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Topology of Spaces of S-Immersions 1
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Abstract We use the wrinkling theorem proven in [EM97] to fully describe the 4

homotopy type of the space of S-immersions, i.e., equidimensional folded maps 5

with prescribed folds. 6
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1 Equidimensional Folded Maps 8

Let V and W be two manifolds of dimension q. The manifold V will always be 9

assumed closed and connected. A map f : V → W is called folded if it has only 10

fold-type singularities. We will discuss in this paper an h-principle for folded maps 11

f : V →W with a prescribed fold Σ10( f )⊂V . Folded maps with the fold S= Σ1,0( f ) 12

are also called S-immersions; see [El70]. Throughout this paper we assume that 13

S �= /0. We provide in this paper an essentially complete description of the homotopy 14

type of the spaces of S-immersions. More precisely, we prove that in most cases, 15

one has a result of h-principle type, while sometimes the space of S-immersions 16

may have a

AQ1

number of additional components of a different nature. The topology of 17

these components is also fully described. 18
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Remarks. 1. The results proven in this paper were formulated in [El70, El72], but 19

the proof of the injectivity part of the h-principle claim has never been published 20

previously. 21

2. The approach described in this paper to the problem of construction of mappings 22

with prescribed singularities can be generalized to the case of maps V n → W q
23

with n > q. However, in contrast to the case n = q, the results that can be proven 24

using the current techniques are essentially equivalent to the results of [El72]. 25

3. The subject of this paper is the geometry of singularities in the source manifold. 26

The geometry of singularities in the image is much more subtle; see [Gr07]. 27

1.1 S-Immersions 28

We refer the reader to Sect. 4 below for the definition and basic properties of folds 29

and wrinkles, and for the formulation of the wrinkling theorem from [EM97]. 30

Let f : V → W be an S-immersion, i.e., a map with only a fold-type singularity 31

S = Σ1,0( f ). The fold S ⊂ V has a neighborhood U that admits an involution α loc : 32

U →U such that f ◦αloc = f . In particular, if S divides V into two submanifolds V± 33

with common boundary ∂V± = S, then an S-immersion is just a pair of immersions 34

f± : V± → W such that f+ = f− ◦α loc near S. Denote by TSV an n-dimensional 35

tangent bundle over V that is obtained from TV by regluing TV along S with dαloc. 36

For example, if V = Sq and S is the equator Sq−1 ⊂ Sq, then TSV = Sq×R
q. We will 37

call TSV the tangent bundle of V folded along S. The differential d f : TV → TW of 38

any S-immersion f : V →W has a canonical (bijective) regularization dS f : TSV → 39

TW , the folded differential of f . 40

Let us denote byM(V,W,S) the space of S-immersionsV →W . We also consider 41

the space m(V,W,S), a formal analogue of M(V,W,S), which consists of bijective 42

homomorphisms TSV → TW . The folded differential induces a natural inclusion 43

d : M(V,W,S)→ m(V,W,S). Our goal is to study the homotopic properties of the 44

map d. We prove that in most cases, the map d is a (weak) homotopy equivalence. 45

However, there are some exceptional cases that arise when the map d is a homotopy 46

equivalence on some of the components of M(V,W,S), while the structure of the 47

remaining components can also be completely understood. 48

1.2 Taut–Soft Dichotomy for S-Immersions 49

A map f ∈ M(V,W,S) is called taut if there exists an involution α : V → V 50

such that Fixα = S and f ◦α = f . We denote by Mtaut(V,W,S) the subspace of 51

M(V,W,S) that consists of taut maps. Nontaut maps are called soft, and we define 52

Msoft(V,W,S) := M(V,W,S) \Mtaut(V,W,S). A map f ∈ Mtaut(V,W,S) uniquely 53

determines the corresponding involution α , and thus the topological structure of the 54

space of taut S-immersions: 55
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1.2.1. (Topological Structure of the Space of Taut S-Immersions) The space 56

Mtaut(V,W,S) is the space of pairs (α,h), where α : V → V is an involution with 57

