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ABSTRACT. A conjecture by Green-Griffiths states that if X is a
projective manifold of general type, then there exists an algebraic
proper subvariety of X which contains the image of all holomorphic
curves from the complex plane to X. To our knowledge, the general
case is far from being settled. We question here the choice of the
complex plane as a source space.

Let Y be a parabolic Riemann surface, i.e bounded subharmonic
functions defined on ) are constant. The results of Nevanlinna’s
theory for holomorphic maps f from ) to the projective line are
parallel to the classical case when ) is the complex line except for a
term involving a weighted Euler characteristic. Parabolic Riemann
surfaces could be hyperbolic in the Kobayashi sense.

Let X be a manifold of general type, and let A be an ample
line bundle on X. It is known that there exists a holomorphic jet
differential P (of order k) with values in the dual of A. If the map
f has infinite area and if ) has finite Euler characteristic, then f
satisfies the differential relation induced by P. As a consequence,
we obtain a generalization of Bloch Theorem concerning the Zariski
closure of maps f with values in a complex torus. We then study
the degree of Nevanlinna’s currents T'[f] associated to a parabolic
leaf of a foliation F by Riemann surfaces on a compact complex
manifold. We show that the degree of T[f] on the tangent bundle
of the foliation is bounded from below in terms of the counting
function of f with respect to the singularities of F, and the Euler
characteristic of ). In the case of complex surfaces of general type,
we obtain a complete analogue of McQuillan’s result: a parabolic
curve of infinite area and finite Euler characteristic tangent to F
is not Zariski dense.That requires some analysis of the dynamics
of foliations by Riemann Surfaces.

1. INTRODUCTION

Let X be a compact complex manifold. S. Kobayashi introduced a
pseudo-distance, determined by the complex structure of X. We recall

here its infinitesimal version, cf. [17].

Given a point € X and a tangent vector v € Ty, at X in z, the
length of v with respect to the Kobayashi-Royden pseudo-metric is the

following quantity

kx.(v) :=inf{\>0;3f: D — X, f(0) =2, \f'(0) = v},
1
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where D C C is the unit disk, and f is a holomorphic map.

We remark that it may very well happen that kx ,(v) = 0; however,
thanks to Brody re-parametrization lemma, this situation has a geo-
metric counterpart, as follows. If there exists a couple (z,v) as above
such that v # 0 and such that kx,(v) = 0, then one can construct
a holomorphic non-constant map f : C — X. The point z is not
necessarily in the image of f.

In conclusion, if any entire curve drawn on X is constant, then the
pseudo-distance defined above is a distance, and we say that X is Brody
hyperbolic, or simply hyperbolic (since most of the time we will be
concerned with compact manifolds).

As a starting point for the questions with which we will be concerned
with in this article, we have the following result.

Proposition 1.1. Let X be a hyperbolic manifold, and let C be a Rie-
mann surface. Let E C C be a closed, countable set. Then any holo-
morphic map f: C\ E — X admits a (holomorphic) extension to the
surface C.

In particular, in the case of the complex plane we infer that any
holomorphic map f: C\ £ — X must be constant (under the hypoth-
esis of Proposition 1.1). We will give a proof and discuss some related
statements and questions in the first paragraph of this paper. Observe
however that if the cardinal of E' is at least 2, then C\ E is Kobayashi
hyperbolic.

Our next remark is that the surface C \ F is a particular case of a
parabolic Riemann surface; we recall here the definition. A Riemann
surface ) is parabolic if any bounded subharmonic function defined on
Y is constant. This is a large class of surfaces, including e.g. Y \ A,
where Y is a compact Riemann surface of arbitrary genus and A C Y is
any closed polar set. It is well-known (cf. [1]) that a Riemann surface
Y is parabolic if and only if it admits a smooth exhaustion function

g:Y —[1,00]
such that:
e o is strictly subharmonic in the complement of a compact set;

e 7 := logo is harmonic in the complement of a compact set of ).
Moreover, we impose the normalization

(1) / dd®logo =1,
y
where the operator d° is defined as follows

v
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On the boundary S(r) := (¢ = r) of the parabolic ball of radius r
we have the induced measure

dpr = d°log olg().

The measure dy, has total mass equal to 1, by the relation (1) combined
with Stokes formula.

Since we are dealing with general parabolic surfaces, the growth of
the Euler characteristic of the balls B(r) = (¢ < r) will appear very
often in our estimates. We introduce the following notion.

Definition 1.2. Let (¥, 0) be a parabolic Riemann surface, together
with an exhaustion function as above. For eacht > 1 such that S(t) is

non-singular we denote by x,(t) the Euler characteristic of the domain
B(t), and let

%)= [ o]

be the (weighted) mean Euler characteristic of the ball of radius .

If Y = C, then X,(r) is bounded by logr. The same type of bound is
verified if ) is the complement of a finite number of points in C. If Y =
C\ E where E is a closed polar set of infinite cardinality, then things
are more subtle, depending on the density of the distribution of the
points of E in the complex plane. However, an immediate observation
is that the surface ) has finite Euler characteristic if and only if

(2) X,(r) = O(logr).

In the first part of this article we will extend a few classical results in
hyperbolicity theory to the context of parabolic Riemann surfaces, as
follows.

We will review the so-called “first main theorem” and the logarithmic
derivative lemma for maps f : J — X, where X is a compact complex
manifold. We also give a version of the first main theorem with respect
to an ideal J C Ox. This will be a convenient language when studying
foliations with singularities.

As a consequence, we derive a vanishing result for jet differentials,
similar to the one obtained in case Y = C, as follows.

Let P be a jet differential of order k and degree m on X, with values
in the dual of an ample bundle (see [12]; we recall a few basic facts
about this notion in the next section). Then we prove the following
result.

Theorem 1.3. Let ) be a parabolic Riemann surface. We consider a
holomorphic map f : Y — X, such that the area of f(¥) C X (counted
with multiplicities) is infinite. Let P be an invariant jet differential of
order k and degree m, with values in the dual of an ample line bundle.
Then we have

P (jk(f)) =0
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wdentically on Y, provided that

X, (r)

lim su =0
r~>£)o Tf,w (T>

For example, the requirement above is satisfied if ) has finite Euler
characteristic. In the previous statement we denote by j.(f) the k"
jet associated to the map f. If Y = C, then this result is well-known,
starting with the seminal work of A. Bloch (cf. [4]; see also [11], [30]
and the references therein), and it is extremely useful in the investi-
gation of the hyperbolicity properties of projective manifolds. In this
context, the above result says that the vanishing result still holds in
the context of Riemann surfaces of (eventually) infinite Euler charac-
teristic, provided that the growth of this topological invariant is slow
when compared to T, (7).

As a consequence of Theorem 1.3 we obtain the following result (see
section 4, Corollary 4.6). Let X be a projective manifold, and let
D =Y, +---+4 Yy be an effective snc divisor. We assume that there
exists a logarithmic jet differential P on (X, D) with values in a bundle
A~! where A is ample. Let f : C — X be an entire curve which do
not satisfies the differential equation defined by P. Then we obtain a
lower bound for the number of intersection points of f(ID,) with D as
r — 0o, where D, C C is the disk of radius r.

Concerning the existence of jet differentials, we recall Theorem 0.1 in
[13], see also [19].

Theorem 1.4. Let X be a manifold of general type. Then there exist a
couple of integers m >k > 0 and a (non-zero) holomorphic invariant
jet differential P of order k and degree m with values in the dual of an
ample line bundle A.

Thus, our result 1.3 can be used in the context of the general type
manifolds.

As a consequence of Theorem 1.3, we obtain the following analogue of
Bloch’s theorem. It does not seem to be possible to derive this result
by using e.g. Ahlfors-Schwarz negative curvature arguments. Observe
also that we cannot use a Brody-Green type argument, because the
Brody reparametrization lemma is not available in our context.

Theorem 1.5. Let CN/A be a complex torus, and let Y be a para-
bolic Riemann surface of finite Euler characteristic. Then the smallest
analytic subset containing the closure of a holomorphic map

f:Y—=CYN/A

of infinite area is a translate of a sub-torus in CV /A.



PARABOLIC RIEMANN 5

In the second part of this paper our aim is to recast some of the work
of M. McQuillan and M. Brunella concerning the Green-Griffiths con-
jecture in the parabolic setting. We first recall the statement of this
problem.

Conjecture 1.6. ([14]) Let X be a projective manifold of general type.
Then there exists an algebraic subvariety W C X which contains the
image of all holomorphic curves f : C — X.

It is hard to believe that this conjecture is correct for manifolds X of
dimension > 3. On the other hand, it is very likely that this holds true
for surfaces (i.e. dim X = 2), on the behalf of the results available in
this case.

Given a map f : Y — X defined on a parabolic Riemann surface ),
we can associate a Nevanlinna-type closed positive current Tf]. If X
is surface of general type and if ) has finite Euler characteristic, then
there exists an integer k£ such that the k-jet of f satisfies an algebraic
relation. As a consequence, there exists a foliation F by Riemann
surfaces on the space of k-jets X of Xg, such that the lift of f is
tangent to F. In conclusion we are naturally led to consider the pairs
(X, F), where X is a compact manifold, and F is a foliation by curves
on X. We denote by T the so-called tangent bundle of F.

We derive a lower bound of the intersection number / T[fINe1(TF)

X
in terms of a Nevanlinna-type counting function of the intersection of f
with the singular points of F. As a consequence, if X is a complex sur-

face and F has reduced singularities, we show that / T[f]ne1(TF) > 0.

For this part we follow closely the original argumerﬁ of [21].

When combined with a result by Y. Miyaoka, the preceding inequal-
ity shows that the classes {T'[f]} and ¢;(TF) are orthogonal. Since the
class of the current T'[f] is nef, we show by a direct argument that we

have / {T[f]}? = 0, and from this we infer that the Lelong numbers

D'
of the diffuse part of {T[f]}, say R are equal to zero at each point of
X.

This regularity property of R is crucial, since it allows to show —via
the Baum-Bott formula and an elementary fact from dynamics— that

we have / T[f] N c1(Ng) > 0, where Nx is the normal bundle of the
be
foliation, and ¢;(Nx) is the first Chern class of Ng.

We then obtain the next result, in the spirit of [21].

Theorem 1.7. Let X be a surface of general type, and consider a holo-
morphic map f Y — X, where Y is a parabolic Riemann surface of



6 MIHAI PAUN, NESSIM SIBONY

finite FEuler characteristic. We assume that [ is tangent to a holomor-
phic foliation F; then the dimension of the Zariski closure of f()) is
at most 1.

In the last section of our survey we give a short proof of M. Brunella
index theorem [7]. Furthermore, we show that that this important
result admits the following generalization.

Let L be a line bundle on a complex surface X, such that S™7T% ® L
has a non-identically zero section u. Let f be a holomorphic map from
a parabolic Riemann surface ) to X, directed by the multi-foliation F
defined by u, i.e. we have u ((f")®™) = 0 Then we show that we have

/X &1 (L) AT(f] > 0.

Brunella’s theorem corresponds to the case m = 1 and L = Nz: indeed,
a foliation on X can be seen as a section of T% ® Nz (or in a dual
manner, as a section of Ty ® T'5).

If X is a minimal surface of general type, such that ¢} > ¢y, we
see that this implies Theorem 1.7 directly, i.e. without considering the
T f]-degree of the tangent of F. In particular, we do not need to invoke
Miyaoka’s generic semi-positivity theorem, nor the blow-up procedure
of McQuillan.

It is a very interesting problem to generalize the inequality above in
the framework of higher order jet differentials, cf. section 7 for a precise
statement.

2. PRELIMINARIES

2.1. Motivation: an extension result. We first give the proof of
Proposition 1.1. We refer to [24] for further results in this direction.

