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Floer Homology on the Extended Moduli Space

Ciprian Manolescu and Christopher Woodward

Abstract Starting from a Heegaard splitting of a three-manifold, we use
Lagrangian Floer homology to construct a three-manifold invariant in the form
of a relatively Z/87Z-graded abelian group. Our motivation is to have a well-defined
symplectic version of the Atiyah—Floer conjecture for arbitrary three-manifolds. The
symplectic manifold used in the construction is the extended moduli space of flat
SU(2)-connections on the Heegaard surface. An open subset of this moduli space
carries a symplectic form, and each of the two handlebodies in the decomposition
gives rise to a Lagrangian inside the open set. In order to define their Floer
homology, we compactify the open subset by symplectic cutting; the resulting
manifold is only semipositive, but we show that one can still develop a version of
Floer homology in this setting.

Keywords Floer homology ¢ Three-manifold « Moduli space ¢ Heegaard surface

1 Introduction

Floer’s instanton homology [15] is an invariant of integral homology three-spheres
Y that serves as target for the relative Donaldson invariants of four-manifolds with
boundary; see [13]. It is defined from a complex whose generators are (suitably
perturbed) irreducible flat connections in a trivial SU(2)-bundle over Y, and whose
differentials arise from counting anti-self-dual SU(2)-connections on ¥ x R. There
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is also a version of instanton Floer homology using connections in U(2)-bundles
with ¢1 odd [9, 17], an equivariant version [4, 5], and several other variants that use
both irreducible and reducible flat connections [13]. More recently, Kronheimer and
Mrowka [29] have developed instanton homology for sutured manifolds; a particular
case of their theory leads to a version of instanton homology that can be defined for
arbitrary closed three-manifolds.

In another remarkable paper [16], Floer associated a homology theory to two
Lagrangian submanifolds of a symplectic manifold, under suitable assumptions.
This homology is defined from a complex whose generators are intersection points
between the two Lagrangians, and whose differentials count pseudoholomorphic
strips. The Atiyah—Floer conjecture [2] states that Floer’s two constructions are
related: for any decomposition of the homology sphere Y into two handlebodies
glued along a Riemann surface X, instanton Floer homology should be the same
as the Lagrangian Floer homology of the SU(2)-character varieties of the two
handlebodies, viewed as subspaces of the character variety of X.

As stated, an obvious problem with the Atiyah—Floer conjecture is that the
symplectic side is ill defined: due to the presence of reducible connections,
the SU(2)-character variety of ¥ is not smooth. One way of dealing with the
singularities is to use a version of Lagrangian Floer homology defined via the
symplectic vortex equations on the infinite-dimensional space of all connections.
This approach was pursued by Salamon and Wehrheim, who obtained partial results
toward the conjecture in this setup; see [49, 50, 56]. Another approach is to avoid
reducibles altogether by using nontrivial PU(2)-bundles instead. This road was
taken by Dostoglou and Salamon [14], who proved a variant of the conjecture for
mapping tori.

The goal of this paper is to construct another candidate that could sit on the
symplectic side of the (suitably modified) Atiyah—Floer conjecture.

Here is a short sketch of the construction. Let ¥ be a Riemann surface of genus
h>1,and z € X abase point. The moduli space .# (X) of flat connections in a trivial
SU(2)-bundle over X can be identified with the character variety {p : m;(X) —
SU(2)}/PU(2). The moduli space . (X) is typically singular. However, Jeffrey
[26] and independently Huebschmann [23], showed that .# (X) is the symplectic
quotient of a different space, called the extended moduli space, by a Hamiltonian
PU(2)-action. The extended moduli space is naturally associated not to X, but to
X', a surface with boundary obtained from X by deleting a small disk around z.
The extended moduli space has an open smooth stratum, which Jeffrey and
Huebschmann equip with a natural closed two-form. This form is nondegenerate
on a certain open set .4/ (X'), which we take as our ambient symplectic manifold.
In fact, #'(X’) can also be viewed as an open subset of the Cartesian product
SU(2)*" = {p : m;(X') — SU(2)}. More precisely, if we pick 2k generators for
the free groups 71 (X'), we can describe this subset as

N(Z) = {(Al,Bl,...,Ah,Bh) €Su(2)* | ﬁ[Ai,Bi] # _1} _
i=1
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Consider a Heegaard decomposition of a three-manifold Y as Y = HyUH|, where
the handlebodies Hy and H; are glued along their common boundary X. There are
smooth Lagrangians L; = {m (H;) — SU(2)} C A4/ (X') fori = 0, 1. In order to take
the Lagrangian Floer homology of Ly and L1, care must be taken with holomorphic
strips going out to infinity; indeed, the symplectic manifold .#"(X’) is not weakly
convex at infinity. Our remedy is to compactify .4 (X’) by (nonabelian) symplectic
cutting. The resulting manifold .4 “(X’) is the union of .#"(X’) and a codimension-
two submanifold R. A new problem shows up here, because the natural two-form
@® on 4 °(X') has degeneracies on R. Nevertheless, (.4 “(X’), ®) is monotone, in a
suitable sense. One can deform @ into a symplectic form , at the expense of losing
monotonicity. We are thus led to develop a version of Lagrangian Floer theory on
A¢(X') by making use of the interplay between the forms @ and ®. Our Floer
complex uses only holomorphic disks lying in the open part .4 (Z") of A¢(X').
We show that while holomorphic strips with boundary on Ly and L; can go to
infinity in .4 (X"), they do so only in high codimension, without affecting the Floer
differential. The resulting Floer homology group is denoted by

HSI(E;H(),Hl) ZHF(L(),Ll in ,/V(El)),

and it admits a relative Z/8Z-grading. We call'it symplectic instanton homology.

Using the theory of Lagrangian correspondences and pseudoholomorphic quilts
developed in Wehrheim—Woodward [59] and Lekili-Lipyanskiy [30], we prove the
following theorem.

Theorem 1. The relatively 7./8Z-graded group HSI(Y) = HSI(X;Hy,H,) is an
invariant of the three-manifoldY .

Strictly speaking, if we are interested in canonical isomorphisms, then the
symplectic instanton homology also depends on the base pointz € X C Y': as z varies
inside Y, the corresponding groups form a local system. However, we drop z from
the notation for simplicity.

Let us explain how we expect HSI(Y) to be related to the traditional instanton
theory on /3-manifolds. We restrict our attention to the original setup for Floer’s
instanton theory I(Y) from [15] when Y is an integral homology sphere. It is then
decidedly not the case that HSI(Y) coincides with Floer’s theory; for example, we
have HSI(S®) = Z, but I(S?) = 0. Nevertheless, in [13, Sect. 7.3.3], Donaldson
introduced a different version of instanton homology, a Z/8Z-graded vector field
over Q denoted by HF that satisfies HF (8%) 22 Q. (Floer’s theory [ is denoted by
HF in [13].) We state the following variant of the Atiyah—Floer conjecture:

Conjecture 1. For every integral homology sphere Y, the symplectic instanton
homology HSI(Y) ® Q and the Donaldson—Floer homology HF (Y) from [13] are
isomorphic as relatively Z/8Z-graded vector spaces.

Alternatively, one could hope to relate HSI to the sutured version of instanton
Floer homology developed by Kronheimer and Mrowka in [29]. More open
questions, and speculations along these lines, are presented in Sect. 7.3.
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2 Floer Homology

2.1 The Monotone, Nondegenerate Case

Lagrangian Floer homology was originally constructed in [16] under some restric-
tive conditions, and later generalized by various authors to many different settings.
We review here its definition in the monotone case, due to Oh [39, 41], together
with a discussion of orientations following Fukaya—Oh—Ohta—Ono [18].

Let (M, ) be a compact connected symplectic manifold. We denote by 7 (M, ®)
the space of compatible almost complex structures on (M, ®), and by J:(M,®) =
C=([0,1],T (M, m)) the space of time-dependent compatible almost complex struc-
tures. Any compatible almost complex structure J defines a complex structure
on the tangent bundle TM. Since J(M,®) is contractible, the first Chern class
c1(TM) € H*(M,Z) depends only on ®, not on J. The minimal Chern number Ny,
of M is defined as the positive generator of the image of ¢ (TM) : my(M) — Z.

Definition 1. Let (M, ®) be a symplectic manifold. Then M is called monotone if
there exists K > 0 such that
0] = K- ¢;(TM).

In that case, x is called the monotonicity constant.

Definition 2. A Lagrangian submanifold L C (M, w) is called monotone if there
exists a constant k¥ > 0 such that

2[0)] |7'C2(M,L) =K-UL,

where g, : m(M,L) — Zis the Maslov index.

Necessarily, if Lis monotone, then M is monotone with the same monotonicity
constant. The minimal Maslov number N, of a monotone Lagrangian L is defined
as the positive generator of the image of py in Z.

From now on, we will assume that M is monotone with monotonicity constant
k and that we are given two closed, simply connected Lagrangians Ly,L; C M.
These conditions imply that Ly and L; are monotone with the same monotonicity
constant and

Nr, =N, =2Ny.

We assume that Ny > 1 and set N = 2Ny, > 4. We also assume that wy(Ly) =
wa(Ly) =0.

After a small Hamiltonian perturbation, we can arrange things so that the
intersection Lo N L is transverse. Let (J;)o<<1 € J:(M,®). For any x4 € LoNLy,
we denote by M (x;,x_) the space of Floer trajectories (or J;-holomorphic strips)
from x4 to x_, i.e., finite-energy solutions to Floer’s equation
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u:Rx[0,1] =M,
M(Saj)ELja jZOala

Dytt+J; (1)t = 0 (13.1

SEIiIrlwu(s, ) = x4

Let 9 (x,x_) denote the quotient of Mt (x,x_) by the translational action of R.
For (J;)o</<1 chosen from a comeager' subset 7,¢ (Lo, L;) C J;(M, ®) of (Lo, Ly )-
regular, time-dependent compatible almost complex structures, (x4, x <) is a
smooth, finite-dimensional manifold with dimension a nonconstant u € 9%(x, x-)
given by dim7, 9 (x+,x_) = I(u) — 1. We denote by 9M(x;,x_), the subset with
I(u) — 1 = d (note that M (x4 ,x_)_; is nonempty if x; = x_). As explained in Oh
[39], after shrinking 7, (Lo, L;) further, we may assume that 9% (x. ,x_) is finite
and 91 (x4 ,x_); is compact up to breaking of trajectories:

OMxr,x )= |J Mrp,y)ox Myx-)o. (13.2)
yeLoNL;

The condition that the Lagrangians have vanishing w; is used in defining orienta-
tions on the moduli spaces, compatible with the identity (13.2). The Floer chain
complex is then defined to be the free abelian group generated by the intersection
points

CF(Ly,Ly)= P Z(x

x€LyNLy

The Floer differential is

)= Y elw)ix),

u€M (x4,x-)o

where €(u) € {£1} is the sign comparing the orientation of the moduli space to the
canonical orientation of a point; see, for example, [58].

Our assumptions allow one to define a relative Maslov index I(x,y) € Z/NZ
for every x,y € Ly NL; such that I(x,y) = I(u) (mod N) for any u € 9(x,y). The
relative index satisfies I(x,y) + I(y,z) = I(x,z), and it induces a relative Z/NZ-
grading on the chain complex.

The Lagrangian Floer homology groups HF (Ly, L) are the homology groups of
CF.(Ly,L;) with respect to the differential d. Equation (13.2) implies that 9> = 0
An important property of the Floer homology groups HF (Ly,L;) is that they are

A subset of a topological space is comeager if it is the intersection of countably many open
dense subsets. Many authors use the term “Baire second category,” which, however, denotes more
generally subsets that are not meager, i.e., not the complement of a comeager subset. See, for
example, [48, Chap. 7.8].
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independent of the choice of path of almost complex structures, and invariant under
Hamiltonian isotopies of both Lo and L. Since H; (Ly) = H; (L) = 0, any isotopy of
Ly or Ly through Lagrangians can be embedded in an ambient Hamiltonian isotopy;
see, for example [44, Sect. 6.1] or the discussion in [52, Sect. 4(D)].

2.2 A Relative Version

Let R C M denote a symplectic hypersurface disjoint from the Lagrangians Ly, L;.
Each pseudoholomorphic strip u : R x [0,1] — M meeting R in a finite number of
points has a well-defined intersection number u - R, defined by a signed count of
intersection points of generic perturbations. The intersection numbers u - R depend
only on the relative homology class of u, and are additive under concatenation of
trajectories:

(u#v)-R=(u-R)+ (v-R).

Let J(M,wo,R) denote the space of compatible almost complex structures
J for which R is a J-holomorphic submanifold. Let also J,(M,©,R) =
C=([0,1],J(M,®,R)) be the corresponding. space of time-dependent almost
complex structures. If (J;) € J;(M,®,R), then the intersection number of any
Ji-holomorphic strip with R is a finite sum of positive local intersection numbers;
see, for example, Cieliebak—Mohnke [11, Proposition 7.1]. In particular, if a
Ji-holomorphic strip has trivial intersection number with R, it must be disjoint
from R.

