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0. INTRODUCTION

For a compact complex space X, a well known result of Brody [Bro78] asserts that hyperbolicity
property introduced by Kobayashi [Kob67a, Kob67b] is equivalent to the nonexistence of noncons-
tant entire holomorphic curves f : C — X. The aim of this chapter is to describe some geometric
techniques that are useful to investigate the existence or nonexistence of such curves. A central
conjecture due to Green-Griffiths [GrGr79] and Lang [Lang86] stipulates that for every projective
variety X of general type over C, there exists a proper algebraic subvariety Y of X containing all
nonconstant entire curves.

According to Green-Griffiths [GrGr79], jet bundles can be used to give sufficient conditions for
Kobayashi hyperbolicity. As in [Dem95], we introduce the formalism of directed varieties and Sem-
ple towers [Semb54] to express these conditions in terms of intrinsic algebraic differential equations
that entire curves must satisfy; see the “fundamental vanishing theorem” 3.23 below. An important
application is a confirmation of an old-standing conjecture of Kobayashi (cf. [Kob70]): a general
hypersurface X of complex projective space P"*! of degree d > d,, large enough is Kobayashi
hyperbolic. The main arguments are based on techniques introduced in 2016 by Damian Brotbek
[Brot17]; they make use of Wronskian differential operators and their associated multiplier ideals.
Shortly afterwards, Ya Deng [Dengl6] found how to make the method effective, and produced
in this way an explicit value of d,. We describe here a proof based on a simplification of their
ideas, producing a very similar bound, namely d, = [1(en)*"™2] (cf. [Dem18]). This extends
in particular earlier results of Demailly-El Goul [DeEG97], McQuillan [McQ99], Paun [Pau0§],
Diverio-Merker-Rousseau [DMR10], Diverio-Trapani [DT10] and [Siul5]. According to work of
Clemens[86], Zaidenberg [Zai87], Ein [Ein88, Ein91], Voisin [Voi96] and Pacienza [Pac04], every
subvariety of a general algebraic hypersurface hypersurface X of P"*1 is of general type for degrees
d > 6,, with an optimal lower bound given by §, =2n+ 1 for 2 < n <4 and 6, =2n forn > 5
— that the same bound d,, = J, holds for Kobayashi hyperbolicity would then be a consequence of
the Green-Griffiths-Lang conjecture.

In the same vein, we present a construction of hyperbolic hypersurfaces of P**! for all degrees
d > 4n?. The main idea is inspired from the method of Shiffman-Zaidenberg [ShZa02]; by using
again Wronskians, it is possible to give a direct and self-contained argument.
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1. HYPERBOLICITY CONCEPTS

1.A. KOBAYASHI PSEUDODISTANCE AND PSEUDOMETRIC

We first recall a few basic facts concerning the concept of hyperbolicity, according to S. Kobayashi
[Kob67a, Kob67b, Kob70, Kob76]. Let X be a complex space. Given two points p,q € X, let us
consider a chain of analytic disks from p to g, that is a sequence of holomorphic maps fy, f1,..., fi :
D — X from the unit disk D = D(0,1) C C to X, together with pairs of points ag, by, . . ., ag, by of
D such that

p=folao), q=frlbr), fi(bi))= fixa(ai+1), i=0,....k—1.
Denoting this chain by a, we define its length ¢(«) to be
(1.1/) () :dp(a1,b1)+"‘+dp(ak,bk),

where dp is the Poincaré distance on D, and the Kobayashi pseudodistance d§ on X to be
(1.1) d%(p,q) = inf ((a).
[0

A Finsler metric (resp. pseudometric) on a vector bundle F is a homogeneous positive (resp.
nonnegative) function N on the total space F, that is,

N(XE) = [A\|N(€) forall A e Cand € € E,

but in general N is not assumed to be subbadditive (i.e. convex) on the fibers of E. A Finsler
(pseudo-)metric on E is thus nothing but a hermitian (semi-)norm on the tautological line bun-
dle Op(gy(—1) of lines of E over the projectivized bundle Y = P(FE). The Kobayashi-Royden
infinitesimal pseudometric on X is the Finsler pseudometric on the tangent bundle T'x defined by

(1.2) kx(§) =inf {A>0;3f:D— X, f(0) ==z, Af'(0) = ¢}, re X, £€Txy.

If ®: X — Y is a morphism of complex spaces, by considering the compositions ®o f : D — Y,
this definition immediately implies the monotonicity property ®*ky < kx, i.e.

(1.3) ky (®.8) <kx(§) forallz e X and & € Tx 5.

When X is a manifold, it follows from the work of H.L. Royden ([Roy71], [Roy74]) that d% is the
integrated pseudodistance associated with the pseudometric, i.e.

(1.4) % (p,q) = inf / kx (7/(t)) dt,

where the infimum is taken over all piecewise smooth curves joining p to ¢; in the case of complex
spaces, a similar formula holds, involving jets of analytic curves of arbitrary order, cf. S. Venturini
[Ven96].

1.5. Definition. A complex space X is said to be hyperbolic (in the sense of Kobayashi) if d§ 18
actually a distance, namely if d)fg(p, q) > 0 for all pairs of distinct points (p,q) in X.

1.B. BRODY CRITERION

In the above context, we have the following well-known result of Brody [Bro78|. Its main interest
is to relate hyperbolicity to the non-existence of entire curves.
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1.6. Brody reparametrization lemma. Let w be a hermitian metric on X and let f : D — X be
a holomorphic map. For every e > 0, there exists a radius R > (1 —¢€)||f'(0)|l and a homographic
transformation 1 of the disk D(0, R) onto (1 — &)D such that

I(f o) (Ol =1, (fov) (Bl < 1_‘;2/}32 for every t € D(0, R).

Proof. Select ty € D such that (1 — [t|?)]|f/((1 — €)t)||. reaches its maximum for ¢ = ¢y. The reason
for this choice is that (1 — [¢|?)]|f'((1 —&)t)]|., is the norm of the differential f/((1 —¢)t) : Tp — Tx
with respect to the Poincaré metric |dt|?/(1 — [t|?)? on Tp, which is conformally invariant under
Aut(D). One then adjusts R and v so that ¥(0) = (1 — )ty and [¢'(0)] ]| f/(¥(0))]]w = 1. As
[4'(0)] = 1—}}5(1 — |t0]?), the only possible choice for R is

R=(1—¢e)(L— [t/ @O)]w = 1 =)l f(0)]-

The inequality for (f o))" follows from the fact that the Poincaré norm is maximum at the origin,
where it is equal to 1 by the choice of R. Using the Ascoli-Arzela theorem we obtain immediately:

1.7. Corollary (Brody). Let (X,w) be a compact complex hermitian manifold. Given a sequence
of holomorphic mappings f, : D — X such that im||f}(0)]|, = +o0, one can find a sequence of
homographic transformations 1, : D(0,R,) — (1 — 1/v)D with lim R, = 400, such that, after
passing possibly to a subsequence, (f, o 1,) converges uniformly on every compact subset of C
towards a nonconstant holomorphic map g : C — X with ||¢’'(0)||w = 1 and sup;cc |9’ (¢) ||l < 1.

An entire curve g : C — X such that sup¢ ||¢'||o = M < 400 is called a Brody curve; this concept
does not depend on the choice of w when X is compact, and one can always assume M = 1 by
rescaling the parameter t.

1.8. Brody criterion. Let X be a compact complex manifold. The following properties are equiv-
alent.

(a) X is hyperbolic.

(b) X does not possess any entire curve f:C — X.

(¢) X does not possess any Brody curve g : C — X.
(

d) The Kobayashi infinitesimal metric kx is uniformly bounded below, namely

kx(§) = clléllo, >0,
for any hermitian metric w on X.
When property (b) holds, X is said to be Brody hyperbolic.

Proof. (a) = (b) If X possesses an entire curve f : C — X, then by looking at arbitrary large
analytic disks f : D(tg, R) C C and rescaling them on D as t — f(tp + Rt), it is easy to see that
the Kobayashi distance of any two points in f(C) is zero, so X is not hyperbolic.

(b) = (c) is trivial.

(c) = (d) If (d) does not hold, there exists a sequence of tangent vectors &, € T 5, with || ]|, =1
and kx (&) — 0. By definition, this means that there exists an analytic curve f, : D — X with
f(0) =x, and || f(0)]|, = (1—%)/kX(§,,) — 4-00. One can then produce a Brody curve g = C — X
by Corollary 1.7, contradicting (c).

(d) = (a). In fact (d) implies after integrating that d¥(p,q) > cdy(p, q) where d,, is the geodesic
distance associated with w, so d§ must be non degenerate. O

As a consequence, any projective variety containing a rational curve C' (i.e. a curve normalized
by C ~ P{ ~ CU {cc} or an elliptic curve (i.e. a curve normalized by a nonsingular elliptic
curve C/(Z @ Zr)) is non-hyperbolic. An immediate consequence of the Brody criterion is the
openness property of hyperbolicity for the metric topology:
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1.9. Proposition. Let 7 : X — S be a holomorphic family of compact complex manifolds. Then
the set of s € S such that the fiber Xy = () is hyperbolic is open in the metric topology.

Proof. Let w be an arbitrary hermitian metric on X, (X, )s, s a sequence of non-hyperbolic fibers,
and s = lims,. By the Brody criterion, one obtains a sequence of entire maps f, : C — X,
such that ||f/(0)||o = 1 and || f] |l < 1. Ascoli’s theorem shows that there is a subsequence of f,
converging uniformly to a limit f : C — X, with || f/(0)]|, = 1. Hence X is not hyperbolic and
the collection of non-hyperbolic fibers is closed in S. O

1.C. RELATIONSHIP OF HYPERBOLICITY WITH ALGEBRAIC PROPERTIES

In the case of projective algebraic varieties, Kobayashi hyperbolicity is expected to be an algebraic
property. In fact, the following classical conjectures would give a necessary and sufficient algebraic
characterization. Recall that a projective variety X of dimension n = dim¢ X is said to be of
general type if the canonical bundle K¢ = A"T )’i( of some desingularization X of X is big. When
n = dimgc X = 1, this is equivalent to say that X is not rational or elliptic.

1.10. Some classical conjectures. Let X be a projective variety.

(i) (Green-Griffiths-Lang conjecture) If X is of general type, there should exist a proper algebraic
variety Y C X (possibly empty) containing all nonconstant entire curves f : C — X.

(ii) Conversely, if X is Kobayashi hyperbolic and nonsingular, it is expected that Kx should be
ample. More generally, if X is singular, any desingularization X should be of general type.

(iii) (Conjectural algebraic characterization of Kobayashi hyperbolicity). A projective variety X
is Kobayashi hyperbolic if and only if every positive dimensional algebraic subvariety Y C X
(including X itself) is of general type.

In fact, since every analytic subspace of Kobayashi hyperbolic space is again hyperbolic by
definition, it is not difficult to see by induction on dimension that 1.10 (iii) would follow formally
from 1.10 (i) and (ii) [the “if” part is a consequence of 1.10 (i), and the “only if” part follows
from 1.10 (ii)]. Thanks to fundamental work of Clemens [Cle86], Ein [Ein88, Ein91] and Voisin
[V0i96], it is known that every subvariety Y of a generic algebraic hypersurface X C P"*! of degree
d > 2n+1 is of general type for n > 2; Pacienza [Pac04] has even shown that this holds for d > 2n
when n > 5. The Green-Griffiths-Lang conjecture would then imply that these hypersurfaces are
Kobayashi hyperbolic.

1.11. Definition. Let X be a projective algebraic manifold, and A a very ample line bundle on X.
We say that X is algebraically hyperbolic if there exists € > 0 such that every closed irreducible
curve C C X has a normalization C such that its Fuler characteristic satisfies

—X(C) = 29(C) =2 > € deg4 (C),
where g(C) is the genus and deg,(C) = C - A = [, c1(A).

1.12. Theorem. Every Kobayashi hyperbolic projective variety is algebraically hyperbolic. More
generally, if X is a hyperbolic compact complex manifold equipped with a hermitian metric w, there
exists € > 0 such that every closed irreducible curve C' C X satisfies

29(C) — 2 > e deg,(C) where deg,,(C) = [ w.

Proof ([Dem95]). When I is a nonsingular compact curve of genus at least 2, the uniformization
theorem implies that the universal cover p : I' — I' is isomorphic to the unit disk D, and one then
sees that the Kobayashi metric kr is induced by he Kobayashi metric of the disk, i.e.
2 idz N\ dz
k]D) - 72 PR
(1= 1[z%)
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These metrics have constant negative curvature —%65 logk? = —%k%, hence
1

ﬂA}%=—Mﬂ=ﬂmD—2

by the Gauss-Bonnet formula. Now, if X is hyperbolic and C C X is a closed analytic curve, the
monotonicity formula (1.3) applied to the normalization map v : C' — X implies ks > v*kx, and
we also have k?X > c?w for some ¢ > 0 by 1.8 (d). Therefore

29(C) 21/w>1/*w 1/k2>c2/ 8@(@
— — = = — 1% = — = — w = — w .
g rle ¢ xle” X T )X T w1 o _—

It is not very difficult to check that the proof can be extended to the case of singular hyperbolic
compact complex spaces (a smooth hermitian metric on X being a metric that has extensions with
respect to local embeddings of X in open sets U c CV). O

1.13. Proposition. Let X — S be an algebraic family of projective algebraic manifolds, given by a
projective morphism X — S. Then the set of t € S such that the fiber X; is algebraically hyperbolic
18 open with respect to the countable Zariski topology

Proof. After replacing S by a Zariski open subset, we may assume that the total space X itself is
quasi-projective. Let w be the Kéhler metric on X obtained by pulling back the Fubini-Study metric
via an embedding in a projective space. If integers d > 0, g > 0 are fixed, the set Ay, of ¢ € S such
that X; contains an algebraic 1-cycle C = > m;C; with deg,(C) =d and g(C) = > m; g(C;) < g
is a closed algebraic subset of S (this follows from the existence of a relative cycle space of curves
of given degree, and from the fact that the geometric genus is Zariski lower semicontinuous). Now,
the set of non algebraically hyperbolic fibers is by definition

ﬂ U Adg-

k>0 2g—2<d/k

This concludes the proof. O

It is expected that the concepts of Kobayashi hyperbolicity and algebraic hyperbolicity coincide
for projective varieties. This would of course imply that Kobayashi hyperbolicity is an open property
with respect to the countable Zariski topology, a generalized form of the Kobayashi conjecture.