Proof (of Proposition 1.1) A first observation is that it is enough to
deal with the case where F' is a single point. Indeed, assume that this
case is settled. We consider the set Ey C E such that the map f does
not extends across Ey; our goal is to prove that we have Ey = (). If this
is not the case, then we remark that Fy contains at least an isolated
point —since it is countable, closed and non-empty—, and thus we obtain
a contradiction.
Thus we can assume that we have a holomorphic map

FiD* = X

where D* is the pointed unit disc. Let gp be the Kobayashi metric
on X; we remark that by hypothesis, gp is non-degenerate. By the
distance decreasing property of this metric we infer that

1
3 'O <
( ) ’f( ) gp — |t’2 10g2 |t|2
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for any t € D*. This is a crucial information, since now we can argue as
follows. The inequality (3) implies that the area of the graph associated
to our map F?c C D* x X defined by

IS :={(t,.z) eD" x X : f(t) =}

is finite. By the theorem of Bishop-Skoda (cf. [29] and the references
therein) this implies that there exists an analytic subset I' C D x X
whose restriction to D* x X is precisely F?. Hence we infer that the fiber
of the projection I' — ID on the second factor is a point. Indeed, if this
is not the case, then the area of the image (via f) of the disk of radius
¢ is bounded from below by a constant independent of ¢ > 0. This of
course cannot happen, as one can see by integrating the inequality (3)

over the disk of radius €.
O

In connection with this result, we recall the following conjecture pro-
posed in [24].

Conjecture 2.1. Let X be a Kobayashi hyperbolic compact manifold
of dimension n. We denote by B the unit ball in CP, and let E be a
closed pluripolar subset of B. Then any holomorphic map

f:B\E—X
extends across E.

In the case where X is the quotient of a bounded domain in C", a
proof of this conjecture was proposed by M. Suzuki in [33]. In general,
even if we assume that the holomorphic bisectional curvature of X is
bounded from above by -1, the conjecture above seems to be open.

2.2. Jet spaces. We will recall here a few basic facts concerning the
jet spaces associated to complex manifolds; we refer to [12], [17] for a
more complete overview.

Let X be an [-dimensional complex space; we denote by J*(X) the
space of k-jets of holomorphic discs, described as follows. Let f and g
be two germs of analytic discs (C,0) — (X, x), we say that they define
the same k jet at x if their derivatives at zero coincide up to order k,
i. e.
£9(0) = 620

for j = 0,...k. The equivalence classes defined by this equivalence
relation is denoted by J*(X, x); as a set, J*(X) is the union of J*(X, x)
for all x € X. We remark that if x € X, is a non-singular point of X,
then J*(X,z) is isomorphic to C*, via the identification

f = (£10), ..., f(0)).
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This map is not intrinsic, it depends on the choice of some local coor-
dinate system needed to express the derivatives above; at a global level
the projection map

T (Xreg) = Xreg

is a holomorphic fiber bundle (which is not a vector bundle in general,
since the transition functions are polynomial instead of linear).

If k=1, and 2 € X,eq is a regular point, then J' (X, z) is the tangent
space of X at x. We also mention here that the structure of the analytic
space J¥(X) at a singular point of X is far more complicated.

We assume that X is a subset of a complex manifold M; then for
each positive integer £ we have a natural inclusion

JE(X) c JR(M)

and one can see that the space J¥(X) is the Zariski closure of the
analytic space J*(X,¢g) in the complex manifold J*(M) (note that this
coincides with the topological closure)

Next we recall the definition of the main geometric objects we will use
in the analysis of the structure of the subvarieties of complex tori which
are Zariski closure of some parabolic image.

As before, let x € X, be a regular point of X; we consider a
coordinate system (x'...,2') of X centered at x. We consider the
symbols

dot, ... dot, Pt . A2 dRe L dR e

and we say that the weight of the symbol dPx" is equal to p, for any r =
1,...,1. A jet differential of order k and degree m at x is a homogeneous
polynomial of degree m in (d’z")p=1,  gr=1,.1; We denote by E,SS;(X, x)
the vector space of all such polynomials, and then the set

B (Xreg) = Use X, B (X, 7)

has a structure of vector bundle, whose global sections are called jet
differentials of weight m and order k. A global section P of the bundle
EFS(X) can be written locally as

P = Z ao (dz) ... (dFx)**;
s [+ Kl [=m
here we use the standard multi-index notation.
Let f: (C,0) — (X,x) be a k-jet at z. The group Gy, of k—jets of
biholomorphisms of (C, 0) acts on Ji(X), and we say that the operator
P is invariant if

P((fog),....(fo)®) =™"P(f,.... f¥).

The bundle of invariant jet differentials is denoted by Ej ., (X); we will
recall next an alternative description of this bundle, which will be very
useful in what follows.
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Along the next few lines, we indicate a compactification of the quo-
tient J;“(X)/Gy following [12], where J,“(X) denote the space of
non-constants jets.

We start with the pair (X, V), where V' C T is a subbundle of the
tangent space of X. Then we define X; := P(Tx), and the bundle
Vi C T, is defined fiberwise by

Vi) = 1€ € Ty (a o) © d7(§) € Co}
where 7 : X7 — X is the canonical projection and v € V. It is easy to
see that we have the following alternative description of V;: consider a
non-constant disk u : (C,0) — (X, z). We can lift it to X; and denote
the resulting germ by u;. Then the derivative of u; belongs to the V;
directions.
In a more formal manner, we have the exact sequence

0 _>TX1/X -V = 0X1<_1) —0

where Ox,(—1) is the tautological bundle on X, and T, ,x is the
relative tangent bundle corresponding to the fibration 7. This shows
that the rank of V] is equal to the rank of V.

Inductively by this procedure we get a tower of manifolds (X, V%),
starting from (X,Tx) and it turns out that we have an embedding
J;. /Gy, — Xg. On each manifold Xy, we have a tautological bundle
Ox,(—1), and the positivity of its dual plays an important role here.

We denote by 7 : X — X the projection, and consider the direct
image sheaf ;. (Ox, (m)). The result is a vector bundle Ej, ,,,(X) whose
sections are precisely the invariant jet differentials considered above.

The fiber of 7, at a non-singular point of X is denoted by R, ;
it is a rational manifold, and it is a compactification of the quotient
C"*\ 0/Gy.

The articles [4], [12], [30] (to quote only a few) show that the exis-
tence of jet differentials are crucial in the analysis of the entire maps
f:C — X. As we will see in the next sections, they play a similar role
in the study of the images of the parabolic Riemann surfaces.

3. BAsics OF NEVANLINNA THEORY FOR PARABOLIC RIEMANN
SURFACES

Let ) be a parabolic Riemann surface; as we have recalled in the
introduction, this means that there exists a non-singular exhaustion
function

o:Y = [1,00]
such that:
e o is strictly psh in the complement of the subset (o < ry) C YV,

e The function 7 := log ¢ is harmonic in the complement of a compact
subset of )V, and we have fy dd‘t = 1.
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We denote by B(r) C ) the parabolic ball of radius r, that is to say
B(r):={yeY:oly) <r}

For almost every value r € R, the sphere S(r) := 0B(r) is a smooth
curve drawn on Y. The induced length measure on S(r) is equal to

dpy == d°log olge).

Let v : Y — [—o0,00[ be a function defined on Y, such that lo-
cally near every point of ) it can be written as a difference of two
subharmonic functions, i.e. ddv is of order zero.

Then we recall here the following formula, which will be very useful in
what follows.

Proposition 3.1. (Jensen formula) For every r > 1 large enough we

have
"dt
/ —/ ddcv:/ Udur—/ vddt =
10 S(r) B(ro)

:/ vdp, + O(1)
S(r)

where we have T =logo.

Proof. The arguments are standard. To start with, we remark that for
each regular value r of o the function v is integrable with respect to
the measure dy, over the sphere S(r). Next, we have

" dt
/ —/ ddcv:/ (logr—loga)ddcv:
1t I B(r)
+ e (oot
= | log" —dd“v = [ vdd (log —)
o o

:/ UduT—/ vddeT.
S(r) B(r)
O

Remark 3.2. As we can see, the Jensen formula above holds true
even without the assumption that the function 7 is harmonic outside
a compact set. The only difference is eventually as r — oo, since the

term / vdd°T may tend to infinity.
B(r)

We reformulate next the notion of mean Euler characteristic in an-
alytic terms. To this end, we first recall that the tangent bundle 7Y
of a non-compact parabolic surface admits a trivializing global holo-
morphic section v € HY(Y,Ty), cf. [15] (actually, any such Riemann
surface admits a submersion into C). Using the Poincaré-Hopf index
theorem, we obtain the following result.
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Proposition 3.3. Let (Y, 0) be a parabolic Riemann surface, so that
log o is harmonic in the complement of a compact set. Then we have

1
X,(r) = 3 /5( )logJr |do(v)*dp, + O(log )

for any r > 1.

Proof. Since v is a vector of type (1,0), Jensen formula gives

[ tog* do(o)Pd = [ tog" 100(0)
S(r) S(r)
:210gr—|—/ log™ |0log o (v)|*du,
S(r)

:/ ﬂ/ ddlog* |0log o (v)|* + 2logr + O(1).
1t /e

Observe that we are using the fact that the function dlogo(v) is holo-
morphic in the complement of a compact set, so log" |dloga(v)]? is
subharmonic.

The term O(logr) above depends on the exhaustion function o and
on the fixed vector field v, but the quantity

"dt
/—/ dd®log |0log o (v)[?
1t I

is equal to the weighted Euler characteristic X, (r) of the domains B(r),
in particular it is independent of v, up to a bounded term. This
can be seen as a consequence of the Poincaré-Hopf index theorem,
combined with the fact that the function 0,logo is holomorphic, so
dd®log |0, log o|* count the critical points of 9,0. OJ

We obtain next the first main theorem and the logarithmic derivative
lemma of Nevanlinna theory in the parabolic setting. The results are
variation on well-known techniques (see [32] and the references therein).
But for the convenience of the reader, we will reproduce here the argu-
ments.

Let X be a compact complex manifold, and let L — X be a line
bundle on X, endowed with a smooth metric h. We make no particular
assumptions concerning the curvature form ©;(L). Let s be a non-
trivial section of L normalized such that supy |s| = 1, and let f : ) —
X be a holomorphic map, where ) is parabolic.

We define the usual characteristic function of f with respect to ©,(L)

as follows
" dt .
Ttonr(r) 22/ 7/ [ On(L).
T0 ]B(t)
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If the form O (L) is positive definite, then precisely as in the classical

case Y = C, the area of the image of f will be finite if and only if
Tto,mr)(r) = O(logr) as r — oco.

Let J

" t

Npu)i= [ om0

ro
be the counting function, where n(t) is the number of zeroes of so f
in the parabolic ball of radius ¢ (counted with multiplicities). Hence
we assume implicitly that the image of f is not contained in the set
(s = 0). Moreover, in our context the proximity function becomes

1 1
mys(r) = g/s(w) log 5o flhd,uT.

In the important case of a (meromorphic) function F' : Y — P! one
usually takes L := O(1) —hence ©,(L) is the Fubini-Study metric— and
s the section vanishing at infinity; the proximity function becomes

1
4 m,wr::—/ log., | fldu,,
(4 peclr) = 5 [ 0w

where F':= [fo : f1], f = fi/fo and log, := max(log, 0).

As a consequence of Jensen formula, we derive the next result.

Theorem 3.4. With the above notations, we have
(5) Tre,n)(r) = Nys(r) +mys(r) + O(1)
as r — oo.

Proof. The argument is similar to the usual one: we apply the Jensen
formula cf. Proposition 3.1 to the function v := log |s o f|,. Recall that
that the Poincaré-Lelong equation gives dd®log|s|? = [s = 0] — O,(L),
which implies

dd®v = "m;d,, — f*(O4(L))
J
so by integration we obtain (5). O

Remark 3.5. If the measure dd°r does not have a compact support,
then the term O(1) in the equality (5) is to be replaced by

(6) / log|s o f|7ddeT.
B(r)

We observe that, thanks to the normalization condition we impose to
s, the term (6) is negative. In particular we infer that

7) Tyoun(r) = Nslr) +

log |s o f|2dd°T
B(r)

for any r > ry.
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We will discuss now a version of Theorem 3.4 which will be very
useful in dealing with singular foliations. Let J C Ox be a coherent
ideal of holomorphic functions. We consider a finite covering of X with
coordinate open sets (Uy)aca, such that on U, the ideal J is generated
by the holomorphic functions (ga;)i=1..n,, -

Then we can construct a function 17, such that for each a € A the
difference

(8) by — log(z |9ai]?)

is bounded on U,. Indeed, let p, be a partition of unity subordinated
t0 (Uy)aeca- We define the function ¢ as follows

(9) Vg = palog(d l9ail?)

and the boundedness condition (8) is verified, since there exists a con-
stant C' > 0 such that

12
Zi |g,8i|
holds on U,NUg, for each pair of indexes «, 3. In the preceding context,
the function ¢ corresponds to log |s|?.
We can define a counting function and a proximity function for a

holomorphic map f : Y — X with respect to the analytic set defined
by J, as follows. Let (¢;) C ) be the set of solutions of the equation

exp (Y70 f(y)) = 0.
For each r > 0 we can write
Yyo fWlem = D vilogly —t;* + O(1)
o(tj)<r

for a set of multiplicities v}, and then the counting function is defined
as follows

(10) Ny g(r) = Z v;log

o(t;)

In a similar way, the proximity function is defined as follows

(11) mpg(r)i=— [ g0 fdu.
S(r)

Since J is coherent, the principalization theorem (cf. e.g. [18]),
there exists a non-singular manifold X together with a birational map
p X — X such that the inverse image of the ideal J is equal to
Oz (=D), where D := ). e;W; is a simple normal crossing divisor on
X. Recall that O (—=D) C Ox is the sheaf of holomorphic functions
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vanishing on D. In terms of the function s associated to the ideal 7,
this can be expressed as follows

(12) wjop:Zejlogszﬁlj—l—@

J
where W; = (s; = 0), the metric h; on O(W;) is arbitrary (and non-
singular), and where 6 is a bounded function on X.