One can show that J;*® (Lg,L1,R). = J, ¥ (Lo, L1) N J;(M,®,R) is comeager in
Ji(M,®,R). Since Ly,L, are disjoint from R, Floer homology may be defined
using J; € J;(M,®,R). Moreover, for J € J¥(Lo,L;,R), the Floer differential
decomposes as the sum

d= Z Oms

m>0

where d,, counts the trajectories with intersection number m with R. By additivity
of the intersection numbers, the square of the Floer differential satisfies the refined
equality

2, 9i0;=0.

i+j=m

In particular, 97 = 0. Let HF (Lo, L;;R) denote the homology of dj, counting Floer
trajectories disjoint from R. We call HF (Ly,L;;R) the Lagrangian Floer homology
of Lo,L; relative to the hypersurface R. This kind of construction has previously
appeared in the literature in various guises; see, for example, Seidel’s deformation
of the Fukaya category [51, p. 8] or the hat version of Heegaard Floer homology
[43]. Note that HF (Lo, L1;R) admits a relative Z/N'Z-grading, where N’ = 2Ny g
is a positive multiple of V.
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A standard continuation argument then shows that HF (Lo, L;;R) is independent 199
of the choice of J, € J;®(Lo,L1,R). Indeed, any two such compatible almost 200
complex structures can be joined by a path J; ,,p € [0, 1], which equips the fiber 201
bundle R x [0,1] x M — R x [0, 1] with an almost complex structure. The part of 202
the continuation map counting pseudoholomorphic sections with zero intersection 203
number with the almost complex submanifold R x [0, 1] X R defines an isomorphism 204

from the two Floer homology groups. 205
In fact, we may assume that all Floer trajectories are transverse to R by the 206
following argument, which holds for not necessarily monotone M. 207

For any k € N, we denote by 9(x;,x_;k) the subset of M (x,,x_) with a 208
tangency of order exactly k to R. Given an open subset IV C M containing Lo and 209
L, with closure disjoint from R and a J € J (M, ®,R), we denote by J; (M, 0, W,J) 210
the space of compatible almost complex structures that agree with J outside W. 211

Lemma 1. There exists a comeager subset J; ¢ (Lo, L1, W, J) of Fo(M,0,W,J) 212
contained in J**(Lo,L1,R) such that for any (J;) € J;°®(Lo,L1,WV,J), the cor- 213
responding moduli space M(xy,x_) is a smooth manifold, and for every k € 214
N and xy € Loy N Ly, M(x4,x_;k) is a smooth submanifold of M(x;,x_) of 215
codimension 2k. 216

Proof. For the closed case, see Cieliebak—Mohnke [11, Proposition 6.9]. The proofs 217
for Floer trajectories and compatible almost complex structures are the same, since 218
the Lagrangians are disjoint from R. Note that [11] uses tamed almost complex 219
structures; however, the arguments apply equally well to compatible almost complex 220
structures; see [33, p. 47]. 221

Corollary 1. If () € J® (Lo, Ly, W, J), then for every element of M (x4 ,x_)o and 222
M (x4,x_)1, the intersection with R is transversal, and the number of intersection 223

points equals the intersection pairing with R. 224
2.3 Floer Homology on Semipositive Manifolds 225
In this section, we extend the definition of Floer homology to a semipositive setting. 226
More precisely, we assume the following: 227
Assumption 2.1. (i) (M, @) is a compact symplectic manifold. 228
@ii) @ is a closed two-form on M. 229
(iii) The degeneracy locus R C M of @ is a symplectic hypersurface with respect 230
to . 231

(iv) @ is monotone, i.e., [®] = x - c1(TM) for some K > 0. 232
(V) The restrictions of @ and ® to M\ R have the same cohomology class in 233
H*(M\R). 234

(vi) The forms & and ® themselves coincide on an open subset VW C M\ R. 235

(vii) We are given two closed submanifolds Ly,L; C WV that are Lagrangian with 236
respect to @ (hence Lagrangians with respect to @ as well). 237
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(viii) Lo and L, intersect transversely.
(iX) m (Lo) = 77.71(L1) =1 and WZ(L()) = Wz(Ll) =0.
(x) The minimal Chern number Ny g (with respect to ®) is at least 2, so that
(xi) There exists an almost complex structure that is compatible with respect to
® on M and compatible with respect to @ on M \ R, and for which R is an
almost complex submanifold. We fix such a J, which we call the base almost
complex structure.
(xii) Any J-holomorphic sphere in M of index zero (necessarily contained in R)
has intersection number with R equal to a negative multiple of 2.

Let us remark that because J is compatible with respect to @ on'M \ R, by
continuity it follows that J is semipositive with respect to @ on all of M; i.e.,
@(v,Jv) >0 forany m € M and v € T,,M.

Our goal is to define a relatively Z/NZ-graded Floer homology group
HF (Ly,Ly,J;R) using Floer trajectories away from R and a path-of almost complex
structures that are small perturbations of J supported in a neighborhood of Lo UL;.
The construction is similar to the one in Sect. 2.2, but a priori it depends on J.

Definition 3. (a) We say that J € J (M, ®) is spherically semipositive if every J-
holomorphic sphere has nonnegative Chern number ¢; (7M)[u] > 0.

(b) We say that J € J(M,®) is hemispherically semipositive if J is spherically
semipositive and every J-holomorphic map (D?,dD?) — (M,L;), i € 0,1, has
nonnegative Maslov index I(u), and further, if /(x) = 0, then u is constant.

Given a continuous map u : (D?,dD?) = (M, L;), i =0, 1, we define the canonical
area of u by
7 (@] (u)
Au) = .
() = 2
Lemma 2. We have [(u) =A(u) for any u : (D*,dD*) — (M, L;).

Proof. Since L; is simply connected, we can find a disk v contained in L; with
boundary equal to-that of u, but with reversed orientation. Let u#v : S> — M be
the map formed by gluing. By additivity of the Maslov index,

_ _ _,[0)(uv) | [@] ()
Hu) =1(u)+1(v) =I(u#tv) =2 - =2 o

since both the index and the area of v are trivial.

We define a strip with decay near the ends to be a continuous map
u: (Rx[0,1],Rx {0},Rx {1})— (M,Ly,Ly) (13.3)
such that limg_se. u(s,#), limy_ o u(s,#) € Ly N Ly exist. Every strip with decay near

the ends admits a relative homology class in Hy(M,Ly ULy), and therefore has
a well-defined canonical area
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and a Maslov index I(u).
The following lemma is [39, Proposition 2.7].

Lemma 3. Strips (13.3) satisfy an index-action relation
I(u)=A(u)+C

for some constant C depending only on the endpoints of u.

Proof (Proof (sketch)). Pick ug a reference strip with the same endpoints as u. Using
the fact that 7y (L) = 1, we can find a map v : D?> — L, such that half of its boundary
is taken to the image of uo(R x {0}) and the other half to the image of u(R x {0}).
By adjoining v to u and ug (the latter taken with reversed orientation), we obtain a
disk (—uo)#v#u with boundary in L;. Applying Lemma 2 to this disk and using the
additivity of the index and canonical action under gluing, we obtain

I(u) — I(uo) = A(u) —Alug):

We then take C = I(ug) — A(up).

As in Sect. 2.2, J(M,»,W,J) denotes the space of compatible almost com-
plex structures agreeing with J outside W. We let J,(M,»,W,J) = C=([0,1],
T M, 0, W, J).

Lemma 4. EveryJ in J(M,®,W,J) is hemispherically semipositive.

Proof. Since @ agrees with @ on W, we have @(v,Jv) > 0 for every v € T,,M, where
m € W. Since J agrees with J outside WV, we in fact have @(v,Jv) > 0 everywhere.
Nonnegativity of / then follows from the monotonicity of @ (for spheres) and
Lemma 2 for disks. If a J-holomorphic disk u has I(u) = 0, its canonical area
must be zero. Since J is compatible with respect to @ on M \ R, the disk should
be contained in R. However, this is impossible, because the disk has boundary on a
Lagrangian L; with L; "R = 0. (By contrast, we could have /() = 0 for nonconstant
J-holomorphic spheres contained in R.)

Let J, ¢ (Lo,L1,W,J) C J,(M,®,W,J)N J¥(Lo,L1,R) be as in Lemma 1.

Proposition 1. Let M,Ly,L;,®,®,J satisfy Assumption 2.1. If we choose (J;) €
T 8(Lo, L1, W, J), then the relative Floer differential counting trajectories disjoint
from R is finite and satisfies 802 = 0. The resulting (relatively Z/NZ-graded) Floer
homology groups HF.(Ly,L1,J;R) are independent of the choice of path (J;),
and are preserved under Hamiltonian isotopies of either Lagrangian, as long as
Assumption 2.1 is still satisfied.

Proof. Using parts (v) and (vi) of Assumption 2.1, we see that on the complement
of R we have ® — @ = da, for some a € Q'(M \ R) satisfying da = 0 in the
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neighborhood W of Ly UL;. Let u be a pseudoholomorphic strip whose image is
contained in M\ R. Then

E(u) — xA(u) :/ u'(o— o) :/ d(u*a) :/ u*a—/ u'a,
Rx[0,1] Rx[0,1] T "

where 7; is a path in the Lagrangian L; joining the endpoints of u. Since da = 0 on
L;, Stokes’s theorem implies that fyu*a is independent of v; it depends only on the

endpoints. Therefore, E (1) — kA(u) depends only on the endpoints of u. Together
with Lemma 3 this gives an energy index relation as follows: for any u in M \ R, we
have

I(u) = E(u)/x+C,

where C’ is a constant depending on the endpoints of . Since there are only finitely
many possibilities for these endpoints, it follows that there exists a constant K > 0
such that the energy of any such trajectory u is bounded above by K.

Let (J;) € J¥(Lo,L1,W,J). By Proposition 4 each J, is hemispherically
semipositive. We define the Floer differential by counting J;-holomorphic strips
in M\ R. By Lemma 1, a sequence of such strips-cannot converge to a strip that
intersects R, unless further bubbling occurs.

We seek to rule out sphere bubbles and disk bubbles in the boundary of the
zero- and one-dimensional moduli spaces of such strips (i.e., those of index 1 or 2).
Assume that we have a sequence (u,) of pseudoholomorphic strips of index 1 or 2.
Because of the energy bound, a subsequence Gromov converges to a limiting
configuration consisting of a broken trajectory and a collection of disk and sphere
bubbles. Since the J;’s are hemispherically semipositive, it follows that the indices
of the bubbles are nonnegative. Further, by part (x) of Assumption 2.1, the index of
each bubble is a multiple of 4. Since we started with a configuration of index at most
2, all bubbles have index zero. By the definition of hemispherical semipositivity, the
index-zero disks are constant.

By item (xii) of Assumption 2.1, each index sphere bubble contributes a multiple
of two to the intersection number with R. By Lemma 1, the intersection number of
the limiting trajectory u.. (with sphere bubbles removed) is given by the number
of intersection points, and each of these is transverse. Hence at most half of the
intersection points with R have sphere bubbles attached. In particular, there exists
a point z € R x [0,1] such that u..(z) € R is a transverse intersection point but z is
not in the bubbling set. Since the intersection points are stable under perturbation,
it follows that u., cannot be a limit of Floer trajectories disjoint from R. Indeed,
by definition this convergence is uniform in all derivatives on the complement of
the bubbling set, and in particular, on an open subset containing z. Since there are
no sphere bubbles, there cannot be any disk bubbles either, since at least one disk
bubble would have to be nonconstant. Hence the limit is a (possibly broken) Floer
trajectory.
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The rest of the argument is then as in the monotone case. In particular, the state-
ment about the invariance of HF (Ly,L;,J;R) follows from the usual continuation
arguments in Floer theory.

Remark 1. 1fM,Ly,L,®, ®,J satisfy Assumption 2.1, we can define HF. (Lo, L;,J;
R) even if Ly and L; do not intersect transversely: one can simply isotope one of the
Lagrangians to achieve transversality, and take the resulting Floer homology.

Remark 2. A priori, the construction of the Floer homologies HF (Ly,L;,J;R)
depends on the open set W, because (J;) is chosen from the corresponding
set ¥ (Lo,L1,W,J). However, suppose we have another open set W' CM \R
satisfying Lo N L; C W and ® = @ on W'. Note that

T8 (Lo, L1, W, )N T8 (Lo, Ly, W', J) = T8 (Lo, L1, W W', J), (13.4)

because the regularity condition in Lemma 1 is intrinsic for(J;) (it boils down to
the surjectivity of certain linear operators). It follows that by choosing (J;) in the
(necessarily nonempty) intersection (13.4), the Floer homologies HF (Lo, L; ,f;R)
defined from WV and W' are isomorphic. Thus, we can safely drop W from the
notation.

Remark 3. A smooth variation of the base almost complex structure J induces an
isomorphism between the respective Floet homologies HF (Ly,L;,J;R). However,
if we are given only @ and w, it is not clear whether the space of possible J’s is
contractible. This justifies keeping .J in the notation HF (Lo, L;,J;R).

3 Moduli Spaces

3.1 Notation

Throughout the rest of the paper, G will denote the Lie group SU(2), and G* =
PU(2). = SO(3) the corresponding group of adjoint type. We identify the Lie algebra
g = su(2) with its dual g* using the basic invariant bilinear form

(,):gxg—R, (A,B)=—Tr (AB).

