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1. INTRODUCTION

Let X be a compact complex manifold. An entire curve traced in X is by
definition a non constant holomorphic map f: C — X. By Brody’s criterion
X is Kobayashi-hyperbolic if and only if X does not admit any entire curve.

At the very beginning of the theory, in the early 70’s, very few examples
of (higher dimensional) compact complex manifolds where known: mainly
compact quotients of bounded domains in C™. Suppose to be in the smooth
case, and consider a compact complex manifold X whose universal cover is
a bounded domain 2 in C™. Then, since €2 admits the Bergman metric wp,
and this metric is invariant BLABLABLA [Kobayashi|. In particular, Kx
is ample and X is projective.

2. COMPLEX DIFFERENTIAL GEOMETRIC BACKGROUND AND
HYPERBOLICITY

The material in this section is somehow standard, but we take the oppor-
tunity here to fix notations and explain some remarljﬁg?}éla%%s %}elb are not
necessarily in everybody’s background. We refer to [DemI2; Huy05, Zhe(0]
for an excellent and more systematic treatise of the subject.

Let X be a complex manifold of complex dimension n, and let h be a
hermitian metric on its tangent space T'x, which is considered as a complex
vector bundle endowed with the standard complex structure J inherited from
the holomorphic coordinates on X. Then, the real part g of h = g—iw defines
a riemannian metric on the underlying real manifold, while its imaginary
part w defines a 2-form on X.

Now, one can consider both the riemannian or the hermitian theory on
X. On the one hand we have the existence of a unique connection V on T’ §
—the Levi—Civita connection— which is both compatible with the metric
g and without torsion. Here the superscript R is put on Tx to emphasize
that we are looking at the real underlying manifold. We call the square of
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this connection R = V2, the riemannian curvature of (T, g). It is a 2-form
with values in the endomorphisms of T;I?

On the other hand, we can complexify Tx and decompose it as a direct
sum of the eigenbundles for the complexified complex structure J ® Id¢
relatives to the eigenvalues =i:

TG =Tx@C=Ty" o Ty
We have a natural vector bundle isomorphism
£ T — Ty
v %(v —1iJv)

which is moreover C-linear: £ o J = ¢£. There is a natural way to define
a hermitian metric on T;(g, as follows. We first consider the C-bilinear ex-
tension g€ of g, and then its sesquilinear form h made up using complex
conjugation in T;C(:

iL(o, o) = g(c(o, o).

Such a hermitian metric realize the direct sum decomposition above as an
orthogonal decomposition. The complexification of w, which we still call
w by an abuse of notation, is then a real positive (1,1)-form. These three
notions, namely a hermitian metric on T, a hermitian metric on T)l(’o, and
a real positive (1, 1)-form are essentially the same, since there is a canonical
way to pass from one to the other.

Now, we know that there exists a unique connection D on T)I(’0 which is

both compatible with h and the complex structure: the Chern connection.

We call the square of this connection © = D?, the Chern curvature of

(T)l(’o7 h). It is a (1, 1)-form with values in the anti-hermitian endomorphisms
1,0 7

of (T'y", h).

A basic question is then: can we compare these two theories via £7 The
answer is classical and surprisingly simple. The riemannian theory and the
hermitian one are the same if and only if the metric h is Kéahler, i.e. if and
only if dw = 0. In other words, the metric is Kahler if and only if

D=¢oVog,

and of course, in this case, @ = o Ro &1

2.1. Notions of curvature in riemannian and hermitian geometry
and their correlation in the Kahler case. We know give a brief overview
of the different notions of curvature in the setting respectively of riemannian
geometry and hermitian geometry. Then, we shall compare them in the case
of Kahler metrics, with particular attention to the “propagation” of signs.
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2.1.1. The riemannian case. Let (M,g) be a riemannian manifold, V its
Levi-Civita connection and R its riemannian curvature. To this data it is
attached the classical notion of sectional curvature Ky of g. It is a function
which assigns to each 2-plane m = Span(v,w) in T); the real number

- <R(U7 w) v, w>9
[vll3l w5 — (v, w)el*

Ky(m) =

One can verify that this function completely determines the riemannian cur-
vature tensor. One usually also considers other “easier” tensors obtained by
performing some type of contractions on R, for instance the Ricci curvature
rqg and the scalar curvature sq. The former is a symmetric 2-tensor defined
by
rg(u,v) = try, (W — R(w,u) - v).

The latter is the real function on M obtained by taking the trace of the
Ricci curvature with respect to g:

Sg = trgrg.

One can straightforwardly show that, up to a positive factor which depends
only on the dimension of M, the Ricci curvature can be obtained as an av-
erage of sectional curvatures and the scalar curvature as an average of Ricci
curvatures. In particular the sign of the sectional curvature “dominates”
the sign of the Ricci curvature which, in turn, “dominates” the sign of the
scalar curvature.

2.1.2. The hermitian case. We now look at the complex case. We start
more generally with the notion of Griffiths curvature for a holomorphic
hermitian vector bundle (E, h) over a complex manifold X . In this situation,
we also have a unique connection both compatible with the metric and the
holomorphic structure on E, whose curvature we still call ©.

It is a (1,1)-form with values in the anti-hermitian endomorphisms of
(E,h). The Griffiths curvature assigns to each pair (v,() € T )1([; x E,,
x € X, the real number given by

0rn(v,¢) = (O(v,0) - ¢, )n-

It has the remarkable property (which is a special case of what is called more
generally Griffiths formulae) that it decreases when passing to holomorphic
subbundles. Suppose that S C F is a holomorphic subbundle of £ and
endow it with the restriction metric h|g. Then, given x € X, ( € S, C E,,
and v € Tl’gc, we always have

QS,h\s (Ua C) < 6E,h(”7 C)

Now, we look more closely at the special case where E = T)l(’o, and the
hermitian metric is & as above. In this case, the Griffiths curvature is nothing
but (up to normalization) what is classically called holomorphic bisectional
curvature. To be more precise, given a point x € X and two non-zero
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holomorphic tangent vectors v, w € T)l(’(;, \ {0} we define the holomorphic
bisectional curvature in the directions given by v, w as

HBC(z, [v], [w]) =

By a slight abuse of notation, we may possibly confuse and interchange h,
h and w in what follows.

The holomorphic sectional curvature is defined to be the restriction of the
holomorphic bisectional curvature to the diagonal:

9T1,0’B(v,v)
HSCy(z, [v]) = HBCy(z, [v], [v]) = XHT
h

In the spirit of the riemannian case, we can construct a closed real (1,1)-
form, the Chern—Ricci form, by taking the trace with respect to the en-
domorphism part of the Chern curvature. We also normalize it in such a
way that its cohomology class coincides with the first Chern class of the
manifold, namely:

Ric, = % tI‘T}l(,O O.
The new feature here is that the Chern—Ricci tensor is a 2-form always
belonging to a fixed cohomology class, the first Chern class of X, indepen-
dently of the choice of the metric. This is because, in general, the trace of
the curvature of a vector bundle is the curvature of the induced connection
on the determinant bundle, which in this case is the dual of the canonical
bundle of X. By taking again the trace, but this time with respect to w, we
get what is called the Chern scalar curvature. Thus, it is by definition the
unique real function scal,: X — R such that
n—1 n

W = SCalw wf
n—1).

n!
2.1.3. Negativity of the holomorphic sectional curvature and hyperbolicity.
Before going further and explore —when the metric is Kéhler— the links
among the different notions of curvature we introduced in the riemannian
and hermitian setting, we would like to explain here how the negativity of
the holomorphic sectional curvature implies the Kobayashi hyperbolicity of
the manifold. We want to do it here before entering the Kahler world, since
this is a purely hermitian fact. For our purposes, it is sufficient to deal with
the smooth compact case even if more general statements can be established.

Ric, A

Theorem 2.1. Let (X,w) be a compact hermitian manifold such that we
have HSC,, < 0. Then, X is Kobayashi hyperbolic.

