X

It should be observed that the multiplier ideal sheaves J(h™) and the integral |[ XSing(h) OLh
only depend on the equivalence class of singularities of h: if we have two metrics with analytic
singularities h; = hooe™ %7, j = 1,2, such that ¢ = ¢ — ¢1 is bounded, then, with the above
notation, we have p*Opy, = c[E] 4 5 and 2 = 1 + 5-00¢, therefore [ 5 = [ By by Stokes
theorem. By using Monge-Ampere operators in the sense of Bedford-Taylor [BT76], it is in fact
enough to assume v € L7 (X) in (2.6), and ¢ € L>°(X) here. In general, however, the Morse
integrals fX(L’hqu)(—l)q@7L17hj, j = 1,2, will differ.

2.C. Morse inequalities and semi-continuity

Let X — S be a proper and flat morphism of reduced complex spaces, and let (X;);cs be the
fibers. Given a sheaf € over X of locally free Ox-modules of rank r, inducing on the fibres a family
of sheaves (E; — X})ics, the following semicontinuity property holds ([CRAS]):

2.11. Proposition. For every q > 0, the alternate sum
t s h(Xy, By) — RN Xy, By) + o4 (—1)1R0(Xy, Ey)
is upper semicontinuous with respect to the (analytic) Zariski topology on S.

Now, if £ — X is an invertible sheaf equipped with a smooth hermitian metric h, and if (h;) are
the fiberwise metrics on the family (L; — Xy)ies, we get
q o n
(2.12) N (1) (X, By @ LE™) < re (—=1)207%, 1, + 8(t)m™,
j=0 N JX(Lo,ho,<q) ,
where §(t) — 0 as t — 0. In fact, the proof of holomorphic Morse inequalities shows that the
inequality holds uniformly on every relatively compact S’ € S, with

0=/ 105, = [ O,
X (L¢,ht,<q) X

in the right hand side, and t — I(t) is clearly continuous with respect to the ordinary topology.
In other words, the Morse integral computed on the central fibers provides uniform upper bounds
for cohomology groups of E; ® LY™ when t is close to 0 in ordinary topology (and also, as a
consequence, for ¢ in a complement S ~\ | Sy, of at most countably many analytic strata S,, C S).

2.13. Remark. Similar results would hold when A is a singular hermitian metric with analytic
singularities on £ — X, under the restriction that the families of multiplier ideal sheaves (J(h}"))ics
“never jump”.
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2.D. Case of filtered bundles

Let E — X be a vector bundle over a variety, equipped with a filtration (or multifiltration)
FP(E), and let G = @ GP(E) — X be the graded bundle associated to this filtration.

2.14. Lemma. In the above setting, one has for every q > 0

q q
ST(-1)1RI(X,E) < Y (1) (X, G).
j=0 j=0

Proof. One possible argument is to use the well known fact that there is a family of filtered bundles
(Bt — X)tec (with the same graded pieces GP(E;) = GP(E)), such that E; ~ E for all t # 0
and Ey ~ G. The result is then an immediate consequence of the semi-continuity result 2.11. A
more direct very elementary argument can be given as follows: by transitivity of inequalities, it is
sufficient to prove the result for simple filtrations; then, by induction on the length of filtrations,
it is sufficient to prove the result for exact sequences 0 — S — E — () — 0 of vector bundles on
X. Consider the associated (truncated) long exact sequence in cohomology:

0— HS) > HY(E) —» H'(Q) % -

" H(S) = HI(E) — HY(Q) % Im(8,) — 0.

By the rank theorem of linear algebra,
q
0 < rank(d, —1)9) (1)K (X, Q) — W (X,E) + W (X, S)).
7=0

The result follows, since here h/ (X, G) = b/ (X, Q) + W (X, S). O

2.E. Rees deformation construction (after Cadorel)

In this short paragraph, we outline a nice algebraic interpretation by Benoit Cadorel of certain
semi-continuity arguments for cohomology group dimensions that underline the analytic approach
of [Deml11, Lemma 2.12 and Prop. 2.13] and [Dem12, Prop. 9.28] (we will anyway explain again
its essential points in § 3, since we have to deal here with a more general situation). Recall after
[Cadl7, Prop. 4.2, Prop. 4.5], that the Rees deformation construction allows one to construct
natural deformations of Green-Griffiths jets spaces to weighted projectivized bundles.

Let (X,V, D) be a non singular directed orbifold, and let g : Y — (X, D) be an adapted Galois
cover, as briefly described in remark 1.26, see also [CDR18, §2.1] for more details. We then get
a Green-Griffiths jet bundle of graded algebras Ek7.1~/*<D> — Y which admits a multifiltration of
associated graded algebra

G°Ey, JHD @ @ SOV DM @ ... @ SHV*(DF),
MEN {14205+ +kl,=m
where the tilde means taking pull-backs by ¢*. Applying the Proj functor, one gets a weighted
projective bundle:

Pl (VDO @@ 7D = Proj (G* BV (D) % Y,

Then, following mutadis mutandus the arguments of Cadorel, one constructs a family Y %= Y, — C

parametrized by C, with a canonical line bundle Oy, (1) such that:

o the central fiber Yo is Py ... r) (V*(D(l)» G-V (D(k)>) and the restriction of Oy, (1) coin-
cide with the canonical line bundle of this weighted projective bundle. Hence (7y).0y, ,(m) =
G*Ejn V*(D).
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o the other fibers Y;,; are isomorphic to the singular quotient J*(Y, V,D)/C* for the natural
C*-action by homotheties, where J k(Y, V', D) is the affine algebraic bundle associated with the
sheaf of algebras, and (m1).«0y, ,(m) = Ey ,»,V*(D).

Applying the semicontinuity result of [Dem95], and working with holomorphic inequalities, we
obtain a control about dimensions of cohomology spaces of Ej, ,,V*(D) in terms of dimensions of

cohomology spaces of the a priori simpler graded pieces G®Ej ,,,V*(D). This reduces the study of
higher order jet differentials to sections of the tautological sheaves on the weighted projective space
associated with a direct sum combination of symmetric differentials. In particular, we have

2.15. Lemma. For every ¢ € N

q q
> (=D)TIRI(Y, B V(D)) = > (1)1 0 (Y, G* By V(D).
7=0 7=0

Especially, for g =1, we get

WY, Ep V(D)) = BO(Y, B V(D)) — B (Y, B V(D))
> h2(Y, G* Ey V(D)) — KM (Y, G* Ep V(D).

3. Construction of jet metrics and orbifold jet metrics

3.A. Jet metrics and curvature tensor of jet bundles

Let (X, V) be a non singular directed variety and h a hermitian metric on V. We assume that h is
smooth at this point (but will later relax a little bit this assumption and allow certain singularities).
Near any given point zy € X, we can choose local coordinates z = (z1, ..., 2,) centered at zy and
a local holomorphic coordinate frame (ex(z))1<x<r of V on an open set U 3 zp, such that

(3.1) (ex(2),eu(2))nz) = Oxp + > ciaziZi + O(|2]%)

1<i,j<n, 1A u<r

for suitable complex coeflicients (c;;5,). It is a standard fact that such a normalized coordinate
system always exists, and that the Chern curvature tensor ivah of (V,h) at zq is given by

i = *
(3.2) @V,h(ZO) = “on Z Cijhu dz; Ndzj @ e} @ e.
5J, A

Therefore, (i cijau) are the coefficients of —@y;;,. Up to taking the transposed tensor with respect
to A, u, these coefficients are also the components of the curvature tensor Oy« p» = —'Oy, of the
dual bundle (V*, h*). By (1.5), the connection V = V, yields a C™ isomorphism J;V — V. Let
us fix an integer b € N* that is a multiple of lem(1,2,..., k), and positive numbers 1 = g1 > g9 >

> g > 0. Following [Dem11], we define a global weighted Finsler metric on J*V by putting
for any k-jet f € J*V,

1/b
(3.3) Whpe(f) = ( S e2veEr(o )|?f’£§) ,

1<s<k

where || || is the hermitian metric h of V' evaluated on the fiber V, 2 = f(0). The function
U}, 5.e satisfies the fundamental homogeneity property

(3.4) Uppelo- f)=laf> Ohpe(f)
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with respect to the C* action on J*¥V, in other words, it induces a hermitian metric on the dual Ly
of the tautological Q-line bundle Ly = Ox, (1) over X; (V). The curvature of Ly is given by

(3.5) WZ@Lk’qj;,b,E = i@glog \Ifh”b’g

Our next goal is to compute precisely the curvature and to apply holomorphic Morse inequalities
to L — X (V) with the above metric. This might look a priori like an untractable problem, since
the definition of Wy, ; . is a rather complicated one, involving the hermitian metric in an intricate
manner. However, the “miracle” is that the asymptotic behavior of ¥, ;, . as €5/e,-1 — 0 is in some
sense uniquely defined, and “splits” according to the natural multifiltration on jet differentials (as
already hinted in § 2.E). This leads to a computable asymptotic formula, which is moreover simple
enough to produce useful results.

3.6. Lemma. Let us consider the global C* bundle isomorphism J*V — VO associated with an
arbitrary global C*° connection V on V. — X, and let us introduce the rescaling transformation

pVﬂ€(€17§2)"'a€k) ::(5%€1a8%£27"‘75£§k) Onuﬁber5<]kLé7 S X.

Such a rescaling commutes with the C*-action. Moreover, if p is a multiple of lem(1,2,...,k) and
the ratios €5/es—1 tend to 0 for all s = 2,...,k, the rescaled Finsler metric Uy . o pgla(gl, ooy &k)

converges towards the limit
2b
(5 rer)’

1<s<k

on every compact subset of VEF < {0}, uniformly in C™ topology, and the limit is independent of
the connection V. The error is measured by a multiplicative factor 1 £ O(maxacs<i(€s/es—1)%).

Proof. Let us pick another C* connection V = V + I' where ' € C™(U, T ® Hom(V,V)). Then
V2f =V2f+T(f)(f") - f, and inductively we get

Vef =Vof+ P(f; V..., Vo1f)
where P(z;&1,...,&—-1) is a polynomial with C* coefficients in z € U, which is of weighted

homogeneous degree s in (§1,...,&s—1). In other words, the corresponding 1som0rphlsms JFV ~
V@ correspond to each other by a C*-homogeneous transformation (&1, ... ,&) — (51, e ,§k.) such
that

€= Es+ Py(z; &1y Esm1).

Let us introduce the corresponding rescaled components

(Erere o Ehe) = (6161, ebeh),  (Eiere o Ehe) = (6161, eFEr).

Then N 1
b= bos el Pl 67 e V)
=&+ O0(es/es—1)° O(|E1el| + -+ ||§s_178||1/(871))s
and it is easily seen, as a simple consequence of the mean value inequality |||z]|” — ||y||?| <

Y SUD.¢[2,y] |lz]|"~ ||z — y||, that the “error term” in the difference — ||€5.2]1?"/# is bounded
by
_ 2b
(es/25-1)" (I€0ell -+ s—rellVC7Y + 1€ cll'?)
When b/s is an integer, similar bounds hold for all derivatives Df,£(||§75||2b/8 — ||€s.2]I?/#) and the

lemma follows. O

Now, we fix a point zy € X, a local holomorphic frame (ex(z))1<r<r satisfying (3.1) on a neigh-
borhood U of zp, and the holomorphic connection V on V|y; such that Ve, = 0. Since the uniform
estimates of Lemma 3.6 also apply locally (provided they are applied on a relatively compact open

subset U’ € U), we can use the corresponding holomorphic trivialization .J kV| V‘% ~ Ux(Cr)ek
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to make our calculations. We do this in terms of the rescaled components & = £5V*®f(0). Then,
uniformly on compact subsets of J*Vj;; . {0}, we have

/b
Uppeo P%}E(Z; §1,.0,8k) = < Z ||fs||2b/s> + O(max((es/es,l)l/b),

1<s<k

and the error term remains of the same magnitude when we take any derivative Df ¢ By (3.1) we
find

(A Z\ﬁsxl + ) e iz Eoabap + O(P1EP).

5,0,

The question is thus reduced to evaluating the curvature of the weighted Finsler metric on V&
defined by

Uz ) = ( 5 ugsu%/S)

1<s<k

1/b
( > (Skal+ 3 o 3% v, ) LO(?).
1<s<k 5,0, A,

We set [£5]% = 3, [€sa]%. A straightforward calculation yields the Taylor expansion

10g‘I’(Z; 155 &k)
s 1 |§S|2b/s — gs )\gs,
log Z [FREEE Z AL Z CijAu®iZ; €5 ‘2u +0(|z).
1<s<k 1<s<k 5,5, 14

By (3.5), the curvature form of Ly = Ox, (y)(1) is given at the central point zg by the formula

i 1 sz/S §8A§s
BT Opup, (o) 2 wnan© + o 3 SIS S e, S g

T 1<s<k 5 E ‘gt’%/t 5,5, 1 |§ |2
where [£] = [&1,...,&] € P(l[r], QM, e k:[r]) and wy i p(§) = 88( log Zl<s<k \§S|2b/3) The fibers

P(lm,Z[r], ... ,km) of Xi(V) — X can be represented as a quotient of the “weighted ellipsoid”

25:1 |€6|2/5 = 1 by the S'-action induced by the weighted C*-action. This suggests to make use
of polar coordinates and to set

(3.8) Ty = |§3|2b/s, x=(r1,...,2F) € RF,
(3.8) s = é}’ esT 1, u=(u,... u) € (S
S
so that
k
(3.8") Za:s =1 and &= mi/%us

The Morse integrals will then have to be computed for (z,u) € A¥~! x (S~ 1)k, where A¥~1 c R¥
is the (k — 1)-dimensional simplex.

3.9. Proposition. With respect to the rescaled components £ = e5V?° f(0) at z = f(0) € X and the
above choice of coordinates (3.8"), the curvature of the tautological sheaf Ly = Ox, (vy(1) admits an
approximate exrpression

(a) Orowi, ([6) = wres(€) + gua(z @ u) + (error terms),
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where (z,u) € AF=1 x (§¥—1)k ¢, = 2Py, € cr,

(b) wr,k,b(f)ZQiW&@(z Z |£S’2b/s>

1<s<k

s a Fubini-Study type Kdhler metric on P(l[’”}, ol . ,k‘m), associated with the canonical C* action
on J*V of weight a = (117,207 kU and

1 T _ _
(C) 9V,k(2?790,u) = o Z f Z Cij)\u(z) Ug \Us, dZi/\de.
1<s<k 5,

Here (ﬁ Cijap) are the coefficients of —Ovyp,, and the error terms admit an upper bound

(d) (error terms) < O(Qmaxk(ss/es_l)s) uniformly on the compact variety Xp(V).
<5<

Proof. The error terms on ©p, come from the differentiation of the error terms on the Finsler

metric, found in Lemma 3.6. They can indeed be differentiated if b is a multiple of lem(1,2,..., k),

since 2b/s is then an even integer. O

For the calculation of Morse integrals, it is useful to find the expression of the volume form wf};*bl on

P11, 20, kY = (AR (27=1)k) /ST in terms of the coordinates (z,u). We refer to [Demll,
Prop. 1.13] for the proof.

3.10. Proposition.
(a) The volume form wf};—bl is the quotient of the measure 7=vi, @ (1 on AR5 (21 where

xr1... xk)r—l

dvy ,(x) = (kr — 1)!( dri A ...Ndzg_1, dp(u) =dpi(ur) ... dpg(ug)

(r—1)!k
are probability measures on A¥~1 and (S*"~1)* respectively (1 being the rotation invariant one).
1
(b) We have the equality / wf’,’c—bl = — (independent of b).
p(1lr) 2] gy k!