The maximal torus 7 = S! C G consists of the diagonal matrices diag
(e2™i e ™) t € R. We let T* = T /(Z/2Z) C G* and identify their Lie algebra
t with R by sending diag(i, —i) to 1. Under this identification, the restriction of the
inner product (-,-) to t is twice the Euclidean metric. We use this inner product to
identify t with t* as well. Finally, we let t- denote the orthocomplement of t in g.
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Conjugacy classes in g (under the adjoint action of G) are parameterized by the 377

positive Weyl chamber t; = [0, ). Indeed, the adjoint quotient map 378
Q:g—1[0,00) 379
takes 6 € g to ¢ such that 0 is conjugate to diag(ti, —ti). 380

On the other hand, conjugacy classes in G are parameterized by the fundamental 3s1
alcove 2 = [0,1/2]. Indeed, for any g € G, there is a unique 7 € [0, 1/2] such that g 382
is conjugate to the diagonal matrix diag(e*™,e~2%1). 383

3.2 The Extended Moduli Space 384

We review here the construction of the extended moduli space [23,26], mostly 385
following Jeffrey’s gauge-theoretic approach from [26]. 386

Let X be a compact connected Riemann surface of genus 2 > 1. Fix some z € X 387
and let X’ denote the complement in X of a small disk around z, so that S = 90X’ is a 388
circle. Identify a neighborhood of S in X’ with [0;€) x S, and let s € R/27Z be the 380

coordinate on the circle S. 390
Consider the space <7 (X') = Q'(X') @ g of smooth connections on the trivial 391
G-bundle over X/, and set 392

% (2)={A € (%) | F4=0, A=0ds on some neighborhood of S for some 6 € g}. 393

The space &/ %(X’) is acted on by the gauge group 304
4°(2) = {f: X' — G) | f = I on some neighborhood of S}. 395

The extended moduli space is then defined as 396
MO(Z) =92 )9°(%). 397

A more explicit description of the extended moduli space is obtained by fixing a 398
collection of simple closed curves o;,8; (i =1,...,h) on X', based at a point in S, 399
such that 71 (X') is generated by their equivalence classes and the class of a curve y 400
around S, with the relation [T, (o, B;] = 7. 401
To each connection on X’ one can then associate the holonomies A;,B; € G 402
around the loops o; and f;, respectively, i = 1,...,h. This allows us to view the 403
extended moduli space as 404

h
MO(Z) = {(Al,Bl,...,Ah,Bh) eG” 0cqg|[]ALB]= exp(27r6)}. (13.1)
i=1
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There is a proper map
D: /%%~y

that takes the class [A] of a connection A to the value 8 = ®@(A) such that A|g = 0ds.
(This corresponds to the variable 8 appearing in (13.1).) There is also a natural
G-action on .#%(X') given by constant gauge transformations. With respect to the
identification (13.1), it is

g€G:(A1,B;,0) — (gAig ', gBig ', Ad(g)0). (13.2)

Observe that this action factors through G*¢. The map @ is equivariant with
respect to this action on its domain, and the adjoint action on its target. Set

@: #%2) = [0,0), ®=Qo0.
Now consider the subspace
M) ={xe.a°(Z) | D(x) ¢ Z\{0}}.

Proposition 2. (a) The space .#(X') is a smooth manifold of real dimension 6h.
(b) Every nonzero element 0 € g is a regularvalue for the restriction of @ to

M.

Proof. Part (a) is proved in [26, Theorem 2.7]. We copy the proof here, and explain
how the same arguments can be used to deduce part (b) as well.

Consider the commutator map ¢ : G — G,c(Ay,By,...,Ay,By) = Hf’zl [A;,Bi].
For p = (A1,By,...,A;,B;) € G*, we denote by Z(p) C G its stabilizer (under the
diagonal action by conjugation). Let z(p) C g be the Lie algebra of Z(p). Note that
Z(p) = {xI} unless c(p) = 1.

The image of dcp - c(p)=!is z(p)~; see, for example, [19, proof of Proposition
3.7]. In particular, the differential dc,, is surjective whenever c(p) # I.

Define the maps

€

f1:G"xg—=G, fi(p,6)=c(p)-exp(—276)

and
fZZGZth%Gng fZ(pae):(fl(pae)ve)
On the extended moduli space .2 %(X') = f;'(I), we have

(df1)(p,0) = (dc)pexp(—270) + 2wexp(270)(dexp) —276-
When ¢(p) = exp(2n0) # I, we have that (dc), is surjective, hence so is

(df1)(p,6)- Also, when 8 = 0, (dexp) 2z¢ is just the identity, so again (df1)(,.g)
is surjective. Claim (a) follows.
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Next, observe that 436

(df2)p.0) (e, A) = ((df1)(p,0)(x,A),A) = (dep(ex) -exp(—27m0) +1(A),A), 437

where I(A) does not depend on o. Hence, when c(p) = exp(2m60) # I, the 438
differential (df2), ¢) is surjective. This implies that any 6 € g with Q(0) € Z is 439
aregular value for @| ,q 5. Since the values 6 € g with Q(6) € Z\ {0} are notin 440
the image of @| () they are automatically regular values, and claim (b) follows. 441

Consider also the subspace 442
N (Z)=d'([0,1/2)) C AI(X). 443
Note that the restriction of the exponential map 6 — exp(276) to O~ '[0,1/2) 444

is a diffeomorphism onto its image G\ {—I}. Therefore, using the identification 445
(13.1), we can describe A4 (X') as 446

W(Z’):{(Al,Bl, An,By) € G*

h
HA,,B . 1} (13.3)

3.3 Hamiltonian Actions 447

Let K be a compact connected Lie group with Lie algebra £. We let K act on the 448
dual Lie algebra £* by the coadjoint action. 449

A presymplectic manifold is a smooth manifold M together with a closed 450
form @ € Q2(M), possibly degenerate. A Hamiltonian presymplectic K-manifold 451
(M, , D) is a presymplectic manifold (M, ®) together with a K-equivariant smooth 452
map @ : M — £* such that for any & € g, if Xg denotes the vector field on M 453

generated by the one-parameter subgroup {exp(—t€) |t € R} C K, we have 454
d((®,8)) = —1(Xs) 0. 455

Under these hypotheses, the K-action on M is called Hamiltonian, and @ is called 456
the moment map. The quotient 457
M//K := & 1(0)/K 458

is called the presymplectic quotient of M by K. The following result is known as the 459
reduction theorem [32],[36], [20, Theorem 5.1]. 460

Theorem 2. Let (M, ®,®) be a Hamiltonian presymplectic K-manifold. Suppose 461
that the level set ®~'(0) is a smooth manifold on which K acts freely. Let i : 462
®~1(0) < M be the inclusion and  : ®~'(0) — M//K the projection. Then there a3
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exists a unique closed form @eq on the smooth manifold M //K with the property 464
that i* ® = T* Wyeq. The reduced form ®req is nondegenerate on M //K if and only if 465
o is nondegenerate on M at the points of @~1(0). 466

Furthermore, if M admits another Hamiltonian K'-action (for some compact 461
Lie group K') that commutes with the K-action, then (M //K, ®eq) has an induced aes
Hamiltonian K'-action. 469

When the form o is symplectic, (M, ®,®) is called simply a Hamiltonian K- 470
manifold. In this case we can drop the condition that @~!(0) be smooth from the 471
hypotheses of Theorem 2; indeed, this condition is automatically implied by the 472
assumption that K acts freely on @~1(0). 473

3.4 A Closed Two-Form on the Extended Moduli Space a74

According to [26, (2.7)], the tangent space to the smooth stratum .Z%(X') C 475
A (Z') at some class [A] can be naturally identified with 476

_ Ker(dy: Q19(3) > Q2(X) @)
C Im(dy: QO @g = QLe(X))’

Ty #3(Z') (13.4)

where Q/ (X') denotes the space of p-forms compactly supported in the interior of 477
3’, and Q'9(Z") denotes the space of 1-forms A such that A = 6ds near S = 93’ 478

for some 0 € g. 479
Define a bilinear form @ on Q1:8(Z") by 480
o(a,b) = / Tr (a A\ D), 481

ZI

where the wedge operation on g-valued forms combines the usual exterior product 4s2
with the inner product on g. Stokes’s theorem implies that @ descends to a bilinear 483
form on the tangent space to . (X') described in (13.4) above. Thus we can think 4s
of @ as a two-form on . (X'). 485

Theorem 3 (Huebschmann-Jeffrey). The two-form o € Q?(.#8(X')) is closed. ass
It is nondegenerate when restricted to N (X') C M (X'). Moreover, the restriction st
of the G-action (13.2) to ML (X') is Hamiltonian with respect to ®. Its moment ass
map is the restriction of @ to N (X'), which we henceforth also denote by ®. 489

For the proof, we refer to Jeffrey [26]; see also [34]. 490
Theorem 3 says that (.Z2(X'),»,®) is a Hamiltonian presymplectic G- 401
manifold in the sense of Sect. 3.3, and that its subset (A (X'),®, D) is a (sym- 492
plectic) Hamiltonian G*-manifold. The symplectic quotient 493

N (ZN )G =d710)/G = .4 (Z) 494
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is the usual moduli space of flat G-connections on X, with the symplectic form (on 495
its smooth stratum) being the one constructed by Atiyah and Bott [3]. If X is given 49
a complex structure, ./ (X) can also be viewed as the moduli space of semistable 497

bundles of rank two on X with trivial determinant, cf. [38]. 498
For an alternative (group-theoretic) description of the form @ on .4 (X’), see 499
[27], [23], or [24]. 500
Let us mention two results about the two-form w. The first is proved in [35]. 501
Theorem 4 (Meinrenken—-Woodward). (.4 (X'),®) is a monotone symplectic 502
manifold, with monotonicity constant 1 /4. 503
The second result is given in the following lemma. 504

Lemma 5. The cohomology class of the symplectic form o € Q*(.A (X)) is sos
integral. 506

Proof. The extended moduli space .#9(X') embeds in the moduli space . (X') so7
of all flat connections on X’. The latter is an infinite-dimensional Banach manifold sos
with a natural symplectic form that restricts to @ on .Z, 2 (X’). Moreover, Donaldson 509
[12] showed that .# (X') has the structure of a Hamiltonian LG-manifold, where s10
LG = Map(S!,G) is the loop group of G. 511

Recall that a prequantum line bundle E for a symplectic manifold (M, ®) is a 512
Hermitian line bundle equipped with an invariant connection V whose curvature is 513
—2ri times the symplectic form. If M is finite-dimensional, this implies that [®] = 514
c1(E) € H*(M;Z). In our situation, a-prequantum line bundle on M = .4 (X') can s1s
be obtained by restricting the well-known LG-equivariant prequantum line bundle s16
on the infinite-dimensional symplectic manifold .# (X'). We refer the reader to [37], s17

[46], and [60] for the construction of the latter; see also [34]. 518
Corollary 2. The minimal Chern number of the symplectic manifold A (X') is a 519
positive multiple of 4. 520
Proof. Use Theorem 4 and Lemma 5. 521
3.5 _Other Versions 522

Although our main interest lies in the extended moduli space .Z%(X’) and its open 523
subset .4 (X'), in order to understand them better, we need to introduce two other s24
moduli spaces. Both of them appeared in [26], where their main properties are 525
spelled out. An alternative viewpoint on them is given in [34, Sect. 3.4.2], where 526

they are interpreted as cross-sections of the full moduli space . (X'). 527
The first auxiliary space that we consider is the foroidal extended moduli s28
space 529

MEY =D () .t (2. 530
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It has a smooth stratum
M) ={xc.n'(Z)| D(x) &L}

The restrictions of @ and @ to .#}(X') turn it into a Hamiltonian presymplectic
T%_manifold. On the open subset .2 *(Z") N ®~1(0,1/2), the two-form is nonde-
generate.

The second space is the twisted extended moduli space from [26, Sect. 5.3]. In
terms of coordinates, it is

h
M) = {(A1,B1,... A By) € G0 € o| [T1A: Bi] = —exp(276) }.
i=1

This space admits a G%-action just like that on .#9(X’) and also a natural
projection @y, : .45, — g. Set @y, = Q o Py,. The smooth stratum of .73 (Z')
is

/ / % 1
M (2 = {x e M) | () $ 24 5 }.

Furthermore, .2,
Hamiltonian presymplectic G*4-manifold, with moment map @y, . The restriction of

Wy to the subspace

(X') admits a natural two-form @, which turns it into a

(') = BGN([0,1/2))

is nondegenerate.
Observe that the subspace @' (t) C .2 (Z') can be identified with the toroidal
extended moduli space .Z*(X"), via the map

(Al,Bl,...,Ah,Bh,t) — (Al,Bl,...,Ah,Bh,l/Z—t).

This map is a diffeomorphism of the smooth strata and is compatible with the
restrictions of the presymplectic forms @ and @y .

3.6 The Structure of Degeneracies of #; (X')

Recall from Theorem 3 that the degeneracy locus of the presymplectic manifold
ME(X') is contained in the preimage @~ '(1/2). We seek to understand the
structure of the degeneracies.

Let u = diag(i/2,—i/2). Note that the stabilizer G* of exp(27u) = —I is bigger
than the stabilizer 7% = §' of p. Thus, we have an obvious diffeomorphism

& !(1/2)= 0y x &' (1),
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where O, denotes the coadjoint orbit of u. The first factor O, is diffeomorphic
to the flag variety G*/T% = P!, The second factor @~ !(u) is smooth by
Proposition 2(b).

