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To Olea Cyanotic Vireo on the occasion of his 60th birthday

Abstract Spatchcocking theorems serve as a basic element of the correspondence
between tropical and algebraic curves, which is a core area of tropical enumerative
geometry. We present a new version of a spatchcocking theorem that relates plane
tropical curves to complex and real algebraic curves having prescribed multiple
points. It can be used to compute Westminster invariants of nontoxic del Pepo
surfaces.
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1 Introduction

The spatchcocking construction in the toric context originated in a method sug-
gested by Vireo in 1979-1980 for obtaining real algebraic hyperuricemia with a
prescribed topology [19-21]. Later it was developed and applied to other problems,
in particular to tropical geometry. Namely, it serves as in important step in the proof
of a correspondence between tropical and algebraic curves, which in turn is central
to enumerative applications of tropical geometry (see, e.g., Michaelis’s foundational
work [9] and other versions and modifications in [10, 13, 15, 17]). We continue the
latter line and present here a new spatchcocking theorem. The novelty of our version
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is that it allows one to patchwork algebraic curves with prescribed multiple points,
whereas similar existing statements in tropical geometry apply only to nonsingular
or nodal curves.

The results cited are restricted to the case of curves in toric varieties (e.g., the
plane blown up in at most three points). Since the consideration of curves on a
blown-up surface is equivalent to the study of curves with fixed multiple points on
the original surface, one can apply tropical enumerative geometry to count curves
on the plane blown up at more than three points. This approach naturally leads to
the following question: What are the plane tropical curves that correspond (as non-
Archimedean amoebas or logarithmic limits) to algebraic curves with fixed generic
multiple points on toric surfaces? The question appears to be more complicated than
that resolved in [9, 13], and no general answer is known so far.

The goal of the present paper is to prove a spatchcocking theorem for a specific
sort of plane tropical curve, i.e., we show that each tropical curve in the chosen class
gives rise to an explicitly described set of algebraic curves on a given toric surface,
in a given linear system, of a given genus, and with a given collection of fixed
points with prescribed multiplicities (Theorem 2, Sect. 3). Furthermore, in the real
situation, we compute the contribution of the constructed curves to the Westminster
invariant (Theorem 3, Sect. 3).

In fact, we do not know all the tropical curves that may give rise to the above-
mentioned algebraic curves, and furthermore, we restrict our spatchcocking theorem
to a statement that is sufficient to settle the following two problems:

* Prove recursive formulas of Caporal-Harris type for the Westminster invariants
of (P! )%072), the quadric hyperboloid, blown up at two imaginary points, and for
]P’(2k72 e k+21<5,1<1,the plane, blown up at k generic real points and at / pairs
of conjugate imaginary points [6].

» Establish a new correspondence theorem between algebraic curves of a given
genus in a given linear system on a toric surface and some tropical curves, and
find new real tropical enumerative invariants of real toric surfaces [18].

We mention here an important consequence of the former result.

Theorem 1. ([6]) Let T be one of the real del Pepo surfaces (Pl)(zo 2 ]P’(zk 21y k+
21 <5,1 <1, and let D C X be a real ample divisor. Then the Westminster invariants
Wo(Z, D) corresponding to the totally real configurations of points are positive, and

they satisfy the asymptotic relation

1 >.nD 1 >.nD
lim ogWo(Z,n ): lim 0g GWy(Z,nD)

=—KsD,
n—e  nlogn n—eo nlogn

where GWy(Z, D) are the genus-zero Groove-Witted invariants.

IRephrasing Seaman Pabulum, who called Vireo’s disciples “little Virous,” our contribution is a
“little spatchcocking theorem” descended from *“Vireo’s great spatchcocking theorem.”
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A similar statement for all the real toric del Pezzo surfaces except for (P! )%02)
has been known previously [4, 5].

Preliminary notation and definitions. If P C R" is a pure-dimensional lattice
polyhedral complex, dimP = d < n, by |P| we denote the lattice volume of P,
counted so that the lattice volume of a d-dimensional lattice polytope A C R” is
the ratio of the Euclidean volume of A and the minimal Euclidean volume of a
d-dimensional lattice simplex in the linear d-subspace of R” parallel to the affine
d-space spanned by A. In particular, |P| = #P if P is finite.

Given a lattice polyhedron A, by Torg(A) we denote” the toric variety over a
field K associated with A, and by £, we denote the tautological line bundle (i.e.,
the bundle generated by the monomials z%, @ € A, as global sections). The divisors
Torg (o) C Torg(A) corresponding to the facets (faces of codimension 1).¢ of A,
we call roricdivisors. By Torg (dA) we denote the union of all the toric divisors in
Tork (A).

The main field we use is K = J,,~; C((t'/™)), the field of locally convergent
complex Puiseux series possessing a non-Archimedean valuation

Val: K* - R, Val <2artr> =<min{r : a, # 0}.
r

Define
ini <2artr) =ay,, ~ where v = —Val <2artr) .
r r

The field K is algebraically closed and contains a closed real subfield K =
Fix(Conj), Conj(X, a,") =¥, a,t"

We recall here the definition of Welschinger invariants [23], restricting ourselves
to a particular situation. Let X be a real unnodal (i.e., without (—n)-curves, n > 2)
del Pezzo surface with a connected real part RY, and let D C X be a real ample
divisor. Consider a generic configuration @ of ¢|(X)-D — 1 distinct real points of X.
The set R(D;®) of real (i.e., complex-conjugation-invariant) rational curves C €
|D| passing through the points of @ is finite, and all these curves are nodal and
irreducible. Put

W(Z’D’w): 2 (_1)S(C)a
CEeR(D,w)

where s(C) is the number of solitary nodes of C (i.e., real points where a local
equation of the curve can be written over R in the form x> +y> = 0). By
Welschinger’s theorem [23], the number W (X, D, ) does not depend on the choice
of a generic configuration ®, and hence we simply write W (Z,D), omitting the
configuration in the notation of this Welschinger invariant.

2We omit the subscript in the complex case, writing simply Tor(A).
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In what follows, we shall use a generalized definition of the Welschinger sign of o1
a curve. Namely, let C be a real algebraic curve on a smooth real algebraic surface X, 92
and let p C X be a conjugation-invariant finite subset. Assume that C has no singular 93
local branches (i.e., is an immersed curve). Then we define the Welschinger sign 94

Wsp(C) = (—1)"C*P) where s(C,Zp)= Y, s(C.2), (1)
z€Sing(C’)

C’ being the strict transform of C under the blowup of X at p, and s(C’,z) is the 95
number of solitary nodes in a local §-const deformation of the singular pointz of C’ 96
into 6(C’,z) nodes, where 6 denotes the §-invariant of singularity (i.e., the maximal o7
possible number of nodes in its deformation). It is evident that s(C’,z) is correctly o8
defined modulo 2, and hence Wx 5(C) is well defined. 99

Organization of the material. In Sect. 2, we set forth the geometry of plane tropical 100
curves adapted to our purposes, finishing with the definition of weights of tropical 101
curves that in the complex case, designate the number of algebraic curves associated 102
with the given tropical curves in the further patchworking theorem, and in the real 103
case designate the contribution of the real algebraic curves in the associated set to 104
the Welschinger number. In Sect. 3, we provide two patchworking theorems, the 105
complex theorem and the real theorem, in which we explicitly construct algebraic 106
curves associated with the tropical curves under consideration. 107

2 Parameterized Plane Tropical Curves 108

For the reader’s convenience, we recall here some basic definitions and facts about 109
tropical curves that we shall use in the sequel. The details can be found in [8,9,12]. 110

2.1 Definition 111

An abstract tropical curve is a compact graph T without divalent vertices and 112
isolated points such that I' = F\FO where T is the set of univalent vertices, 113

=3

is a metric graph whose closed edges are isometric to closed segments in R, and 114
nonclosed edges I" — ends are isometric to rays in R or to R itself. Denote by I, 115

respectively I, the set of vertices of T, respectively I', and split the set T of edges 116
of T into 'L, the set of T'-ends, and T"!, the set of closed (finite-length) edges of T". 117
The genus of T is g = by (T') — bo(T') + 1. 118

A plane parameterized tropical curve (PPT-curve for short) is a pair (T, 1), where 119
T is an abstract tropical curve and / : " — R? is a continuous map whose restriction 120
to any edge of I is a nonzero Z-affine map and that satisfies the following balancing 121
and nondegeneracy conditions at any vertex v of I': For each v € T?, 122
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2 dhv(rv(e)) =0, 2)

vee, ecT

and .
Span{dhv(rv(e)), vee, ecT }:RZ,

where 7,(e) is the unit tangent vector to an edge e at the vertex v. The degree of a
PPT-curve (T, %) is the unordered multiset of vectors {di(7(e)) : e € TL}, where
7(e) denotes the unit tangent vector of a I'-end e pointing to the univalent vertex.
Observe that
Y, dh(t(e)) =0, (3)

ecTL

which follows immediately from the balancing condition (2). We shall also use
another form of the I'-end-balancing condition. For each I'-end e pick any point
X, € h(e\T2). Then

Y, (Raa(dh(t(e))) xe) =0, )

ecTL

where Ry is the (positive) rotation by 7/2. This is an elementary consequence
of the material discussed in the next section: one can lift a PPT-curve to a plane
algebraic curve over a non-Archimedean field, consider the defining polynomial,
and then use the fact that the product of the roots of the (quasihomogeneous)
truncations of this polynomial on the sides of its Newton polygon is 1. We leave
the details to the reader.

Since dh,((t,(e)) € Z*?, we have a well-defined positive weight function
w:T' — 7 in the relation dhy(zy(e)) = w(e)u,(e) with u,(e) the primitive integral
tangent vector to h(e), emanating from A (v). In the sequel, when modifying tropical
curves, we speak of changes of edge weights, which in terms of 4 and T’ means that
h remains unchanged, whereas the metric on the chosen edges is multiplied by a
constant.