In the next section we will see that the negativity of the holomorphic
sectional curvature is a sufficient but not necessary condition for Kobayashi
hyperbolicity.
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ro78 0b98
Proof. By Brody’s theorem [Bro78] (see [Kob98, (3.6.3) Theorem] for a more
modern account), it is sufficient to show that every holomorphic map f: C —
X whose derivative is w-bounded is constant. So let f be such a map a

consider the function
F:C—RU{—o0}

t = log||f'()I12,

which is clearly upper semi-continuous and bounded from above. Suppose
by contradiction that F'is not identically —oo, which corresponds to the fact
that f is not constant. Then, of course, the locus where log || f/(t)]|? is —oo is
a discrete set. We now check that log || f/(t)||? is a subharmonic function on
the whole C, which is moreover strictly subharmonic o rig{lf’ # 0}. Since
any bounded subharmonic function on C is constant l%%‘ﬁgl, Proposition
2.7.3], this gives a contradiction, because a constant function cannot be
strictly subharmonic somewhere.

First of all we show the subharmonicity of log || ||, by showing that for
all positive integer k the smooth functions defined on the whole complex
plane 9. = log(||f'||2 + €) are subharmonic, i.e. idd1. > 0. For, since

log [|£]I5, = lim ¢

pointwise, and the seq nge {1} is decreasing, then the subharmonicity of
log || f'||? follows from [KIi91, Theorem 2.6.1, (ii)].

So, fix £ > 0 and consider a point tg € C. Call 29 = f(ty) € X and
choose holomorphic coordinates (z1,. .., 2,) for X centered at xg so that xg
corresponds to z = 0, and write f = (f1,..., fn) for f in these coordinates.
%fé)reover, chose a normal coordinate frame {ey,...,e,} for (T'x,w) at z

eml12, (12.10) Proposition]. With this choice we have that

(e1(2), em(2))w = Oum — Z Ciklm 2j 2k + O(‘Z‘S)v
Gk=1

where the ¢z, ’s are the coefficients of the Chern curvature of w. Observe
that, since the metric is not supposed to be Kéahler, we can not chose holo-
morphic coordinates around zg such that the e;’s can be taken simply to
be 0/0z;; nevertheless, by a constant change of coordinates, we can suppose
that e;(zo) equals 0/0z(xq), at least at zp. Now, of course there exists holo-
morphic functions ¢;, j = 1,...,n, defined on a neighborhood of ¢ such
that

£ =3 wit) es 1),

so that around ty we have

n

200N i O @ eiem (D) + O(FF).

Jrk,lm=1

1O = le(t)
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Moreover, we have fi(to) = p;(to) for all j, since the ¢;’s and the 9/02s
agree at tg.

Remark that, since X is compact, there exists a positive constant x such
that HSC,, < —«. This condition reads in our coordinates

n

Z Cikim ViUV U < —kv[t, Yo =(vi,...,v,) €C"
7.k, lm=1

Now, we have to compute 9||f’|2, d||f'||2 and d3||f’||2

|5 at to, since

—1

00 = B 1 22

olf'IIE A OILFINE + 09| fII2-

1
1112 + €

We find
Ollf' 121k = (&' (to), [ (to)) dt,

(
OIf 3N = (f' (o), ¢/ (t0)) dt,

00|12 |0 = i<|90/(t0)’2 - Z Cikim f;(to)ffg(to)fz/(to)f&(to)> dt A dt

7,k lm=1
> (| (to) > + K| f'(to)|") dt A dE,

where the brackets just mean the standard hermitian product in C*. Putting
all this together we obtain

) S )+ sl ()

W’“”( (F ()P +2)? P+ e

S i<-|f’(t0)!2|¢ (to)* ¢/ (t0)[ + K1 (t0) "

=\ T (Ft)P 122 PGP +e

Sl + (1 o)+ AlF (1))
(P ()F +2)?

where we used Cauchy—Schwarz for the second inequality, and so v, is sub-
harmonic at each point.

To conclude, observe that the very same computation with ¢ = 0 makes
sense away from points where f' = 0, and give moreover strict positivity
for i001log || f'||?> at these points. Which means that, away from {f’ = 0},
log || f'||2 is strictly subharmonic, as desired. O

>ﬁAﬁ

)ﬁAﬁ

dt A dt >0,

2.1.4. The Kaihler case. Suppose now that (X,w) is a Kéhler manifold, with
w = —Sh. Let (X, g = Rh) be the underlying riemannian manifold. We saw
that this is precisely the case when © and R correspond to each other via
&. In this setting, using &, one can show easily the following useful relation
between the holomorphic bisectional curvature and the riemannian sectional
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curvature. Let v, w € Tx , be two independent (real) tangent vectors. Then,

_ 1Tolfgllwlfg — (v, w)gl?

HBC, (z, [§(v)], [§(w)]) =

R e (Spant/ed)
ol Blfu2 = [0, w), P

o[l lw]|?

Kg(Span{v, w}).

In particular, if K4 has a sign at a certain point, so does HBC,,, and the
sign is the same. Moreover, by specializing at the diagonal, we get

HSC,, (z, [£(v)]) = K4 (Span{JU, v}),

that is, the holomorphic sectional curvature is nothing but the riemannian
sectional curvature computed on complex 2-planes.

In the Kahler setting, not surprisingly, also the riemannian Ricci curvature
and the Chern—Ricci forms as well as the corresponding scalar curvatures
are related to each other. The precise relation is as follows, for v,w € T'x ;:

Ric,, (f(v),@) = i(rg(v,w) —irg(Ju,w)).

In particular, since for g the real part of a Kéhler metric the Ricci tensor is
J-invariant, we get that
- — 1
—1 Rlcw (g(v)v f(U)) = @7“9(7}7 U):

that is Ric,, is a positive (resp. semi-positive, negative, semi-negative) (1, 1)-
form if and only if r, is a positive (resp. semi-positive, negative, semi-
negative) symmetric bilinear form (observe that —iRic,(e,®) is nothing
but the real quadratic form associated to the real (1,1)-form Ric,). From
this we also infer that

scal, = — s,.
A 79

Remark 2.2. In the compact Kéhler case, since both w and Ric,, are closed
forms, the total scalar curvature becomes a cohomological invariant, namely

wn

/ sqdVy = 477/ scal,, —

X X n:
n—1

w
=4 Ricy N——
7r/X ic (=11

dr
=) c1(X) - [w]
In particular, the total scalar curvature of a compact Kéhler manifold with
vanishing first Chern class must always be zero. This observation will be

useful later.

Now we explain, still in the Kahler case, the link between the signs re-
spectively of the holomorphic bisectional curvature and Ricci curvature, and
of the holomorphic sectional curvature with the scalar curvature.
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Proposition 2.3. Let (X,w) be compact Kéahler manifold of complex di-

mension n, ro € X, and v € T)l(’owO \ {0}. Then, we have

_71\2]:\13 Ric, (v, ) :]é%_l HBC,([v], [w]) do(w),
h
and 4

sl = £ BSCu(b) do(o).

where do s the Lebesgue measure on the h-unit sphere S*~1 in T)l(’(;o, and
by § we mean taking the average, i.e.

][ _(n—1)! /
§2n—1 o §2n—1 '

In particular, we find that the sign of the holomorphic bisectional curva-
ture of a Kéhler metric dominates the sign of the Ricci curvature, while the
sign of the holomorphic sectional curvature dominates the sign of the scalar
curvature.

On the other hand, recall that the holomorphic sectiona}fi%_br%fature of a
Kahler metric completely determines the curvature tensor €00, Lemma
7.19], so that the point is really whether and how it does spread the sign.

