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1 Introduction

Quotients X of bounded symmetric domains €2 with respect to torsion-free arith-
metic lattices I" have been well studied. In particular, the Satake—Borel-Baily
compactifications (Satake [Sat60]; Borel-Baily [BB66]) give in general highly
singular compactifications X C X, that are minimal in the sense that given any
normal compactification X < X, the identity map on X extends to a holomorphic
map X — X min. The minimal compactifications are constructed using modular forms
arising from Poincaré series, and for their construction, arithmeticity is used in an
essential way.

When X = Q/I' is irreducible, by Margulis [Mar77] I' is always arithmetic
except in the case that €2 is of rank 1, i.e., in the case that Q is isomorphic
to the complex unit ball B”, n > 1. When n = 1, the problem of compactifying
Riemann surfaces of finite volume with respect to the Poincaré metric is classical
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and long understood, while in the case of higher-dimensional complex-hyperbolic
space forms, i.e., quotients B"/I", where n > 2 and I' C Aut(B") are torsion-free
lattices, minimal compactifications have not been described sufficiently explicitly
in the literature.

It follows from the work of Siu—Yau [SY82] that X can be compactified by adding
a finite number of normal isolated singularities. The proof in [SY82] is primarily
differential-geometric in nature with a proof that applies to any complete Kihler
manifold of finite volume with sectional curvature bounded between two negative
constants. By the method of L?-estimates of @ it was proved in particular that X =
B" /T is biholomorphic to a quasiprojective manifold. It leaves open the question
whether the minimal compactification thus defined is projective-algebraic as in the
case of arithmetic quotients.

In this article we give first of all a description of the structure near infinity of
complex-hyperbolic space forms of dimension >2 that are not necessarily arithmetic
quotients. We show that the picture of Mumford compactifications (smooth toroidal
compactifications) obtained by adding an Abelian variety to each of the finitely
many infinite ends remains valid (Ash—-Mumford—Rappoport-Tai [AMRT75]). Each
of these Abelian varieties has negative normal bundle and can be blown down
to an isolated normal singularity, giving therefore a realization of the minimal
compactification as proven in [SY82]. More importantly, we show that the minimal
compactification is projective-algebraic. B

Instead of using Poincaré series, we use the analytic method of solving d with L?-
estimates. The latter method originated from works of Andreotti—Vesentini [AV65]
and Hormander [H6r65], and the application of such estimates to the context of con-
structing holomorphic sections of Hermitian holomorphic line bundles on complete
Kihler manifolds was initiated by Siu—Yau [SY77] (see also Mok [Mk90, Sects. 3
and 4] for a survey involving such methods). In our situation, from the knowledge
of the asymptotic behavior with respect to a smooth toroidal compactification of the
volume form of the canonical Kéhler—Einstein metric, using [*-estimates of 9 we
construct logarithmic pluricanonical sections that are nowhere vanishing on given
Abelian varieties at infinity when the logarithmic canonical line bundle is considered
as a holomorphic line bundle over the Mumford compactification.

Using such sections and solving again the d-equation with L2-estimates with
respect to appropriate singular weight functions (cf. Siu—Yau [SY77]), we construct
a canonical map associated with certain positive powers of the logarithmic canonical
bundle, showing that they are base-point-free. Thus, as opposed to the general case
treated in [SY77], where the holomorphic map is defined only on the complete
Kihler manifold X of finite volume, in the case of a ball quotient, our construction
yields a holomorphic map defined on the Mumford compactification. It gives a
holomorphic embedding of X onto a quasiprojective variety that admits a projective-
algebraic compactification obtained by collapsing each Abelian variety at infinity to
an isolated singularity.

The extension of the standard description of Mumford compactifications to the
case of nonarithmetic higher-dimensional complex-hyperbolic space forms X of
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finite volume was known to the author but never published, and such a description
was used in the proof of rigidity theorems for local biholomorphisms between such
space forms in the context of Hermitian metric rigidity (Mok Mk89). A description
of the asymptotic behavior of the canonical Kdhler—Einstein metric with respect to
Mumford compactifications also enters into play in the generalization of the immer-
sion problem on compact complex hyperbolic space forms (Cao—-Mok [CM90]) to
the case of finite volume (To [To93]).

More recently, interest in the nature of minimal compactifications for nonarith-
metic lattices in the rank-1 case was rekindled in connection with rigidity problems
on holomorphic submersions between complex-hyperbolic space forms of finite vol-
ume (Koziarz—Mok [KMOS]). There it was proved that any holomorphic submersion
between compact complex-hyperbolic space forms must be a covering map, and a
generalization was obtained also for the finite-volume case. Since the method of
proof in [KMO8] is cohomological, the most natural proof for a generalization to the
finite-volume case can be obtained by compactifying such space forms by adding
isolated singularities and by slicing such minimal compactifications by hyperplane
sections, provided that it is known that the minimal compactifications are projective-
algebraic. The proof of projective algebraicity by methods of partial differential
equations and hence its validity also for the nonarithmetic case is the raison d’étre
of the current article.

In line with the purpose of bringing together analysis, geometry, and topology
and establishing relationships among these fields, the substance of the current article
makes use of a variety of results and techniques in these fields. To make the article
accessible to a larger audience, in the exposition we have provided more details than
is absolutely necessary. Especially, in regard to the technique of proving projective
algebraicity by means of L?-estimates of d we have included details to make the
arguments as self-contained as possible for a nonspecialist.

2 Mumford Compactifications for Finite-Volume
Complex-Hyperbolic Space Forms

2.1" Description of Mumford Compactifications for X = B" /T’
Arithmetic

Let B" be the complex unit ball of complex dimension n > 2 and I' C Aut(B") a
torsion-free arithmetic subgroup. Let E C dB”" be the set of boundary points b such
that for the normalizer N, = {v € Aut(B") : v(b) = b}, I NN}, is an arithmetic
subgroup of N,. (Observe that every v € Aut(B") extends to a real-analytic map
from B" to B". We use the same notation v to denote this extension.) The points
b € E are the rational boundary components in the sense of Satake [Sat60] and
Baily—Borel [BB66]. Modulo the action of I', those authors showed (in the general
case of arithmetic quotients of bounded symmetric domains) that there is only
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a finite number of equivalence classes of rational boundary components. In the
case of arithmetic quotients of the ball, the Satake—Baily—Borel compactification
X min of X is set-theoretically obtained by adjoining a finite number of points, each
corresponding to an equivalence class of rational boundary components. We fix a
rational boundary component b € E and consider the Siegel domain presentation S,
of B" with b € dB" corresponding to infinity (Pyatetskii-Shapiro [Pya69]). In other
words, we consider an inverse Cayley transform @ : B* — S, := {(z1 yeeyzn) €CM:
Imz, > |z1[*+ -+ +|zs—1|*} such that @ extends real-analytically to B" — {b} and
D, B —{p} = dS, is a real-analytic diffeomorphism. To simplify notation, we will
write S for S,,. From now on, we will identify B" with S via @ and write X = S/T".
Write 7 = (z1,---,20-1);2 = (73 20)-