2. SEMPLE TOWER ASSOCIATED TO A DIRECTED MANIFOLD

2.A. CATEGORY OF DIRECTED VARIETIES

Let us consider a pair (X, V') consisting of a n-dimensional complex manifold X equipped with a
linear subspace V- C T'x: assuming X connected, this is by definition an irreducible closed analytic
subspace of the total space of T'x such that each fiber V, =V NTx , is a vector subspace of T'x ;;
the rank x +— dimg¢ V,, is Zariski lower semicontinuous, and it may a priori jump.

2.1. Definition. We will refer to such a pair (X,V) where V. C Tx is a linear subspace as being
a (complex) directed manifold. A morphism ® : (X,V) — (Y, W) in the category of (complex)
directed manifolds is a holomorphic map such that ®,.(V) C W.

The rank r € {0,1,...,n} of V is by definition the dimension of V, at a generic point. The
dimension may be larger at non generic points; this happens e.g. on X = C” for the rank 1 linear
space V generated by the Euler vector field: V, = CZlgjgn zjaizj for z #£ 0, and Vg = C™. The
absolute situation is the case V' = Tx and the relative situation is the case when V' = Ty /g is
the relative tangent space to a smooth holomorphic map X — S. In general, we can associate
to V a sheaf V = O(V) C O(Tx) of holomorphic sections. These sections need not generate
the fibers of V' at singular points, as one sees already in the case of the Euler vector field when
n > 2. However, V is a saturated subsheaf of O(Tx), i.e. O(Tx)/V has no torsion: in fact, if
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the components of a section have a common divisorial component, one can always simplify this
divisor and produce a new section without any such common divisorial component. Instead of
defining directed manifolds by picking a linear space V, one could equivalently define them by
considering saturated coherent subsheaves V C O(Tx). One could also take the dual viewpoint,
looking at arbitrary quotient morphisms Q% — W = V* (and recovering V = W* = Homp (W, O),
as V = V** is reflexive). We want to stress here that no assumption need be made on the Lie
bracket tensor [e,8] : V X V — O(Tx)/V, i.e. we do not assume any kind of integrability for V
or W. Even though we will not consider such situations here, one can even generalize the concept
of directed structure to the case when X is a singular (say reduced) complex space X. In fact
Vix: should then be a holomorphic vector subbundle of Txs on some analytic Zariski open set
X' C Xieg, and if U < Z is an embedding of an open neighborhood U C X of a point zp € X
into an open set Z C CV, we demand that the directed structure Vir be a (closed and analytic)
subspace of Tz, obtained as the closure of V;x/ny in Tz via the obvious “inclusion morphism”
(X'NU, Vixiny) = (Z,Tz). A morphism f : (C,T¢) — (X, V) in the category of directed varieties
is the same as a holomorphic curve ¢ +— f(t) that is tangent to V, i.e. f'(t) € Vy( for all t. The
concept of Koabayashi hyperbolicity can be extended to directed varieties as follows.

2.2. Definition. Let (X, V) be a complex directed manifold. The Kobayashi-Royden infinitesimal
metric of (X, V') is the Finsler metric on 'V defined for any x € X and £ € V, by

k(X,V)(f) :inf{)\ >0;3f: (D, Tp) — (X, V), f(0) =z, Af'(0 g}

We say that (X, V) is infinitesimally hyperbolic if k x v is positive definite on every fiber V,, and
satisfies a uniform lower bound kx y(§) > ¢[[{]|w in terms of any smooth hermitian metric w on
X, when x runs over a compact subset of X. When X is compact, the Brody criterion shows that
this is equivalent to the nonexistence of nonconstant entire curves f : (C,7¢) — (X,V), or even
to the nonexistence of entire curves g : (C,T¢) — (X, V) with sup||¢’(¢)|lw = [|¢’(0)]|w = 1. In this
context we have the

2.3. Generalized Green-Griffiths-Lang conjecture. Let (X,V) be a projective directed
manifold where V- C Tx is nonsingular (i.e. a subbundle of Tx). Assume that (X, V') is of “general
type” in the sense that Ky := det V* is a big line bundle. Then there should exist a proper algebraic
subvariety Y C X containing the images f(C) of all entire curves f: C — X tangent to V.

A similar statement can be made when V is singular, but then Ky has to be replaced by a certain
(nonnecessarily invertible) rank 1 sheaf of “locally bounded” forms of O(det V*), with respect to a
smooth hermitian form w on T'x. The reader will find a more precise definition in [Dem18].

2.B. THE 1-JET FONCTOR

The basic idea is to introduce a fonctorial process which produces a new complex directed
manifold (X, V) from a given one (X, V). The new structure (X, V) plays the role of a space of
1-jets over X. First assume that V' is non-singular. We let

(2.4) X=PV), VcTx

be the projectivized bundle of lines of V', together with a subbundle V of Tx defined as follows:
for every point (z, [v]) € X associated with a vector v € V,, \ {0},

(2.4") V o) = 1€ €TX, (a0 ; T& € Cul, Cv CVy CTxa,

where 7 : X = P(V) — X is the natural prOJec‘mon and 7, : Tx — 7*Tx is its differential. On
X = P(V) we have the tautological line bundle O%(—1) C 7*V such that O%(—1)(s,»]) = Cv. The
bundle V' is characterized by the two exact sequences

(2.5) 0— Tg/x —V I 05(-1) — 0,

(2.5) 0—0x — 71 Veoz(l) —Tx/x — 0,
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where T/ x denotes the relative tangent bundle of the fibration : X — X. The first sequence
is a direct consequence of the definition of V whereas the second is a relative version of the Euler
exact sequence describing the tangent bundle of the fibers P(V,). From these exact sequences we
infer

(2.6) dimX =n+r—1, rank V = rank V = 7,
and by taking determinants we find det(T%,x) = 7*det V ® Ox(r), thus
(2.7) detV = " det V @ Ox(r — 1).

By definition, 7 : (X,V) — (X, V) is a morphism of complex directed manifolds. Clearly, our
construction is fonctorial, i.e., for every morphism of directed manifolds ® : (X,V) — (Y, W),
there is a commutative diagram

X.V) S (Xv)

o |®

Y. W) S (W),

where the left vertical arrow is the meromorphic map P(V') ---> P(W) induced by the differential
O, : V — W (& is actually holomorphic if @, : V' — ®*W is injective).

2.C. LIFTING OF CURVES TO THE 1-JET BUNDLE

Suppose that we are given a holomorphic curve f : Dgr — X parametrized by the disk Dy of
centre 0 and radius R in the complex plane, and that f is a tangent curve of the directed manifold,
ie., f'(t) € V) for every t € Dp. If f is nonconstant, there is a well defined and unique tangent
hne [f/(t)] for every t, even at stationary points, and the map

(2.8) fiDr—=X,  t= f(t)=(F), [ (D)
is holomorphic (at a stationary point to, we just write f'(t) = (¢t — to)*u(t) with s € N* and
u(tp) # 0, and we define the tangent line at ¢ty to be [u(to)], hence f(t) = (f(t),[u(t)]) near

to; even for t = tg, we still denote [f’(t9)] = [u(to)] for simplicity of notation). By definition
f!(t) € O%(—1)f1) = Cu(t), hence the derivative f’ defines a section
(2.9) f T, — [FOx(-1).

Moreover 7 o f: f, therefore
mf'(t) = f'(t) € Cult) = F'(t) € V sy uiey = V)

and we see that f is a tangent trajectory of ()? , YN/) We say that ]? is the canonical lifting of f
to X. Conversely, if g : Dr — X is a tangent trajectory of (X, V), then by definition of V' we see
that f = mo g is a tangent trajectory of (X, V) and that g = f (unless g is contained in a vertical
fiber P(V,,), in which case f is constant).

For any point xg € X, there are local coordinates (z1,...,z,) on a neighborhood € of xy such
that the fibers (V.),cq can be defined by linear equations

(2.10) Z_{g_ 3 5] =Y ap(2)6 forj:r—i—l,...,n},
1<j<n 1<k<r

where (a;j) is a holomorphic (n — r) x r matrix. It follows that a vector { € V, is completely
determined by its first r components (1,...,&,), and the affine chart {; # 0 of P(V);q can be
described by the coordinate system

&1 53 L&+ &
2.11 21y s 2n}—, .
( ) ( ! gj f] g] £]>
Let f ~ (f1,..., fn) be the components of f in the coordinates (z1,...,z2,) (we suppose here R so

small that f(Dgr) C Q). It should be observed that f is uniquely determined by its initial value
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x and by the first r components (f,..., fr). Indeed, as f'(t) € Vi(t)» we can recover the other
components by integrating the system of ordinary differential equations

(2.12) o= ap(fem, >

1<k<r
on a neighborhood of 0, with initial data f(0) = z. We denote by m = m(f,to) the multiplicity
of f at any point tg € Dp, that is, m(f,tp) is the smallest integer m € N* such that f](m)(to) #0

for some j. By (2.12), we can always suppose j € {1,...,r}, for example frm)(to) # 0. Then
f'(t) = (t — to)™ tu(t) with u.(tg) # 0, and the lifting f is described in the coordinates of the
affine chart & # 0 of P(V)q by

(2.13) F (fl,...,fn;ﬁ,..., 7;41).

2.D. THE SEMPLE TOWER

Let X be a complex n-dimensional manifold. Following ideas of Green-Griffiths [GrGr79], we
let JyX — X be the bundle of k-jets of germs of parametrized curves in X, that is, the set of
equivalence classes of holomorphic maps f : (C,0) — (X, z), with the equivalence relation f ~ g if
and only if all derivatives fU)(0) = ¢\ (0) coincide for 0 < j < k, when computed in some local
coordinate system of X near xz. The projection map JxX — X is simply f — f(0). If (21,...,2n)
are local holomorphic coordinates on an open set 2 C X, the elements f of any fiber Jip X, x € €,
can be seen as C"-valued maps

f=f,...,fn): (C,0) > Q2 CC",

and they are completetely determined by their Taylor expansion of order k at ¢ =0

2 k
f(t):m+tf,(0)—|—%f”(O)+-"+%f(k)(0)—|—0(tk+1)_

In these coordinates, the fiber JyX, can thus be identified with the set of k-tuples of vectors
(1,...,&) = (f(0),...,f#®)(0) e (C")*. It follows that J,X is a holomorphic fiber bundle
with typical fiber (C")* over X (however, J;X is not a vector bundle for k > 2, because of the
nonlinearity of coordinate changes. According to the philosophy of directed structures, one can
also introduce the concept of jet bundle in the general situation of complex directed manifolds. If
X is equipped with a holomorphic subbundle V' C Tx, one associates to V' a k-jet bundle J,V as
follows.

2.14. Definition. Let (X, V) be a complex directed manifold. We define J,V — X to be the bundle
of k-jets of curves f : (C,0) — X which are tangent to V, i.e., such that f'(t) € Vi@ for allt in a
neighborhood of 0, together with the projection map f +— f(0) onto X.

It is easy to check that JiV is actually a subbundle of J;X. In fact, by using (2.10) and (2.12),
we see that the fibers JiV, are parametrized by

(), O (FLO), - £1O0)s 5 (F2(0), -, £9(0))) € (T

for all x € Q, hence J,V is a locally trivial (C")¥-subbundle of J;X. Alternatively, we can pick a
local holomorphic connection V on V' such that for any germs w =3, ;, ug% € O(Tx,z) and
EVAS J

v = ZKA@" vyey € O(V), in a local trivializing frame (eq, ..., e,) of Viq we have
ovy
(2.15) Vuwv(z) = Z wjgek(:c) + Z I‘?/\(x)wjv)\ eu().
1<j<n, 1AL, J 1<j<n, ISA,usr

We can of course take the frame obtained from (2.10) by lifting the vector fields 9/0z1,...,0/0z,
and the “trivial connection” given by the zero Christoffel symbolds I' = 0. One then obtains a
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trivialization J ka ~ Vfgk by considering

TeVe 3 [ (€1, &) = (VF(0), V2£(0),..., VFF(0)) € V7
and computing inductively the successive derivatives V f(t) = f/(t) and V*f(t) via

d

V= (Vg = Y (V) e+ Y DA (V) enlh).

1<ALr 1<j<n, 1<\, u<r

This identification depends of course on the choice of V and cannot be defined globally in general
(unless we are in the rare situation where V' has a global holomorphic connection. O

We now describe a convenient process for constructing “projectivized jet bundles”, which will
later appear as natural quotients of our jet bundles JiV (or rather, as suitable desingularized
compactifications of the quotients). Such spaces have already been considered since a long time,
at least in the special case X = P2 V = Tp2 (see Gherardelli [Ghe41], Semple [Sem54]), and they
have been mostly used as a tool for establishing enumerative formulas dealing with the order of
contact of plane curves (see [Coll88], [CoKe94]); the article [ASS97] is also concerned with such
generalizations of jet bundles, as well as [LaTh96] by Laksov and Thorup. One defines inductively
the projectivized k-jet bundle X}, (or Semple k-jet bundle) and the associated subbundle Vj, C Tx,
by

(2.16) (X0, Vo) = (X, V), (Xn, Vi) = (Xpo1, Vipor)-

In other words, (Xg,V;) is obtained from (X, V') by iterating A-times the lifting construction
(X,V) — (X,V) described in §2.B. By (2.4-2.9), we find

(2.17) dim Xy =n+ k(r — 1), rank Vj, = r,
together with exact sequences

(2.18) 0 — Ty, x,_, — Vi ~22% O, (=1) — 0,

(2.18/) 0— OXk — W]);Vk:—l X Oxk(l) — TXk/Xk—l — 0,
where 7y is the natural projection 7y, : X — X;_1 and (7). its differential. Formula (5.4) yields
(2.19) det Vj, ZWZdet Vi1 ®0Xk(7"— 1).