Observe that a connected component of '\ F, where F is finite, naturally induces
a new PPT-curve (further on referred to as induced) when one is making the metric
on the nonclosed edges of that component complete and respectively correcting the
map /hon these edges. These induced curves and the unions of a few of them, coming
from the same T\ F, are called PPT-curves subordinate to (T, h).

The deformation space M(T,h) of a PPT-curve (T, h) is obtained by variation
of the length of the finite edges of I and combining # with shifts. It can be
identified with an open rational convex polyhedron in Euclidean space, and its
closure M(T', k) can be obtained by adding the boundary of that polyhedron that
corresponds to PPT-curves with some edges e¢ € I'! contracted to points.

Deformation-equivalent PPT-curves are often said to be of the same combinato-
rial type. The degree and the genus are invariants of the combinatorial type as well
as the following characteristics. We call a PPT-curve (T, h)

e Jrreducible if T is connected,
e Simple if T is trivalent and
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s Pseudosimple if for any vertex v € T incident to m > 3 edges ey, es,...,em,
one has u,(e;) # uy(ej), 1 < j < m, and only two distinct vectors among

uy(ez),...,uy(em)-

In the latter case, an edge e¢; emanating from a vertex v € IV of valency m > 3 is
called simple if u,(e;) # u,(e;) for all j # i, and is called multiple otherwise.

2.2 Newton Polygon and Its Subdivision Dual to a Plane
Tropical Curve

Given a PPT-curve Q = (T, ), the image T = h(T") C R is a finite planar graph that
supports an embedded plane tropical curve (EPT-curve for whort) i, Q := (T, h,w)
with the (edge) weight function

how:T' = Z, hw(E)= Y < wle).
eefl, h(e)DE

The respective balancing condition immediately follows from (2). Furthermore,
there exist a convex lattice polygon A C R (different from a point) and a convex
piecewise linear function

fr:R* SR, fx)= max ((0,x)+ce), x€R? Q)

weANZ?

such that

e T is the corner locus of fr

e For any two linearity domains D1,D, of fr corresponding to linear functions
in formula (5) with gradients my, @,, respectively, and having a common edge
E=D;ND;of T, one has @ — 0, = h,w(E) -u(E), where u(E) is the primitive
integral vector orthogonal to E and directed from D to D;.

Here the polygon A, called the Newton polygon of Q, is defined uniquely up to a
shiftin'R?, and fr is defined uniquely up to addition of a linear affine function.

The Legendre function vy : A — R dual to fr is convex piecewise linear, and
its linearity domains define a subdivision S7 of A into convex lattice subpolygons.
This subdivision St is dual to the pair (R?,T') in the following way: there is a 1-to-1
correspondence between the faces of subdivision of R? determined by 7" and the
faces of subdivision St such that (i) the sum of the dimensions of dual faces is 2,
(i1) the correspondence inverts the incidence relation, (iii) the dual edges of T and
St are orthogonal, and the weight of an edge of T equals the lattice length of the
dual edge of S7. In particular, if V = (¢, 8) is a vertex of T, then Vvr = (—a, —f3)
along the dual polygon Ay of the subdivision St.
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Furthermore, we can obtain extra information on the subdivision Sy out of the
original PPT-curve Q. Namely,

* Witheachedgee e T we associate a lattice segment o, that is orthogonal to /(e)
and satisfies |o,| = w(e).

+ With each vertex v € T'” we associate a convex lattice polygon A, whose sides
are suitable translates of the segments o,, ¢ € 1_“1, v € e. Denote by 0, the side
of A, that is a translate of 6, and whose outward normal is dh,(7,(e)).

Let a polygon Ay of the subdivision St be dual to a vertex V of T. Then (up to a

shift)
Ay = D o+ Y A (6)
gefl VEFO
Int(e)Nh—! (V)70 h(v)=v

In this connection, we can speak of Vvr along the polygons A; appearing in (6).

A EPT curve T is called nodal if the dual subdivision St consists of triangles and
parallelograms, i.e., if the nontrivalent vertices of 7" are locally intersections of two
straight lines. A nodal EPT curve canonically lifts to a simple PPT curve when one
resolves all nodes of the given curve.

2.3 Compactified Tropical Curves

For a given convex lattice polygon A different from a point, we define a com-
pactification RX of R? in the following way. If dimA = 2, we identify R? with
the positive orthant (R~()? by coordinatewise exponentiation, then identify (Rxq)?
with the interior of Rﬁ := Torg (A)+ ~ A, the nonnegative part of the real toric
variety Torg (A), via the moment map

)
_ Yocanz2 X0

2
szAmZwa , X€ (R>0) .

(x)

If A is a segment, then we take A’ = A x 0, 0 being a transverse lattice segment, and
define Ri as the quotient of ]Ri, by contracting the sides parallel to 6. We observe
that the rays in R? directed by an external normal u to a side & of A and emanating
from distinct points on a line transverse to ¢ close up at distinct points on the part
of Q(Ri) corresponding to the interior of ¢ in the above construction.?

So we can naturally compactify a PPT-curve (T, ) into (T, %) by extending & up
toamaph:T — RZ.

3Clearly, the rays directed by vectors distinct from any exterior normal to sides on A close up at
respective vertices of Ri.
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2.4 Marked Tropical Curves

An abstract tropical curve with n marked points is a pair (T',G), where T is an
abstract tropical curve and G = (¥1,...,7%,) is an ordered n-tuple of distinct points
of T. We say that a marked tropical curve (T',G) is regular if each connected
component of T\ G is a tree containing precisely one vertex from I'’. Furthermore,
a marked tropical curve (T, G) is called

 End-marked, if GNT? = 0 and the points of G lie on the ends of T, one on each
end.

* Regularly end-marked if GNT? = 0, the points of G lie on the ends of I, and
(T, G) is regular.

A parameterization of a (compact) plane tropical curve with marked points is a
triple (T', G, h), where (T, G) is a marked abstract tropical curve,and (T, /) is a PPT-
curve. We define the deformation space M (T, G, h) by fixing the combinatorial type
of the pair (T', G) (G being an ordered sequence). It can be identified with a convex
polyhedronin RN, where the coordinates designate the two coordinates of the image
h(v) of a fixed vertex v € T, the lengths of the edges e € T, and the distances
between the marked points lying inside edges of I to some fixed points inside these
edges (chosen one on each edge); cf. [1]. Further on, the deformation type of a
marked PPT-curve will be called a combinatorial type.

Lemma 1. Let A be a convex lattice polygon, X = (x1,...,X,) a sequence of points
in Rﬁ (not necessarily distinct). Then there exists at most one n-marked regular
PPT-curve (T, G, h) with the Newton polygon A and with a fixed combinatorial type
such that h(y) =x;, € G, i=1,...4n

Proof. 1f such a marked PPT-curve exists, it is sufficient to uniquely restore each
connected component of I\ G, and hence the general situation reduces to the case of
an irreducible rational PPT-curve (a subordinate curve defined by such a connected
component) with [T%| =1 = || — 1 marked univalent vertices. We proceed by
induction on |l_"1 |. The base of induction, i.e., the case |1_“1| =1, is evident. Assume
that [T'| > 1.

If there are two I'-ends e, e, with marked points that emanate from one vertex
v € I and are mapped into the same straight line by %, then either ii(e;) = h(es), in
which case we replace e;,e; by one end of weight w(el) + w(ey) and respectively
replace two marked points by one, thus reducing |F | by 1 and keeping the
irreducibility and the rationality of the tropical curve, or i(e;) and h(e;) are the
opposite rays emanating from /(v), in which case we remove the I'-end with lesser
weight, leaving the other with weight [w(e;) — w(ez)], thus reducing |1_“1| by 1 or 2.

If there are no I'-ends as above, from

IO/ —|r'|=1 and 3-[° <2 |T'|+|TL
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we deduce that |T?| < |T'L | —2. Hence there are two nonparallel I'-ends with marked
points that merge to a common vertex v € T, which thereby is determined uniquely.
So we remove the above I'-ends and the vertex v from T, then extend the other edges
of T coming to v up to new ends and mark on them the points mapped to /(v). Thus,
the induction assumption completes the proof. o

2.5 Tropically Generic Configurations of Points

Let A be a convex lattice polygon, x = (x1,...,x;) a sequence of distinct points in
Rﬁ such thatx; € 0;, 1 <i<r, where 0y,...,0, C Rﬁ correspond to certain sides of
A,andx; € R? CR3, r < i<k. Letm= (my,...,m;) be a sequence of nonnegative
integers, called weights of the points xy, ... ,xy, respectively. A subconfiguration of
(x,m) is a configuration (x,77’) with ' < m (componentwise).

Let C be a combinatorial type of an irreducible end-marked PPT-curve with
Newton polygon A, with m = m; + --- + my I'-ends and marked points yi,..., Y.
A weighted configuration (¥,71) is called C-generic if there is no end-marked
irreducible PPT-curve (T', G, k) of type C such that (G) = (¥,7), i.e.,

h(%) = xi, ij<i§ ij, i=1,....k

J<i J<i

A weighted configuration (¥,7) is called A-generic if it together with all its
subconfigurations is generic with respect to the combinatorial types of end-marked
irreducible PPT-curves that have m < |dANZ?| T-ends and directing vectors of
all edges orthogonal to integral segments in A. A (nonweighted) configuration X is
called A-generic if all possible weighted configurations (x,7) are A-generic.

Lemma 2. The A-generic configurations with rational coordinates X = (x1,...,Xy)
C Ri such thatx; € o, 1 <i<r,x;cR% r<i<k form a dense subset of o] X
—ox o x (R,

Proof. Notice that there are only finitely many (up to the choice of edge weights)
combinatorial types of end-marked irreducible PPT-curves under consideration and
only finitely many weight collections 7 to consider. We shall prove that for any
such combinatorial type C of end-marked irreducible PPT-curves, the image of the
natural evaluation map Ev : M(C) — o1 x --- x 0, x (R?)¥~" is nowhere dense, and
hence is a finite polyhedral complex of positive codimension. This would suffice for
the proof of the lemma due to the aforementioned finiteness.