Since we assume that the image of the map f is not contained in the
zero set of the ideal J, we can define the lift f : )Y — X of f to X

~

such that po f = f. We have the next result.

Theorem 3.6. Let O(D) be the line bundle associated to the divisor
D; we endow it with the metric induced by (h;), and let ©p be the
associated curvature form. Then we have

Tse,(r) = Npg(r) +mysg(r)+ O(1)

as r — OQ.

The argument is completely similar to the one given for Theorem 3.4
(by using the relation (12)). We basically apply the first main theorem
for each s; and add up the contributions. Il

We will treat now another important result in Nevanlinna theory,
namely the logarithmic derivative lemma in the parabolic context. To

this end, we will suppose that as part of the data we are given a vector
field

é €H 0 (y ) Ty )
which is nowhere vanishing —hence it trivializes the tangent bundle of
our surface . We denote by f’ the section df (§) of the bundle f*TY.
For example, if ) = C, then we can take £ = —.

z

In the proof of the next result, we will need the following form of the
co-area formula. Let 1) be a 1-form defined on the surface ); then we
have

(13) /B(T)da/\wz/ordt/s(t)w

for any » > 1. In particular, we get
d
(14) — do N = ()
dr Ja(r) s
We have the following version of the classical logarithmic derivative

lemma.

Theorem 3.7. Let f : Y — P! be a meromorphic map defined on a
parabolic Riemann surface Y. The inequality

Mg /5.00(r) < C(log Ty(r) +logr) + X, (r)
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holds true for all r outside a set of finite Lebesgue measure. We also
get a similar estimate for higher order derivatives.

Proof. Within the framework of Nevanlinna theory, this kind of results
can be derived in many ways if ) is the complex plane; the proof
presented here follows an argument due to Selberg in [27].

On the complex plane C C P! we consider the coordinate w corre-
sponding to [1 : w] in homogeneous coordinates on P*. The form

I S
w1+ log! jw|) 27
on C has finite volume, as one can easily check by a direct computation.
In what follows, we will use the same letter to denote the expression
of the meromorphic function ) — C induced by f. For each ¢t > 0, we
denote by n(t, f,w) the number of zeroes of the function z — f(z) —w
in the parabolic ball B(t) and we have

(16) /fQ / (t, f,w)

by the change of variables formula.
Next, by integrating the relation (16) above and using Theorem 3.4,
we infer the following

(17) / @/ f*Q:/Nfwm(r)gg/:rf<r)9+/1og+ ]
1t JIew C C C

by Remark 3.5. This last quantity is smaller than CyT(r), where Cj
is a positive constant. Thus, we have

T dt
(18) /1 = /B ) F1Q < CoTy ().

A simple algebraic computation shows the next inequality

|df ()] |df ()]

o) < (0 ropa ed PR
+log(1 +log? [ f(2)[*) +log(1 + |do(€)[*)

1
dw N dw

(15)

log <1 +

and therefore we get

M) f.00(T) S%/( log (1 + ’g((f))’f)d

- ldf (I
=log /sm TP+ g 7)) o @P

4 [ Tog(1-+10g? 7))+
S(r)

1
b [ dos(1+ o))+ Co
4 S(r)
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where (] is a positive constant; here we used the concavity of the log
function.
By the formula (14) we obtain

4 )P L
! s TP+ og? [F)] o @R

1 d a2 | .
rdr/ TR +1og [f(2)]) o @R " N

Next we show that we have

|df ()
[F(2)2(1 +log? | f(2)]) ldo=(£)[?

Indeed this is clear, since we can choose a local coordinate z such that

\/_1 do |2
2m

do Nd°oc = f*Q.

£ = EP and moreover we have do A d°oc = ’ dz N\ dz (we are
2z
using here the fact that f is holomorphic).

Let H be a positive, strictly increasing function defined on (0, co).
It is immediate to check that the set of numbers s € R, such that the
inequality

H'(s) < H(s)
is not verified, is of finite Lebesgue measure. By applying this calculus

"dt
lemma to the function H(r) := / 7/ 172 we obtain
1 B(t)

log™ ;5/ £7Q <log* ([g( f*9)1+6+0(1)
<log* dr/ dt/ fQ 5 +0(1)

(146)?
§6logr+—log+ /@/ f*Q + O(1)
2 1 JBw

for all r outside a set of finite measure.
The term

[ tou(1 4 1082 £:) P,
S(r)

is bounded -up to a constant- by log T;(r); combined with Proposition
3.3, this implies the desired inequality. O

It is a simple matter to deduce the so-called second main theorem of
Nevanlinna theory starting from the logarithmic derivative lemma (cf.
e.g. [11]). The parabolic version of this result can be stated as follows.

Theorem 3.8. Let f : (V,0) — P! be a meromorphic function. We
denote by Ng,(r) the Nevanlinna counting function for the ramification
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divisor associated to f. Then for any set of distinct points (a;)1<j<p in
P! there exists a set A C R, of finite Lebesque measure such that

p
Ng,(r) + me,aj (r) < 2T, (r) + X,(r) + (9(logr + log™ wa(fr))—i—
=1

for allr € Ry \ A.

For the proof we refer e.g. to [11]; as we have already mentioned,
it is a direct consequence of the logarithmic derivative lemma. As a
consequence, we have

X,(r)

Tyu(r)
provided that T, (r) > logr. In the inequality above we use the

a I N(l
classical notation d¢(a) := li_mrmf’—m =1—lim, (r) :
Tyu(r) Ty(r)

4. THE VANISHING THEOREM

p
D op(a;) < 24 Tim,

j=1

Let P be an invariant jet differential of order k£ and degree m. We
assume that it has values in the dual of an ample line bundle, that is
to say

PeH (X, EpuTik @A)

where A is an ample line bundle on X.
Let f: Y — X be a parabolic curve on X; assume that we are given
the exhaustion function o and a vector field ¢ such that we have
Fr. X,(r)
(19) lim, Tro(r)
on ). As we have already recalled in the preliminaries, the operator P
can be seen as section of Ox, (m) on Xj.

On the other hand, the curve f admits a canonical lift to X} as
follows. One first observes that the derivative df : Ty, — f*T’x induces
a map

fi: Y —P(Tx);
we remark that to do so we do not need any supplementary data, since
df (v1) and df (v2) are proportional, provided that v; € Ty, are tangent
vectors at the same point. Using the notations of section two, it turns
out that the curve f; is tangent to V; C T,, so that we can continue
this procedure and define inductively fi. : Y — Xj.

We prove next the following result.

Theorem 4.1. We assume that the curve f has infinite area, and that
condition (19) holds. Then the image of fr is contained in the zero set
of the section of Ox, (m) @ A™! defined by the jet differential P.
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Proof. We observe that we have

dfy—1(§) = Y — fl:(OXk(_1>)
that is to say, the derivative of f;_; is a section of the inverse image of
the tautological bundle. Thus the quantity

P(dfi-1(6)°™)

is a section of ff(A™!), where the above notation means that we are
evaluating P at the point fi(¢) on the m*™® power of the section above
att e ).

As a consequence, if wy is the curvature form of A, we have

(20) V=1001og [P (dfi—1(£)*™) [ = fi(wa).

The missing term involves the Dirac masses at the critical points of
f. We observe that the positivity of the bundle A is fully used at this
point: we obtain an upper bound for the characteristic function of f.
By integrating and using Jensen formula, we infer that we have

/S OBIP (s ) P 2 T, 1) + O()

as r — 0o.

Now we follow the arguments in [11]: there exists a finite set of
rational functions u; : Xy — P! and a positive constant C such that
we have

d(u;o fr_ 2
10g+ |P(dfl~c—1(€)®m)’2 < Czlog+ ’ ( J fk 1)(€>|
J

luj o fr1|?

pointwise on ). Indeed, we can use the meromorphic functions u; as
local coordinates on X, and then we can write the jet differential P as
Q( f,dP(logujo f )), hence the previous inequality. We invoke next the
logarithmic derivative lemma (Theorem 3.7) established in the previous
section, and so we infer that we have

@) [ 10glP(@i-s(°") Py < ClogTy, o+ logr + Xo(r)
S(r)

out of a set of finite Lebesgue measure. It is not difficult to see that
the characteristic function corresponding to fr_; is the smaller than
CTy(r), for some constant C'; by combining the relations (20) and (21)
we have
T(r) < C(log Ty(r) + logr + X,(r))
in the complement of a set of finite Lebesgue measure. Since the area
of f is infinite, and since by assumption X, (r) = o(T%(r)), we will also
have
lim logr
r Ty(r)
So we get a contradiction. Therefore, if the image of f is not contained
in the zero set of P, then the area of f is finite. O

=0.
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Let E C C be a polar subset of the complex plane. In the case
y =C \ E)

we show that we have the following version of the previous result in
the context of arbitrary jet differentials.

Theorem 4.2. Let f : C\ E — X be a holomorphic curve; we assume
that the area of f is infinite, and that condition (19) is satisfied. Then
P(f,...,f®) =0 for any holomorphic jet differential P of degree m
and order k with values in the dual of an ample line bundle.

Proof. The argument is similar to the proof of the preceding Theorem
4.1, except that we use the pointwise inequality

k
log™ |P(f',..., f%)] < C’Z Zlog |d" log(uj o f)]
joi=1
combined with Theorem 3.7 in order to derive a contradiction. U

The following statement is an immediate consequence of Theorem 4.1.

Corollary 4.3. Let X be a projective manifold whose cotangent bundle
is ample. Then X does not admits any holomorphic curve f:) — X
with infinite area such that that the condition (19) is satisfied.

We recall that in the articles [5], [36], [6] it is shown that any generic
complete intersection X of sufficiently high degree and codimension in
P" satisfies the hypothesis of Theorem 4.3.

To state our next result, we consider the following data. Let X be a
non-singular, projective manifold and let D = Y] +---+Y] be an effec-
tive divisor, such that the pair (X, D) is log-smooth (this last condition
means that the hypersurfaces Y; are non-singular, and that they have
transverse intersections). In some cases we have

(22) HY(X,EpnT4(D)® A7Y) #£0

where Ej ., T% (D) is the log version of the space of invariant jet differ-
entials of order k£ and degree m. Roughly speaking, the sections of the
bundle in (22) are homogeneous polynomials in

d’log zy1,...,d"log zq,d 2441, ..., d’ 2,

where p=1,...k and 2125 ...24 = 0 is a local equation of the divisor
D.

We have the following result, which is a more general version of Theo-
rem 4.2.

Theorem 4.4. Let f : C\ E — X\ D be a non-algebraic, holomorphic
map. If the parabolic Riemann surface Y := C\ E verifies

Xo(r) = o(Ty(r))
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then for any invariant log-jet differential
P € H(X, B, Tx(D) @ A™")
we have P(f',..., f®) =0.

Proof. We only have to notice that the "logarithmic derivative lemma”
type argument used in the proof of the vanishing theorem is still valid
in our context, despite of the fact that the jet differential has poles
along D (see [25] for a complete treatment). Thus, the result follows
as above. O

4.1. A few examples. At the end of this paragraph we will discuss
some examples of parabolic surfaces; we will try to emphasize in par-
ticular the properties of the function X,(r).