Every nonconstant tangent trajectory f: Dgp — X of (X,V) lifts to a well defined and unique
tangent trajectory fi : Dr — Xj of (Xk, Vk). Moreover, the derivative f[’kil] gives rise to a
section

In coordinates, one can compute f[ in terms of its components in the various affine charts (5.9)
occurring at each step: we get inductively

Fsll Férfl

(221) f[k]:(Flu"'vFN)y f[k—&-l]:(Flv"')FN)Fi,w") E )7
Sy Sp

where N =n+k(r—1) and {s1,...,s,} C{1,...,N}. If k > 1, {s1,..., s, } contains the last r —1
indices of {1, ..., N} corresponding to the “vertical” components of the projection X — Xj_1, and
in general, s, is an index such that m(Fs,,0) = m(fjx),0), that is, F, has the smallest vanishing
order among all components Fy (s, may be vertical or not, and the choice of {si,...,s,} need not
be unique).

By definition, there is a canonical injection Ox, (—1) — 7;Vj_1, and a composition with the
projection (m,_1)« (analogue for order k& — 1 of the arrow (7).« in the sequence (2.18)) yields for
all kK > 2 a canonical line bundle morphism

()" (Tl —1)

(2.22) OXk(_l) — W}tkal ’R’ZOXk_l(—l),
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which admits precisely Dy, = P(Tx, ,/x, ,) C P(Vk—1) = Xy as its zero divisor (clearly, Dy, is a
hyperplane subbundle of X}). Hence we find

(2.23) Ox, (1) = m,0x,_,(1) ® O(Dy,).
Now, we consider the composition of projections
(2.24) ’/Tj’k:ﬂj_HO”-O’/Tk_lOﬂ'k:Xk—>Xj.

Then my : X — Xo = X is a locally trivial holomorphic fiber bundle over X, and the fibers
Xia =T, ,i(a:) are k-stage towers of P"~1-bundles. Since we have (in both directions) morphisms
(C",Tcr) < (X, V) of directed manifolds which are bijective on the level of bundle morphisms,
the fibers are all isomorphic to a “universal” non-singular projective algebraic variety of dimension
k(r — 1) which we will denote by R, ; it is not hard to see that R, is rational (as will indeed
follow from the proof of Theorem 3.11 below).

2.25. Remark. When (X, V) is singular, one can easily extend the construction of the Semple
tower by fonctoriality. In fact, assume that X is a closed analytic subset of some open set Z ¢ CVV,
and that X’ C X is a Zariski open subset on which Vix- is a subbundle of T'xs. Then we consider the
injection of the nonsingular directed manifold (X', V") into the absolute structure (Z, W), W = Tj.
This yields an injection (X, V}) < (Z, Wy), and we simply define (X, V}) to be the closure of
(X}, V) into (Zy, Wy). It is not hard to see that this is indeed a closed analytic subset of the same
dimension n + k(r — 1), where r = rank V.

3. JET DIFFERENTIALS AND GREEN-GRIFFITHS BUNDLES

3.A. GREEN-GRIFFITHS JET DIFFERENTIALS
We first introduce the concept of jet differentials in the sense of Green-Griffiths [GrGr79]. The
goal is to provide an intrinsic geometric description of holomorphic differential equations that a
germ of curve f : (C,0) — X may satisfy. In the sequel, we fix a directed manifold (X,V’) and
suppose implicitly that all germs of curves f are tangent to V.
Let Gy, be the group of germs of k-jets of biholomorphisms of (C,0), that is, the group of germs
of biholomorphic maps

t o(t) = art + agt® + - - - + apt”, a1 €C* a; €C, j>2,

in which the composition law is taken modulo terms t/ of degree j > k. Then Gy, is a k-dimensional
nilpotent complex Lie group, which admits a natural fiberwise right action on JpV. The action
consists of reparametrizing k-jets of maps f : (C,0) — X by a biholomorphic change of parameter
¢ :(C,0) — (C,0), that is, (f, ) — f o¢. There is an exact sequence of groups

1 =G, =G, —C" =1,

where G, — C* is the obvious morphism ¢ — ¢/(0), and G} = [Gy, Gy] is the group of k-jets of
biholomorphisms tangent to the identity. Moreover, the subgroup H ~ C* of homotheties ¢(t) = At
is a (non-normal) subgroup of Gy, and we have a semidirect decomposition G, = Gj, x H. The
corresponding action on k-jets is described in coordinates by

A (e Ry = N N PR,
Following [GrGr79], we introduce the vector bundle EI?SLV* — X whose fibers are complex

valued polynomials Q(f’, f/,..., f®*)) on the fibers of J,V, of weighted degree m with respect to
the C* action defined by H, that is, such that

(3.1) QNS N2 f" L NRFRY = XmQ( ! L, )

for all A € C* and (f', f",..., f®) € J,V. Here we view (f’, f",..., f*)) as indeterminates with
components

(C T A T/ U O T ¢ I L U N (v L
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Notice that the concept of polynomial on the fibers of JiV makes sense, for all coordinate changes
z+— w = V¥(z) on X induce polynomial transition automorphisms on the fibers of J;V, given by a
formula

s=j
(32) (Wo W =W -fP+> > e VIE) ()

s=2 jitjat-tis=j
with suitable integer constants c;, _j, (this is easily checked by induction on s). In the case V = T,
we get the bundle of “absolute” jet differentials E,S’SLLT Y Qe E,S’%V* is decomposed into

multihomogeneous components of multidegree (¢1, 0o, ..., 0) in f', f”,..., f*) (the decomposition
is of course coordinate dependent), these multidegrees must satisfy the relation

b1+ 20+ -+ kb, =m.

The bundle E,SSLV* will be called the bundle of jet differentials of order k and weighted degree m.
It is clear from (3.2) that a coordinate change f +— W o f transforms every monomial (f ('))g =
(Y (e - (f®) of partial weighted degree |f|s := €1 + 20y 4 --- + sl, 1 < s < k, into a
polynomial (U o f)Nin (f, f”,..., f*)) which has the same partial weighted degree of order s

if {441 =--- =¥, =0, and a larger or equal partial degree of order s otherwise. Hence, for each
s=1,...,k, we get a well defined (i.e., coordinate invariant) decreasing filtration F? on E,?S’LV*
as follows:
L W) e ESGVE involvin
B3 RSy = { G T € B Bl wen
’ only monomials (f(*)¢ with |[¢|s > p

The graded terms Grzfl(EEgV*) associated with the filtration F ]ffl(E,SfiV*) are precisely the
homogeneous polynomials Q(f/, ..., f*)) whose monomials (f*)¢ all have partial weighted degree
||k—1 = p (hence their degree £, in f*) is such that m — p = kfy, and GYZ—I(EIST%V*) = 0 unless
k divides m — p). The transition automorphisms of the graded bundle are induced by coordinate
changes f — Wof, and they are described by substituting the arguments of Q(f’, ..., f (k)) according
to formula (3.2), namely fU) — (Wo ) for j < k, and f®) — W/ (f)o f*) for j = k (when j = k,
the other terms fall in the next stage F; ,ffll of the filtration). Therefore f(*) behaves as an element
of V' C T'x under coordinate changes. We thus find

(3.4) Gy (BESVS) = BEG 0 V' © S5V,

Combining all filtrations Fy together, we find inductively a filtration F'* on E,S’SLV* such that the
graded terms are

(3.5) GriY(EgOV ) = 5"V @S2V @ -0 S%V*, (e N, |, =m.
The bundles EE‘SLV* have other interesting properties. In fact,

BV = P ELV*

m=0

is in a natural way a bundle of graded algebras (the product is obtained simply by taking the product

of polynomials). There are natural inclusions E,S.GV* - E,Sf’l,V* of algebras, hence ESOG,V* =

Urk=0 EFSV* is also an algebra. Moreover, the sheaf of holomorphic sections (’)(ESOG.V*) admits a

DGG

canonical derivation given by a collection of C-linear maps

DGG : O(EI?,nGmV*) - O(El?-sl,m—&-l‘/*)a



12 JEAN-PIERRE DEMAILLY

constructed in the following way. A holomorphic section of E,?SLV* on a coordinate open set 2 C X
can be seen as a differential operator on the space of germs f : (C,0) — Q of the form

(3.6) Qf) = > Gy (F) (F)21 ()2 - (f )k

|1 |[+2|az|+-+klag|=m

in which the coefficients aq, ..., are holomorphic functions on 2. Then DGGQ is given by the formal
derivative (DSCQ)(f)(t) = d(Q(f))/dt with respect to the 1-dimensional parameter ¢ in f(t). For
example, in dimension 2, if Q € H°(Q, (’)(ng')) is the section of weighted degree 4

Q(f) = a(f1>f2) {3][5 + b(fla f2) {/27
we find that DESQ € HO(Q, O(Egj?)) is given by

0 0 ob
(DECQ)(f) = a*j‘lm,fg) "+ af;(fl,h) PIP g fo) R

L
aZQ

Associated with the graded algebra bundle EIS.GV*, we define an analytic fiber bundle

(fr. fo) o1 + alfu, f2) BICAfo + F2F3) + b(fu, fo) 261 f".

(3.7) X§9 = Proj(EgJV*) = (JiV ~ {0})/C*

over X, which has weighted projective spaces P(l[r], ol ., k[r]) as fibers (these weighted projective
spaces are singular for k > 1, but they only have quotient singularities, see [Dol81] ; here JiV ~ {0}
is the set of nonconstant jets of order k ; we refer e.g. to Hartshorne’s book [Har77] for a definition of
the Proj fonctor). As such, it possesses a canonical sheaf O xec (1) such that O XEG(m> is invertible
when m is a multiple of lem(1,2,...,k). Under the natural projection 7 : X,?G — X, the direct
image (7y).O Xge(m) coincides with polynomials

(3.8) P(z; &, &)= D o ()& &0

areNT, 1Lk

of weighted degree |a1| + 2|az| + ... + k|ag| = m on J*V with holomorphic coefficients; in other
words, we obtain precisely the sheaf of sections of the bundle EEEV* of jet differentials of order k
and degree m.

3.9. Proposition. By construction, if m : X,SG — X is the natural projection, we have the direct
image formula

(M)« Oxga(m) = O(ELR V™)
for all k and m.

3.B. INVARIANT JET DIFFERENTIALS
In the geometric context, we are not really interested in the bundles (JV ~ {0})/C* themselves,
but rather on their quotients (J; V'~ {0})/Gy (would such nice complex space quotients exist!). We
will see that the Semple bundle X} constructed in §2.D plays the role of such a quotient. First we
introduce a canonical bundle subalgebra of E,SS}V*

3.10. Definition. We introduce a subbundle Ey, ,,V* C EI?SLV*, called the bundle of invariant jet
differentials of order k and degree m, defined as follows: Ek7;,LV* is the set of polynomial differential
operators Q(f', ", ..., f®)) which are invariant under arbitrary changes of parametrization, i.e.,
for every p € Gy

Q((fop),(fop) ....(fo)®) = O)™Qf f",..., f™).
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Alternatively, Ej ,V* = (EE%V*)G% is the set of invariants of EGG V* under the action of G..
Clearly, FoooV* = Upso @mso ErmV™ is a subalgebra of EkGV* (observe however that this
algebra is not invariant under the derivation DSC, since e.g. fj” = DGG fj is not an invariant
polynomial).

3.11. Theorem. Suppose that V has rank r > 2. Let moy : X — X be the Semple jet bundles
constructed in section 2.B, and let J V™8 be the bundle of reqular k-jets of maps f : (C,0) — X,
that is, jets f such that f’( ) # 0.

(i) The quotient J V'8 /Gy, has the structure of a locally trivial bundle over X, and there is a
holomorphic embedding Jp V'8 /Gy, — X}, over X, which identifies J, V™8 /Gy, with X,°* (thus
Xy is a relative compactification of J V¢ /Gy, over X).

(ii) The direct image sheaf
(m0,5)xOx, (M) =~ O(Efm V")
can be identified with the sheaf of holomorphic sections of Ej ., V*.

(iii) For every m > 0, the relative base locus of the linear system |Ox, (m)] is equal to the set Xzing
of singular k-jets. Moreover, Ox, (1) is relatively big over X.

Proof. (i) For f € J V™2, the lifting f is obtained by taking the derivative (f,[f’]) without any
cancellation of zeroes in f’, hence we get a uniquely defined (k —1)-jet f : (C,0) — X. Inductively,
we get a well defined (k — j)-jet f; in X, and the value f;;(0) is mdependent of the choice of
the representative f for the k-jet. As the lifting process commutes with reparametrization, i.e.,
(f o9)™ = f oy and more generally (f o) = fi) © ¢, we conclude that there is a well deﬁned
set-theoretic map

V™ |Gy, — le:eg’ f mod Gy — f[k] (0).

This map is better understood in coordinates as follows. Fix coordinates (z1, ..., z,) near a point
xo € X, such that V,, = Vect(0/0z1,...,0/0z.). Let f = (f1,..., fn) be a regular k-jet tangent
to V. Then there exists i € {1,2,...,r} such that f/(0) # 0, and there is a unique reparametrization
t = ¢(7) such that fop =g = (91,92,..-,9,) With g;(7) = 7 (we just express the curve as a
graph over the z;-axis, by means of a change of parameter 7 = f;(t), i.e. t = ¢(7) = f;l(T)).
Suppose i = r for the simplicity of notation. The space X}, is a k-stage tower of P"~!-bundles.
In the corresponding inhomogeneous coordinates on these P"~!’s, the point fi(0) is given by the
collection of derivatives

((g5(0), -+, gy (0)): (91(0)s -, g1 (0)); .5 (91 (0), ..., g™, (0))).