Let W, be the unipotent radial of N,. In terms of the Siegel domain presentation

Wy = {veENy: v(Zszn) = (¢ +d'szp+2id -2 +il|d]|* +1);
d = (ai,...,a,-1) €C"', teR}, (1)

where o’ -7 = Zf‘;ll aizi, W, is a nilpotent group such that Uy, := [W,, W,] is real 1-
dimensional, corresponding to the real one-parameter group of translations A;, 7 € R,
givenby A (7',z) = (z,z+1). Since b € dB" isa rational boundary component, I N
W, C W, is a lattice, and in particular I N W}, is Zariski dense in the real-algebraic
group W, It follows that [I' "W, I’ NW;] C I'NU, C Uy, = R must be nontrivial,
for otherwise, we would have I" N\ W}, and hence its Zariski closure W, would be
commutative, a plain contradiction. As a consequence, I NU;, C U, = R must be a
nontrivial discrete subgroup. Write A € I" N U,, for a generator of I N U, = Z. For
any nonnegative integer N, define

SM = f(Z;z,) €C": Im z, > ||+ N} C S. (2)

Consider the holomorphic map ¥ : C"~! x C — C"~! x C* given by

2Tizn

V(izn) = (e ) i=(Whiwy)s W= (wi,..,way), (3)

which realizes C"~! x C as the universal covering space of C"~! x C*. Write G =
¥(S), and for any nonnegative integer N, write GV) = ¥ (SW™)). Then G and each
G™) are total spaces of a family of punctured disks over C"~!. Define GcC'xC
by adding the “zero section” to G (i.e., by including the points (w',0) for w’ € C*~!.
Likewise, for each nonnegative integer N, define GV ccrixc by adding the
“zero section” to GV). We have

~

G = {(Wm) €C: P <Y,

™ = {(w’;w,,) eC:|wy* < et -e%m“w,“z}. 4)
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We have that I' N W, acts as a discrete group of automorphisms on S. With respect
to this action, any y € I' N W, commutes with any element of I" N U, which is
generated by the translation A;. Thus, ' NU, C I'N'W, is a normal subgroup, and
the action of I' "W, descends from S to S/(I'NU,) = ¥(S) = G. Thus, there is
a group homomorphism 7 : I’ "W, — Aut(G) such that ¥ o v = (v) o ¥ for any
vNI NW,. More precisely, given v € I "W, of the form

V(Ziz0) = ({ +dsz0+2id -7 +i||d|* +kt) forsomed € C*' ke Z, (5)

we have
(V) wa) = (W 4, e” T EIE L), (6)

Then S/(I' "Wj,) can be identified with G/m(I" N W}). Since the action of W, on
S preserves 95, it follows readily from the definition of v(7';z,) that W, preserves
the domains S?V), so that G™) = SV) /(" N U,) is invariant under £(F°' N W;,). The
action of 7(I' N W,) extends to G. In fact, the action of &(I"( W;) on the “zero
section” C"~! x {0} is free, so that £(I"NW},) acts as a torsion-free discrete group of
automorphisms of G. Moreover, the action of 77(I' \W,) on €"~! x {0} is given by
a lattice of translations A,. Denoting the compact complex torus (C"~! x {0})/A,
by T}, the Mumford compactification X, of X is set-theoretically given by

where the disjoint union 7} is taken over the set of I"-equivalence classes of rational
boundary components b € E. Define

QN = 6™ /a(Caw) > G /(T nW,) = SN /(T N W,). (8)

Then the natural map G™) /n(I' NW,) = Qb(N) —T, <= S/T" = X is an open
embedding for' N sufficiently large, say N > Ny. Choose Ny such that the latter
statement is valid for every rational boundary component b € E. As a complex
manifold, X y; can be defined by

Xu=X (.QISN))/ ~, forany N > Ny, 9)

where ~ is the equivalence relation that identifies points of X and .QZSN) when

they correspond to the same point of X (via the open embeddings .QZSN) —Ty—X).

For N sufficiently large, we may further assume that the images of .QISN) — T,

in X do not overlap. Thus, X is a complex manifold, and identifying .QISM,

N > Ny, as open subsets of YM,{.QISN) }NzNo furnishes a fundamental system
of neighborhoods of 7, in Xj. It is possible to see from the preceding
description of X, that each compactifying divisor 7, can be blown down to
a point. To see this, it suffices by the criterion of Grauert [Gra62] to show
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that the normal bundle of 7}, in Qb(N) (N > Np) is negative. Actually, we are

going to identify each Qb(N)

with a tubular neighborhood of the zero section
of some negative holomorphic line bundle L over 7. Recall that Q,EN) =GM /
(' NW,), where by (6), m(v)(Wiw,) = (W + aie= TV -Fd W)
Here @’ = da'(v) belongs to a lattice A, C C"~!'. Clearly, the nowhere-zero
holomorphic functions @, (w') := {e’%;'w/’%”duz :d € Ay} on C"! constitute
a system of factors of automorphy, i.e., they satisfy the composition rule cba/2 +d,
W)=, (w +d)) Dy ( /). Extending the action of 7(I'NW,) to C* ' x C5 G
yields that (C-'xC)/ n(F NW,) is the total space of a holomorphic line bundle
Lover T, = (C"~! x {0})/A,.

We introduce a Hermitian metric u on the trivial line bundle C"~ ' x € over C"~'.
Namely, for w = (w';w,) € C"~! x C, we define

i) =TI 2 (10)
The curvature form of u is given by
— 4 —
V199 logp = — /=109l |I%, (11)
T

which is a negative definite (1,1)-form on C"~!. For each N, the set G =
2 47: —4ﬂ:N
{Wiwp) €Crlwy|” <e™7

not exceeding e = with respect to i. Since G™) is invariant under the action
of m(I' N'W,), the latter must act as holomorphic isometries of the Hermitian line
bundle (C"~! x C; u). It follows that Q(N) G™) /(I NW,) is the set of vectors on

L of length less than e =7 on the Hermitian holomorphic line bundle (L; 1t) over T,
where [ 1s the induced Hermitian metric on L. As a consequence, the normal bundle

I’ }is nothing but the set of vectors of length

of T in Q (bemg isomorphic to L) is negative, so that by the criterion of Grauert
[Gra62], there exista normal complex space Y and a holomorphic map ¢ : Xy — Y
such that oy is a biholomorphism onto ¢(X), and c(7) is a single point for each
b € E. In this way, one recovers the Satake—Baily—Borel compactification ¥ = X in
from the toroidal compactification of Mumford.

2.2 Description of the Canonical Kihler-Einstein Metric Near
the Compactifying Divisors

Fix a rational boundary component b € E and consider the tubular neighborhood
Q, = .QZSN) of the compact complex torus 7}, for some sufficiently large N. (7}, is
in fact an Abelian variety because of the existence of the negative line bundle L.)
Regard €2, as an open subset of the total space of the negative line bundle
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(L;t) over Tp. One can now give on €2, an explicit description of the canonical
Kihler-Einstein metric of X. For any v € L write ||v||> for fi(v;v) as defined
toward the end of Sect. 3. Recall that on the Siegel domain S = B”, the canonical
Kihler—Finstein metric is defined by the Kéhler form

© =V~199 (~log (Imz, — ||Z||%)). (1)
On the domain G = {(w/;w,) € C*" 1 x C* : |w,| < e’zTﬂHW/HZ}, we have

2r . T
|wy| =€ 7Imgz,; ie., Imgz,= 7E10g|w,,|, (2)

so that the Kihler form of the canonical Kéhler—Einstein metric on G2.S/(I'NU,)

is given by
— T
©=+/"109 (flog (—%log|wn|f||w’||2>). (3)
From Sect. 3, (10), for a vector w = (w';w,) € C"~! x € we have

1

il = (e w)) 2 = e T

/HZ

. (4)

It follows that

T T (21 T
7_1 o / 2:7_ > /112 1 - 1
57 10 [wal = [lW] o ( — w17+ oglwnl) 5 doglwl),  (5)

and hence
®=+/=199 (—log (—%logHwH)) =109 (—log(—log|wl)).  (6)

Identifying €2;, with an open tubular neighborhood of 7}, in L shows that the same
formula is then valid on €2, with w replaced by a vector v € €2, C L. Then on €2,

_ V- 9910g|\V|| V=19 (= log|[v[[) A d(~log [v]))
—log|[v]| (—log|IvI[)?