(1) Let E C C be a finite subset of the complex plane. Define

logo :=log™ |2| + Z:logJr

acl ’

_a|

for > 0 small enough. Then clearly we have X,(r) = O(logr) for
Y:=C\E.
(2) We treat next the case of Y := C\ £, where E = (a;);>1 is a closed,
countable set of points in C. As we will see, in this case it is natural
to use the Jensen formula without assuming that the support of the
measure ddlog o is compact, see Remark 3.2.

Let (rj)j>1 be a sequence of positive real numbers, such that the
Euclidean disks D(a;, ;) are disjoints. As in the preceding example,
we define the exhaustion function ¢ such that

logo = log™ |z| + ZlogJr

= |z — a;]

T'j

I

the difference here is that du, is no longer a probability measure. How-
ever, we have the following inequality

> |Z X]D)(au |Z|X(‘Z|>1)

ol0z
which holds true on ). On the parabolic sphere S(r) we have |z] < r

T :
and |z — a;| > - so that we obtain
r

<logr + Z log— log 7+ Ng;),5, (1)

a;
|CLj|<7' J

Therefore, we can bound the Euler characteristic by the counting func-
tion for (CLj)jZl.
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Remark 4.5. Let ) be a parabolic Riemann surface, with an exhaus-
tion o normalized as in (1). In more abstract terms, the quantity X, (r)
can be estimated along the following lines, by using the same kind of
techniques as in the proof of the logarithmic derivative lemma.

Jo |2
%) = [ tos* |2 e <

2 0o |¢ 2 1
§—10g+/ o\ ae logo = = log™" —/
€ 5(r) € " Js(r)

a9z
€ rdr Jpuy 10z

24

SglogJr 1(/ @‘ )
g T B(r)

€ By 7102

0z
20 1+46)? "dt
€ € 1t JB

E)_a
0z

£

do <

)

do N\ d°o <

1+0
dz A dz) <

2+e

1+6
dz A dz) <

2+¢

8_0
0z

dz A dz).
On the other hand, we remark that we have

(24) / do A d°o = t%
B(t)

this can be verified e.g. by considering the derivative of the left hand
side of the expression (24) above. However, this does not means that
the surface ) is of finite mean Euler characteristic, since we cannot
take &€ = 0 in our previous computations—and as the example (2) above
shows it, there is a good reason to that.

As a corollary of Theorem 4.4, we obtain the following statement.

Corollary 4.6. Let (X, D) be a pair as above, and let f : C — X
be a non-algebraic, holomorphic map; we define E := f~*(D). More-
over, we assume that there exists an invariant log-jet differential P

with values in A™" such that P(f’, ..., f®) is not identically zero. We
denote by Ng(r) the Nevanlinna counting function associated to E, i.e.

"dt
Ng(r)= [ —card(EN (o <r)). Then there exists a constant C' > 0
o t

such that we have

.. .Ng(r)
(23) hmu;lf T50) > C.

Moreover, the constant C' s independent of f.

Remark 4.7. Observe that we are not in the situation of Theorem
4.3, since the image of f can intersect the support of the divisor D.
Actually the main point in the previous statement is to analyze the
intersection of f with D.
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Proof. Let o denote the parabolic exhaustion associated to E as in
example 2 above, i.e. By the proof of the vanishing theorem we infer
the existence of a constant C' > 0 such that the inequality

Ty(r) < C’_l(log Tr(r)+ O(logr) + %U(r))

holds as r — oo for any map f such that P(f,..., f®) is not identi-
cally zero. On the other hand, we have X,(r) = Ng(r), so the relation
(23) is verified. The fact that C'is independent of f can be seen directly
from the previous inequality. O

5. BLocH THEOREM

Let T be a complex torus, and let X C 7" be an irreducible analytic
set. In some sense, the birational geometry of X was completely un-
derstood since the work of Ueno [35]. He has established the following
result.

Theorem 5.1. [35] Let X be a subvariety of a complex torus T'. Then
there exist a complex torus Ty C T, a projective variety W and an
abelian variety A such that

(1) We have W C A and W is a variety of general type;

(2) There exists a dominant (reduction) map R : X — W whose
general fiber is isomorphic to T;.

Thus, via this theorem the study of an arbitrary submanifold X of a
torus is reduced to the case where X is of general type.

We analyze next the case where X is the Zariski closure of a parabolic
Riemann surface of finite Euler characteristic. The next result can be
seen as the complete analogue of the classical theorem of Bloch [4]

Theorem 5.2. Let X C T be a submanifold of a complex torus T'. We
assume that X is the Zariski closure of a parabolic Riemann surface of
finite mean FEuler characteristic, whose area is infinite. Then up to a
translation, X 1s a torus.

Proof. We will follow the approach in [4], [30]; starting with V' :=
Tx, we consider the tower of directed manifolds (7}, Vi)k>0, whose
construction was recalled in the 1st part of this article. Since 7' is flat,
we have

Tk =T x Rn,k
where we recall that here R,, ;, is the “universal” rational homogeneous
variety C™ \ {0}/Gy, cf. [12]. The curve f : Y — T lifts to T}, as
already explained; we denote by
Je: Y =Ty
the lift of f.
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Let X be the Zariski closure of the image of f;, and let
Tk © Xk — Rn,k:
be the composition of the injection X} + T} with the projection on
the second factor T}, — R, .

Then either the dimension of the generic fiber of 7, is strictly positive
for all k, or there exists a value of k for which the map 7, is generically
finite. The geometric counterpart of each of these eventualities in an-
alyzed along the two following statements, due to A. Bloch. After this
is done, we will show that the proof of 5.2 follows almost immediately.

Proposition 5.3. We assume that for each k > 1 the fibers of 1 are
positive dimensional. Then the dimension of the subgroup Ax of T

defined by
Ax ={aeT :a+X =X}

18 strictly positive.

Proof. We fix a point xy € ) such that fi(z¢) is a regular point of Xy,
for each k£ > 1. It is clear that such a point exists, since the image of the
curve fi is dense in X}, hence the inverse image of the singular set of
X by fi is at most countable. By the same argument, we can assume
that the fiber of the map 75, through fi(xo) is “generic”, meaning that

it is positive dimensional.
By this choice of the point xy the fiber

Fro =1 ' 7(fr(z0))

is positive dimensional, for each & > 1. Thus, there exists a curve
7 ¢ (C,0) — Xj such that

W (t) = (2(1),A)

such that fi(zo) corresponds to the couple (z(0),\) according to the
decomposition of T} and A is fixed (independently of ). In particular,
this shows that the dimension of the analytic set

Eri={acT: fulz) € J*(X)N J*(a+ X)}

is strictly positive. This is so because for each ¢ close enough to zero
we can define an element a; by the equality

fk(xo) = a; + Z(t)
and thus a; € Zj, since the curve ¢t — z(t) lies on X.
Next we see that we have the sequence of inclusions
21050 ... D5 D k1 D e

therefore by Noetherian induction there exists a large enough positive
integer kg such that

Sk = Sk41
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for each k > kg, and such that the dimension of =, is strictly positive.
But this means that for every a € Zj,, the image of the curve f belongs
to the translation a+ X of the set X (because this curve is tangent to an
infinite order to the a-translation of X'). Thus we will have X = X +a
given that the curve f is Zariski dense.The proposition is proved. [

In the following statement we rule out the other possibility.

Proposition 5.4. Let k be a positive integer such that the map
Tk © Xk — Rn,k

has finite generic fibers. Then there exists a jet differential P of order
k with values in the dual of an ample line bundle, and whose restriction
to X 1s non-identically zero.

Proof. The proof relies on the following claim: the restriction to Xj of
the tautological bundle O (1) associated to Ty is big. This condition
is equivalent to the fact that for m > 0 large enough we have

HO(Xk, Ok(m) X Ail) # 0.

Indeed, in the first place we know that O (1) = 7;O(1) where O(1) is
the tautological bundle on R, ;. It also turns out that O(1) is big (cf.
[12]). Since the generic fibers of 7, are of dimension zero, the inverse
image of O(1) is big —indeed, the growth of the space of sections of
7:O(m) as m — oo obtained by pull-back proves it. The claim is
therefore established. U

We show next that Theorem 5.2 follows from the two statements above:
let
p: Y =T

be a non-constant holomorphic map from a parabolic surface ) of finite
mean Fuler characteristic into a complex torus 7. We denote by X the
Zariski closure of its image. Thanks to the result of Ueno we can
consider the reduction map R : X — W associated to X. We claim
that under the hypothesis of Theorem 5.2 the base W is reduced to a
point.

If this is not the case, then we can assume that X is of general type.
By the vanishing theorem 4.1 we see that the hypothesis of Proposition
5.4 will never be verified, for any k£ > 1 (otherwise X} would not be
the Zariski closure of the lift of the curve). Hence the hypothesis of the
Proposition 5.3 are verified, and so X will be invariant by a positive
dimensional sub-torus of 7'. Since X is assumed to be a manifold of
general type, its automorphisms group is finite, so this cannot happen.
Our result is proved. O

Remark 5.5. The same arguments show that Theorem 5.2 still holds
in a more general context: it is enough to assume that we have X,(r) =
o(T(r)). We leave the details to the interested reader.
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6. PARABOLIC CURVES TANGENT TO HOLOMORPHIC FOLIATIONS

6.1. Nevanlinna’s Currents Associated to a Parabolic Riemann
Surface. Let (), 0) be a parabolic Riemann surface. We fix a Kahler
metric w on X, and let ¢ : JJ — X be holomorphic map. For an open
set S C Y with smooth boundary we denote by

(25) le)= [ o
We define the (normalized) integration current

= [ (S)]
e

which has bidimension (1,1) and total mass equal to 1. In general, the
current T is positive but not closed. However, it may happen that for
some accumulation point

is a closed current, when S, — ).

Theorem 6.1. [10] Let (Y, 0) be a parabolic Riemann surface; we de-
note by S; := B(r;) the parabolic balls of radius r;, where (;);j>1 s a
sequence of real numbers such that r; — oo. We consider a holomor-
phic map ¢ ' Y — X of infinite area. Then there exists at least one
accumulation point of the sequence of currents

o [oS))

T el

which is a closed (positive) current, denoted by Ts..

Proof. The arguments presented here are a quantitative version of the
ones in [10].

We denote by u := log o the log of the exhaustion function; by hy-
pothesis, the measure dd°u has compact support. We define a function
H on Y by the equality

©*w = Hdu A d°u.
Let A(t) := f(u<t) ©*w be the area of the image of parabolic ball of
radius e! with respect to the metric w, and let
L(t) := VHdu;
(u=t)
geometrically, it represents the length of the parabolic sphere of radius
e! measured with respect to the metric induced by Hdu A d“u (or the

length of the image with respect to w).
By Cauchy-Schwarz inequality we have

(26) L(t)? < Hdcu/ dd‘u = Hdu
(u=t) B(t) (u=t)
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because fB(t) dd°u = 1. On the other hand we have

d
27 —A(t) = Hd"
(27) A= [ wa
thus combining the inequalities (26) and (27) we obtain
d
L(t)? < —A(1).
(17 < %A

d
For every positive € we have %A(t) < A'™%(t) for any t belonging to
the complement of a set A, of finite measure; as a result we infer that
the inequality
(28) L(t) < A(t)'/?+

holds true for any ¢ € Ry \ A.. In particular, this implies the existence
of a current as an accumulation point of 7}, and the Theorem 6.1 is
proved. O

We consider next the case where dd“u is not necessarily with compact
support. We see that the previous statement admits the following

version. Let
p(t) == / dd‘u
B(t)

be the mass of the measure dd°u on the ball of radius t. The inequalities
(26) and (27) above show that we have

L2 < p(t) 2

A,

d
As already seen, we have %A(t) < A% for any t in the complement

of a set A, of finite measure. Thus we have
L(t) < (p(1))* A()"/**,

and we see that we get a closed current as soon as there exists a constant
¢ > 0 such that we have

p(t) < cA(t)' ™
for some positive &’.

By using similar arguments, combined with results by B. Kleiner [16]
and B. Saleur [26] we obtain a result in the direction of the conjecture
in paragraph 1. Let £ C D be a polar subset of the unit disk, and
let f:D\ E — M be a holomorphic map with values in a compact,
Kobayashi hyperbolic manifold M. As it is well-known (cf [34]) the
set D\ E carries a local exhaustion function o such that u := logo is
harmonic. Let x(¢) be the Euler characteristic of the domain (o < t);
we define A(t) == [ _, frw.
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X (®)]
A(t)
admits an extension through E.