[Recall that the other components (g,1,...,9n) can be recovered from (g1, ..., g,) by integrating
the differential system (5.10)]. Thus the map J,V*8 /Gy — X, is a bijection onto X, and the
fibers of these isomorphic bundles can be seen as unions of r affine charts ~ (C"~!)¥, associated with

each choice of the axis z; used to describe the curve as a graph. The change of parameter formula

d f,l( 7 di 4 ; expresses all derivatives g(] )(7‘) = d’ g; /d77 in terms of the derivatives fi(] )(t) =df;/dt’

()

(ghs--- g0 1) = (fl --,f'{l);

A
" el " el " / " et
fr_ rf r— f’/‘_fr r—
(3'12) (9/1/7"'797/"171):( L 3 17"'7 : /3 1); cee
(k) 1 (k) g1 / (k) ¢r
k k L =5 f A A
(gg )7- . 797(n_)1) - ( 1 f/k+1 1,‘~ ) = f/k;—|-]_ 1) + (Ordel‘ < k)

1 (k
f;2k 191( )

Also, it is easy to check that is an invariant polynomial in f/, ..., f®) of total degree

2k — 1, i.e., a section of Ej, op_1.
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(ii) Since the bundles X and Ej,,,V* are both locally trivial over X, it is sufficient to identify
sections o of Oy, (m) over a fiber X}, , = 7 (x) with the fiber Ej,,V;, at any point € X. Let
f € JpVz°® be a regular k-jet at . By (6.6), the derivative f[’k_l}(O) defines an element of the fiber
of Ox, (=1) at fj;;(0) € Xx. Hence we get a well defined complex valued operator

(3.13) QU 1", f®) = o (fug(0)) - (ff_py(0))™

Clearly, @ is holomorphic on J;V;® (by the holomorphicity of ), and the G-invariance condition
of Definition 3.10 is satisfied since f;;(0) does not depend on reparametrization and

(fo (P)/[kfl}(o) = f[,kfl}(o)@/(o)'

Now, J;V;® is the complement of a linear subspace of codimension n in J,V,, hence Q extends
holomorphically to all of J;V, ~ (C")* by Riemann’s extension theorem (here we use the hypothesis
r > 2; if r = 1, the situation is anyway not interesting since X = X for all k). Thus @ admits an
everywhere convergent power series

QU ", f)y = 37T g () ()2 (F)

aq,02,...,a ENT

The Gp-invariance (3.10) implies in particular that ) must be multihomogeneous in the sense of
(3.1), and thus @ must be a polynomial. We conclude that Q € Ej,,,,V}, as desired.

Conversely, for all w in a neighborhood of any given point wg € X}, ;, we can find a holomorphic
family of germs f,, : (C,0) — X such that (fy)p)(0) = w and (fw)’[k,_”(O) # 0 (just take the
projections to X of integral curves of (X, Vi) integrating a nonvanishing local holomorphic section
of Vj, near wp). Then every Q € Ej, ,,,V,* yields a holomorphic section o of O, (m) over the fiber
Xy o by putting

(3.14) a(w) = Q(fly firr -+ FS(O) - ((fu)p_ny(0)) ™

(ili) By what we saw in (i)-(ii), every section o of Ox,(m) over the fiber X}, is given by a
polynomial @ € Ej,,V;*, and this polynomial can be expressed on the Zariski open chart f, # 0 of
X% as

k,x

(3']‘5) Q(f,? f”’ A ?f(k)) = f7l‘m A(gl’g//’ A 7g(k))7
where @ is a polynomial and g is the reparametrization of f such that g,(7) = 7. In fact @ is

obtained from @) by substituting fl=1and fr(j ) =0 for j = 2, and conversely ) can be recovered
easily from @ by using the substitutions (3.12).

In this context, the jet differentials f — f{,..., f — f/ can be viewed as sections of Ox, (1) on a
neighborhood of the fiber X, ;. Since these sections vanish exactly on Xzing, the relative base locus
of Ox,(m) is contained in Xzing for every m > 0. We see that Ox, (1) is big by considering the

sections of Ox, (2k — 1) associated with the polynomials Q(f’, ..., f*)) = f;%*lgl(j), 1<i<r—1,
reg

1 < j < k; indeed, these sections separate all points in the open chart f # 0 of X k-

Now, we check that every section o of Ox, (m) over X}, must vanish on Xzifxlg. Pick an arbitrary
element w € X;™® and a germ of curve f : (C,0) — X such that fiw(0) = w, fj_;;(0) # 0 and
s =m(f,0) > 0 (such an f exists by Corollary 6.14). There are local coordinates (z1,...,z,) on
X such that f(t) = (fi(t),..., fu(t)) where f.(t) = t°. Let Q, @ be the polynomials associated
with o in these coordinates and let (f)*1(f”)*2---(f*))® be a monomial occurring in Q, with
a;j € N, |oj| = 45, 61+20+ -+ kl, =m. Putting 7 = t°, the curve t — f(t) becomes a
Puiseux expansion 7 — ¢(7) = (91(7),...,gr—1(7),7) in which g; is a power series in 71/* starting
with exponents of 7 at least equal to 1. The derivative g(j )(T) may involve negative powers of T,
but the exponent is always > 1 + % — j. Hence the Puiseux expansion of @(g’,g”, . 7g(k)) can
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only involve powers of 7 of exponent > — maxy((1 — )l + -+ (k—1—1)¢;). Finally f.(t) =

1-1/s thus the lowest exponent of 7 in Q(f,..., f(k)) is at least equal to

(L (e

>m}“(l‘§)€1+(1—§)£2+“'+(1—T)€k’

st =57

where the minimum is taken over all monomials (f/)®1(f"”)2 ... (f(k))o, |aj| = ¢}, occurring in Q.
Choosing s > k, we already find that the minimal exponent is positive, hence Q(f, ... ,f(k))(O) =0

and o(w) = 0 by (3.14). O
Theorem 3.11 (iii) shows that Ox, (1) is never relatively ample over X for £ > 2. In order to

overcome this difficulty, we define for every a, = (a1, ...,a;) € Z* a line bundle Ox, (a,) on Xj

such that

(3.16) OXk(a.) = WT,kOXl (a1) ® W%jkOXQ(ag) ®--®0x, (ag).

By (6.9), we have 77, Ox, (1) = Ox, (1) ® Ox,(—=7} 4 Dj+1 — -+~ — D), thus by putting D} =

7T;+1’ij+1 for 1 <j<k—1and D; =0, we find an identity

(3.17) Ox, (a,) = Ox, (by) ® Ox, (=b, - DY), where

b.:(bl,...,bk)EZk, bj:a1+---+aj,
bo-D* = Y bjmi Dy

1<j<k—1
In particular, if b, € N*¥ ie., a3 +---+ a; = 0, we get a morphism
(3.18) (’)Xk(a.) = OXk(bk) &® Oxk(—b. . D*) — OXk(bk)

The following result gives a sufficient condition for the relative nefness or ampleness of weighted
jet bundles.

3.19. Proposition. Take a very ample line bundle A on X, and consider on X}, the line bundle
Ly, = Ox, (3" 1,352 .. 3, 1) @ mf , A%

defined inductively by Ly = A and L = Ox, (1) ® 7} k—ngél' Then Vi ® L%Q is a nef vector
bundle on Xy, which is in fact generated by its global sections, for all k > 0. Equivalently

1= Ox, () @7 L8 = Ox,(2-3572,2.353 6,2, 1) @ m ,A=2%"

is nef over Xy, (and generated by sections) for all k > 1.

Let us recall that a line bundle . — X on a projective variety X is said to nef if L-C >0
for all irreducible algebraic curves C' C X, and that a vector bundle ¥ — X is said to be
nef if Op(gy(1) is nef on P(E) := P(E*); any vector bundle generated by global sections is nef
(cf. [DePS94] for more details). The statement concerning L) is obtained by projectivizing the vec-
tor bundle £ = V,* | ® L%El on Xj_1, whose associated tautological line bundle is Op E)(l) =L
on P(E) = P(Vi_1) = Xj. Also one gets inductively that

(3.20) Ly = OIP(V,C,1®L§EI)(1) ® Mg g—1Lx—1 s very ample on X.

Proof. Let X € PV be the embedding provided by A4, so that A = Opn (1);x. As is well known, if
Q@ is the tautological quotient vector bundle on PV, the twisted cotangent bundle

Tiv © Opn (2) = AV1Q
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is nef; hence its quotients T% ® A®? and V§ @ L%Z’Q = V* ® A®? are nef (any tensor power of nef
vector bundles is nef, and so is any quotient). We now proceed by induction, assuming V;* | ® L%El
to be nef, k > 1. By taking the second wedge power of the central term in (6.4'), we get an injection

0— T xp, — A (TiVie1 ® Ox, (1)).
By dualizing and twisting with Ox, ,(2) ® W;L%El, we find a surjection
A (Vi @ L) — Tk, x,_, © Ox, (2) @ mi L%, — 0.

By the induction hypothesis, we see that T)*(k SXe @ Ox,(2) ® ﬂ,jL%El is nef. Next, the dual of
(6.4) yields an exact sequence

0— Ox, (1) — V) — T)*(k/Xk_1 — 0.

As an extension of nef vector bundles is nef, the nefness of V;* ® L%Q will follow if we check that
Ox, (1) ® L,§2 and T;(k JXpa ® L?Q are both nef. However, this follows again from the induction
hypothesis if we observe that the latter implies

Ly > ﬂ-z,k—lLk—l and Ly > OXk(l) & 7Tl>:;7k;_1Llc—1

in the sense that L” > L’ if the “difference” L” @ (L')~! is nef. All statements remain valid if we
replace “nef” with “generated by sections” in the above arguments. O

3.21. Corollary. A Q-line bundle Ox, (a.) ®7T7;70A®p, a. € QF, p € Q, is nef (resp. ample) on Xy
as soon as

aj = 3aj41 forj=1,2,...,k—2 and ap_1 > 2a;, >0, p>2) aj,
resp.

aj = 3aj41 forj=1,2,...,k—2 and ap—1 > 2a;, >0, p > 2 a;.

Proof. This follows easily by taking convex combinations of the L; and L; and applying Proposi-
tion 3.19 and our observation (3.20). O

3.22. Remark. As Gy is a non-reductive group, it is a priori unclear whether the graded ring
Ankr = Ppez Erm V™ (taken pointwise over X) is finitely generated. This can be checked man-
ually ([DemO7a], [Dem07b]) for n = 2 and k < 4. Rousseau [Rou06] also checked the case n = 3,
k = 3, and then Merker [Mer08, Mer10] proved the finiteness forn = 2,3,4, k <4 andn =2, k = 5.
Recently, Bérczi and Kirwan [BeKil2] made an attempt to prove the finiteness in full generality,
but it appears that the general case is still unsettled.

3.C. FUNDAMENTAL VANISHING THEOREM

We prove here a fundamental vanishing theorem due to Siu and Yeung ([SiYe96, SiYe97], [Siu97]).
Their original proof makes use of Nevanlinna theory, especially of the logarithmic derivative lemma,
see also [Dem97| for a more detailed account (in French). An alternative simpler proof based on
the Ahlfors lemma and on algebraic properties of jet differentials can be found in [Dem18] (cf. also
[Dem95]).

3.23. Fundamental vanishing theorem. Let (X,V) be a projective directed manifold and A an
ample divisor on X. Then P(f; f',f",..., f®)) =0 for every entire curve f : (C,T¢) — (X, V)
and every global section P € HO(X, EE%V* ® O(—A4A)).

Proof. We first give a proof of 3.23 in the special case where f is a Brody curve, i.e. sup,cc || f/(¢)]|w <
+o0 with respect to a given Hermitian metric w on X. In fact, the proof is much simpler in that
case, and thanks to the Brody criterion 1.8, this is sufficient to establish the hyperbolicity of (X, V).
After raising P to a power P° and replacing O(—A) with O(—sA), one can always assume that A



A SIMPLE PROOF OF THE KOBAYASHI CONJECTURE 17

is a very ample divisor. We interpret E,S‘SLV* ® O(—A) as the bundle of complex valued differential
operators whose coefficients a,(z) vanish along A.

Fix a finite open covering of X by coordinate balls B(p;, R;) such that the balls B;(p;, R;/4)
still cover X. As f’ is bounded, there exists § > 0 such that for f(to) € B(p;, Rj/4) we have
f(t) € B(pj, Rj/2) whenever |t — to| < 0, uniformly for every ty € C. The Cauchy inequalities
applied to the components of f in each of the balls imply that the derivatives fU )(t) are bounded
on C, and therefore, since the coefficients a,(z) of P are also uniformly bounded on each of the
balls B(p;, R;/2) we conclude that g := P(f; ', f",..., f*)) is a bounded holomorphic function
on C. After moving A in the linear system | A|, we may further assume that Supp A intersects f(C).
Then g vanishes somewhere, hence g = 0 by Liouville’s theorem, as expected.