3.B. Logarithmic and orbifold jet metrics

Consider now an arbifold directed structure (X,V, D), where V' C Tx is a subbundle, r =
rank(V), and D = > (1 — p%)Aj is a normal crossing divisor that is assumed to intersect V'
transversally everywhere. One then performs very similar calculations to what we did in § 3.A, but
with adapted Finsler metrics. Fix a point zg at which p components A; meet, and use coordinates

(21,...,2n) such that V,, is spanned by (6%1, el %) and A; is defined by z; =0, 1 <j<p<r.
In the logarithmic case p; = oo, the logarithmic dual bundle O(V*(D)) is spanned by

le dzp

— .., —, d coydzn.

21 ) ) Zp ) Zp+17 , WZp

The logarithmic jet differentials are just polynomials in
d’z d’z,

ot ERE , BPapyr, .. APz, 1< s<k,
P
and the corresponding (g1, . ..,¢e)-rescaled Finsler metric is
- S (5) o)
2b -2/ £(5)}2 )12
1 (se(umrr 32 e) ™)
s=1 j=1 Jj=p+1

Alternatively, we could replace |f;|™2| fJ(S)|2 by |(log £;)(®)|?> which has the same leading term and

differs by a weighted degree s polynomial in the fj_l f]@, { < s; an argument very similar to the one
used in the proof of Lemma 3.6 then shows that the difference is negligible when g1 > g9 > - - - > &p.
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However (3.11) is just the case of the model metric, in fact we get r-tuples & = (& ;)i1<j<r Of
components produced by the trivialization of the logarithmic bundle O(V (D)), such that

(3.12) &= fj_lfjls) forl1<s<pand & ;= f](s) forp+1<s<r.

In general, we are led to consider Finsler metrics of the form

1/b
(3.13) (ZE%{J?S) ;&= (gs,jlléjsn

where h(z) is a variable hermitian metric on the logarithmic bundle V(D). In the orbifold case,
the appropriate “model” Finsler metric is

2b/s 1/b
(3.14) <Z€2b<zlfl 2(1—s/p;) +‘f(5 Z I s)’) > .

Jj=p+1

As a consequence of Remark 2.10, we would get a metric with equivalent singularities on the dual
Ly, of the tautological sheaf Ly = Ox, (v(py)(1) by replacing >>7_ ., |f](s)l2 with >0, |fj(s)l2 (or
by any smooth hermitian norm h on V'), since the extra terms Z?:l | f;s)|2 are anyway controlled
by the “orbifold part” of the summation. Of course, we need to find a suitable Finsler metric that
is globally defined on X. This can be done by taking smooth metrics hy,s on V and h; on Ox(A;)
respectively, as well as smooth connections V and V;. One can then consider the globally defined
metric

2b/s
lSj s
(3.15) (Ze%(uv fllhverllUy Il “’”Hv§-><ajof>u%j) )

1/b

where D =) (1 — %)A and 0; € H°(X,0x(A;)) are the tautological sections; here, we want the
J

ﬂexibility of not necessarily taking the same hermitian metrics on V' to evaluate the various norms
||V thV We obtain Finsler metrics with equivalent singularities by just changing the hy s and
h; (and keeping V, V; unchanged). If we also change the connections, then an argument very
similar to the one used in the proof of Lemma 3.6 shows that the ratio of the corresponding metrics
is 1 + O(max(es/e5—1)), and therefore arbitrary close to 1 whenever €1 > g9 > -+ > ¢;; in any
case, we get metrics with equivalent singularities. Fix zp € X and use coordinates (z1,...,2n)
as described at the beginning of §3.B, so that 0j(z) = z;, 1 < j < p, in a suitable trivialization
of Ox(Aj). Let f be a k-jet of curve such that f(0) = z € X \ |D| is in a sufficiently small
neighborhood of zy. By employing the trivial connections associated with the above coordinates,
the derivative f(®) is described by components

Go=R << &F =Y, g = U 1 <<,

and Orb = flog &,j for p+1 < j <r. Here g,rjb are to be thought of as the components of f(*) in

the Virtual” vector bundle V(D®)), and the fact that the argument of these complex numbers is
not uniquely defined is irrelevant, because the only thing we need to compute the norms is lforb
Accordingly, for v € V., v =~ (vj)1<j<r € C", we put

log z—l orb —(1=s/pj)+

vE =z vj = 0j(2)"'V;o;(v) and V™ =z

j j Uj71<]<p7
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and define the orbifold hermitian norm on V(D(®)) associated with hy s and h; by

. 2(1
(3.16) H°Wu-ﬂwmw+§:HJIM(SM+WV@(ma
1 1
(3.16) —wmh+§]m (2 s 2
(3.16") = |lvll5,, + Z i
j=1 ]

With this notation, the orbifold Finsler metric (3.15) on k-jets is reduced to an expression

k 1/b
2 2b
(3.17) uemmmﬁz(Ej%m?w/ﬁ L = () 1gjer s €0 = (€ 100k

s=1

formally identical to what we had in the compact or logarithmic cases. If v is a local holomorphic
section of Ox (V'), formula (3.16) shows that the norm ||v°rb||ﬁs can take infinite values when z € |D|,
while, by (3.16"), the norm is always bounded (but slightly degenerate along |D|) if v is a section of
the logarithmic sheaf Ox (V([D])); we think intuitively of the orbifold total space V(D)) as the
subspace of V' in which the tubular neighborhoods of the zero section are defined by HvorbHES <e
for ¢ > 0.

3.18. Remark. When p; € Q, we can take an adapted Galois cover g : ¥ — X such that
(zj09) = (=3/Pi)+ is univalent on Y for all components A; involved, and we then get a well defined
locally free sheaf Oy (g*V(D(S)) such that

g (0x(V([D1))) C 0y (¢"V(D¥))) € g*(0x(V)).

However, as already stressed in Remark 1.26, this viewpoint is not needed in our analytic approach.

3.C. Orbifold tautological sheaves and their curvature
In this context, we define the orbifold tautological sheaves

(3.19) Ox,(v(oy) (M) = Ox, (v(py)(m) @ I(Vr,)™)

to be the logarithmic tautological sheaves O Xk(v<[D‘|>)(m) twisted by the multiplier ideal sheaves
associated with the dual metric W}, (cf. (3.17)), when these are viewed as singular hermitian

metrics over the logarithmic k-jet bundle X3 (V([D])). In accordance with this viewpoint, we
simply define the orbifold k-jet bundle to be X (V(D)) = Xp(V([D])). The calculation of the
curvature tensor is formally the same as in the case D = 0, and we obtain :

3.20. Proposition. With respect to the (rescaled) orbifold k-jet components

Eon = S fTITOD D0y 1 <X <p, and Eox=ef(0), pH1< A<

and of the dual metric \I/h bes the curvature form of the tautological sheaf Ly = Ox, (v (py)(1) admits
at any point (z,[£]) € Xk(V(D>) an approximate erpression

(@) O, (2[€]) ~wrkp(€) + 9v.p k(2 7, u),

where T3 = ]55]%/3, Ug = |£ € € S*~1 are polar coordinates associated with & = (&s))1<a<k in C,

= (21,...,21) € AF~ 1, (€] = [&1,...,&] e 2l kY and

Ls _
(b)  gv.pk(z,z,u) E E w/\u 2) Us AU, A2z N\ dZ;.
1<s<k 5,5, 1
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(s) -
g V(D) hs?

O(maxacs<k(€s/€s—1)%), uniformly on the projectivized orbifold variety X (V(D)).

Here (2 c;:y,,) are the coefficients of the curvature tensor —© and the error terms are

Notice, as is clear from the expressions (3.16”), (3.17) and the fact that v; = zjv;?rb, that our
orbifold Finsler metrics always have fiberwise positive curvature, equal to wy,,(€), along the fibers
of Xp(V(D)) — X (even after taking into account the so-called error terms, because fiberwise, the
functions under consideration are just sums of even powers \ggrb]%/ % in suitable k-jet components,
and are therefore plurisubharmonic.)

4. Existence theorems for jet differentials

4.A. Expression of the Morse integral

Thanks to the uniform approximation provided by Proposition 3.20, we can (and will) neglect
the O(es/es—1) error terms in our calculations. Since wyyyp is positive definite on the fibers of
Xr(V(D)) — X (at least outside of the axes & = 0), the index of the (1,1) curvature form
@Lkv‘I’Z,b,s(z’ [€]) is equal to the index of the (1,1)-form gy px(z,2,u). By the binomial formula,
the g-index integral of (Ly, ¥}, ) on X;(V(D)) is therefore equal to

/ @n—i—k’r‘ 1
L, U*
Xk(V<D>><Lk,q> B2 hbe
n + kr — 1 _
a0 = e O A a2 0 vt 70"
kr zeX Jeer(l

where ﬂgV,D,k,q(z’ x, u) is the characteristic functlon of the open set of points where gy.p (2, z, u)
has signature (n — ¢,q) in terms of the dz;’s. Notice that since gy p r(z,2,u)" is a determinant,
the product 1y, (2, ,u) gv,pk(z,7,u)" gives rise to a continuous function on Xy (V(D)). By
Formula 3.10 (b), we get

/ n+kr—1 __ (7’L + kr — 1)‘
XV D) (L) e nlR (R = 1)!

(4.2) / / ]lgV)D,hq(z,x,u) gv.pk (2, x,u)" dvg . (z) dp(u).
2€X J(zu)e AR~ x (s2r—1)k

4.B. Probabilistic estimate of cohomology groups

We assume here that we are either in the “compact” case (D = 0), or in the logarithmic case
(pj = 00). Then the curvature coefficients c;%} , = ¢;jx, do not depend on s and are those of the
dual bundle V* (resp. V*(D)). In this situation, formula 3.20 (b) for gy.p r(2,z,u) can be thought
of as a “Monte Carlo” evaluation of the curvature tensor, obtained by averaging the curvature
at random points us € S**~! with certain positive weights zs/s; we then think of the k-jet f as
some sort of random variable such that the derivatives V¥ f(0) (resp. logarithmic derivatives) are
uniformly distributed in all directions. Let us compute the expected value of (z,u) — gv.p r(2, z, )
with respect to the probability measure dvy, () dp(u). Since

1 1
/SQT_I Us \Us, pudpt(us) = ;5>\u and /M—l Tsdvg,(x) = 7

we find the expected value

1 1 i -
]E(QV,D,I@(Z,0,0)) = E Z ; . i Zcijkk(z) dz; N de.

1<s<k 1,5,
In other words, we get the normalized trace of the curvature, i.e.

1

1 1
pr (L g+t ) Oy oy e

(43) ]E(gV,D,k(Za °, ')) = Lr
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where O get(v+(p)),det h+ 15 the (1, 1)-curvature form of det(V*(D)) with the metric induced by h. It
is natural to guess that gy, p (2, x,u) behaves asymptotically as its expected value E(gy.p (2, e,9))
when k tends to infinity. If we replace brutally gv,p by its expected value in (4.2), we get the

integral
(n+kr—1)! 1 ( 1 1 n/
1+= 4. ,> 1, ",
W — )l Gryr U T2 ) [ e

where 1 := Ogey(v+(D)),det h* and 1y 4 is the characteristic function of its g-index set in X. The
leading constant is equivalent to (log k)™ /n!k!" modulo a multiplicative factor 14+ O(1/logk). By
working out a more precise analysis of the deviation, the following result has been proved in [Dem11]
in the compact case; the more general logarithmic case can be treated without any change, so we
state the result in this situation by just transposing the results of [Dem11].

4.4. Probabilistic estimate. Let (X,V, D) be a non singular logarithmic directed variety. Fiz
smooth hermitian metrics w on Tx, h on V(D), and write w = ﬁ Y wijdz; ANdzZ; on X. Denote
by Ovipyn = —5= 2 Cijaudzi N dZj @ €y ® ey, the curvature tensor of V(D) with respect to an
h-orthonormal frame (ey), and put

1
1(2) = Odet(v=(D)) det h* = 5 Do migdzAdz,  mgi= ) e

1<i,5<n 1<ALr

Finally consider the k-jet line bundle Ly = Ox, v (p))(1) = X(V(D)) equipped with the induced
metric U}, (as defined above, with 1 = &1 > 9> ... > ¢ > 0). When k tends to infinity, the
integral of the top power of the curvature of Ly on its q-index set Xy (V(D))(Lx, q) is given by

nthr— (log k)" n _
Ol = gy /X]l"’q" +0((logk)™)

*
h,b,e

/Xk(V<D>)(Lk,q)

forallq=0,1,...,n, and the error term O((log k)~!) can be bounded explicitly in terms of Ov (D),
n and w. Moreover, the left hand side is identically zero for ¢ > n.

The final statement follows from the observation that the curvature of Lj is positive along the
fibers of X;(V(D)) — X, by the plurisubharmonicity of the weight (this is true even when the
error terms are taken into account, since they depend only on the base); therefore the ¢g-index sets
are empty for ¢ > n. It will be useful to extend the above estimates to the case of sections of

1 1 1
4, Ly = Demo( - —(1+5 4+ )F)
(4.5) Fk = Ox,(v(p) (1) ® 0 r + 9 Tt L
where F' € Picg(X) is an arbitrary Q-line bundle on X and 7 : X3 (V(D)) — X is the natural
projection. We assume here that F' is also equipped with a smooth hermitian metric Ap. In
formulas (4.2-4.4), the curvature Op,., of Lgy takes the form Oy, , = w.r (&) + gv,p Fr(2, T, u)
where

1 1 1
(4.6) 9v,0,F k(% T, u) = gv,p k(2 2, u) — p. (1 totoot %>@F,hp(z>7
and by the same calculations its normalized expected value is

1
(4.7) nr(z) == i ~E(9v,D,Fk(2;0,0)) = Odet v (D) det h* (2) — OFpp (2)-
=l+5+-+%) g
Then the variance estimate for gy, p g is the same as the variance estimate for gy pj, and the
recentered LP bounds are still valid, since our forms are just shifted by adding the constant smooth
term ©pp, (2). The probabilistic estimate 4.4 is therefore still true in exactly the same form for
Lr}, provided we use gv,p,rr and nr instead of gy, p . and 1. An application of holomorphic Morse
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inequalities gives the desired cohomology estimates for

hq<X,Ek7mV*<D>®O(— %(1+%++%)F))

= hM(Xx(V(D)),0x, (v(py)(m) ® WZO< - %(1 + % Tt %)F»’

provided m is sufficiently divisible to give a multiple of F' which is a Z-line bundle.

4.8. Theorem. Let (X,V(D)) be a non singular logarithmic directed variety, F — X a Q-line
bundle, (V(D),h) and (F,hr) smooth hermitian structure on V(D) and F respectively. We define

1 1 1
Lpp = 1) @t (_7(1 Sy —)F)
Fk = Ox, vy (1) @m0 A L S
NF = Odet v+ (D) det h* — OFhp = Odet v+ (D)o F-1 det h*-

Then for all ¢ = 0 and all m > k > 1 such that m is sufficiently divisible, we have

mn+kr—1 o n

(a) h(Xp(V(D)),0(LE)) < CETE (il,gk]f) (/X(W’q)(—l)qn% + O((log k)l)),
mn+kr71 o n

(b) WO (Xk(V(D)),0(LER)) > RN (ln,g:,) (/XW@ i — O((log k)‘1)>,

om mnthkr—1 (IOg k)n . . .
© VD)0 = g e (VD) © P+ O((log k) ).

