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Cauchy–Pompeiu-Type Formulas for ∂̄ on Affine 1

Algebraic Riemann Surfaces with Applications 2

Gennadi M. Henkin 3

Dedicated to Oleg Viro on the occasion of his 60th birthday 4

Abstract We present explicit solution formulas f = R̂ϕ and u = Rλ f for the 5

equations ∂̄ f = ϕ and (∂ +λ dz1)u = f −Hλ f on an affine algebraic curve V ⊂C2. 6

Here Hλ f denotes the projection of f ∈ W̃ 1, p̃
1,0 (V ) to the subspace of pseudoholomor- 7

phic (1,0)-forms on V : ∂̄Hλ f = λ̄ dz̄1 ∧Hλ f . These formulas can be interpreted 8

as explicit versions and refinements of the Hodge–Riemann decomposition on 9

Riemann surfaces. The main application consists in the construction of the Faddeev– 10

Green function for ∂̄ (∂ + λ dz1) on V as the kernel of the operator Rλ ◦ R̂. This 11

Faddeev–Green function is the main tool for the solution of the inverse conductivity 12

problem on bordered Riemann surfaces X ⊂ V , that is, for the reconstruction of 13

the conductivity function σ in the equation d(σdcU) = 0 from the Dirichlet-to- 14

Neumann mapping U
∣
∣
bX �→ σdcU

∣
∣
bX . The case V = C was treated by R. Novikov 15

[N1]. In Sect. 4 we give a correction to the paper [HM], in which the case of a 16

general algebraic curve V was first considered. 17
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Introduction 20

This paper is motivated by a problem from two-dimensional electrical impedance 21

tomography, namely the question of how to reconstruct the conductivity function σ 22

on a bordered Riemann surface X from the knowledge of the Dirichlet-to-Neumann 23

mapping u
∣
∣
bX → σdcU

∣
∣
bX for solutions U of the Dirichlet problem 24

d(σdcU)
∣
∣
X = 0, U

∣
∣
bX = u, where d = ∂ + ∂̄ , dc = i(∂̄ − ∂ ). 25

For the case X = Ω ⊂ R2 � C, z = x1 + ix2, the exact reconstruction scheme 26

was given first by R. Novikov [N1] under a certain restriction on the conductivity 27

function σ . This restriction was eliminated later by A. Nachman [Na]. 28

The scheme consists in the following. 29

Let σ(x) > 0 for x ∈ Ω̄ and σ ∈ C(2)(Ω̄). Put σ(x) = 1 for x ∈ R2\Ω̄ . The 30

substitution ψ =
√

σU transforms the equation d(σdcU) = 0 into the equation 31

ddcψ = ddc√σ√
σ ψ on R2. From L. Faddeev’s [F1] result (with additional arguments 32

[BC2] and [Na]), it follows that for each λ ∈ C, there exists a unique solution 33

ψ(z,λ ) of the above equation, with asymptotics 34

ψ(z,λ ) · e−λ z def
= μ(z,λ ) = 1+ o(1), z → ∞. 35

Such a solution can be found from the integral equation 36

μ(z,λ ) = 1+
i
2

∫

ξ∈Ω

g(z− ξ ,λ )
μ(ξ ,λ )ddc√σ√

σ
, 37

where the function 38

g(z,λ ) =
−1

2i(2π)2

∫

w∈C

ei(wz̄+w̄z)dw∧dw̄
w(w̄− iλ )

, z ∈ C, λ ∈ C, 39

is called the Faddeev–Green function for the operator μ �→ ∂̄ (∂ +λ dz)μ . 40

From the work of R. Novikov [N1] it follows that the function ψ
∣
∣
bΩ can be found 41

through the Dirichlet-to-Neumann mapping by the integral equation 42

ψ(z,λ )
∣
∣
bΩ = eλ z +

∫

ξ∈bΩ

eλ (z−ξ )g(z− ξ ,λ )(Φ̂ψ(ξ ,λ )− Φ̂0ψ(ξ ,λ )),

where 43

Φ̂ψ = ∂̄ ψ
∣
∣
bΩ , Φ̂0ψ = ∂̄ ψ0

∣
∣
bΩ , ψ0

∣
∣
bΩ = ψ , ∂̄ ∂ψ0

∣
∣
Ω = 0.



UNCORRECTED
PROOF

Cauchy–Pompeiu-Type Formulas on Riemann Surfaces with Applications

By results of R. Beals, R. Coifmann [BC1], P. Grinevich, S. Novikov [GN], and 44

R. Novikov [N2], it then follows that ψ(z,λ ) satisfies a ∂̄ -equation of Bers–Vekua 45

type with respect to λ ∈ C: 46

∂ψ
∂λ̄

= b(λ )ψ̄, 47

where λ �→ b(λ ) ∈ L2+ε(C)∩ L2−ε(C), and ψ(z,λ )e−λ z → 1 as λ → ∞, for all 48

z ∈C. 49

This ∂̄ -equation combined with R. Novikov’s integral equation permits us to find, 50

starting from the Dirichlet-to-Neumann mapping, first the boundary values ψ
∣
∣
bΩ , 51

second the “∂̄ -scattering data” b(λ ), and third ψ
∣
∣
Ω . 52

Summarizing, the conductivity function σ
∣
∣
Ω is thus retrieved from the given 53

Dirichlet-to-Neumann data by means of the scheme 54

DN data → ψ
∣
∣
bΩ → ∂̄−scattering data → ψ

∣
∣
Ω → ddc√σ√

σ
∣
∣
Ω . 55

Main result 56

We suppose that instead of C, we have a smooth algebraic Riemann surface V 57

in C2, given by an equation V = {z ∈ C2;P(z) = 0}, where P is a holomorphic 58

polynomial of degree d ≥ 1. Put z1 = w1/w0, z2 = w2/w0, and suppose that the 59

projective compactification Ṽ of V in CP2 ⊃C2 with coordinates w = (w0 : w1 : w2) 60

intersects CP1
∞ = {z ∈ CP2;w0 = 0} transversally in d points. In order to extend 61

the Novikov reconstruction scheme to the case of a Riemann surface V ⊂ C2, we 62

need first to find an appropriate Faddeev-type Green function for ∂̄ (∂ + λ dz1) on 63

V . One can check that for the case V = C, the Faddeev–Green function g(z,λ ) is a 64

composition of Cauchy–Green Pompeiu kernels for the operators f �→ ϕ = ∂̄ f and 65

u �→ f = (∂ +λ dz)u, where u, f , and ϕ are respectively a function, a (1,0)-form, 66

and a (1,1)-form on C. More precisely, one has the formula 67

g(z,λ ) =
−1

i(2π)2

∫

w∈C

eλ w−λ̄ w̄dw∧dw̄
(w+ z) · w̄ . 68

The main purpose of this paper is to construct an analogue of the Faddeev–Green 69

function on the Riemann surface V . To do this, we need to find explicit formulas 70

f = R̂ϕ and u = Rλ f (with appropriate estimates) for solutions of the two equations 71

∂̄ f = ϕ and (∂ +λ dz1)u = f −Hλ f on V . Here we consider V equipped with the 72

Euclidean volume form ddc|z|2, and we require ϕ ∈ L1
1,1(V ), f ∈ W̃ 1, p̃

1,0 (V ), and u ∈ 73

L∞(V ), p̃ > 2, with Hλ f the projection of f on the subspace of pseudoholomorphic 74

(1,0)-forms on Ṽ : ∂̄Hλ f = λ̄ dz̄1 ∧Hλ f . 75

The new formulas obtained in this paper for the solution of ∂̄ f = ϕ and 76

(∂ + λ dz1)u = f on V can be interpreted as explicit and more precise versions of
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the classical Hodge–Riemann decomposition results on Riemann surfaces. We will 77

define the Faddeev-type Green function for ∂̄ (∂ +λ dz1) on V as the kernel gλ (z,ξ ) 78

of the integral operator Rλ ◦ R̂. 79

Further results 80

Let σ ∈ C(2)(V ), with σ > 0 on V , and σ ≡ const on a neighborhood of Ṽ\V . Let 81

a1, . . . ,ag be generic points in this neighborhood, with g the genus of Ṽ . Using 82

the Faddeev-type Green function constructed here, we have in [HM] obtained 83

natural analogues of all steps of the Novikov reconstruction scheme in the case 84

of a Riemann surface V . In particular, under a smallness assumption on d log
√

σ , 85

the existence (and uniqueness) of the solution μ(z,λ ) of the Faddeev-type integral 86

equation 87

μ(z,λ ) = 1+
i
2

∫

ξ∈V

gλ (z,ξ )
μ(ξ ,λ )ddc√σ√

σ
+ i

g

∑
l=1

clgλ (z,al), z ∈V, λ ∈ C, 88

holds for any a priori fixed constants c1, . . . ,cg. However (and this was overlooked in 89