(7)

Write 0 for minus the curvature form of the line bundle (L, 1r). Here 6 is positive
definite on 7. Denote by 7 the natural projection of L onto 7. Then

__ ™o V=10||v]| Ad|lv]
—2log|lvl|  [[v[[*(=logllvl})?

(8)

In particular, we have the following result.

Proposition 1. Denote by 6 (x) the distance from x € Q, to Ty, in terms of any fixed
Riemannian metric on X . Let AV be a smooth volume form on Xyy. Then in terms
of 8 and dV and assuming that § < 1 5 on £y, the volume form dV, of the canonical
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Kdihler—Einstein metric g, given by dV, = ("1’—7 in terms of the Kéhler form @ of (X, g),
satisfies on £, the estimate

C1 CZ

2 togayt Y =W S Gipgayt Y

for some real constants C1,Cy > 0.

Proof. The estimate follows immediately by computing

n_ n 77,'*6 n—1 \/_(9 5
= Ry 2 ) AV relviadiv: 0

2.3 Extending the Construction of Smooth Toroidal
Compactifications to Nonarithmetic I'

Let I' C Aut(B") be a torsion-free discrete subgroup such that X = B"/I" is of
finite volume with respect to the canonical Kédhler-Einstein metric. According to
the differential-geometric results of Siu—Yau [SY82], X can be compactified to a
compact normal complex space by adding a finite number of points. We will now
describe the structure of ends in differential-geometric terms according to Siu—Yau
[SYS82], which applies to any complete Kdhler manifold Y of finite volume and
of strictly negative Riemannian sectional curvature bounded between two negative
constants, in which one considers the universal covering space p : M — Y and the
Martin compactification M, and we adapt the differential-geometric description to
the special case that ¥ is a complex hyperbolic space form X of finite volume,
i.e., X = B"/T for some torsion-free lattice I" of automorphisms (hence necessarily
isometries with respect to the canonical Kédhler—Einstein metric). In the latter case,
the Martin compactification of B" is homeomorphic to the closure B” with respect to
the Euclidean topology, and we have knowledge of the stabilizers at a pointb € dB".

Let M be a simply connected complete Riemannian manifold of sectional
curvature bounded between two negative constants. We remark that M can be
compactified topologically by adding equivalence classes M(eo) of geodesic rays.
Here two geodesic rays ¥(z),72(t), t > 0, are equivalent if and only if the
geodesic distance d(¥;(z),72(7)) is bounded independently of 7. A topology (the
cone topology) can be given such that the Martin compactification M = M U M (co)
is homeomorphic to the closed Euclidean unit ball and every isometry of M extends
to a homeomorphism of M. There is a trichotomy of nontrivial isometries ¢ of M
into the classes of elliptic, hyperbolic, and parabolic isometries. An isometry ¢ is
elliptic whenever it has interior fixed points, ¢ is hyperbolic if it fixes exactly two
points on the Martin boundary M), and ¢ is parabolic if it fixes exactly one point
on the boundary.
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We briefly recall the scheme of arguments of [SY82] for the structure of ends,
stated in terms of the special case of X = B"/I" under consideration. Let b € dB" and
let I;) C I' be the set of parabolic elements fixing b. A hyperbolic element of I" and
a parabolic element of I" cannot share a common fixed point (cf. Eberlein—O’Neill
[EO73]). Since I' is torsion-free, it follows that either I} is empty or I}, = {id } UT}/
is equal to the subgroup of I' fixing b. By a result of Gromov [Gro78], there exists a
positive constant € (depending on I') such that the inequality d(x, yx) < € for some
x € B" implies that either y is the identity or it is a parabolic element. For each
b; € dB" (which corresponds to x; in the notation of [SY82, following Lemma 2,
p. 368]) such that I}, # {id}, define

Ai:{xEB”:mind(x,yx)<e} (1)
vel,
and
E= {x € B" : mind(x, yx) > e} ‘ (2)
yell

By the cited result of Gromov [Gro78], B" = E U (UA;). In the present situation, the
holomorphic parabolic isometries of B” fixing b;, together with the identity element,
constitute precisely the unipotent radical W, of the stabilizer N, of b;, as described
here in Sect. 3, (1). Thus automatically, Ij, C Wj, is nilpotent. It follows that the
arguments of Siu—Yau [SY82, Lemma 3, p. 369] apply. Thus, denoting by p : B* —
X the canonical projection and shrinking € if necessary, we have either p(A;) =
p(A;) or p(A;) N p(A;) = 0. Using the finiteness of the volume, it was proved that
there are only finitely many distinct ends p(4;), | <i <m [SY82, Lemma 4, p. 369]
and that p(E) is compact [SY82, preceding Lemma 3, p. 368]. Thus, we have the
decomposition

X =p(E)U ( U p(A,‘))- (3)
1<i<m

Moreover, by [SY82, preceding Lemma 5, p. 370], the open sets A; are connected.

Fix any i, 1 <i < m, and write b for b;. In order to show that the construction of
the Mumford compactification extends to the present situation, it suffices to prove
the following statements:

() I' NUy is nontrivial, generated by (Z';z,) — (z;z, + 7) for some 7 > 0.
(II) There exists a lattice A, C C"~! such that I}, = I N W, can be written as

={veW,:v(diza) = ({ +d' 20 +2id -7 +illa||* + kt);d € Ap,k € Z}.
(IIT) One can take A; to contain S™) for N sufficiently large. Here
SV ={(Z,z,) €C":Imz, > || +N} C S

in terms of the Siegel domain presentation S of B" sending b to infinity (cf.
Sect. 3, (2)).
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We show first that (I) implies (II) and (III). First of all, (IIT) follows from (I) and
the explicit form of the canonical Kéhler—Einstein metric. In fact, the Kahler form
is given by

©=+v~199 (—log (Imz, — ||Z|*)). (4)

The restriction of @ to each upper half-plane H, = {(z};2,) : Imz, > |2,|*} is just
the Poincaré metric on H, with Kéhler form

_ V=ldz Ndz, 5
oy, = 2 ()
& (Imz,—||Z]?)

It follows immediately that for N sufficiently large and for y the transformation
x(Zszn) = (7320 + T), we have

d(z;xz) < e for all z = (Z;z,) with Imz, > ||Z||* +N. (6)
Here d is the geodesic distance on S. Thus § ™)
that (I) implies (III).

We are now going to show that (I) implies (II). Write V), for the group of
translations of C"~!, and denote by p : W, — W, /U, 2V, the canonical projection.
We assert first of all that p (I, is discrete in'Vj,. Suppose otherwise. Then there exists
asequence of y; € I = I NW, such that p(y;) are distinct and have an accumulation
point in V. Say, p(v;)(¢') = 2 +d’; with @; — d’. Then

C A, for N sufficiently large, proving

¥j(0:i) =(dji+ild}|* + k1), kj€Z. (7)

Thus,

2 Loy ;) = (disi+ild)?) — (dsi+illd|?). (8)
Given (I), this contradicts the fact that I}, is discrete in Wj,. Hence, (I) implies that
p(I}) is discrete in Vj,.