There is a residual 7%-action on the space @~ !(u). Thus @~ '(u) is an S'-
bundle over

() = &7 ()T
Finally, .#, (X') is a P!-bundle over

%71(2,):{(1415315 Ah;Bh EGZ

h
UA,,B 1}/Gad.

This last space .#_;(X’) can be identified with the moduli space .#w(X) of
projectively flat connections on ¢ with fixed central curvature, where € is a U(2)-
bundle of odd degree over the closed surface X = X’ U D?. Alternatively, it is the
moduli space of rank-two stable bundles on X having fixed determinant of odd
degree; cf. [3, 38]. It can also be viewed as the symplectic quotient of the twisted
extended moduli space from Sect. 3.5:

M (2) = Nw(Z) [/ G*= DEL0)/G.

We have described a string of fibrations that gives a clue to the structure of the
space @~ 1(1/2). Let us now reshuffle these fibrations and view @~'(1/2) as a G-
bundle over the space Oy x .Z_;(X'). Its fiberwise tangent space (at any point) is
g, which can be decomposed as t § L, with t+ >~ C.

Proposition 3. Let x € @7Y(1/2) C #(X'). The null space of the form @ at x
consists of the fiber directions corresponding to t+ C g.

Proof. Our strategy for proving Proposition 3 is to reduce it to a similar statement
for the toroidal extended moduli space .#*(X’), and then study the latter via its
embedding into the twisted extended moduli space .75 (X').

First, note that by G*-invariance, we can assume without loss of generality that
®(x) = . The symplectic cross-section theorem [21] says that near @~ (u), the
two-form on .2/ %(X') is obtained from the one on . *(X’) = @~ !(t) by a procedure
called symplectic induction. (Strictly speaking, symplectic induction is described in
[21] for nondegenerate forms; however, it applies to the Hamiltonian presymplectic
case as well.) More concretely, we have a (noncanonical) decomposition

T MO(Z) =Tt (Z) & Ty (Oy) (13.5)

such that |, is the direct sum of its restriction to the first summand in (13.5) with
the canonical symplectic form on the second summand.

Recall that we are viewing @~!(1/2) as a G-bundle over O x .#Z_;(X'). Its
intersection with .2 *(X') is @~ (u), which is the part of the G*-bundle that lies
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over {f} x .#_;(X'). The decomposition (13.5) implies that in order to prove the
final claim about the null space of ®|y, it suffices to show that the null space of
o| _t(x) atx consists of the fiber directions corresponding to ttCg.

Let us use the observation in the last paragraph of Sect. 3.5, and view .Z*(X') as
@, (t) C A8 (Z). The point x now lies in @, (0).

Recall from Sect. 3.5 that the two-form .#3,(X') is nondegenerate near @, (0).
Further, it is easy to check that the action of G* on @.!(0) is free. This
action is Hamiltonian; hence, the quotient @' (0)/G* = .#_;(X') is smooth, and
the reduced two-form on it is nondegenerate. Further, there is a (noncanonical)
decomposition

Tl (Z') = 0 Ty 1 (Z) © g D g7, (13.6)

where 7 : @' (0) — .#_;(Z') is the quotient map. (See, for example, [20, (5.6)].)
The two-form @y, at x is the direct summand of the reduced form at 7(x) and the
natural pairing of the two last factors in (13.6).

With respect to the decomposition (13.6), the subspace T/ (X') C T 23 (X)
corresponds to

T (Z) 2 1 Ty M1 () Brg D

Therefore, the null space of @y on T,.Z t(ZJ’ ) is the null space of the restriction
of the natural pairing on g @ g* to g t*. Thisis g/t= t*, as claimed.

4 Symplectic Cutting

4.1 Abelian Symplectic Cutting

We review here Lerman’s definition of (abelian) symplectic cutting, following [31].
Consider a symplectic manifold (M, ®) with a Hamiltonian S'-action and moment
map @ : M = R. Pick some A € R. The diagonal S'-action on the space M x C~
(endowed with the standard product symplectic structure, where C~ is C with
negative the usual area form) is Hamiltonian with respect to the moment map

1
Y:MxC =R, ¥(mz) =®dm)+ E|z|2—,1.
The symplectic quotient
My = P (0)/S' = &' (1)/S' U (—0, 1)

is called the symplectic cut of M at A. If the action of S! on @~!(1) is free, then
M_; is a symplectic manifold, and it contains @~!(1)/S! (with its reduced form)
as a symplectic hypersurface, i.e., a symplectic submanifold of real codimension
two.
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Remark 4. The normal bundle to ®@~'(1)/S! in M, is the complex line bundle

whose associated circle bundle is @' (1) — @~ 1(1)/S".

Remark 5. Symplectic cutting is a local construction. In particular, if (M,®) is
symplectic and @ : M — R is a continuous map that induces a smooth Hamiltonian
S'-action on an open set i C M containing @~ !'(1), then we can still define M,
as the union (M \U) UU;.

Remark 6. If M has an additional Hamiltonian K-action (for some other compact
group K) commuting with that of S', then M., has an induced Hamiltonian
K-action. This follows from a similar statement for symplectic reduction; cf.
Theorem 2.

4.2 Nonabelian Symplectic Cutting

An analogue of symplectic cutting for nonabelian Hamiltonian actions was defined
in [61]. We explain here the case of Hamiltonian PU(2)-actions, since this is all we
need for our purposes.

We keep the notation from Sect. 3.1, with G = SU(2) and G* = PU(2). Let
(M,w, ®) be a Hamiltonian G*-manifold. Since g-and g* are identified using the
bilinear form, from now on we will view the moment map @ as taking values in g.
Recall that

Q:9—g/G=0,)

denotes the adjoint quotient map: The map Q is continuous and is smooth outside
071(0). Set

D=Qo0d.

On the complement ¢/ = of ®~'(0) in M, the map @ induces a Hamiltonian
S'-action. Explicitly, u € S' = R/27Z acts on m € U by

m%exp(u-;zs )m (13.1)

This action is well defined because exp(mH) = I in G*. We can describe it
alternatively as follows: on @~ (t) C M, it coincides with the action of 7% C G;
then it is extended to all of M in a G*-equivariant manner.

Fix A > 0. Using the local version (from Remark 5) of abelian symplectic cutting
for the action (13.1), we define the nonabelian symplectic cut of M at A to be

Moy =@ 1 (0)UlU-; =M_; UR,

where
M, =@ '([0,1)), Ry =d'(1)/S".
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If S acts freely on @~ 1(1), then M., is a smooth manifold. It can be naturally
equipped with a symplectic form <, coming from the symplectic form @ on M.
In fact, M, is a Hamiltonian G*-manifold; cf. Remark 6. With respect to the form
<, R is a symplectic hypersurface in M.

4.3 Monotonicity

We aim to find a condition that guarantees that a nonabelian symplectic cut is
monotone. As a toy model for our future results, we start with a general fact about
symplectic reduction:

Lemma 6. Let K be a Lie group with H*(K;R) = 0, and let (M, ®,®) be a
Hamiltonian K-manifold that is monotone, with monotonicity constant K. Assume
that the moment map @ is proper, and the K-action on CD‘I(O) is free. Then the
symplectic quotient M //K = ®~1(0)/K (with the reduced symplectic form ©™?) is
also monotone, with the same monotonicity constant K.

Proof. Consider the Kirwan map from [28]:
H(M:R) — H*(M//K;R),

which is obtained by composing the map Hg (M;R) — HZ(® ' (0);R) (induced by
the inclusion) with the Cartan isomorphism Hz(®~!(0);R) = H?(M//K;R). The
Kirwan map takes the first equivariant Chern class cX (TM) to ¢;(T(M//K)), and
the equivariant two-form @ = ® — @ to ®™4. Since Hz (M;R) = H*(M;R), with cf
corresponding to ¢; and [@] to [@]), the conclusion follows.

Let us now specialize to the case K = G = PU(2). For A € (0,c), let O; = P!
be the coadjoint orbit of diag(i1, —iA ), endowed with the Kostant—Kirillov—Souriau
form wgxs(A). It has a Hamiltonian G*-action with moment map the inclusion t :
O, — g. Lety = PD.(pt) denote the generator of H*(0,;Z) C H*>(O;;R), so that
c1(0;) =2y.Then ¢, (0, ) = [wxks(1)] [6, Sects. 7.5 and 7.6], and so [wxgs(A)] =
247.

If (M, @, ®) is a Hamiltonian G*-manifold, let M x O, ~ denote the Hamiltonian
manifold (M x O, ,® x —wgks(A), @ — ). The reduction of M with respect to O,
1s defined as

My =(Mx0,7)//G* =@~ (0;)/G*.
If the G*-action on @~ 1(0; ) is free, the quotient M; is smooth and admits a

natural symplectic form @; . It can be viewed as @~ ! (diag(id, —id))/T%; we let E;,
denote the complex line bundle on M; associated with the respective 7%-fibration.

Lemma 7. Let (M,w,®) be a Hamiltonian G*-manifold such that the moment
map @ is proper and the action of G is free outside ®~'(0). Assume that M
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is monotone, with monotonicity constant K. Then the cohomology class of the
reduced form ,, is given by the formula

(0] = k- c1(TMy) + (A — k) - c1(Ep).
Proof. First, note that for any Hamiltonian G*-manifold M, we have H(z;ad (M;R) =
H 2(M ;R), because Hi(BGad;R) =0 for i = 1,2. Thus the Kirwan map can viewed
as going from H?(M;R) into H*(M //G*%;R).

Let us consider the Kirwan map for the manifold M x O, ~, whose symplectic
reduction is M; . By abuse of notation, we denote classes in H*(M) or H>(03 ) in
the same way as their pullbacks to H>(M x O; 7).

Just as in the proof of Lemma 6, we get that the Kirwan map takes [@] —
[okks(A)] = ke (TM) —2Ay to the reduced form [y |, and ¢ (TM) — ¢, (TO,,) =
c1(TM) — 27 to the reduced Chern class c¢;(TM, ). Note also that the image of
c1(TO; ™) = —2y under the Kirwan map is ¢ (E, ). Hence

(@3] — k-1 (TM}) = (A — K) - c1(Ep),

as desired.
We are now ready to study monotonicity for nonabelian cuts.

Proposition 4. Let G* =PU(2), and let (M, ,®) be a Hamiltonian G*-manifold
that is monotone with monotonicity constant K > 0. Assume that the moment map @
is proper, and that G* acts freely outside ®@~'(0). Then the symplectic cut M) at
the value . = 2x € (0,00) is also monotone, with the same monotonicity constant K.

Proof. Recall that the symplectic cut M is the union of the open piece M_;
and the hypersurface Ry = @~ 1(0;,)/S'. Note that there is a natural symplecto-
morphism

Ry = Oy xMy, m— (@(m),[m]). (13.2)

The inverse to this symplectomorphism is given by the map ([g], [m]) — [gm].

By Remark 4, the normal bundle to R, is the line bundle associated with the
defining T%-bundle on R;. We denote this 7%-bundle by Ny ; it is the product of
G¥ — G*/T% = 0, on the O, factor and the circle bundle of E; on the M; factor.

Let v(R)) be a regular neighborhood of R}, so that the intersection M_; NV(R;)
admits a deformation retract into a copy of N.

We have a Mayer—Vietoris sequence

o H (M _3)eH (V(RY))—H (Ny)—H*(M<p)—H*(M_; )OH*(V(R;))— - ...

Note that the first Chern class of the bundle N; — R; is nontorsion in H?(R,),
because it is so on the O factor. Hence, the map H'(v(R; );R) — H'(Ny;R) is
onto. The Mayer—Vietoris sequence then tells us that the map

H*(M<3R) — H(M_:R) © H*(V(R; ):R)

691
692

693

694

695
696
697
698
699
700
701
702
703

704

705

706

707
708
709
710

71
712
713

714
715
716
77
718
719
720

721

722
723
724

725



Author's Proof

Floer Homology on the Extended Moduli Space

is injective. Therefore, in order to check the monotonicity of M, it suffices to
check iton M_; and V(Ry).

Since M_ is symplectomorphic to a subset of M, monotonicity is satisfied there
by assumption. Let us check it on V(R}), or equivalently, on its deformation retract
R, . We will use the symplectomorphism (13.2), and by abuse of notation, we will
denote the objects on O, or M, in the same way as we denote their pullbacks to R .
Let ¥ be the generator of H>((0;;Z) as in the proof of Lemma 7. By the result of
that lemma, we have

[W§A|R1]=27W+ K'Cl(TM,l)—l—(l—K)Cl(E,l). (13:3)

On the other hand, the tangent space to M« at a point of R; decomposes into
the tangent and normal bundles to R; . Therefore,

Cl (TMSQL |Rl) = Cl(TR;L) +2)/+ Cl(E)L) = 4)/+ Cl(TM;L) +C1(E;L).

Taking into account (13.3), for A = 2k we conclude that [w-;|r,] = K-
Cl(TM§7L|RA)-

4.4 Extensions to Presymplectic Manifolds

Abelian cutting and nonabelian cutting are simply particular instances of symplectic
reduction. Since the latter can be extended to the presymplectic setting, one can also
define abelian and nonabelian cutting for Hamiltonian presymplectic manifolds.

In general, one cannot define ¢;(7M) (and the notion of monotonicity) for
presymplectic manifolds, because there is no good notion of compatible almost
complex structure. In order to fix that, we introduce the following definition.