[HM]), there exists only one choice of constants cl = cl(λ ,σ) for which the integral 90

equation above is equivalent to the differential equation 91

∂̄ (∂ +λ dz1)μ =
i
2

(
ddc√σ√

σ
μ
)

+ i
g

∑
l=1

clδ (z,al), 92

where δ (z,al) are Dirac measures concentrated in the points al (see also Sect. 4 93

below). 94

1 A Cauchy–Pompeiu-Type Formula on an Affine Algebraic 95

Riemann Surface 96

By Lp,q(V ) we denote the space of (p,q)-forms on V whose coefficients are 97

distributions of measure type on V . By Ls
p,q(V ) we denote the space of (p,q)-forms 98

on V with coefficients absolutely integrable in degree s ≥ 1 with respect to the 99

Euclidean volume form on V . If V = C and f is a function from L1(C) such that 100

∂̄ f ∈ L0,1(C), then the generalized Cauchy formula has the following form: 101

f (z) =− 1
2π i

∫

ξ∈C

∂̄ f (ξ )∧dξ
ξ − z

, z ∈ C. 102

This formula becomes the classical Cauchy formula when f = 0 on C\Ω and 103

f ∈ O(Ω), where Ω is some bounded domain with rectifiable boundary in C. 104
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The generalized Cauchy formula was discovered by Pompeiu [P1] in connection 105

with his solution of the Painlevé problem. Pompeiu proved the existence of a 106

nonzero function f ∈O(C\E)∩C(C)∩L1(C) for any totally disconnected compact 107

set E of positive Lebesgue measure. The Cauchy–Pompeiu formula has a large 108

number of fundamental applications: in the theory of distributions (L. Schwartz), in 109

approximation problems (E. Bishop, S. Mergelyan, A. Vitushkin), in the solution of 110

the corona problem (L. Carleson), in the theory of pseudoanalytic functions (L. Bers, 111

I. Vekua), and in inverse scattering and integrable equations (R. Beals, R. Coifman, 112

M. Ablowitz, D. Bar Yaacov, A. Fokas). 113

Motivated by applications to electrical impedance tomography, we develop in 114

this paper the Cauchy–Pompeiu-type formulas on affine algebraic Riemann surfaces 115

V ⊂ C2 and give some applications. 116

Let Ṽ be a smooth algebraic curve in CP2 given by the equation 117

Ṽ = {w ∈ CP2; P̃(w) = 0}, 118

with P̃ a homogeneous holomorphic polynomial in the homogeneous coordinates 119

w = (w0 : w1 : w2) ∈ CP2. Without loss of generality, we may suppose the 120

following: 121

(i) Ṽ intersects CP1
∞ = {w ∈CP2; w0 = 0} transversally, Ṽ ∩CP1

∞ = {a1, . . . ,ad}, 122

d = deg P̃; 123

(ii) V = Ṽ\CP1
∞ is a connected curve in C2 with an equation of the form V = {z ∈ 124

C2; P(z) = 0}, where P(z) = P̃(1,z1,z2) such that 125

∣
∣
∣
∣

∂P/∂ z1

∂P/∂ z2

∣
∣
∣
∣
≤ const(V ), if |z1| ≥ r0 = const(V ); 126

(iii) For any z∗ ∈V such that ∂P
∂ z2

(z∗) = 0, we have ∂ 2P
∂ z2

2
(z∗) �= 0. 127

By the Hurwitz–Riemann theorem, the number of such ramification points is equal 128

to d(d − 1). Let us equip V with the Euclidean volume form ddc|z|2. 129

Notation 130

Let W̃ 1, p̃(V ) = {F ∈ L∞(V ); ∂̄F ∈ Lp̃
0,1(V )}, p̃ > 2. Let us denote by H p

0,1(V ) the 131

subspace in Lp
0,1(V ), 1 < p < 2, consisting of antiholomorphic forms. For all p ∈ 132

(1,2), the space H p
0,1(V ) coincides with the space of antiholomorphic forms on V 133

admitting an antiholomorphic extension to the compactification Ṽ ⊂ CP2. Hence, 134

by the Riemann–Clebsch theorem, one has dimC H p
0,1(V ) = (d−1)(d−2)/2 for all 135

p ∈ (1,2). 136

Proposition 1. Let {Vj} be the connected components of {z ∈ V ; |z1|> r0}. Then 137

for all j ∈ {1, . . . ,d} there exist operators R1 : Lp
0,1(V ) → Lp̃(V ), R0 : Lp

0,1(V ) → 138

W̃ 1, p̃(V ), and H : Lp
0,1(V ) → H p

0,1(V ), 1 < p < 2, 1/ p̃ = 1/p− 1/2, such that for 139
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all Φ ∈ Lp
0,1(V ), one has the decomposition 140

Φ = ∂̄ RΦ +HΦ, where R = R1 +R0, (1.1)

R1Φ =
1

2π i

∫

ξ∈V

Φ(ξ )
dξ1
∂P
∂ξ2

det

[
∂P
∂ξ

(ξ ),
ξ̄ − z̄
|ξ − z|2

]

, (1.2)

HΦ =
g

∑
j=1

⎛

⎝

∫

V

Φ ∧ω j

⎞

⎠ ω̄ j,

with {ω j} an orthonormal basis for the holomorphic (1,0)-forms on Ṽ , i.e., 141

∫

V

ω j ∧ ω̄k = δ jk, j,k = 1,2, . . . ,g, 142

and 143

lim
z∈Vj
z→∞

RΦ(z) = 0. 144

Remark 1. If p ∈ [1,2) and q ∈ (2,∞], the condition Φ ∈ Lp
0,1(V )∩Lq

0,1(V ) implies 145

that RΦ ∈C(Ṽ ). 146

Remark 2. For the case V = C = {z ∈ C2; z2 = 0}, Proposition 1 and Remark 1 147

reduce to the classical results of Pompeiu [P1], [P2] and of Vekua [V]. 148

Remark 3. Based on the technique of [HP], one can construct an explicit formula 149

not only for the main part R1 of the R-operator, but for the whole operator R. 150

Proof of Proposition 1: Let Q(ξ ,z) = {Q1(ξ ,z),Q2(ξ ,z)} be a pair of holomorphic 151

polynomials in the variables ξ = (ξ1,ξ2) and z = (z1,z2) such that 152

Q(ξ ,ξ ) =
∂P
∂ξ

(ξ ) and

P(ξ )−P(z) = Q1(ξ ,z)(ξ1 − z1)+Q2(ξ ,z)(ξ2 − z2)
def
= 〈Q(ξ ,z),ξ − z〉. (1.3)

The conditions (i) and (ii) imply that for ε0 small enough, there exists a 153

holomorphic retraction z → r(z) of the domain Uε0 = {z ∈ C2 : |P(z)| < ε0} onto 154

the curve V . 155

Put Uε,r = {z ∈ C2; |P(z)|< ε, |z1|< r}, where 0 < ε ≤ ε0 and r ≥ r0. Put also 156

V c = {z ∈ C2; P(z) = c}, where c ∈ C, |c| ≤ ε0, and Φ̃(z) = Φ(r(z)), z ∈ Uε0 . The 157

condition Φ ∈ Lp
0,1(V ) and properties of the retraction z → r(z) together imply that 158

∂̄ Φ̃ = 0 on Uε0 and 159

‖Φ̃‖Lp(V c) ≤ const(V ) · ‖Φ‖Lp(V ), (1.4)
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uniformly with respect to c, for |c| ≤ ε0. By results from [H] and [Po] we can choose 160

the following explicit solution F̃ε,r on Uε,r of the ∂̄ -equation ∂̄ F̃ε,r = Φ̃
∣
∣
Uε ,r

: 161

F̃ε,r(z) =

(
1

2π i

)

⎧

⎪⎨

⎪⎩

∫

ξ∈Uε,r

Φ̃ ∧det

[
ξ̄ − z̄
|ξ − z|2 , ∂̄ξ

ξ̄ − z̄
|ξ − z|2

]

∧dξ1 ∧dξ2

+

∫

ξ∈bUε,r: |ξ1|=r

Φ̃ ∧
[

− (ξ̄2 − z̄2)

(ξ1 − z1)|ξ − z|2
]

∧dξ1 ∧dξ2

+

∫

ξ∈bUε,r: |P(ξ )|=ε

Φ̃ ∧det

[
ξ̄ − z̄
|ξ − z|2 ,

Q
P(ξ )−P(z)

]

∧dξ1 ∧dξ2

⎫

⎪⎬

⎪⎭

, z ∈Uε,R.