Green and Griffiths [GrGr80] already checked the Riemann-Roch calculation (4.8 ¢) in the special
case D =0,V =T% and F' = Ox. Their proof is much simpler since it relies only on Chern class
calculations, but it cannot provide any information on the individual cohomology groups, except
in very special cases where vanishing theorems can be applied; in fact in dimension 2, the Euler
characteristic satisfies y = h® — h! +h% < h% 4+ A2, hence it is enough to get the vanishing of the top
cohomology group H? to infer h° > x ; this works for surfaces by means of a well-known vanishing
theorem of Bogomolov which implies in general

H”(X,Eka)*( @o( - (1+ L. 1>F>)> —0
' kr 2
as soon as Kx ® F'~! is big and m > 1.

In fact, thanks to Bonavero’s singular holomorphic Morse inequalities (Theorem 2.9, cf. [Bon93]),
everything works almost unchanged in the case where the metric h on V is taken to a product
h = hsoe? of a smooth metric ho, by the exponential of a quasi-plurisubharmonic weight ¢ with
analytic singularities (so that det(h*) = det(h’, )e™"¥). Then 7 is a (1, 1)-current with logarithmic
poles, and we just have to twist our cohomology groups by the appropriate multiplier ideal sheaves
Jk,m associated with the weight %(1 + % + -+ %)m ¢, since this is the multiple of det V* that
occurs in the calculation, up to the factor % x ry. The corresponding Morse integrals need only be
evaluated in the complement of the poles, i.e., on X(n,q) ~ S where S = Sing(y). Since

m 1 1
(1)« (OLER) & Tm) € BemV* ©0( = (14 5+ 47 )F))
we still get a lower bound for the H of the latter sheaf (or for the H? of the un-twisted line bundle
O(LY™) on Xi(V)). If we assume that Ky ® F~! is big, these considerations also allow us to
obtain a strong estimate in terms of the volume, by using an approximate Zariski decomposition
on a suitable blow-up of X.
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4.9. Corollary. If F' is an arbitrary Q-line bundle over X, one has
0 ¥ m 1 1
h <Xk(V), Oxk(\/)(m) & 7rk0< - E(l + 5 4+ k)p))
N mn+kr—1 (log k)n
T (n+kr—1)! nlkl"

when m > k > 1, in particular there are many sections of the k-jet differentials of degree m twisted
by the appropriate power of F if Ky ® F~1 is big.

(Vol(KV ® Ffl) — O((log k)fl)) _ O(anrkrfl),

Proof. The volume is computed here as usual, i.e. after performing a suitable modification p : X —
X which converts Ky into an invertible sheaf. There is of course nothing to prove if Ky @ F~!is
not big, so we can assume Vol(Ky ® F~1) > 0. Let us fix smooth hermitian metrics hg on T and
hr on F. They induce a metric p*(det hy' ® k') on p*(Ky ® F~') which, by our definition of
Ky, is a smooth metric. By the result of Fujita [Fuj94] on approximate Zariski decomposition, for
every d > 0, one can find a modification us : X5 — X dominating p such that

ps(Ky @ F71) = 05 (A+ E)
where A and E are Q-divisors, A ample and E effective, with
Vol(A) = A" > Vol(Ky ® F~') — 6.
If we take a smooth metric h4 with positive definite curvature form © 4y, ,, then we get a singular
hermitian metric hahp on pj(Ky ® F') with poles along E, i.e. the quotient hshp/p*(det hal ®hp)
is of the form e™% where ¢ is quasi-psh with log poles log |og|?> (mod C*(Xs)) precisely given by
the divisor E. We then only need to take the singular metric A on T defined by
h = hger )¢

(the choice of the factor % is there to correct adequately the metric on det V'). By construction h
induces an admissible metric on V' and the resulting curvature current nr = g, deth* — OFny s
such that
psne = Oan, + [E], [E] = current of integration on E.
Then the 0-index Morse integral in the complement of the poles is given by
/ np=[_ 0%, =A">Vol(Ky @ F7') =
X(n,0)~8 X;

and Corollary 4.9 follows from the fact that J can be taken arbitrary small. O

4.10. Remark. Since the probability estimate requires k£ to be very large, and since all non log-
arithmic components disappear from D) when s is large, the above lower bound does not work
in the general orbifold case. In that case, one can only hope to get an interesting result when k is
fixed and not too large. This is what we will do in §6.

5. Positivity concepts for vector bundles and Chern inequalities

5.A. Griffiths, Nakano and strong (semi-)positivity
Let E — X be a holomorphic vector bundle equipped with a hermitian metric. Then E possesses

a uniquely defined Chern connection Vj compatible with A and such that Vg’l = 0. The curvature
tensor of (E,h) is defined to be

(5.1) Opp = QL 100V2 € C®(X,A'T% ® Hom(E, E)).
7T

One can then associate bijectively to ©f j a hermitian form 5 g, on TX ® E, such that

(5.2) Opn(€ @ u,E @u) = (Op,(&,€)  u,u)p.



24 FREDERIC CAMPANA, LIONEL DARONDEAU, JEAN-PIERRE DEMAILLY, ERWAN ROUSSEAU

and can be written '
O, = x Z Cii) dzi/\dfj@)e’f\@eu
) or p- JAR
LA
Let (21,...,2n) be a holomorphic coordinate system and (ey)i1<r<r @ smooth frame of E. If (ey) is
chosen to be orthonormal, then we can write

i - *
(53) ®E,h = % Z Cij)\ud'zi/\dzj ®€/\®€‘u,
50,0
- 1 _
(5.3) Opr(l®@u,f®@u) = o Z/\ Cijap §i&j UNTp,
z).]’ HLL

and more generally éE’h(T,T) = % Zi’j,/\# Cijau TinTju for every tensor 7 € Tx ® E. We now

consider three concepts of (semi-)positivity, the first two being very classical.

5.4. Definition. Let 6 be a hermitian form on a tensor product T ® E of complex vector spaces.

We say that

(a) 0 is Griffiths semi-positive if 0(§ @ u,& @ u) > 0 for every & € T and every v € E;

(b) 0 is Nakano semi-positive if O(t,7) > 0 for every T € T ® E;

(c) 0 is strongly semi-positive if there exist a finite collection of linear forms a; € T*, 1 € E* such
that § = 3", |oy @ 152, ice.

O(r,7) = Z‘(aj ® ;) - 7’]2, VreT®FE.
J

Semi-negativity concepts are introduced in a similar way.

(d) We say that the hermitian bundle (E, h) is Griffiths semi-positive, resp. Nakano semi-positive,
resp. strongly semi-positive, if éEﬁ(m) € Herm(T'x , ® E;) satisfies the corresponding property
for every point x € X.

(e) (Strict) Griffiths positivity means that éﬂh(f@u, £®@u) > 0 for every non zero vectors & € Tx 4,
vekFE,.

(f) (Strict) strong positivity means that at every point x € X we can decompose éﬂh as éE,h =
dilaj® ¥j|* where Span(a; ® 1) = T, ® E;.

We will denote respectively by >g, >y, =g (and >g, >n, >g) the Griffiths, Nakano, strong
(semi-)positivity relations. It is obvious that
0250 = 0>ny0 = 0>¢0,

and one can show that the reverse implications do not hold when dim7T > 1 and dim EF > 1. The
following result from [Dem80] will be useful.

5.5. Proposition. Let § € Herm(T ® E), where (E,h) is a hermitian vector space. We define
Trg(0) € Herm(T') to be the hermitian form such that
Trp(0)(€,¢) = > 0(¢®ern{@e)
1<
where (ex)i1<a<r @8 an arbitrary orthonormal basis of E. Then
0>¢0 = 0+ Trg(d) ®h =5 0.

As a consequence, if (E,h) is a Griffiths (semi-)positive vector bundle, then the tensor product
(E®det E,h ® det(h)) is strongly (semi-)positive.

Proof. Since [Dem80] is written in French and perhaps not so easy to find, we repeat here briefly
the arguments. They are based on a Fourier inversion formula for discrete Fourier transforms.
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5.6. Lemma. Let g be an integer > 3, and xo, yg, 1 < «o,B < 1, be complex numbers. Let x
describe the set Uy of r-tuples of q-th roots of unity and put

Z TaXa @\(X): Z yﬁyﬁ’ X € U‘;

1<agr 1<B8<r

Then for every pair (A, ), 1 < A\, u < r, the following identity holds:

¢ > B0 T X, =

xeUyg

2T, i # 1,
Zl<a<r xa?a Zf A= M.

In fact, the coefficient of x,74 in the summation ¢~" ZxGUT Z(x) 7(%) X2X,, is given by
q
") XaXsXoXus
xeUg

so it is equal to 1 when the pairs {a, pu} and {5, \} coincide, and is equal to 0 otherwise. The
identity stated in Lemma 5.6 follows immediately. O

Now, let (t;)i<j<n be a basis of T, (ex)1<r<r an orthonormal basis of E and £ = Zj &ty €T,
w = Zj’A wirt; ®ey € T'® E. The coefficients cjiy,, of 6 with respect to the basis ¢; ® ey satisfy
the symmetry relation €x, = ckjur, and we have the formulas

O(w,w) = Z CitApWiAWy, Trepd(§,§) = Z cjinEi€ps

j7k7A7l'l’ ‘77167A

(9 +Trgf® h)(w, w) = Z CiApWNWEy + CirANWp Wy, -
Jrk A

For every x € Uy, let us put

Bi(X) = Y wjaXar D) =Y @)t ET, & =) xxer€ k.
a J

A

Lemma 5.6 implies

q—r Z Q(Q(X) ®€X7@\(X) ®/€\X) = —r Z Z CikAp 'U}] (X) X/\Xu

X€Uyg X€UF j.kAp
= E  CiRALW N DRy + E AW Dk
kA W

The Griffiths positivity assumption §c > 0 shows that £ — ¢7" (£ ® €y, { ® €y ) is a semi-positive
hermitian form on 7', hence there are linear forms ¢, ; € T™ such that ¢7"0({ ® €,,{ ® €,) =
> |6y (€)|? for all £ € T. Similarly, there are ¢, ; € T* such that

D &l =Y IO, forall A=1,...,r
J

Jk
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Our final Fourier identity can be rewritten

(9+Tr30®h)(w,w) = Z CikApWiNWEy + Z CikAW; Wiy,

Jikes A Jik, A
= ¢ D 0(@(x) @8, B(X) @) + > Cikar wirj
xeUyg Jik, A
=D D lb(@(x |2+Z|€Mw Y
xeUg Jj
= D loxw ’2+Z’€>\]®6)\
X€Ug J
where x* = (o, x) € E*, thus 0 + Trp 0 @ h >g 0. |

5.7. Corollary. Let r = dim E and © € Herm(T ® E).

(a) If 0 >¢ 0, then —Trgf0®h <5 0 <g rTrgfQh.

(b) If 0 < 0, then —r Trg(—0)®@h <g 6 <g Trg(—0)® h.
(c) If £0 <¢ T @ h where T € Herm(T') is semi-positive, then

—2r+1)7®h <5 0 <s 2r+1)7®h.
Proof. (a) It is easy to chech that ' = Trp 6 ® h — 0 satisfies ' >¢ 0 and that we have Trg 6’ =
(r—1) Trg 6. Lemma 5.6 implies
0 +Trg0 @h=r Trg0 @h —0 >4 0.
(b) follows from (a), after replacing 6 with —6.

(c) also follows from Lemma 5.6 by taking ' =7 ® h+ 6 (resp. ' =7 h —0), since Trg <rr7
and we have e.g.

0<s 0 +Trgl0 @h=0+Trg0h+(r+1)7T@h<s0+ 2r+1)7®h. O

5.B. Chern form inequalities

In view of the estimates developed in section 6, we will have to evaluate integrals involving
powers of curvature tensors, and the following basic inequalities will be useful.

5.8. Lemma. Let {; € (C")*, 1 < j < p, be non zero complex linear forms on C", where (C")* ~ C"
is equipped with its standard hermitian form, and let p the rotation invariant probability measure
on 8?1 C C". Then

Tt = [ 10@P . ) du(w)

satisfies the following inequalities :

(a) I(fy,...,0) < s Hyi 2,

p—i-i"

and the equality occurs if cmd only if the £; are proportional;
(r—1)! - 2
b)I(¢1,...,0p) > ———— 4il=,
() (17 717) (p_'_,r,_l)'Jl;[l’J‘

and the equality occurs if and only if p < r and the {; are pairwise orthogonal.

Proof. Denote by dA the Lebesgue measure on Euclidean space and by do the area measure of the
sphere. One can easily check that the projection

SQT?1—>B2T727 u:(ula"'vuT)HU:(ul"'”uT_l)’
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yields do(u) = df A dA\(v) where u, = |u,| e [just check that the wedge products of both sides
with 3d|u/? are equal to dA(u), and use the fact that df = 3 (du, /u, — dt, /%,)], thus, in terms of
polar coordinates v = tu/, v’ € 7!, we have do(u) = df A t> 3 dt A do’(v'), and going back to
the invariant probability measures x on S*’~! and p/ on "3, we get |u,|? =1 — |[v]? =1 —t% and
an equality

(5.9) dp(u) = QTQW A9 A3 dt A dpl (u).

If ¢1,...,4, are independent of u,, (5.9) and the Fubini theorem imply by homogeneity

(5.10) /S2r1 |€1(u’)’2 . ’fp(u’)|2 du(u) = p:—;il /S2r3 |El(u’)|2 e |€p(u/)’2 dy (),

Lo 1R o 16ya 6P P ) =
(5.10) - Lo 16 e )P i (w)
(p—l—’l“—Q)(p—l—T—l) §2r—3 P
(for instance, in case (5.10"), we have to integrate t??~2(1 — ¢2) x t2=3 dt). The formulas

[ aPrau = EEZS [ P du = G e,

are then obtained by induction on r and p.

(a) For any ¢ € (C")*, we can find orthonormal coordinates on C" such that ¢(u) = |[¢|u; in the
new coordinates. Hence

L(r — 1)
/S )PP dp(u) = ey [0 where e, = /S PP du(u) = m.
It follows from Hélder’s inequality that
p 1/p p
I(ty,...,0,) < H </Szr1 |gj|2pdu(u)) = mr,pH |gj|2’
j=1 j=1

and that the equality occurs if and only if all ¢; are proportional.
(b) We prove the inequality

I(0y, ... 0,) > Hye 2

p—l—r

by induction on p, the result being clear for p = 0 or p = 1. If we choose an orthonormal basis
(e1,...,€;) € C" such that ¢;(e;) # 0 for all j and replace ¢; by (¢;(er))~¢;, we can assume
lj(er) = 1. We then write u = u’ + uye, with v/ € e} ~ C"~! and

Cilu) = () +ur, 1<G<p, 0= o1

Let si({q(u')) be the elementary symmetric functions in £;(u'), 1 < j < p, with so := 1. We have

p
/ 2 /(o] p—k
I(ly,. . b /S » '|:| 105 (u') + up” dp(u) = /S kEZOsk(E.(u))ur

We make a change of variable u, — u, ¢’ and take the average over 6 € [0, 27]. Parseval’s formula

gives
(b, 0 /SMZ\sM’ DI fur 2P dpa(u),

du(u).
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and since

(2r —2) /01 24(1 - @k prsgp — T ((’;:7;—_21))!!(17 — k)!

)

formula (5.9) implies

P (r—=1)(k+r—2)(p—k)! ,
I(t,.... 4 /SQTSZ;) |k (€ (u))|* dpd ().