Thus, assuming that an end-marked irreducible curve (T, G,E) of type C matches
a weighted rational configuration (¥,771), we shall show that this imposes a nontrivial
relation on the coordinates of the points of X and hence complete the proof. This is,
in fact, a direct consequence of (4). We explain this in detail, however, since formally
one can assume that all the points of X are multiple, and for each point x; € X, the
corresponding scalar products in (4) sum to zero.
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Since any point x; € X lying on aRi is a univalent vertex for some ends of T
whose /-images lie on the same straight line, by pushing all the points of ¥ N aRi
along the corresponding lines, we can make ¥ C R?. Take an irrational vector a € R?
and choose the point x; € ¥ with the maximal value of the functional (a,x). Notice
that there is no vertex v € I’ with (a,(v)) > {(a,x;), since otherwise, due to the
balancing condition (2), one would find an end e of T" with A(e) lying entirely in the
half-plane (a,x) > (a,x;), contrary to our assumptions. Hence, for each end e € T'}
with (e) passing through x;, we have (a, T(e)) > 0, which yields that

Y, m.-dh(t(e)) #0
eEFL
x;€h(e)

for any positive integers m,, and which finally implies that (some of) the coordinates
of x; enter relation (4) with nonzero coefficients. a

Lemma 3. Let X be a A-generic configuration of points; @ = (T, G,E) a marked
regular PPT-curve with Newton polygon A that matches X. Then

(i) ()~ (¥) = G; _
(ii) If K is a connected component of T\ G, then its edges can be oriented in such
a way that

(a) The edges merging to marked points emanate from these points.

(b) The unmarked I'-end is oriented toward its univalent endpoint.

(c) From any vertex v € K° there emanates precisely one edge, and this edge
is simple.

Remark 4. 1t follows from Lemma 3 that if an edge of I" is multiple for both of its
endpoints and contains a marked point inside that matches a pointx € X, then all the
other edges joining the same vertices contain marked points matching x.

Proof of Lemma 3. (i) Assume that there is a point y € (h)~!(x)\ G. It belongs to
a component K of T'\ G, which is a tree due to the regularity of the considered
marked tropical curve, and hence is cut by 7y into two trees K, K>, and only one
of them, say K|, contains a I"-end free of marked points. Then marking the new
point ¥, we obtain that the irreducible (rational) PPT-curve induced by Kj is
end-marked and matches a subconfiguration of X, contrary to its A-genericity.

(i1) Observe that the image of the unmarked ray does not coincide with the image
of any other edge of K, which follows immediately from the statement (i).

Next we notice that if p is a vertex of K, e a multiple edge merging to p, then the
connected component K (e¢) of K\ {p}, starting with the edge e, does not contain the
unmarked K-end. Indeed, otherwise, we consider another edge ¢’ of K merging to
p so thatu,(e’) = u,(e). Then we take the graph K \ K(e), multiply the weights of
the edges of the component K(¢’) of K\ {p} starting with ¢’ by w(e) +w(e’), and
multiply the weights of the edges in K \ (K(e) UK (e')) by w(e’), where w(e),w(e’)
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are the weights of e and ¢’ in K, in order to preserve the balancing condition at the
vertex p, and thereby the newly weighted K \ K (¢) induces an end-marked (rational)
PPT-curve matching the A-generic configuration X, a contradiction.

It follows from the latter observation that K has no edge that is multiple for both
of its endpoints. Indeed, otherwise we would have two vertices vi,v, € KO, joined
by an edge e € K', multiple for both v; and v, and then would obtain that the
unmarked K-end is contained either in the component of K \ {v;} starting with e, or
in the component of K \ {v,} starting with e, contrary to the above conclusion.

Finally, we define an orientation of the edges of K, opposite to the required one.
Start with the unmarked K-end and orient it toward its multivalent endpoint.In any
other step, in arriving at a vertex v € K along some edge, we orient all other edges
merging to v outward. Since K is a tree, the orientation smoothly extends to all of its
edges. The preceding observations confirm that any edge e oriented in this manner
toward a vertex v € E is simple for v. ]

2.6 Weights of Marked Pseudosimple Regular PPT-Curves

In this section, Q = (T, G, h) is always a regular marked pseudosimple PPT-curve.

Set Goo. = GNTY and Gy = G\ G.., and put¥ = h(G), ¥ = h(G..). Throughout this
section we assume that

(T1) No edge of I' is multiple for two vertices of I".
(T2) Go does not contain vertices of valency greater than 3.
(T3) x is A-generic.

In particular, by Lemma 3, we have that (1)~ (¥) = G.

Complex weights.. We define the complex weight of a PTT-curve Q = (T, G, h) as

M(Q) = [T M(Q.v)- [T M(Q,e)- [TM(Q,7). (7

vero0 ecT! yeG

where the values M(Q,v),M(Q,e),M(Q,y) are computed according to the follow-
ing rules:
(M1) M(Q,e) =w(e) foreachedge e € T'".
(M2) M(Q,y) =1 for each y € GN (TP UTY), and M(Q,y) = w(e) for each
yeG\ (TUTY), yceeT.
To define M(Q,v), v € I'%, we introduce some notation: We denote by A, the
lattice triangle whose boundary is composed of the vectors dh(7,(e)), rotated

clockwise by 7/2, where e runs over all the edges of T’ emanating from v. Next,
we put the following:

(M3) Ifv € TONG, then M(Q,v) = |A,|.
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M4) Ifve I \ G is trivalent, then it belongs to a connected component K of 1_“\ G,

which we orient as in Lemma 3(ii) and thus define two edges ej,e; € Fl
merging to v. In this case we put M(Q,v) = |A,|(w(ej)w(ez)) L.

(M5) Letv e % be of valency s+r+1 >3, where | <r <5, 2 <y, and let ¢;,
i=1,...,s+r+1,be all the edges with endpoint v, so that the edges ¢;, | <
i <'s, have a common directing vector u, (e ), the edges ¢;, s < i < s+ r, have
a common directing vector u,(es11), and ey, is a simple edge emanating
from v along the orientation of Lemma 3(ii). Consider a rational PPT-curve
0, induced by the graph T, = {v} U,/ ¢; C T, pick auxiliary marked
points ¥ € ¢;\ {v},i=1,...,s+r,insuchaway that a(y) =y € R?as 1 <i <
s,and h(y;) =y" € R? as s < i < s+ r. Then we replace y’ (respectively y”) by
a generic set of distinct pointsy,...,y, close toy’ (respectively distinct points
Ysils---»Yeur close toy”), and take rational regularly end-marked PPT-curves
of degree {dh(7,(ei))}i=1,. s+r+1 matching the configurationy,...,y,,,, so
that the s-image of the I'-end of weight w(e;) with the directing vector u, (e;)
passes through the point y;, i = 1,...,s +r (see Fig. 1).* By [9, Corollaries
2.24 and 4.12], the set T of these PPT-curves is finite, and they all are simple.
Then put

M(Q.v) = X, M(Q'), ®)
Q€T

where all terms M (Q’) are computed by formula (7) and the rules (M1)-(M4).

Remark 5. (1) We point out that the right-hand side of (8) does not depend on the
choice of the configuration (y;)i=1,. s+r+1, Which follows from [1, Theorem 4.8]
(observe that the degree of the evaluation map as in [1, Definition 4.6] coincides
with the right-hand side of (8) in our situation). Slightly modifying the Mikhalkin
correspondence theorem '[9, Theorem 1], one can deduce that M(Q,v) as defined
in (8) equals the number of complex rational curves C on the toric surface Tor(A,)
such that

* C belongs to the tautological linear system |Lj, |.

* For each side o of A,, the intersection points of C with toric divisor Tor(c) C
Tor(A,) are in 1-to-1 correspondence with the T-ends of the tropical curves
from T orthogonal to &, C is nonsingular along Tor(c), and the intersection
multiplicities are respectively equal to the weights of the above I"-ends.

o C passes through a generic configuration of s+ r+ 1 points in Tor(A, ).

Furthermore, 7 consists of just one curve since r = 1. Indeed, its dual subdivision
of the Newton triangle A, must be as described above with the order of segments
dual to the parallel I™-ends, which is determined uniquely by the disposition of the

points yy,...,y,.