(1.5)

Property (1.4) implies that for any z ∈V , we have 162

∫

ξ∈Uε,r

Φ̃ ∧det

[
ξ̄ − z̄
|ξ − z|2 , ∂̄ξ

ξ̄ − z̄
|ξ − z|2

]

∧dξ1 ∧dξ2 → 0, ε → 0 and

∫

ξ∈bUε,r: |ξ1|=r

Φ̃ ∧
[

− (ξ̄2 − z̄2)

(ξ1 − z1)|ξ − z|2
]

∧dξ1 ∧dξ2 → 0, ε → 0, r → ∞.

Hence for all z ∈V there exists lim
ε→0
r→∞

F̃ε,r = F̃(z), where 163

F̃(z) =− 1
2π i

∫

ξ∈V

Φdξ1
∂P
∂ξ2

(ξ )
∧det

[
ξ̄ − z̄
|ξ − z|2 ,Q(ξ ,z)

]

. (1.6)

From (1.5) and (1.6) it follows that 164

∂̄zF̃
∣
∣
V = Φ(z). (1.7)

Now put F1 = R1Φ . Using (1.2), (1.3), (1.6), and (1.7), we obtain 165

∂̄zF1(z)
∣
∣
V =

1
2π i

∫

ξ∈V

Φ(ξ )∧ dξ1
∂P
∂ξ2

∧det

[
∂P
∂ξ

(ξ ), ∂̄z
ξ̄ − z̄
|ξ − z|2

]

= Φ +
1

2π i

∫

ξ∈V

Φ(ξ )∧ dξ1
∂P
∂ξ2

∧ 1
|ξ − z|4 det

∣
∣
∣
∣
∣

∂P
∂ξ1

(ξ ) ξ2 − z2
∂P
∂ξ2

(ξ ) −(ξ1 − z1)

∣
∣
∣
∣
∣
det

∣
∣
∣
∣

ξ̄1 − z̄1 dz̄1

ξ̄2 − z̄2 dz̄2

∣
∣
∣
∣

= Φ +KΦ,
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where 166

KΦ =
1

2π i

∫

ξ∈V

Φ(ξ )∧dξ1

|ξ − z|4 ∧
〈 ∂P

∂ξ (ξ ),ξ − z〉 · 〈 ∂ P̄
∂ ξ̄ (z), ξ̄ − z̄〉

∂P
∂ξ2

(ξ ) · ∂ P̄
∂ ξ̄2

(z)
dz̄1. (1.8) 167

The estimate R1Φ = F1 ∈ Lp̃(V ) follows from the property Φ ∈ Lp(V ) and the 168

following estimate of the kernel for the operator R1: 169

∣
∣
∣
∣

(
∂P
∂ξ2

(ξ )
)−1

det

[
∂P
∂ξ

(ξ ),
ξ̄ − z̄
|ξ − z|2

]

dξ1

∣
∣
∣
∣
= O

(
1

|ξ − z|
)

(|dξ1|+ |dξ2|), 170

where ξ ,z ∈V . 171

For the kernels of the operators Φ �→ KΦ and Φ �→ ∂zKΦ we have the 172

corresponding estimates 173

∣
∣
∣
∣
∣
∣

〈 ∂P
∂ξ (ξ ),ξ − z〉 · 〈 ∂ P̄

∂ ξ̄
(z), ξ̄ − z̄〉dξ1 ∧dz̄1

∂P
∂ξ2

(ξ ) · |ξ − z|4 · ∂ P̄
∂ ξ̄2

(z)

∣
∣
∣
∣
∣
∣

=

⎧

⎪⎨

⎪⎩

O
( 1

1+|z|2
)|(dξ1 + dξ2)∧ (dz̄1 + dz̄2)| if |ξ − z| ≤ 1,

O
(

1
|ξ−z|2

)|(dξ1 + dξ2)∧ (dz̄1 + dz̄2)| if |ξ − z| ≥ 1.
(1.9)

∣
∣
∣
∣
∣
∣

∂z

〈 ∂P
∂ξ (ξ ),ξ − z〉 · 〈 ∂ P̄

∂ ξ̄ (z), ξ̄ − z̄〉dξ1 ∧dz̄1

∂P
∂ξ2

(ξ ) · |ξ − z|4 · ∂ P̄
∂ ξ̄2

(z)

∣
∣
∣
∣
∣
∣

=

⎧

⎪⎨

⎪⎩

O
(

1
(1+|z|2)|ξ−z|

)|(dξ1 + dξ2)∧ (dz̄1 + dz̄2)∧ (dz1 + dz2)| if |ξ − z|< 1,

O
(

1
|ξ−z|3

)|(dξ1 + dξ2)∧ (dz1 + dz2)∧ (dz̄1 + dz̄2)| if |ξ − z| ≥ 1,

ξ ,z ∈V

(1.10)

These estimates imply that for all p̃ > 2 and p > 1, one has 174

Φ0
def
= KΦ ∈W 1, p̃

0,1 (V )∩Lp
0,1(V ). (1.11) 175

From estimates (1.9)–(1.11), it follows that the (0,1)-form Φ0 = KΦ on V can be 176

considered also as a (0,1)-form on the compactification Ṽ of V in CP2 belonging to 177

the spaces W 1,p
0,1 (Ṽ ) for all p < 2, where Ṽ is equipped with the projective volume 178

form ddc ln(1+ |z|2). 179
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From the Hodge–Riemann decomposition theorem [Ho], [W], we have 180

Φ0 = ∂̄ (∂̄ ∗GΦ0)+HΦ0, (1.12) 181

where HΦ0 ∈ H0,1(Ṽ ), and G is the Hodge–Green operator for the Laplacian ∂̄ ∂̄ ∗+ 182

∂̄ ∗∂̄ on Ṽ with the properties 183

G(H0,1(Ṽ )) = 0, ∂̄G = G∂̄ , ∂̄ ∗G = G∂̄ ∗. 184

The decomposition (1.12) implies that 185

∂̄ ∗GΦ0 ∈W 2,p(Ṽ ), p ∈ (1,2) and HΦ0 ∈ H0,1(Ṽ ), 186

and this in turn implies that ∂̄ ∗GΦ0 ∈ C(Ṽ ). Returning to the affine curve V with 187

the Euclidean volume form, we obtain that 188

R̃0Φ def
= ∂̄ ∗GKΦ

∣
∣
V ∈ W̃ 1, p̃(V ), ∀p̃ > 2, where 189

190

W̃ 1, p̃(V )
def
= {F ∈ L∞(V ); ∂̄ F ∈ Lp̃

0,1(V )}, 191

192

and HΦ def
= HKΦ

∣
∣
V ∈ H p

0,1(V ), p > 1. (1.13) 193

Now put R̃ = R1 + R̃0. Then for all Φ ∈ Lp
0,1(V ), we have R̃0Φ ∈ W̃ 1, p̃(V ) and 194

R̃Φ ∈ L∞(V )∪Lp̃(V ). 195

By Corollary 1 below, which is based only on (1.13), it follows that for any form 196