Proof. Fix holomorphic coordinates around xg such that

w(zg) = ’LZ dz; A\ dz;,
j=1

ie. such that {0/0zj}j=1,. ., is a B—unitary basis at xg. Now write the
Chern curvature tensor at xg in these coordinates, to get

- " o\" 0
1,0 2 :
@(TX ,h)xo = ® lcjklm dZJ /\de & (aZl> & %
]7 7?m:

Since w is Kahler, and we have chosen a unitary basis at zg, we have the
well known Kéhler symmetries for the coefficients c;z;,’s of the curvature:
Ciklm = Cimjk = Clkjm = Cjmlk = Ckjml-

Now we express the holomorphic bisectional curvature in coordinates, to get

1 n
HBCM([’U]’ [’LU]) = ’,U‘Q’w|2 . Z Ciklm 'Uﬂ_]kwlwma
7.k, lm=1
where v =}, v;0/0zj and w =}, w; 9/0z;. In particular,
1 n
HSCW([U]) =1 Z Cjiklm Vj VgV U -

|’U| 7.k, lm=1



NEGATIVE CURVATURE AND POSITIVITY OF THE CANONICAL CALSS 9

Moreover, we get for the Chern—Ricci curvature and for the Chern—scalar
curvature the following expressions:

. n
. 1
Ricy = o AZ cipn dz; A dzy,
7,k 1=1

and
1
scal, = or Z Cjjil-
Jil

Now, we compute

n

1
]é2n1 HBCw([U]7 [w]) dO’(w) = W Z Cikim Uj’l)k]éan W Wiy, dO’(’w)

7,k lm=1

The integral on the right hand side is easily seen to be zero unless [ = m, in
which case gives 1/n. Thus, we obtain

L B ) dotw) = s S e

4.k, l=1
211

= Ri ).
nHsz icy (v, 0)

For the holomorphic sectional curvature we have instead

][52 » HSC,([v]) Z Cgklm][ VUKV U, do (V).

7.k, lm=1

Once again, it is easy to see that the integrals on the right hand side must be
eraunless j =k and [ = m, or j =m and k = [. We have (see for instance
er66] or [Div16, Lemma 2.2] for a detailed and more general computation):

2 ifj=k
]éznl |v; [*|vi|* do(v) = {n(n1+1) .

m OthGrWlse,
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so that
n n
Z Cjklm][ VUKV Oy, do (V) = Z cjj”][ |vj|2|vl|2 do(v)
Jikm=1 et ji=1 s

n
+ Y Gugf Il o)
j,k:l S2n—1
n
> ijjj][ v;[* do(v)
jil S2’IL71

n
=92 . 122 d
> cﬂu][s Pl dov)

Jil=1
n
—ch‘jjj][ |vj|* dor(v)
j:l SQn—l
=23 cuf ol o)

[T

n
+)° ijjj][ |v;|* do(v)
j:l SQn—l

2 n
n(n+1) =
4
= ——— scal
w1 scaly, (z9),
where, for the second equality, we have used the Kahler symmetry cjjr; =
Cjjkk- U

The situation can be therefore summarized as follows:

Ky g Sq

//// ﬂ\ *

Vi \U] Il

//// Ric,, H

z / \ I

Y

) / {y

HBC,, —— HSC,, scal,,

The arrows = in the diagram mean that the positivity (resp. semi-positivity,
negativity, semi-negativity) of the source curvature implies the positivity
(resp. semi-positivity, negativity, semi-negativity) of the target curvature.
These arrows are always valid, even in the non Ké&hler setting. On the other
hand, the dashed arrows are valid in the Kahler case only. It is however
a priori unclear if and how the sign of the holomorphic sectional curvature
propagates and determines the signs of the Ricci curvature.
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So, Yau’s conjecture deals exactly with this issue, at least in the case of
negativity: if (X,w) is a compact Kéhler manifold such that HSC, < 0,
then there exists a (possibly different) Kéhler metric w’ on X such that
Ric,s < 0. Note that, in particular, this implies that Kx is ample and
therefore, by Kodaira’s embedding theorem, that X is a projective algebraic
manifold.

Remark 2.4. Tt is somehow embarrassing, but we don’t dispose —at our
best knowledge— any example of a (compact) Kédhler manifold (X,w) such
that HSC,, is negative but HBC,, or Ric, do not have a sing. It would be
of course highly desirable to have such an example, if any.

3. MOTIVATIONS FROM BIRATIONAL GEOMETRY

We take the opportunity here to reproduce a quite standard argument in
order to see how to reduce the Kobayashi conjecture on the ampleness of the
canonical bundle of compact projective hyperbolic manifolds to showing that
projective manifolds X with trivial first real Chern class are not hyperbolic.
The same strategy can also be applied to have a proof, birational in spirit,
of the Yau conjecture. All this, provided the abundance conjecture is true.
Indeed, a lightly more general statement can be obtained and also the same
kind of arguments can be applied to compact Kéahler manifolds, as we shall
see.

First of all, if the canonical bundle K x is nef, then the abundance conjec-
ture predicts that Kx should be semi-ample, i.e. some big tensor power of
Kx should be generated by its global sections. This is known in dimension
at most three.

So, let X be a smooth Kobayashi hyperbolic projective manifold. By
the celebrated criterion of Mori, Kx is nef — otherwise X would contain
a rational curve. Thus, Kx is already in the closure of the ample cone.
Suppose now, and for the rest of the section, that the abundance conjecture
holds true (in particular all we are saying hold in dimension at most three,
unconditionally). Thus, we have that Kx is semi-ample. We are therefore
able to use the following for the canonical bundle.

Theorem 3.1 (Semiample litaka fibrations ag(z)44, Theorem 2.1.27]). Let
X be a normal projective variety and L — X a semi-ample line bundle on X.
Then, there is an algebraic fiber space (i.e. a projective surjective mapping
with connected fibers)
¢: X =Y,

with dimY = k(L), having the property that, for all sufficiently big and
divisible integers m, it coincides with the map associated to the complete
linear system |L®™|. Furthermore, there is an integer f and an ample line
bundle A on'Y such that L®f ~ ¢*A.

Now, since Kx is semi-ample, we get an algebraic fiber space on X

¢p: X =Y,
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with dimY = k(X), and such that some power, say Kg?f , of the canonical
bundle is the pull-back of an ample divisor A on Y. In particular, for every
general (hence smooth) fiber F' of ¢, we have by taking the determinant of
the short exact sequence

(X)

0—>TF—>TX|F—>(’)§2” — 0,

that Kr ~ Kx|p. But then, K&/ ~ K¢/ |p ~ ¢*A|p ~ Op. Thus, K is
torsion, and the general fiber has Kodaira dimension zero and trivial first
Chern class in real cohomology.

Suppose to be able to show that projective manifolds with trivial real
first Chern class are not hyperbolic. We claim that this implies that the
Kodaira dimension of a projective Kobayashi hyperbolic manifold X must
be maximal, that is, X is of general type. Indeed, if 1 < xk(X) < dim X,
then ¢ has positive dimensional fibers and the general ones have zero Ko-
daira dimension. So we would, by our assumptions, find a non-Kobayashi
hyperbolic positive dimensional subvariety of X, contradiction.

Now, if Kx is big and there are no r tggprz%ltghlg‘yes on X it is not difficult
to show that Kx is ample (cf. Lemma%me are done.

Next, how to prove that a projective manifold X with trivial real first
Chern cl s Jg not hyperbolic? By the Beauville-Bogomolov decomposition
theorem [Bea83], a compact Kéhler manifold with vanishing real first Chern
class is, up to finite étale covers, a product of complex tori, Calabi—Yau
manifolds and irreducible holomorphic symplectic manifolds. Since complex
tori are obviously not Kobayashi hyperbolic, one is reduced to showing that
Calabi—Yau manifolds and irreducible holomorphic symplectic manifolds are
not Kobayashi hyperbolic (since Kobayashi hyperbolicity is H%eserved under
étale covers). Very recently, in the spectacular paper [Verl5], Verbitsky
has shown —among other things— that irreducible holomorphic symplectic
manifolds with second Betti number greater than three (a condition that
should indeed conjecturally hold for every irreducible holomorphic symplec-
tic manifold) are not Kobayashi hyperbolic.

Thus, one of the main challenge is to show non hyperbolicity of Calabi-
Yau manifolds. For such manifolds, much more is expected to be true: they
should always contain rational curves! For several results in this direction,

at least for Galgbis Vay manifolds with large Picard numjber, we 'refer the
reader to %118'9, Pet9l, FIBK%QZ, Ogu93, DF14, DFM16], just to cite a few.

Coming back to curvature, of course possessing a Kéhler metric whose
holomorphic sectional curvature is negative implies Kobayashi hyperbolicity
and thus having ample canonical bundle by the above discussion, provided
the abundance conjecture is true. Therefore, this settles Yau’s conjecture
under the assumptions that abundance conjecture is true.