Next, we have to show that p(I},) is in fact a lattice, given (I). In order to do this,
we need additional information about geodesic rays on A;. By [SY82, Lemma 5,
p..371], for each x € A; there is exactly one geodesic ray 6(¢),7 > 0 issuing from
x and lying on A;. Namely, it is the ray joining x to b = b;. Moreover, the geodesic
0(1),—o0 <t < oo, must intersect E. Let X be the family of geodesic rays lying on
A, issuing from dA; C JE. Then X is compact modulo the action of T, in the sense
that for every sequence (o) of such geodesic rays there exists y; € I}, such that the
family (y; o 0;) converges to a geodesic ray o lying on A; and issuing from dA;. In
fact, the set of equivalence classes X mod I, is in one-to-one correspondence with
p(dA;) C p(dE) C p(E). Since p(E) is compact, for each sequence (0;) of geodesic
rays issuing from dA; there exists y; € I, such that y; o 6; is convergent, given again
by a geodesic ray 0. Since dA; is closed, we must have 6(0) = 1gn 7i(0;(0)) € dA;,

j—oo

proving the claim. In order to show that p(I}) is a lattice, gilven (D), it suffices to
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show that V;,/p(I}) is compact. In the Siegel domain presentation S, the geodesic
ray from z = (z/;z,) € SW) to b (located at “infinity”) is given by the line segment
{(Z',zn +it) : t > 0}. (Here 1 does not denote the geodesic length.) It follows that
the family of geodesic rays in A; issuing from dA; is parameterized by Vj, x R =
C"! x R, with the factor R corresponding to Rez,. Here I}, acts on V;, x R in an
obvious way. Modulo I}, such geodesic rays are parameterized by (V), x R)/I},
which is diffeomorphically a circle bundle over V,,/p (I}) (with fiber isomorphic to
R/Zr). By the compactness of the family of geodesic rays X mod I}, it follows that
V/p (I},) must be compact, showing that (I) implies (IT).

Finally, we have to justify (), i.e., I' N U, is nontrivial. Since [Wj,, W,] =U,, in
order for I N Uj, to be nontrivial it suffices to find two noncommuting elements of
I'NW,. Take 71,7 € I' "W, given by

V(i) = (2 +alpz+ 2052 +ilalP+1) s j=1,2. 9)
Then
ykoyj(zl;zn) = (Z’+a;(+a/j;2n+2l.a_;{ (2+alj) +2[G_IJZ/
i (lafl?+ )t t+15) ). (10)
so that
Yot (Z2a) =71072(z’;zn)+2i(a_§-a’1—a_’1-a’z), (11)
(i.e.,)
y;loygloylo)@:(z’;zn+2i(a_’2-a’17a_’1~a'2)). (12)

Therefore, two elements y1,% € I' MW, commute with each other if and only if
d| - d is real, in other words, a = ca| + ¢; for some real number ¢ and for some
¢, orthogonal to @/. Suppose now that I" U, is trivial. Then necessarily I' N W}, is
Abelian. It follows readily that one can make a unitary transformation in the (n —1)
complex variables 7 = (z,...,2z,—1) such that any y € I’ NW,, is of the form

¥(dszn) = ( +d'sza+2id -2 +il|d||*+1), deR" teR (13)

We argue that this would contradict the fact that £ mod I} is compact for the
family of geodesic rays X issuing from dA;. Consider the projection map 6(7';z,) =
(Z,Re z,). We assert first of all that 8 : A; — C"! x R =V}, x R is surjective. In
fact, by [SY82, Appendix, p. 377 ff.], forany z € D, o (), t > 0, a geodesic ray in D
joining z to the infinity point b, and y a parabolic isometry of D fixing b, d(c (), 7o
o (t)) decreases monotonically to 0 as t — +eo. It follows from the definition of
A; that for any z = (Z;z,) € S, we have (Z';z, +iy) € A; for y sufficiently large.
Since 0 is surjective, as in the last paragraph, the set ¥ mod I of geodesic rays
issuing from dA; is now parameterized by (V,, x R)/I},. There is a natural map (V}, x
R)/T;, — Vi,/p(I}). If ' "W}, were commutative, then p(I3) C V;, =2 C"~! would be
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a discrete group of rank at most n — 1, and hence V;,/p (I},) would be noncompact, in
contradiction to the compactness of ¥ mod I}, 2 (V,, x R)/I},. Thus, we have proved
by contradiction that I N W,, is noncommutative, so that ' U, D [I' NW,, " NW},)
is nontrivial, proving (I).

The extension of the construction of Mumford compactifications to nonarith-
metic quotients X = B"/I" of finite volume is completed. To summarize, we have
proved the following result.

Theorem 1. Let X be a complex hyperbolic space form of the finite volume X =
B"/I", where I' C Aut(X) is a torsion-free lattice that is not necessarily arithmetic.
Then X admits a smooth compactification X C Xy obtained by adding a finite
number of Abelian varieties D; such that each D; C Xy is an exceptional divisor
such that X admits a normal compactification X min, to be called the minimal
compactification, by blowing down each exceptional divisor D; C Xy to a normal
isolated singularity. Moreover, the description of the volume form of the canonical
Kdihler—Einstein metric on X as given in Sect. 2.2, Proposition 1, remains valid also
in the nonarithmetic case.

3 Projective Algebraicity of Minimal Compactification
of Finite-Volume Complex-Hyperbolic Space Forms

3.1 L?-Estimates of 0 on Complete Kiihler Manifolds

We are going to prove the projective algebraicity of minimal compactifications of
complex-hyperbolic space forms of finite volume by means of the method of L2-
estimates of d over complete Kihler manifolds. To start with, we have the following
standard existence theorem due to Andreotti—Vesentini [AV65] in combination with
Hormander [HOr65].

Theorem 2 (Andreotti—Vesentini [AV65], Hormander [Hor65]). Ler (X,®) be
a complete Kdhler manifold, where @ stands for the Kdhler form of the underlying
complete Kiihler metric. Let (A,h) be a Hermitian holomorphic line bundle with
curvature form © (A, h) and denote by Ric(®) the Ricci form of (X, ®). Let ¢ be
a smooth function on X. Suppose c is a continuous positive function on X such
that ©(A,h) + Ric(w) ++v/—109¢ > cw everywhere on X. Let f be a d-closed

2
square-integrable A-valued (0,1)-form on X such that [y I < oo, where here and

c
hereinafter, || - || denotes norms measured against natural metrics induced from h
and ®. Then there exists a square-integrable A-valued section u solving du = f

and satisfying the estimate

2
[ e < [ I o o
X X C

Furthermore, u can be taken to be smooth whenever f is smooth.
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Siu—Yau proved in [SYS82, Sect. 3] that a complete Kihler manifold of finite
volume of sectional curvature bounded between two negative constants is biholo-
morphic to a quasiprojective manifold. Assuming without loss of generality that the
complete Kihler manifold X under consideration is of complex dimension at least
2, they proved that there exists a projective manifold Z such that X is biholomorphic
to a Zariski-open subset X’ of Z such that in identifying X with X/, Z — X is an
exceptional set of Z that can be blown down to a finite number of points. Their proof
proceeds in fact by showing, using methods of complex differential geometry, that
X is pseudoconcave and can be compactified by adding a finite number of points.
Then using Theorem 1 and introducing appropriate singular weight functions as
in [SY77], they showed that any pair of distinct points on X can be separated by
pluricanonical sections, i.e., holomorphic sections of powers of the canonical line
bundle Kx, and that furthermore, at every point x € X there exist some positive
integer £y > 0 and n+ 1 holomorphic sections sg,sy,...,s, of K;EO, n = dimg (X),
such that so(x) # 0 and such that [sg,sy,...,s,] defines a holomorphic immersion
into P in a neighborhood of x. Given this, and using the pseudoconcavity of X,
together with a result of Andreotti—-Tomassini [AT70, p. 97, Theorem 2], there exist
some integer ¢ > 0 and finitely many holomorphic sections of Kf} that embed X as a
quasiprojective manifold.