(p+r—1)

As (2 =1+ ]6}\2, our inequality (5.8 (b)) is equivalent to

(k+r—=2)(p—k)! ) u 1
(5.11) /SQT 32 r—2 s (£ ()| did (u 1;[ 1+ |02

for all linear forms ¢’ € (C"1)*. We actually prove (5.11) by induction on p (observing that the
inequality is a trivial equality for p = 0, 1) Assume that (5.11) (and hence (5.8 (b))) is known for
any (p — 1)-tuple of linear forms (¢},...,£, ;). As (5.8 (b)) is invariant under the action of U (r),
it is sufficient to consider the case when £,(u) = u,, i.e. £, = 0. The induction hypothesis tells us
that

p—1

(k + —2 —1- -
(A;Ts Y 2)! B | () 2 i [I (1+16]%)
k=0 j=1

However, when we add the factor ¢,, the elementary symmetric functions sj(¢,(u')) are left un-
changed for k < p — 1, while s,(¢,(u/)) = 0 and 1+ |[¢1|* = 1. Therefore (5.11) holds true for p,
since (p—k)! > (p—1—k)! forall k =0,1,...,p — 1. We have proved the inequality at order p
whenever £, = oy (s, e,) and ¢;(e,) # 0 for j < p — 1. Since those (¢1,...,¢,) are dense in the space
((C")*)? of p-tuples of linear forms, the proof of the lower bound is complete.

(b, equality case) We argue by induction on r. For r = 1, we have in fact ¢;(u) = ajui, a; € C*,
and I(¢q,...,4) = []|¢;]? thus the coefficient ﬁ = ;, is reached if and only if p < 1. Now,
assume r > 2 and the equality case solved for dimension » — 1. By rescahng and reordering the /;,
we can always assume that £j(e,) # 0 (and hence £;(e,) = 1) for ¢ +1 < j < p, while € (er) =0
for 1 < j < ¢ (we can p0551b1y have ¢ = 0 here). Then we write £;(u) = E’( ) for 1 < j < qand
li(u) = Z}(u’) +u, for g+ 1 < j < p. Therefore, if si(¢'(u’)) denotes the k:—th elementary bymmetrlc
function in (;(u')g+1<j<p, We find

oty = [ TIB@E TT 660+ wfdnto

j=1 j=q+1
pb—q 2
= [ TP s | dutw)
S2r71j:1 =0
= [ TT0OR S ) 205
st k=0
q rP—q
r=0k+r—-2)(p—q—
—/2 [Tiery ! B )
§2r— j:l =0 P q :
p
p+7« HW I1 a+16p)

j=q+1
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by what we have just proved. In an equivalent way, we get

p— q

[ T Y et 0t e )
j=1 k=0

IIe’ II (1+105%)

for all 0 < ¢ < p—1 and all choices of the forms 6"7 € (C"1)*. In general, we can rotate coordinates
in such a way that £,(u) = u, and ¢, = 0, and we see that the above inequality holds when p is
replaced by p — 1, as soon as ¢ < p — 2. Then the corresponding coefficients £k = 0 for p, p — 1 are

p—@tptr-H! (p-1-glp-1+r—1)
(p—q+r—1)! (p—1—q+r—1)!

)

and since sg = 1, we infer that the inequality is strict. The only possibility for the equality case is
q =p—1, but then

It = [ Hw’ O ) = 2 /WHM (W),

and we see that we must have equality in the case (r — 1,p — 1). By induction, we conclude that
—1 <7 —1 and that the £;(u) = ¢;(u’) are orthogonal for j < p — 1, as desired. O

5.12. Remark. When r = 2, our inequality (5.11) is equivalent to the “elementary” inequality

p p
() T+ o) < SR 0 — B,
j=1 k=0

relating a polynomial X? — sy XP~! +... 4 (—1)Ps, and its complex roots a; (just consider () =
ajup and £j(u) = a;juy +uz on C? to get this). It should be observed that () is not optimal symp-
totically when p — +o00; in fact, Landau’s inequality [Land05] gives [] max(1,|a;j|) < (3 |sk]?)"/2,
from which one can easily derive that [[(1 + |a;|?) < 2P |sg|?, which improves (x) as soon as
p > 7 (observe that 27 = 128 and k!(7 — k)! > 3!4! = 144). Our discussion of the equality case
shows that inequality (5.8 (b)) is never sharp when p > r. It would be interesting, but probably
challenging, if not impossible, to compute the optimal constant for all pairs (r,p), p > r, since
this is an optimization problem involving the distribution of a large number of points in projective
space.

We finally state one of the main consequences of these estimates concerning the Chern curvature
form of a hermitian holomorphic vector bundle.

5.13. Proposition. Let T, E be complex vector spaces of respective dimensions dimT = n,
dimE = r. Assume that E is equipped with a hermitian structure h, and denote by u the uni-
tary invariant probability measure p on the unit sphere bundle S(E) = {u € E;|u|, =1} of E.
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(a) If £1,.... 4y € E* and 01,...,0,_ =5 0 are strongly semi-positive hermitian tensors in
Herm(T ® E) ~ AY'T* @ Herm(E, E), then

[ 10 @P ) () s A A o), i)
ueS(E)

Z N (p—i—r <H’€j‘2>Trh91/\~-/\Trh9pk,

k
Fr—1)!
S (]]j—i-?“—l <H|€j‘2> Trp 01 Ao ATy, 0k,

as pointwise strong inequalities of (p — k,p — k)-forms.
(b) If 0 > 0 in Ay' T* @z Herm(E, E) and {; € E*, then

(p-l—r

G |6 (w)]? (0 “d P =D T ) v 0
/ueS(E)M(U)I co ()P (0 (w), )y dpu(u) < >!<j];[1|j>( n0)

as a pointwise weak inequality of (p — k,p — k)-forms.
In particular, the above inequalities apply when (E, h) is a hermitian holomorphic vector bundle of

rank v on a complex n-dimensional manifold X, and one takes 0; = O} to be the curvature tensor
of E, so that Try, §; = c1(E, h) is the first Chern form of (E,h).

Proof. (a) The assumption 6, >g 0 means that at every point € X we can write 6 as
2 . =
eq: Z |5qj®€qj‘ = Z 15qj/\ﬁqj®€qj ®€Zj= quGT*, queE*
1< <N, 1< <N,

as an element of Ay T* @y Herm(E, E), hence
(Og(u), uhn = Z i By /\qu |£qj(u)|2-

1<j<Ng

Without loss of generality, we can assume [{4;|p« = 1. Then
e (w)[? o ()P (Br (), u)n A A (B (), )
= > B ABy A ANBpkgy s ABpkg, o L] 1@ TT 1 ()P,

Jisendp—k 1<s<k 1<s<p—k

and since |{g;|p+ = 1, Lemma 5.8 (b) implies

[ 0 P G A A Gyl i)
ueS(E)
(r—1)!

> 7( e '1) Z iﬁljl ABijy Ao NiBperjy o NByiyy o 1] 1657
J1yeensdp— 1<s<k
H |£|>T1“]191/\.../\T1“h9p,
(p—l—?” : <1<]<k

where > is in the sense of the strong positivity of (p, p)-forms. The upper bound is obtained by the
same argument, via 5.8 (a).

(b) By the definition of weak positivity of forms, it is enough to show the inequality in restriction
to every (p — k)-dimensional subspace T C T. Without loss of generality, we can assume that
dimT = p — k (and then take 7" = T'), that |[¢(;] = 1, and also that § >¢ 0 (otherwise take a
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positive definite form 7 € AHIQ’IT*, replace 6 with 0. = 0 +en ® h, and let ¢ tend to 0). For any
ue S(E), let

0< Aifu) <+ < Api(u)
be the eigenvalues of the hermitian form g, (e) = (#(u),u) on T with respect to

r
w="Tr,0 = Z(G(ej),ej> € Herm(T'), w >0,
j=1
(ej) being any orthonormal frame of E. We have to show that
p!(r—1)!

/ues(E) (@) () * Ax(w) - Api(w) dpa(u) < o1

However, the inequality between geometric and arithmetic means implies

Mwm&wx(gyg?mw

thus, putting Q(u) = ﬁ(Trw 0(u),u), @ € Herm(E), it is enough to prove that
r—=1)!

5.14 / l(u))?. .. ¢ uQQup*kd,uu <p7.

(5.14) [ OO (0P QU ) <

Our assumption 6 >¢ 0 implies Q(u) = 37, ¢, ¢l (u)|? for some ¢; > 0 and some orthonormal
basis (£;;)1<j<r of B, and

p
9

”
1 1 1
jzzlcj == Trh Q == Ifk TI'h(TI'w 0) = ﬁ Trw(Trh 9) == Ifk Trw(OJ) =1.
Inequality (5.14) is a consequence of Lemma 5.8 (a), by Newton’s multinomial expansion. O

5.15. Remark. For p = 1, the inequalities of Proposition 5.13 are identities, and no semi-positivity
assumption is needed in that case. This can be seen directly from the fact that we have

/ Q(u) du(u) = - TrQ
ueS(E) r

for every hermitian quadratic form @ on E. However, when p > 2, inequality 5.13 (a) does not hold
under the assumption that E >¢ 0 (or even that E is dual Nakano semi-positive, i.e. E* Nakano
semi-negative). Let us take for instance F = Tpn @ O(—1). It is well known that E is isomorphic
to the tautological quotient vector bundle C**1/O0(—1) over P", and that its curvature tensor form
for the Fubini-Study metric is given by

OpnE®uE@u) = |{u)* >0
(where v is identified which a tangent vector via the choice of a unit element e € O(—1)). Then

det E = O(1) and thus ¢;(E, h) = wpg > 0, although (Op 5 (u),u)y = 0 for all p > 2, as one can
easily check.

6. On the curvature of orbifold tangent bundles

6.A. Evaluation of the orbifold curvature tensor
The main qualitative result is summarized in the following statement.

6.1. Proposition. Let X be a projective variety, A an ample line bundle, and (X,V, D) an orbifold
directed structure where D = ElSjSN(l — p%)Aj 15 a normal crossing divisor transverse to V in X.

Let d; be the infimum of numbers A € Ry such that NA — A; is nef, and vy be the infimum of
numbers v > 0 such that y© 45, ®Idy — Oy, =a 0 for suitable smooth hermitian metrics hy on
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V. Then for every v > ~yy,p := max(max;(d;/p;j),vv), the orbifold vector bundle V(D) possesses
a hermitian metric hy(py . such that

(a) hv(Dyy,e B8 smooth on X \ |D],

(b) by (D) ~,c has the appropriate orbifold singularities along D,

(c) we have yO 4, ®1d — Oy py _2¢ 0 on X \|D|.

v (D) v,

Proof. Let hy be a metric on A such that ©4;, > 0, written locally as hy = e~ ¥, and take
v > max(max;(d;/p;),yv). Consider the tautological sections o; € HY(X,0x(4A;)) defining A; =
0]-71(0), and let hy, hj be smooth hermitian metrics on V' and Ox(A;) such that

(6.20) vYO4n, ®Idy — Oy, >a 0,
1 .

(62j) ’Y@A,h,q - ;@OX(Aj),h]- >0, Vj=1,...,N,
J

as is possible by our choice of the constants d; and . Finally, denote by V; the associated Chern
connection on Ox(A;). If we write hj = e™%/ in some local trivialization, then V;o; = V;’Oaj =
O0oj — 0;0p;. Take wq = O 4, as the Kéhler metric on X. We have

oA 2/p L —2+42/p; . L 2/p; . o5
i00|o; hépj = P |0'j|hj /bs Vo, Vioi)n, — ;|0‘j hjpj i00¢;,
J J

hence there exists § > 0 small such that the metric has = haexp(—d3)_; o, iépj) of weight v5 =
Y+63;l0; iépj satisfies

_ _ ) 1. ;
100Us(6,€) = |€2, + 0100 Y |o 7 (€,€) = (1= Co)le2, + 6 ;whf*”’” V0567,
J j

We can consider was = ©Oap As = i 0015 as an orbifold Kahler metric, that is “smooth” from the
point of view of the orbifold structure. Let us explain the more precise meaning of this “orbifold
smoothness” assumption. In fact, there exists a ramified cover gy : Y — X such that g*o; = w;-nj
for some local coordinate w; on Y, with arbitrary high multiplicity m; € N* along g{,l(Aj) =
{w; = 0}. Then gyhas = gyhaexp(—0); lw;j|>™i/Pi) can be taken in any regularity class C?,
p € N*, by taking m; > p pj. Therefore, by pulling-back our calculations to Y, we would actually
get forms of high regularity on Y. Of course, if we compute an integral over X, pulling-back forms
to Y multiplies the integral by the degree of gy, and it suffices to divide by that degree to recover
the integral over X. For § > 0 sufficiently small, our positivity conditions (6.2;) can be turned into
the stronger form

030 7 1000s(€.9) uf ~ Bua (€8 > o162, + Dl IV, )
J

= 1 = —242/p;
(6:3) 7 i09Us(E8) — - 100p(6,€) > c(|§!i,4 + 3 logly \vjaj@)ﬁj),
j : ‘
J

for some constant ¢ > 0 and all £ € T'x, u € V' (observe that the right hand side can in fact be seen
as a positive definite hermitian form with respect to the orbifold coordinates, we just exploit the
fact that A remains ample when viewed as a line bundle on the orbifold structure). We are going
to estimate the curvature of the orbifold metric Ay py . on V(D) defined by

—2(1-1/p;)
(6.4) lullz, ) . = lulhy, + > e 17jln, PV oi ()i, e < L
j

Again, this metric can be seen as orbifold smooth (in the sense that the metric gj-hy (py. on
gy (V(D)) may be taken of arbitrary high regularity; in case p; = oo, it is actually a smooth metric
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on the logarithmic bundle). Since
iag”“”%q/(m,s = i(Vu, vu>hv(D) e —2m <@V<D),hV<D),5 (u), u>hv<D>,s

where Vu = du + I'(dz) - u is the Chern connection of (V(D), hypy ), what we need to prove is
that on the total space of V over X \ |D|, the (1,1)-form

V'3 (z,u) = 100\ ullf, .+ 100Us [ullhy ...

is non negative. For this, we calculate the associated hermitian quadratic form on Ty

- 0 4 0
(65) QV(D),%a(za ’LL)(&, 7])7 (ga 77) S TV,(z,u)a g = ;gfazga n= ); 77/\8*%\,

and observe that the curvature tensor is obtained by taking the restriction to the “parallel” direc-
tions Vu = 0, that is, by substituting du = —I'(dz) - u, i.e. n = =T'(§) - u. Let us fix an arbitrary
point zp € X \ |D|. We take local holomorphic coordinates (zi,...,2,) centered at zp, and let
(é1,...,er) be a local holomorphic frame of V' such that

(exseudhy = Oru+ D Comrg 26Zm + O(|2%),
£mAp

where the #Cgm)\u are the coefficients of —©y,,. Let us write u = Y 5_; upey and denote by
(u,v) = > 1< uaUx the standard hermitian form, [u| the associated norm. We find

[ul2y . = 4P+ > ctmrg 2ZmunTiy + O(|f*)
£m, A,

(6.40) + e (logPe=) T |90, (u) — 05005 (w) e,
J

since 50j = 0. In order to simplify the calculation, we set formally

pj = 2 = -1 .
{ oj=o0;'", & =pig5 @i=p; e, i py<oo,

5'j:logcrj, 5j:€j, Q(NJJ':QO]', ifpj:OO.