Next we consider the case where P € HY(X, Ey,,V* ® O(—A)) is an invariant differential op-
erator. We may of course assume P ## 0. Then we get an associated non-zero section o €
HY (X, Ox,(m) ® T 0O(—A)). Thanks to Corollary 3.21, the line bundle

L = 0x,.(as) ® m; gO(pA) = Ox;, (m') @ Ox, (=bs - D*) @ m} ;O(pA)

is ample on X}, for suitable by > 0 and m/,p > 0. Let hy be a smooth metric on L such that
wr = Oy, is a Kahler metric on Xj. Then we can produce a singular hermitian metric h on
Ox, (—1) by putting

€lln = (lo? - €+, -) ), € € Ox, (1),

and viewing o® - &P+t as an element in Oy, (—m') ® T 00(—pA) C O(L™1Y). The metric h has
a weight e¥ that is continuous, with zeroes contained in the union of {¢ = 0} and of the vertical
divisor D*. Moreover the curvature tensor @(’Jxk(l)ﬁ*l = 5-00logh satisfies by construction
@OXk(l)Jl—l > (pm + m/)"lwg. On the other hand, the continuity of the weight of h and the
compactness of X, imply that there exists a constant C' > 0 such that ||dry ,—1(n)||n < C|n]|w, for
all vectors 1 € Vj, (notice that £ = dmy ,—1(n) € Ox,(—1)). Now, the derivative f[’kfl] can be seen
as a section of fj,O x,(—1), and we use this to define a singular hermitian metric y(t) ¢ dt A dt on

C by taking
v(t) = Hf[/kq](t)ﬂi(f[k](t))-

If fi(C) is not contained in the divisor {¢ = 0}, then 7 is not identically zero and, in the sense of
distributions, we find

U oom * —1 px — —

%cfwlogv 2 fi)@ox, (1),h-1 2 (pm +m/) 1f[k]wk >C Hpm+m/) 1.
The final inequality comes from the inequality relating h and wy when we take n = f[’k} (t) and
& = f[’k_l] (t). However, the Ahlfors lemma shows that a hermitian metric on C with negative

curvature bounded away from 0 cannot exist, thus we must have fj;,)(C) C {o = 0}. This proves our
vanishing theorem in the case where P is invariant. The general case of a nonnecessarily invariant
operator P will not be used here; a proof can be obtained by decomposing P into invariant parts
and using an induction on m (cf. [Deml18] for details), or alternatively by means of Nevanlinna
theory arguments ([SiYe97], [Siu97], see also [Dem97]). O

Especially, we can apply the above vanishing theorem for any global invariant jet differential
P e HX, B, V* @ O(—A)). In that case, P corresponds bijectively to a section

(3.24) o€ H(X, Ox,,(m) @ mp, (O(=A)),

and assuming P # 0, the vanishing theorem can be reinterpreted by stating that fi;(C) is contained
in the zero divisor Z, C Xy. Let Ar = Uscpey, 7} ;(Dy) be the union of the vertical divisors (see
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(2.22) and (2.23)). Then f};)(C) cannot be contained in Ay (as otherwise we would have f'(t) = 0
identically). We define the k-stage Green-Griffiths locus of (X, V') to be the Zariski closure

(3.25) GOH(X, V) = (Xp~ AN (base locus of Oy, (m) ® W;;OO(—A))
meN

(trivially independent of the choice of A), and

(3.26) GG(X,V) = [ mro(GGr(X,V)).
keN*

Then Theorem 3.23 implies that fj;(C) must be contained in GG (X, V) for every entire curve
f:(C,Tc) — (X, V), and also that f(C) C GG(X,V).

3.27. Corollary. If GG(X,V) =0, then (X,V) is hyperbolic. In particular, if there exists k > 1
and a weight as € N¥ such that Ox, (as) is ample on X}, then (X, V) is hyperbolic.

It should be observed that Corollary 3.27 yields a sufficient condition for hyperbolicity, but this
is not a necessary condition. In fact, if we take X = C7 x 5 to be a product of curves of genus > 2
and V = T, it is easily checked that GG(X) = GG(X,Tx) = X. More general examples have
been found by Diverio and Rousseau [DR15]. In a similar way, the Green-Griffiths-Lang conjecture
holds for (X,V) if Y := GG(X,V) C X, but this is only a sufficient condition. The following
fundamental existence theorem, however, has been proved in [Deml1], using holomorphic Morse
inequalities of [Dem85] as an essential tool. We only state the main result, as it will not be used
here.

3.28. Theorem. Let (X, V) be a projective directed manifold of general type, in the sense that the
sheaf Ky of locally bounded sections of O(det V*) is big. Let A be an ample Q-divisor on X such
that O(det V*) @ O(—A) is still ample. Then

N m 1 1
H0<Xk,(’)xk(m) ®7Tk’0(’)< . H<1 R k)A)) £0
for m >k > 1 and m sufficiently divisible (so that the multiple of A is an integral divisor). In
particular GG (X, V) C Xy for k> 1.

4. EXISTENCE OF HYPERBOLIC HYPERSURFACES OF LOW DEGREE

We give here a self-contained proof of the existence of hyperbolic surfaces of low degree in
P+l using various techniques borrowed from the work of Toda [Toda71], Fujimoto [Fuj74], Green
[Gre75], Nadel [Nad89], Siu-Yeung [SiYe96], Masuda-Noguchi [MaNo096] and Shiffman-Zaidenberg
[ShZa02]. The main idea is to produce ad hoc differential equations for entire curves by means of
Wronskian operators. This can be seen as a variation of Nadel’s approach, that was actually based
on Wronkians associated with meromorphic connections — Wronskian operators have the advan-
tage of being much easier to handle than general jet differentials, thanks to their straightforward
relationship with linear degeneracy.

4.A. GENERAL WRONSKIAN OPERATORS
This section follows closely the work of D. Brotbek [Brot17]. Let U be an open set of a complex

manifold X, dim X = n, and sq, ..., sy € Ox(U) be holomorphic functions. To these functions, we
can associate a Wronskian operator of order k defined by
so(f) si(f) o sk(f)
D(so(f))  D(si(f)) --- D(sk(f))
(4.1) Wilso, o s0)(F) = | . | s

D*(so(f)) D"(s1(f)) ... DM(su(f))
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where f:t— f(t) € U C X is a germ of holomorphic curve (or a k-jet of curve), and D = %. For
a biholomorphic change of variable ¢ of (C,0), we find by induction on ¢ polynomial differential
operators Qy; of order < £ acting on ¢ satisfying

Di(sj(fo)) = ¢ Di(sj(f))ow+ > Qui(@,....09) D' (s;(f)) o p.
i<l
It follows easily from this that
Wi(s0,- -, s1)(f 0 9) = (&) 25 Wi (s0,.. ., s1)(f) 0 ¢,

hence Wy(so, ..., s,)(f) is an invariant differential operator of degree k' = 1k(k + 1). Especially,
we get in this way a section that we denote

S S PN Sk
(4.2) Wi(so, - s6) = | . : .| € HOU, By pT%).
D¥(sg) DF(s1) ... DF(sp)

4.3. Proposition. These Wronskian operators satisfy the following properties.
(a) Wi(so,...,sk) is C-multilinear and alternate in (so, ..., Sk).
(b) For any g € Ox(U), we have

Wi(gso, - - -, gsK) = " Wi(so, - ..., sp).

Property 4.3 (b) is an easy consequence of the Leibniz formula

¢
l _
D550 = 3 (1) a0 s )
k=0
by performing linear combinations of rows in the determinants. This property implies in its turn
that one can define more generally an operator

(4.4) Wi(s0, -, sx) € HO(U, By pTx ® LM
for any (k+1)-tuple of sections s, ..., s, € HO(U, L) of a holomorphic line bundle L — X. In fact,
when we compute the Wronskian in a local trivialization of L7, Property 4.3 (b) shows that the

determinant is independent of the trivialization. Moreover, if g € H°(U,G) for some line bundle
G — X, we have

(4.5) Wk(gSO, R ,gsk) = gk+1Wk(80, R ,Sk) S HO(U, Ek:,k’T;( & Lkt & Gk+1).
For global sections oy, ...,0r € H°(X, L), we thus get a Wronskian operator
(4.6) Wi(s0, .-, 1) € H( Xy, Ox, (k') @ mj; o L)

on the k-stage Xj of the Semple tower. Very roughly, the idea for the construction of hyperbolic
hypersurfaces is apply the fundamental vanishing theorem 3.23 to show that all entire curves have
to satisfy certain Wronskian equations, leading in fine to exclude their existence. However, the
vanishing theorem only holds for jet differentials in H%(Xy, Ox, (k') ® 7TZ,70A_1) with A > 0, while
the existence of suitable sections s; € H (X, L) can be achieved only when L is ample, so the stategy
seems a priori unapplicable. It turns out that one can sometimes arrange the Wronkian operator
coefficients to be divisible by a section oo € H?(X, Ox(A)) possessing a large zero divisor A, so
that

(4.7) ox Wi(s0,- ., sx) € HY(Xy, Ox, (K) @ mf, o (LM @ Ox (=A))),

and we can then hope that L¥¥1 @ Ox(—A)) < 0. The strategy is to find a variety X and sections
00, -..,0, € HY(X, L) for which the associated Wronskian Wy(sq, ..., sx) is highly divisible.
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4.B. HYPERBOLICITY OF CERTAIN FERMAT-WARING HYPERSURFACES

Let Z be a non-singular (n+ 1)-dimensional projective variety, and let A be a very ample divisor
on Z; the fundamental example is of course Z = P"*! and A = Opnt1(1). Our goal is to show
that a well chosen (n-dimensional) hypersurface X = {z € Z; o(z) = 0} defined by a section
o€ HZ, Ad), d > 1, is Kobayashi hyperbolic. The construction explained below follows closely
the ideas of Shiffman-Zaidenberg [ShZa02] and is based similarly on a use of Fermat-Waring type
hypersurfaces. Our proof is however completely self-contained. The reader can consult Brody-
Green [BrGr77], Nadel [Nad89] and Masuda-Noguchi [MaNo96] for constructions based on other
techniques.

4.8. Theorem. Let Z be a non-singular (n + 1)-dimensional projective variety, A a very ample
divisor on Z, and 7; € H%(Z, A), 0 < j < N, sufficiently general sections. Then for N > 2n and
d > N2, the hypersurface X = o~ 1(0) associated with o = Zogg‘gN T]d € H°(Z, A% is Kobayashi
hyperbolic.

In particular, Theorem 4.8 provides examples of hyperbolic hypersurfaces of P*+! for all n > 1
and all degrees d > 4n?. A substantially improved bound d > [(n + 3)2?/4] has been obtained
recently by [DTH16] via a deformation argument for certain unions of hyperplanes, but the methods
are quite different from the techniques used here. As in [ShZa02], the main step of our proof is the
following proposition due to Toda [Toda71], Fujimoto [Fuj74] and Green [Gre75].

4.9. Proposition. Let gj : C — C, 0 < j < N, be non-zero entire functions such that the curve
g=1lgo:...: gn]:C — PN satisfies ZOgjgNg;l =0. If d > N?, there exists a partition Jy,...,J,
of {0,1,..., N} such that |Js| > 2, g;/g; is constant for all i,j € Js, and 3, ;. g? = 0 for all
s=1,2,...,q. If g is nonconstant, we must have q > 2.

Proof. The result is true for N = 1 (with a single J; = {0, 1}), and for higher values N > 2 we apply
induction and use vanishing arguments for Wronskians. The map g = [go : ... : gn] : C = PV can

be seen as an entire curve drawn in the (smooth, irreducible) Fermat hypersurface Y =) J<N zjd

of PN. We set k = N — 1 and consider on Y the Wronskian operator

Wi(so,...,5,) where s;(2) = zjc-l, sj € HY(Y,0(d)).

Then
WN_l(S(), RN 3N—1) S HO(Y, Ek,k/T;} X O(Nd))
Since D(s;) is divisible by z;l_k for ¢ < k, we conclude that Wx_1(so,...,sn—1) is divisible by
[Ticn zjl*k. However, as so = —(s1+ ...+ sy) on Y, we get
Wr_1(s0,---»sn-1) = (=) Wn_1(s1,...,5n)
and conclude that Wx_1(sg,...,Sny—1) must be also divisible by z?v_k. Since the {z; = 0},

0 < j < N, form a normal crossing divisor on Y, we infer that

W= ] % “"Wx_ilso,....s8-1) € H(Y, By Ty © O(Nd — (N + 1)(d — k)))

OGN
ie. W e HOY(Y, Ex Ty @ O(N? — 1 —d)). By the fundamental vanishing theorem, we must have
W(g) = 0. Since this is equivalent to the vanishing of the determinant det(Dz(g?)), we conclude
that the functions gg, cee gflv_l must be linearly dependent. After eliminating zero coefficients,
we find a linear relation o\, ckg;.l(k) =0 with ¢, € C*, j(k) < N—land 1 < p < N —1.
The induction hypothesis applied to the functions c,lﬁ/ dgj(k), implies that at least two of them are
proportional. By grouping together the g;’s that are proportional in the identity ZO< J<N g;l =0,
we find a partition (Js)1<s<q of {0,1,..., N} and relations of the form ., g}i = /\59?;7 Js € Js.
Moreover we get >, <s<q s g?s = 0 with strictly less than N 4 1 functions g;, involved, all of them
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being pairwise nonproportional. This contradicts the induction hypothesis unless all coefficients
As are zero, and we must then have |Js| > 2. The case ¢ = 1 corrresponds to g being constant.
Proposition 4.9 follows. O

Proof of Theorem 4.8. We argue by induction on n > 1. For n = 1, an easy adjunction argument
shows that it is enough to take d > 4: sections of A can be used to embed the polarized surface (Z, A)
in PV (e.g. with N = 5), and whenever X = 0~1(0) is a smooth curve, we have Kx = Kz;x ® A?
and a surjective restriction morphism Q2y — Kz = A°T}. As Q2 © O(3) = AN=2(Tpn @ O(—1))
is generated by sections, one sees that Kz ® A3 is also generated by sections, hence Kx is ample
for d > 4.

Now, assume that the result is already proved for n — 1 and consider a (non-constant) entire
curve f: C — X where X = {} 1,y 7'](-1 = 0} C Z. For suitably chosen sections 7; € H°(Z, A),
0<j<Nand N>dimZ=n-+1,themap 7 := [0 : ... : 7] : Z — PV can be taken to be
a generically finite morphism. If 7; o f vanishes for some j, say j = N, then f is drawn in the
hypersurface X’ of Z' = 7,'(0) associated with ¢/ = > 0<i<N-1 T]d. We can suppose that Z’ is
smooth and, by the induction hypothesis for (n — 1, N — 1), that X’ is hyperbolic (notice that
N —12>2(n—1)and d > (N — 1)?); this is a contradiction.