3.2 Projective Algebraicity via L*-Estimates of F]

Let n > 1 be a positive integer and I' € Aut (B") a torsion-free discrete subgroup,
I' C Aut(B") not necessarily arithmetic. Write X = B"/I". As in Sect. 2, we write
X for the Mumford compagctification of X obtained by adding a finite number of
Abelian varieties D; and let X i, be the minimal compactification of X obtained by
blowing down each Abelian variety D; at infinity to a normal isolated singularity.
We are going to prove that X i, is projective-algebraic. Here and in what follows,
for a complex manifold Q we denote by Ky its (holomorphic) canonical line bundle.
We have the following theorem.

Main Theorem. For a complex-hyperbolic space form X = B"/T" of finite volume
with Mumford compactification X y1, write Xpr — X = D for the divisor D at infinity.
Write D = D U---UD,, for the decomposition of D into connected components D;,
1 <i<m, each biholomorphic to an Abelian variety. Write E = Kg, ® [D] on X .
Then for a sufficiently large positive integer £ > 0 and for eachi € {1,...,m}, there
exists a holomorphic section o; € I’ ()_(M,EZ) such that o;|p, is a nowhere-vanishing
holomorphic section of E'|p, = Op, and o;|p, = 0 for 1 < k < m,k # i. Moreover,
the complex vector space I ()_(M,Ef) is finite-dimensional, and choosing a basis
50, --,8N,, we have the canonical map @y : Xy — PN, uniquely defined up to a
projective-linear transformation on the target projective space, such that s, ..., sy,
have no common zeros on X yy and such that the holomorphic map ®; maps Xy onto
a projective variety Z C PNt with m isolated singularities {1 ..., &, and restricts to
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a biholomorphism of X onto the complement Z° :=7Z —{{;,..., (Y. In particular,

the isomorphism ®ylx : X =4 70 extends holomorphically to v : X min — Z, which
is a normalization of the projective variety Z, and X iy is projective-algebraic.

Proof. We start with some generalities. For a holomorphic line bundle 7: L — S
over a complex manifold S, to avoid notational confusion we write £ (in place of L)
for its total space. We have K¢ 2 7*(L™~! ® Ks). Moreover, the zero section O(L) of
7: L — S defines a divisor line bundle [O(L)] on £ isomorphic to T*L.

Returning to the situation of the main theorem, we claim that the holomorphic
line bundle £ = Ky, ® [D] is holomorphically trivial over a neighborhood of D =
DyU---UDy,. For 1 <i<m we denote by &, : N; = D; the holomorphic normal
bundle of D; in the Mumford compactification X;. Then by construction, for each
i€{1,...,m} there is some open neighborhood £; of D; in X s on which there exists

a biholomorphism v; : £2; =, W; C N; of £; onto some open neighborhood W; of the
zero section O(N;) of m; : N; — D; such that v; restricts to a biholomorphism v;|p, :

D; = O(N;) of D; onto the zero-section O(N;). Moreover, 1, ..., Q,, are mutually
disjoint. On the total space 9; of m; : N; — D; as an (n+ 1)-dimensional complex
manifold, the canonical line bundle Ky, is given by K, = 7/ (Nf1 ® Ko(w,))- Since
O(N;) 2 D; is an Abelian variety, its canonical line bundle Ko(n;) 1s holomorphically
trivial, so that Koy, = ni*Nfl. Denote by p;: £; — D; the holomorphic projection
map corresponding to the canonical projection map m; : N; — D;. Restricting to W;
and transporting to ; C Xy by means of v[_1 : W = €;, we have Ko, = pi*ND’l_l‘YM.
Here ND,-\YM denotes the holomorphic normal bundle of D; in X, and over Q; C

X v, the holomorphic line bundle pi*N/S-I\YM is biholomorphically isomorphic to the
divisor line bundle [D;]~ L Thus, Ko, ® [D;] is holomorphically trivial over €2, i.e.,
Ky, ® [D] is holomorphically trivial over an open neighborhood of D that is the

disjoint union €2y U« - U £2,,, proving the claim.

Base-Point Fregness on Divisors at Infinity. Fix i, 1 <i < m. In the notation of
Sect. 2, Q; = G;/I;, and the isomorphism is realized by the uniformization map
p:S—S/I'D 6,-/1"1-. At a point x € D; we can use the Euclidean coordinates
w = (w';w,) as local holomorphic coordinates w' = (wy,...,w,_1) on some open
neighborhood Q, € Q;, where without loss of generality, we assume that |w,| < %
on €2;. Denote by dV, the Euclidean volume form on €2, with respect to the standard
Euclidean metric in the w-coordinates. By Proposition 1, the volume form dVj, of the
canonical Kihler—Einstein metric satisfies on €2, the estimate

C1 CZ
-dv, < dv, < .
[wa|2(—Tog [wa )1 7707 78T w2~ log wa )+

dve, (1)

for some constants Cy,C> > 0, in which the constants may be different from those
in Proposition 1 denoted by the same symbols. From the preceding paragraphs, the
holomorphic line bundle £ = Ky, ® [D]~! is holomorphically trivial on £2;, and
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from the proof it follows readily that a holomorphic basis of E over £2; can be 482
chosen such that it corresponds to a meromorphic n-form vy that is holomorphic 483
and everywhere nonzero on €2; — D;, has precisely simple poles along D;, and lifts 484

1 p = . ope .
tov:i= W on G;. Let g > 0 be an arbitrary positive integer. We have v¥ € 485

I'(£;,E9), and its restriction v¥|g,_p, is a holomorphic section in I'(€2; — D;, Ky, ). 486
Denote by i the Hermitian metric on Ky induced by the volume form dV,. We assert 487
that v¥ is not square-integrable when K)q( is equipped with the Hermitian metric 79. 4ss
For r > 0, denote by A"(r) the polydisk in C" with coordinates w = (w';w,) of 4se

polyradii (r,...,r) centered at the origin 0. Then for some & > 0, we have 490
[ WAz €1 [ Peog 1)
o £ Jan(s) [wal? [wal? (log [wy )1
1 (g=1)(n+1)
:Cl (0g|Wn|) 5 d‘/e:(><> (2)
A" (3) [wal

For any k € {1,...,m}, let Q0 be an open neighborhood of Dy such that Q) € ;. 4o
For any i, 1 <i <m, fixed as in the above, there exists a smooth function y; on Xy 492
such that ;| 50 = 1 and such that y; is identically 0 on some open neighborhood of 493

X — €;. Then on £;, the smooth section ;v € C®(£;,E) is of compact support, 494
and it extends by zeros to a smooth section 1; € C=(Xy/, E). We have Supp(dn;) C 495

Q;— QP € X. In particular, we have 496
[anil? < () w0

X
Thus, 7n; is not square-integrable, while an; is square-integrable. Regarding an; as 498
a d-closed K)‘g—valued smooth (0, 1)-form, and noting that for ¢ > 2 we have 499
O(Ky, h?) + Ric(w,) = (g — 1)@, > g, (4) s00
by Theorem 1 there exists a smooth solution u; of the inhomogeneous Cauchy— so1
Riemann equation du; = dn; satisfying the estimate 502