Now, what about compact Kéahler manifolds with merely non positive
holomorphic section a]l cgrri\{ature? Surely, they do not contain any rational
curve (cf. Theorem #.T). Thus, if X is projective, we conclude that Kx is
nef as before by Mori. If X is merely Kéahler, one needs to work more but
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result by Tosatti and Yang (which is a slight modification of the
original Wu and Yau method 16]). Anyway, such a condition is not
strong enough in order to obtain positivity of the canonical bundle, as flat
complex tori immediately show. A less obvious but still easy counterexample
is given by the product (with the product metric) of a flat torus and, say,
a compact Riemann surface of genus greater than or equal to two endowed
with its Poincaré metric. In this example, over each point there are some
directions with strictly negative holomorphic sectional curvatur ]RHE always
some flat directions, too (we refer the reader to the recent paper %H'EWM] for
some nice results about this merely non positive case). So, if we look for the
weakest condition, as long as the sign of holomorphic sectional curvature is
concerned, for which one can hope to obtain the positivity of the canonical
bundle, we are led to give the following (standard, indeed) definition.

the same conclusion of nefnﬁé;{:f( x holds true, thank to a very recent
]

Definition 3.2. The holomorphic sectional curvature is said to be quasi-
negative if HSC, < 0 and moreover there exists at least one point z € X
such that HSC,,(z, [v]) < 0 for every v € T'x 5 \ {0}.

Remark 3.3. We shall see in the last section a slightly subtler condition on
holomorphic sectional curvature, based on the notion of “truly @%’Z’ 1sl;ﬁrec—
tions, very recently introduced by Heier, Lu, Wong, and Zheng in 17]
that should also work for this kind of purposes.

Now, why should we hope that such a condition would be sufficient?
The reason comes again from the birational geometry of complex Kéahler
manifolds, and in particular again from the abundance conjecture. Let us
illustrate why.

We begin with the following elementary observation.

Proposition 3.4. Let (X,w) be a compact Kihler manifold with HSC,, < 0,
and suppose there ezists a direction [v] € P(T'x »,) such that HSC,,(zo, [v]) <
0, for some xg € X. Then, c1(X) € H*(X,R) cannot be zero.

. average . .

Proof. By Proposition b.S, we know that scal, is everywhere non positive,

and moreover, as an average, it is strictly negative at xg. In particular, the

total scagar curvature of w is strictly negative. The conclusion follows from
otscalcurv

Remark 2.2 O

As a direct consequence, if X is moreover projective and Pic(X) is infinite
cyclic, t D, fS x must be ample. This gives back (and slightly generalize) a
result of Y12].

Now, let (X,w) be a compact Kéhler manifold ]‘_Z%it;}}i Quasi-negative holo-
morphic sectional curvature. Then, Proposition E?Ipim—pﬁégjchat X cannot
have trivial first real Chern class. Moreover, since bein Juasi-negative is
stronger than being non positive, we saw that, thanks to %T’Yl?}, Kx is nef.

Once again, suppose that the abundance conjecture holds true, but now
also for compact Kéhler manifolds. Then, Kx is semi-ample and we can
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consider exactly as before the semi-ample Iitaka fibration for Kx. Since X
has non trivial first real Chern class, we must have that x(X) > 0, otherwise
some power of the canonical bundle would be a pull-back of a (ample) line
bundle over point, and thus would be trivial!

If K(X) = dim X, then X would be birational to a projective variety,
i.e. would be a Moishezon manifold. By Moishezon’s theorem, a compact
Kéahler Moishezon manifold is projective. Moreover, X is without rational
curves and of general type, and we conclude as before that Kx must be
ample.

Next, suppose by contradiction that 1 < k(X) < dim X — 1 so that if we
call F' the general fiber of ¢, we have that F' is a smooth compact Kahler
manifold of positive dimension and different from X itself. Now, on the one
hand, the short exact sequence of the fibration shows that K ~ Kx|r and
therefore it follows that c¢i(F) must be zero in real cohomology. On the
other hand, the classical Griffiths’ formulae for curvature of holomorphic
vector bundles imply that the holomorphic sectional curvature decreases
when passing to submanifolds, that is for every x € FF C X

HSCM|F($, [v]) < HSCy(z, [v]),

where v € T, and, in the right hand side, v is seen as a tangent vector to
X.

The quasi-negativity of the holomorphic sectional curvature implies, since
F'is a general fiber, that there exists a tangent vector to F' along which the
holomlg)g :}éivce 1§,;(1ec(;cional curvature of w|p is strictly negative. Thus, Proposi-
tion P%ZI implies that F' cannot have trivial first real Chern class, which is
absurd.

As a consequence, me may indeed hope to extend Wu—Yau—Tosatti—Yang
theorem to the optimal, i-negative case. This is precisely the main
contribution of the paper [DT16].

T16
Theorem 3.5 (PﬁDTlG, Theorem 1.2]). Let (X,w) be a connected compact
Kahler manifold. Suppose that the holomorphic sectional curvature of w is
quasi-negative. Then, Kx is ample. In particular, X is projective.

We shall spend some words on this result in the last section.

Remark 3.6. To finish this section with, unfortunately, we must confess
that we are not aware of any example of a compact Kahler manifold with a
Kaéhler metric whose holomorphic sectional curvature is quasi-negative but
which does not posses any Kéahler metric with st ilgn‘lc:lxal%ggative holomorphic
sectional curvature. In other word, is Theorem 3.5 a true generalization of
Wu—Yau-Tosatti—Yang result? We believe so. Then, such an example, if
any, would be urgently needed!
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4. AN EXAMPLE BY J.-P. DEMAILLY

em97

In this section we would like to explain, following %36711197, §8], how one can
construct examples of compact hyperbolic projective manifolds which never-
theless do not admit any hermitian metric of negative holomorphic sectional
curvature. Such examples can be generalized to higher order analogues —
namely “k-jet curvature”— of holomorphic sectional curvature: this will be
mentioned at the end of the section, and related conjectures that come out
from this picture will be discussed at the end of the chapter.

The first observation is the following algebraic criterium for the nonexis-
tence of a metric with negative holomorphic sectional curvature. Let X be
a complex manifold, C' be a compact Riemann surface, and F': C — X be
a non constant holomorphic map. Let m, € N be the multiplicity at p € C
of F. Clearly, m, = 1 except possibly at finitely many points of C, and
my, > 2 if and only if F' is not an immersion at p.

Theorem 4.1 (Demailly %5%97, Special case of Theorem 8.1]). Consider
(X,w) a compact hermitian manifold and let F': C — X be a non constant
holomorphic map from a compact Riemann surface C' of genus g = g(C) to
X. Suppose that HSC,, < —k for some k > 0. Then,

K
29—2> %dengW—Z(mp—l),
peC

where deg,, C' = f() F*w > 0 is the degree of C with respect to w.

We shall use this theorem especially in the case where C is the normal-
ization of a singular curve in X and F the normalization map. Observe
that, in particular, we recover the well-known fact that on a compact her-
mitian manifold with negative holomorphic sectional curvature there are no
rational nor elliptic curves (even singular), and that there are no rational
(possibly singular) curves on a compact hermitian manifold with non posi-
tive holomorphic sectional curvature.

Proof. The differential F’ of F gives us a map F': To — F*Tx. This
map is injective at the level of sheaves, but not necessarily at the level of
vector bundle, since F’ may vanish at some point. Taking into account
these vanishing points counted with multiplicities, we obtain the following
injection of vector bundles

F': 1}3(2)6)0(1)) — F*Tx,

where we defined the effective divisor D to be 3 ~(mp — 1) p. Thus, via
F', we realized Tc @ O¢(D) as a subbundle of the hermitian vector bundle
(F*Tx, F*w), and —as such— we can endow it with the induced metric
h = F*w|r,g0.(p) (observe the we consider F*w not as a pull-back of
differential forms, but as a pull-back of hermitian metrics).