Definition 4. An e-symplectic manifold (M, {}) is a smooth manifold M together
with a smooth family of closed two-forms @, € Q%(M), t € [0, €], for some € > 0,
such that @y is symplectic for all 1 € (0, €].

One should think of an e-symplectic manifold (M,{@,}) as the presymplectic
manifold (M, wy) together with some additional data given by the other @;’s. In
particular, by the degeneracy locus of (M,{w,}) we mean the degeneracy locus of
wyp, i.e.,

R(o) = {m € M | o is degenerate on 7,,M }.

If (M,{a}) is any e-symplectic manifold, we can define its first Chern class
c1(TM) € H*(M;Z) by giving TM an almost complex structure compatible with
some @y for ¢ > 0. (Note that the resulting ¢, (TM) does not depend on ¢.) Thus, we
can define the minimal Chern number of an e-symplectic manifold just as we did
for symplectic manifolds. Moreover, we can talk about monotonicity:
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Definition 5. The e-symplectic manifold (M,{@}) is called monotone (with
monotonicity constant K > 0) if

[a] = k-1 (TM).

One source of e-symplectic manifolds is symplectic reduction. Indeed, suppose
we have a Hamiltonian presymplectic S'-manifold (M, @, ®) with the moment map
@ : M — R proper. The form @ may have some degeneracies on ®~!(0); however,
we assume that it is nondegenerate on @~ ((0,6]) for some € > 0. Assume also
that S" acts freely on @' ([0,¢]) (hence any 7 € (0, €] is a regular value for @), and
further, O is a regular value for @ as well. Then the presymplectic quotients M; =
@~ !(1)/S" fort €0, €] form a smooth fibration over the interval [0, ¢]. By choosing a
connection for this fiber bundle, we can find a smooth family of diffeomorphisms ¢ :
Mo — My, t € [0,€], with ¢ = idy,. We can then put a structure of an e-symplectic
manifold on M by using the forms ¢, @y, ¢ € [0, €], where @ is the reduced form on
M,. Note that the space of choices involved in this construction (i.e., connections)
is contractible. Therefore, whether (Mo, ¢, @) is monotone is independent of these
choices.

Since abelian cutting and nonabelian cutting are instances of (pre)symplectic
reduction, one can also turn presymplectic cuts into e-symplectic manifolds in an
essentially canonical way, provided that the form is nondegenerate on the nearby
cuts. (By “nearby” we implicitly assume that we have chosen a preferred side for
approximating the cut value: either from above or from below.) In this context, we
have the following analogue of Proposition 4:

Proposition 5. Let G =PU(2), andlet (M, w, ®) be a Hamiltonian presymplectic
G*-manifold. Set ® = Qo ® : M — [0,) as usual. Assume that the following
hold:

e The moment map D-is proper.

* The form  is nondegenerate on the open subset M_; = ®~! ([O, l)), for some
value A € (0,e0).

o GY acts freely on @~ ((0, ?L]) (hence anyt € (0,A) is a regular value for ®).

e A is‘also a regular value for @.
e As a symplectic manifold, M) is monotone, with monotonicity constant K =

A/2.

Fix some € € (0,4) and view the presymplectic cut M, as an e-symplectic manifold
with respect to forms ¢ < _, for a smooth family of diffeomorphisms ¢ : M) —
Moyt €[0,€], ¢ =id.

Then, M, is monotone, with the same monotonicity constant K = A/2.

Proof. We can run the same arguments as in the proof of Proposition 4, as long
as we apply them to the Hamiltonian manifold M_,, where @ is nondegenerate.
This gives us the corresponding formulas for the cohomology classes [w<, ;] and
c1(TMc__,), fort € (0,¢). In the limit  — 0, we get monotonicity.
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4.5 Cutting the Extended Moduli Space 799

Recall from Sect. 3.4 that the smooth part . (X') of the extended moduli space is soo
a Hamiltonian presymplectic G*4-manifold. Let us consider its nonabelian cut at the so1

value A = 1/2: 802
JVC(E/) = '///sg(z/)gl/z- 803

The notation .4 “(X’) indicates that this space is a compactification of .4 (X') = sos
AP (Z') <12 Indeed, we have 805
N )= N (Z)UR, 806

where 807

h
R {(Al,Bl,...,Ah,Bh,G) € G x g|[]lAi,Bi] = exp2m0) = —1 ; /S".
i=1
(13.4)
Here u € S' = R/2n7Z acts by conjugating each A; and B; by exp(u6) and sos

preserving 6. 809

The G*-action on @' ((0,1/2]) C .#(X’) is free. Since ® is nondegenerate &10
on @~!((0,1/2]) by Theorem 3, this implies that any 6 € g with Q(6) € (0,1/2]is s11
a regular value for @. The last statement also follows from Proposition 2(b), which s12
further says that the values 0 € g with O(6) = 1/2 are also regular. Hence, any ¢ € 813
(0,1/2] is aregular value for @. Lastly, note that Theorem 4 says that @' ([0,1/2)) 14
is monotone, with monotonicity constant k = 1/4 = A1/2. We conclude that the s1s
hypotheses of Proposition 5 are satisfied. 816

Proposition 6. Fix € €(0,1/2). Endow N °(X') with the structure of an €- 817
symplectic manifold, using the forms ¢ </, _;, coming from a smooth family of s1s

diffeomorphisms 819
¢[:L/VC(E/):M§1/2—>MS1/2,[, te [0,6], ¢0:ld 820
Then A ¢(X') is monotone with monotonicity constant 1 /4. 821

Thus, we have succeeded in compactifying the symplectic manifold .4 (X') s22
while preserving monotonicity. The downside is that .4 ¢(X") is only presymplectic. s23
The resulting two-form has degeneracies on R. 824

Lemma 8. Let us view R = ®@1(1/2)/S" as a P'-bundle over the space Oy x s2s
M_1(Z'); cf Sect. 3.6. Then the null space of the form <1/ at x € R consists of sz
the fiber directions. Furthermore, the intersection number (inside N (X)) of R with s27
any P! fiber of R is —2. 828

Proof. The first claim follows from Proposition 3. The second holds because s29
the normal bundle is the associated bundle to t-, which is a weight space with s30
weight —2. 831
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In a family of forms that make .#“(X’) into an e-symplectic manifold (as in
Proposition 6), the degenerate form -/, always corresponds to 7 = 0. Hence from
now on, we will denote it by @y.

Proposition 7. In addition to the degenerate form @y coming from the cut, the
space N (X') = A (Z')UR also admits a symplectic form ®¢ with the following
properties:

(i) R is a symplectic hypersurface with respect to Q.

(ii) The restrictions of @y and we to N (X') have the same cohomology class in
H>(A (Z');R).

(iii) The forms @y and we themselves coincide on the open subset VW =
&1([0,1/4)) c N ().

(iv) There exists an almost complex structure J on N °(X') that preserves R, is
compatible with respect to e on A (X', and compatible with respect to
wy on N (X'), and for which any J-holomorphic sphere of index zero has
intersection number with R a negative multiple of two.

Proof. As the name suggests, the form e will be part of a family («),7 € [0, €] of
the type used to turn .4"°(X’) into an e-symplectic manifold. In fact, it is easy to find
such a form that satisfies conditions (i)—(iii) above. One needs to choose € < 1 /4 and
a smooth family of diffeomorphisms ¢, : A ¢(Z') =M<y, — M5, t € [0,¢€],
¢o = id, such that ¢ = id on VY and ¢y takes Rto R, ,_, = @ 1(1/2—1)/S'. Then
set we = ¢¢ ap. Note that condition (ii) is automatic from (iii), because WV is a
deformation retract of .4 (X’).

However, in order to ensure that condition (iv) is satisfied, more care is needed in
choosing the diffeomorphisms above. We will construct only ¢ = @¢, since this is all
we need for our purposes; however, it will be easy to see that one could interpolate
between ¢ and the identity.

The strategy for constructing ¢ and J is the same as in the proofs of Proposition 3
and Lemma 8: we construct a diffeomorphism and an almost complex structure on
the toroidal extended moduli space .#*(X’), by looking at it as a subset of the
twisted extended moduli space ., (X'); then we lift them to . %(X'); finally, we
show how they descend to the cut.

Let pt = diag(i/2,—i/2) as in Sect. 3.6. We start by carefully examining the
restriction of the form @ to .#*(X’), in a neighborhood of @~ (). By the remark
at the end of Sect. 3.5, this is the same as looking at the restriction of @, to d)t;,l (t)
in a neighborhood of @' (0).

The zero set Z of the moment map @, on (the smooth, symplectic part of)
A3 (Z') is a coisotropic submanifold. Let @y o be the reduced form on Z/G* =
A—1(Z'). Pick a connection form o € Q'(Z) ® g for the G*¥-action on Z. By
the equivariant coisotropic embedding theorem [21, Proposition 39.2], we can
find a G*-equivariant diffeomorphism between a neighborhood of Z = th;,l (0) in
A3(%") and a neighborhood of Z x {0} in Z x g* such that the form @y, looks like

O = T O0 +d( 0, m2),
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where ) : Zx g — Z — Z/G* and m, : Z x g* — g* are projections. We can assume
that m, corresponds to the moment map.

Restricting this diffeomorphism to @' (t*), we obtain a local model Z x t* for
that space. This implies that locally near Z, we get a decomposition of its tangent
spaces into several (nontrivial) bundles

T () 2T (Z/SYBgat 2 T( A () et & (tat). (13.5)

(We omitted the pullback symbols from the notation for simplicity.)

The restriction of @y, to @, (t*) is nondegenerate in the horizontal directions
T.#—;(X') as well as on t@ t*. Let us compute it on the subbundle t- C g. For a
point x with @y, (x) = ru € t*, and for &, &, € t+ C T,@,' (t*), we have

0n (&1,82) = (a8, &), 10) = —5 (&1, Eal ), (136)

Thus the restriction of the form to t* is nondegenerate as long as ¢ # 0. (For
t =0, we already knew that it was degenerate from the proof of Proposition 3.)

We construct a G*-equivariant almost complex structure J in a neighborhood
of Z in th;,l (t*) such that J is split with respect to the decomposition (13.5) and
is compatible with @y, “as much as possible.” More precisely, we choose G-
equivariant complex structures J1,J3 oneach of the subbundles 7(.Z_;(X')) and
t@ t* that are compatible with respect to the restriction of @, on the respective
subbundle. We also choose a G*-equivariant complex structure J, on t* that is
compatible with respect to the form o given by

6(&1,6) = —([&1, 8], 1).

By 13.6, we have @y =10/2; hence J, is compatible with respect to @, away
from 7 = 0. We then let J = J; ®J, @ J3 be the almost complex structure on @y, (t*)
near Z.

Choose € € (0,1/8) sufficiently small that Z x (—3¢,3€) is part of the local
model for @, !(t*) described above. Pick a smooth function f : R — R with the
following properties: f(t) =t + € for ¢ in a neighborhood of 0; f(¢) = ¢ for |¢| > 2¢;
and f'(t) > 0 everywhere. This induces a G*-equivariant self-diffeomorphism of
the open subset Z x (—3¢,3¢) C @' (t*), given by (z,1) — (z,f(¢)). Note that
this diffeomorphism preserves J, it is the identity near the boundary, and it takes
Z x [0,2€) to Z x [€,2€).

Now let us look at the constructions we have made in light of the identification
between @, (t*) and .Z4(Z') = &' (t) C .#%(Z’). We have obtained a local
model Z x (—3e¢,3€) for the neighborhood N = @~ !(—3eu,3eu) of @~ !(u) in
A *(X'), an almost complex structure on N, and a self-diffeomorphism of N.

The symplectic cross-section theorem [21] says that locally near @~ !(1/2), the
extended moduli space .# 9 (X') looks like G x 7.2 *(X'). Thus, we can lift the local
model for .#*(X’) and obtain a G*-equivariant local model (G x7 Z) x (—3¢,3¢)
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for .#%(X'). Projection on the second factor corresponds to the map 1/2 — @.
Further, locally we can decompose the tangent bundle to .#%(X’) as in (13.5). The
form o is nondegenerate when restricted to 7, (O, ). Let us choose a G*-equivariant
complex structure on this subbundle that is compatible with the restriction of ®
there. By combining it with J, we obtain an equivariant almost complex structure
Jon

N=a&"1(1/2-3¢1/2+3¢) C.#%(X).

We can also lift the self-diffeomorphism of N C .#Z*(X’) to N = G xr N in an
equivariant manner. Since this self-diffeomorphism is the identity near the boundary,
we can extend it by the identity to all of .7 (X’). The result is a G*-equivariant
diffeomorphism

MEE) = ME(X)

that preserves J on N, takes @~ !(1/2) to @ '(1/2 —¢), and is the identity on
@~'([0,1/2—2¢)). This diffeomorphism descends to one between the correspond-
ing cut spaces:

¢ N(Z) = M )1y = ME(E ) <1 ppe-

We set we = ¢* wy. Note that @y and e coincide on the subset @' ([0,1/2 —
2¢)). Since we chose 2¢ < 1/4, the latter subset contains W = @~'([0,1/4)).

The almost complex structure J on N'descends to the cut N /, as well. Indeed, if
t C TN denotes the line bundle in the direction of the 7%%-action used for cutting, by
construction we have JtN 7 (®~1(1/2)) = 0. Since J equivariance, it is easy to see
that it induces an almost complex structure on the cut, which we still denote by J. We
extend J to @~ ([0,1/2 — 2€)) by choosing it to be compatible with @y = e there.