2 " [l9mil?
u; dV</—dV<0<>. 5) s03
J lPave < [ FEE av, 5)

For each k € {1,...,m}, we have In; =0on Q,? — Dy, so that u; is holomorphic on 504
each Q,? — Dy. In what follows, k is arbitrary and fixed. In terms of the Euclidean sos
coordinates (wy,...,w,) as used in (1), on 2 — Dy we have u; = fdw! A---dw", s06
where f is a holomorphic function. Using the estimate of the volume form dV, so7
as given in Proposition 1, from the integral estimate (5) and the mean-value so8
inequality for holomorphic functions, one deduces readily a pointwise estimate 509
for f that implies that [w’f]| is uniformly bounded on Q,? — Dy for some positive 510
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integer e. It follows that f is meromorphic on €, and hence u;| -, extends
k

meromorphically to €. (Since k is arbitrary, u; extends to a meromorphic section
of Kx,,-) As such, either u; has removable singularities along Dy, or it has a pole
of order p; at a general point x; € Dy for some positive integer py. In the former
case, we will define p; to be —ry, where r; is the vanishing order of the extended
holomorphic section u; at a general point of Dy. If p; > g, then from the computation
of integrals in (2), it follows readily that u; cannot be square-integrable, which is a
contradiction. So, either u; has removable singularities along the divisor Dy, or it has
poles of order p; < g at a general point of the divisor Dy. On the other hand, if we
regard u; rather as a holomorphic section of E9 = K%M ® [D]? over each .Q]? — Dy,

then u; extends to .Q,? as a holomorphic section with zeros of order g — p; > 0. Define
now o; = 1; — U;. Thengo'i = 51’]1 7511,’ =0 on)_(M and o; € F()_(M,Eq). Now, Th‘|Di
is nowhere vanishing as a holomorphic section of the trivial holomorphic line bundle
Ef|p, over D;, while u;|p, vanishes as a section in I'(D;, EY), so that 6;|p, = Ni|p;
and o; is nowhere vanishing on D; as a section of the trivial holomorphic line
bundle E9|p,. For k # i, we have 1;|p, = 0 by construction and u;|p, = 0, where
for the latter, one follows the same arguments as in the case k = i in the above. Thus
0i|p, = 0 for k # i. This proves the first statement of the main theorem. We proceed
to prove the rest of the main theorem on the canonical maps @, in separate steps
leading to the projective algebraicity of the minimal compactification X ;.

Base-Point Freeness on Mumford Compactifications. Fix any integer g > 2. From
the preceding discussion, we have a finite number of holomorphic sections o; €
I'(Xm,E?), 1 <i<m, whose common zero set A = Z(0y,...,0y,) is disjoint from
D=D;U---UD,. Thus, A C X is a compact complex subvariety. We claim that for
a positive and sufficiently large integer ¢, the following holds: for each x € A there
exists a holomorphic section s € I'(X 7, E*) such that s(x) # 0. To prove the claim,
let (zy,...,2x) be local holomorphic coordinates on a neighborhood U of x such that
the base point x corresponds to the origin with respect to (z;). Let x be a smooth
function of compact support on U such that ¥ = 1 on a neighborhood of x. Then
Qc :=ny (log (2 |z B4+ e)) on U extends by zeros to a function on X, to be denoted
by the same symbol. Since Q¢ is plurisubharmonic on some neighborhood of x and
it vanishes outside a compact set (and hence /— 199 @¢ vanishes outside a compact
set); there exists a positive real number Ce¢ such that

V=139 ¢e + Cc > o. (6)

As € decreases to 0, the functions @¢ converges monotonically to the function ¢
given by ny (log (¥ [z;|*)) on U and given by 0 on X — U. There exists a compact
subset Q0 € U — {x} such that @¢ is plurisubharmonic on U — Q for each € > 0.
Noting that log (Z |zi|2) is smooth on Q, we see that (6) holds with C¢ replaced by
some C > 0 independent of €, provided that we require that € < 1, say. Letting €
converge to 0, we have also in the sense of currents the inequality

V=190¢ +Co > o. (7)
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In what follows, we are going to justify the solution of 9 with L2-estimates for the
singular weight function ¢. Let ¢ be an integer such that £ > C + 1. Then we have

V=100 ¢ + O (Ky,h') +Ric(X, 0) > o. (8)

Let e be a holomorphic basis of the canonical line bundle Ky and consider the 0-
exact K},-valued (0,1)-form d(ye’), which will be regarded as a d-exact (hence
J-closed) Kf}—valued (0,1)-form on X. Then Theorem 1 applies to give a solution to
Jue = 9 (ye') satisfying the estimates

[ llelPeee < [ 1aGre)Pete <m <o )

where M is a constant independent of €, where we note that Supp (5( xe! )) lies in a

compact subset of X not containing x. From standard arguments involving Montel’s

theorem, choosing € = 1, there exists a subsequence (u_;) of (u1 ) that converges
o(n) n

uniformly on compact subsets to a smooth solution of Ju = 5(;{% ) satisfying the
estimates

[l < [ 9GP < . (10)
X JX
Define now s = ye’ —u. Then ds = d(ye') = du = 0, so that s € I'(X, K% ). Now

1 1
- - -
e ¥ = CoE ™ (11)

1
in terms of the polar radius r» = (Z |Zj|2) 2. Since the Euclidean volume form dV,
equals "~ 'dr- dS, where dS is the volume form of the unit sphere, it follows from
(11)thate ? = %dr -dS'is not integrable at z = 0. Then the estimate (10), according

to which the solution u of du = 5( xe') obtained must be integrable at 0, implies that
we must have u(x) = 0. As a consequence, s(x) = e’ # 0. From the L>-estimates (9)
it follows that s is square-integrable with respect to the canonical Kédhler—Einstein
metric ¢ on X and the Hermitian metrics A on Kff induced by g. From the volume
estimates (2) it follows that s extends to a meromorphic section on X, with at worst
poles of order ¢ — 1 along each of the divisors D;, 1 <i < m. Since A is compact,
there exists a finite number of coordinate open sets U, on X whose union covers A.
Making use of these charts, it follows readily that there exists some positive integer
£y such that for £ > £, the preceding arguments for producing s € I' (X, Kf() apply
for any x € A. Let £ = pg be a multiple of ¢ such that ¢ > ¢y. Here and in what
follows, by a multiple of a positive integer ¢ we will mean a product pg, where
p is a positive integer. Further conditions will be imposed on ¢ later on. For the
complex projective space P(V) associated to a finite-dimensional complex vector
space V and for a positive integer e, we denote by v, : P(V) — P(5°V) the Veronese
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embedding defined by v, ([n]) = [®n] € P(SV). Then for the map @, : X5y — PN,
the base locus of v, 0 @, : Xy — P(SP(CNe 1)) lies on A. If £ := pq is furthermore
chosen such that ¢ > ¢, then for any x € A there exists, moreover, s € I ()_(M,Ef )
such that s(x) # 0, so that I" (X7, E*) has no base locus, and hence @ : Xy — PV
is holomorphic.