Now, a local holomorphic frame for T ® O¢(D) around a point p € C' is
given by n(t) = 1/tm»~! %, where ¢ is a holomorphic coordinate centered at
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p. Call¢(t) = F'(n(t)) € (F*Tx)¢ = Tx,p(), so that £ is a local holomorphic
frame for T ® Oc(D) when seen as a subbundle of F*Tx. We have, for the
Griffiths curvature of (T ® O¢(D), h),

(8(Tc ® Oc (D), h)(9/0t,0/0t) - &, &)n
= O(Tc ® Oc(D), h)(9/dt,0/9t) Hﬂ,@ :

=11€l1Z

By the classical Griffiths’ formulae, we have the following decreasing prop-
erty for the Griffiths curvatures:

(O(Tc ® Oc(D), h)(0/0t,0/0t) - §,&)n
< (O(FTx, F'w )(3/3t,5/3f)-€,€>ww
= (F"O(Tx,w)(0/0t,0/0t) - £,§) pro
= (0(Tx,w)(F'(0/01), F'(0/01) ) - &, €>
= [t PO (T, w) (€. €) - €, &) < —rlt™ T PIENL,

where the last inequality holds since (O(Tx,w)(¢, €)-€, 5) = [|€]|2 HSC,,(€).
Therefore, we obtain

O(Tc ® Oc(D),h)(8/0t,0/0t) < —r|t™ 12| |€||2 = ix (F*w)(D/0t, 0/t ),
where by F*w here we mean the pull-back at the level of differential forms.
Summing up, we have obtained that
i9(Te @ Oc(D),h) < —k F*w,
as real (1,1)-forms. But then,
/C i O(Tc ® Oc(D),h) < —% CF*w = —% deg, C,
and

L;T@(TC®OC(D),h) = deg(Tc @ O¢(D)) :2—29+Z(m _
peC

since deg(T¢) = 2 — 2g by Hurwitz’s formula. The statement follows. O

Following Demailly, we shall now exhibit a smooth projective surface
which is Kobayashi hyperbolic, with ample canonical bundle, but which
cannot admit any hermitian metric with negative holomorphic sectional cur-
vature. It will be constructed as a fibration of Kobayashi hyperbolic curves
onto a Kobayashi hyperbolic curve, with at least one “very” singular fiber,
which will violate the above criterium.

em97
Proposition 4.2 (Cf. PED@M?, 8.2. Theorem]). There is a smooth projec-
tive surface S which is hyperbolic (and hence with ample canonical bundle
Kg) but does not carry any hermitian metric with negative holomorphic sec-
tional curvature. Moreover, given any two smooth compact hyperbolic Rie-
mann surfaces T',T", such a surface can be obtained as a fibration S — T,
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with hyperbolic fibers, in which (at least) one of the fibers is singular and
has T" as its normalization.

Proof. Take any compact hyperbolic Riemann surface I, and let g = ¢(I"”) >
2 be its genus. Now, we modify it into a singular compact Riemann surface
I'” of the same genus, whose normalization is I".

In order to do so, consider a pair of positive relatively prime integers
(a,b), with a < b, an the associated affine plane curve C' in C? given by the
equation y® — z® = 0, which has a monomial singularity of type (a,b) at
0 € C2. Its normalization is given by C > t — (t%, %) € C2. Choose integers
n, m such that na+mb = 1. Then, the restriction of the rational function on
C? defined by (x, ) + 2™y™ to C gives a holomorphic coordinate on it minus
the singular point (this is actually the inverse map of the normalization map
outside the singularity). In particular, the set of points (x,y) € C such that
0 < |x| < 1 is biholomorphic to the punctured unit disc.

Now, take a point o € I and choose a holomorphic coordinate centered
at xg such that we can select a neighborhood of xy whose image is the unit
disc via this coordinate. Finally, remove the point x( in order to obtain a
holomorphic coordinate chart whose image is the punctured unit disc. By
identifying with the punctured unit disc constructed above, we replace this
neighborhood of zy with the set of point (z,y) € C such that |z| < 1,
thus creating the desired singularity at xo. Call the resulting curve I'”. By
construction, the normalization of I'" is exactly I”, and I’ has one single
singular point, whose singularity type is plane and monomial of type (a,b)
(for an excelle {r@gd very elementary discussion around this subject we refer
the reader to [Mir95, Chapter III, Section 2]).

Next, we embed I' in some large projective space, and then we project
it to P2, in such a way that the singular point is left untouched and outside
it we create at most a finite number of nodes (i.e. plane monomial singu-
larity of type (2,2)). Call the resulting projective plane curve Cpy, whose
normalization is of course again I". Observe that the normalization map
v: " — € is an immersion outside the (single) preimage of the first singu-
lar point we created. On the other hand, at this point it has multiplicity
a.

In order to obtain the desired surface S, we select then a so that a — 1 >
29—2,i.e. a > 2g. Such a surfacg S then does contain a curve which violates
the criterium given in Theorem 4.1, and we are done.

Take a (reduced) homogeneous polynomial equation Py(zg,z1,22) = 0
for Cy in P2. Then, we necessarily have d = deg Py > 4, since otherwise
Cy would be normalized by a rational or an elliptic curve. Next, complete
Py into a basis {Py, Py, ..., Py} of the space H°(P?, O(d)) of homogeneous
polynomials of degree d in three variables, and consider the corresponding
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universal family

N
U={([z0:21:2)]a0::an]) e]P2x]P’N|Zaij(z):0} c P2 x PV,
7=0

of curves of degree d in P?, together with the projection m: & — PV. Our
starting curve Cp is then the fiber Uyy......q over the point [1:0:---: 0] €
PN. Now, we embed the first curve I' into PV (this is of course possible
since N > 3) in such a way that [1:0:---:0] € I'. The desired fibration
S — T' will be obtained as the pull-back family

S=Uxpn T —=U

l |

re— s pv,

Of course, we have to select carefully the embedding of I into PV, so that S
will be non singular, and in such a way that we have a good control of the
singular fibers out of Uyy.....q-

In order to do so, the first observation is that —as it is well-known— the
locus Z in PV which corresponds to singular curve is an algebraic hypersur-
face and, moreover, the locus Z’ C Z which corresponds to curves which have
not only one node in their singularity set is of codimension 2 in PV. In pai-
ticular, by possibly moving I with a generic projective automorphism of PV
leaving fixed [1:0: ---: 0], we can suppose that TNZ' = {[1:0:---:0]},
so that all the fibers of S, except from Cj, are either smooth, or with a
single node. If such an S were non singular, we would be done. Indeed,
by Pliicker’s formula, the smooth fibers have genus (d — 1)(d — 2)/2 > 3,
Ul1.0:..:0) has genus g > 2 by construction, and the other singular fibers have
genus (d—1)(d—2)/2—1 > 2, since they have only one node. Therefore, S is
a fibration onto a hyperbolic Riemann surface with all hyperbolic fibers and
is then hyperbolic (and hence with ample canonical bundle), with a fiber
which contradicts Theorem 4.T.

So we are left to check the smoothness of S, knowing that we can possi-
bly use again generic automorphisms of PV leaving fixed [1:0: ---: 0] to
move I'. Thus, since I' is embedded in PV, we can think at S as included
in U, and since U is smooth, Bertini’s theorem immediately implies that S
can be chosen non singular outside Ujy.....o)- Now, what about points along
Upt:0:.0)7 Fix such a point ([20 : 21 : 22],[1: 0 : -+ : 0]) € Uppsg....q, and
suppose, just to fix ideas, that zg # 0. Take the corresponding affine coordi-
nates, say ((z,w), (a1,...,an)) around this point, set p;(z,w) = P;(1, z,w)
to be the dehomogenization of the P;’s, and let fi(a),..., f,(a) be affine
equations of the curve I'. Then, we have to check the rank of the following
Jacobian matrix at the point ((z,w), (0,... ,0)), the affine equation for U/
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being po(z,w) + Zjvzl ajpj(z,w) = 0:

) (

5. THE WU-YAU THEOREM AND ITS GENERALIZATIONS

In this section we go into the details of the proof of Wu—Yau’s theorem
on the positivity of the canonical class for projective manifolds endowed
with a Kéhler metric of negative holomorphic sectional curvature. We will
present a proof which follows, for the first part, almost verbatim the original
proof of Wu and Yau. On the other hand, the conclusion will be 'gved
with an approach which is more pluripotential in flavor, taken from 16].
Finally, we shall discuss at the end of this section several generalizations of
this result (including the Kéhler case, and weaker notions of negativity).