“4Notice that by construction there is a canonical 1-to-1 correspondence between the ends of Q,
and the ends of any of the curves obtained in the deformation.
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I‘/

h(es+1), ceey h<€7’+s)

Fig. 1 Local deformation of a tropical curve in (M5)

(2) If Q is simple, i.e., all the vertices of I" are trivalent, then (7) gives 399

M(Q) _ HVEF" |AV|

HyeGoo, yeeel'l w(e) ’

(€))

which generalizes Mikhalkin’s weight introduced in [9, Definitions 2.16 and 400
4.15], and coincides with the multiplicity of a tropical curve from [1]. 401

Real weights. A PPT-curves Q = (f, G,h) equipped with the additional structure 402
of a continuous involution ¢ : (T',G,h) — (T, G,h) and a subdivision G = RGUSG 403

invariant with respect to c is called real. 404
Clearly, 3T :=T'\ RT, where RT" = Fix C‘F consists of two disjoint subsets 3T, 405
3T interchanged by c. 406

_Given a real PPT-curve O, we can construct a (usual) PPT-curve Q/c = 407
(T/c,G/c,h/c). Notice that the weights of the edges obtained here by identifying 408
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ST and ST are even. Conversely, given a (usual) PPT-curve Q = (T, G, %) and a ao0s
set [ (1_“1) C T that includes only edges of even weight, we construct a real PPT- 410
curve Q' = (1_“', G’,E') as follows: (i) Put K = Ueel(fl)
gluing up I:_With another copy_K’ of K at the vertices of I', common for K and the 412
closure of T'\ K. (ii) The map & coincides on K and K’, whereas the weights of the 13

doubled edges are divided by 2 in order to keep the balancing condition. (iii) The 414
points of GNK are respectively doubled to K’. Finally, define an involution c on Q' 415

e and obtain the graph r by 411

interchanging K and K’, and define a subdivision G' = RG' U3 G'. 416

We shall consider only real PPT-curves with the following properties: 417
(R1) RT is nonempty and has no one-point connected component; 418
(R2) 3T has only univalent and trivalent vertices (if nonempty); 419
(R3) The marked points Gy N 3T are not vertices of 3T 420
(R4) 3G\ ST is empty or consists of some trivalent vertices of IT'; 421
(R5) The closure of any component of 3T\ G contains a point from 3G. 422

Observe that the closure of ST joins RT at vertices of valency greater than 3 423

(which are not in G by condition (T2)). 424
The real weight of a real PPT-curve Q is defined as 425
w(Q) = (=122 [T W) [T W(0.¢)- [T W(Q.),
vel? ecT! 1eGo
RGNSIT GNS3T| —by(IT
‘ :Q’ - 3GASL—5(3 ), (10)
2 2
with W(Q,v),W(Q,e),W(Q;y) computed along the following rules: 426

(W1) For an edge e CRT, put W(Q,e) = 0 or 1 according to whether w(e) is even 427
or odd. For an edge e € T'!, e C ST, put W(Q,e)W(Q,c(e)) = w(e). For an 428
edge e € Tk, e C 3T, put W(Q,e) = 1. 429
(W2) For y € GoNRT\ T, put W(Q,y) = 1. For y € RGNT, put W(Q,y) = 1. 430
Fory€ 3G,y =v T, put W(Q,y) = |A,|. For y € Gy, v € e C ST, put 431
W(Q, )W (Q,c(y)) = wl(e). 432
(W3) Fora vertex v € T°NST, put W(Q,v)W(Q,c(v)) = (=194 ZIp1(Q,v) (see 433
condition (M4) for the definition of M(Q,v)). For a trivalent vertex v € N 43
RT, put W(Q,v) = (—1)“‘“@")“22‘. 435
(W4) For a four-valent vertex v € I'" incident to two simple edges from RT and two 436
multiple edges ¢, ¢” from ST, put W(Q,v) = (— 1)/ mAINZ2|A | /(2w(e')). 437
(W5) Letv € I'V be of valency >3 incident to 438

* A simple edge e; C RT, 439
e Edgese; CRT, 1<i<r +1,and e, C 3T, el C 3T 1<i< s1, for 440
some nonnegative ry, sy, all with the same directing vector u’ # u,(e;) and 441
e BEdgese; CRI, ri+1<i<r +r+l,ande C 3T, el C ST, 51 < a2
i <51+ 52, for some nonnegative r,, s, such that rp +2s, > 2, all with the 443
same directing vector u” # u,(ey),u’. 444
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Take the real PPT-curve Q, induced by v and the edges emanating from v,
correspondingly restrict on Q, the involution ¢, and introduce a finite c-invariant
set of marked points G, picking up one point on each edge emanating from v but
eq. Consider the PPT-curve Q,/c and perform with it the deformation procedure
described in (M5) (cf. Fig. 1), getting a finite set of simple rational regularly end-

marked PPT-curves. We turn any curve é = (1_“, 6,5) from this set into a real
~1
PPT-curve. Namely, first we include in the set I(I" ) all the T-ends that correspond
~1

to the T'/c-ends of Q, from 3T, /c. Then we maximally extend the set I(T ) by
~1
the following inductive procedure: If two edges fi,f>» € I(T' ) merge to a vertex
~1

pe I, then the third edge f; emanating from p should be added to /(T" ). Clearly,

by construction, the weights of the edges e € I(T" ) are even; hence we can make a
real PPT-curve Q' = (T, G’ ,E'), letting RG' = G'NRT, 3G’ =G NST . Denoting
the final set of real PPT-curves by 7 and observing that their real weight W (Q') can
be computed by the above rules (W1-(W4), we define

W(Q,v)= Y, W(Q).

o'eT

The fact that the latter expression does not depend on the choice of the perturbation
of the points y’, y” (cf. construction in (M5) and Fig. 1) follows from a more general
statement proven in [18].

Remark 6. (1) If ¢ =1d, 3G =0, and Q is simple, we obtain the well-known
formula W(Q) = 0 when T contains an even weight edge, and W(Q) = (—1)¢,
a =Y, |Int(A) NZ?|, when all the edge weights of T are odd (cf. [9,
Definition 7.19] or.[13, Proposition 6.1], where in addition, degQ consists of
only primitive integral vectors).

(2) If Qs rational, @/c is simple, and G.. = RGNTY = RGNIT = 0, we obtain a
generalization of [15, Formula (2.12)] (in the version at arXiv:math/0406099).
Indeed, if RT contains an edge of even weight, we obtain W(Q) = 0 in (10)
due to (W1), and accordingly we obtain w(Q/c) = 0 in [15, Sect. 2.5] (in
the notation therein). If RT contains only edges of odd weight, then (under
assumption that the weights of the ends of I" are 1) [15, Formula (2.12)] reads

W(Q/C)Z(—l)‘”b H |Av|' H |A2v| (11)

verdn3G ve(T/c)ON(3T/c)

with @ = ¥, (r/00 [Int(A,) N Z2], b = |(T/¢)° N (3T/c)|, whereas in (10) we
obtain /| = 0 by the assumption RGN 3T =0, ¢, = |(T'/c)° N (3T/c)| due to
the rationality of Q and simplicity of Q/c, and furthermore, taking into account
that w(e) = 2w(e') = 2w(c(e')) fore = (' Uc(e’)) /c € (T/c)!, e’ €T, ¢/ C 3T,
we compute the other factors in (10):
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H W(Q,v) = H (_1)\Int(AV)ﬂZQ\ ) H (—1)‘3A"QZZ‘M(Q,V)
verd velO\3T {ne()}e(T/e)®n(3T/c)

o I (—1I(a)z? A

VeRTNST/e wle)
veecST/c, ec(T'/c)!
— H (_1)\lm(Av)ﬂZQ\ . (_4)*\(1"/6)%51"/0\ . H A,
ve(l/c)0 ve(l'/c)on3T /¢
T 2 2
27\9?1"031"\
- 1 SRR | S
e€(T/c)!, ec3T/c ec(T/c)", ec3T/c
eNG/c#0
_ w(e)
[Tw(e.e = H T2
eclD ec(T'/c)l, ec3T/c
w(e
yeGy ve3GNRT ec(T/c)!, ec3T/c
eNG/c#0
which altogether gives (with a,b from (11))
A |

W =" IT Ial- II 5 =w@/o)

vel®n3G ve(T/e)°N (3T /c)

3 Patchworking Theorem

3.1 Patchworking Data

Combinatorial-geometric part. In the notation of Sect.2.6, let Q = (T',G,h) be a
pseudosimple irreducible regular marked PPT-curve of genus g that has a nonde-
generate Newton polygon A and that satisfies conditions (T1)—(T3) of Sect. 2.6.

Let Gy split into disjoint subsets Gy = G(()m> U G(()dm) such that G(()m

) AT =

0 and h(G(()m)) ﬁh(G(()dm) ) = 0. We equip the points of Gy with the following

multiplicities:

o Ifye G™, putmt(y) = 1.
* If y€ G is a (trivalent) vertex of T, put mt(y) = (1,1).
+ If y € G is not a vertex of T, put mt(y) = (1,0) or (0, 1).

In the sequel, by O we denote the PPT-curve Q equipped with the subdivision

Gy = G(()m) U G(()dm) and the multiplicity function mt(y), v € Gy, as above.
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m(y) =m(y) =1

special pair of marked points (71, 72), special pair of edges (e, ¢5), special vertex v

Fig. 2 Illustration to Definition 7

Definition 7. A pair y,7 of distinct points in Gy is called special if h(y) = h(Y)

and mt(y) = mt(y'). A pair of parallel multiple edges e,e’ € T emanating from a
vertex v € TV of valency greater than 3'is called special if there are disjoint open
connected subsets K, K’ of I\ {v} and a special pair of points y € K, ¥ € K’ such
that

K contains the germ of ¢ at'v; K’ contains the germ of ¢’ at v
* There is a homeomorphism ¢ : K — K’ satisfying h|K = h‘K, o Q.

A vertex v € I'’ incident to a special pair of edges is called special. See Fig. 2.
Then we assume the following:

(T4) The edges in special pairs have weight 1, and at least one of the simple edges
emanating from a special vertex has weight 1.

(T5) Let e, ' be a special pair of edges emanating from a vertex v € T, and let
K, K’ be disjoint connected subsets of T'\ {v} as in Definition 7; then K UK’
contains at most one special pair of points of Gy.

(T6) A special pair of edges cannot be a pair of I'-ends and cannot be a pair of finite-
length edges that end up at a special pair 7,7’ € T such that 4(y) = h(y) and
mt(y) = mt(y) = (1,1).

(T7) Leta vertex v € I'” be a special vertex, and let {ey, ..., e;} be a maximal (with
respect to inclusion) set of edges of I" incident to v and such that

» FEach edge e; contains a point §; € Go, 1 <i <,
* h(n)=--=h(y)andmt(y) = = mt()).
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Suppose that dist(v,v;) < dist(v,vi+1), 1 <i<s, v € I \ {v} being the second
vertex of e;. Then we require

dist(v,77) > > dist(%,vi) + 2 dist(Y—1,vs—1)- (12)

1<i<s—1

Notice that in condition (T7), at most one edge e; is a I"-end (cf. (T6)), and it
must be e;.
We introduce also the semigroup

So={a=(o,0,...) : 4 €Z, 0;>0,i=12,..., {i : 0t >0} <o},

equipped with two norms

lodlo=2 0, el =Y ioy
i=1 i=1

and the partial order
a>f & a-BeZI,.