Corollary 6.2. If we have — 0 as t — oo, then the map f

Proof. The argument relies heavily on the following result, which uses
a technique due to B. Kleiner [16].

Theorem 6.3. [26] Let (M,w) be a compact Kobayashi hyperbolic man-
ifold. There exist two constants Cy,Cy such that for every holomorphic
map [ : 3 — M defined on a Riemann surface with smooth boundary
0% we have

(29) Area(f(2) < Culx(2)] + CoL(F(95)).

Coming back to the domains (o < t), inequality (28) shows that we
have

L(t) < A(t)V/**=,

When combined with the inequality (29) of the preceding theorem, we
get

A(t) < Cilx(8)] + CoA(1) /2.

Given the hypothesis concerning the growth of the Euler characteristic,
we infer the existence of a constant C3 such that

A(t) < Oy

and for the rest of the proof we will follow the argument given in
Proposition 1.1. Indeed, the current associated to the graph I'y C D\
E x M of the map f has finite mass near the polar set Ex M C Dx M.
By using Skoda-EIMir extension theorem (for a simple proof, see [29]),
the current [['] extends to D x M with no mass on F x M. But this
implies that the graph I' extends as an analytic subset of D x M; in
other words, f extends as a meromorphic map. It follows that in fact
f is holomorphic, since f is defined on a 1-dimensional disk. U

Remark 6.4. We can also consider a version of the current 7T, in the
above statement. For each r > 0, the expression

1 "dt
T, = W/{) ?[(p*(Bt)]

defines a positive current on X. One can show that there exists a
sequence 1 such that the limit points of (T, ) are positive and closed.
Any such limit will be called a Nevanlinna current associated to ¢, and
will be denoted by T'[f]. If we consider the lift of f to P(Tx), we get
(with the same construction) a current denoted T[f’]. Let 7 : P(Tx) —
X be the projection; then we can assume that 7, (T[f']) = T[f], as we
will see later.
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The preceding considerations apply e.g. to maps f : D — X defined

on the unit disk D C C; in this case we have u := log 1—H, so f
— |z

will define a closed positive current provided that its area grows fast

enough; this is the content of the next statement.

Corollary 6.5. Let f : D — X be a holomorphic map. We denote by
T'(r) the Nevanlinna characteristic of f, and we assume that we have

T(r)
log ﬁ

— 00

as v — 1. Then any limit of T,.(f) is a closed positive current.

6.2. Metrics on the tangent bundle of a holomorphic foliation
by disks. Let F be a 1-dimensional holomorphic foliation (possibly
with singularities) on a manifold X. This means that we are given a
finite open covering (U, ), of X with coordinates charts, and a family
of associated vector fields v, € H"(Uy,, Tx|y,) such that there exists
Gap € O*(U, N Up) with the property that

Vo = Japdmas(vp)

on the intersection of U, and Ug; here we denote by (7,z) the transition
functions of X, corresponding to the covering (U,). The (analytic) set
of zeros of (v,) is supposed to have codimension at least two, and it
is denoted by Fing. The functions (gap) verify the cocycle property,
and they define the cotangent bundle corresponding to the foliation F,
denoted by T7%.

From the global point of view, the family of vector fields (v, ), cor-
responds to a section V' of the vector bundle Tx ® T%.
Let w be a metric on X (which is allowed to be singular). We will show
that w induces a metric hs on the tangent bundle T (as we will see,
the induced metric may be singular even if the reference metric w is
smooth).

Let z € X, and let £ € Tr, be an element of the fiber at x of the
tangent bundle corresponding to F. Then we define its norm as follows

(30) €17, = IVa(&)2.

The local weights of the metric hg on the set U, are described as follows.
Let z!,... 2" be local coordinates on X centered at x. We write

n
Va = E ai 0
i=1 aZ

where @, are holomorphic functions defined on U,; we assume that
their common zero set has codimension at least 2 in X.
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The local weight ¢, of the metric h; is given by the expression
= —log Z a. aaw =

where w;; are the coefficients of the metric w with respect to the local

coordinates (27);—1_,. Indeed, let 6 be a local trivialization of the
bundle 7. Then according to the formula (30) we have

(31) = (D diahe;) 66

which clarifies the formula for the local weight of h.

In some cases, the previous construction can be further refined, as
follows.

Let B = Zjvzl W; be a divisor on X. We assume that the following
requirements are fulfilled.
(a) At each point of x € Supp(B) the local equations of the analytic
sets
(W), ) =1,
can be completed to a local coordinate system centered at x.
Here we denote by k the number of hypersurfaces in the support
of B containing the point x (and we make a slight abuse of
notation). In the language of algebraic geometry, one calls such
a pair (X, B) log-smooth.
(b) We assume that each component W; of Supp(B) is invariant by
the foliation F.

If the condition (a) above is verified, then we recall that the logarithmic
tangent bundle of (X, B) is the subsheaf of O(Tx) defined locally as
follows.

Let U C X be a coordinate open set. We assume that we have a
coordinate system z1,...,z, on U, such that

Supp(B)NU = (2122 2= O).

Then the logarithmic tangent bundle Ty (B) corresponding to the pair
(X, B) is the subsheaf of TX whose local sections on U are given by

U—Zvjzja + Z vpa

p=k+1

In other words, the local sections of T'x (B)|y are the vector fields of
T'x|y which are tangent to B when restricted to B. We note that the
Tx (B) is a vector bundle of rank n, and the local model of a hermitian
metric on it is given by

wU—\/_ZdZ]/\dZ] Zdzj/\d—

j=k+1
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i.e. a metric with logarithmic poles along B. So, we have
2
’wU Z |U] ’

From a global point of view, a hermitian metric wx g on Tx (B) can be
written as

d /\d, d /\dz
wXB|U =V — Z ZJ : +2Re\/ Z cu Z] : —_—t

Jyi=1 G>k>i Zi

—+vV —1 Z wjgde A dEZ

Ji>k+1

where the Hermitian matrix (w,;) is positive definite.

If moreover the condition (b) is fulfilled, then the family of vector fields
v, defining the foliation F can be seen as a global section Vg of the

bundle
Tx(B) @ Tx

and we have the following version of the metric constructed above. For
each vector £ € T’r, we define

||§ ’QZSYB = |VBJ:(§)|3)XYB

As in the case discussed before, we can give the local expression of the
metric on Tz, as follows. Let

k
N Z Tz
i1

be a logarithmic vector field trivializing the tangent bundle of the foli-
ation on a coordinate set U,. Then the local weight ¢, g of the metric
hs p induced by the metric wx p is given by the expression

(32) Ga,p = — log Z aggwﬁ.

In particular we see that this weight is less singular than the one in
the expression (31). This will be crucial in the applications.

As far as the curvature current is concerned, the metric Ay as well
as its logarithmic variant h, p seem useless: given the definition above,
its associated curvature is neither positive nor negative. Indeed, ¢,
may tend to infinity along the singular set of the foliation F, and it
may tend to minus infinity along the singularities of the metric w
However, we will present a few applications of this construction in the
next paragraphs.
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6.3. Degree of currents associated to parabolic Riemann sur-
faces on the tangent bundle of foliations. Let (X,w) be a compact
complex hermitian manifold, and let F be a holomorphic foliation on
X of dimension 1. Let f : Y — X be a holomorphic map, where (Y, o)
is a parabolic Riemann surface tangent to F, and let

T[f] == lm T, [f]

be a Nevanlinna current associated to it.
In this section we will derive a lower bound in arbitrary dimension for
the quantity

/X TUf) A er(T5),

in the same spirit as [21], [7]. Prior to this, we introduce a few useful
notations.

Let Jr, be the coherent ideal associated to the singularities of F;
this means that locally on U, the generators of Jr, are precisely the
coefficients (a,) of the vector v, defining F, i.e.

va:Zaaazi.

i=1

As we have already mentioned in paragraph 3, there exists a function
Yging defined on X and having the property that locally on each open
set U, we have

wsing = IOg |'Ua|(,2u
modulo a bounded function.

Let B = ). Wj; be a divisor on X, such that the pair (X, B) satisfies
the requirements (a) and (b) in the preceding paragraph. Then the
local generator of T» can be written in this case as

k n
0 .0
33 o - ¢ i~ ; T
(33) Va,B Zaazazz—k'za By
i=1 i=k+1
We denote by Jx, , the coherent ideal defined by the functions (af,) in
(33). Then we have

Jr. CIr s
and the inclusion may be strict. We denote by 1), 5 the associated
function.
The counting function with respect to the ideal defined by Fe will
be denoted

r "dt
N ) (T) = vy log = / _/ ddc¢sin o f 5
f«j}'s Z J O_(tj) 0 t B(t) ( g )s

0<o(t;)<r

with f(t;) € Supp(Fsing), and the subscript s above denotes the singu-
lar part of the considered measure. Its normalized expression will be
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written as

(34) VT(f, Faang) () = %Nﬁﬁm

The upper limit of the expression above will be denoted by

v (f, Faing) = lim,v" (f, Faing) (7).

If = is an arbitrary analytic subset of X, we will denote by v (f,Z) the
quantity defined in a similar manner by using the function = instead

of ,lvbsing-
We define the counting function with respect to F; g as

,
NﬁJJ—'SE(T) = Z v;log )
‘ o(t;)
0<o(tj)<r
with f(t;) € Supp(Fsp), together with it normalized expression

(35) V(. Fungp) ) 1= s Ny, 1)

The following truncated counting function will appear in our next com-
putations:

1 T
(36) N},}]:SHB<T) = Z log m
0<a(t;)<r.f(t;)€B /

and let ] (f, Fung N B) be its normalized upper limit.
We also recall the definition of

— 1
mT<f7 Fsin ) = hmr—/ _wsin o fd,ur
¢ Tf(r) S(r) ®

which is the (normalized) asymptotic proximity function for f with
respect to the ideal Jx,, together with its logarithmic variant

—_ 1
mT(f> ‘Fsing,B) = hmr— /;( ) _wsing,B o fd,ur

Ty(r)
The ramification function corresponding to f is
r
(37) Re(r)= Y pjlog——;
o(t)
0<o(t))<r J

so that p; is the vanishing order of f’ at ¢}. The curve f is tangent to
F, therefore for each open set 2 C Y such that f(Q2) C U, for some
index a we can write
F'(t) = Mt)va, s

for some function A which is holomorphic on Q\ f~'(Fgyng). We remark
that if f(t;) € Feing, then the multiplicities p1; above coincide with the
vanishing order of A evaluated at the critical points of f. It will be
useful in what follows to have the decomposition

Ry(r) := My(r) + Ny(Ram, )
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according to the possibility that the critical value f(t;) of f belongs to
the set Fgng or not. We are using the notations

r
Nf(Ram> T) = Z My IOg O'(t/-) >
J

0<0’(t, )<"' f(t/ ) sing

and .
My(r) = Z 1 log o))
0<o(t})<r.f(t})EFsing J
Finally, the asymptotic normalized ramification of f is denoted by

— 1
v(Ram, f) := hmrTf(r)Rf(r).

We establish next the following general result, which gives an estimate
of the quantity [, T[f]Aci(TF) in terms of the intersection of f with the
singularities of the foliation. Our statement is a quantitative expression
of the fact that the derivative of f can be seen as a meromorphic section
of f*T]:.

Theorem 6.6. Let (X, F) be a compact complex manifold endowed
with a holomorphic 1-dimensional foliation F. Let (), o) be a parabolic
Riemann surface of finite Euler characteristic, and let f :Y — X be

a holomorphic map whose image is tangent to F. We assume that the
image of f is Zariski dense. Then we have

(%) /X TIf] A er(Tr) = —v' (£, Fang) —m' (f, Fuing) + 7(Ram, f)

Proof. Let w be a smooth metric on X, and let hy be the metric induced
on Tr by the procedure described in the preceding sub-section.
Let r > t > 0; we begin by evaluating the quantity

[ nisinen
X
and to this end we introduce the notations

Boo(t) = {2z € B(t) : f(2) € Uy, and dy(f(2), Feing) > €}
as well as its complement set inside the parabolic ball of radius ¢

B e (t) := Ba(t) \ Bac(2)

where B, (t) := B(t) N f~1(U,). Let (p,) be a partition of unit corre-
sponding to the cover (U,).