(6.6)

Respectively to the non logarithmic and logarithmic situations, we then get the more tractable
expression

_ _ ~ ~ ~ 2 5.
6.7 ull}y o, =10l + Y Conan 2EmuaTin+ O(21%) + > 8106, (w) — 0500 (w)]* e,
£m, A p J
_ _ ~ ~ ~ 2
(6700)  Nullfy . =[P+ Y comau 20Zmuny + 02 + > & 055 (u) — 035 (u)|”,
Lm A p J

More importantly, the poles have disappeared — a fact reflecting the orbifold smoothness of the
metric. In what follows, for the sake of simplicity, we remove the tildes in the notation, and
conduct the calculation only in the non logarithmic situation (p; < 00), since the logarithmic case
can be recovered by taking p; very large; this actually amounts to using a ramified change of
variable Z, = zl}/ ¢ in suitable coordinates, allowing us in this way to take p; = 1 in (6.49). Also,
our later calculations will be done by adding the orbifold divsior components one by one. This
essentially reduces the situation to the case where D = (1 — %)A only has one component, and

the notation becomes much lighter. Therefore, we drop the indices j and the summations ;> and
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consider the simple situation where the metric is given by

(6.8) lullfy . = 1+ > coman 2Zmunti + O(|2°) + €90 (u) — o Dp(u)|?
Lm A p
(68/) <<ua U>>}21V<D),s = <’LL, U>2 + Z ColmAp Zfzmu)\@u + O(‘Z|3)
Lm )\

+ € (0o (u) — 0 0p(u)) (0o (v) — 0 dp(v) ) e %.

We also take a holomorphic trivialization of the line bundle Ox(A) so that the associated weight
¢ satisfies p(2) = 32, @m 2Zm + O(|2]%) near zp = 0. Then

3¢:Zagm2mdzg+0(|z|2), 5¢:Zanggd§m+O(’Z|2)-
lm £m
At the point z = zp, we have dp(zp) = d¢(z0) = 0, Vo = do, and our metric admits the expression
(6.9) Tullg, ) = a2+ [00(P,  (tvhay . = (u.0) + o(u) T (o).
Let u, v be arbitrary local holomorphic sections of V', and denote by V¢ the Chern covariant differen-
tiation of (V(D), hy(py) in the direction § € Tx. By polarizing the quadratic form ||UH%LV(D) _ into

a hermitian inner product J¢ ((u, v))n,, ,, . and setting Veu = Vé’ou = Ogu+T'(§) -u, a differentiation

of (6.8') at z = 2¢ yields

(D),

Ie{(w, V) hy .. = (Veu,v) + €90 (Veu) 0o (v)
= (O¢u, v) + € 00(0gu) Oo(v) + %0 (€,u) 0o (v) — € Do (u) T DD (E,v),

where 9?0 (&, u) := 3, O¢ (9o (ey)) uy is viewed as an element of (T% ®V*)., and 00y as a hermitian
form on Ty, operating on Tx ® V C Tx ® Tx. In fact, u — do(u) and (&, u) — 0%0(£,u) can be
intrinsically defined as V!%¢);, and V%/’Ef@om)(vl’oa‘v) at zp, and we will denote them by Vo and
V20. In this setting, a subtraction of the last two lines in our equalities shows that the (1,0)-form
[ of the connection of (V(D), hy(p)) is given at zp by the formula

(6.10) (T(€) - u,v) + e Va(I'(€) - u) Vo(v) = e VZa(€,u) Vo(v) — e Vo(u) T 00p(E,v).
This equality if valid pointwise for any u,v € V. As a consequence
(6.11) () -u+eVa(l(€) - u) (Vo) =eV3a(&u) (Vo) —eVo(u) 7 (0dp(s, €))*

where o* € V' is the dual vector to a 1-form a € V*, such that (a*,e);, = @. The special choice
v =T(§)-u yields a (non negative) real value in the left hand side of (6.10), and by taking the real
part of the right hand side, we obtain

D) - uf? +¢ [Vo(T(E) - u)|”
(6.12¢) =e Re (V?0(&,u) Vo(T(€) - u)) —e Re (Vo(u)T 00p(€,T(€) - u)).

Also, by applying Vo to (6.11), we obtain
Vo(T'(§) -u)+eVa(I'() u)(Vo, Vo)
=eV20(€,u) (Vo,Vo) —eVo(u) T (Vo,00p(s, ),
hence

(6.121) Vo (T(€) - u) c

- W(V%(f, u) ’VO"Z — VO'(U) E<v0', 85<p(.,§)>)
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As 2w © 45, = 1005, we infer by a brute force calculation from (6.8) that

QV(D>,7,5(27U)(£7 77) = 85”“”%‘/([)%6 ’ (Ea 77) + 7851115(575) ||u||}2lv<D>YE

(6.131) =7 00Us(& &) [u* + Y coman &b urT,
£,m\p

(6.135) + e (v00¢5(€,€) — 80p(€,€)) [Va(u

(6.133) + 0l + ¢ [Vo(n) + V2o (&, u)|’

(6.134) —2e Re (Vo (u)T009¢(€,n))

(6.135) —2e Re (Vo (u) 80 ( u)Vo(§))

(6.13¢) —2e Re (Vo (u) 00 2p(¢, ¢, u))

(6.137) +elof?|09p(u, &),

where we identify a (1,1)-form such as 99y with a hermitian form, and take n = —T'(¢) - u. The
second term in (6.132) is obtained by differentiating ¢ Vo (u)|?, while (6.133), (6.134) and (6.135)
actually come from the differentiation of the term ...Re(...) in (6.8). By our assumptions (6.3;),
the first two terms (6.131), (6.132) are positive in the sense of Griffiths, and such that

(6.131) > c ([]* + [Va () ) ul?,
(6.132) > ce (€] + [Va(O)P) [Vo(w)?, ¢ >0.

(Here the term |V (€)|? is significant, because we will later replace o by ¢'/# in the orbifold case,
and then Vo'/?(£) is unbounded with respect to |£]). The third term (6.133) is semi-positive. We
claim that the terms (6.134567) are negligible for ¢ < 1, in the sense that Qv (py5.c(z,u)(&,7) is
comprised between (1£6) >, 53(6.13;), with § > 0 as small as we want when € < £9(d). In fact,

since 00y is smooth, there exists C' > 0 such that

|(6.134)] < Celo| [Va(u)][¢] |n]
<EPIEP IVa(u)? + C?2 e o In? < (6.133) + (6.133).

Similarly

(6.135)] < Celé|[ul[Va(€)| [Vo(u)]
<C2IEP IVo(w)? + Ce? Vo (€)]? |ul?> < (6.131) + (6.13,).

The last two terms (6.13¢7) are even easier, since

|(6.136)| < C e o] € [ul Vo (u)| < e/2EP [uf? + C2 %2 |o? [¢]? Vo (u)?
< (6.131) 4 (6.139),

(6.137)| < Ce|é?[ul* < (6.13y).
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Finally, by replacing n with —I'(§) - u and using (6.12¢ ), we find

(6.133) + (6.134) = |T(€) - ul®
+e|Vo(T(€)-u) — V3o (£,u)|* + 22 Re (Vo (u) T 99p(£,T(€) - u))
= (6.120) + ¢ |V20 (&, w)|” — 2¢ Re (V20 (€, u) Vo (T'(€) - u))
+ 2¢ Re (Vo (u) T 09p(&,T(€) - u))
=¢ ]VQU(f,u)|2 — ¢ Re (WVU(F(E) U))
+e Re (VJ( )T 00p(€,T(€) - u))

(6.141) m V2o (¢, )\
(6.142) + m Re (v%(g,u) eVo(u)7 (Vo, 85@(o,§)>>
(6.143) + e Re (Vo(u)700¢(&,T(E) - u)).

The term (6.143) equals 3(6.13,), thus it is negligible, and the term (6.142) admits an obvious
bound

(6.142) < (1721920 (g w2 + 2|0 Vo ? (Vo (u)? ¢?)

L
1+¢|Vo|?
< eV2(6.141) + €320 Vo (u)* [€]* < (6.141) + (6.132).

By collecting all non negligible terms (6.13; 2) and (6.14;), we obtain a curvature form

Qv (D) e (2) (€ @ 1) = v DOYs(E,€) Jul? + Z Comanp E6Em UNT

£m,Ap

e (7 005(€,€) — 00p(€,6)) Vo (u)|* +

el L O

At this point, we come back to the orbifold situation, and thus replace o by o'/?, ¢ by p~'¢ and
e by p?e. This gives the curvature estimate

Qv (Dye(2)(€ @ u) = v 00s(€,€) |ul* + Z Comnp §0Em UNT,

Lm A1
(6.15) +e|o| 2P (v 80ws(€,€) — pt 90p(€,€)) [V (u)|?

c ‘0.‘72+2/p ) 1 9
1+e ‘0—‘—24-2/[) ’vO_P ‘ \4 0-(57“) - (1 - 1/p) 9 VU(&)VU(U)‘ 9

In the general situation D = >, n(1 —1/pj)A; of a multi-component orbifold divisor, we add
the components A; one by one, and obtain inductively the following quantitative estimate, which
is a rephrasing of Theorem 0.9.

6.16. Corollary. With a choice of v > ~v,p := max(max(d;/p;j),vv) = 0 determined by the
curvature assumptions of Proposition 6.1, and of hermitian metrics on A, V., Ox (D) as prescribed
by conditions (6.3;), the orbifold metric

() Julf, = iy, + D0 eiloy 72727 V05wl
1<GKN
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yields a curvature tensor Oy py v o =7 OA n, 5 ®Id_®V(D>,hv<D> _ such that the associated quadratic
Jorm Qv (py .. on Tx @V satisfies for ey < en-1 < -+ < &1 K1 the curvature estimate

(b) Qv (D)2 (2) (€ ® u) = v 905 (€, €) [uf® + Z Comap §6Eon UNTI

Lm

+> e log| T2 (y 005 (€, ) — p;t 00;(8,9)) Vo () ?
j

+Z o by 3 Vie6w — (1= ) 07 Vi V0500
1+¢;|o;| 22/ |Vs0 39S J J 77 ’

where
Vi,hA,é = 005, VZAj,h]- = 00¢;, (comrn) = coefficients of —2w Oy, .

Here, the symbol ~ means that the ratio of the left and right hand sides can be chosen in [1—«, 1+q]
for any a > 0 prescribed in advance.

6.B. Evaluation of some Chern form integrals and their limits

Our aim is to apply Lemma 5.8 and Corollary 6.16 to compute Morse integrals of the curvature
tensor of a directed orbifold (X,V, D), where D = > .(1 —1/p;)A; is transverse to V. Let A €
Pic(X) be an ample line bundle, and d;, yv, v > yv,p be defined as in 6.16. We get hermitian
metrics hy(py . on V(D) and corresponding curvature tensors Oy p) - . in C*°(X ~ |D|, AT ©
Hom(V,V)) that are “orbifold smooth”, and such that 6y (py .. >¢ 0. Given a smooth strongly
positive (n —p,n — p)-form 3 >g 0 on X, we want to evaluate the integrals

(6.17) B8 = [ oy @12 A B

(6.17) / N / o iy DL ) A BE) i),

where Sc(V (D)) denotes the unit sphere bundle of V(D) with respect to he, and . the unitary
invariant probability measure on the sphere. Proposition 5.13 (b) and the Fubini theorem imply
the upper bound

(6.18) @) < B0 | (Wbvpy 7 18

When £ is closed, the upper bound can be evaluated by a cohomology class calculation, thanks to
the following lemma.

6.19. Lemma. The (1,1)-form Tr 0v(Dy~,e = 0 is closed and belongs to the cohomology class
ryc(A) — (V) + ) (1= 1/pjei(A)).

Proof. The trace can be seen as the curvature of
det(Ox(vA) @ V(D)*) = Ox(rv A) @ det(V(D)*) = Ox(rvA) @ det(V*) @ Ox (D)

with the determinant metric. Since all metrics have equivalent behaviour along |D| (and can be
seen as orbifold smooth), Stokes’ theorem shows that the cohomology class is independent of e.
Formally, the result follows from (1.25). One can also consider the intersection product

{TI‘ 9V )Ys 5} {ﬁ} - / Tr 9V(D>,'y,e NB= T/ <9V(D>,fy,5 U, u) NB d,ue(u)
X u€S: (V(D))

for all smooth closed (n — 1,n — 1)-forms 8 on X, and apply Corollary 6.16 (b) to evaluate the
limit as € — 0. This will be checked later as the special case p =1 of (6.17). O
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We actually need even more general estimates. The proof follows again from the Fubini theorem.

6.20. Proposition. Consider orbifold directed structures (X,V,Ds), 1 < s < k, with Ds =
ZlgjgN(lfps%j)Aj' We assume that the divisors D are simple normal crossing divisors transverse

to V', sharing the same components A;. Let d; be the infimum of numbers X\ € Ry such that A\ A—A;
is nef, and let vy be the infimum of numbers v = 0 such that Oy == vO 4, ®Idy =By, > 0 for
suitable hermitian metrics hy on'V. Takep = (p1,...,px) € NF such that p’ = n—(p1+...+pp) >0
and a smooth, closed, strongly positive (p/,p") form 5 >50 on X. Then for every

%> i, = max(max(d;/pa)7v)
there exist hermitian metrics hy p,y ., on the orbifold vector bundles V{(Ds) such that

9V<Ds>,’ys,€s = s GA,hA ®Idv_@V<D5>7hV<DS>,ES >a 0, Eg = (851,...765]\[), 1<s<k
in the sense of Griffiths. Moreover, the integrals
(a) I pe(B / / /\ (v (Dy) ysnes (us), us)™ A B(2 H dpte, (us)
2€X J(us) €sS(V(Ds))z 1ok 1<s<k

admit upper bounds

(b)  Lipe(B) < /

X

sl (r—1)! s
M(T%@Ahm Tl"@VhV+Z 1—1/ps;)Oa, h) AB.

1<s<k ( J

When B s closed, we get a purely cohomological upper bound

ps! (r—1)! Ps
© < [ DL (reer(d) — (V) + 301~ 1pagen(a) - 8).
Xlgsgk(ps—f—r_ )! J
6.21. Complement. When p1 = ... = p, = 1, formulas 6.20 (b) and 6.20 (c) are equalities.
Proof. This follows from Remark 5.15. O

In general, getting a lower bound for I, () and I, () is substantially harder. We start with
I,, .(B) and content ourselves to evaluate the iterated limit
(6.22) lig(l)lp,g(ﬁ) = lim lim ... lim [, (B), en <eny1 € - K ep < 1.