Φ ∈ Lp
0,1(V ), one has a limit 197

lim
z→∞
z∈Vj

R̃Φ(z)
def
= R̃Φ(∞ j). 198

Put R0Φ = R̃0Φ − R̃Φ(∞ j) and RΦ = R̃Φ − R̃Φ(∞ j). We then have property (1.1) 199

for R = R1 +R0. This concludes the proof of Proposition 1. 200

Corollary 1. Let F ∈ L∞(V ) and ∂̄ F ∈ Lp
0,1(V ), 1 < p < 2. Then for all j ∈ 201

{1, . . . ,d}, there exists a limit lim
z→∞
z∈Vj

F(z)
def
= F(∞ j) such that (F −F(∞ j))

∣
∣
Vj

∈ Lp̃. 202

Proof. Put ∂̄F = Φ . Then by (1.13) we have R̃Φ ∈ L∞(V ) ∪ Lp̃(V ) and ∂̄ (F − 203

R̃Φ) =HΦ . Then the function h = F − R̃Φ is harmonic on V . The estimates F ∈ 204

L∞(V ) and R̃Φ ∈ Lp̃(V )∪L∞(V ) imply by the Riemann extension theorem that h can 205

be extended to a harmonic function h̃ on Ṽ . Hence, one has h= F− R̃Φ ≡ const= c. 206

This implies that there exists lim
z→∞
z∈Vj

F(z) = c j
def
= F(∞ j). Corollary 1 is proved. 207

Corollary 1 admits the following useful reformulation. 208
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Corollary 2. In the notation of Proposition 1, for any bounded function ψ on V 209

such that ∂̄ ψ ∈ Lp(V ), 1 < p < 2, the following formula is valid: 210

ψ(z) = ψ(∞ j)+R0∂̄ψ +
1

2π i

∫

ξ∈V

∂̄ξ

(det
[ ∂P

∂ξ (ξ ), ξ̄ − z̄
]

dξ1

∂P
∂ξ2

(ξ ) · |ξ − z|2
)

∧ψ , 211

where R0∂̄ψ ∈ W̃ 1, p̃(V ), 1/ p̃ = 1/2− 1/p and R0∂̄ ψ(z)→ 0, for Vj � z → ∞. 212

2 Kernels and Estimates for ∂̄ f =ϕ with ϕ ∈ L1
1,1(V) 213

Let ϕ be a (1,1)-form of class L∞
1,1(V ) with support in V0 = {z ∈ V ; |z1| ≤ r0}, 214

where r0 satisfies condition (ii) of Sect. 1. 215

If V = C, then by classical results from [P1] and [V], the Cauchy–Pompeiu 216

operator 217

ϕ �→ dz
2π i

∫

ξ∈V0

ϕ(ξ )
ξ − z

def
= R̂ϕ 218

determines a solution f = R̂ϕ for the equation ∂̄ f = ϕ on C with the property 219

f ∈W 1, p̃
1,0 (C)∩O1,0(C\V0) for all p̃ > 2. 220

In this section we derive an analogous result for the case of an affine algebraic 221

Riemann surface V ⊂C
2. 222

Let V\V0 = ∪d
j=1Vj, where {Vj} are the connected components of V\V0. 223

Lemma 1. Let Φ = dz1�ϕ and f = Fdz1 = (RΦ)dz1, where R is the operator from 224

Proposition 1. Then 225

(i) Φ ∈ Lp
0,1(V0), p ∈ [1,2), Φ = 0 on V\V0; 226

(ii) F
∣
∣
V0

∈ W 1,p(V0) for all p ∈ (1,2), f ∈ W̃ 1, p̃
1,0 (V ) for all p̃ ∈ (2,∞), ∂̄F = Φ − 227

HΦ , where H is the operator from Proposition 1, ∂̄ f = ϕ − (HΦ)∧dz1, and 228

‖F‖L∞(V\V0) + ‖F‖Lp̃(V0)
≤ const(V, p)‖Φ‖Lp(V ), 1/ p̃ = 1/p− 1/2; 229

(iii) If, in addition, ϕ ∈W 1,∞(V ), then f ∈ W̃ 2, p̃(V ). 230

Proof. (i) The property Φ
∣
∣
V\V0

= 0 follows from ϕ
∣
∣
V\V0

= 0. 231

Put V±
0 = {z ∈V0; ±∣∣ ∂P

∂ z2

∣
∣≥±∣∣ ∂P

∂ z1

∣
∣}. The definition Φ = dz�ϕ implies that 232

Φ
∣
∣
V+

j
= Φ+dz̄1, where Φ+ ∈ L∞(V+

0 ) and

Φ
∣
∣
V−

j
= Φ−dz̄2/(∂ z1/∂ z2), where Φ− ∈ L∞(V−

0 ). (2.1)
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The properties (2.1) imply that Φ ∈ Lp
0,1(V0) for all p ∈ (1,2). 233

(ii) The equalities ∂̄F = Φ −HΦ and ∂̄ f = ϕ − (HΦ) ∧ dz1 follow from 234

Proposition 1 together with the definitions Φ = dz1�ϕ and f = Fdz1. The 235

inclusions F ∈ L∞(V\V0) and F
∣
∣
V0

∈ W 1,p(V0) follow from the formula F = 236

RΦ and Proposition 1. The inclusion f ∈ W̃ 1, p̃
1,0 (V ) follows from the equalities 237

∂̄ f = ϕ − (HΦ)∧dz1, f = Fdz1, and Proposition 1. 238

(iii) If, in addition, ϕ ∈ W 1,∞
1,1 (V ), then f ∈ W̃ 2, p̃

1,0 (V ). This follows from the 239

equalities above with ϕ ∈W 1,∞
1,1 (V ) and supp, ϕ ⊂V0. 240

Lemma 2. For each (0,1)-form g ∈ H p
0,1(V ) there exists a (1,0)-form h ∈ Lp

1,0(Ṽ ) 241

(1 ≤ p < 2), unique up to adding holomorphic (1,0)-forms on Ṽ , such that 242

∂̄h
∣
∣
Ṽ = gdz1. (2.2) 243

Proof. For any g ∈ H p
0,1(V ) the (1,1)-form g∧dz1 determines a current G on Ỹ by 244

the equality 245

〈G,χ〉 def
= lim

R→∞

d

∑
j=1

⎡

⎢
⎣

∫

Vj

(χ − χ j(∞))gdz1 + χ j(∞)

∫

{z∈Vj ; |z1|<r}
g∧dz1

⎤

⎥
⎦ , 246

where χ ∈C(ε)(Ṽ ), ε > 0, and χ j(∞) = lim
z∈Vj
z→∞

χ(z). 247

By Serre duality [S], the current G is ∂̄ -exact on Ṽ if and only if 248

〈G,1〉= lim
R→∞

∫

{z∈V ; |z1|≤r}
g∧dz1 = 0. (2.3) 249

Let us check (2.3). We have 250

∫

{z∈V : |z1|≤r}
g∧dz1 = −

∫

{z∈V : |z1|=r}
z1 ∧g. 251

Putting w1 = 1/z1 into the right-hand side of this equality, we obtain 252

∫

{z∈V : |z1|≤r}
g∧dz1 = −

d

∑
j=1

∫

|w1|=1/r

g j(w̄1)
dw̄1

w1
= 0. 253

Here the last equality follows from the properties 254

g j(w̄1)dw̄1 = g
∣
∣
Vj∩{|w1|≤1/r} and ḡ j ∈ O(D(0,1/r)). 255
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Hence by (2.3), there exists h ∈ L1
1,0(Ṽ ) such that equality (2.2) is valid in the sense 256

of currents. Moreover, any solution of (2.2) automatically belongs to Lp
1,0(Ṽ ), 1 < 257

p < 2. Such a solution h of (2.2) is unique up to holomorphic (1,0)-forms on Ṽ 258

because the conditions h ∈ Lp
1,0(Ṽ ) and ∂̄ h = 0 on V imply that h extends as a 259

holomorphic (1,0)-form on Ṽ . 260

Notation: Let H⊥ : H p
0,1(V ) → Lp

1,0(Ṽ ) (1 < p < 2) be the operator defined by the 261

formula g �→H⊥g, where H⊥g is the unique solution h of (2.2) in Lp
1,0(Ṽ ) with the 262

property 263

∫

V

h∧ g̃ = 0 for all g̃ ∈ H p
0,1(V ). 264

Lemma 2 guarantees the existence and uniqueness of H⊥g ∈ Lp
1,0(Ṽ ) for any g ∈ 265