The proof is achieved in essentially three steps, after a reduction as fol-
lows. As we have seen, the negativity of the curvature (or even its non-
positivty) implies the non existence of rational curves on X. Then, by Mori’s
Cone Theorem, we deduce that the canonical bundle of X is nef. But then,
it is sufficient to prove that ¢;(Kx)™ > 0, which in this case means that
the canonical bundle is big. Indeed, if Kx is big and there are no rational
curves on X one can conclude the ampleness of the canonical bundle via the
following standard lemma.

_ eb01 _
Lemma 5.1 (Exercise 8, page 219 of HQDEBOI]). Let X be a smooth projec-
tive variety of general type which contains no rational curves. Then, Kx is
ample.

Here is a proof, for the sake of completeness.

Proof. Since there are no rational curves on X, Mori’s theorem implies as
above that Kx is nef. Since Kx is big and nef, the Base Point Free the-
orem tells us that Kx is semi-ample. If Kx were not ample, then the
morphism defined by (some multiple of) Kx would be birational but not an
isomorphism. In particular, there would exist an irreducible curve C' C X
contracted by this morphism. Therefore, Kx - C = 0. Now, take any very
ample divisor H. For any ¢ > 0 rational and small enough, K x —eH remains
big and thus some large positive multiple, say m(Kx —eH), of Kx —eH is
linearly equivalent to an effective divisor D. Set A = &’D, where &’ > 0 is a
rational number. We have:

(Kx+A)-C=¢'D.C
zs’m(KX—sH)-C
=—e/mH-C<O.

Finally, if ¢’ is small enough, then (X, A) is a klt pair. Thus, the (logarithmic
version of the) Cone Theorem would give the existence of an extremal ray
generated by the class of a rational curve in X, contradiction. ([l



20 SIMONE DIVERIO

Keeping in mind that what we have to show is then that ¢;(Kx)"™ > 0,
we illustrate now the steps of the proof.

Step 1: Solving an approximate Kdahler—Finstein equation. Let w be our
fixed Kéhler metric (with negative holomorphic sectional curvature, but we
shall not use this hypothesis for the moment).

Claim 5.2. For each € > 0 there exists a unique smooth function u.: X — R
such that

we 1= ew — Ricy, +i00u,
is a positive (1,1)-form (hence Kéhler, belonging to the cohomology class
c1(Kx) + elw]) form satisfying the Monge-Ampere equation

n Ue N

wy =e"“w".

In particular,

Ric(we) = —we + ew,
whence the terminology “approximate Kéahler—Einstein”, and we have the
following uniform upper bound:

supue < C,
X

where the constant C' depends only on w and n = dim X. Observe finally,
that in particular, Ric(w:) > —we.

Step 2: A laplacian estimate involving the holomorphic sectional curvature.
This step is somehow a refinement of the laplacian estimate needed in order
to achieve the classical C%-estimates to solve the complex Monge-Ampere
equation on compact Kéhler manifolds. In the classical setting an upper
bound for the holomorphic bisectional curvature is used. Here we shall em-
ploy a lemma due to Royden in order to use only the weaker information
given by the bound on the holomorphic sectional curvature, as in the hy-
potheses. The crucial part of this step is the following.

Claim 5.3. Suppose —k < 0 is an upper bound for the holomorphic sectional
curvature of w. Suppose moreover that w’ is another Kahler metric on X
whose Ricci curvature is comparable with w and ' as follows:

Ric(w') > -’ + pw,

where A, u are non negative constants. Define a smooth function S: X —
R~g to be the trace of w with respect to «’, i.e.

(w) " aw
()"
Then, the following differential inequality holds:
k(n+1)

1) ~atogs > (MED panlt ) s(a) - 2m

Si=tryw=n
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Observing that
/ A, log S (w’)n =0,
X

we shall use the inequality above with w’ = w., A = 1, and g = 0, in the
following integral form:

n+Dr_, , / n
- <
(2) /X o Sewl < 27w Xwg,

where we added the subscript € to S in order to emphasize the dependence
of S from e.

Step 3: Proof of the key inequality. One wants to show that ¢1(Kx)™ > 0.
Since w, = — Ric(wg) + ew, we have that

w? = (= Ric(w:))" + O(e).

/Xw?:/x(—Ric(wE))njLO(e).

On the other hand,
/ (— Ric(wa))n =c(Kx)"
X

is independent from &, and thus

But then,

a(Kx)" = Eli%ﬂ XW?'

What we want is therefore to show the positivity of such a limit.
Claim 5.4. The limit

lim [ w!

e—=0t Jx
is strictly positive.

This is what we call the key inequality. During the proof of the main
result, this will be the only step where what we present here differs from
Wu—Yau’s original approach.

We now proceed with the proof of the various claims stated above.

stepl
Proof of Claim bTZI.LThe first observation is that, since Kx is nef, for each
e > 0 the cohomology class ¢1(Kx) + ¢[w] = —c1(X) + € [w] is a Kéhler
class. This implies, thanks to the 00-lemma, that there exists a smooth real
function f. on X, unique up to an additive constant, such that

. U &
wy, = ew — Ric, —I—% 00f.

is a Kahler form on X.
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Now we use the following theorem, in order to obtain an approximate
Kéahler—Einstein metric on X. We give here Yau’s original general state-
ment, which is the key ingredient to get his celebrated solution of the Calabi
conjecture.

78
Theorem 5.5 (Yau Vau 8]). Let (X,wp) be a compact Kdhler manifold,
and F: X xRy — R smooth function such that OF /0t > 0. Suppose that
there exists smooth function 1: X — R such that

/ P yn / .
X X

Then, there exists a unique smooth function p: X — R, such that
wo + ﬁ 85(,0 > 0,
(w0 + o 93p)" = eF @l .

From this statement one can derive easily both the existence of a Kéahler
metric in a fixed Kéhler class with prescribed volume form (or, equiva-
lently, Ricci tensor), and the existence of Kahler—Einstein metrics on com-
pact Kéhler manifold with negative (resp. zero) real first Chern class.

Now, we fix € > 0, and define a smooth real function a. on X implicitly
by

—Qe N

wi =e
We then apply the theorem above with the following data:
w=wys, Fzt)=t+oa(x)+ fo(x).

Then, there exists a unique smooth real function v. such that

. n
1 —
<OJfE + % 88'Ua> = 6U6+a5+f5 w?g
— €Ue+f6 Wn,
and .
1 —
We 1= wy, + %88% >0
on X. Now, define u. to be the sum f. 4+ v, so that it holds
wy = e w".
Thus, we get for the Ricci curvature of w,
. i .5
Ric,, = —%88 logw?

=Ricy,

T .= 1= 1T = n
= _%68% —%&9]} —%aﬁlogw

=EW—Wr
=EW — We.

In particular, Ric,, > —w:.
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Now, we use the maximum principle in order to obtain the desired uniform
upper bound for u.. To do so, pick a point zg € X such that supy u. =
ue(z0). Then, at this point we have that the complex hessian of u. is negative
semi-definite, i.e. 1 90u.(xo) < 0. Thus,

. i oz
we(z0) = (ew — Ricy +§ dOue) (wo)
(ew — Ricy) (o)
(sow - Rij)(ZL‘()),

VANRVAN

if eg > €. Therefore,

ESUPX Ue _ SUe (zo)

(ew — Ricy +5= ddue) (20)

w"(2o)
- (eow — Ricy) (o) ¢
w™ (o) ’
so that
supu. < C, Ve < gg.
X
tepl
This complete the proof of Claim E.Ze. ([
Proof of Claim 5.3 Let xg € X be a fixed point. Chose holomorphic normal
coordinates (z1, ..., z,) with respect to w, centered at zp. Without loss of

generality, by a constant w-unitary change of variables, we may also suppose
that w’ is diagonalized with respect to w at xg. Thus we write

n n
w=1i Y wmdaAdzZn,  wm(z) = 6m = Y jam 2%+ O(2°)),
Lim=1 k=1

where the ¢, ’s are the coefficients of the Chern curvature tensor of (X, w)
at xg, and

Ww=i Z Wi A2t AN dZmy Wi (2) = AN O + O(|2]),
I,m=1

where the \;’s are the eigenvalues at x of w’ with respect to w. In particular,
A;j>0,7=1,...,n. Next, call ,o;.k the coefficients of the Ricci curvature of
w’, so that

. n
o ) _
Ric,, = 7 kg 1ij dz; N\ dz,
]7 -

n
/ /
Pik = E Cikll-
1=1

With these notations, the starting point is the following

where
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Y709
Lemma 5.6 (See Pf’W’YZOQ, pag. 371]). The following differential equality
holds:

- o', /0 L
W cassw -3 fe 3 Lbial s on
=1 ji=1 7

where the right hand side is intended to be computed at xg.