In the definition of the metric h, we use the smooth Kéahler metric
w we have fixed on X, and we have.

/X T[] A Oy (T5) = E

Tf f)frddlog |va|w

c(t

dt .
_ZT]“ / /M f)f*dd log |v,|?.
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We remark that for each ¢t < r and for each index o we have

/ palf) Fdd log [va2, = / palf)dde log | 1L
Ba,g(t) Ba,s (t)
- Z pa(f(t;)) 1161 -

0<0’(t/ )<t f(t/ )€ sing

The equality in the formula above is due to the fact that locally at each
point in the complement of the set Fgn, we have

f(t) = Mgy

for some holomorphic function A\. We also remark that the relation
above is valid for any € > 0, and if we let ¢ — 0, we have

"dt dt
lim / fddlog |f'|2 = / / f)ddlog | f'|?
e—0 Bas(t
,
pa(f( ))NJ log —~
f(t,)ef o(t})
sing

as well as
im [ % F)fddlog |va|? = > pa(f(t;))v;log ——
2 . ol AG)vioe Sy

t; eBa(t)vf(tj)e-Fsing

Therefore we obtain

(ToL), 00 (T) > — V7 (f, Fuang) (1) + ﬁMm)
Rl ¢ ey L am,r) =
Tf(r) /1 7/1%) dd log‘f ‘w " Tf(T)Nf(R ’ )
T (f Fang) (1) + ﬁfw—

.
—— [ log|f'|Zdp.
Ty(r) S(r)

Let h := hyexp(—tsing); it is a metric with bounded weights of T,
hence we can use it in order to compute the quantity we are interested
in, namely

[ T A eT) = (1) €T
X
We recall that we have the formula

On(Tr) = O, (TF) + dd“Pging,

so as a consequence we infer that we have

/X T,/ A Ou(Tr) = <Tr[f1A@hs<Tf>>+ﬁ / Yiang © fdp + o(1).
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By combining the relations above we infer that we have

/X T L) A OW(T5) = — 07 (f, Fang) (r) + ﬁ /S s il

1 1
+ ——Ry(r) — —/ log | f'|2dp, + o(1).
Ty(r) Ty(r) Jsw
By the logarithmic derivative lemma (or rather by an estimate as in
Theorem 4.2) the last term of the preceding relation tends to a positive
value, as r — 00, hence we obtain

/XTr[f] NOW(TF) > —v' (f, Fang) — m” (f, Fuing) + 7(Ram, f)

and Theorem 6.6 is proved. U

Before stating a version of Theorem 6.6, we note the following obser-
vations. The lower bound obtained in Theorem 6.6 admits an easy
interpretation, as follows.

Let J be the ideal sheaf defined by the scheme Fi,,; locally, this
ideal is generated by the coefficients of the vectors (v,) defining the
foliation F. Let p : X > Xbea principalization of 7, so that p*(J) =
O(—D) for some (normal crossing) effective divisor D on X. According
to Theorem 3.5, we have

T, (r) = N7 (1) +mjz ,(r) + O(1)

f©p

where ]/“\is the lift of the map f to X. As a consequence, we infer the
relation

/A T[f] A cr(D) > V7 (f, Faing) + M7 (f, Feing)

X

and therefore Theorem 6.6 applied to f, F can be restated as follows.

Corollary 6.7. We have the inequality

(38) [ TIF] A (e1(T5) + er(D)) > 0.

X

In a similar framework, we note the following “tautological” inequality
in parabolic context.

Lemma 6.8. Let f: (V,0) = X be a holomorphic curve, where ) is
a parabolic Riemann surface. We denote by f1 : Y — P(Tx) the lift of
f. Let h be a hermitian metric on X ; we denote by the same letter the
metric induced on the bundle O(—1) — P(Tx). Then we have

(T[], ©r(O(-1))) = —=C(log Ty(r) + logr + X,(r))
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where the positive constant C' above depends on (X, h). In particular,
if X, (r) + logr

Ty(r)
current T[f1] associated to f1 such that m,T[f1] = T|f], and we infer

(T[], 04 (O(~1))) > 0.

Proof. We note that the derivative f' := df(£) can be seen as a section
of the bundle ffO(—1). So the lemma follows from Jensen formula
combined with logarithmic derivative lemma by an argument already

used in Theorem 4.1 for sections of Ox, (m) ® A~'; we offer no further
details. 0

— 0 as r — oo, then we can construct a Nevanlinna

We turn next to the logarithmic version of Theorem 6.6.

Theorem 6.9. Let (X, B) be a log-smooth pair, such that every com-
ponent of the support of B is invariant by the foliation F. Let (Y, o) be
a parabolic Riemann surface of finite characteristic, and let f : Y — X
be a holomorphic map whose image is tangent to F, and it is not con-
tained in the set Supp(B). Then we have the inequality

(*B)

TfINe(TF) > _’/T(fa FingB) — VlT(f7 Feing N B) — mT<f7 Fing,B)-
X

The proof of Theorem 6.9 follows from the arguments we have used
for 6.6. The additional negative term in the statement is due to the
singularities of the metric wx p:

[t ) dt .
lim / fddlog| 2, , = / / P log| 12,
e—0 1 o E a

,

Pa (f(t/))’/j log m
e >efsmg\B 7
.

+ Z pa(f(t])) log Tt;’)'

f(t;'/)e}-singmB

where we denote by t; the critical points of f. The points t] appearing
in the last expression above are not necessarily critical. We remark (as
in Theorem 4.2) that the limit

lim, —— log |f')2. . dpu,
Ts(r) Jser E

is non-positive, as it follows from the logarithmic derivative lemma, i.e.
this term is not affected by the poles of wyx p.

In conclusion, the presence of a log-smooth divisor on X invariant by
F improves substantially the lower bound we have obtained in Theorem
6.6, since the main negative terms are defined by Jz, 5. U
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6.4. Foliations with reduced singularities on surfaces. In this
subsection we assume that the dimension of X is equal to n = 2. As
an application of the results in the preceding paragraph, we obtain
here a complete analogue of some results originally due to Michael
McQuillan [21].

The twisted vector field V' defining the foliation F is locally given
by the expression

0 0
Vo = Q15— + Qa2

0z ow

In this paragraph we will assume that the singularities of F are reduced,
i.e. the linearization of the vector field at a singular point has at least a
non-zero eigenvalue. A result by Seidenberg implies that this situation
can be achieved after finitely many monoidal transformations. We ex-
tract next the following important consequences from the classification
theory of foliations with reduced singularities in dimension two [28].

(s1) A singular point xo of F is called non-degenerate if we have

1 J8ar(z W)+ aas(z, w)
N |22 + |w]?

2
C <C

for some coordinate system (z,w) centered at x.
(s2) A singular point x1 of F is called degenerate if we have
1 aa(zw)]? + Jaas(z, w)]?
|2|? + fw[?*

C <C

for some coordinate system (z,w) centered at xy, where k > 2
18 an integer.

(s3) Any singular point of F is either non-degenerate or degenerate.

(s4) For any blow-up p : XX of a point xoy on the surface X we

denote by F o= p ' (F) the induced foliation on X. Then we
have

p* T]: = T]?

and moreover, the foliations F and F have the same number
of degenerate singular points. In addition, the number “k” ap-
pearing in the inequality (ss) is invariant.

For a proof of the preceding claims (s1)—(s3) we refer to the paper [28].
As for the property (s4), we can verify it by an explicit computation,
as follows.

Locally near the point zy the equations of the blow-up map p are
given by

(z,y) = (z,2y) or (z,y) — (vy, )
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corresponding to the two charts covering P!. Then the expression of
the vector field defining the foliation F on the first chart is as follows

0 o2 (T, TY) o1 (z, xy)\ O

A1\ T, Y ) — + < - >—

We denote by A,1 and A,» the coefficient of a% and a% in the expression
above, respectively. They are holomorphic functions, and the set of
their common zeroes is discrete. Indeed, this is clear if the singularity

xo is non-degenerate. If z( is a degenerate singularity of F, then this
can be verified by an explicit computation, given the normal form [28]

Vo = (2(1+ Tw") + wF(z, w))% - wk+1a%,

where F'is a function vanishing to order k&, and 7 is a complex nugber.
In conclusion, the transition functions for the tangent bundle of F are
the same as the ones corresponding to F, modulo composition with the
blow-up map p, so our statement is proved.

6.4.1. Intersection with the tangent bundle. In the context of foliations
with reduced singularities, the lower bound obtained in Theorem 6.6
can be improved substantially, as follows.

Theorem 6.10. Let (X, F) be a non-singular compact complex surface,
endowed with a foliation. Let f : Y — X be a holomorphic map tangent
to F; here (Y, 0) is a parabolic Riemann surface not necessarily of finite
Euler characteristic. If the singularities of F are reduced, then we have

(39) /X T Aei(TF) > 0.

Proof. It Y = C, then Theorem 6.10 is one of the key result established
in [21]. The original arguments in this article can be adapted to the
parabolic setting we are interested in, as we will sketch next.

e Let xy € Fgng be a singular point of the foliation. We will assume
for simplicity that p is non-degenerate; the general case is a little bit
more complicated technically, but the main ideas are the same. We
denote by 7 : X; — X the blow-up of X at xy, and let E; be the
corresponding exceptional divisor. Let F; be the foliation 7*F on Xi;
then F; is an invariant curve. The foliation F; has two singularities on
Ey, say 71 and 7, both non-degenerate.

We repeat this procedure, and blow-up Z; and y;. On the surface
X5 obtained in this way, the inverse image of xq is equal to

B::E1+E2+E3,

where El is the proper transform of F; and Fs, E3 are the exceptional
divisors. In the new configuration, we have 4 singular points of the



PARABOLIC RIEMANN 39

induced foliation F,. Two of them belong to El N E, and EI N Ej,
respectively, and we denote Ty and 7> the other ones.

We have the injection of sheaves
(40) 0— T]_': — T)? <B>

that is to say, the tangent bundle of F; is a subsheaf of the logarithmic
tangent bundle of (X, B). The metric on Tz induced by the morphism
above is non-singular at each of the four singular points above, and
moreover, the image of the lift of the transcendental curve to X2 do
not 1ntersect E1 N Fy or E1 N E3. Indeed, these singularities of the
foliation F have the property that both separatrices containing them
are algebraic sets. So if one of these points belong to the image of the
curve, then the curve is automatically contained in El, E; or Ej (since
they are leaves of the foliation).

Therefore, by Theorem 6.9 we do not have any negative contribution
in (xp) due to these two points; the only term we have to understand
is
(41) V{(fw%\Q) +V1T(f7 ?72)

i.e. the truncated counting function corresponding to Ty and 7.

e Let T[f] be a Nevanlinna current associated to a Zariski-dense par-
abolic curve on the surface X. Let 7 : X — X be the blow-up of X at
x; we denote by fthe lift of f. Then there exists T[ﬂ a Nevanlinna
current associated to fAsuCh that we have

(42) T T(f] = T[f] + plE]

where p = /A T[f] Aci(E) is a positive number, in general smaller than

X
the Lelong number of 7" at p. We remark that we have

g [y = [Ty

where we denote by {T'[f ]} the cohomology class of T f Indeed
we have [ {T(f) = [ (T} + per(E))’ (/wf e
X X

2p /A {T [ﬂ} A ¢1(E), from which the above equality follows, because
X

é@ﬁ%q@ﬁm

o If we iterate the blow-up procedure, the quantities p; we obtain as
in (42) verify

(43) Z pr < /X{T[f]}2

that is to say, the preceding sum is convergent.
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o Let p € Fing be a singular point of the foliation F. We blow-up the
points zo and y, and we obtain x3 and y3, plus two singular points at
the intersection of rational curves. After iterating k times the blow-up
procedure described above, the only negative factor we have to deal
with is

(44) _le(f> i.\k) - l/lT(f7 /y\k)

where X}, is the surface obtained after iterating k times the procedure
described above, f; is the induced parabolic curve and Fj, is the induced
folia tion. We emphasize that even if the number of singular points of
the induced foliation has increased, the corresponding negative terms
we have to take into account in (xp) remains the same, i.e. the algebraic
intersection of the lift of f with the two “extremal” singular points.
By using the notations in (44) above, the convergence of the sum (43)
implies that we have

2 2
> v (@) 4 0] (fo ) < 00

k>1

since v7 (fi, Tp) = / T[fi] A c1(Ex). Hence the algebraic multiplicity
Xk
term (44) tends to zero as k — oo.

e We therefore have, by using (38)

/X Tl Aer(Tr) > —e

for e, — 0 as k — oo. Since the singularities of F are reduced, we use
the property s4 and we have

| Tl nas) = [ TR Ame()

and this last term is simply

[ TUnas)

by the projection formula. Hence it is non-negative. O

The theorem above is particularly interesting when coupled with the
following very special case of a result due to Y. Miyaoka, cf. [20]

Theorem 6.11. Let X be a projective surface, whose canonical bundle
Kx is big. Let L — X be a line bundle such that H° (X, SmTX®L) # 0.
Then L is pseudo-effective.