H p
0,1(V ). 266

Proposition 2. Let R be the operator defined by formula (1.1), and H the operator 267

defined by formula (1.13). For any (1,1)-form ϕ ∈ L1
1,1(V )∩L∞

1,1(V ) with support 268

in V0, put 269

R̂ϕ = R1ϕ +R0ϕ , (2.4) 270

where 271

R1ϕ = (R(dz1�ϕ))dz1, R0ϕ =H⊥ ◦H(dz1�ϕ). 272

Then 273

∂̄ R̂ϕ = ϕ , (2.5) 274

f = Fdz1 = R̂ϕ ∈ W̃ 1, p̃
1,0 (V ) for all p̃ ∈ (2,∞), 275

F
∣
∣
V0

∈W 1,p(V0) for all p ∈ (1,2) (2.6) 276

and f
∣
∣
Vl
=

∞

∑
k=1

c(l)k

zk
1

dz1 + bldz1, if |z1| ≥ r0. 277

Here l = 1, . . . ,d, and bl = 0 for l = j. 278

Proof. The properties (2.5) and f = R̂ϕ ∈ W̃ 1, p̃
1,0 (V ) follow from Proposition 1 and 279

Lemmas 1 and 2. The properties (2.5) and ϕ
∣
∣
V\V0

= 0 imply analyticity of f on 280

V\V0. The series expansion (2.6) follows from the analyticity of f
∣
∣
V\V0

and the 281

inclusion f
∣
∣
V\V0

∈ L∞
1,0(V\V0). 282

Supplement. Let Ṽ0 = {z ∈V : |z1| ≤ r̃0}, where r̃0 > r0. If suppϕ ⊆V0 and 283

(

ϕ −
g

∑
l=1

clδ (z,al)

)

∈ L∞
1,1(V ), where al ∈Vj(l)∩ Ṽ0, 284
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then 285
(

R̂ϕ −
g

∑
l=1

cl R̂(δ (z,al))

)

∈W 1, p̃
1,0 (V ). 286

3 Kernels and Estimates for (∂+λdz1)u = f, with f ∈ W̃1,p̃
1,0(V) 287

If V = C, then the equation ∂u+λ udz1 = f was also introduced by Pompeiu [P2]. 288

One can check that this equation can be solved by the explicit formula 289

eλ z−λ̄ z̄u(z) =
1

2π i

∫

ξ∈C

eλ ξ−λ̄ ξ̄ f (ξ )dξ̄
ξ̄ − z̄

def
= lim

r→∞

1
2π i

∫

{ξ∈C: |ξ |<r}
s

eλ ξ−λ̄ ξ̄ f (ξ )dξ̄
ξ̄ − z̄

. 290

For a Riemann surface V = {z ∈ C2 : P(z) = 0} we will obtain the following 291

generalization of this formula. 292

Proposition 3. Let f = Fdz1 be a (1,0)-form as in Proposition 2, i.e., F
∣
∣
V0

∈ 293

W 1,p(V0) for all p ∈ (1,2), f ∈ W̃ 1, p̃
1,0 (V ) for all p̃ ∈ (2,∞), and supp ∂̄ f ⊂ V0. Let 294

eλ (ξ ) = eλ ξ1−λ̄ ξ̄1 . Put 295

R1(ēλ f̄ )
def
= − 1

2π i
lim
r→∞

∫

{ξ∈V : |ξ |<r}
eλ (ξ ) f (ξ )

dξ̄1

∂ P̄/∂ ξ̄2
det

[
∂ P̄

∂ ξ̄
(ξ ),

ξ − z
|ξ − z|2

]

. 296

Put also H f
def
= H f̄ , where H is the operator from Proposition 1. Finally, let 297

u = Rλ f = R1
λ f +R0

λ f , (3.1) 298

where R1
λ f +R0

λ f = e−λ (z) ·R1(ēλ f̄ )+ e−λ (z) ·R0(ēλ f̄ ), with R1 and R0 being the 299

operators from Proposition 1. 300

Then for all λ �= 0 one has the following: 301

(i) (∂ +λ dz1)Rλ f = f −Hλ ( f ), where Hλ ( f ) = e−λ (z)H(eλ f ). 302

(ii)

‖u− u(∞l)‖L∞(V ) ≤

const(V, p) ·min

(

1
√|λ | ,

1
|λ |

)

(‖F‖Lp̃(V0)
+ ‖F‖L∞(V\V0) + ‖∂F‖Lp

1,0(V )

)

,

‖∂u‖
Lp̃

1,0(V )
≤ const(V, p) · ‖∂F‖Lp

1,0(V ), where 1/ p̃ = 1/p− 1/2, l = 1, . . . ,d.
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(iii) In addition, if |λ | ≤ 1, then 303

‖(1+ |z1|)(u− u(∞l))‖L∞(Vl)
≤ const(V, p̃)

√|λ | (‖F‖Lp̃(V0)
+ ‖F‖L∞(V\V0)),

‖(1+ |z1|)∂u‖L∞
1,0(V ) ≤ const(V, p̃)(

√

|λ |+ 1)(‖F‖Lp̃(V0)

+ ‖F‖L∞(V\V0)),∀p̃ > 2.

Supplement. Put 304

L2±ε(V ) = {u; u
∣
∣
Ṽ0

∈ L2−ε(Ṽ0), u
∣
∣
V\Ṽ0

∈ L2+ε(V\Ṽ0)}. 305

If f = f0 − f1, where f0 ∈ W̃ 1, p̃
1,0 (V ), supp ∂̄ f0 ⊂V0, and f1 =

g
∑

l=1
clR̂(δ (z,al)), al ∈ 306

Vj(l)∩ Ṽ0, then instead of (i)–(iii) we have (i) and the following conclusion: 307

(ii′) We have 308

‖Rλ f −Rλ f (∞l)‖L2+ε (Vl)
≤ const(V, p̃)

ε
min
(|λ |−1/2, |λ |−1)

(

‖ f0‖W̃1, p̃
1,0

+
g

∑
l=1

|cl |
)

,

‖∂Rλ f‖L2±ε
1,0 (V ) ≤

const(V, p̃)
ε

(

‖ f0‖W̃1, p̃
1,0

+
g

∑
l=1

|cl |
)

,

‖Hλ ( f )‖L∞
1,0(V ) ≤

const(V, p̃)
(1+ |λ |)

(

‖ f0‖W̃1, p̃
1,0

+
g

∑
l=1

|cl |
)

, where p̃ > 2,0 < ε < 1/2.

Lemma 3. Put 309

J(z) =
∫

{ξ∈C: |ξ |<ρ}

ψ(ξ )dξ ∧dξ̄
|ξ | · |ξ − z| , z ∈ C, 310

where ψ ∈ Lp(V0), p > 1. Then for any ε > 0 and any p̃ > 2, one has the estimate 311

‖J(z)‖Lp̃(C) ≤
1
ε

O(ρ (2−2ε p̃)/ p̃) · ‖ψ‖L(1+ε)/ε(V0)
. 312

Proof. Using the notation ‖ψ‖ε = ‖ψ‖L(1+ε)/ε (V0)
, we obtain from the expression 313

for J(z) the following estimates: 314

|J(z)| ≤

⎛

⎜
⎝

∫

|ξ |≤ρ

|dξ ∧dξ̄ |
|ξ |1+ε |ξ − z|1+ε

⎞

⎟
⎠

1/(1+ε)

· ‖ψ‖ε
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≤ O

⎛

⎝

ρ
∫

r=0

dr
rε

1∫

0

dϕ
(|r−|z||+ |z|ϕ)1+ε

⎞

⎠

1/(1+ε)

· ‖ψ‖ε

≤ O

⎛

⎝

ρ
∫

r=0

dr
rε

1
|z|1+ε

1∫

0

dϕ
(| r

|z| − 1|+ϕ)1+ε

⎞

⎠

1/(1+ε)

· ‖ψ‖ε

≤ 1
ε

O

⎛

⎝

ρ
∫

0

dr
rε

1
|z|
(

1
|r−|z||ε − 1

(|r−|z||+ |z|)ε

)1/(1+ε)
· ‖ψ‖ε .