It is easy to see that the resulting J and we satisfy the required conditions (i)—(iv).
With respect to the last claim in (iv), note that any J-holomorphic sphere of
index zero is necessarily a multiple cover of one of the fibers of the P'-bundle
R — .#_;(X")./Hence it has intersection number with R a positive multiple of the
intersection number of the fiber, which by Lemma 8 is —2.

Remark 7. There were several choices made in the construction of w¢ and J in
Proposition 7, for example, the connection ¢, the structures Ji,J>,J3, and the
function f. The space of all these choices is contractible.

5 Symplectic Instanton Homology

5.1 Lagrangians from Handlebodies

Let H be a handlebody of genus 4 > 1 whose boundary is the compact Riemann
surface . We view X’ and X as subsets of H, with ¥’ = X\ D?.
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Let &/9(X'|H) C «/9(Z') be the subspace of connections that extend to flat
connections on the trivial G-bundle over H. Consider also <7 (H), the space of flat
connections on H, which is acted on by the based gauge group %(H) ={f:H — G|
f(z) =1}. Since m1(G) = 1 and X’ has the homotopy type of a wedge of spheres,
every map X’ — G must be null homotopic. This implies that ¥°(X’) preserves
/%(2'|H), and furthermore, the natural map

o (H)/9(H) — /% (Z'|H) /9 (") (13.1)

is a diffeomorphism.
Set

L(H) = o/ (H)/%(H) = /%(X'|H)/9°(Z') C . *(X) = /9(Z)/9(Z).

The left-hand side of (13.1) is the moduli space of flat connections on H. After a set
of h simple closed curves @, ...,0y, on H whose classes generate 7t (H) has been
chosen, the space <7 (H) /% (H ) can be identified with the space of homomorphisms
m1(H) — G or, alternatively, with the Cartesian product G".

In fact, if the curves o,...,qy are the same as those chosen on X’ for the
identification (13.1), so that the remaining curves 8; are null homotopic in H, then
with respect to the identification (13.3), we have

L(H)={(A|,B1,...,Ap,By) € G |Bi=1, i=1,....h} c A (Z). (132)

Let us now view L(H) as &/ %(X'|H) /% (") via (13.1). Note that connections A
that extend to H extend in particular to X, which means that the value 6 € g such
that A|g = 0ds is zero. In other words, L(H) lies in @~'(0) C .4 (Z').

Lemma 9. With respect to the Huebschmann—Jeffrey symplectic form @ from
Sect. 3.4, L(H) is a Lagrangian submanifold of A (X').

Proof. Let A be a flat connection on H and A its restriction to X’. With respect

to the description (13.4) of Tj4.4"(X’), the tangent space to L(H) at A consists of

equivalence classes of d4-closed forms a € Q'9(X’) that extend to d | 1-closed forms
ac Q'(H)®g. Let a,b be two such forms and d, b their extensions to H. We have
als = b|s= 0. Furthermore, by the Poincaré lemma for connections, on the disk D?
that is the complement of X’ in X there exists A € Q°(D?;g) such that d;A = d|y.

By Stokes’s theorem,
/ (anb) = /<7L AB) = 0.
D? S

Another application of Stokes’s theorem gives

l/>;_/<a/\b> :.L<dAB> = / (d; (@nB)) =0.

JH

This shows that @ vanishes on the tangent space to L(H) = G", which is half-
dimensional.
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5.2 Symplectic Instanton Homology o78

Let Y = HyU H; be a Heegaard decomposition of a three-manifold Y, where Hy or9
and H, are handlebodies of genus A, with dHy = —dH; = X. Let Ly = L(Hp) and eso
Ly = L(H;) C A (X') be the Lagrangians associated respectively with Hy and Hj, 981
as in 5.1. View .#'(X') as an open subset of the compactified space .4/ “(X'), as in 982
Sect. 4.5, with R being its complement. 983
In Sect. 4.5 we gave A4 °(X’) the structure of an e-symplectic manifold. By ess
Lemma 8, its degeneracy locus is exactly R. Using the variant of Floer homology oss
described in Sect. 2.3 and letting @ = @y, ® = W¢, and Jbeasin Proposition 7, we 986
define 987
HSI(X';Hy,H) = HF (Ly,Ly,J;R). 988

In order to ensure that the Floer homology is well defined, we should check g9
that the hypotheses (i)—(ix) listed at the beginning of Sect. 2.3 are satisfied. Indeed, 990
@), (ii), (iii), (v), and (x) are subsumed in Proposition 7, while (iv), (v), and (ix) o1
follow respectively from Proposition 6, Lemma 9, and‘Corollary 2. For (viii), the 992
Lagrangians are simply connected and spin because they are diffeomorphic to G”. 993
By Theorem 4 and Lemma 5, the minimal Chern number of the open subset .4 (X) 994
is a multiple of 4; therefore, the Floer groups admit a relative Z/87Z-grading. 995

A priori, the Floer homology depends on J. However, the set of choices used o996
in the construction of J is contractible; cf. Remark 7. By the usual continuation 997
arguments in Floer theory, if we change J, the corresponding Floer homology groups 998
are canonically isomorphic. 999

5.3 Dependence on the Base Point 1000

Recall that the surface X’ is obtained from a closed surface ¥ by deleting a 1001
disk around some base point z € X. Let 79,21 € X be two choices of base point. 1002
Any choice of path y:[0,1] — %, j— z;, j = 0,1, induces an identification 1003
of fundamental groups X) — X{ and equivariant presymplectomorphisms 7y : 1004
N E(ZY) = N C(Z]) preserving the cut locus R. The pullbacks of the form @ 1005
and the almost complex structure J from Proposition 7 (applied to .4¢ (Z])) can 1006
act as the corresponding form and almost complex structure in Proposition 7 1007
applied to ./7“(X)). Moreover, if Hy, H; are handlebodies, the symplectomorphism 1008
Ty preserves the corresponding Lagrangians Lo, Ly, since the vanishing holonomy 1009
condition is invariant under conjugation by paths. Therefore, the continuation 1010
arguments in Floer theory show that T, induces an isomorphism 1011

HSI(Z(/);H(),Hl)—>HSI(Z{;H(),H1). 1012
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This isomorphism depends only on the homotopy class of y relative to its
endpoints. We conclude that the symplectic instanton homology groups naturally
form a flat bundle over X. In particular, there is a natural action of m;(X,zo) on
HSI(Z(/);H(),Hl).

When we care about the Floer homology group only up to isomorphism (not
canonical isomorphism), we drop the base point from the notation and write
HSI(X';Hy,Hy) = HSI(X;Hy,H,), as in the introduction.

6 Invariance

We prove here that the groups HSI(X; Hy,H)) are invariants of the 3-manifold ¥ =
HyUH,. The proof is based on the theory of Lagrangian correspondences in Floer
theory; cf. [59]. We start by reviewing this theory.

6.1 Quilted Floer Homology

Let My, M, be compact symplectic manifolds. A Lagrangian correspondence from
My to M; is a Lagrangian submanifold Loy C M, x M;. (The minus superscript
means that we are considering the same manifold equipped with the negative of
the given symplectic form.) Given Lagrangian correspondences Loy C M, x Mj,
L1 C M| x Ma, their composition is the subset of My X M, defined by

Lot oLz = mo2(Lot X, L12),
where 7y : My X My XM X My — M, x M is the projection. If the intersection
Lot xm, Lia = (Lot X Li2) N (M, X Ay, X Mp)

is transverse (hence smooth) in My x M; x M| x M,, and the projection 7y, :
Lot Xpy L12 — Lop o L2 is embedded, we say that the composition Loy = Loy o Lq2 is
embedded. An embedded composition Ly, is a smooth Lagrangian correspondence
from My to M,.

Suppose now that My, M, M, are compact symplectic manifolds, monotone with
the same monotonicity constant, and with minimal Chern number at least 2. Suppose
that Ly C Mo,Lo1 C My x My,Lip C M X My,L, C M, are simply connected
Lagrangian submanifolds. (This implies that their minimal Maslov numbers are at
least 4.)

Define

HF(L(),le,le,Lz) = HF(L() X L12,L()1 X Lz)
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Fig. 1 Geometric composition via a quilt count of ¥Y-maps

and 1044
HF(L(),L()z,Lz) = HF(L()XLz,L(nOle). 1045
The main theorem of [59] implies the following. 1046

Theorem 5. With My,M,M,,Ly,Lo1,L12,Ly monotone as above, if Loy := Lo; o 1047
Ly, is embedded, then there exists a canonical isomorphism of Lagrangian Floer 1048
homology groups 1049

HF (Ly,Loi,Li2,Ly) — HF (Lo; Lo, o). (13.1)

In Wehrheim—Woodward [59], an isomorphism is defined using pseudoholomor- 1050
phic quilts, i.e., in this case, triples of strips in My, M, M, with boundary conditions 1051
in Ly, Lo1, L1z, and Ly. The count of such quilts is used in the left-hand side 1052
of (13.1). In the limit whereby the width O of the middle strip goes to 0, the 1053
same count produces the right-hand side. An alternative proof was given in Lekili— 1054
Lipyanskiy [30] using a-count of Y-maps. This approach is better suited for the 10s5
semipositive case in which we will need it, so we review the construction. Given 1056
X_ € (LO X le) N (L()l X lQ),)C+ € (LO X L2) N Loy, let fm(x,,er) denote the set 1057
of holomorphic quilts with two striplike ends and one cylindrical end as shown in 10ss
Fig. 1, with finite energy and limits x... The authors show that for a comeager subset 1059
of the space of point-dependent compatible almost complex structures, the moduli 1060
space M(x_,x4) of Y-maps has the structure of a finite-dimensional manifold, and 1061

counting the zero-dimensional component 9%(x_,x, ) defines a cochain map 1062

@ :CF(Lo,Loi,Li2,L2) = CF (Lo, Lo, La), (x—)—~ > &(u){xy). 1063
ueM (x_ x4 )o

Here, in the case of integer coefficients, the map 1064

€:M(x_,xy)o— {1} 1065

is defined by comparing the orientations constructed in [58] with the canonical 1066
orientation of a point. 1067
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Counting Y-maps in the opposite direction defines a chain map 1068
lPZCF(L(),L()z,Lz)—>CF(L(),L()l,le,Lz). 1069

Lekili and Lipyanskiy [30] prove that the monotonicity constant for these Y-maps 1070
is the same as the monotonicity constant for Floer trajectories. They then show that 1071
@ and YV induce isomorphisms on homology. 1072

6.2 Relative Quilted Floer Homology in Semipositive Manifolds 107

We wish to have a version of the quilted Floer homology and composition theorem, 1074
Theorem 5, that holds for Floer homology relative to hypersurfaces in semipositive 1075
manifolds, as in Sect. 2.3. Suppose that Ry,R; are symplectic hypersurfaces in 1076
My, M,. From them we obtain two hypersurfaces Ry = Ry x My, Ry = My x Ry in 1077
My x M. Let Ng,, Ng, denote their normal bundles Ng;, Vg, that is, the pullbacks 1078
of Ng,, Ng, t0 Ro, Ry. Because Ry, R are symplectic, Ng,,Ng, are oriented rank-2 1079
bundles, or equivalently up to homotopy, rank-1 complex line bundles. As we will 1080
see below, the following definition gives sufficient conditions for a sort of combined 1081
intersection number with Ry, R; to be well defined and given by the usual geometric 1082
formulas. 1083

Definition 6. A simply connected Lagrangian correspondence Lo; C M, X M is 1084

called compatible with the pair (Ro,R;) if 1085
(Ro x My) NLoy = (Mo x R1) N Loy = (Ro X R1) N Loy 1086

and there exist an isomorphism 1087
@ - (Nry) |(Roxr)Lor = (NRy ) [(RoxR ) OLos 1088

and tubular neighborhoods 1089
To : Ng, — My, 71 :Ng, — M 1090

of Ry and R; respectively such that (7o x 7;) ™! (Lo;) C Ngy % Ng, = Ngy X myxm; Ng, 1001
is equal to the graph of ¢. 1092

To explain the conditions in the definition, note that the existence of ¢ implies 1093
that any map of a compact oriented surface with boundary to M with boundary 1094
conditions in Lg; has a well-defined intersection number with Ry U R, . For example, 1095
suppose thatu : (D,dD) — (My X M1, Lg) is a disk with Lagrangian boundary con- 1096
ditions. The sum of dual classes [Ro]" + [R;]" has trivial restriction to H?(Lo;;Z). 1097
If Lo; is simply connected, then H? (M, Loy ) is the kernel of H>(M) — H*(Lo; ), and
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so we may consider [Ry]" +[R;]" as a class in H*>(M,Lg;). Then the intersection
number of a map u : (D,dD) — (Mo x My,Lo ) with [Ro] + [R;] is well defined and
denoted by u - R.

The existence of the tubular neighborhoods 7y, 7; implies that u - R is given by
a geometric count of intersection points. Indeed, we may identify a neighborhood
of R; with the normal bundle 7; : N; — R; via the tubular neighborhood 7;. Then
an ; is trivial on the complement of R;, since the map 7; gives a nonvanishing
section, and extends to a bundle LRj on M; trivial on the complement of R;. Then
the dual class [R;]" is given by a Thom class in the tubular neighborhood of R, and
hence equals the Euler class of LRJ.. The bundles Lg, and Lg, are isomorphic on oD
via ¢, and so glue together to a bundle denoted by u*Lg over S*> = DUy D. The
intersection number is then the Euler number of u*Lg, that is,

u-R= ([S*],Eul(u*Lg)).