Without loss of generality, we can thus assume that all sections g; := 7j o f are non-zero. Also
suppose that g = 7o f is nonconstant. By definition of X, we have Zog J<N g;l = 0, and Proposition
4.9 shows that there exists a partition J = {Ji,...,Jy} of {0,1,..., N} such that ¢ > 2, |Js| > 2,
and the ratios g;//g; are constant for j,j" € J,, and Zjer g§l =0 forall s =1,2,...,q. Set
js = minJs and w; = g;/gj, € C* for j € Jy~ {js}. Then g={[go:...: gn] =7o fis drawn in a
projective linear subspace Y., C PN=1 of dimension ¢ — 1 defined by the equations

(4.10) Yiw:z =wjz, forjeldo~{j}, 1+ >  wi=0, 1<s<q
J€Js~{js}

Theorem 4.8 is now a consequence of the following lemma, which forces ¢ = 7o f, and hence f, to
be constant. O

4.11. Lemma. For N > 2n and 7; € HO(Z, A) sufficiently general, 0 < j < N, the hypersurface
X = {Docjcn T]d = 0} is smooth and the map T = [19,... : 78] : Z — PV has a restriction
7: X — PN that is a finite morphism. Moreover, for all partitions J = {J} and all choices of
w = (w;) € (C)YNH1=4 a5 in (4.10), the set 771(Yy,,) is finite.

Proof. Let (01,...,0m) be a basis of H%(Z, A). We write 7; = >, _,c,, aje0¢ and consider the
matrix a = (aj) € C™WV+D. The singular locus of X = {2 0<jen Tjd = 0} is described by the
equations

> <Z ajeae(:c)>d=0, ais< > < > ajgag(x)y) —0, 1<s<n+l1

0N M 1<l<p 0<j<N M1<l<m

in coordinates. As the o,’s generate all 1-jets at every point x € X, we have (n + 2) independent
equations in terms of a, hence the bad locus L of points (z,a) € Z X C™WV+1) admits a fibration
pr; : L — Z whose fibers are of dimension m(N + 1) — (n + 2) in C™N+1. Therefore we get
dim L < m(N +1) — 1 and pry(L) does not cover C™N+1) " Any matrix a taken in the complement
C™N+D  pry(L) will produce a smooth hypersurface X.

Similary, as the oy’s separate points of Z, the set S of triples (z1,22,a) € Z x Z X Cm(N+1)
with z1,29 € X, 1 # x2 and 7(x1) = 7(z2) is such that the fibers of S — Z x Z in CmN+D) are
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described by N + 1 independent equations

> < 2. aﬂaé(fcl)>d:07 [ D> o)

0<G<N N 1<b<p 1<t<m ] A

Therefore dim S = dim(Z x Z)+m(N+1)—(N+1) < m(N+1)41 and the projection S — C™N+1)
has a fiber of dimension at most 1 over a generic point a € C™N*+1)_ For such a choice of a, if
F =717Y(y) is a fiber of 7 : X — PV then S contains F' x F'\. A, hence we must have dim F = 0,
and all fibers F' are finite.

In order to study the finiteness of 771(Y},), we look at the incidence variety V; of 4-tuples
(21, 22,a,w) € Z% x C™WN+1) » Wy such that z1 # 9 and T(x1) = 7(x2) € Y, where Wy is the
set of points w = (w;) such that 1+ EjeJS\{js} wf =0, 1 < s < ¢q. Notice that we have only
finitely many subvarieties W involved, and that dim W; = > (|Js| —2) = N + 1 — 2q. The variety
Vy is defined by 2(N 4+ 1 — ¢q) + ¢ — 1 linear equations in the aj, :

> (aje —wjaj)on(z:) =0, jeJ~{js}, 1<s<gq i=12

:|: Z CngO’g(.CCQ) GPN.

1<0<m }OéjSN

1<4<m

-1
[ Z ajséaf(ml):l :[ E ajsgag(a:g)} e P,
1<l<m 1<s<q 1<0<m 1<s<q

These equations are independent: this is again a consequence of the fact that the o,’s separate
points of Z. The dimension of V; is thus

dimVy=m(N+1)+2n+1)+(N+1-2¢) — (2(N+1—¢q)+(¢—1))
=m(N+1)+2n+2—-N —q.

For ¢ > 2 and N > 2n, we have dim V; < n(N + 1), therefore the projection V; — C™N+1) has
finite fibers over a Zariski open set C™N+1) < §;. Hence, for a € CNV+1) J Sy, we infer that
all sets 771(Y,,) are finite. (For N > 2n + 1, we could even take a outside of the projections
of the incidence varieties V;, and in that case, for a generic, the sets Tfl(YJ,w) have at most one
point). O

5. PROOF OF THE KOBAYASHI CONJECTURE
ON THE HYPERBOLICITY OF GENERAL HYPERSURFACES

In this section, our more ambitious goal is to give a simple proof of the Kobayashi conjec-
ture, combining ideas of Green-Griffiths [GrGr79], Demailly [Dem95], Brotbek [Brotl7] and Ya
Deng [Dengl6], in chronological order. Related ideas had been used earlier in [Xiel5] and then in
[BrDal7], to establish Debarre’s conjecture on the ampleness of the cotangent bundle of generic
complete intersections, when their codimension is at least equal to the dimension.

5.A. USING BLOW-UPS OF WRONSKIAN IDEAL SHEAVES

Let X be a projective non-singular algebraic variety and L — X a line bundle over X. We con-
sider a linear system ¥ C H°(X, L) producing some non-zero Wronskian sections Wy(so, ..., sk),
so that dim ¥ > k+1. As the Wronskian is alternate and multilinear in the arguments s;, we get a
meromorphic map X}, ---> P(A¥+12*) by sending a k-jet v = fi](0) € X}, to the point of projective
coordinates [Wy(wig, - - -, i) (f)(0)]i,....ir.» Where (uj)jes is a basis of ¥ and i,...,i, € J are in
increasing order. This assignment factorizes through the Pliicker embedding into a meromorphic
map

O Xy - Gry1(2)

into the Grassmannian of dimension k + 1 subspaces of ¥* (or codimension k + 1 subspaces of
¥, alternatively). In fact, if Ljy ~ U x C is a trivialization of L in a neighborhood of a point
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zo = f(0) € X, we can consider the map ¥y : X — Hom(X, C*+1) given by
Too(U) 3 fuy = (s = (D*(s(f))o<e<k))

and associate either the kernel = C ¥ of Wy (f])), seen as a point = € Gryy1(2), or ARFIEL
AFTIY* seen as a point of P(A*F1X*) (assuming that we are at a point where the rank is equal
to k+1). Let Og;(1) be the tautological very ample line bundle on Gryy1(X) (equal to the
restriction of Oppr+13+)(1)). By construction, ® is induced by the linear system of sections

Wk(uio, e ulk) S HO(Xk, OXk (k/) & 71':70Lk+1),
and we thus get a natural isomorphism
(5.1) Ox, () @ 7} o L' ~ @* O (1) on Xy, \ By,

where By C X} is the base locus of our linear system of Wronskians. The presence of the indeter-
minacy set B may create trouble in analyzing the positivity of our line bundles, so we are going to
use an appropriate blow-up to resolve the indeterminacies. For this purpose, we introduce the ideal
sheaf Ji s C Oy, generated by the linear system X, and take a modification py s : )?kj; — X

in such a way that p; wJrx = O)?kz(_FkvE) for some divisor Fj x; in )?k,g. Then @ is resolved

into a morphism ® oy x; )?k:,E — Grg41(2), and on )/fkg, (5.1) becomes an everywhere defined
isomorphism

(5.2) pi s (Ox, (k) @ 7 o L") @ 0%, o(~Frx) = (® 0 ppx)* Ocr(1).

In fact, we can simply take Xk to be the normalized blow-up of Jj s, i.e. the normalization of the
closure I' C X}, x Gry41(X) of the graph of ® and pyx @ X — X to be the composition of the
normalization map X; — I' with the first projection I' — Xj. [The Hironaka desingularization

theorem would possibly allow us to replace X}, by a nonsingular modification, and F} s, by a simple
normal crossing divisor on the desingularization; we will avoid doing so here, as we would otherwise
need to show the existence of universal desingularizations when (X, ¥;) is a family of linear systems
of k-jets of sections associated with a family of algebraic Varieties]. The following basic lemma was
observed by Ya Deng [Dengl6].

5.3. Lemma. Locally over coordinate open sets U C X on which Ly s trivial, there is a maximal
“Wronskian ideal sheaf” jkx D Ji,x in Ox, achieved by linear systems ¥ C HO(U,L). It is attained
globally on X whenever the linear system ¥ C HY(X, L) generates k-jets of sections of L at every
point. Finally, it is “universal” in the sense that is does not depend on L and behaves functorially
under immersions: if ¥ : X — Y is an immersion and j,;x, Jky are the corresponding Wronskian
ideal sheaves in Ox, , Oy, , then @ZJZJkY = J,;X with respect to the induced immersion vy : X — Yi.

Proof. The (local) existence of such a maximal ideal sheaf is merely a consequence of the strong Noe-
therian property of coherent ideals. As observed at the end of section 2.D, the bundle X; — X is a
locally trivial tower of P"~!-bundles, with a fiber R,, . that is a rational k(n — 1)-dimensional vari-
ety; over any coordinate open set U C X equipped with local coordinates (z1,. .., z,) € B(0,r) C C",
it is isomorphic to the product U x R, j, the fiber over a point xy € U being identified with the
central fiber through a translation (¢t — f(t)) — (t — zo+ f(t)) of germs of curves. In this setting,
J,;X is generated by the functions in Ox, associated with Wronskians

Xiiw 3 €= fig = Wi(so,- -, s6)(f) € Ox, (K)ir, .. s5 € H(U,Ox),
by taking local trivializations Ox, (k')¢, ~ Ox, ¢ at points {§y € Xj. In fact, it is enough to

take Wronskians associated with polynomials s; € Clz1,. .., 2,]. To see this, one can e.g. invoke
Krull’s lemma for local rings, which implies ij,go = ﬂego(jkx,go + mgrl), and to observe that /-jets

of Wronskians W(so, ..., sk) (mod mgl) depend only on the (k + /)-jets of the sections s; in

Ox 2o /mEFT1 where 29 = m40(£). Therefore, polynomial sections s; or arbitrary holomorphic
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functions s; define the same ¢-jets of Wronskians for any ¢. Now, in the case of polynomials, it
is clear that translations (¢ — f(t)) — (¢t = xo + f(t)) leave JX invariant, hence JX is the
pull-back by the second projection Xy iy ~ U x R, — Ry of its restriction to any of the fibers
F];(l](x()) ~ R, k. As the k-jets of the s;’s at zg are sufficient to determine the restriction of our
Wronskians to W];(l)(l‘o), the first two claims of Lemma 5.3 follow. The universality property comes
from the fact that Ly is trivial (cf. (4.3 b)) and that germs of sections of Ox extend to germs of
sections of Oy via the immersion 1. (Notice that in this discussion, one may have to pick Taylor
expansions of order > k for f to reach all points of the fiber W];(l)(iv()), the order 2k — 1 being
sufficient by [Dem95], Prop. 5.11, but this fact does not play any role here). A consequence of
universality is that ij does not depend on coordinates nor on the geometry of X. O

The above discussion combined with Lemma 5.3 leads to the following statement.

5.4. Proposition. Assume that L generates all k-jets of sections (e.g. take L = AP with A very
ample and p > k), and let ¥ C H°(X, L) be a linear system that also generates k-jets of sections
at any point of X. Then we have a universal isomorphism

1 (Ox, (k) @ mp o L) @ O%, 5 (7Fk) = (P o 1) Oy, (2)(1),

where iy, )?k — X, is the normalized blow-up of the (maximal) ideal sheaf ij C Oy, associated
with order k Wronskians, and F}, the universal divisor of X resolving ij.

5.B. SPECIALIZATION TO SUITABLE HYPERSURFACES

As in §4.B, let Z be a non-singular (n + 1)-dimensional projective variety polarized with a
very ample divisor A. We are going to show that a sufficiently general algebraic hypersurface
X ={r € Z; o(x) =0} defined by o € H(Z, A%) is Kobayashi hyperbolic when d is large. Brot-
bek’s main idea developed in [Brot17] is that a carefully selected hypersurface (of a more compli-
cated type than the Fermat-Waring hypersurfaces considered in §4) may have enough Wronskian
sections to directly imply the ampleness of some tautological jet line bundle — a Zariski open
property. Here, we take ¢ be a sum of terms

(5.5) o= Z ajm;s-, a; € HY(Z, AP), mj € HYZ, A%, n< N <k, d=6b+p,
0<j<N

where 6 > 1 and the m; are “monomials” of the same degree b, i.e. product ofs b “linear” sections
71 € H%(Z, A), and the factors a; are general enough. The integer p is taken in the range [k, k+b—1],
first to ensure that H(Z, AP) generates k-jets of sections, and second, to allow d to be an arbitrary
large integer (once § > dp has been chosen large enough).

The monomials m; will be chosen in such a way that for suitable ce N, 1 < ¢ < N, any
subfamily of ¢ terms m; shares a common factor 7; € H%(X, A). To this end, we consider all
subsets I C {0,1,..., N} with card I = ¢; there are B = (le) subsets of this type. For all such I,
we select sections 77 € H?(Z, A) such that [[;77 = 0 is a simple normal crossing divisor in Z
(with all of its components of multiplicity 1). For 7 = 0,1,..., N given, the number of subsets I
containing j is b = (ijl). We put

(5.6) m; = [[ 7 € H(Z, A).
IEY]
The first step consists in checking that we can achieve X to be smooth with these constraints.