Proof. A straightforward computation, using the adjugate matrix method
to obtain the inverse, shows that

S = i Q1 Wim,s

I,m=1

where we define (€2),.) to be the inverse matrix of (wj,,). We want to com-
pute A,/S at xg. We have, by the basic commutation relations in Kéhler
geometry,

AyS = 89S = —iA,, 9IS,

and thus, since acting with A, on real (1,1)-forms amounts to takeing the
trace with respect to «’,

AyS = —tr, i0dS = J; Vpj 82 8zk

Now,

928
9
02,07 az,azk Z ml

ml ’ 82wlm 8Q;nl 8wlm 8wlm 8Q{ml
= Z Wim — ml —— + —— + 5,
0207, 02,07, 0zj 0% 0zj 0%

=Rjkim

At the end of the day, thanks to the choice of geodesic coordinates, the terms
with only one derivative involved —which we called R,;,,— will disappear.
Therefore, we only have to understand the summands with two derivatives
of . and express them in terms of the wj, ’s. In order to do this, call
H = (w},,), so that H~! = (€], ) and observe that

(4) 0=0(HH YY=0HH ' + HOH !,
(5) 0=0(HH 'Y=0HH '+ HOH !,
and

0=00(HH ') =00HH ' —OHANOH ' +OH NOH ' + HOOH .

We obtain therefore the matrix identity
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QOH ' =-H '00HH ' -~ H '0H NH 'OHH™!
+H '9HANH1OHH!,
which gives us the following expression for the second derivatives of Q) ,

Oy g P
92,0z}, L "0z0z

ow' ow'’ ow!
pq / ab O/ ab
+ Z Qmpak(z o, Ql+Qmaa pra

pQQ .

a,b,p,q=1

Thus, we get the following expression for the w’-Laplacian:

o’ %W,
O Aos== 3 0 (vt T )

ml =
kdm=1 82’j82’k
2

0%w oY
/ m / [ /
klz 1 ij mla_ o= 8 a + ijwlmiaz]argk + Qk] R]klm
]7 Y 7m:

n
0w,
Z Q. o + Q. Rin
“ ) kj mla a kj ~Yrim
‘7’77m:

n

4 E : W o Py
. m k_] ma* “bl 8,2 8Zk
7.k, lm,a,b=1

n

/ / 80‘/ aw
- g Wim k:j mp qa bl az 82’
JokLmaabpg=1 F

n

’ ’ 8("/ aw
— g Wim k] ma bp ql 0z az :
dklim.ab,pg=1 k

Now, still denoting by H the matrix (wj,,), we recall the well-known
formula to determine in local coordinates the Chern curvature of w’, namely

@(Tx, w') ~loc 5(H_18H)
=0H ' ANOH + H '00H
= -—H 'OHH 'ANOH '+ H '96H,
rpartialH-1
where the last equality is obtain by using formula (%; So, if we write in

these coordinates

_ o\" 0
O(Tx,o) = Y Camdzj N dzp © (az) © 5

VA
Jik,lm m
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we obtain the following expression for the coefficients of the Chern curvature

tensor:
n !/
0% ow', Ow
c’jklm 7 C/A = — Q’ ab + Q / ab qp )
( ) jkal Z blazjazk Z pl® “bq 82 85k
b=1 b,p,g=1
We can gwrlfgelthe above identity (I7) to replace in the right hand side of
formula ( e summand
2
Z Q! O wey
Moz.0z 82’J82k
with
Ow!, 0w,
+ QL.Q ab ap )
Jkal bz pl*°“bg 82 0z},
pg=1
With this substitution, we obtain
- 0w
exprlaplsemifinal| (8) A, S=- Z Qk] ;nla ém -1-(2;3]. Rjkim
j7k7lvm:1
n /
ow', Ow
b “*ap
+ Z Wim ;ch;na ]kal + Z Qpl g)q . >
) 0z; 0z
Jiklm,a=1 b,p,q=1
n /
/ , Owy, Ow

- E , Wim lcj mp qa bl )
2; 82
Giklim,abp.a=1 k

n ’ ’
_ Wy Qk Q ;) /lawab 8wpq
2 m kgt tma™ ™l
Gikeodm,ab,pg=1 k

n
9wy
> %% — + O Rjkim

mla a—
7.k, l,m=1
n
ol
- § : wlkaijaCjkal
j7k7l7m7a/:1
n
. oY 8Wabawpq
Wim k:g mp qa® “bl az % .

Jskil,m,a,b,p,g=1

Now, since (0/9z1, . ..,0/0z,) is merely w’-orthogonal but not necessarily
w’-unitary at xq, the Kahler symmetries of the coefficients ¢’;,, ’s at xg read

jklm
C;'klm\/xl VAm = C;mjk: \/E\/Yk

In particular,

/
]gzz/\l clljj/\j'
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We are now in algpopd Losition to conclude the proof of the lemma. Indeed,
. lexpr semiflina . s . . .
evaluating (8) at the point zy with our initial choice of coordinates gives

A S(z0) = zn: Git N~ Y 1 0w, dw),
WV L NN A= NN A N(N)2A, 0z 0z
Jil=1 =l — gila=1
(9) =g
N Gt N~ A N [0w/02 (o)
=1 A () jla=1 A (M) Aa

0

Our next task will be to estimate the three summands appearing on the
right hand side of the differential equality of the above lemma. We begin
with the term involving the Ricci curvature of w’. Recall that the we are
supposing that

Ric(w') > -\ + pw.

Lemma 5.7. At the point o € X, we have

Proof. The hypothesis on the Ricci curvature of w’, when red at the point
xo with our choice of coordinates, gives

pu = 21 (=N + p).

Thus, we get

n

Pl > ~ 1 1
> 27\ — + 27 .
(M)? 2 M; (A)?

Now, since the \;’s are the eigenvalues of w’ with respect to w, the eigen-
values of omega with respect to w’ are 1/X\;, I = 1,...,n, and therefore
S =3"-; 1/Xi. Moreover, by the standard inequality between 1-norm and
2-norm of vectors in R™, we have ;" 1/(A\)? > 1/n(3, 1/Al)2. We
finally obtain

=1

O

Now, we treat the term with the first order derivatives of the metric w'.
In doing this, we have to keep in mind that, at the end of the day, we want
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to estimate A log S. This Laplacian is given in coordinates by

0%log S
Ay logS = Q
08 Z 8Zj82k
7,k=1 N vy
_0 <1 65>:1asas 1_92%s
82j S oz, S2 0z 0z ' S sz-azk
1 1 & dS 9S
= A8+ — QL9292
§A0St 5 2 Vg o
Ji.k=1
Once computed at zg, we have
1 u 2
10 A, log S =——A S
(10) 08:5(20) = g3 durS(a0) + g Z et

What we want to do in the lemma below is then to try to express these first
order derivatives in terms of first order derivatives of S.

Lemma 5.8. At the point g € X, we have

>

jla=1

0w, /027 1 as, |

"1
MO~ S(xo) ;A- a5, (@0)

j 10z

Proof. Since the sum we are dealing with is made up of non negative terms,
we have by plain minoration

>

J,l,a=1

’awal/a’z] ‘

‘awll/azj ‘
] )\l 2)\ Z '

Now, let us compute 05/0z; at zy. We have

95 0

(z0) = Qi Wim
aZj (9Zj L1 Zo
n / n /
= g+ Hom | _ > il (z0)
0z; m m 0z; 0z;
I,m=1 =1

alH-1
Now, we use the identity (Ei to replace 0,/ 0zj(xo) with

ow' 1 0w
0, L0 = - T g,
a%; 20 (\1)? 0z
Thus, we obtain
8 " 1 3w” 20)
)2 8,2] '

=1
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laplacianl
Now, inspired by (Ia(j;,avffleagotl)ilpute
2 "1 1 Ow) ?
=) — 1 (z0)
jz::l Aj ; (A)? 0

_i; 1 /05|
- M ()\1)1/2 ()\1)3/2

< Z Z ;k Zn: ‘3‘*’”/8% To ‘

Ol /02 (x0) |2
= S(x0) Z | ll)\/j(;l)(g())‘ :

lj=1
where the inequality is given by Cauchy-Schwarz. The lemma follows. [J

Finally, we estimate the term involving the curvature of w, using the
hypothesis on the negativity of the holomorphic sectional curvature.