&

e1—0e2—0 en—0
For this, we consider the expression of the curvature form in a neigborhood of an arbitrary point
20 € Ajy N NA; L (if 20 € X N |A], we have m = 0). We take trivializations of the line bundles
Ox(Aj) so that the hermitian metrics have weights e™%7 with ¢;(z0) = dg;(20) = 0, and introduce
the corresponding “orbifold” coordinates

(6.23) tie = &‘;/2 0j(z)" VD |Vi05(20), G =duse s dm,

We complete these coordinates with n—m variables z, that define coordinates along Aj; N...NA;

In this way, we get a n-tuple (¢;,2¢) of complex numbers that provide local coordinates on the
universal cover of Q. \ |D|, where €2, is a small neighborhood of zy. Viewed on X, the coordinates
tje are multivalued near zp, but we can make a “cut” in X along A; to exclude the negligible set of
points where 0;(z) € R_, and take the argument in | — 7, [, so that Arg(t;.) € | —(1—1/p;)m, (1—
1/pj)m[. If we integrate over complex numbers t;. without such a restriction on the argument,
the integral will have to be multiplied by the factor (1 —1/p;) to get the correct value. Since |0

is bounded, the range of the absolute value [t;.| is an interval |O(e; Y %), +o0o[, thus t;. will cover
asymptotically an entire angular sector in C as €; — 0. In the above coordinates, we have

020) 5 = 1= 1/) T = -1 (T 0y ) =~ 1/0) 2

Jy€ J J

+0(1),
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since Vjo; = doj — 0;0p; and the weight ¢; of the metric of Ox(A;) is smooth. Denote

(6.251) HVKY =7 ®A,hA,5 &® Idv — @th,
(6.252) ‘9V<D>,7,s = @AJm,a ®Id — @V<D>7hV(D),E’
V.o
(6.253) et = L2 c S(V*).
7 Vol

By Corollary 6.16, we have
(6.26) (Ov(Dyy,e - W) = YOAn, s — (Ovny - u,u)

+ Z €j |Uj|_2+2/pj (7 @AahA,é - p;1 @Ajvhj) |vj0j(u)|2
J
1 g loj|~>+2/s

21 S 1+ e |og] 2205 |V oy 2

2

Y

| Viaj(&,u) — (1= 1/pj) 07 V;05(€)V0(u)

therefore
(6271)  (Byipyoe ) = By ) + 3 (Ounys — 07 O, el e ()P
J
i [tic|>  /dtje dt; .

27 L J < P o b, i ox b >
(6.272) + o : T+ [t.2 \ . e;(u) +bj(u), fe ej(u) +bj(u) n,’
where

1
(6.273) b = Wv%j € O (D, AVT} @ VF @ 0x(4)))
J

is a smooth (1,0)-form near zp. The approximate equality ~ in formula (6.27;2) involves the
approximation |V;o;(z)|/|V;o;(20)| ~ 1, which holds in a sufficiently small neighborhood of zy;
if we apply the Fubini theorem and consider the fiber integral over zg € X, there is actually no
error coming from this approximation. Now, we want to integrate the volume form (fy (py . -

u, u)P A Bdps(u) along the fibers of S.(V (D)) — X. The sphere bundle S.(V (D)) is defined by

ul? = 1 where
hy (D)
€

(6.28) [ulfsy oy, = [ul® + Y eglog 720 (Vo) P o ful? + ) JtePle; (uw)? = 1.
i j

For the sake of simplicity, we first deal with the case where the divisor D = (1 — 1/p;)A; has a
single component. Along A;, we then get an orthogonal decomposition V' = (V N Tx;) @ Cej, and
by (6.28) we can write

(6.28%4) u=uj+ej(u)e; € S(V), |u]>=[uj]>+ ()], u)€VNTa,.

We reparametrize the integration in u € S.(V(D)) on the sphere S(V') by introducing the change
of variables

tic|? 1 d|t;-|?
e cl0,1], 1-7 = ]

T =T = 5 T 5
L4 [t)e]? (L4 [tjel?)?

g = 1+ ’tj7€‘2

* ()
g5 S(V) = SL(VAD)), s wie =u + VI=T s =)+ v
J,€

so that uj . satisfies |u;.|? = |u|?> and

€(uje) = VI—7el(u) = L

e & (W ?
(1+[tjel)1/2

[tel €] (uze) [ = 7 lef (u) .
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This gives dpu.(u;c) = dpu(u), and as a consequence (6.17) can be rewritten as
(6-29) Ip,e(ﬁ) = /S(V) <9V(D>,7,5 *Ujes uj,z—:>p A B(Z) d/‘(u)'

Finally, a use of polar coordinates with av = Arg(t;.) shows that

idtj,E A d?'é _ 2 |7ij5| d|tj75’2/\2d04 — dr Ada.
(L4 [t[?) (14 tjel?)

A substitution v — u;. in (6.2712) yields

[tjel? €5 (u)]?
1+ [t)|?

i 1 dt]’ge;(u) dtjge*(u)
= ’ ticbi(wiz), It b > .
2m 1+ [t)e]? <(1 + [t.e[2)1/2 T e bylutge) (14 [t;.2)1/2 + 1.2 bj(ue) n

The last term is a (1, 1)-form that is a square of a (1,0)-form (when w is fixed), hence the expansion
of the p-th power can involve at most one such factor. Therefore we get

<9V<D>7’77€ ’ u.jva’ uj7£> = <9V7’Y ’ uj7£7 uj7‘€> + (’Y @A7hA,6 - p;]' @A]?hj)

(6.30) +

) Pl @Ry
(O (D) e~ Wi e)? = (Oviy - Wi tje) + (VOanas — 0 Onyny) 11 [ti?
]76

dtje e}f(u)
(1 + ‘tj5’2)1/2 tje bj(uj,€)> A
1 + ‘t‘]’5|2 '

: 1 dtjeel(u)
1 < ( e +tje bj (uj,s) s

+ -
Do Tt \ (L [t P)172
(6.307) <<9V,7 e, uje) + (YOAhas — P; Onjny)

The integrals involving b;(u;.) are of the form

T dtj e A (€3 (u),bj(uge 200 (w2 b (s
/ J,e Ay, <6J(u2) 3]2(“37 ) /\Aj’g(u), / |tJ, | <b3(u], )’b;(“], ) /\A;'z-:(u)
S(V) (1 + [t;]2)3/ S(V) L+ [t)el ’

where A (u), A} _(u) are forms with uniformly bounded coefficients in orbifold coordinates. Since

‘tj,5|2
1+|tj,€|2
shows that the second integral converges to 0. The second integral can be estimated by the Cauchy-
Schwarz inequality. We obtain an upper bound

C12(bs (s ). b (s 1/2 idtje Adtje et (u)]? 12
</ |t),e] <bj(“176)71723(“376)> /\Aj,s(u)> (/ s J7E|2j2( ) /\Aj,a(u)>
S(V) L+ [t sy (FlP)

is bounded by 1 and converges to 0 on X ~\ A;, Lebesgue’s dominated convergence theorem

where the first factor converges to 0 and the second one is bounded by Fubini, since [.idtAdt/(1+
[t|*)? < +o0o. Modulo negligible terms, and changing variables into our new parameters (7, ), we
finally obtain

<0V<D>)'715 : uj787 uj75>p = <0V77 : uj75’ uj76>p

dr Nda |, _ %
631  +p TGP A (Ovn e wie) + (7Oanas = 57 Oaum) Tl (0))

p—1

Therefore

/ <0V(D>,'y,5 *Ujes uj,€>p A 5 dlu’(u) = / <0V,’Y *Ujes uj,€>p A B dlu‘(u)
S(V) S(V)

p—1

dr Nda |, 9 3 ) )
P o G A (O i) + (Oas = 0" O, 7l

(6.32) A Bdu(u).
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Since uj. — u almost everywhere and boundedly, we have

tim [ (B ) A Bdta) = [ (v w)? A Sduu).
=0 Js(v) S(V)

Here, we have to remember that 7 = 7. converges uniformly to 0 (even in the C'*° topology), on
all compact subsets of X \ Aj, hence the second integral in (6.32) asymptotically concentrates on
Aj as e — 0. Also, the angle a = Arg(t;.) runs over the interval | — (1 —1/p;)m, (1 —1/p;j)x[. In
the easy case p =1, we get

;1_13(1) S(V)<0V7%€ *Ujes uj,s) NS dﬂ(u)

— [ v wan B + (1= pp) [ e @Padu)
5(V) S(V)

[A;
1 1
= [ -Trby, AB+(1—1/p)) 5.
xT AT
If we assume (3 closed, this is equal to the intersection product

1

;(/?7 ci(A) — (V) + (1= 1/pj)ei(4;)) - 8

and the final assertion of the proof of Lemma 6.19 is thus confirmed, adding the components A;
one by one (see below). Now, in the general case p > 1, we will obtain a lower bound of the second

integral involving d7 A da in (6.32) by using a change of variable
hje : S(V) = S(V),  wes hye(u) = (1 =)/ + |ei(w)?) ™ (VI =7 d + el (u) )
where 7 = 7; .. Observe that the composition g;. o hj. : S(V) = S(V) = S.(V(D)) is given by
v1i—r7
Gy © je(u) = 72 oy 2
(1= 7)]? +|ej(w)]?)

|2 =1, it is easy to check that du(h;c(u)) > (1 — 7)" "t du(u) on
> |ej(u)|, and finally, that

Since (1 — 7)[v/|? + |€;f(u)|2 < |u
the unit sphere, that [e}(h;c(u))

1—71
(=P +1e;

(Ovey - gie(je(u), gje(hje(u))) = O (Ovy - u,u) 2 (1 =7) (Ovy - u,u).

Hence, by a change a variable u — h;.(u) we find

dr Nda |, 9 B ) AT
[, P S A (1 02+ (@ =05 0,0 7l )
A Bdp(u)
dr Nda |, 9 _1 ) -
> /S P el A= D)0 1,0 + (YO s = 57 Osy) 7l W)
(6.33) AB(L— 1) du(u)

Here, we have to remember that 7 = 7; . converges uniformly to 0 (even in the C* topology), on
all compact subsets of X \ A;. Therefore, the last integral concentrates over the divisor A;. If we
apply the binomial formula with an index ¢’ = g — 1, we see that the limit as ¢ — 0 is equal to

P

p—- 1 — — - *

p(1— 1/,0j)/ Z < _ 1) (Ovqy - u,u)P" A (7 Oahas — 15 1 @Aj’hj)q 1 |ej(u)|2‘1
SMia; g=1 q

(6.34) ( /0 1(1 — pypmatr=1 -l m) A B du(w).
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We have

! — r—1)!(g—1)!
(6.35) /0 (1= ottt gr - 2 q(;jﬂi)'lg? 2k

and the combination of (6.29) and (6.32 — 6.35) implies

(p-D!'p—g+r—1)
(p—g)l(p+r—1)!

p
lm 7,.(8) > | v A B ) 491 =1 py) S

e—0
q=1
(6.36) /(V) (Oviy - w )P IN (YOAna s — ) Onsng) ! € (W)PTHE A Bdp(u).
|A
Inductively, formula (6.36) requires the investigation of more general integrals

(6.37) ]p,p,7y7€:/( o) Oy e - u, u)PP A H 2 B dpue(u)
€ Y

1<j<p’

where Y is a subvariety of X (which we assume to be transverse to the A;’s, and ¢; € C>(Y, V*)
with |¢;] = 1, and § >g 0 is a smooth form of suitable bidegree on Y. Not much is changed in
the calculation, except that the change of variable u — gj. o h;c(u) applied to [[; ¢, 145 (u)?
introduces an extra factor (1 — T)p/ in the lower bound, entirely compensated by the corresponding
factor (1—7)P~P'~9 appearing in (v . -u, u)?"P'. The binomial formula yields a coefficient (* ;Zil N 1)
instead of (Zj). We thus obtain

limI,/Hﬁ>/ 0 w, u? P A Bdu(
S50 PP Ys( ) S(V)|y< Vo s > 1<1]1p ‘ )
p— p/
p qg+r—1)!
. 1 —1
(6.38) /p3) qu 1]
—pl— — -1 *
/ vy w7 UN (Y Ouny s — o7 Onyn) T A Les@) 2 T 1650 B ().
SV)iyna

1<<p’
When D contains several components, we apply induction on N and put

(6.39) +en |on| 2PN Vo (u)|?,  where

2 _ 2
‘u|hV<D>,5 - ’u|hV(D),5’

(6.39) [l iy = lulhy + D & log R Vi0 ()l
1<G<KN-1

In this setting, (6.26) can be rewritten in the form of a decomposition
(O (D)7, * s w) = (v (D) y,er - Us 1)

+en |on| 22PN (YO uh, 5 — PN Oy ) IV NN (1))
i EN |O-N|_2+2/PN
21 1+ ey |on| 242N [V oy ?

| V3on(€,u) — (1= 1/px) o' Vvon (&) Vow (w)]*.

By an iteration of our integral lower bound (6.38), we have to deal inductively with all intersections
Ay=A;Nn...0nA;.,J={j,....dm} C{1,...,N}; we neglect the self-intersection terms, since
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they are anyway non negative. We obtain

(p+r—1)(p— ZJeJqJ 2EA

JC{1,.,N}  (g;)e*)’ JGJ
3icsqi<p
[ vae warDem a N P (10ans — o7 On,0,)" " A B di)

where J = () corresponds to the integral taken over X, with a coefficient equal to 1 in that case.
By the Fubini theorem, we get the following lower bound of I, , . (3).

6.41. Proposition. With the same notation as above, assume that

Vs > VWD, = max(mjax(dj/psjj),'yv), 1<s<k.

and consider the limit lim. o Iy p-(3) computed as an iterated limit lim.,, o ...limg, y 0 with
respect to the lexicographic order (i,7) < (i',j") if i < i’ ori =i and j < j'. Then we have
the following lower bound, where the summation is taken over all disjoint subsets Ji,...,Jp C

{1,2,...,N} :

| Js|!ps! (ps — Zjes,q; + 7 — 1) !
31_%[&197 L(8) > Z Z H Sr_sl) (je—JZ. ) H(l_ )
JIL AL (g;)e(v) /11y 1<s<k Ds jeJsq5): jE€Js Ps,j
C{l,..., EjQJS(I]gpS

s*E' j
/ZGA /(u s /\ <<9V,'ys U, U P TZIETS U\
gy, (us

V)% 1<s<k

A 65 1) 29 (32 @ s, — ot O, ) du(us)) AB().

je€Js

Our assumptions imply that we can take 0y, >g (vs — v — )OO, ® Idy for every § > 0. By
Lemma 5.8 (b), we obtain the simpler and purely cohomological lower bound

Jo|'ps! (ps — Sjeg, qj + 7 — 1)
D VD S | [0 vl | (e

+r—1 - !
S (g)e(ve) 115 1<s<k e e A
C{lv"'7 } Ejejsqjgps

/A /\ ((('ys )@ n, )P

JI.. 1 Jg 1<S<k

r—1)! _ 1
(6.42) /\ M (Vs Ohas — ﬂsﬂl Oa;n;)" ) A B(z).
Jj€Js

What is a bit surprising in all these estimates is that, in spite of the fact that we are integrating
non closed and metric dependent forms, the limits of the integrals as ¢ — 0 admit rather natural
lower and upper bounds that are purely cohomological, and can be expressed solely in terms of well
understood Chern classes. This will also be true for the related Morse integrals in § 7. It could be
desirable to have an algebro-geometric explanation of this phenomenon. The algebraic versions of
Morse inequalities developed by B. Cadorel [Cad19] might possibly be used in this context.

6.43. Remark. As mentioned in the course of the proof of (6.41 —6.42) , we have neglected certain
non negative terms coming from self-intersections A? of the components (p > 2), by restricting
the summation to the family of disjoint subsets Jy, Ja, ..., Ji. It would be interesting to refine the
lower bound and to take these terms into account. This might be possible by observing that the
iterated limit process, when integrating on Aj, involves inductively a few extra terms in (6.30),
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when we take the limit as ;. — oo. Those terms are equal to
i

5 (05 (45): by (i),

One would then have to evaluate the contribution of (b;(u}),b;(u}))n, in the integral i) A,

(Ov,y - ufj,uf) + GV pj_l Oa,n,) ’e;(u)‘Q T
J

7. Non probabilistic estimates of the Morse integrals

The non probabilistic estimate uses more explicit curvature inequalities and has the advantage of
producing results also in the general orbifold case. Let us fix an ample line bundle A on X equipped
with a smooth hermitian metric h 4 such that wy := 045, > 0, and let 7y be the infimum of values
A € Ry such that

(7.1) Awga @ Idy — Oy, >¢ 0,

in the sense of Griffiths. For any orbifold structure D = 3 ;(1 —1/p;)A;, Corollary 6.16 then

shows that the s-th directed orbifold bundle V; := V(D®)) (cf. § 1.B) possesses hermitian metrics
hv< D)) e such that the associated curvature tensor satisfies the inequality

(7.2) Os e = Vs wa ® IdV(D(S)) — ®V<D(S)>’hV<D(S)),ss >a 0,

provided we assume d;jA — A; nef and take

(7.3) % > e = max(max(d;/p;”),av) where g7 = max(p;/s,1).