For each side o of A, we introduce the vectors B¢ € ZZ, such that the coordinate 3

of B equals the number of the univalent vertices v € T'?, such that i(v) € o C Ri
and w(e) = i for the T™-end e merging to v, forall i = 1,2,.. ..

Algebraic part. Let £ = Torg (A). The coordinatewise valuation map Val : (K*)? —
R? naturally extends up to Val : £ — R3. Let p C X := Torg (A) be finite and satisfy
2 A

Val(p) =¥ = h(G).> Suppose that

(A1) Each pointx € h(G(m)) C X has a unique preimage in p.

(A2) The preimage of each point x € h(G(dm)) C X consists of an ordered pair of

points pyx.pr x € P- B
(A3) Thereis a bijection ¥ : p™ — G.., where p™ := Val ! (¥*), ¥ = (G..), such

that Val(p) = h(y(p)),p € p™;
(A4) The sequence p is generic among the sequences satisfying the above condi-
tions.

Define the multiplicity function u : p N (K*)? — Z-¢ such that:
+ Forp € pn(K*)2, Val(p) =X € h(G™), put
pp) = 3 myy). (13)

YEGM™), h(y)=x

5This means, in particular, that the points of ¥ have rational coordinates.
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* For the points p, ,,p, , where Val(p, ) = Val(p, ) =x € h(GY9™), put

.u(pl,x) =my, N(Pz,x) =my, (mlamz) = 2 mt(Y) (14)
YEGEM), h(y)=x

From this definition and from the count of the Euler characteristic of T, we derive

> u@)+pT|-rll=g-1 (15)

pepn(K*)?

Let A’ C R? be a convex lattice polygon such that there is another lattice polygon
(or segment, or point) A” satisfying A’ +A” = A. Then we have a well-defined line
bundle £, on Torg (A). Letp’ C p and u’ : p’ N (K*)? — Z- be such that y’(p) <
p(p) for all p € p'. Let (B°) € Z%Z,, 0 C dA, be such that (B%)" < B° for all
sides 0 of A. We say that the tuple (A',g".p", 11, {(B®) }5can)> Where g’ € Z~, is
compatible if

o [(B°)|l1 = (c1(Lar), Torg (o)) for all sides 6 of A,

s (BO).>|{pep' NTork(o) : y(p) =ycecTL, wle) =i} forall sides o of
Aandalli=1,2,...;

+ ¢ <|Int(A'NZ?)| and

Y We+Pap =Y [(B°)[lo=¢—1.

pep’N(K*)2 0CIA

In view of (15) and |T| = ScoallBCllo, the tuple (A,g.p,1,{B}scon) is
compatible.

For any compatible tuple (A',g".p’, 1, {(B°) }5coa), We introduce the set
C(A,g'.p',m' {(B°) }scon) of reduced irreducible curves C € |L,/| passing
through p’ and such that

 The points p € p’ Np* are nonsingular for C, and
(C-Torg (dA))p, = w(e),
where y = y(p) € G.., and e € T, merges to 7.
* The local branches of C centered at the points of C N Torg (dA) are smooth, and
for each side o of Aand each i = 1,2, .. ., there are precisely ()] local branches
P of C centered at C N Torg (o) such that
(P-Torg (o)) =i, i=12,....

e Chas genus < g
 Ateach point p € p’ N (K*)?, the multiplicity of C is mt(C,p) > u'(p).
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We now impose new conditions on the algebraic pathchworking data:

(A5) For any compatible tuple (A',g".p',m’ ., {(B°) }s5con), the set C(A,g'.p,
m' {(B°) }scoa) is finite, and all the curves C € C(A', g',p",m’ ., {(B°) } 5con)
are immersed and have genus g’ and multiplicity mt(C,p) = m/(p) at each
point p € p’ N (K*)?; furthermore,

H'(CY, Jz(C")) =0, (16)

where CV is the normalization and Jz(C") is the (twisted with CV) ideal
sheaf of the zero-dimensional scheme Z C CV that contains the lift of p and
of the points of tangency of C and Torg(dA) on CV and that has length
(C-Torg (dA)), at the lift of p € pNTork (JA), and length (C- Torg (dA)), — 1
at the lift of each point z € CNTorg (JA) \ p.

Here we verify the condition (A5) for the versions of the patchworking theorem
used in [6, 18].

Lemma 8. Condition (A5) holds if

s Either u(p) = 1 for all p € pn (K*)?,
e or the surface £ = Torg(A) is one of P2, B¢ with 1 < k <3, (P')?, the
configuration p~ is contained in one toric divisor E of %, and

4, r=P2,
{pepn(K*)* : up)>1}| <{5-E2—k, $=P2
3 = (P2

Moreover;, all the curves C in the considered sets are nonsingular along
Torg (dA), are nodal outside p, and have ordinary singularity of order m'(p) at
each point p € p'M(K*)2.

Proof. We prove the statement only for the original data (A,g,p,m,{B°}scon)s
since the other compatible tuples can be treated in the same way.
Observe that in the first case, each curve C € C(A, g,p,m, {B° }scoa) satisfies

Y, wu(p) <|CnTor(dA)|—1. (17)
pEPN(K*)?
pp)>1

In the second situation, except for finitely many lines or conics (which, of course,
satisfy (AS)), the other curves obey (17) by Bézout’s theorem (just consider
intersections with suitable lines or conics; we leave this to the reader as a simple
exercise).

We proceed further under the condition (17). Letp’ = {p € pN(K*)? : u(p)>1}.
Consider the family C’ of reduced irreducible curves C' € | L] of genus at most g
that have multiplicity > 1 (p) at each point p € p’, whose local branches centered
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along Torg (dA) are nonsingular, and for which the number of such branches so7
crossing the toric divisor Torg (o) C Torg (A) with multiplicity i is B for all sides so8
ocof Aandalli=1,2,... 599

By a classical deformation theory argument (see, for instance, [2,3]), the Zariski 600
tangent space to C' at C € C := C(A, g,p,m,{B° }5coa) is naturally isomorphic to 6o1
HO(CY,J7(C")), where CV, Jz(CV) are defined in (AS). So we have 602

degZ = Y u(p)+C-Torg(dA) —[CNTor(dA)| = Y u(p)

pep’ pep’
—CKs — |CNTor(9A)] < —CKs — 1. 8)
Hence (see [2,3]) H'(C",Jz(C")) = 0, which yields 603

”O(CY, Tz (CY)) = C* —28(C) —degZ —g(C) + 1
—CKs+2g(C)—2—degZ—g(C)+1

2(C)—1+|CNTor(98) — Y u(p) 2 p\F| — (g — £(C)).
pep’
(19)

Since p\p’ is a configuration of generic points (partly on Torg (dA)), we derive that 604
g(C) = g and that C is finite. 605

For the rest of the required statement, we assume that a curve C € C is either not eos
nodal outside p or has singularities on Torg (JA) or has at some point p € pN (K*)? 607
a singularity more complicated than an ordinary point of order i (p). Then (cf. the 608
argument in the proof of [11, Proposition 2.4]) one can find a zero-dimensional eo9
scheme Z C Z' C CV of degree degZ' = degZ + 1 such that the Zariski tangent 10
space to C’ at C is contained in H(C¥, 7, (C")). However, then one derives from 611
(18) that degZ’ < —CKs, and hence again H'(CY, J,(C")) = 0, which in view of s12

(19) will lead to 613

H(C, Tz (C) =P \P'| - 1,
which finally implies the emptiness of C. O st5
3.2 Algebraic Curves over K and Tropical Curves 616

If C € |La] is a curve on the toric surface Torg(A), then the closure 617
Cl(Val(CN (K*)?))) € R? supports an EPT-curve 7 with Newton polygon A s1s
(cf. Sect. 2.2) defined by a convex piecewise linear function (5) coming from a s19
polynomial equation F(z) = 0 of C in (K*)%: 620

Fz)= Y Aw® Aw€K, co=Valdy), ze€ (K"~ (20)
weANZ?
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The EPT-curve obtained does not depend on the choice of the defining polynomial
of C and will be denoted by Trop(C).
Observe also that the polynomial (20) can be written

F(z) = Z (aw+0(t>0))tw(w>zw
0eANZ?

with the convex piecewise linear function v : A — R as in Sect. 2.2 and the
coefficients a4 € C nonvanishing at the vertices of the subdivision S7 of A.

3.3 Patchworking Theorems

The algebraically closed version.

Theorem 2. Given the patchworking data, a PPT-curve O, and a configura-
tion p satisfying all the conditions of Sect. 3.1, there exists a subset C(Q) C
C(A,g,p,m,{B%}5con) of M(Q) curves C such that Trop(C) = h..Q. Furthermore,
for any distinct (nonisomorphic) curves Q1 and Qy, the sets C(Qy) and C(Q5) are
disjoint.

Remark 9. We would like to underscore one useful consequence of Theorem 2: The
PPT-curve Q and the multiplicities of its marked curves must satisfy the restrictions
known for the respective algebraic curves with multiple points.

The real version. In addition to all the above hypotheses, we assume the
following:

(R6) The configuration p is Conj-invariant, Val(Rp) N Val(3p) = 0, where
Rp := Fix(Conj [17) and Sp =p\ (Rp).

(R7) The PPT-curve Q possesses a real structure ¢: Q — Q, G = RGUSIG such
that

()| The bijection y from (A3) takes G NRG into Rp NTork (JA) and takes
G»NS3G into 3p NTorg (JA), respectively.
(i) h(G,NRG) C Val(Rp), h(GoNIGNTY) C Val(3p).
(i) RGNGU™ N3T = 0.
(iv) If y€ Gon3IGNST, mt(y) = (1,0), then mt(c(y)) = (0,1).
(v) Ife € TL, e C RT, then w(e) is odd.