Blowing Down Divisors at Infinity. For ¢ = pq as chosen, we denote by Gf €
I'(Xm,E") a holomorphic section in I'(X s, E) such that ¢! is nowhere 0 on the
divisor D;, and Gf|Dk = 0 on any other irreducible divisor Dy, k # i at infinity.
(The notation o; used in earlier paragraphs is the same as o}, and we may take

o/ = (0)P.) Since o |p, is nowhere zero, for any section s € I'(X )1, E"), Zilp isa

1
holomorphic function on the irreducible divisor D;; hence G—S[ | D is some constant A ;
i 1

ie.,s= A,Gl-[ on D;. It follows that the holomorphic mapping @, must be a constant
map on each D;, so that @ (D;) is a point on PV, to be denoted by ;. Moreover, for

iV # i, 1 <iy,in <m, Gﬁ ‘Di is nowhere vanishing, while Gf; \D,- = 0 and O'é ‘D,-
1 2 2

is nowhere vanishing, while O'fz ‘ p. = 0, implying that i, # G, In other words, the
n
points §;, 1 <i < m, are distinct.

Removing Ramified Points. It remains to show that for some choice of ¢ = pq
the holomorphic mapping @, : X — P™ is a holomorphic embedding on X and
that §; is an isolated singularity of Z := ®@(Xj). We start with showing that
0> = p’q can be chosen so that there are no ramified points on X, i.e., that D
is a holomorphic immersion on X: Choose /; = p;q to be a multiple of g such
that the preceding arguments work for ¢ = ¢;. Let S C X be the subset where
@y, fails to be an immersion, to be called the ramification locus on X of @,.
Clearly, SUD C Xy is a(compact) complex-analytic subvariety, so that R C Xj,
is also a (compact) complex-analytic subvariety. Then we have a decomposition
R=R|U---UR, into a finite number of irreducible components, so that writing R;
for the topological.closure of R; in X7, we have the decompositionR =R U---UR,
of the compact complex subvariety R C Xy into a finite number of irreducible
components. Suppose dimc R = r. We are going to show that if we choose ¢, = p»q,
where p, = t;p; is a sufficiently large multiple of pi, then the ramification locus
on X of @, is of dimension < r — 1. Given this, by induction and taking ¢ to be
an appropriate multiple of ¢, we will be able to prove that @[y is a holomorphic
immersion for some multiple 0 =p’qofq.

To reduce the ramification locus on X, for each R; of dimension r we pick a point
X;j € Rj, and we are going to show that if {, = pg =11 p1g =11 {1 is sufficiently large,
then there exists s; € I'(Xy, E®1) such that 5;(x;) # 0. Since ¢, is a multiple of /1,
the ramification locus R(¢2) on X of @, is contained in the ramification R(¢;) = R
on X of @, and R(/2) does not contain any of the r-dimensional irreducible
components of R(¢;), it will follow that dim¢ R(¢2) < r— 1, as desired. To produce
s;erl ()_( M,EZZ), we use Theorem 1 with a slight modification, as follows. Recall
that z = (z1,...,2,) are local holomorphic coordinates in a neighborhood U of
x, where x corresponds to the origin in z. For the same cut-off function ) with
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Supp () € U as above, and for 1 < k < n, we solve the Cauchy-Riemann equation
du; = d(yzre™) with a more singular plurisubharmonic weight function y =
(n+1)xlog (X |z|?). We choose £, = t; p1g sufficiently large that

V=109y +0 (Kf}Z,h?) FRic(X,0) > (12)

in the sense of currents. In analogy to (10), we obtain smooth solutions u; on X to
the equation duy = d(yzre?) satisfying the L?-estimate

[ luelPevave < [ 19 (xae’) [Pevav, <o (13)

Since e~ VdV, = #dVe = r%dr- ds, it follows from the integrability of [|u]|*e~¥
that we must have u;(x) = 0 and also duy(x) = 0. As explained above, by induction
we have proven that there exists some multiple 0’ = pbq such that @, is a
holomorphic immersion.

Separation of Points. To separate points, we are going to choose /¢ = = tpq
that is a multiple of . For any positive integer k that is a multiple of ¢, we
denote by BW C X x X the subset of all pairs of points (xj,x2) € X X X such that
@y (x1) = Dy (x2). Clearly, B®) contains the diagonal Diag(X x X) as an irreducible
component, which we will denote by By.Note that if k¥’ is a multiple of k, then B *) ¢
B by the argument using Veronese embeddings as in the paragraph on removing
ramification points. Since @ is defined as a holomorphic map on X7, B*) has
only a finite number of irreducible components; hence B has only a finite number
of irreducible components. Let now k = ¢ and write B(Zb) =ByUByU---UB,
for the decomposition of B into irreducible components. Let b be the maximum
of the complex dimensions of By,...,B,. We are going to find a multiple ¢* of
£ for which the following holds. For each irreducible component B, of complex
dimension b we are going to find an ordered pair (xi,x;) € B, — Diag(X x X)
and holomorphic sections s.,z. € I'(X 7, EY) such that s.(x1) # 0,5.(x2) = 0, while
te(x1) = 0,2.(x2) # 0. Given this, by the same reduction argument as in the above
(in the paragraph for removing ramified points on X), by choosing ¢* to be a multiple
of £°, we will have proven that B consists only of the diagonal Diag(X x X),
proving that @; separates points on X. To find the positive integral multiple £ of o
and a section s = s, in I'(Xy, E*) such that s(x;) # s(x2), we choose holomorphic
coordinate neighborhoods U; of x; respectively U, of x, such that U; "U, = @. For
i = 1,2, denote by z(!) = (zgi) Yoo ,z,(f) ) holomorphic coordinates in a neighborhood
of x; with respect to which the origin stands for the point x;. Let y;, i = 1,2, be a
smooth cut-off function such that ; is constant in a neighborhood of x;, i = 1,2, and
such that Supp(y;) € U;, so that in particular, Supp(y;) N Supp()2) = 0. Now we

consider the weight function p = ny;log(Y, Z§1>|2) +nyslog(3 |z§2>|2). Let k be
a positive integer. The smooth section ek of K§ over U; with compact support
extends by zeros to a smooth section, to be denoted again by y;e*, of K§ over X,
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k

so that xlek|U? = ¢* on some neighborhood U} € U, and Supp(n) € Uj. Since

Ui NU, =0, we have in particular 1|y, = 0. Our aim is to solve du= 9 (y1€") using
Theorem 1. In analogy to (8) and using the same smoothing process as in preceding
paragraphs, we have to find k such that

V=139dp + O (KX, 1*) + Ric(X,0) > o (14)

in the sense of currents. By exactly the same argument as in (8)—(10), the inequality
(14) is satisfied for k sufficiently large. Applying Theorem 1, we have a smooth
solution of du = 9 (;€¥), where u satisfies the L2-estimates

e < [ 12Gaeh|Pe” <. (15)

so that u(x;) = u(xy) = 0 because of the choice of singularities of p at both x;
and x,. As a consequence, the smooth section s := u — xlek of K}'§ over X satisfies
s(x1) = €k, s(xp) =0, and s is a holomorphic section, since ds = du — d(x1€) =0
on X. Interchanging x; and x,, we obtain another holomorphic section ¢ € I'(X, K% )
such that #(x;) = 0, while 7(x2) = ¢*. Given this, taking k = ¢* to be a sufficiently
large multiple of ¢°, the canonical map Dy Xy — PV is base-point-free (hence
holomorphic) and a holomorphic immersion on X, and it furthermore separates

points on X.