5.7. Lemma. Assume N > c(n+1). Then, for a generic choice of the sections a; € H(Z, AP) and
1 € H%(Z, A), the hypersurface X = o=1(0) C Z defined by (5.5-5.6) is non-singular. Moreover,
under the same condition for N, the intersection of [[ 71 = 0 with X can be taken to be a simple
normal crossing divisor in X.
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Proof. As the properties considered in the Lemma are Zariski open properties in terms of the
(N + B + 1)-tuple (a;,77), it is sufficient to prove the result for a specific choice of the a;’s: we
fix here a; = %ij(;)l where 7; € H%(X,A), 0 < j < N are new sections such that []7; [[7r = 0
is a simple normal crossing divisor, and I(j) is any subset of cardinal ¢ containing j. Let H be
the hypersurface of degree d of PN*8 defined in homogeneous coordinates (2j,21) € CN+B+L by

h(z) = 0 where
h(z) = Z zjz?(_j)l Hz?,

0<ySN I>j

and consider the morphism ® : Z — PN*5 guch that ®(z) = (7;(z), 77(x)). With our choice of
the a;’s, we have 0 = h o ®. Now, when the 7; and 77 are general enough, the map ® defines an
embedding of Z into PNtB (for this, one needs N + B > 2dim Z + 1 = 2n + 3, which is the case
by our assumptions). Then, by definition, X is isomorphic to the intersection of H with ®(Z).
Changing generically the 7; and 7;’s can be achieved by composing ® with a generic automorphism
g € Aut(PN*tB) = PGLxy511(C) (as GLyyp11(C) acts transitively on (N + B + 1)-tuples of
linearly independent linear forms). As dimgo ®(Z) = dimZ = n + 1, Lemma 5.7 will follow from
a standard Bertini argument if we can check that Sing(H) has codimension at least n+ 2 in PV*+5.
In fact, this condition implies Sing(H) N (go ®(Z)) = () for g generic, while g o ®(Z) can be chosen
transverse to Reg(H). Now, a sufficient condition for smoothness is that one of the differentials dz;,
0 < j < N, appears with a non-zero factor in dh(z) (just neglect the other differentials *dz in this
argument). We infer from this and the fact that § > 2 that Sing(H) consists of the locus defined by
Hlsj zr =0forall j =0,1,...,N. It is the union of the linear subspaces zj, = ... = z7,, = 0 for all
possible choices of subsets I; such that I; 5 j. Since card I; = ¢, the equality |JI; = {0,1,..., N}
implies that there are at least [(N + 1)/c| distinct subsets I; involved in each of these linear
subspaces, and the equality can be reached. Therefore codim Sing(H) = [(N 4+ 1)/c] > n+ 2 as
soon as N > ¢(n + 1). By the same argument, we can assume that the intersection of Z with at
least (n+ 2) distinct hyperplanes z; = 0 is empty. In order that [[ 77 = 0 defines a normal crossing
divisor at a point x € X, it is sufficient to ensure that for any family G of coordinate hyperplanes
z1 =0, I € G, with cardG < n+1, we have a “free” index j ¢ (J;cg I such that z; # 0 for all I > j,
so that dh involves a non-zero term *dz; independent of the dz;, I € G. If this fails, there must
be at least (n + 2) hyperplanes z; = 0 containing x, associated either with I € G, or with other
I’s covering B( Ureg ! ) The corresponding bad locus is of codimension at least (n + 2) in PN*+5
and can be avoided by g(®(Z)) for a generic choice of g € Aut(PV*5). Then X N (¢ 77 10) is
smooth of codimension equal to card G. O

5.C. CONSTRUCTION OF HIGHLY DIVISIBLE WRONSKIANS

To any families s, 7 of sections s1,...,s. € H(Z, A¥), #,..., 7%, € H°(Z, A), and any subset .J C
{0,1,..., N} with card J = ¢, we associate a Wronskian operator of order k (i.e. a (k+1) x (k+1)-
determinant)

(5.8) Wistag = Wi(s17{ 7%, .. 5735 % (aym));c0s), r=k+c—N, [LJ]]=N-c

We assume here again that the 7; are chosen so that [[7; [[ 77 = 0 defines a simple normal crossing
divisor in Z and X. Since sj%;l_k, ajm§ € HY(Z, A%), formula (4.6) applied with L = A¢ implies
that

(5.9) Wisras € HN(Z, By Ty @ AkTDY),

However, we are going to see that Wy, 5 » , ; and its restriction Wy, 5 7 o j; x are divisible by monomials
778 of very large degree, where 7, resp. 7, denotes the collection of sections 7j, resp. 77 in H Y%z, A).
In this way, we will see that we can even obtain a negative exponent of A after simplifying 7%7%
in Wi s.#4,71x- This simplification process is a generalization of techniques already considered by
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[Siu87] and [Nad89] (and later [DeEG97]), in relation with the use of meromorphic connections of
low pole order.

5.10. Lemma. Assume that 6 > k. Then the Wronskian operator Wi, s 2 o.7, 1€5p. Wi s 4 0. 71X, 18
divisible by a monomial 775, resp. TaTﬁTg * (with a multi-index notation 777 = H%jaj L"),
and

a,20, |of=r(d-2k), |Bl=(N+1-c)(—k)b.

Proof. Wy, s #.4,7 is obtained as a determinant whose r first columns are the derivatives Dg(sj Ajd k)

and the last N + 1 — ¢ columns are the D(a; j), divisible respectively by T]d 2k and m? ko As
mJ is of the form 77, |y| = b, this implies the divisibility of W}, s+, s by a monomial of the form

778 as asserted. Now, we explain why one can gain the additional factor TJ k¥ dividing the
restriction W, 7 o 71x. First notice that 7; does not appear as a factor in 7 arB precisely because
the Wronskian involves only terms ajmg with j ¢ J, hence these m;’s do not contain 7;. Let us

pick jo = min(CJ) € {0,1,... ,N}. Since X is defined by 3 o<y ajm§ = 0, we have identically
ajom Z a;mi — Z aim
eJ ieCI~{jo0}
in restriction to X, whence (by the alternate property of Wi(e))
WkSTaJ ZWk 517—1 ’ SrAd k azm(S (a]mﬁ)jeﬂj\{jo})(x
ieJ

However, all terms m;, i € .J, contain by definition the factor 7, and the derivatives D(e) leave us
a factor m5 * at least. Therefore, the above restricted Wronskian is also divisible by T}S*k , thanks
fo the fact that [17; [17r = 0 forms a simple normal crossing divisor in X. O

5.11. Corollary. For § > k, there exists a monomial 7757 dividing Wi.s,#.a,71x such that
lag|+ 187l =(k+c—N)(d—2k)+(N+1—¢c)(d —k)b+ (6 — k)

and we have .
Whsaix = (FP) Wy 50 1x € HY(X, By Tx ® A7P),

where

(5.12) p=laj|+|6s|—(k+1)d=(—k)—(k+c—N)2k— (N +1+c)(kb+p).

In particular, we have p > 0 for § large enough (all other parameters being fized or bounded), and
under this assumption, the fundamental vanishing theorem implies that all entire curves f : C — X
are annihilated by these Wronskian operators.

Proof. 1In fact,
(k+1)d=(k+c—N)d+(N+1-c)d=(k+c—N)d+ (N +1—c¢)(6b+ p)
and we get (5.12) by subtraction. O

5.D. CONTROL OF THE BASE LOCUS FOR SUFFICIENTLY GENERAL COEFFICIENTS a; IN o

The next step is to control more precisely the base locus of these Wronskians and to find condi-
tions on N, k, ¢, d = bd + p ensuring that the base locus is empty for a generic choice of the sections
aj in 0 = ) ajm; . Although we will not formally use it, the next lemma is useful to realize that
the base locus is related to a natural rank condition.

5.13. Lemma. Set u; := a]m;s

s, T vary, consists of jets fy(0) € X such that the matriz (D (uy o )(0))o<r<k, jets s not of
mazimal rank (i.e., of rank < cardCJ = N +1—¢); if § > k, this includes all jets fi(0) such that

The base locus in Xreg of the above Wronskians Wy, s 2 4 j1x, when
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f(0) € UI;H TI_I(O). When J also varies, the base locus of all Wy, s+ o s1x in the Zariski open set
X =X\ Ujrj=c 77 1(0) consists of all k-jets such that rank(D*(u; o £)(0))o<e<k, 0<jcn < N —c.

Proof. 1f § > k and mjo f(0) = 0 for some j € .J, we have in fact D*(u;o f)(0) = 0 for all derivatives
{ < k, because the exponents involved in all factors of the differentiated monomial ajm? are at

least equal to 6 — k > 0. Hence the rank of the matrix cannot be maximal. Now, assume that
o £(0) #0 for all j € CJ, i.e.

(5.14) a:O::f()EX\Um X\UTI
jeCJg I£J
We take sections 7; so that 7j(xg) # 0, and then adjust the k-jet of the sections sq,...,s, in order

to generate any matrix of derivatives (D*(s;(f)7;(f)4~ k)(o))ogzgk,jew (the fact that f'(0) # 0 is
used for this!). Therefore, by expanding the determinant according to the last N + 1 — ¢ columns,
we see that the base locus is defined by the equations

(5.15) det(D (ui(f))(0))ger jecs =0, VL C{0,1,...,k}, |[L|=N+1—c,

equivalent to the non-maximality of the rank. The last assertion follows by a simple linear algebra
argument. O

For a finer control of the base locus, we adjust the family of coefficients
(5.16) a = (aj)ogj<n €9 = HO(Z, Ap)®(N+1)

in our section o = Zajm? € HY(Z,A%), and denote by X, = ¢71(0) C Z the corresponding

hypersurface. By Lemma 5.7, we know that there is a Zariski open set U C S such that X, is
smooth and [[77 = 0 is a simple normal crossing divisor in X, for all a € U. We consider the

Semple tower X, 1= (Xg4)x of X, the “universal blow-up” pgr : Xoqr — Xox of the Wronskian
ideal sheaf Jq ) such that pj , Jok = 2. k( F, ) for some “Wronskian divisor” F,j in )?a k. By
the universality of this construction, we can also embed X, j in the Semple tower Zj, of Z, blow
up the Wronskian ideal sheaf jk of Zj, to get a Wronskian divisor Fj, in Zk where g : Zk — 7y is

the blow-up map. Then F, ; is the restriction of Fj, to Xa r C Zk Our section Wk af,s,J] X, 1s the

restriction of a memmorph@c section defined on Z, namely
(5.17) (’f’aJTﬂJ)_1Wk’sﬁ-7a’J = (’f‘aJTﬂJ)_lwk (Slf{j_k, cery SMA'd_k, (ajmﬁ)jew) .

r

It induces over the Zariski open set Z' = Z \ \J; 7, 1(0) a holomorphic section
(5.18) Ok srag € H(Zp, 17(Oz,(K) @ 1, g A™P) © O (~Fy))

(notice that the relevant factors 7; remain divisible on the whole variety Z). By construction,
thanks to the d1v1s1b1hty property explalned in Lemma 5.10, the restriction of this section to
Xé E= =X, kN Z extends holomorphically to X, ks L€

0 * * _
(5.19) OpsiatiRon € H (Xakr 115 (Ox, , (K) @ T g ATP) @ Og. (= Fur)).
(Here the fact that we took X k,« t0 be normal avoids any potential issue in the division process, as
Xka N ugl (7Tk_(1) Nreg Tl_l(O)) has the expected codimension = card G for any family G).

5.20. Lemma. Let V be a finite dimensional vector space over C, ¥ : VP — C a non-zero
alternating multilinear form, and let my,c € N, c <m < p, r =p+c—m > 0. Then the subset
T C V'™ of vectors (vi,...,vm) € V™ such that

(%) U(hi, ..o hey (V) jeps) =0 forall J C{L,...,m}, [J| =¢, and all hy,... b, €V,

is a closed algebraic subset of codimension > (¢ +1)(r +1).
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Proof. A typical example is ¥ = det on a p-dimensional vector space V', then T' consists of m-tuples
of vectors of rank < p — r, and the assertion concerning the codimension is well known (we will
reprove it anyway). In general, the algebraicity of T is obvious. We argue by induction on p, the
result being trivial for p = 1 (the kernel of a non-zero linear form is indeed of codimension > 1).
If K is the kernel of WU, i.e. the subspace of vectors v € V' such that W(hy,...,hy—1,v) = 0 for all
h; € V, then ¥ induces an alternating multilinear form ¥ on V/K, whose kernel is equal to {0}.
The proof is thus reduced to the case when Ker ¥ = {0}. Notice that we must have dimV' > p,
otherwise ¥ would vanish. If cardC.J = m — ¢ = 1, condition (*) implies that v; € Ker ¥ = {0}
for all j, hence codimT = dim V"™ > mp = (¢ + 1)(r 4+ 1), as desired. Now, assume m — ¢ > 2, fix
vm € V . {0} and consider the non-zero alternating multilinear form on V?~! such that

/

Um

(Wi, ..., wp—1) == V(wy,...,Wp_1, V).
If (v1,...,vm) € T, then (vi,...,vy,_1) belongs to the set T —associated with the new data
(Vs ,p—1,m —1,¢,7). The induction hypothesis implies that codimT;, > (¢ + 1)(r + 1), and
since the projection T'— V' to the first factor admits the T}, = as its fibers, we conclude that
codimT N ((V~{0}) x V"™ 1) > (c+ 1)(r + 1).
By permuting the arguments v;, we also conclude that
codimT N (VEL x (V~{0) x V™) > (¢ +1)(r + 1)

for all k =1,...,m. The union |J,(V*¥~1 x (V . {0}) x V™=F) C V™ leaves out only {0} C V™
whose codimension is at least mp > (¢ + 1)(r + 1), so Lemma 5.20 follows. O

5.21. Proposition. Consider in U x 2,2 the set I' of pairs (a,&) such that oy s +4.7(§) =0 for all
choices of s, 7 and J C {0,1,..., N} with card J = ¢. Then T is an algebraic set of dimension

dimI'<dimS - (c+1)(k+c—N+1)+n+1+kn.
As a consequence, if (c+1)(k+c—N+1) > n+ 1+ kn, there exists a € U C S such that the base

~

locus of the family of sections o s +.4.7 in Xq lies over | J; Xo N Tfl(O).