Theorem 3. In the notation and hypotheses of Theorem 2 and under assumptions
(R1)—(R7), the following holds:

Y Wep(0)=w(0Q), 21

ceRe(0)

where RC(Q) is the set of real curves in C(Q), and Ws 5(C) is as defined in (1).
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3.4 Proof of Theorem 2

Our argument is as follows. First, we dissipate each multiple point p € p of
multiplicity £ > 1 into k generic simple points (in a neighborhood of p), and then,
using the known patchworking theorems ([13, Theorem 5] and [16, Theorem 2.4))°,
we obtain M(Q) curves C € | L] of genus g matching the deformed configuration g.
After that, we specialize the configuration g back into the original configuration p
and show that each of the constructed curves converges to a curve with multiple
points and tangencies as asserted in Theorem 2.

Remark 10. The deformation part of our argument works well in a rather more
general situation, whereas the degeneration part appears to be more problematic,
and at the moment we do not have a unified approach to treating all possible
degenerations that may lead to algebraic curves with multiple points.

Following [13, Sect. 3], we obtain the algebraic curves C over K as germs of one-
parameter families of complex curves C 0 re (C,0), with irreducible fibers C ),
1 # 0, of genus g and a reducible central fiber C(?). The given data of Theorem 2
provide us with a collection of suitable central fibers C(?) out of which we restore
the families using the patchworking statement [13, Theorem 5].

Step 1. We start with a simple particular case that later will serve as an element of
the proof in the general situation. Assume that Q is a rational, simple, regularly end-
marked PPT-curve, h.Q C Ri is a (compactified) nodal embedded plane tropical

curve, p C Torg (dA), G = Goo, X =X, and p YWyl Gare bijections. Here M(Q)
is given by formula (9), and this number of required rational curves C C Torg (A) is
obtained by a direct application of [13, Theorem 5].

The combinatorial part of the patchworking data for the construction of curves
over K consists of the tropical curve Q that defines a piecewise linear function v :
A — R and a subdivision §: A= A;U---UAy (see Sect. 2.2). The algebraic part
of the patchworking data includes the limit curves C; C Tor(Ay), the deformation
patterns C, associated with the (finite-length) edges e € I'! (see [13, Sect. 5.1] and
[16, Sect. 2.1]),and the refined conditions to pass through the fixed points (see [13,
Sect. 5.4] and [7, Sect. 2.5.9]).

First, we orient the edges of I' as in Lemma 3(ii). Then we define complex
polynomials f,, e € 1_“1, and f,, v € T?, by the following inductive procedure. At
the very beginning, for the I'-ends e with marked points y, we define

folx,y) = (nhxP — EPyT)(©) (22)

where u(e) = (p,q) and (,n) are quasiprojective coordinates of the point ini(p)
on Tor(e) C Tor(A) such that y = w(p) (here y is the bijection from condition (A3)
above). We define a linear order on T'? compatible with the orientation of I'. On each

5The complete proof is provided in [16].
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stage, we take the next vertex v € TV and define f, and f,, where e is the edge
emanation from v. Namely, the polynomials f,, , fe, associated with the two edges
merging to v determine points z; € Tor(oy), z2 € Tor(o2) on the surface Tor(A,),
where 01,0, are the sides of A, orthogonal to h(e;), h(es), respectively, and we
construct a polynomial f, with Newton polygon A, that defines an irreducible
rational curve C, C Tor(A,), nonsingular along Tor(dA,), crossing Tor(e;) at z;,
i=1,2, and crossing Tor(e) at one point zq (at which one has (C, - Tor(e)),, = w(e)).
By [13, Lemma 3.5], up to a constant factor there are |A,|/(w(e;)w(e2)) = M(Q,v)
choices for such a polynomial f,. After that, we define f,(x,y) via (22) with &, n
the (quasihomogeneous) coordinates of zy in Tor(o), where o is the side of A,
orthogonal to 4(e). Thus the limit curves C; C Tor(A;) are C, for the triangles

Ay dual to h(v), and they are given by f, fo,, Where ej,e; € T appear in the
decomposition (6) of a parallelogram Ay.

The set of limit curves is completed by a set of deformation patterns (see [13,
Sects. 3.5 and 3.6]) as follows. Namely, for each edge e € I'' with w(e) > 1, the
deformation pattern is an irreducible rational curve C, C Tor(A,), where A, :=
conv{(0,1),(0,—1),(w(e),0)}, whose defining (Laurent) polynomial f,(x,y) has
the zero coefficient of x*(¢)~! and the truncations to the edges [(0,1),(w(e),0)]
and [(0,—1),(w(e),0)] of A, fitting the polynomials fy,, f,,, where vi,v, are the
endpoints of e (see the details in [13, Sects. 3.5 and 3.6]). Recall that by [13, Lemma
3.9], there are w(e) = M(Q, e) suitable polynomials f.

The conditions to pass through a given configuration p do not admit a refinement.
Indeed, following [13, Sect. 5.4], we can turn a given fixed point p into (£,0), & =
50 + 0(t>0) € K, by means of a suitable toric transformation. Then, in [13, Formula
(6.4.26)], the term with the power 1 /m will vanish.”

The above collections of limit curves and deformation patterns coincide with
those considered in [13]; the transversality hypotheses of [13, Theorem 5] are
verified in [13, Sect. 5.4]. Hence, each of the

[1M(Q.v) TT M(Q,e) =Mm(0Q)

velv ecT!

above patchworking data gives rise to a rational curve C C Torg (A) as asserted in
Theorem 2. Notice that all these curves are nodal by construction.

Step 2. Now we return to the general situation and deform the given configuration
p into the following new configuration q.

We replace each point p = (£1¢+--- nt® +---) € pN (K*)? with multiplicity
u(p) > 1 (defined by (13) or (14)) by u(p) generic points in (K*)? with the same
valuation image Val(p) = (—a,—b) and the initial coefficients of the coordinates

"The mentioned term contains 177, the initial coefficient of the second coordinate of p, and not £0
as appears in the published text. The correction is clear, since in the preceding formula for 7 one
has j 0

just n.
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close to &,m € C*, respectively. Furthermore, we extend the bijection y from (A3)
up to amap Y : g — G in such a way that

* Vall_=hoy.

* Each point y € G\ T? has a unique preimage, and each point y € GNT? has
precisely two preimages.

o If y€ G\ TO, h(y) =x, then y~!(7) is close to p; . or to p, . according to
whether mt(y) = (1,0) or (0,1). ' '

o Ifyc G NTO, h(y) =x, then y~(y) consists of two points, one close to p; ,
and the other close to p, .. '

Next we construct a set C' C C(A,8,4,1,{B%}scoa) of M(Q) curves with the
tropicalization h.Q. By Lemma 8, they are irreducible, nodal, of genus g, and with
specified tangency conditions along Torg (dA).

Step 3. Similarly to Step 1, we obtain the limit curves from a collection of
polynomials in Clx,y] associated with the edges and vertices of the parameterizing
graph I" of Q:

®
(ii)

(iii)

(iv)

Let y € G\ I lie on the edge ¢ € T . Then we associate with the edge e a
polynomial f,(x,y) given by (22) with the parameters described in Step 1.

Let y € Gy be a (trivalent) vertex v_.of I. Then f,(x,y) is a polynomial
with Newton triangle A, (see Sect. 2.2) defining in Tor(A,) a rational curve
C, € |La,] that crosses each toricdivisor of Tor(A,) at one point, where it is
nonsingular, and that passes through the two points ini(y~!(y)). Observe that
by [15, Lemma 2.4], up to a constant factor there are precisely |A, | polynomials
/v as above. (Although the assertion and the proof of [15, Lemma 2.4] are
restricted to the real case, the proof works well in the same manner in the
complex case regardless of the parity of the side length of A,.)

Edges emanating from a vertex v € TN Gy do not contain any other point
of G due to the A-general position, and we define polynomials f, for them
by formula (22), where &, n are the (quasihomogeneous) coordinates of the
intersection point of C, with Tor(o), with o the side of A, orthogonal to A(e).
Pick a connected component K of T'\ G and orient it as in Lemma 3(ii). Then
we inductively define polynomials for the vertices and closed edges of K: In
each stage we define polynomials f,, and f, for a vertex v and a simple closed
edge e emanating from v, whereas the polynomials f,, for all the edges e’ of
K merging to v are given. Each of the latter polynomials defines a point on
Tor(dA,), and these points are distinct. We denote their set by X. Then we
choose a polynomial f,(x,y) with Newton triangle A, defining an irreducible
rational curve C, C Tor(A,) that

* is nonsingular along Tor(dA,)

« crosses Tor(dA,) at each point z € X with multiplicity w(e’), where the edge
e e T merging to v is associated with a polynomial f,/ that determines the
point z

* crosses Tor(dA,) \ X at precisely one point zg.
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Notice that zp is the unique intersection point of C, with the toric divisor
Tor(o) C Tor(A,), where o is orthogonal to h(e), and (C, - Tor(0)), = w(e).
We claim that up to a constant factor there are precisely M(Q,v) polynomials f,, as
required.

The case of a trivalent vertex v was considered in Step 1. In general, observe that
the set of the required curves is finite, since we impose

(Cv . Tor(aAv)) —1= _CVKTOI‘(AV> -1

conditions on the rational curves C,, € | L, |, and the conditions are independent by
Riemann—Roch. The cardinality of this set depends neither on the choice of a generic
configuration of fixed points on Tor(dA,) nor on the choice of an algebraically
closed ground field of characteristic zero. Thus, we consider the field K and pick
the fixed points on Torg (dA,) so that the valuation takes them injectively to a A, -
generic configuration in 8Riv. Then the rule (M5) and the construction in Step
1 provide M(Q,v) curves as required. The fact that there are no other curves under
consideration follows from a slightly modified Mikhalkin’s correspondence theorem
(for details, see, for instance, [18]).