Lemma 5.9. At the point xg € X, we have

Cjjit _kK(n+1)

S2.
) )\j)\l - 2n

Classically this term has been bounded in terms of a uniform bound on
the holomorphic bisectional curvature of w. In order to prove this lemma,
we need to be able to transform an information on the sum of holomorphic
bisectional curvature type terms into an estimate using holomorphic sec-
tional curvature only. Next proposition in hermitian linear algebra is the
key point to do that. It is due to Royden.

80
Proposition 5.10 (Royden ooy 0)). Leté&y, ..., & be mutually orthogonal
(but not necessarily unitary) non-zero vectors of a hermitian vector space

(V,h). Suppose that ©(&,n, (,w) is a symmetric “bi-hermitian “ form, i.e. ©
is sesquilinear in the first two and last two variables having the same point-
wise properties of the (contraction with the metric of the) Chern curvature
of a Kahler metric. Suppose also that there exists a real constant K such
that for all € € V' one has

O(&,&,£,€) < K ||¢]|7.
Then,

2
D O(ar a5, 6p) s% ((Z\Mam) +Zr§au;§>-

a,B
Moreover, if K <0, then

S O(Eas a1 5) <
a,B

(Zugauh) .
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We shall use this proposition with
<@(Tx, w)(o, 5) .o, .>w

as the symmetric “bi-hermitian” form on Tx ;, in the statement. In terms
of holomorphic bisectional curvature it can be rephrased as follows, when
v=n=dmX.

Suppose that a Kahler metric w has negative holomorphic sectional curvature
at the point xg, bounded above by a negative constant —k. Then, if &1, ..., &,
is a w-orthogonal basis for Tx ,, we have

n 1 n 2
> IalBlgsIE HBCu6art) < -5 (Y12 )
a=1

a,f=1
Here is the proof.

Proof. Realize Z4 as the group of 4th roots of unity and set, for a vector

A= (61,...,6,/) € Zy,
gA:ZEaga-

Then, by orthogonality, |[£4]|2 =Y, [|¢al|?, and thus by hypothesis

2
OEn, €0, En,En) < K [[Ealll = K (Z usauz) |

Now, we take the sum over all possible A € Z} and get

2
1
K (Z ||ga||z> >0 EAj@(éA,fA,&A,fA)

:4%2 3 €atseres O 5,64, 65)

A a,B7,0

1 €q€
= 47 Z Z 6/36;: @(ﬁa,gﬁ,f«y,fd)-

05767"/75 A

Now, fix a 4-tuple (a, 3,7, ). We claim that only the terms with o = 5 and
v =49 or « =9 and S = ~ can survive after summing over all A. Thus, we
are left only with the following terms

4% Z Z s @(5%5&57»56)

wfrs A PO
= O(abarbarba) + Y O(ar ar 63, 6) + O(6ar &y, &y Ea)-
o aFEy
The claim is straightforwardly verified, since for all the other terms, for each

A € Z4 one can find an A" = (¢}, ...,€,) € Z4 such that Z‘;—Z; = —ezeg.
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Now, by symmetry of ©, adding > O({a,&a,&a,&a) to both side and
using the upper bound as in the hypotheses, we get

22@ Carbarbn &) S K ((Znsau) +Z|5a||;§> -

To end the proof, observe that applying the Cauchy—Schwarz inequality in
R” to the vectors (||¢1]]%,...,]|&]|2) and (1,...,1), we have

2
(Zusauz) <v 3 leallh

so that if K <0, then

K 2
K Y llelth < X (Sleali)

and thus

> Ot b6 < LK (Zuﬁauh),

77
as desired. O

We are now ready to give a

[t 3
Proof of Lemma 5?ryx.n Set
1 9
= —, J=1,...n,
g] /7\] 8ZJ j
so that &1, ..., &, is aw-orthogonal basis for T’y ,,,. Now, it suffices to observe
that
Cjjll
29t T
)\]>\l < ( X,W )(gjvé.]) gla£l>w
= |I&1[211&11% HBCu (&), &)-
Now take the sum over all 5,1 =1,...,n, to obtain
Zn: Cjgll _IQ(’I’L—F 1) zn:i 2 _ _;@(n%—l)SQ
)‘j)‘l B 2n )‘j 2n '
J=1 a=1

0

step2 diffine
Now, to conclude the proof of Claim %.3, 1.e. to show inequality (I ;, we
just put together the three estimates of the above lemmata, and plug them
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X laplacianlo
into formula (T0). We get:
n

1 2
—A,log S(xo) = — Ay S(zo) — S Z

32’]

|8w 1/0%5( acg)‘

_ 1 - Pl - Cjju
N S($0) (l )\l + Z )\l 2)\ Z )\j)\l
1

! —AS(z 5 (z0)?
> (o) <27r AS(zg) + =S (z0) )
1 1|85, > k(n+1)
1 K1las, J?
5(960)2;)\1' 379'( g

as desired. O
tep3
Proof of Claim 85.29. We want to show that the limit

Ue N

lim [ w!= lim e w

e—=0t Jx e—=0t Jx
is strictly positive. The first observation is that the functions u. are all
w’-plurisubharmonic for some fixed Kéhler form ' and € > 0 small enough.
For, let £ > 0 be such that fw — Ric,, is positive and call w’ = fw — Ric,,.
Thus, for all 0 < € < ¥, one has

0 < ew — Ricy, +i00u. < lw — Ricy, +i00u, = W' + i00u..

Therefore, by %OZSO& Proposition 2.6], either {u.} converges uniformly to
—o0 on X or it is relatively compact in L!(X). Suppose for a moment that
we are in the second case. Then, there exists a subsequence {u., } converging
in L}(X) and moreover the limit coincides a.e. with a uniquely determined
w’-plurisubharmonic function u. Up to pass to a further subsequence, we
can also suppose that u., converges pointwise a.e. to u. eBut then, e"sx — e
pointwise a.e. on X. On the other hand, by Claim 5.2, we have e’ < ¢
so that, by dominated convergence, we also have Ll(X ) -convergence and

lim ek W = / e“w" > 0.

k—oo Jx X
The upshot is that what we need to prove is that {u.} does not converge
uniformly to —oco on X. From now on, we shall suppose by contradiction
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that
SUp U — —00.
X
Now, recall that we defined the smooth positive function S; on X by
S,
71 £
wAwr = ; wl.

Now, set T, = log S.. In other words, T; is the logarithm of the trace of w
with respect to we.

Lemma 5.11. The function T satisfies the following inequality:

U
. > ——.
n
In particular, if {u.} converges uniformly to —oco on X, then T converges

uniformly to 400 on X.

Proof. Let 0 < Ay < --- < A, be the eigenvalues of w, with respect to w,
so that 0 < 1/, < --- < 1/\; are the eigenvalues of w with respect to ws.
Then,

ele = tr,, a;::4}7-+---«+ ;£,>>41:
: A A M
Thus, e~ 7= < A1 so that e "= < (A)™ < Ap--- A, But, etew™ = W =
Al - Apw™, and so we get e 1= < ¥ or, in other words,

1. > —%.
n
O
. . . intine . .
As announced, we now use the integral inequality (2). e write it as
follows:
(n+Dr 1),€/ eletus yn < 27r/ e'sw".
2n X X
Next, if we define C. := infy e %</, we have that = > C., and thus
1
(11) C. M/ et w" < 27r/ e w".
2n X X
But then, we obtain that
1
o, ntlE o
2n
and this gives a contradiction, since we are assuming that C. — 4oc0 as
e— 0T, H

5.1. The Kahler case and quasi-negative holomorphic sectional cur-
vature.
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6. WHERE FROM HERE?
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