In particular, any value
(7.3) ¥s > max (s mjax(dj/pj), W).

is admissible, and we can apply the estimates 6.41 (b) and (6.42) with these values. Instead of
exploiting a Monte Carlo convergence process for the curvature tensor as was done in §4.B, we are
going to use a more precise lower bound of the curvature tensor ©y,_, . of the orbifold rank 1 sheaf
associated with F' = 7A, 7 < 1, namely 7

(7.4) Ly = Ox,(v(py(1) ® m,0x (—TA).

Our formulas 3.20 (a,b) become

(7.5) OL, pe = Wrkp(&) + gro0e(2,7,u) — Twa(z), where
k
xs
(75/) gk7,y7 Z x u Zl s S,Y,E us
(7.5") s ~e( Z E‘;/\WH Z) Us \Us,p d2zi N dZj.
JA

Under the assumption (7.3'), we have g, , (2, z,u) > 0, but in general this is not true for gi o - (2, z, u),
SO we express gi0.(2,x,u) as a difference of g 5 -(2,x,u) and of a multiple of ws. By definition
Os e =Vswa ®@Id + 050, and we get

(7.6) OL, e = Wrkp + e — B, where

+ T
(76/) aa:gk‘,'y,g 20’ 5: (T+ Z fys:s)(UA — Z MWA 20

1<s<k
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Then (7.6) and the inequalities used for (4.2), especially Lemma 2.3 and Proposition 3.10 (b), lead
to

(7.7) / k1
Xk(V<D>)(LTk,<1) o
(n+kr —1)!
= 1, "dug () d
n'k'r kr — 1 /zeX /x ) AR5 (s2r—1)k s=hs ( ﬁ) Yk, ($) 'u(u)

(n+ kr —1)! / / 1
> - —nol " AB)dvg(x)d
n! k" (kr — 1! J.ex (z,u)EAF~Lx (s2r—1)k (a e 6) Vir () dplu)

The main point is thus to find a lower bound of the difference a —na?~! A 8, hence a lower bound
of a and an upper bound of a?~! A 3. An expansion of a? by Newton’s multinomial formula
yields

k
n! T s
(78) Oé? = Z T H <f 05,7,6(“5)) .
pGN’“, |p|:n P1:... Pk el
If we assume k > n and retain only the monomials for which ps = 0, 1, we get

/ n n'
(7.8 =y H:cse O e (Us,)-

§1...8
I<s1< <sn<k 17T M g2

By formula 3.10 (a) and an elementary calculation (cf. [Demll, Prop. 1.13]), one gets for every
(pb cee 7pk) S Nk

(7.9) / o dyy e (x) = (kr — 1) [licsenps + 7= 1)
Ak—1 g ’ (r—1)! (Zl<s<k ps + kr —1)!
and in particular, for k > n, p1 =... =pn =1, ppt1 = ... = pr = 0, we have

(kr — )17
/ — e S
(7.9) /Ml Ty - T, AV (T) = /Akl 1. Tpdvg,e(z) = CEwT—

As a consequence, the equality case in (6.20 — 6.21) implies

Moo= [ ()" v (@) dp(ur) ... dp(ug)
2€X J(zu)e AR x (s2r—1)k
|
S / MMT( ) %

k-1 S81...8n
1<s1<...<sn<k A 1

n
//HS (D0)Y) /\ seme (Usy)s Usy) dpa(us,)

=1
(kr — 1)! n
> Z y
1<81<...<sn<k (n+kr—1)s1...s,
/ H <7"%e () —alv +Z 1/P E) Cl(AJ)>
X =

n

e | H<m ~al) 4 20 0):

If we assume ¢1(V*) = Ay c1(A) and ¢1(Aj) = djci1(A), the lower bound takes the simpler form

(kr—1)! &

(7102) Mn7k75 > m (T'Ys + Ay + Zd 1 — 1/’0j )> AT,
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In fact, our lower bounds are obtained by taking into account the single term sy = £, 1 < < k
(which is the unique term in the sum when k& = n). A more refined method is to integrate all

monomials z{" ... 2% and to use the lower bound (6.42) instead of (6.20 — 6.21). This has the

advantage of eventually producing a non zero contribution, even when k£ < n. We find

My = hm/ / ae(2)" dvgp(x) dp(ur) - .. dpug)
=20 Jrex J(zu)eab—1x (27~ 1)

k
n‘:c .
> lim E U Ps du(u
s /Akl 1p5'8p5 //HS (Do) s/:\l sva s), Us) (s )

\pl

=

n! (kr — 1)1 Tlicoen(ps +r—1)! Z

_ k _
pENk Hs 1 Ds-: Sps (T ]‘)‘ (Zl<s<k‘ Ps + kT ]') J11L...I1J,,
Ip|=n c{1,.,N}

> I | Jsl ps! (s — Bjes.qj +7 —1)! 11 (1_1>/
(ps +7 = D! (ps — Xjes,q5)! A7) Jeeanuny,

(Qj)E(N*)Jlu"‘HJk 1<s<k Jj€Js J
YicTsqi<ps
Pe— (r—1)! _ j—1
/\ (s —=W)Oana) Pietsdi /\ ol (75®A,hA—(P§'S)) l@Aj,hj)qJ )
1<s<k jeds (g +7—
thus
n! (kr — 1
n,k = ( Z
pENk 1<s<k JI. 1Ty,
Ip|=n c{1,...,N}
Z H | Js|! (ps — Xjeg.q; +7 —1)! H 1_i /\
(ps — Bjes.q;)! (s)
(g) ()1 1y, 1<s<k s J€Js9y jeJs Pj ZEANTLIL, 1<s<h
Yje s 2 <Ps
Ps—Xje s d; (r—1)! (-1 g;—1
(711) (s —W)Oan,) N G (5 Oana = (077 Oa,) "

jeJs

In particular, if ¢1(A;) = d; c1(A), we infer

n! (kr —1)! |Js]! (p jeg.q; 1 —1)!
Mn,k> (n—{—kﬂ‘—l' Z H Z Z H ( ps—]E]eJ:‘IJ)-

peNF 1<s<k,‘ J1H AL, (g4),q;>1 1<s<k

|p| C{17 - } Z]E Js45 <Ps
" 1) (r—1) d; \o!
(7.12) (vs =)o e [ d; <1 - ) Vo (75 - ) A",
jel. i) (g +r—1)! P\

In the special case k =1 and N > n, by taking |J| = |Ji| =n and ¢; = 1 for all j € J, we find
r—1)! 'r—1)
(7.12)) TGt Gt | E C A D)
T (n4r=1)! rr Pj
JC{1,..N},|J|=n jeJ
Next, we turn ourselves to the evaluation of the integral of a?~* A 3. We have

n— k Zs g Ps
(7.13) Q" IAB = Z UH( ,Ws(us)) A B,

| !
pEN’“,Ip\:n—lp Pk o
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and the upper bound given by (6.20 — 6.21) provides

! = 1lim / / nas(z)n—lwduk,r(x) dp(un) - .. dp(ug)
2€X J(zu)eAF~1x (SQT 1)k

e—0

D SR N . S
S0 . At D |3pg Vkr (T
peNF | |p|=n—1 s 1Vs-
k k
(Osy,e(us), us)?* A B | | dp(us)
/X/HS(V<D<5>>)S/\1 81_11
n—l'x ol E +qr)z
<> / k <Z(7q ) q>d7/k,r(l’) y
A= 1 s 1p5 Sps q

peENk | |p|=n—1 q=1

ps! (r —1)! Ps
/ A\ (sir_i)' <T% Oan, — TrOvpy, + > (1 1/,0] )9A g > ANOah,-
X 1<s<k Ds : ;

By (7.9), for [p| =Y ps =n — 1, we get
k
P1 Dk Yq
/A’“ Ty (; . +T$q>dljk7r(l’)

. (kr —1)! H1<s<k:(p5 +r—
S r=D"% (n—1+kr—1) (

»:z\*%

k
Pgt+ T
> 2y et
_(k‘T—l)! H1<s<k(p3 +r—1)! i Yq

o (r—1)k (n+ kr —2)! (Z::q >

Therefore, assuming ¢1(A;) = d; c1(A) and ¢1(V*) = Ayci(A), we find

M < n! (kr — 1)! ( Y, > 3 [Ticscr(@s +7—1)! .
nk X — 'k — | k .
(r— 1% (n+ kr—2)! ‘< q Dt plent [15_, ps!sP
pot(r =1L (r’y A+ di(1—1/p 5)))“ A
s ' i )
1<s<k (ps +7—1)! j ’
k
| _
< n! (kr —1)! Z l
(n + kr — 2)! = q
1 s Ds n
(7.14y) > 11 - (ws+Av+Zdj(1—1/ﬂ§))) A"
peENkK |p|=n—1 1<s<k j
A simpler (but larger) upper bound is
(7.149)
n—1
, n! (kr —1)! % 1 s) n
M., < (nHW_ Z S (e = a1/ | A
1<s<k J

Finally, inequality (7.7) translates into

1 / n+kr—1 1
(n + kr — 1)' Xp(V(D))(Lr ,<1) Lr ke n! k‘"(k‘r — 1)'

If we put everything together, we get the following (complicated!) existence criterion for orbifold
jet differentials.

(MnJ{; _ M, k‘)

n,

(7.15)
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7.16. Existence criterion. Let (X,V, D) with D =}, ;. n(1—1/p;)A; be a directed orbifold, and
let A be an ample line bundle on X. Assume that D is a simple normal crossing divisor transverse
to V, that c1(Aj) = djci(A), ci(V*) = Avci(A) and let vy be the infimum of values v > 0 such
that © 4 ® Idy — Oy >¢ 0. Take

s = max(max(dj/pg.s)),fyv), pgfs) = max(p;/s, 1).

Then, a sufficient condition for the existence of (many) non zero holomorphic sections of multiples
of

Lr,k = OXk(V(D))(l) ® WZO(—TA)
on X, (V(D)) is that My, — M/ , > 0, where M, admits the lower bounds (7.102) or (7.12), and
Mj, . admits the upper bound (7 142)

7.B. Compact case (no boundary divisor)
We address here the case of a compact (projective) directed manifold (X, V'), with a boundary
divisor D = 0. By (7.102) and (7.145), we find

(kr — 1)!

M, > 72 AV)P AT ik >
e (n+kr_1),(mv+ V) 1 n
! (kr — 1)! b "
n r—
M . < A .
wk S G k= 1) ,<T+7vz )(;ST’W-F v))

Therefore, for 7 > 0 sufficiently small, M, , — M] , is positive as soon as k > n and (ryy + Ay)"
n! VV(Zlgsgk %)”(m/v + Ay)" L, that is

1 n
(7.17) k>n and Ay > n! ( Z s) Y — ryy.

1<s<k

7.18. Example. In the case where X is a smooth hypersurface of P"*! of degree d and V = T,
we have 7 = n and det(V*) = O(d — n — 2). We take A = O(1). If @ is the tautological quotient
bundle on P"*! it is well known that Tpn+1 ~ Q ® O(1) and det @ = O(1), hence Ty, ® 0(2) =
Q*®0(1) = A"Q >¢ 0, and the surjective morphism

implies that we also have V* ® O(2) >¢ 0. Therefore, we find vy = 2 and \y = d —n — 2. The
above condition (7.17) becomes k > n and

1 n
k>n and d>2n!<Z) —n+2.
s

1<s<k

This lower bound improves the one stated in [Dem12], but is unfortunately far from being optimal.
Better bounds — still probably non optimal — have been obtained in [Darl6] and [MTal9].

7.C. Logarithmic case

The logarithmic situation makes essentially no difference in treatment with the compact case,
except for the fact that we have to replace V' by the logarithmic directed structure V (D), and the
numbers vy, Ay by

(7.191) Yv(py = inf v such that v©4 — Oy py >¢ 0,
(7.199) Av(py such that c1(V*(D)) = Ay (py c1(A)  (if such Ay py exists).
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We get the sufficient condition

1 n
(7.20) k=n and Ayp) >n! ( Z S) YW(D) = TYV(D)-

1<sgk

For X = P", V = Tpn, and for a divisor D = ) A; of total degree d on P", we can still take
Yv(py = 2 by Proposition 5.8, and we have det(V*(D)) = O(d—n—1). We get the degree condition

1 n
(7.21) k>n and d>2n!( Z ) —n+1.
s

1<s<k

Again, [Darl6] and [MTal9] gave better bounds for this particular logarithmic situation.

7.D. Case of orbifold structures on projective n-space

Let us come to our main target, namely “genuine” orbifolds, for which our results are completely
new. The situation we have in mind is the case of triples (X,V,D) where X = P", V = Tk,
D = >(1—-1/pj)A; is a normal crossing divisor, with components A; of degree d;. Set again
A =0(1). Since ¢;(V*) = —(n+1) ¢;(A) and DO = >_;(1—5/pj)+A;, we have

(7.22) A =-n—1, detV*(D®)) = Opm ( 14 (1 - s/pj)+).
J
Moreover, by Proposition 5.8, we get

(723) ®V* (D)) 4+ vswps ® Id >5 0

as soon as s > 2 and v > max;(d;/ max(p;/s, 1)) for all components A; in D). We can take for
instance vy, > st where t = max(max;(d;/p;),2). By considering the infimum and applying (7.102)
when » = n and k£ > n, we find

(kn—1)! L& n
T os=1 j

while (7.142) implies

n—1
(7.25) Akémn__l))(kt—l- )< Z i(nst—n—1+Zdj(1—s/pj)+>> A"

1<s<k

If we take p; > p > n, then (1 —s/pj)+ > 1 —s/p for s < n, and as nst —n —1 > 0 and
D ics<k (nst —n —1) < nkt, we get for 7 > 0 small a sufficient condition

ﬁ((l—;)zj:d>>kt(n+kn—l) .(nkt+( ot )Zd>

For k = n, the latter condition is satisfied if }°; d; > cnt [[_; (1- %)_ with

-1

1 1 1 \n—-1
(7.26) cn:n(n2+n—1)n!<1+§+--~+g+$> )

In fact, ¢; = 1, ¢o = 32.5 and ¢, > n® for all n € N*, hence the above requirement implies in any
case the inequality n’t < n% > dj. The Stirling and Euler-Maclaurin formulas give
(7.26") en ~ (2m) 202 677 (4 4 log )

as n — 400, where v = 0.577215. .. is the Euler constant, the ratio being actually bounded above
for n > 3 by exp ((1/2)(1 — 1/n)/(y + logn) + 13/12n — 1/n?) — 1. Let us observe that

1 . Pi 1
— = min ( min , = .
t j dj 2
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In this way, we get the sufficient condition

(7.27) pj=p>n, zj:dj - min <min (Zj) , ;) slill (1 - f) > Cp.