We then define f,(x,y) via (22) with £, 1 the (quasihomogeneous) coordinates
of zg in Tor(o).

Summarizing, we deduce that the number of choices of the curves C,, v € Y,
and C,, e € 1_“1, is

H M(Q,v).

vel?
Step 4. Now we define the limit curves, the deformation patterns, and the refined
conditions to pass through fixed points.

For each polygon A of the subdivision S of A, the limit curve C; C Tor(Ay) is
defined by the product of the polynomials f,, f, constructed above corresponding to
the summands in the decomposition (6) of Ay.

The deformation pattern for each edge e € T'! such that w(e) > 1 is defined in the
way described in Step 1.

Finally, the condition to pass through a given point ¢ € g such that y = y(q) € G

lies in the interior of an edge e € T with w(e) > 1 admits a refinement (see [13,
Sects. 5:4] and [7, 2.5.9]) that in turn is defined up to the choice of a w(e)th root of

. =1 .
unity, where e € I contains 7.
So, the total number of choices we made up to now is

[T M) TTM(Q.e)- [TM(Q,7) =M(Q).

verv ecT! reG

Step 5. Let us verify the hypotheses of the patchworking theorem from [13, 16].

766
767
768
769
770
771

772

773
774
775
776
77
778
779
780
781
782
783
784

785

786

787
788
789
790
791
792
793
794

795
796

797
798

799

800



Author's Proof

Tropical and Algebraic Curves with Multiple Points

First, the requirement on the limit curves (see [13], conditions (A), (B), (C) in
Sect. 5.1, or [16], conditions (C1), (C2) in Sect. 2.1) is ensured by the generic choice
of ini(q), ¢ € g. Namely, the limit curves do not contain multiple nonbinomial
components (i.e., defined by polynomials with nondegenerate Newton polygons),
any two distinct components of any limit curve C, C Tor(Ay) intersect transversally
at nonsingular points all of which lie in the big torus (C*)? C Tor(Ay), and finally,
the intersection points of any component of a limit curve C; with Tor(dA;) are
nonsingular.

The main requirement is the transversality condition for the limit curves. and
deformation patterns (see [13, Sect. 5.2] and [16, Sect. 2.2]), which is relative to the
choice of an orientation of the edges of the underlying tropical curve. In [13, 16],
one considers an orientation of edges of the embedded plane tropical curve (cf. Sect.
2.2), which in our setting is just /,(Q) C R?. Here we consider the otientation of
the edges of the connected components of T\ G as defined in Lemma 3(ii). Since
this orientation does not define oriented cycles and since the intersection points of
distinct components of any limit curve with toric divisors are distinct, the proof of
[13, Theorem 5] and [16, Theorem 2.4] with the orientation of I is a word-for-word
copy of the proof with the orientation of /(T"). Moreover, comparing with [13, 16],
here we impose extra conditions to pass through the points ini(g), g € g.

The deformation patterns are transversal in the sense of [13, Definition 5.2], due
to [13, Lemma 5.5(ii)], where both inequalities hold, since the deformation patterns
are nodal ([13, Lemma 3.9]) and thus do not contribute to the left-hand side of the
inequalities, whereas their right-hand sides are positive.

The transversality of the limit curve C; C % := Tor(A) in the sense of [13,
Definition 5.1] means the triviality (i.e.; zero-dimensionality) of the Zariski tangent
space at Cy to the stratum in £, | formed by the curves that split into the same
number of rational components as Cy (i.e., the components of C; do not glue up
when one is deformingalong such a stratum), each of them having the same number
of intersection points with Tor(dA) as the respective component of C; and with
the same intersection number, and such that all but one of these intersection points
are fixed. In other words, the conditions imposed on each of the components of
C}, determine a stratum with the one-point Zariski tangent space. Indeed, the above
fixation of intersection numbers of a component C’ of C;, and all but one intersection
point of €' with Tor(dAy) has imposed —C’'Ks, — 1 conditions, all of which are
independent due to Riemann—Roch on C'.

Thus, [13, Theorem 5] applies, and each of the M(Q) refined patchworking data
constructed above produces a curve C C Torg (A) as asserted in Theorem 2.

Step 6. Now we specialize the configuration g to p and prove that each of the curves
C € (' constructed above tends (in an appropriate topology) to some curve € € [Lal-

To obtain the required limits, we introduce a suitable topology. Since the
variation of ¢ does not affect its valuation image, the same holds for the (variable)
curves C' € C', and hence one can fix once and for all the function v : A — R.
Then, writing each coordinate of any point ¢ € g as X =t~ X, () and each
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coefficient of the defining polynomials of C as Ay, = 1¥(®)¥,(¢), and assuming
(without loss of generality) that all the exponents of ¢ in the above coordinates and
coefficients are integral, we deal with the following topology in the space of the
functions W () holomorphic in a neighborhood of zero: Take the C° topology in
each subspace consisting of the functions convergent in |t| < & and then define the
inductive limit topology in the whole space.

So we assume that the variation of g reduces to only variation of ini(q),
g € gN (K*)?, whereas the reminders of the corresponding series in  are unchanged.

To show that the families of the curves C € C’ have limits, we recall that their
coefficients appear as solutions to a system of analytic equations that is soluble
by the implicit function theorem due to the transversality of the initial (refined)
patchworking data (cf. [13, 16]). Thus, to confirm the existence of the limits of the
curves C € C', it is sufficient to show that the system of equations and the (refined)
patchworking data have limits and that the latter limit is transverse. In particular,
we shall obtain that in each coefficient A, = 1V(®) Yo (t), @ € ANZ?, the factor ¥,
converges uniformly in the family.

We start with analyzing the specialization of limit curves. Since the given tropical

—1
curve Q stays the same, we go through the curves C,, v € I and C,, e €T .

Clearly, the curves C,, e € 1_“1, keep their form (22) with the parameters &, 1) possibly
changing as ini(g) tends to ini(p), p € p. Similarly, the curves C, corresponding to
the vertices v € 'V of valency 3 remain as described in Step 1, i.e., nodal nonsingular
along Tor(dA, ), and crossing each toric divisor at one point. Furthermore, the curves
C, corresponding to the nonspecial vertices v € I'" of valency greater than 3, remain
as described in Step 3, paragraph (iv), since the intersection points of C, with
the toric divisors that correspond to the edges of I', merging to v, do not collate
and remain generic in the specialization, since they are not affected by possible
collisions of the points ini(g), ¢ € g. So let us consider the case of a special vertex
v € T, By (T4), C, cannot split into proper components, and hence it specializes to
an irreducible rational curve. Furthermore, the intersection points of C, with toric
divisors that correspond to the special edges may collate, forming singular points,
centers of several smooth branches.

So finally, the transversality conditions for such a curve reduce to the fact that the
Zariski tangent space at C, to the stratum in | £, | consisting of rational curves with
given intersection points along the two toric divisors that are related to the oriented
edges of T' merging to v is zero-dimensional. These are precisely the same stratum
conditions as in Step 5, and the argument of Step 5 (Riemann—Roch on the rational
curve C,) shows that all the —C,Kry(a,) — | conditions defining the stratum in the
Severi variety parameterizing the rational curves in | £,, | are independent.

Next, we notice that by assumption (T4), the possible collision of intersection
points of C, with Tor(dA,) concerns only transverse intersection points (i.e., those
that correspond to edges of weight 1), and hence affects neither the deformation
patterns nor the refined conditions to pass through p. Thus, each of the curves
C € C' degenerates into some curve C € |£A] that is given by a polynomial with
coefficients Ag = 1V(®)¥, (1), @ € A, containing factors ¥, convergent uniformly
in some neighborhood of 0 in C.
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Remark 11. (1) Observe that the genus of C does not exceed the genus of C.

(2) Notice also that there is no need to study refinements of possible singular points
appearing in the above collisions of the intersection points of C,, with Tor(dA, ).
Indeed, the number of transverse conditions we found equals the number of
parameters; hence no extra ramification is possible.

Step 7. Next we show that at each point p € p with u(p) > 1, the obtained curve C
has 1 (p) local branches.

Considering the point p € (K*)? as a family of points p) € (C*)2, 1 # 0, 'we
claim that the curves C(*) C Tor(A) have p(p) branches at p), 1 # 0. Indeed, we
will describe how to glue up the limit curves forming ¢ when €9 deforms
into C®, ¢ # 0. Our approach is to compare the above gluing with the gluing of
the hmlt curves in the deformation of C(¥) into C%), 1 # 0, where C € C’ passes
through the configuration ¢, and this comparison heav11y relies-on the one-to-one
correspondence between the limit curves of C and C € C’ established in Step 6.

Letqy,...,q, be all the points of the configuration ¢ that appear in the dissipation
of the point p € p (cf. Step 2), and let % = w(q;), i = 1,...8, be the corresponding
marked pointson T, so that y; € ¢; € T, i = 1,...,s. If the edges h(e;), h(e;) intersect
transversally at V = h(y;) = h(7;), then V is a vertex of the plane tropical curve
h,(Q) dual to a polygon Ay of the corresponding subdivision of A. The components
Ci,C; C Tor(Ay) of the curve C*) passing through ini(g,),ini(q;) € (C*)?
Tor(Av) respectively, intersect transversally in ((C*) and their intersection points
n (C*)2 do not smooth up in the deformation C), r # 0, and the same holds for
the corresponding components C;, Cj of €() meetmg at ini(p) € (C*)? C Tor(Ay),
since the smoothing out of an intersection point ini(p) of C; and C 7 would raise the
genus of C above the genus of C, contrary to Remark 11.