315

From

AQ1

the last estimate

AQ2

we deduce 316

|J(z)| ≤ 1
ε

O

(
1
|z|
( |z|
∫

0

dr
rε |z|ε +

ρ
∫

|z|

ε|z|
rε rε r

))1/(1+ε)
‖ψ‖ε , if |z| ≤ ρ ,

and |J(z)| ≤ 1
ε

O

(
1
|z|

ρ
∫

0

dr
rε |z|ε

))1/(1+ε)
‖ψ‖ε , if |z| ≥ ρ .

These equalities

AQ3

imply 317

|J(z)| ≤ 1
ε

O

((
1
|z|
)2ε/(1+ε)

)

‖ψ‖ε , if |z| ≤ ρ ,

|J(z)| ≤ 1
ε

O

((
1
|z| ρ (1−ε)/(1+ε)

)

‖ψ‖ε , if |z| ≥ ρ .

Putting |z|= t, we obtain finally that 318

‖J‖Lp̃(C) ≤
1
ε

O

( ρ
∫

0

dt

t2ε p̃/(1+ε)−1
+ρ

1−ε
1+ε p̃

∞∫

ρ

dt
t p̃−1

)1/ p̃

‖ψ‖ε ≤ 1
ε

O

(

ρ
2−ε p̃

p̃

)

‖ψ‖ε . 319

Lemma 3 is proved. 320

Proof of Proposition 3: 321

(i) We have 322

(∂ +λ dz1)Rλ f = (∂ +λ dz1)e−λ (z) ·R(ēλ f̄ )

= ∂ (e−λ (z)) ·R(ēλ f̄ )+ e−λ (z)∂ (R(ēλ f̄ ))+λ dz1e−λ (z) ·R(ēλ f̄ )
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= (−λ dz1 +λ dz1)e−λ (z) ·R(ēλ f̄ )

+ e−λ (z) · (eλ (z) f −Hēλ f̄ ) = f − e−λH(eλ f )
def
= f −Hλ f ,

where we have used the equality (1.1) from Proposition 1. 323

(iii) Let r ≥ r0. Let the functions χ± ∈ C(1)(V ) be such that χ+ + χ− ≡ 1 on V , 324

supp χ+ ⊂ {ξ ∈ V : |ξ1| < 2r}, supp χ− ⊂ {ξ ∈ V : |ξ1| ≥ r}, and |dχ±| = 325

O(1/r). We then have u = u++ u−, where 326

u±(z) = Rλ (χ± f ). (3.1)± 327

Using the properties f ∈ L∞(V ) and |eλ | ≡ 1, in combination with the 328

equality ∂u+ = χ+Fdz1 −λ u+dz1 −Hλ (χ+ f ), we obtain for u+ and ∂u±
∂ z1

the 329

estimates 330

‖(1+ |z|)(u+(z)− u+(∞l))‖L∞(Vl)
= O(r)‖ f‖L∞

1,0(V ), l = 1, . . . ,d,

‖(1+ |z|)∂u+(z)‖L∞
1,0(V ) = O(λ r+ 1)‖ f‖L∞

1,0(V ). (3.2)

In order to estimate u−, we transform the expression (3.1)− using the series 331

expansion (2.6) for f
∣
∣
Vj

, and we integrate by parts. We thus obtain 332

u−(z) = Rλ χ− f = R1
λ χ− f +R0

λ χ− f

=−e−λ (z)
2π i

1
λ

∫

ξ∈V

eλ ξ1−λ̄ ξ̄1(dχ−)F ∧dξ̄1 det
[ ∂ P̄

∂ ξ̄
(ξ ),ξ − z

]

∂ P̄
∂ ξ̄2

(ξ ) · |ξ − z|2

+
e−λ (z)

2π i
1
λ ∑

j

∫

ξ∈Vj

eλ ξ1−λ̄ ξ̄1 χ−

(
∞

∑
k=1

k
c( j)

k

ξ k+1
1

)
dξ1 ∧dξ̄1 det

[
∂ P̄
∂ ξ̄

(ξ ),ξ − z
]

∂ P̄
∂ ξ̄2

(ξ ) · |ξ − z|2

− e−λ (z)
2π i

1
λ

∫

ξ∈V

eλ ξ1−λ̄ ξ̄1 χ−F∂ξ

⎛

⎝

det
[ ∂ P̄

∂ ξ̄
(ξ ),ξ − z

]

dξ̄1

∂ P̄
∂ ξ̄2

(ξ ) · |ξ − z|2

⎞

⎠

+ e−λ (z)R̄0(eλ χ− f ), (3.3)

where the operator R0 = ∂̄ ∗GK is defined by (1.13). Using Corollary 2 we have, in 333

addition, 334
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− e−λ (z)
2π i

1
λ

∫

ξ∈V

eλ ξ1−λ̄ ξ̄1 χ−F∂ξ

⎛

⎝

det
[ ∂ P̄

∂ ξ̄ (ξ ),ξ − z
]

dξ̄1

∂ P̄
∂ ξ̄2

(ξ ) · |ξ − z|2

⎞

⎠

=
e−λ (z)

2π i
1
λ

eλ (z)χ−(z)F(z)− e−λ (z)
2π i

1
λ

R̄0(∂ (eλ χ−F))

=
1

2π i
1
λ

χ−(z)F(z)− e−λ (z)
2π i

1
λ

R̄0(∂ (eλ χ−F)).

Putting the last equality into (3.3) and making use of the properties |eλ | ≡ 1, |dχ−|= 335

O(1/r), ∂u− = χ−Fdz1 − λ u−dz1 −Hλ (χ− f ), and the property of R0, we obtain 336

from Proposition 1 337

‖(1+ |z1|)(u−− u−(∞l))‖L∞(Vl)

= O

(
1

|λ |r
)

(‖F‖Lp̃(V0)
+ ‖F‖L∞(V\V0))+ ‖(1+ |z1|)R̄0(eλ χ− f )‖L∞(V )

+
1

2π |λ |‖(1+ |z1|)R̄0∂ (eλ χ−F)‖L∞(V ) ≤ O

(
1

|λ |r
)

‖F‖Lp̃(V ), l = 1, . . . ,d

and ‖(1+ |z1|)∂u−
∂ z1

‖L∞(V ) = O(1/r+ 1)(‖F‖Lp̃(V0)
+ ‖F‖L∞(V\V0)). (3.4)

The estimates (3.2) and (3.4) imply 338

‖(1+ |z1|)(u− u(∞l))‖L∞(Vl)

= O

(

r+
1

|λ |r
)

(‖F‖Lp̃(V0)
+ ‖F‖L∞(V\V0)),

and ‖(1+ |z1|)∂u‖L∞
1,0(V )

= O(|λ |r+ 1/r+ 1)(‖F‖Lp̃(V0)
+ ‖F‖L∞(V\V0)), ∀p̃ > 2. (3.5)

Putting in (3.5) r = r0/
√|λ |, we obtain (iii). 339

(ii) For proving (ii), let us put r = r̃0 and transform (3.1)+ for u+ in the following 340

way: 341

u+(z) = Rλ χ+ f =−e−λ (z)
2π i

1
λ

∫

|ξ1|≤r

eλ ξ1−λ̄ ξ̄1 dχ+F ∧dξ̄1 det
[

∂ P̄
∂ ξ̄ (ξ ),ξ − z

]

∂ P̄
∂ ξ̄2

(ξ ) · |ξ − z|2
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− e−λ (z)
2π i

1
λ

∫

|ξ1|≤r

eλ ξ1−λ̄ ξ̄1 χ+∂F ∧dξ̄1 det
[

∂ P̄
∂ ξ̄

(ξ ),ξ − z
]