Proof. The idea is similar to [Brot17, Lemma 3.8|, but somewhat simpler in the present context. Let
us consider a point § € Z; and the k-jet fi = ur(§) € Z), so that x = f(0) € Z' = Z\J; 7 1(0).
Let us take the 7; such that 7;(z) # 0. Then, we do not have to pay attention to the non-vanishing

factors 7777 and the k-jets of sections m; and %]d*k are invertible near . Let e4 be a local

generator of A near x and e, a local generator of the invertible sheaf
L = p}é@zk(k‘/) & OZk(—Fk)

near £ € 2}2 Let Jk(’)z,z = Ozw/m]}tﬁl be the vector space of k-jets of functions on Z at x. By
definition of the Wronskian ideal and of the associated divisor F}, we have a non-zero alternating
multilinear form

U (S5O0 = C (gos-- s gk) = Wi (gos - -5 gk)(€)/ec(£).
The simultaneous vanishing of our sections at £ is equivalent to the vanishing of
(5.22) \Il(slf'ld*kegd, . ,Srﬁi_kegd, (ajmgegd)jew)

for all (s1,...,s,). Since A is very ample and p > k, the power A” generates k-jets at every point
x € Z, hence the morphisms

HY(Z,AP) — Jk(’)zﬂ;, ar amgegd and H°(Z,AF) — Jk(’)zﬂ;, s sf']d_ke;‘d
are surjective. Lemma 5.20 applied with r = k 4+ ¢ — N and (p,m) replaced by (k + 1,N + 1)
implies that the codimension of families a = (ag,...,ay) € S = H%(Z, A?)®N+D) for which
Ok,s,7,a,7(§) = 0 for all choices of s, 7 and J is at least (c+1)(k+c— N +1), i.e. the dimension is at
most dim S — (¢+1)(k+c¢— N +1). When we let £ vary over Z;, which has dimension (n+ 1)+ kn
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and take into account the fibration (a,§) — &, the dimension estimate of Proposition 5.21 follows.
Under the assumption

(5.23) (c+1)(k+c—N+1)>n+1+kn

we have dimI" < dim S, hence the image of the projection I' — S, (a,&) — a is a constructible
algebraic subset distinct from S. This concludes the proof. O

Our final goal is to completely eliminate the base locus. Proposition 5.21 indicates that we have
to pay attention to the intersections X, N7, 1(0). For z € Z, we let G be the family of hyperplane
sections 77 = 0 that contain . We introduce the set P = {0,1,..., N} \ [J;cg I and the smooth
intersection

Zg =20 ()7 10),
Ieg

so that N'+1:=cardP > N+ 1 —ccardG and dimZg = n + 1 — cardG. If a € U is such that
x € Xg, we also look at the intersection

Xga =X [)7740),
Ieg

which is a smooth hypersurface of Zg. In that situation, we consider Wronskians Wy, s+ o 7 as
defined above, but we now take J C P, cardJ =¢,0J =P~ J, 7 =k+c— N'.

5.24. Lemma. In the above setting, if we assume § > k, the restriction Wk,s,?,a,Jng,a 18 still
divisible by a monomial 7157 such that

lasl +1Bs] = (k+c—N')(d—2k)+ (N +1—¢c)(d —k)b+ (6 — k).
Therefore, if
P =lag|+ 185l = (k+1)d= (6 —k) — (k+c—N')2k — (N + 1+ c)(kb+ p)
as in (5.12), we obtain again holomorphic sections

Whstad1X.0 = (P Wi s.a,01x6., € H(Xg.a, Brw T ® A7),
Uk,s,i’,a,][ﬂ;é(Xgﬂ) € HO (WI;%)(XQa)v MZ,k(OXa,k (k,) & 71‘;27014_1) ) ® O)?ak (_Fa,k)) .

Proof. The arguments are similar to those employed in the proof of Lemma 5.10. Let f) € Xqx
be a k-jet such that f(0) € Xg, (the k-jet need not be entirely contained in Xg,). Putting
jo = min(C.J), we observe that we have on Xg, an identity

o _ 0 2: 0 0
ajomjo - — Z azmi - — azmi - Z G/Zmi

ieP~{jo} icJ P~(JU{jo})

because m; =[5, 77 =0 on Xg 4 when i € CP = ;g I (one of the factors 77 is such that I € G,
hence 77 = 0). If we compose with a germ ¢ — f(t) such that f(0) € Xg, (even though f does not
necessarily lie entirely in Xg,), we get

ajml, (f(8) = =D aml(f() = D am{(f(t))+O(t"*)

ieJ Px(Ju{jo})

as soon as § > k. Hence we have an equality for all derivatives D(s), £ < k at t = 0, and

~d—k ~d—k ) )
Wk,sj’,a,J[Xg,a (f[k]) = - Z Wi (517-1 yeee s STy QT (ajmj)jGP\(JU{jo})) 1XG.a (f[k])
ieJ
Then, again, Tﬁ_k is a new additional common factor of all terms in the sum, and we conclude as
in Lemma 5.10 and Corollary 5.11. O
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Now, we analyze the base locus of these new sections on
U raimio(Xa) € 1yt mi(Z) € Zi.
acU
As z runs in Zg and N’ < N, Lemma 5.20 shows that (5.23) can be replaced by the less demanding
condition
(5.23") (c+1)(k+c—N+1)>n+1—cardG + kn = dim p; '} 5(Zg).

A proof entirely similar to that of Proposition 5.21 shows that for a generic choice of a € U, the
base locus of these sections on )?g%k projects onto | J;cpg Xg,a N 77 1(0). Arguing inductively on
card G, the base locus can be shrinked step by step down to empty set (but it is in fact sufficient
to stop when Xg, N7, '(0) reaches dimension 0).

5.E. NEFNESS AND AMPLENESS OF APPROPRIATE TAUTOLOGICAL LINE BUNDLES

At this point, we have produced a smooth family Xg — U C S of particular hypersurfaces in Z,
namely X, = {04(2) = 0}, a € U, for which a certain “tautological” line bundle has an empty base
locus for sufficiently general coefficients:

5.25. Corollary. Under condition (5.23) and the hypothesis p > 0 in (5.12), the following proper-
ties hold.
(a) The line bundle
Loi= 1 (Ox,  (K) 8 7 gA™) 8 O (~Fa)
s nef on )?a,k for general a € U', where U' C U is a dense Zariski open set.

(b) Let Ag = > gyt MeDay be a positive rational combination of vertical divisors of the Semple
tower and g € N, ¢ > 1, an integer such that

Ly = 0x,,(1) ® Oap(—Da) @ ;g A?
is ample on X, . Then the Q-line bundle
Lo = x(Ox,, (K) © Ox, \(—e80) @ g A™H) @ Og  (—(1+em)Fup)

is ample on )A(a,k for a € U', for some q € N and £, € Q¢ arbitrarily small.

Proof. (a) This would be obvious if we had global sections generating £, on the whole of )?a,k, but
our sections are only defined on a stratification of X, ;. In any case, if C C X, is an irreducible
curve, we take a maximal family G such that C' C Xg, . Then, by what we have seen, for a € U

general enough, we can find global sections of £, on )?g,%k such that C' is not contained in their
base locus. Hence L, - C > 0 and L, is nef for a in a dense Zariski open set U’ C U.

(b) The existence of A, and ¢ follows from Proposition 3.19 and Corollary 3.21, which even provide
universal values for A\, and ¢q. After taking the blow up fiq 1 : Xor — Xoi (cf. (4.8)), we infer that

Lo i= HopLe ® O (~nFui) = 1 (Ox,., (1) ® Ox, ,(~A0) @ A © O (~nFag)
is ample for 7 > 0 small. The result now follows by taking a combination
Laen = LyF e (Lam)* O

5.26. Corollary. Let X —  be the universal family of hypersurfaces X, = {o(z) = 0}, 0 € Q,
where Q C P(H(Z,A%)) is the dense Zarisk i open set over which the family is smooth. On the
“Wronskian blow-up” Xs 1 of Xs 1, let us consider the line bundle

Locn = 15 1(Ox, ,(K) © Ox,, (~e80) @ m gA ) © O (~(1+ en)Fop)

!/

oen 1S ample on Xgp for o

associated with the same choice of constants as in Cor. 5.25. Then L
in a dense Zariski open set ' C Q.
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Proof. By 5.25 (b), we can find o9 € H°(Z, A%) such that X,, = o *(0) is smooth and Ly . is an

ample line bundle on )?ao,k (m € N*). As ampleness is a Zariski open condition, we infer that £

0-757,'7
remains ample for a general section o € H?(Z, A%), i.e. for [o] in some Zariski open set ' C €.
Since pq 1 (Fp ) is contained in the vertical divisor of X ;, we conclude by Corollary 3.27 that X,
is Kobayashi hyperbolic for [o] € Q. O

5.F. FINAL CONCLUSION AND COMPUTATION OF DEGREE BOUNDS

At this point, we fix our integer parameters to meet all conditions that have been found. We
must have N > ¢(n 4 1) by Lemma 5.7, and for such a large value of N, condition (5.23) can hold
only when ¢ > n, so we take ¢ = n and N = n(n + 1). Inequality (5.23) then requires k large
enough, k& = n® + n? + 1 being the smallest possible value. We find

b:< N >: <n2+n> :n(n2+n)...(n2+2).

c—1 n—1 n!
We have n? +k = n?(1+k/n?) < n? exp(k/n?) and by Stirling’s formula, n! > v/27n (n/e)", hence
2n—1 2 n+1/2+1/2n
p o PTlep(24 )/t et L,
V2mn (n/e)” V2w
Finally, we divide d — k by b, get in this way d —k =0 + A, 0 < A < b,and put p= A+ k > k.
Then 6 +1 > (d — k4 1)/b and formula (5.12) yields

p=0—k)—(n®+1)2k — (n®>+2n+ 1)(kb+ p)
>(d—-k+1)/b—1—20+3)k— (n®+2n+1)(kb+k+b—1),
therefore p > 0 is achieved as soon as

d>d,=Fk+b(1+ (20 +3)k + (n® +2n+ 1)(kb+ k + b — 1)),

where )
k=n®+n?4+1, b= <n +n).
n—1

The dominant term in d,, is k(n? + 2n + 1)b> ~ €2"*1n2"+2 /27 By means of more precise nu-
merical calculations and of Stirling’s asymptotic expansion for n!, one can check in fact that
dn < |(n+4) (en)® /27| for n > 4 (which is also an equivalent and a close approximation
as n — 400), while di = 61, dy = 6685, d3 = 2825761. We can now state the main result of
this section.

5.27. Theorem. Let Z be a projective (n + 1)-dimensional manifold and A a very ample line
bundle on Z. Then, for a general section o € H°(Z, A%) and d > d,, the hypersurface X, = o~ 1(0)
1s Kobayashi hyperbolic. The bound d,, for the degree can be taken to be

dp = | (n+4) (en)* 1 )21|  forn >4,
and for n < 3, one can take di = 4, do = 6685, d3 = 2825761.

For n = 1, we have already seen in § 4.B that d; = 4 works (rather than the insane value d; = 61).
A simpler (and less refined) choice is d,, = |1 (en)?"*2], which is valid for all n. These bounds are
only slightly weaker than the ones found by Ya Deng in his PhD thesis [Dengl6, Dengl7], namely
Jn _ O(n2n+6)_

5.G. FURTHER COMMENTS

5.28. Our bound d, is rather large, but just as in Ya Deng’s effective approach of Brotbek’s
theorem [Dengl7], the bound holds for a property that looks substantially stronger than hyperbo-
licity, namely the ampleness of the pull-back of some (twisted) jet bundle ujO 2. (as) ® O )?k(—F L)
It is certainly desirable to look for more general jet differentials than Wronskians, and to relax
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the positivity demands on tautological line bundles to ensure hyperbolicity (see e.g. [Dem14]).
However, the required calculations appear to be much more involved.

5.29. After these notes were written, Riedl and Yang [RiYal8] proved the important and some-
what surprising result that the lower bound estimates dgg(n) and dgep(n), respectively for the
Green-Griffiths-Lang and Kobayashi conjectures for general hypersurfaces in P"*!, can be related
by dkob(n) := dgg(2n — 2). This should be understood in the sense that a solution of the generic
(2n — 2)-dimensional Green-Griffiths conjecture for d > dgg(2n — 2) implies a solution of the
n-dimensional Kobayashi conjecture for the same lower bound. We refer to [RiYal8] for the pre-
cise statement, which requires an extra assumption on the algebraic dependence of the Green-
Griffiths locus with respect to a variation of coefficients in the defining polynomials. In combina-
tion with [DMR10], this gives a completely new proof of the Kobayashi conjecture, and the order 1
bound dgg(n) = O(exp(n'**)) of [Dem12] implies a similar bound di,p,(n) = O(exp(n'*¢)) for the
Kobayashi conjecture — just a little bit weaker than what our direct proof gave (Theorem 5.26). In
[MeTal9], Merker and Ta were able to improve the Green-Griffiths bound to dgg(n) = o(v/nlogn)™,
using a strengthening of Darondeau’s estimates [Darl6a, Darl6b], along with very delicate calcu-
lations. The Riedl-Yang result then implies dion(n) = O((nlogn)™!), which is the best bound
known at this time.

5.30. In [Berl8], G. Bérczi stated a positivity conjecture for Thom polynomials of Morin singular-
ities (see also [BeSz12]), and showed that it would imply a polynomial bound d,, = 2n" + 1 for the
generic hyperbolicity of hypersurfaces.

5.31. In the unpublished preprint [Dem15], we introduced an alternative strategy for the proof of
the Kobayashi conjecture which appears to be still incomplete at this point. We nevertheless hope
that a refined version could one day lead to linear bounds such as dkon(n) = 2n + 1. The rough
idea was to establish a k-jet analogue of Claire Voisin’s proof [Voi96] of the Clemens conjecture.
Unfortunately, Lemma 5.1.18 as stated in [Demlb5] is incorrect — the assertion concerning the A
divisor introduced there simply does not hold. It is however conceivable that a weaker statement
holds, in the form of a control of the degree of the divisor A, and in a way that would still be
sufficient to imply similar consequences for the generic positivity of tautological jet bundles.
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