J p

For instance, if we take all components A; possessing the same degrees d; = d and ramification
number p; > p, these numbers and the number N of components have to satisfy the sufficient
condition

(7.27x) p>n, Nmin(p,d/2) [] (1 - %) > cn.
s=1

This possibly allows a single component (taking d, p large), or d, p small (taking N large). Since
we have neglected many terms in the above calculations, the “technological constant” ¢, appearing
in these estimates is probably much larger than needed. Notice that the above estimates require
jets of order k > n and ramification numbers p > n. Parts (a) and (a’) of Theorem 0.8 follow from
(7.27) and (7.27y).

7.28. Case of jet differentials of order k = 1 (symmetric differentials). When k < n or
p;j € ]1,+00], estimate (7.12) still allows us to obtain an existence criterion. For instance, when
k=1and N >n, (7.12;) and (7.25) give

n!(n—1)! n!(n—1)! 1
My > ——— _ di|1—— ] A",
7 (2n = 1) Z nn H I pj
JcA{1,...,N},|J|=n jeJ
, n!'(n—1)! n—-1
1< m(t+7)(nt—n— 1+§j:dj(1 - 1/pj)) A"
and we get the non void existence criterion
n—1
(7.29) 3 14 (1—) (2n — 1)t ( t—n—l—l—Zd 1/pj)
Jc{1,..,N},|J|=n jeJ

where t = max(max;(d;/p;),2). For instance, if all divisors have the same degrees d; = d and
ramification numbers p; > p, condition (7.29) is implied by

N 1\" n—
( ) " (1 - > > (2n — 1) max(d/p, 2) (N +n)d)" ",
n p
or equivalently, by

/ : N 1 " n—1
(7.29') min(p, d/2) " 1-— p >2n—1)(N+n)"".
As j — (N —j)/(n — j) is non decreasing for 0 < j < n < N, we have the inequality (]T\Z) =

H0<j<nﬁ > (N/n)", hence

@Z) N™ B N

> =
2n—1)(N+n)»1 7 nr(2n—1)2N)»~1  2n=1(2n—1)n
We finally get the sufficient condition

1 n
(7.29n) N >n, Nmin(p,d/2) <1 - ) > 2" (2p — 1) n"
P

Parts (b) and (b’) of Theorem 0.8 follow from (7.29) and (7.29y). Again, the constant 2"~ (2n —
1) n™ is certainly far from being optimal. Answering the problem raised in Remark 6.43 might help
to improve the bounds.
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8. Appendix: a proof of the orbifold vanishing theorem

The orbifold vanishing theorem is proved in [CDR20] in the case of boundary divisors D =
(1 —1/pj)A; with rational multiplicities p; € ]1,00]. However, the definition of orbifold curves
shows that we can replace p; by [p;] € NU {oo} without modifying the space of curves we have
to deal with. On the other hand, this replacement makes the corresponding sheaves Ej, ,V*(D)
larger. Therefore, the case of arbitrary real multiplicities p; € |1, 00] stated in Proposition 0.7
follows from the case of integer multiplicities. We sketch here an alternative and possibly more
direct proof of Proposition 0.7, by checking that we can still apply the Ahlfors-Schwarz lemma
argument of [Dem97] in the orbifold context. For this, we associate to D the “logarithmic divisor”

D'=[D]=> A;>D,
and, assuming (X, V, D’) non singular, we make use of the tower of logarithmic Semple bundles
(8.1) Xp (VD) = X (VD) = - = XP(V(D')) = X§(V(D') = X
(in reference to the work of the British mathematician John Greenlees Semple, see [Semb4]), where
each stage is a smooth directed manifold (X (V(D’)), V(D)) defined inductively by
(8.2) XS (V(D")) := P(Vj_1(D'")) = projective bundle of lines of Vj_1(D’),

and Vj(D') is a subbundle of the logarithmic tangent bundle of X (V(D’)) associated with the
pull-back of D’. Each of these projective bundles is equipped with a tautological line bundle
OXE(WD’))(_D (see [Dem97] for details), and Vi (D’) consists of the elements of the logarithmic

tangent bundle that project onto the tautological line, so that we have an exact sequence

(82,) 0— TXS(V(D’))/XS (V(D")) — Vk(Dl> — OXICS(V(D/>)(_1) — 0.

k—1
We let 0 1 X2 (V(D')) — X (V(D')) be the natural projection. Then the top-down projection
Teo : X (V(D')) — X yields a direct image sheaf
(8.3) (T4,0)xOx 317 (pry) (M) = By V(D) C By V(D).
Its stalk at point x € X consists of the algebraic differential operators P(f;)) acting on germs of
k-jets f : (C,0) — (X, z) tangent to V', satisfying the invariance property
(8.4) P((fo)w) = ()" P(fir) © @
whenever ¢ € Gy is in the group of k-jets of biholomorphisms ¢ : (C,0) — (C,0). By construc-

tion, the sheaf of orbifold jet differentials Ej,,V*(D) is contained in Ej,,V*(D’), and we have a
corresponding inclusion

(8.5) E; V(D) C E;,,V*(D)

of the Semple orbifold jet differentials into the Semple logarithmic differentials. A consideration
of the algebra @Eks V(D) makes clear that there exists a submultiplicative sequence of ideal

sheaves (Jp km)men on X5 (V(D')), such that the image of WZ700X(E]§mV* (D)) in Ost(wD,»(m)
is a sheaf

It is clear that the zero variety of V(dp ) projects into the support |D’| = |D| of D. We consider
a smooth log resolution

(8.7) i s X = XP(V(D'))

of the ideal Jp m in X,?(V(D/>), so that p;(dpkm) = OX,C(_Gka) for a suitable effective
simple normal crossing divisor Gp ., on X that projects into |[D| in X. Denoting O Xk(l) =
MZ®X,§(V<D'))(1)7 we get

(8.7) Uy, (Ost(V<D/>)(m) & 3D,k,m) = Of(k (m)® Oj(k(_GD,k,m)-
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We denote by 7, ¢ the composition
Fre = mhe o Xy = XP(V(D') = XP(V(D')),

and consider especially the projection 7y ¢ : X, — X. For every entire or local orbifold entire
curve f : C D Q — (X,V, D), the image f() is not entirely contained in |D’|, and we thus get
holomorphic k-jet liftings

(8.8) fir 1 = XZ(V(D')) and  fiy: Q — X

Morevover, the derivative f[’k,_l] of the (k—1)-jet lifting fj;,_1) can be seen as a meromorphic section
of the logarithmic tautological line bundle (fj3))*0 XS(V( pryy(—1), since the multiplicities of zeroes
of f[’k_l] are possibly less than the ones prescribed by the logarithmic condition. The poles are
of course contained in f~!(|D’|). As a consequence, f[’k_l] also lifts as a meromorphic section of
(f[k])*of(k(—l), which we denote by f[’k_l]. If 7pr € H%(X,0x(D")) is the canonical section of
divisor equal to D’, we get at worst that

(8.9) o/ (f) fip—) € H°(Q, ()" (Ox sy (-1 @ Tho0x(D'))) and

(8.97) o (f) Jie1 € HO(2, (fg) (0%, (—1) @ 7} 00x(D')))

are holomorphic. On the other hand, every local section P € H° (U ) EEmV*<D)) on an open subset
U C X gives rise in a one-to-one manner to a section

op € HO(Uy, Oxs(v oy (m) @ 3psm),  Ur = mpo(U) C XE(V(D')),
by the correspondence
(8.10) P(fw) = op(fiw) - (fl—r)™
for every local orbifold curve f contained in U. By pulling back to X}, we get a section
Gp € H*(Uy, 0% (m) @ 0% (=Gprm)), Us=p; " (Up) = 7 p(U),
such that
(8.107) P(fug) = p(fi) - (f[/k—l})m'
However, P(f) is a holomorphic function, and we must have a cancellation of the poles of ( f[’k_l])m
for all sections 6p, which generate the sheaf Oz (m) ® O (=Gp,k,m). This means that
(8.11) f[’k_l] is a holomorphic section of (f[k})*offk (-1)® OC(L%(ﬂk])*GD7k7mJ)

For any given ample divisor A over X, we can find s = sj,, € N* such that the tensor product
Ox(EP, V*(D)) ® Ox(sA) is generated by its global sections over X. By taking the pull-back to

X} and looking at the image in O %, (m), we conclude that

(8.12) 0%, (m)® 0% (—=Gpkm) ® T o0x(sA) is generated by sections on X5

As in [Dem97], let us consider for every weight a = (a1,...,a;) € Z¥ the line bundles

(8.13) Oxswon(@ = Q) mOxswpy(a), 0z, (a) = u0xsw oy (@)
1<k

Since each factor O XS(V{ D,>)(1) is relatively ample with respect to my¢_1, it is easy to see by induc-
tion on k that thee exists a weight a € (N*)* and b € N* such that the line bundle Oxsvpy(a) ®
77,’;00 x(bA) is ample. After possibly replacing (a,b) by a multiple, we can find a pg-exceptional
divisor Hp j, on X}, such that

(8.14) 0%, (a) ® 0% (=Hp ) ® 7 nO0x (bA)
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is very ample on Xj. Finally, we select ¢ € N* such that

(8.15) Ox(cA — D) is very ample on X.

By taking the tensor product of (8.12 — 8.15), (8.15) being raised to a power ¢ € N*, we find that
(8.16) Ly i= 05, (m) @ Og, (a) @ Og, (=G — Hpx) @ 7 00x (5 + b+ te) A — D))

is very ample on Xj. We will later need to take t = |a| = 3, a,, which is of course an admissible
choice.

8.17. Lemma. Let (X,V, D) be a projective non singular directed orbifold, and A an ample divisor
on X. Then, for every orbifold entire curve f:C — (X,V, D) and every section

Pe H(X,E;, V(D) ® 0x(—A)),

we have P(fy) = P(f, [, LRy =o0.

Proof. As we have already seen for local sections, every global jet differential P in H° (X , EkS WVH(D)®
0 X(—A)) gives rise to sections

op € HY(XP(V(D")), OXE(V(D’))(m) ®Ip km © T oO0x (—A)),
Gp € H*(Xy, 0% (m) ® 0, (—=Gpgm) ® 7foOx(—A))
such that
P(fyg) = 6p(fup) - (fly_y))™ € HO(C, f*Ox(—A)).
Assume that P(fj) # 0 (so that, in particular 6p # 0). We consider a basis (g;) of sections of
Ly, in (8.16), the canonical section np ) € HO(X}, 0%, (Hp)) and take the products

(8.18) hj = gj (5‘p)q_1 (TD/)t Dk € HO (Xk, OX'k (mq) () OXk (Q) X OXk(_qGDJ%m))
where ¢ = s + b+ tc + 1. We now observe, thanks to our choice t = |a| = > ay, that
(8.19) hi(fug) - (Fae)™ - 1T (e fin)™

1<k

~ r i m -1 % ayp r
= (e - Fi™)" x (oG - Gr™ - TT dnelro () )™ ) x ol i)
1<e<k
is a product of holomorphic sections on C, by (8.11) and (8.97) combined with (8.16) and (8.18), and
the fact that P(fjy)) = ap(f ) - (fk )™ is holomorphic with values in f*Ox(—A). The product
also takes value in the trivial bundle over C, and can thus be seen as a holomorphic function. As j
varies, these functions are not all equal to zero, and we define a hermitian metric v(t) = o(t) |dt|?
on the complex line C by putting
2 > Mqi\g\

(8.20) (Z IO

where 1 is a quasi plurisubharmonic potential on X} which will be chosen later. Notice that
Yo(t) is locally bounded from above and almost everywhere non zero. Since (8.19) only involves
holomorphic factors in the right hand side, we get

fu) - (Feo)™ - T dne(fr)™

1<l<k

(8.21) 90 log o > (fir)* (@k +100)

mq +|a|
where &y, = i00log | gj|2 is a Kahler metric on Xj, equal to the curvature of the very ample line
bundle Ly, ,,, for the projective embedding provided by (g;). (In fact, (8.21) could be turned into
an equality by adding a suitable sum of Dirac masses in the right hand side). Of course, v will

be taken to be an w-plurisuharmonic potential on X;. We wish to get a contradiction by means
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of the Ahlfors-Schwarz lemma (see e.g. [Dem97, Lemma 3.2]), by showing that i 901ogvo > A~ for
some A > 0, an impossibility for a hermitian metric on the entire complex line. Since 1 is locally
bounded from above, by (8.19) and the inequality between geometric and arithmetic means, we

have
1

(8.22) 0(t) < O (X2 Iy (Fu @) ™ ey (0

where C' > 0 and the norms |h;|? and | f[/k—l] (t)\%og are computed with respect to smooth metrics on

0%, (Mq)®0% (a)®0%, (—9Gp,k,m) and on the logarithmic tautological line bundle Oxs(v(Dry) (-1),
respectively. The term |h;|? is bounded, but one has to pay attention to the fact that |f[’k71] (t)|12Og
has poles on f~1(|D’|). If we use local coordinates (z1,...,2,) on X such that A; = {z; = 0}, we
have

| fleniliog ~ [ lo + D112
J

in terms of a smooth Kéhler metric w1 on X (V(D')). What saves us is that h; contains a factor
7p(f)! that vanishes along all components A;. Therefore (8.22) implies the existence of a number
0 > 0 such that

(8.22") W0 < (g @B, + YL 1R).
J
Since the morphism 7, ;1 has a bounded differential and f[’k_l] (t) = d7~rk7k_1(f[’k] (t)), we infer
(8.22") 10(t) < " (1fg®I, + X162 1712).
J

By (8.21) and (8.22"), in order to get a lower bound j 9log g > Ay, we only need to choose the
potential 1 so that

(8:23) SOIHITRFP < C" () (@n + 1099).
J

If r; € H(X,0x(4})) is the canonical section of divisor A;, (8.23) is achieved by taking 1 =
ed_jlmjo 7r.0]%, for any choice of a smooth hermitian metric on Ox(A;) and ¢ > 0 small enough.

In some sense, we have to take a suitable orbifold Kihler metric @y, + i99¢ on X}, to be able to
apply the Ahlfors-Schwarz lemma. It might be interesting to find the optimal choice of § > 0, but
this is not needed in our proof. O

End of the proof of Proposition 0.7. We still have to extend the vanishing result to the case of non
necessarily Gg-invariant orbifold jet differentials

P € HY(X, By, V*(D) ® 0x(—A)).
One can then argue by using the Gg-action on jet differentials
(8.24) (0, P) = @*P,  (@*P)(fig) :==P((fe@)w)ov ", ¢ € Gy
This action yields a decomposition
(8.25) @P)fuw) = > @Yoo ) Pa(fi), Pa€ HYX, Epm,V*(D)® 0x(—A))

aENF
|afw=m

where o = (ay,...,a) € NF, 0@ = (oo (")2 . (@® )% |al, = a1 4 209 + ... + kay, is the
weighted degree, and P, is a homogeneous polynomial of degree

me i=degPy=m— (e +2as+...+ (k—1Dag) =a1 +as+ ... + ag.
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In particular deg P, < m unless o = (m,0,...,0), in which case P, = P. If the result is known
for degrees < m, then all P,(f})) vanish for P, # P and one can reduce the proof to the invariant
case by induction, as the term P, of minimal degree is invariant. The proof makes use of induced
directed structures, and is purely formal and group theoretic. Essentially, the argument is that P
becomes an invariant jet differential when restricted to the subvariety of the Semple k-jet bundle
consisting of germs g of k-jets such that Pu(gj)) = 0 for P, # P. Singularities may appear
in this subvariety, but this does not affect the proof since the induced directed structure is em-
bedded in the non singular logarithmic Semple tower. We refer the reader to [Dem20, § 7.E| and
[Dem20, Theorem 8.15] for details. O
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