∂ P̄
∂ ξ̄2

(ξ ) · |ξ − z|2

− e−λ (z)
2π i

1
λ

∫

|ξ1|≤r

eλ ξ1−λ̄ ξ̄1 χ+F∂

⎛

⎝

det
[

∂ P̄
∂ ξ̄ (ξ ),ξ − z

]

dξ̄1

∂ P̄
∂ ξ̄2

(ξ ) · |ξ − z|2

⎞

⎠

+ e−λ (z)R̄0(eλ χ+ f ), (3.6)

where R0 is the operator from Proposition 1. Using the last expression for u+(z), 342

together with the property F
∣
∣
V0

∈W 1,p(V0) and Corollary 2, we obtain 343

‖u+‖L∞(V ) = O(1/λ )‖F‖W̃1,p(V0)
. (3.7) 344

This inequality together with (3.4) and statement (iii) proves the first part of 345

statement (ii). Formula u = Rλ f implies ∂zu = f − λ dz1u −Hλ f . From this 346

and from the already obtained estimates for u, we deduce the second part of 347

statement (ii): 348

‖∂u‖
Lp̃

1,0(V )
≤ const(V, p)‖∂F‖Lp

1,0(V ). 349

(ii)′ In order to prove in this case the estimate for u= Rλ f with |λ | ≤ 1, we combine 350

the arguments above with Lemma 3, and obtain instead of (3.5) the following: 351

‖u− u(∞l)‖L2+ε (Vl)
≤ 1

ε
O

(

r+
1

|λ |r
)(

‖ f0‖W̃1, p̃
1,0 (V )

+
g

∑
l=1

|cl |
)

352

353

‖∂u‖L2±ε
1,0 (V ) ≤

λ
ε

O

(

r+
1+ r
|λ |r

)(

‖ f0‖W̃ 1, p̃
1,0 (V )

+
g

∑
l=1

|cl |
)

(3.5)′ 354

355

Putting in (3.5)′ r = r0
/√|λ |, we obtain the required estimate for Rλ f with |λ | ≤ 1. 356

To prove the estimate for u = Rλ f with |λ | ≥ 1, we use (3.6) and the Calderon– 357

Zygmund L2−ε -estimate for the singular integral on the right-hand side of (3.6). 358

In order to prove the statement concerning Hλ f , we just perform an integration 359

by parts in the expression 360

Hλ f = e−λH(eλ f ) =
g

∑
l=1

e−λ (z)

⎛

⎝

∫

Ṽ

eλ (ξ ) f (ξ )∧ωl(ξ )

⎞

⎠ωl(z), 361

where f = f0 +
g
∑

l=1
clR̂(δ (z,al)), and where {ωl, l = 1, . . . ,g} is an orthonormal 362

basis of holomorphic (1,0)-forms on Ṽ . 363
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4 Faddeev-Type Green Function for ∂̄ (∂ +λdz1)u = ϕ 364

and Further Results 365

Let R̂ be the operator defined by formula (2.4) and let Rλ be the operator defined by 366

formula (3.1). 367

Proposition 4. Let ϕ ∈ L∞
1,1(V ) with support in V0 = {z ∈V : |z1| ≤ r0}, where r0 368

satisfies the condition of Sect. 1. Then for u = Gλ ϕ def
= Rλ ◦ R̂ϕ , where λ �= 0, one 369

has 370

(i) ∂̄ (∂ +λ dz1)u = ϕ + λ̄dz̄1 ∧Hλ (R̂ϕ) on V . 371

(ii) We have 372

‖u‖L∞(V ) ≤ const(V0, p̃) ·min(1/
√

|λ |,1/|λ |)‖ϕ‖L∞
1,1(V0), p̃ > 2,

‖∂u‖
Lp̃

1,0(V )
≤ const(V0, p̃)‖ϕ‖L∞

1,1(V0), p̃ > 2.

Supplement. If we can write ϕ = ϕ0 +ϕ1, where ϕ0 ∈ L∞
1,1(V ), suppϕ0 ⊂ V0, and 373

ϕ1 =
g
∑

l=1
iclδ (z,al), with al ∈ Vj(l) ∩ Ṽ0, then instead of (i)–(ii) we have (i) and the 374

following conclusion: 375

(ii)′ We have 376

‖u− u(∞l)‖L2+ε (Vl)
≤ const(V,ε) ·min(|λ |−1/2, |λ |−1)

(

‖ϕ0‖L∞
1,1(V0)+

g

∑
j=1

|c j|
)

,

‖∂u‖L2±ε
1,0 (V ) ≤ const(V,ε)

(

‖ϕ0‖L∞
1,1(V0) +

g

∑
l=1

|cl |
)

,

where 0 < ε < 1/2. 377

Proof. By Proposition 2 we have 378

f = Fdz1 = R̂ϕ ∈ W̃ 1, p̃
1,0 (V ) ∀p̃ ∈ (2,∞), F

∣
∣
V0

∈W 1,p(V0) ∀p ∈ (1,2). 379

Propositions 2 and 3 imply that u= Rλ ◦ R̂ϕ ∈ W̃ 1, p̃(V ). Let us now verify statement 380

(i) of Proposition 4. From Proposition 3(i), we obtain 381

(∂ +λ dz1)u = (∂ +λ dz1)Rλ ◦ R̂ϕ = R̂ϕ +Hλ (R̂ϕ), where

Hλ (R̂ϕ) = e−λH(eλ R̂ϕ). (4.1)
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From (4.1) and Proposition 2 we obtain 382

∂̄ (∂ +λ dz1)u = ϕ + ∂̄ (Hλ (R̂ϕ)) = ϕ + λ̄dz̄1 ∧Hλ (R̂ϕ), 383

where we have used that H(R̂ϕ) ∈ H1,0(Ṽ ). 384

Property 4(ii) follows from Proposition 3(ii), (iii). The supplement to Proposition 385

4 follows from the supplement to Proposition 3. 386

Definition 1. We define the Faddeev-type Green function for ∂̄ (∂ +λ dz1) on V as 387

the kernel gλ (z,ξ ) of the integral operator Rλ ◦ R̂. 388

Definition 2. Let q∈C1,1(Ṽ ) be a form with suppq contained in V0, and let g denote 389

the genus of Ṽ . The function ψ(z,λ ), z ∈V , λ ∈C, will be called the Faddeev-type 390

function associated with the potential q and the points a1, . . . ,ag ∈ V\V̄0 if ∀λ ∈ 391

C\E , where E is compact in C, the function μ = ψ(z,λ )e−λ z1 has the following 392

properties: 393

∂̄ (∂ +λ dz1)μ =
i
2

qμ + i
g

∑
l=1

clδ (z,al) and lim
z→∞
z∈V1

μ(z,λ ) = 1,

(μ − μ(∞ j))
∣
∣
Vj
∈ Lp̃(Vj), p̃ > 2, j = 1, . . . ,d,

where δ (z,al) is the Dirac measure concentrated at the point al . 394

Based on the Faddeev-type Green function gλ (z,ξ ), and on Proposition 4, we 395

have in [HM] extended the Novikov reconstruction scheme from the case X ⊂ C to 396

the case of a bordered Riemann surface X ⊂V . 397

Definition 3. Let {ω j} be an orthonormal basis for the holomorphic forms on Ṽ . 398

An effective divisor {a1, . . . ,ag} on V will be called generic if 399

det

[
ω j

dz1
(ak)
∣
∣

j,k=1,2,...,g

]

�= 0. 400

Lemma 4. Let {a j} be a generic divisor on V . Put 401

Δ(λ ) = det

⎡

⎣

∫

ξ∈V

R̂(δ (ξ ,a j))∧ ω̄l(ξ )eλ ξ1−λ̄ ξ̄1

⎤

⎦
∣
∣

j,l=1,2,...,g ,

|Δ(λ )|ε = sup
|λ ′−λ |<ε

|Δ(λ ′)|,

where R̂ is the operator from Proposition 2. Then for all ε > 0, one has limλ→∞|λ g · 402

Δ(λ )|< ∞, limλ→∞|λ g ·Δ(λ )|ε > 0, and the set 403

E = {λ ∈ C : Δ(λ ) = 0} is a closed nowhere dense subset of C. (∗) 404
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The following is a corrected version of the main results from [HM]: 405