We apply this result for L = T%, so we infer that T is pseudo-
effective (indeed, the bundle Tx ® T% has a non-trivial section).
Combined with Theorem 6.10, we obtain

(45) [ rifinas) <o
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We derive the following consequence.

Theorem 6.12. We consider the data (X, F) and f : Y — X as in
Theorem 6.10; in addition, we assume that Kx is big. Then we have

(46) /X (T} =o.

If R denotes the diffuse part of T[f], then we have /{R}2 =0. In

X
particular, since T[f] is already nef, we infer that v(R,z) = 0 at each
point x € X.

Proof. If the equality (46) does not hold, we remark that the class
{T'[f]} contains a Kéahler current, i.e. there exists S € {T[f]} such
that S > dw for some positive constant §. Unfortunately we cannot use
this representative directly in order to conclude that the intersection

number / T[f] A c1(T) is strictly negative (and obtain in this way
X

a contradiction), because of the possible singularities of S and of the
positively defined representatives of ¢; (7).
We will proceed therefore in a different manner, and show next that

if the conclusion of our theorem does not hold, then we have / T[fIN
X
c1(Tr) < 0, contradicting the relation (45).

We will only discuss here the case Kx ample; the general case (i.e. Kx
big) is obtained in a similar manner.

Let w be a metric on X, such that Ricci, < —eqw. We have a
sequence of Kéahler classes (oy)r>1 whose limit is {T[f]}.

We recall the following particular case of Yau’s theorem [37]

Theorem 6.13. [37] Let o be a Kdhler class on a compact complex
surface X. Let w be a Kahler form on X such that

[ ]
X X

Then there exists a Kahler form wy € a such that the equality
Wl =w
holds at each point of X.

We infer that there exists a sequence of Kahler metrics (wy)r>1, such
that wy € ay for each £ > 1, and such that we have

wi = \w?.
The sequence of normalizing constants \; is bounded from above, and

also from below away from zero, by our assumption / {T[f]}* > 0.
be
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We recall now a basic fact from complex differential geometry. Let
(E, h) be a Hermitian vector bundle, and let £ be a holomorphic section
of E. Then we have

_ On(E
VToBlog fefy > — MBS "<|§|3€’§>
h
where the curvature form ©;(F) corresponds to the Chern connection
of (E,h). We detail here the computation showing the previous in-
equality.
(£, D'€)

137

where D' is the (1,0) part of the Chern connection. It follows that

oolog |e2 — DEDE (DEHNEDE) | ODEE)
’ah ‘€|h |§|h
By Legendre inequality we know that

JPEDE) (D66 A€ D)

dlog €]} =

Rl i 74 > 0.
<17 €l
As for the remaining term, we have the equality
D¢ = —O,(E)¢

so the inequality above is established.
We apply this for V' the section of Tx ®1's which defined the foliation.
The formula above gives
(O, (Tx)V. V)
VI
where we denote by |V the norm of V' measured with respect to wy
and an arbitrary metric h on T'r.

By considering the wedge product with w; and integrating over X
the above inequality we obtain

Ricci,, (V,V
[anam < | Riccl, (V. V) »
X X ’V’wk

Ricciy,, (V, V)
1458
well-defined, even if V' is only a vector field with values in T%z. Given

the Monge-Ampere equation satisfied by w; we have

Ricci,, (V,V Ricci, (V,V
e T e et
Since Ricci, is negative definite, we have
/ Ricci, (V, V) P / Ricci, (V, V)
X V02, - Ju, V02,

V—=1001log |V [} > O4(TF) —

We remark that the expression under the integral sign is
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for any open set U, C X.

We have [ wip Aw < C for some constant C' independent of k. So
X
there exists an open set Uy of large volume (with respect to w), on

which the trace of w; with respect to w is bounded uniformly with
respect to k, i.e. there exists a constant C; such that

wilv, < Ciwly,
for any k£ > 1. With this choice of Uy, we will have
R. .w ‘/’V R. .w ‘/:v

for some strictly positive quantity ¢, and the first part of Theorem 6.12
is established by taking k — oc.

We write next the Siu decomposition of T'[f]
(46) T(f] =) _7lCjl+R
J

and we remark that the class of the current R is nef. Indeed, us-
ing Demailly approximation theorem we have R = lim R., where for
each ¢ > 0 the current R. is closed, positive, and non-singular in
the complement of a finite set of points. Hence R? is well-defined
and positive as a current; in particular, [ X{R}2 > 0. Then we have

/{T[f]}2 > /{R}z, and it follows that [, {R}*> = 0. Thus using a
X X

local computation with potential of the current R we infer that

(47) v(R,z) =0
for any x € X, i.e. the Lelong number of R at each point of X is equal
to zero. U

6.4.2. Intersection with the normal bundle, I. Our aim in this part is to
evaluate the degree of the curve f on the normal bundle of the foliation
F. To this end we follow [7], [21] up to a certain point; their approach
relies on the Baum-Bott formula [2], which is what we will survey next.

Actually, we will first give the precise expression of a representative of
the Chern class

(48) c1(Nzg)

in arbitrary dimension, where B = By + --- + By is a divisor on X,
such that (X, B) verifies the conditions (a) and (b) in subsection 6.2.
The vector bundle in (48) is defined by the exact sequence

(49) O—)T]:—>Tx<B>—>N]:73—>O.



44 MIHAI PAUN, NESSIM SIBONY

We remark that in the case of surfaces, this bundle equals Nx@O(—B).
Let U, C X be an open coordinate set, and let (z1,...,2,) be a
coordinate system on U,. We assume that

Supp(B) N Uy = (21...2, = 0).

Since B is invariant by JF, the vector field giving the local trivialization
of T is written as

p
(50) Vo =Y 2 Fjal(z + Z Fio(z 8z
j=1 !

i=p+1

where F}, are holomorphic functions defined on U,,.
With respect to the coordinates (z) on U,, the canonical bundle

associated to (X, B) is locally trivialized by
d d

(51) Qo= SN AZE Az A Aden,
21 Zp

and therefore we obtain a local trivialization of the bundle det (N r B)
by contracting the form (51) with the vector field (50), i.e

(52) Wo = Ava(Qa)a
that is to say

p —_—
dz dz; dz
L, = —VHE (DA A AR A A---ANdz,
o0 =3B A 2 Ndzpia A A
- i+1 dz dzp 7
+ > (DT ()= A A =L Adzpyr A Adz A dzy
L 21 Zp
i=p+1
We define the differential 1-form &, on U, by the formula
FY
(53) 50&,5 = W Z GjadZ]
g

where we have used the following notations. If the index j is smaller
than p, then Gj, 1= 2;Fj,, and if j > p, then we define G, 1= Fj,.
Also, we write

Fc(ul)(z) = zp: ja zj Z Fiq z,

Jj=1 i=p+1

where Fj, ., is the partial derivative of Fy, with respect to z,, and
|Gall? := Z Gial®

Then we have the equality
(54) dwa = fa N Wy

as one can check by a direct computation.
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Let a, 8 be two indexes such that U, N Ug # (). Then we have

(55) Wa = JapWs

on U, NUg; here g,43 are the transition functions for the determinant
bundle of N3(B). By differentiating the relation (55), we obtain

(56) dwa = d10g gap N Wa + gapdws
hence from the relation (54) we get

(57) (fa - fﬁ - dlog goeﬁ) Nwyg =0
on Ua N Ug.

For the rest of this section, we assume that the singularities of F are
1solated and non-degenerate.
Then we can find a family of non-singular 1-forms -, so that we have

(58) §a — &5 — d10g gop = Yo — V8

for example, we can take

(59) VYo = ZPB (ga - gﬂ - leggag),
B

where (p,) is a partition of unit subordinate to the covering (U,). Here
we assume that each U, contains at most one singular point of F.
Then the global 2-form whose restriction to U, is

(60) e

represents the first Chern class of Nx p.

Let T be a closed positive current of type (n—1,n—1) on X; we assume
that T is diffuse and directed by the foliation F. This implies that for
each index « there exists a positive measure 7, on U, such that

(61) T’Ua = ToWa N\ Wy

We intend to use the representative (60) in order to evaluate the degree
of the current T on the normal bundle of the foliation. Prior to this,
we have to regularize the forms £,. This is done simply by replacing &,
with h,&,, where h,, is equal to 0 in a open set containing the singularity
of F, and it is equal to one out of a slightly bigger open set. A specific
choice of such functions will be made shortly; we remark that the effect
of the multiplication with h, is that the equality (54) is only verified
in the complement of an open set containing the singular point. The

27T\/_—1d(ha§oz - ’Yoz)‘

As a consequence, we have the next statement, which is the main result
of this subsection.

formula for the curvature becomes Oy, :=
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Lemma 6.14. Let F be a foliation by curves with isolated singularities
on X. We consider a closed positive current T of bidimension (1,1),
which is directed by the foliation F. If Fang N Supp(T) consists in
non-degenerate points only, then we have

(62) /T/\@Z—C’ sup v(T,x)
X

€ Fsing
for some positive constant C'.
Proof. We first observe that we have
(63) Ay NT = 0.

Indeed, w, is holomorphic and ~, is a (1,0) form, so we have

(64) Ao NT = T00(Ya A wa) A Wa.
The equality (63) is therefore a consequence of (57)-(59).

In order to compute the other term of (62), we use the relation (54),
and we infer that we have

(65) O(haba) N wa = Oha A € A wy

for any choice of h,,.

In what follows, we will drop the index «, and concentrate around a
single singular point namely the origin of the coordinate system. Let
x be a smooth function vanishing near zero, and which equals 1 for
x > 1/2. We consider

(66) he(2) = x(llz]I")
for each r > 0. We have then 0 < h, < 1, and as r — 0, h, converges
to the the characteristic function of U \ 0.

If moreover the singular point z = 0 is non-degenerate, in the sense
that we have

e (eI
&l
for some constant C' > 0, then we have to bound from above the mass

of the measure
X' (1211")

T

5 et
as v — 0; here op is the trace measure of T'. In other words we have
to obtain an upper bound for the integral

(o7 [ .
Cl<||ZHT<CQ

We observe that we have

Lo elrter = [ ({7 > ) (€< el < Ca)Jas
C 0

1<]|2]|"<C2



PARABOLIC RIEMANN 47

and up to a O(r) term, the quantity we have to evaluate is smaller
than

2—r
T

o )
(68) 7“/ or(||z]| < s72)ds.
1

If v is Lelong number of T at 0, then we have or(]|z]| < 7) < 2v7?,
as soon as 7 is small enough. Therefore, a quick computation shows
that the integral (68) is bounded by Cv, for some positive constant
C>0. O

As one can see from the proof, this kind of arguments can only be
used if the singular point is non-degenerate. However, this is sufficient
for our purposes, given the next result.

Theorem 6.15. Let X be a projective surface endowed with a holomor-
phic foliation F. We assume that the singularities of F are reduced.
Let R be a diffuse closed positive (1,1) current on X, directed by F.
Let {x1,...x4} be the set of degenerate singularities of F. Then we
have

Supp(R) C X \ {z1,...24}.

Proof. Suppose (0,0) is a degenerate reduced singularity of F. It is
well-known that the holonomy map A at such a point is tangent to
identity. We assume that the separatrix is given by the z-axis, and
that the w-axis is transversal to F.

The argument is based on the fact that the dynamics of such a map
near the origin is well-understood. It is the Léau “fHower theorem”.
There is a neighborhood of zero, say U, such that

U\o= | J PfuPp;.