The compatibility condition on the maps 7; implies that the maps uo,u; considered
as sections of Lg; near R; glue together to a section of u*Lg, which by abuse of
notation we denote by u. If each u; meets R; in a finite number of points, then u- R
is a sum of local intersection numbers (u - R),, given by the image of a small loop
around each intersection point z in H (u*Lg|y — 0,Z) = Z in a small neighborhood
V of z. Note that since we have constructed u*Lg only as a topological (or rather,
piecewise smooth) bundle, such a loop will be piecewise smooth only if z € dD.
Our examples will arise as follows:

Example 1. Suppose 1 : C — My is a fibered coisotropic submanifold of M; with
structure group C, the fibration being 7 : C — My. Then (m x 1) : C — My x M
defines a Lagrangian correspondence; cf. [59, Example 2.0.3(b)]. Suppose further
that M; is a Hamiltonian U(1)-manifold with moment map @; and C is U(1)-
invariant and meets @ 1(?L) transversely. Then the symplectic cut M, <, contains
the closure C, of the image C as a fibered coisotropic submanifold, whose graph
is a Lagrangian correspondence in My <3 X M| <. Furthermore, the submanifolds
Ry := My 3, Ry := M, ; are symplectic submanifolds with the properties described
in Definition 6. Indeed, any tubular neighborhood Ng, — M| <3 of R; that is
U(1)-invariant, maps Ng, |c_, to C<;, and maps fibers to fibers induces a tubular
neighborhood Ng, — My <3 with the required properties.

The intersection numbers described above are well defined more generally
for quilted strips, as we now explain. Given symplectic manifolds My,..., My,
Lagrangian submanifolds L; C M;,L; C M disjoint respectively from Ry and Ry,
and Lagrangian correspondences

Lo CMy X Mp, ..., Ly C My X My

of a quilted Floer trajectory
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u=(uj:Rx[0,1] = M;)5_,

is the pairing of u with the sum of the dual classes [R;]" to R;.

If the intersection of u with R is finite, then the intersection number is the sum
of local intersection numbers defined as follows. By assumption, there exists an
isomorphism

N/Ifl |L(j—l)jm(Rj—l ><Rj) — leL(j—l)jm(ijlij)’

and this extends to an isomorphism of Nr i | Li v, and NR/—I | Li v, by the assumption
about the tubular neighborhoods. Thus the pullback bundles u’;Ng; patch together to
abundle on the quilted surface S = U;S;, which we denote by u*Ng. The intersection
number is then the relative Euler number of u*Np — S, that is, the pairing of the
relative Euler class with the generator of H?(cl(S) ,acl (S)), where ¢l(S) is the closed

disk obtained by adding points at +oo. The map u then provides a section of u* N,
by the compatibility conditions in Definition 6. If the intersection is finite, then

uR= Y (4R, (13.2)
{zeS|u(z)eR}

where (u-R); € Z is, as in the case of disks discussed before, the image of a small
loop around z in the complement u*N, —0 of the zero section, as a multiple of
the generator of the first homology of the fiber, and the condition u(z) € R means
that if z lies in the component S;, then u;(z;) € R;. Note in particular that these
local intersection numbers are topologically continuous, that is, given any loop in
the domain of the quilt, the sum of the local intersection numbers is constant in any
continuous family as long as none of the intersection points cross the loop.

If the intersection is not only finite but transverse, and the hypersurfaces R are
almost complex, then the intersection number is the usual one counted with weight
1/2 for the seam points:

Lemma 10. Suppose that Ly respectively Ly is disjoint from Ry respectively Ry
and each L(; y; is compatible with (Rj—1,R}). Suppose that the almost complex
structure on My X --- X My is of product form Jy X --- X Ji near each Rj, so that
each R is an almost complex submanifold of M; with respect to J;. Let u : S — M
be a quilted Floer trajectory with Lagrangian boundary and seam conditions in L
meeting each R j transversally. Then

k
. 1
u-R=3 #{zj €in(S))lu;(z)) € Rj} +5#{zj € 9Slu;(z)) € Rj}-
=0

Proof. The local intersection number in (13.2) at a transversal point of intersection
z € § is the homology class of the image of a small loop around z, considered as
an element of H,(N,) = Z. We consider only the case of an intersection point z on
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the seam; the loop is divided into two loops, one coming from each component of
the quilt, and is only piecewise smooth. The case of an interior intersection is easier
and left to the reader.

Suppose z is on the seam L;_;); where the components u;_; and u; of the quilt
meet. For/ = j—1 or j, let us view u; as a section of a piecewise smooth line bundle.
Using a local trivialization of the bundle and a coordinate chart for S centered at z,
we have that u; near z (now viewed as a map to C) is given approximately by its
linearization at z:

|ug(rexp(it)) — (Duy(z))rexp(it)| < Cr2.

We use here that since R; is almost complex, the linearization Dy; is complex
linear. Fix € > 0. For r sufficiently small, we have

|arg(u; (rexp(it))) — arg(Du;(z)rexpl(it))| < e.
This implies that
1
‘/ u;‘de—n‘ <e, l=j=1,],
0

and so X |
/ u;‘-,ldﬂ +/ ujd@ € (2m —2¢,2m + 2¢).
Jo 0

Since the integral must be an integer multiple of 27 (and € can be chosen arbitrarily
small), the integral must in fact equal 27. It follows that the two paths patch together
to a positive generator of H; (C*,Z), as claimed.

We can now define relative quilted Floer homology in semipositive manifolds.

Theorem 6. Suppose that M. = (M[)i-‘zo are semipositive manifolds as in the first
six items of Assumption 2.1, with a collection of open sets YV = (W[)i-‘zo on which
the respective forms w; and @; coincide. Suppose the manifolds M; come equipped
with almost complex structures J;, so that the degeneracy loci R; of the forms @; are
almost complex hypersurfaces in M;, disjoint from W;. We denote by J;(M, W, J)
the space of time-dependent almost complex structures on My X --- X M, that agree
with J=Jox -~ x Jy on W :=[T_, Wi.

We are also given simply connected Lagrangians Ly C My,Loy C M, X
My, ..., Ly C M_| X My, Ly C My such that the seam conditions L(;_y); are
compatible with (R;—1,R;), and Ly and L are contained in W respectively W.
Also, we assume that

(Lo x Lip x ---)ﬂ(L()l X Loz X ) CWyx - X W (13.3)
Suppose further that any holomorphic disk with boundary in L;_yy;, i =1,...,k,

or holomorphic sphere with zero canonical area has intersection number with R
given by a negative multiple of 2.
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Then there exists a comeager subset j,reg(l_d,w,f) of J:(M, w,f) such that
if the almost complex structure (J;) is chosen from J,¢(L,W.,J), then the part
of the Floer differential of CF(L) = CF (Lo X Lip X -++, Loy X Lp3 X -++) count-
ing trajectories disjoint from R;, i = 1,...,m, is finite and squares to zero.
We denote by

HF(L;R) := HF (L,J:R)

the resulting Floer homology group; it is independent up to isomorphism of all
choices except possibly the base almost complex structures J;.

Proof. First, note that the condition (13.3) implies that the endpoints of any
holomorphic quilt are contained in W = Wy x --- x W;. Hence, every quilt
component u; contains a point in the respective open set W;. This implies that the
usual transversality arguments for holomorphic quilts apply, even when we restrict
to almost complex structures J; that are required to agree with Jon /.

Next, we discuss compactness. We must rule out sphere and disk bubbling in the
zero- and one-dimensional moduli spaces. For a suitable comeager subset of almost
complex structures agreeing with the given J;, the trajectories are transverse to the
R; in the zero- and one-dimensional moduli spaces, by the same argument we gave
previously for the unquilted case (Corollary 1).

Suppose that ., is the limit of a sequence of trajectories of index 1 or 2 disjoint
from R. By the assumption on the intersection number, any sphere bubble or disk
bubble with boundary in some L; ;); contributes at least —2 to the intersection
number with R. It follows that at least one intersection point does not have a
bubble attached. But then, since the intersection point is transverse, u,, cannot be
the limit of a sequence of trajectories disjoint from R, since transverse intersection
points persist under deformation. Hence there is no such bubbling, and the limit
is a (possibly broken) trajectory, as desired. Independence of the choice of almost
complex structures is proved by the usual continuation argument, ruling out disk
bubbles of index one and sphere bubbles by the same reasoning.

Remark 8. 1If the Lagrangian correspondences above are associated to fibered
coisotropics, then the almost complex structures may be taken of split form, that
is, products of the almost complex structures on My, ..., M. This will be the case in
our application.

Theorem 7. Suppose that M = (My,M,,M,) and L = (Lo,Lo1,L12,L2) satisfy
the assumptions of Theorem 6. Suppose further that Lo o L1y is an embedded
composition, is simply connected, and is compatible with (Ro,R;), and that all
holomorphic quilted cylinders with seams in Ly, L12,Lo1 o L1y with zero canonical
area have intersection number equal to a negative multiple of 2. Then the relative
Lagrangian Floer homology groups HF (Ly,Lo1,L12,L2;Ro,R1,R2), HF (Lo, Lo ©
Li7,Ly;Ro,Ry) are isomorphic. Similar statements hold for the composition of any
two adjacent pairs, as long as the compositions are smooth and embedded.
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Proof. If the Lagrangian correspondences had been monotone, the result would 1243
have been a slight extension of Theorem 5 in [59], by counting only those 1244
trajectories disjoint from R;; indeed, since the intersection numbers are homotopy 1245
invariants, they do not change on taking the limit 6 — 0. 1246
In the semipositive case at hand, one can rule out disk and sphere bubbling as 1247
in the proof of Proposition 1, but not the figure-eight bubbles mentioned in [59, 1248
Sect. 5.3]. Indeed, removal of singularities, transversality, and Fredholm theory for 1249
figure-eight bubbles have not yet been developed. For this reason, we use instead 1250
the approach of Lekili—Lipyanskiy [30]. 1251
First, one checks that for a comeager subset of compatible almost complex 1252
structures, the ends of the cylinders of ¥Y-maps will not map to R in the zero- and 1253
one-dimensional components of the moduli space, since this is a codimension-2 1254
condition. Indeed, an examination of the weighted Sobolev space construction of 1255
the moduli space of Y-maps in [30] shows that the evaluation map at the end of the 1256
cylinder is smooth; indeed, it projects onto the factor of asymptotically constant 1257
maps in the Banach manifolds in which the moduli space of Y-maps is locally 1258
embedded: W'P€(S;u*TM,u*TL) & T(u)py () Loz, Where the former is the space 1259
of from S with Lagrangian boundary conditions with finite e-weighted Sobolev 1260
norm of class (1, p), and the latter is the intersection of the linearized Lagrangian 1261
boundary conditions at infinity on the cylindrical end. 1262
As a result, the intersection number u- R of any Y-map u of index zero and 1263
one with the collection R is well defined and given by the formula (10). (More 1264
generally, one could make the intersection number with any Y-map well defined by 1265
imposing the compatibility condition @g; © @12 = @pp, so that the bundle u*Lg is 1266
well defined. But we will not need this.) In the zero- and one-dimensional moduli 1267
spaces, all intersections with the manifolds R; are transverse for J chosen from a 1268
comeager subset of the space of compatible almost complex structures making R; 1269
almost complex, by standard arguments [11, Sect. 6]. 1270
A Gromov compactness argument shows that finite-energy Y'-maps have as limits 1271
configurations consisting of a (possibly broken) Y-map together with some sphere 1272
bubbles, disk bubbles, and cylinder bubbles. The cylinder bubbles may form when 1273
there is an ‘accumulation of energy at the Y-end. 1274
In the case at hand, sphere and disk bubbles are ruled out as in the proof of 1275
Theorem 6: any sphere or disk bubble appearing in the limit configuration i, must 1276
have index zero, and therefore intersection number at most —2 with R. By (10), any 1277
intersection point contributes at most 1 to the intersection number, and therefore at 1278
some intersection point with R it is not attached to a bubble. But then u,, cannot be 1279
the limit of a sequence of trajectories disjoint from R, since the local intersection 1280
number of u_, is nonzero. 1281
It remains to rule out cylinder bubbles. Since no trajectory of index zero or one 1282
maps the end of the cylinder to R, any quilted cylinder bubble must capture positive 1283
canonical area. But then, for index reasons explained in Lekili-Lipyanskiy [30], the 1284
cylinder bubble must capture at least index two, so the index of the remaining Y -map 1285
is at most — 1. (Here working with Y-maps, rather than strip-shrinking, provides an
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advantage: by exponential decay for holomorphic strips with boundary values in 1286
Lagrangians intersecting cleanly, one knows that these cylinder bubbles connect 1287
to a point outside of R, whereas for figure-eight bubbles, such exponential decay 1288
estimates are missing.) But such a trajectory does not exist, since transversality is 1289
achieved for the chosen J. 1290

It follows that the moduli spaces of Y-maps of dimension zero and one that 1291
are disjoint from R are compact up to breaking off trajectories disjoint from R. 1292
Furthermore, for these trajectories and Y-maps we have the same relationship as 1203
in [30], since the complements of R are monotone. The rest of the argument now 1294
goes as in [30, Sect. 3.1]. 1295