1. Let X be a domain with smooth boundary on V such that X ⊃ V̄0, X̄ ⊂ Y ⊂ V . 406

Let σ ∈ C(2)(V ), σ > 0 on V , and σ = 1 on V\X . Let a1, . . . ,ag be a generic 407

divisor on Y\X̄ , satisfying condition (∗). Then for all λ ∈ C\E , there exists a 408

unique Faddeev-type function ψ(z,λ ) = μ(z,λ )eλ z1 associated with the potential 409

q = ddc√σ√
σ and the divisor {a j}. Such a function can be found (together with 410

constants {cl}) from the integral equation 411

μ(z,λ ) = 1+
i
2

∫

ξ∈X

gλ (z,ξ )μ(ξ ,λ )q(ξ )+ i
g

∑
l=1

cl(λ )gλ (z,al), (4.2) 412

where 413

1
2
Hλ (R̂(qμ)) =

g

∑
l=1

clHλ (R̂(z,al)),

μ(z,λ )→ 1, z ∈V1, z → ∞, λ ∈ C\E. (4.3)

The relation (4.3) is equivalent to the system of equations 414

2
g

∑
l=1

cl(λ )eλ a j,1−λ̄ ā j,1
ω̄k

dz̄1
(a j) =

−
∫

z∈X

eλ z1−λ̄ z̄1

(
ddc√σ√

σ
− 2i∂ ln

√
σ ∧ ∂̄ ln

√
σ
)

μ(z,λ )
ω̄k

dz̄1
(z),

where k = 1, . . . ,g and {ω j} is an orthonormal basis of holomorphic forms 415

on Ṽ . 416

2. For all λ ∈C\E , the restriction of μ = e−λ z1ψ(z,λ ) to bX can be found through 417

Dirichlet-to-Neumann data for μ on bX by the Fredholm integral equation 418

μ(z,λ )
∣
∣
bX +

∫

ξ∈bX

gλ (z,ξ )(∂̄ μ(ξ ,λ )− ∂̄ μ0(ξ ,λ )) = 1+ i
g

∑
j=1

c jgλ (z,a j), (4.4) 419

where 420

−i
g

∑
j=1

(a j,1)
−kc j =

∫

z∈bX

z−k
1 (∂ +λ dz1)μ = 0, k = 2, . . . ,g+ 1, (4.5) 421

and μ0 is the solution of the Dirichlet problem 422

∂̄ (∂ +λ dz1)μ0
∣
∣
X = 0, μ0

∣
∣
bX = μ

∣
∣
bX . 423
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The parameters {a j,1} (the first coordinates of {a j}) are supposed to be distinct. 424

Equations (4.4) and (4.5) are solvable simultaneously with (4.2), (4.3). 425

The relations (4.5) are equivalent to the equality 426

∂̄ (∂ +λ dz1)μ
∣
∣
V\X = i

g

∑
j=1

c jδ (z,a j). 427

3. The Faddeev-type function μ = ψ(z,λ )e−λ z1 satisfies the Bers–Vekua-type 428

∂̄ -equation with respect to λ ∈ C\E: 429

∂ μ(z,λ )
∂ λ̄

= b(λ )μ̄(z,λ )eλ̄ z̄1−λ z1 , (4.6) 430

where 431

b(λ ) def
= lim

z→∞
z∈Vl

z̄1

λ̄
eλ z1−λ̄ z̄1

∂ μ
∂ z̄1

(z,λ )
/

lim
z→∞
z∈Vl

μ(z,λ ), 432

with l = 1, . . . ,d. The function b(λ ), referred to as nonphysical scattering data, 433

can be found by (4.6) through μ
∣
∣
bX . 434

In addition, the following important formulas for the data b(λ ) are valid: 435

d · λ̄ ·b(λ ) =− 1
2π i

∫

z∈bY

eλ z1−λ̄ z̄1 ∂̄ μ =
1

2π i

∫

z∈X

i
2

eλ z1−λ̄ z̄1qμ + i
g

∑
j=1

c je
λ a j,1−λ̄ ā j,1 ,

(4.7) 436

where λ ∈ C\E . 437

On the basis of (4.3), (4.7), and Proposition 3, one can derive the estimate 438

|λ ·b(λ )| ≤ const(V,σ)(1+ |λ |)−g|Δ(λ )|−1, λ ∈C\E. (4.8) 439

4. Let us suppose now that the divisor {a1, . . . ,ag} on Y\X is such that the 440

exceptional set E in C consists of isolated points λ1, . . . ,λN , N ≤ ∞, and 441

|Δ(λ )| ≥ const(V )dist(λ ,E) if dist(λ ,E)≤ const. (4.9) 442

Then the reconstruction procedure for μ
∣
∣
X×C

and σ
∣
∣
X through scattering data 443

b
∣
∣
C

can be done in the following way. 444

The relations (4.2), (4.3), combined with the inequalities (4.8), (4.9), imply 445

that the ∂̄ -equation (4.6) can be replaced by the singular integral equation 446

(μ − 1)+
1

2π i
lim
δ→0

∫

C\∪{|ξ−λl |≤δ}
b(ξ )eξ̄ z̄1−ξ z1(μ − 1)

dξ̄ ∧dξ
ξ −λ

+
1

2π i

N

∑
l=1

μl

λl −λ
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=− 1
2π i

∫

C

b(ξ )eξ̄ z̄1−ξ z1
dξ̄ ∧dξ
ξ −λ

, where

μl = lim
δ→0

∫

|ξ−λl |≤δ

bμ̄eξ̄ z̄1−ξ z1dξ̄ ∧dξ = lim
δ→0

∫

|ξ−λl |=δ

μdξ = Oz(1),

l = 1,2, . . . ,N, λ ∈C\E. (4.10)

This equation is of Fredholm–Noether type in the space of functions 447

λ �→ (μ(·,λ )− 1) : |μ − 1| · |Δ(λ )|(1+ |λ |g) ∈ Lp̃(C), p̃ > 2. 448

In contrast to the planar case, when d = 1, g= 0, (4.10) does not necessarily have 449

a unique solution. This makes it possible to find a basis of independent solutions 450

of (4.10) for almost all z1 ∈ C: 451

λ �→ μk(z1,λ ), k = 1,2, . . . , d̃, λ ∈ C, d̃ ≥ d. 452

Put 453

μ(z1,z2,λ ) = μ(z1,z2, j(z1),λ ) =
d̃

∑
k=1

γ j,k(z1)μk(z1,λ ), 454

where (z1,z2) = (z1,z2, j(z1)) ∈ V , j = 1,2, . . . , d̃. The condition for the form 455

μ−1∂̄ (∂ +λ dz1)μ to be independent of λ allows us to find (maybe not uniquely) 456

the coefficients γ j,k(z) in the expression for μ(z1,z2,λ ). The equalities 457

i
2

ddc√σ√
σ
∣
∣
X = q

∣
∣
X = μ−1∂̄ (∂ +λ dz1)μ

∣
∣
X 458

finally permit us to find all q and σ with given scattering data b
∣
∣
C

. 459

The uniqueness of the reconstruction of μ
∣
∣
X×C

and σ
∣
∣
X from the data 460

b on C \ E is plausible but still unknown. Nevertheless, the uniqueness of 461

the reconstruction of σ
∣
∣
X from Dirichlet-to-Neumann data of the equation 462

d(σdcU)
∣
∣
X = 0 can be proved using Dirichlet-to-Neumann data not just for 463

a single function, but for a family of Faddeev-type functions depending on a 464

parameter θ : 465

ψθ (z,λ ) = eλ (z1+θz2)μθ (z1,z2,λ ), where

∂̄ (∂ +λ (dz1 +θdz2))μθ =
i
2

qμθ + i
g

∑
l=1

clδ (z,al) and lim
z→∞
z∈V1

μθ (z,λ ) = 1,

(μθ − μθ (∞ j))
∣
∣
Vj

∈ Lp̃(Vj), p̃ > 2, λ ∈ C\Eθ , j = 1, . . . ,d;

see [HN]. 466
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