1<j<p

If the point z belongs to the petals Pj*, then we have h"(z) — 0, where
we denote by h" the n'! iteration of h. If z belongs to the petals P,
then we have h™"(z) — 0.

Suppose that the current R has mass in a small open = set near 0,
which can be assumed to have the form = = P}" x A, where A is a
disk. Let x := (0, wp) be a point in U N Supp(R), such that wy # 0.

The current R can be written on = as

= Vald(w),

where V,, is the plaque through w.

We show now that p has no mass out of the origin. Let W C P;' be
an open set containing wp, such that W N (w = 0) = (). We construct
a new open set W, C P, via the holonomy map, as follows. Without
loss of generality we can assume that the petal P;" is invariant by h.
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We define W, := h™ (W) where n; is large enough in order to have
Winw =0.

We can restart this procedure with Wy, obtaining Wy, ... W,. In
conclusion, we get a sequence of open sets (W) C P;" such that W; N
W; =0 if i # j. The mass of each set with respect to the transverse
measure is preserved, since the measure is invariant by the holonomy
map. This is equivalent to the fact that the current R is closed and
directed by F. Therefore we obtain a contradiction. U

In conclusion, we obtain the next result.

Theorem 6.16. Let X be a projective surface endowed with a holomor-
phic foliation F. We assume that the singularities of F are reduced.
Let R be a diffuse closed positive (1,1) current on X, directed by F.
Then there exists a constant C' > 0 such that

(69) / RAci(Ne(B)) > —C sup v(R,z).
X Ie-}—sing
In particular, if we have v(R,x) =0 for every x € Fgng, then we have

fXR/\Cl(N]:(B)) Z 0.

Proof. By Theorem 6.15, R has no mass near degenerate points. In the
case of a non-degenerate singularity, we use Lemma 6.12, since O is a
representative of ¢;(Nz(—B)). The theorem is thus proved. O

As a conclusion of the considerations in the preceding subsections, we
infer the following “parabolic version” of the result in [21].

Corollary 6.17. Let (X, F) be a surface of general type endowed with
a holomorphic foliation F, and let f : Y — X be a holomorphic curve,
where Y is a parabolic Riemann surface of finite Euler characteristic.
If f is tangent to F, then the dimension of the Zariski closure of the
image of f is at most 1.

Proof. The first thing to remark is that the hypothesis is stable by
blow-up, hence we can assume that the singularities of F are reduced.
We can also assume that the current associated to f can be written as

T[f] =) wlCjl+R
J
where C' := Cy + ...Cy verifies (a) and (b), and the Lelong numbers
of R may be positive eventually at a finite subset of X. We argue by
contradiction, so we add the hypothesis that the image of f is Zariski
dense.

If so, by Theorem 6.10 we infer that / TIfINa(TF) = 0, as well
X

as / {T[f]}*> = 0. This implies that the Lelong numbers of the diffuse
X
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part R of T[f] are equal to zero; by Theorem 6.16, we infer that

/ R/\Cl(N]:(—C)) 2 0.

The next step is to show the inequality

/XT[f]/\Cl(N]:)Z/XR/\Cl(N]:(—C)).

We follow the presentation in [7], and we first show that we have

/X(T[f] —R)Ncai(NF) > /X(T[f] — R) A C. We recall the formula

/C e1(Ny) = /X e (C)) + Z(C,, F)

J

where Z(C}, F) is the multiplicity of the singularities of F along the
curve C;. We clearly have

C],./—" > ch /\Cl Ck>
J#k

and thus we obtain
Z/ I/jCl<Cj) A\ Cl(N].‘> Z Z/ VjCl(Cj) A Cl<Ck>.
j X .k X

The preceding inequality implies that

[ Tinnan = [ Raa@s+ [ @15 R aaC)

X

and given that T'[f] is nef, we infer that

/XR/\Cl(N]:)+/X(T[f]—R)/\Cl(C)Z/XR/\01<N]:(—C)).

As a consequence we obtain

Smce cl(N ;) c1(Tr) = 1(X), the inequalities above imply that
fX ] Aei(Kx) < 0. This is absurd since Kx is big and T[f] is
U
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7. BRUNELLA INDEX THEOREM

We will survey here a large part of the proof of the following beautiful
result, due to M. Brunella [7]. The context is as follows: X is a compact
complex surface, endowed with a holomorphic foliation F and f is a
parabolic curve tangent to F.

Theorem 7.1. [7] If the curve f:Y — X has a Zariski dense image,
then we have

(70) [ i =0

We remark that a similar statement appeared in the preceding subsec-
tion, but it was obtained in a very indirect way, under the assumption
that the canonical bundle of X is big (and as part of an argument by
contradiction...).

M. Brunella’s arguments involve many considerations from dynam-
ics, including a study at Siegel points of Fgy,s. They seem difficult to
accommodate to higher dimensional case; in the next lemma we treat
the Siegel points by using the following elegant lemma for which we
are indebted to M. McQuillan, cf. [22].

Lemma 7.2. [22] Let T be a closed positive current on a surface X. We
assume that T is diffuse and directed by a foliation F. Let xg € Fying
be a singular point of F. We assume that there exists a coordinate open
set U C X centered at xo and local coordinates (z,w) on U such that
the restriction F|y is given by adw — bdz = 0, where

a(z,w) = z(1 4+ o(z,w)), b(z,w) = Aw(l+ o(z,w))

where X\ € R is a strictly negative real number. Then v(T,xq) =0, i.e.
the Lelong number of T at xy vanishes.

Proof. Let € > 0 be a positive number, and let ). be the open set
(Jz| <€) x (Jw] < &) € C?. We denote by 92, the boundary of this
domain. We proceed in two steps, as follows.

(I) There exists a constant C' > 0 such that

v(T, zg) < C’/aQ dlog |zw|* A T.

(IT) We have lim dlog |zw|* AT = 0.
e—0 9.

The lemma follows from the two statements (I) and (II) above; we will
show that they hold true in what follows.
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Proof of (I). Let € > 6 > 0 be two positive real numbers; we have
(T, ) < / dd log (|2 + [wf) AT
|2|24+|w|? <62

dd* (|z)* + |w[*) A

[2+|w|2 <82

# ).

1 c 2

= dd* (|2[* + [w[*) A
6 z|<6,|w|<d

i

02

5 (

_ &P AT +/ a2 A T)
\z| 0,|lw|<d |z|<8,|w|=8
dc|w|2/\T+/ dc|z|2/\T) .
z| 0,|lw|<d |z]<0,|w|=0
By using the relation
(%) dlwPP AT = |w (A + o(z,w))d log |2|* AT

(which is a consequence of the hypothesis), we have

/ dlwP AT = / lw* (At + o(z,w))d log |z|> AT
|z]=0,|w|<d |2|=6,|w|<5

so in particular the limit as 6 — 0 of the term

1
= (/ d|w|* A T~|—/ d|z|* A T)
0% \J|z1=5 jw|<s 121 |5

exists, and it is bounded by the limit of

1
L=~ (/ 4|22 /\T+/ dJw|? /\T)
0% \J|2|=5 ju|<s 12| ] =5

as 0 — 0. We have

152/ dclOg|Z|2/\T+/ d“log |w|* AT
|2|=6,|w| <o |2]<6,|w|=5

§/ dclog|z|2/\T—|—/ dlog |[w|> AT
|z|=4,|w|<e

|z|<e,|w|=6
Z:L;(E, 1) + ]5(8, 2)

By Stokes theorem we obtain

15(5,1):/ dclog|z|2/\T+/ & log |22 AT
|z]=¢,lw|<e

0<]|z|<e,|lw|=¢

and thus we infer that
lim (Is(e, 1) + Iy(z, 2)) < 0/ i log |=w> AT.
6—0 8Qg

The proof of the point (I) is finished by combining the relations above.
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Proof of (II). We use the relation

d d
AT =0+ 0(z,w) = AT
w V4

and we obtain
/ dlog |[w|>* AT = )\/ dlog |z)> AT + O(e)
09 0.
so we have
/ d°log |zw|*AT = /\/ d°log |z|2/\T+)\_1/ d®log |w|*AT+O(¢).
80 e

00

The conclusion follows, since A is a negative real number and the left
hand side term of the preceding equality is positive. O

For the rest of the proof of Theorem 7.1 we refer to [7]: it consists in
a case-by-case analysis, as follows. By the proof of Corollary 6.17 it is
enough to show that we have

/ RA C1 (N]:(—B)) > 0,

where R is the diffuse part of T[f]. Theorem 6.16 shows that this quan-
tity is bounded from below by the Lelong numbers of R at the singular
points of the foliation F. If zy € Fgpne is a linearizable singularity, then

his contribution to the quantity / R A c¢; (N£(B)) can be seen to be

X
positive by a direct computation. If zy is degenerate, then we have
nothing to do, thanks to Theorem 6.15. The remaining case follows

from Lemma 7.2: since the Lelong number is equal to zero, the result
follows. O

We will establish here a generalization of of Theorem 7.1 in the context
of symmetric differentials.

Corollary 7.3. Let L be a line bundle on X, such that
H°(X,S™T% ® L) # 0.

Then we have
() | 1innaw o

Proof. Observe that Brunella’s result corresponds to the case m = 1
and L = Nz. Indeed, if the inequality (71) above does not hold, then
given a section u of S™T% ® L we have u(f'®™) = 0, by the vanishing
theorem. Let I' C P(Tx) be the set of zeros of u, interpreted as a
section of the bundle O(m) ® 7*(L), where 7 : P(Tx) — X is the
natural projection. The natural lift of the curve f is contained in one
of the irreducible components of I'; let X,, be a desingularization of
the component containing the image of f.
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In conclusion, we have a projective surface X,,, endowed with a
holomorphic foliation F,,, a generically finite morphism p : X,,, — X,
and a curve f,, : YV — X,,, such that f =po f,,.

Let u,, := p*(u) be the section of S™T% ®p*(L) obtained by taking
the inverse image of u. We decompose the set Z,, := (u,, = 0) C
P(Tx, ) as follows

(72) Z =Y _ mT;
J

where I'; C P(TY,,) are irreducible hypersurfaces, and m; are positive
integers.

The image of the lift of f,, to P(TY,,) is contained in Z,,, and it is
equally contained in the graph of F,,. Since the curve f,, is supposed to
be Zariski dense, its lift can be contained in at most one hypersurface
I';, We will henceforth assume that the graph of the foliation £,
coincides with I';.

Numerically, we have

(73) Iy =v,0(1) + 7,(Ly)

where 7, : P(Tx,,) — X,, is the projection, v; are positive integers,
and L; are line bundles on X,,. This is a consequence of the structure
of the Picard group of P(TY,,).

m

The relations (72), (73) show that we have
p(L) =D myL;.

Since the lift of the curve f,, is not contained in any I'; for j > 2, we

have / T[fl,]Nei(T;) > 0. The tautological inequality 6.8 states that
X

/ T[f,] A ci(O(1)) <0 so we obtain from (73)

X

(74) | Tl nais) =0

for each index j > 2.
But we have assumed that (71) does not hold, so we infer that

(75) / Tlf] Aer(Ly) < 0

which contradicts Theorem 7.1 (because L; is the normal bundle of
Fin)- 0

In particular, this gives a proof of the Green-Griffiths conjecture for
minimal general type surfaces X such that ¢2(X) > cy(X) without
using any consideration about the tangent bundles of foliations! Indeed,
under this hypothesis we have

H(X,S"Tx ® A™') # 0



54 MIHAI PAUN, NESSIM SIBONY

where A is ample, and m > 0 is a positive integer (by a result due to
F. Bogomolov, [3]; it is at this point that we are using the hypothesis
about the Chern classes of X). So if f is Zariski dense, we obtain a
contradiction by the corollary above, given the strict positivity of A.

Given the aforementioned consequence of Brunella’s theorem, it is very
tempting to formulate the following problem.

Conjecture 7.4. Let k,m be two positive integers, and let L — X be
a line bundle, such that

H*(X, BpmTx ® L) # 0.

If f:Y — X is a Zariski dense parabolic curve of finite Fuler charac-
teristic, then we have

(76) /X TUf| A er(L) = 0.

This would imply the Green-Griffiths conjecture for surfaces of general
type, since in this case it is known that for any ample line bundle A
there exists k > m > 0 such that H° (X, Ey T ® A‘l) #0.
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