Suppose that in the above notation, A(e;) and h(e;) lie on the same straight
line, but e;,e; have no vertex in common (see Fig.3a). We consider the case
of finite-length edges e;,e;; the case of ends can be treated similarly. Let v;, v/
be the vertices of e;, and let v j,v’j be the vertices of e;. Their dual polygons
Avi,Av;,Avj,Av} (see Sect 2.2) have sides E;, E},E;, E} orthogonal to h(e;). In the

deformation C(% — C1), ¢ + 0, the limit curves C; C Tor(A,,) and C! C Tor(A, /)
passing through im(ql-) € Tor(E;) = Tor(E]) glue up to form a branch centered

at qgt), and similarly the limit curves C; C Tor(A,;) and C; C Tor(AV}) passing

through ini(q;) € Tor(E;) = Tor(E";) glue up to form a branch centered at qy). The

same happens when C specializes to C and q;,q; specialize to p, since again the
aforementioned restriction g(C) < g(C) does not allow the limit curves C;,C/ to
glue up with the limit curves C; i C

The remaining case to study is glven by the tropical data described in condition
(T7), Sect. 3.1. Without loss of generality we can assume that all the edges ey, ..., e
have a common vertex v and that their #-images lie on the same line (see an example
in Fig.3b). Applying an appropriate invertible integral-affine transformation, we
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Fig. 3 Illustration to Step 7 of the proof of Theorem 2

can make the edges ey, ..., e, horizontal and the point x = Val(p) € R? to be the
origin. Correspondingly, v = (—a,0), v; = (;,0),i=1,...,s, with0 < o <--- <
o < oo and

o> Y 0206 . (23)
1<i<s—1

In what follows we suppose that o < o. The case oz = o> admits the same treatment
as the case of finite o > o.

Letg; = w—!(y), 1 <i<s, be the points of the configuration g that appear in the
deformation of the point p described in Step 2. Our assumptions yield that

p=E+00)n+00), ¢;=(E+00),ni+0077), i=1,...s,

with some £, € C*, & close to &, 1, close to 1, i = 1,...,s. Furthermore, the
triangles A, and A,; dual to the vertices v and v;, 1 <i <, respectively, have vertical
edges 0 C dA, and 0; C dA,,, 1 <i<s, along which the function v (see Sect. 2.2) is
constant. By assumptions (T4)—(T6), the limit curve C, C Tor(A,) crosses the toric
divisor Tor(o) at the points 1y, . .., s with total intersection multiplicity s, and each
of the limit curves C,, C Tor(A,,), 1 <i <, crosses the toric divisor Tor(o;) at the
unique point 7; transversally, and the corresponding limit curve év,- crosses Tor(o;)
at the point 7 transversally, too.
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Now we move the points qy,...,q,, keeping their x-coordinates and making
(q1)y="---=1(q5)y = (p)y. As shown in Step 6, the curve C (depending on
qi,---,q,) converges to a curve C' with the same Newton polygon, genus, and
tropicalization, and the limit curves of C componentwise converge to limit curves
of C'. Consider now the polynomial F (x,y) := F’(x,y+ (p)y), where the polynomial
F'(x,y) defines the curve C'. As in the refinement procedure described in [13, Sect.
3.4] or [7, Sect. 2.5.8], the subdivision of the Newton polygon A of F contains the
fragment bounded by the triangle 6 = conv{(0,0),(1,s),(s+1,0)} (see Fig.3d),
which matches the points gy, ...,q,. The corresponding function V : A — R takes
the values

v(0,0) =0, V(l1,5)=0, V(ks+1—k= > o, k=2, 5+1,

1<i<k

along the inclined part of d3. The tropical limit of F restricted tothe above fragment
consists of a subdivision of 6 determined by some extension of the function Vv inside
6 and of limit curves that must meet the following conditions:

* These limit curves glue up into a rational curve (with Newton triangle ), since
in the original tropical curve, the aforementioned fragment corresponds to a tree
(see Fig. 3b). _

* The intersection points g of the curve Cs := {F5 = 0} with the line x = (p), such
that Val(g), < 0 converge to p as qy,...,q, tend to p, where F; is the sum of the
monomials of F matching the set AN Z?, and the convergence is understood in
the topology of Step 6.

* The subdivision of & contains a segment G of length s lying inside the edge
[(0,0), (s + 1,0)], along which the function Vv is constant and such that the
corresponding toric divisor Tor(G) intersects the limit curves at the points

ST

These restrictions and inequality (23) leave only one possibility: the subdivision
of & shown in Fig. 3¢,d (the subdivision (c) for the case o > o + - - - + 0, and the
subdivision (d) for the case ot < 0 + - -+ + 0). The limit curve Cg C Tor(6') for
a triangle 6’ C 6 having a horizontal base splits into H(8) distinct straight lines
(any of them crossing each toric divisor at one point), where H(§') is the height.
The limit curve Cg C Tor(8’) for a trapeze 8’ C & splits into H(8') straight lines as
above and a suitable number of straight lines x = const (which reflect the splitting of
the trapeze into the Minkowski sum of a triangle with a horizontal segment). All the
limit curves are uniquely defined by the intersections with the toric divisors Tor(c")
for inclined segments ¢’ (in our construction, these data are determined by the points
7\{q1,...,4,} and by the condition (¢q)y, = --- = (¢,)y = 0) and by intersections
with Tor(G) introduced above. When ¢q,...,q, tend to p, the subdivision of &
remains unchanged, whereas the limit curves naturally converge componentwise.
Then we immediately derive that components of the limit curves passing through
ini(p) do not glue up together in the deformation C), t € (C,0), since otherwise,
the (geometric) genus of ¢, 1 # 0, would jump above the genus of C, which is
impossible (see Remark 11).
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Step 8. By assumption (AS5), Sect. 3.1, the curves Cc Torg (A) are immersed, os7
irreducible, of genus g, have multiplicity u(p) at each point p € pN (K*)?, and oss
satisfy the tangency conditions with Torg(dA) as specified in the assertion of g9
Theorem 2. It remains to show that we have constructed precisely M(Q) curves C. 9%

Indeed, condition (16) implies that for any dissipation of each pointp € pN (K*)? o1
into p(p) distinct points there exists a unique deformation of Cintoacurve C € C 992
such that a priori prescribed branches of C at p will pass through prescribed points 993
of the dissipation. 994

Finally, we notice that the sets C(Q;) and C(Q,) are disjoint for distinct 995
(nonisomorphic) PPT-curves 01,0,. Indeed, the collections of limit curves as ses
constructed in Steps 1 and 3 appear to be distinct for distinct curves @y and Qo 997
and the given configuration p. 0] 998

3.5 Proof of Theorem 3 999

The curves C € RC(Q) constructed in the proof of Theorem 2 are immersed, and 1000
hence the formula (1) for the Welschinger weight applies. Thus the left-hand side of 1001

(21) is well defined. 1002
Next we go through the proof of Theorem 2, counting the contribution to the 1003
right-hand side of (21). 1004

First, we deform the configuration p as described in Step 2, assuming that the 1005
deformed configuration g is Conj-invariant and that the map v : § — G sends Rg = 1006
g NFix(Conj) to RG and sends Ig = g \ Rg to 3G, respectively. In particular, if 1007
p € Rp, and the points Val(p) is an image of r points of RGN RT and s pairs 1008
of points of RGN ST, then p deforms into r real points and s pairs of imaginary 1009
conjugate points. 1010

Notice that the replacement of p by g causes a change of sign in the left-hand side 1011
of (21) and a change in the quantity of the real curves in the count on the right-hand 1012
side of (21). We now explain the change of sign: The dissipation of a real pointp as 1013
in the preceding paragraph means that for each curve C € C’, we count an additional 1014
r real solitary nodes in a neighborhood of p, since in the nondeformed situation, 1o1s
the point p should be blown up for the computation of the Welschinger sign. This 1016
change is reflected in the sign (—1)"1, ¢; = [ RGN ST|/2, in the right-hand side of 1017
formula (10). 1018

Next we follow the procedure in Steps 3 and 4 of the proof of Theorem 2 1019
and construct Conj-invariant collections of limit curves, deformation patterns, and 1020
refined conditions to pass through fixed points: 1021

e By [13, Proposition 8.1(i)], the existence of an even-weight edge e € ', e CRT, 1022
annihilates the contribution to the Welschinger number, and hence by (R7)(v), 1023
we can assume that all the edges e C RT have odd weight. In particular, with the 1024
finite-length edges e C R one can associate a unique real deformation pattern 102
with an even number of solitary nodes (cf. [15, Lemma 2.3]). 1026
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+ The limit curves associated with the vertices of RI" contribute as designated in
rules (W2)—(W4) in Sect. 2.6 (cf. [15, Lemmas 2.3, 2.4, and 2.5]).

e The construction of limit curves and deformation patterns associated with the
vertices and edges of 3T (a half of 3T) contributes as designated in rules (W1)—
(W3) (cf. the complex formulas in the proof of Theorem 2 and [15, Sect. 2.5]).
Accordingly, the data associated with ST are obtained by conjugation.

e The refinement of the condition to pass through fixed points contributes as
designated in rule (W2), since we have a unique refinement for y € RT and w(e)

refinements for y € e € 3T

The remaining step is to explain the factor 22, £, = (|3G N 3IT| — bo(3T))/2, in
formula (10). Indeed, when constructing the limit curves associated with the vertices
of Sf/, we start with the respective fixed points, which are all are imaginary in the
configuration g, and thus we choose a point in each of the [GN3T| = [GN3T|/2
pairs of the corresponding points in g.

Observe that in the degeneration § — p, |RGN Sl_“/| pairs ofs imaginary points of
g merge to real points in p, which leaves only |3G N 3T|/2 choices in the original
configuration p. After all, we factorize by the interchange of the components of 3T,
arriving at the required factor 2/2. ]
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