Blowing Down to Isolated Singularities. The map @, : Xy — PV¢ sends each
divisor D; at infinity to a point Cl-ﬁ & PV such that Cit, 1 <i < m, are distinct. We
have, however, not ruled out the possibility that @ (x) = @y (Cin) for some point
x € X and some 7,1 < i < m. Since @;; separate points on X, only a finite number
of such pairs (x;, Cl.u) can actually occur. We claim that for a large enough multiple
¢ of (%, we have @ (x;) # & = ®,(D;). For this purpose it suffices to produce a
holomorphic section ¢ € I'(X ,K%M) such that #|p, is nowhere vanishing whereas

1(x;) = 0. For this it suffices to solve the equation gui = 577;’ as in (3)—(5), choosing
7n; to be 0 on some neighborhood of x;, replacing ¢ by ¢ and requiring at the same
time that u;(x) = 0. The latter requirement can be guaranteed by introducing a
weight function ¢ as in (7) satisfying for ¢ sufficiently large the inequality

V=109 ¢ +O(Kg,h') +Ric(w,) > o. (16)

Thus the argument in (6)—(11) for the base-point freeness on X can be adapted here
to yield the required sections #;. Hence, we have proven that for some sufficiently
large positive integer ¢, the canonical map @ : Xj; — PV is holomorphic, blows
down each divisor D; at infinity to an isolated singularity ¢; of Z = @;(Xy), and
restricts to a holomorphic embedding on X = Xy — D into Z° = Z — {{1,..., &}

End of Proof of Main Theorem. By definition, the minimal compactification
Xmin of X is a normal complex space obtained by adding a finite number of

isolated singularities p;, 1 <i < m. Since @y|x : X 0=z {61,...,Cn} is
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a biholomorphism, for each i € {1,...,m} there exist an open neighborhood V; of 1;
in X in and an open neighborhood W; of {; in Z such that the biholomorphism @;|x

restricts to a biholomorphism @y |y, : W; =, V; and such that lim @;(x) = §;; Oy
XM

extends to a continuous map (ﬁg : X min — Z by defining QADA x = @y and QADE (W) =2¢.
Since X pip is normal, CAD[ is holomorphic, so that cf)g : X min — Z is a normalization of
Z. Finally, since Z C PV is projective-algebraic, its normalization X ;, is projective-
algebraic. The proof of Theorem 2 is complete. O

Remarks. (1) From the proof of the main theorem regarding base-point freeness
on divisors at infinity, it follows that I (YM,EZ) > m, where m is the number
of connected (equivalently irreducible) components of the divisor D at infinity.
In other words, there are on X at least m linearly independent holomorphic
2-canonical sections of logarithmic growth (with respect to the Mumford com-
pactification X < X; and hence with respect to any smooth compactification
with normal-crossing divisors at infinity).

(2) For the statement and proof of the main theorem, it is not essential that the
images @;(D;) be isolated singularities. We include this statement because the
proof is more or less the same as in the steps yielding a holomorphic embedding
@®yon X.

3.3 An Application of Projective Algebraicity of the Minimal
Compactification to the Submersion Problem

In relation to the submersion problem on complex-hyperbolic space forms, i.e.,
the study of holomorphic submersions between complex-hyperbolic space forms,
Koziarz and Mok [KMO8] proved the following rigidity result.

Theorem 3 (Koziarz-Mok [KMO08]). Let I’ C Aut(B") be a lattice of biholomor-
phic automorphisms. Let @ : I — Aut(B™) be a homomorphism and F : B" — B™
a holomorphic submersion equivariant with respect to ®@. Suppose that m > 2 or
I' C Aut(B") is cocompact. Then m = n and F € Aut(B").

The proof of Theorem 3 can be easily reduced to the case that I' C Aut(B") is
torsion-free, so that X = B"/I" is a complex-hyperbolic space form of finite volume.
One of the motivations to present a proof of the projective algebraicity of finite-
volume complex-hyperbolic space forms arising from not necessarily arithmetic
lattices is to give a deduction of the noncompact (finite-volume) case of Theorem 3
from the cohomological arguments in the compact case.

An Alternative Proof of Theorem 3 in the Case of Finite-Volume Quotients.
Without loss of generality, assume that I' C Aut(B") is torsion-free. We outline
the arguments in the case that the complex-hyperbolic space form X := B"/T" is
compact. Write wy for the Kihler form of the canonical Kéahler—Einstein metric
on X of constant holomorphic sectional curvature —4 7. Denote by @p» the closed
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(1,1)-form on B™, by @, the closed (1,1)-form on X induced by the I'-invariant
closed (1,1)-form F*wgn, and by [---] the de Rham cohomology class on X of
a closed differential form. Denote by J the holomorphic foliation on X induced
by the I'-equivariant foliation whose leaves are given by the level sets of the
I'-equivariant map F : B" — B™, by Ty the associated holomorphic distribution
on X, and by Ny := Tx/T5 the holomorphic normal bundle of the foliation JF.
In the case that the complex-hyperbolic space form X is compact, by an algebraic
identity of Feder [Fed65] (cf. Koziarz—Mok [KMO08, Lemma 1]) applied to Chern
classes of the short exact sequence 0 — T3 — Tx — Ny — 0 on X (which
we will call the tangent sequence induced by J on X), and by the Hirzebruch
proportionality principle, we have [wy — @y,)" ™! = 0. By the Schwarz lemma
we have wy — @, > 0 as a smooth (1, 1)-form, and the identity on cohomology
classes [0y — @y,]" ! = 0 forces (wy — @y)" ™! = 0 everywhere on X, which
implies that there are at least m zero eigenvalues of the nonnegative (1, 1)-form on
vV = @y — @, on X. Since v agrees with wy on the leaves of &, we conclude that
there are exactly m zero eigenvalues of v everywhere on X. Thus F : B" — B™ is
an isometric submersion in the sense of Riemannian geometry, and this leads to a
contradiction.

In the noncompact case we need the extra condition m > 2. Since X = B"/I" is
of finite volume, by the main theorem, X admits the minimal compactification X min
obtained by adding a finite number of normal isolated s1ngu1ar1t1es G, 1<i<m,
and moreover, X i, is projective- algebraic. Embedding Xmin C PV as a projective-
algebraic subvariety, a general sectionH N Xy by a hyperplane H C PV is smooth,
and it avoids the finitely many isolated singularities {;, 1 < i < m. Write Xy :=
HN X min, Xg C X. Restricting the short exact sequence 0 — T3 — Ty — Ny — 0
to Xy, we conclude that [y — M]"‘m“ = 0 as cohomology classes. Note that Xy
is not a complex hyperbolic space form, and we are not considering the tangent
sequence of a holomorphic foliation induced by F |,r )- (In fact, the restriction
F |,r ) need not even have constant rank m — 1.) In 1ts place we are considering
the restrlctlon of the tangent sequence induced by J on X to the compact complex
submanifold Xy, and the cohomological identity [y — @y,)" ! = 0 results simply
from the restriction of a cohomological identity on X as explained in the previous
paragraph. We have dim¢(Xy) =n—1landn—m+1 <n—1, since m > 2. From
the cohomological identity [y — @,,]" "' = 0 on Xy and the inequality v = @y —
@, > 0as (1,1)-forms, we conclude that there are at least m — 1 zero eigenvalues
of v|x, everywhere on Xy. Thus, for every z € B" and for a general hyperplane V C
T.(B"), we have dim¢(V NKer(v)) = m— 1. Since dimg(Ker (v)) < m, it follows
that we must have dimg(Ker(v)) = m, and F : B" — B™ is in fact a holomorphic
submersion. This gives rise to a contradiction exactly as in the compact case. 0O
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