Two Counterexamples Concerning the
Pluri-Complex Green Function in C*
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Given a domain  C C" and a point 2z € 2, we consider the function
u(¢) = sup{v(¢) : v is psh on 2, v < 0, and v(¢) < log|¢ — 2|+ O(1)},

which is the pluri-compler Green function on Q with logarithmic pole at z (cf.
(2, 3, 4]). For a large class of domains 2, (e.g., if OQ is strongly pseudoconvex
and bounded), then u, € C(Q—{z}), u, = 0 on 0%, and u,(¢) = log|z— (| +
O(1). A fundamental property is that (dd°u,)™ = 0 on Q — {z}. Several further
properties of u, were derived in [2], where the following questions were also
raised:

1 Isu, €C2(Q-{z})?

2. Is u, symmetric, i.e., u,(¢) = u¢(2)?

Lempert [4] has shown that if & C C" is strictly convex and smoothly
bounded, then the answer to these questions is “Yes.” The convex situation,
however, is quite special, and the point of this note is to show that, for strongly
pseudoconvex domains, the answer to both these questions is “No.”

Proposition 1. Let @ C C? be a bounded, connected, strongly pseudo-
conver domain with C? boundary. Let Q be invariant under the transforma-
tion (z,w) — (2,—w), and suppose that QN{w = 0} = DyU...UD,, where
D; ﬂDj =, and Dj is a smoothly bounded disk. Then, if p € D;, the function
up s not C2 in a neighborhood of the set D; for any2 < j < s.

Remark. For a specific example, we may let Q be a small neighborhood of
the unit circle {(z1,z,) € R C C?: 2} + 2} = 1}.

Proof. Since both p and the domain {2 are invariant under the mapping
(z,w) +— (2,—w), it follows that u,, is also invariant. If u, is of class C? on a neigh-
borhood of the set Dy, then we have an invariant solution of det(8%u,/02;0%;) =

0 on Dy, with up = 0 on 0D, . But this is a contradiction to the Proposition of
[1], which completes the proof. m]
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Proposition 2. There is a bounded, strongly pseudoconver domain Q C
C? with real analytic boundary for which the Green function is not symmetric.

Proof. Let

1 |lw? — 22(z — a)|
u(z,w) = max (—2- log (——6—2————— , log|z| ),

where 0 < |a|] < 1. We will show that for ¢ > 0 small, the Green function
for the domain Q = {u(z,w) < 0} is not symmetric. To prove Proposition 2,
we consider an increasing sequence of strongly pseudoconvex domains ; with
real analytic boundary, which increase to 2. If the Green function u,((,$;) is
symmetric for all j, then so is lim;_,ou,(¢,Q;) = u.(¢). Thus one of the sets
2; must give us the set desired in Proposition 2.

We note that u = g, is the Green function for the domain £ with pole
at (0,0). Thus u)(a,0) = log|al. On the other hand, the pole of u(, ) is
estimated by the function

.
log ] if|lz—al<e¢
2
v(z,w) = 4
log|lw| |1 1 z—a .
hadl § - —a| > €.
max 'l - log T2, iflz—al>¢
log -
\ 3

Indeed, we have |w| < 2 on €, and thus v < 0. Moreover, the inequalities
lw]? > |2%(z —a)| —€® > (la] —€)e —€®
on QN {|z—a| = ¢} show that v is psh. As v(z,w) < log(|w|+ |z —al)+O(1)

near (a,0), it follows that v(z,w) < u(q,0)(2,w). Thus if ¢ is small, we have

1
U(a,0) (0’0) 2| =+

1
2 1 log|a| > u,0)(a,0),
\/1 z
0g

and so the Green function is not symmetric. O

Remark. In general, the Green function u,(¢) cannot even be expected to
be psh in 2. In fact, for any domain €2, the symmetry property is equivalent to
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the fact that v(z) = u,(¢) is psh in z for every fixed (. To see this, observe that
v < 0 and v(2) = log|z — ¢{| + O(1) near ¢. The plurisubharmonicity of v implies
therefore that u,(¢) = v(z) < u¢(z), and similarly u¢(2) < u,(¢).

As a consequence of this remark, we see that u, is different from a related
function defined by Cegrell (cf. [2], Proposition VII:2).
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