6.3 Proof of Invariance 1296

Returning to topology, let Xp,%; be Riemann surfaces of genus 7 and h+ 1 1207
respectively. Let Hy; be a compression body with boundary 2y x X, that is, a 1208
cobordism consisting of attaching a single handle of index one. Associated to Hp; 1299
we have a Lagrangian correspondence 1300

Lo C L/V(Z(/))7 X ./V(Z{) 1301

defined as follows. Suppose that ¥ is-a path from the base points zg to z;, equipped 1302
with a framing of the normal bundle. Let Hj, denote the noncompact surface 1303
obtained from Hy; by removing a regular neighborhood of y. The boundary of Hj; 1304
then consists of X, X, and a cylinder S x [0,1]. Let .#"(H},) denote the moduli 1305
space of flat connections on Hy; of the form 6ds near S x [0, 1] (where s is the 1306
coordinate on the circle S), for some 8 € g, modulo gauge transformations equal to 1307
the identity in a neighborhood of S x [0, 1]. The same arguments as in the proof of 1308
Lemma 9 show that Ly; is a Lagrangian correspondence. 1309

The Lagrangian correspondence Ly has the following explicit description in 1310
terms of holonomies, similar to (13.3) and (13.2). Suppose that Hy; consists in 1311
attaching a one-handle whose meridian is the generator By, of m;(X;). We have 1312
the following lemma. 1313

Lemma 11. The Lagrangian correspondence Lo is given by 1314
Ly = {((Al, ,Bh) S JV(Z(I)), (Al,... ,Bh,Athl,Bthl) € JV(Z{)) | B :I}. 1315

Proof. Hj, has the homotopy type of the wedge product of X with a circle, corre- 1316
sponding to a single additional generator . Thus 7y (H}), ) is freely generated by 1317
(ai,...,bp,ap+1), and the lemma follows. 1318

Recall from Sect. 4.5 that .4'(X)) admits a compactification .4 (X)) = 1319
N (X)) URg. We equip 4 “(X') with the (nonmonotone) symplectic form 1320
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constructed in Proposition 7, which we denote by e . Then Ry is a symplectic
hypersurface. Similarly, we have a symplectic form we ; on A4 “(Z]) = A (Z{)UR.
Let L, denote the closure of Ly; in the compactification A (X))~ x A(X]).

Lemma 12. The Lagrangian correspondence Ly, is compatible with the pair
(Ro,R1). Furthermore, any disk bubble with boundary in L, with index zero has
intersection number with (Ro,R|) a negative multiple of 2.

Proof. View L, as a coisotropic submanifold of .4 “(X]), fibered over .4 (%)
with fiber G. We are then exactly in the setting of Example 1. To prove the
claim on the intersection number, note that any fiber of R; that intersects Lo is
mapped symplectomorphically onto the corresponding fiber of R via the projection
of the fibered coisotropic Bj; = I. Hence the patches of any such disk bubble,
after projection to .4 (%), glue together to a sphere bubble in the Pl-fiber of
Ry. Furthermore, the projection induces an isomorphism of normal bundles by
assumption, so the intersection number is equal to the intersection number of the
sphere with Ry, which is a negative multiple of 2 as claimed.

Lemma 13. Let Ly C AN (X)), respectively Ly C A “(X}), be the Lagrangian for
the handlebody given by contracting the cycle by,... by, respectively by, ..., by, 1.
Then the composition Ly o Lj, is embedded, and equals L.

Proof. Immediate from Lemma 11 and the fact that Ly does not meet the hypersur-
face Ry.

Lemma 14. Ler L, C A (X))~ X N (Z]) be the Lagrangian correspondence
for attaching a handle corresponding to adding the cycle a1, and let L, C
N E(Z])™ X N (X)) be the Lagrangian correspondence corresponding to contract-
ing the cycle by, 1. Then the composition Lj, o L], is embedded, and it equals the
diagonal Ay C N “(Z}) " % N (Z)). Furthermore, any quilted cylinder with seams
in LS, L§,, Ao with index zero has intersection number with (Ro,R1,Ro) a negative
multiple of 2.

Proof. The first claim is immediate from Lemma 11. To see the assertion on the
quilted cylinders, note that any quilted cylinder of index zero has zero canonical
area, and so each component is contained in the corresponding R; and maps onto
a single fiber of the degeneracy locus. As in the proof of Lemma 12, the three
holomorphic strips patch together to an orientation-preserving map of a sphere
to a fiber of Ry, which must have intersection number a positive multiple of the
intersection number of the fiber, which is —2.

Proof (Proof of Theorem 1). We seek to show that the Floer homology groups
HSI(X';Hy,Hy) = HF (Lo, L1;R)

are independent of the choice of Heegaard splitting of the 3-manifold Y.
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By the Reidemeister—Singer theorem [47, 53], any two Heegaard splittings 13s8
Y = HyUs, H,, Y = H| Uy, Hj, are related by a sequence of stabilizations and 13so
destabilizations. Therefore, it suffices to consider the case that H{), H| are obtained 1360
from Hy, H; by stabilization. That is, 1361

H(/):H()UZOH(H, H{ =H; UZO (—Hl()), 1362
where Hy1,Hq are the compression bodies corresponding to adding the cycle aj 1, 1363
respectively contracting by 1. Then, after three applications of Theorem 7, and 1364

taking into account Lemmas 13, 14, we have 1365

HF (Lo,L1;Ro) = HF (Lo, Ao, L1;Ro,Ro)

1

F(Lo,Ljy,Lig,L1:Ro,R1,Ro)
F

12

HE(
H (LooL(c)l,LiooLl;Rl,Rl)
HF(Ly,L};Ry).

Remark 9. The symplectic instanton homology groups HSI(Y,z) depend on the 1366

choice of base pointz € £ C Y; cf. Sect. 5.3. As z varies, the groups naturally form 1367
a flat bundle over Y. Still, we usually drop z from the notation and denote them by 1368

HSI(Y). 1369
7 Properties and Examples 1370
7.1 The Euler Characteristic 1371

In general, the Euler characteristic of Lagrangian Floer homology is the intersection 1372
number of the two Lagrangians. In our situation, the corresponding intersection 1373

number is computed (up to a sign) in [1, Proposition 1.1(a),(b)]: 1374
+|H(Y;Z)| itb(Y)=0;
x(HSI(Y))—[Lo]~[L1]—{ H(¥:2) i ) (13.1)
otherwise.
7.2 Examples 1375
Proposition 8. We have an isomorphism 1376

HSI(S?) = 7. 1377
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Proof. Let H;, denote the Heegaard decomposition S* = Hy Us H; of genus & > 1
such that there is a system of 24 curves o;, §; on X’ as in Sect. 3.2 with the property
that the 3; are null homotopic in Hy and the ¢;’s are null homotopic in H;.

With respect to the identification (13.3), the Lagrangians corresponding to Hy
and H, are given by

Lo={(A1,By,...,Ap,By) €G*" |Bi=1,i=1,... h},
Li ={(A1,By,...,An,By) € G |Ai=1,i=1,...,h}.

These have exactly one intersection point, the reducible A; = B; = I. Clearly
Lo and L; intersect transversely in .4 (X') C G*' at that point. It is somewhat
counterintuitive that Ly and L; can intersect transversely at I, because they both live
in the subspace @~ (0) of codimension three in .4 (X’). However, that subspace is
not smooth, so there is no contradiction. We conclude that the Floer chain group has
one generator; hence so does the homology.

Proposition 9. For h > 1, we have an isomorphism
HSI#(S" x §%)) = (H.(5%2/22))*",

where the grading of the latter vector space is collapsed modulo 8.

Proof. Let 1), be the Heegaard splitting of genus 7 > 1 for #"(S' x §?). Since
Ly = L; = G" = (5°)", the cohomology ring of L is generated by its degree-d
(d = 3) part. Under the monotonicity assumptions that are satisfied in our setting,
Oh [40] constructed a spectral sequence whose E' term is H.(Ly;Z/27) and that
converges to HF,(Ly,Ly;Z/27Z). This sequence is multiplicative by the results of
Buhovski [10] and Biran—Cornea [7, 8]. A consequence of multiplicativity is that
the spectral sequence collapses at the E; stage, provided that Ny > d + 1; see, for
example, [8, Theorem 1.2.2]. This is satisfied in our case because Ny, = N > 8.
Hence HF, (Ly,Lo;Z/27) = H.(G",Z/27).

Note that the results of Oh, Buhovski, and Biran—Cornea were originally
formulated for monotone symplectic manifolds, i.e., in the setting of Section 2.1.
However, they also apply to the Floer homology groups defined in Sect. 2.3.
Indeed, the arguments in the proof of Proposition 1 about the finiteness of the Floer
differential and the fact that 9> = 0 apply equally well to the “string of pearls”
complex used in [7, 8].

Proposition 10. For a lens space L(p,q), with ged(p,q) = 1, the symplectic
instanton homology HSI(L(p,q)) is a free abelian group of rank p.

Proof. Denote by H(p,q) the genus-one Heegaard splitting of L(p,q). In terms of
the coordinates A = A; and B = By, the two Lagrangians are given by Lo =B =1
and L; = APB™? = 1. Their intersection consists of the space of representations
m(L(p,q)) = Z/p — SU(2), which has several components: when p is odd, there
are the reducible point (A =B =1) and (p — 1) /2 copies of S*; when p is even, there
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are two reducibles (A = B=1and A = —I,B=1) and (p — 2)/2 copies of §2. It is
straightforward to check that each component is a clean intersection in the sense
of Pozniak [45]. Therefore, there exists a spectral sequence that starts at H,(Ly N
L) = ZP and converges to HF (Ly,L); cf. [45]. Since the Euler characteristic of
HF(Ly,Ly) is p by (13.1), the sequence must collapse at the first stage.

Remark 10. More generally, whenever we have a Heegaard decomposition H of a
three-manifold ¥ with H'(Y) = 0, the two Lagrangians Lo and L; will intersect
transversely at the reducible 7; cf. [1, Proposition 1.1(c)]. We could then fix an
absolute Z /8Z-grading on HSI(H) by requiring that the Z summand corresponding
to I lie in grading zero.

7.3 Comparison with Other Approaches

LetY = HyUx H; be a Heegaard splitting of a 3-manifold, with ¥ of genus 4. Recall
that the Lagrangians Ly = L(Hp) and L; = L(H;) live inside the subspace

o 1(0) = {(AI,BI,...,A,,,Bh) e G2 .ﬁ[Ai,Bi] - 1} c /().
=1

There is an alternative way of embedding ®=!(0) inside a symplectic manifold of
dimension 64. Namely, let X, be the closed surface (of genus %+ 1) obtained by
gluing a copy of 72\ D? onto the boundary of X’ = X\ D?. Consider the moduli
space (2, ) of projectively flat connections (with fixed central curvature) in an
odd-degree U(2)-bundle over X, , as in Sect. 3.6:

h+1

M (Zy) = {(AlaBla---aAh+lth+l) eG’*? ‘ [104:.,B:] = —I}/G-
i1

Pick two particular matrices X,Y € G with the property that [X,Y] = —1. Then
we can'embed @' (0) into .#y, (X ) by the map

(AlaBla"'aAhth) — [(AlaBla"' aAhthaXaY)]'

With respect to the natural symplectic form on .y (X, ), the spaces Ly,L; C
@~1(0) are still Lagrangians. One can take their Floer homology and obtain a Z/47Z-
graded abelian group. This was studied in [57, Sect. 4.1], where it is shown that it is
a 3-manifold invariant. It is not obvious how this invariant relates to HSI.

The advantage of using .#w(Z;) instead of .#/(X') is that the former is
already compact (and monotone); therefore, the definition of Floer homology is less
technical, and this allows one to prove invariance. Nevertheless, the construction
presented in this paper (using .4(X’)) has certain advantages as well: first, the
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resulting groups are 7Z/87Z-graded rather than Z/4Z-graded. Second, it is better 1445
suited to defining an equivariant version of symplectic instanton homology. Indeed, 1446
unlike .7, (X ), the space .4 (X'") comes with a natural action of G that preserves 1447
the symplectic form and the Lagrangians. Following the ideas of Viterbo from 1448
[54,55], we expect that one should be able to use this action to define equivariant 1449
Floer groups HSIS(Y) in the form of H*(BG)-modules. For integral homology 1450
spheres, a suitable Atiyah—Floer conjecture would relate these to the equivariant 1451
instanton homology of Austin and Braam [5]. 1452

In a different direction, it would be interesting to study the connection between 1453
our construction and the Heegaard Floer homology groups HF ,HF " of Ozsvéth 154
and Szabd [42,43]. In particular, we ask the following question: 1455

Question 7.1. For an arbitrary 3-manifold Y, are the total ranks of HSI(Y)®Q and 1456
HF(Y)®Q equal? 1457

Finally, we remark that Jacobsson and Rubinsztein [25] have recently described 1458
a construction similar to the one in this paper, but for the case of knots in S° 1459
rather than 3-manifolds. Given a representation of a knot as a braid closure, they 1460
define two Lagrangians inside a certain symplectic manifold; this manifold was first 1461
constructed in [22] and is a version of the extended moduli space. Conjecturally, 1462
one should be able to take the Floer homology of the two Lagrangians and obtain a 1463
knot invariant. 1464
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