Fixα = S and h is an immersion of the quotient manifold V/α with boundary S 58

to W. 59

Of course, for most pairs (V,S), the space I(V,S) of such involutions is empty, and 60

hence in such cases the space Mtaut(V,W,S) is empty as well. 61

The topology of the space Mtaut(V,W,S) is especially simple if S divides V into 62

two submanifolds V± with common boundary ∂V± = S, e.g., when both manifolds 63

V and S are orientable. Clearly, we have the following result: 64

1.2.2. (Topological Structure of the Space of Taut S-Immersions: The Ori-
entable Case) If S divides V into two submanifolds V± with common boundary
∂V± = S such that there exists a diffeomorphism V+ →V− fixed along the boundary,
then the space Mtaut(V,W,S) is homeomorphic to the product

DiffS(V+)× Imm(V+,W ) ,

where DiffS(V+) is the group of diffeomorphisms V+ → V+ fixed at the boundary 65

together with their ∞-jet, and Imm(V+,W ) is the space of immersions V+ →W. 66

Note that according to Hirsch’s theorem [Hi], the space Imm(V+,W ) is homotopy
equivalent to the space Iso(V,W ) of fiberwise isomorphic bundle maps TV+ → TW .
For instance, when V = Sq, W = R

q, and S is the equator Sq−1 ⊂ Sq, then we get

Mtaut(S
q,Rq,Sq−1)

h.e.� Diff∂DqDq ×O(q).

In particular, when q = 2, the space of taut S1-immersions S2 → R
2 that preserve 67

orientation on S2
+ is homotopy equivalent to S1. 68

1.2.3. (Subspaces of Taut and Soft S-Immersions are Open–Closed) Let 69

S ⊂ V be a closed (q − 1)-dimensional submanifold of V . Then the subspaces 70

Mtaut(V,W,S) ⊂ M(V,W,S) and Msoft(V,W,S) are open and closed, i.e., they 71

consist of whole connected components of M(V,W,S). 72

Proof. Given any f ∈M(V,W,S) there exists ε = ε( f )> 0 such that the local invo-
lution α f

loc : OpS →OpS with f ◦α f
loc = f is defined on an ε-tubular neighborhood

Uε ⊃ S. If f is taut, then α f
loc extends as a global involution α f : V → V such that

f ◦α f = f . Hence, for any x ∈ V \Uε/2, the distance d(x,α f (x)) is greater than or
equal to ε . This implies that there exists a δ (ε) > 0 such that if || f ′ − f ||C2 < δ (ε),
then ε( f ′)> ε

2 . Therefore, the local involution α f ′
loc is defined on Uε( f )/2. We extend

it to V \Uε( f )/2 as a global involution α f ′ by defining α f ′(x) as the unique point

from ( f ′)−1(x) whose distance from α f (x) is less than ε( f )
2 . Hence, Mtaut(V,W,S)

is open. On the other hand, using the same argument together with the implicit
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Fig. 1 f ∈Msoft(S
2,R2,S1)

as a pair f1, f2 : D2 → R
2

function theorem, we conclude that given a sequence fn ∈Mtaut(V,W,S) such that

fn
C2→ f , then α fn C1→α f , and hence f ∈Mtaut(V,W,S) and Mtaut(V,W,S) is closed.


�

The following theorem completes the description of the homotopy type of spaces 73

of S-immersions. 74

1.2.4. (Homotopic Structure of the Space of Soft S-Immersions) Let S ⊂ V be
a closed nonempty (q− 1)-dimensional submanifold of V . Suppose that q ≥ 3, or
q = 2 but W is open. Then the inclusion

d : Msoft(V,W,S)→m(V,W,S)

is a (weak) homotopy equivalence. In particular, when the space I(V,S) is empty 75

(and hence Mtaut(V,W,S) is empty as well), then d : M(V,W,S)→ m(V,W,S) is a 76

(weak) homotopy equivalence. 77

For instance, when V = Sq,W = R
q and S is the equator Sq−1 ⊂ Sq, then we get

Msoft(S
q,Rq,Sq−1)

h.e.� O(q)×Ωq(O(q)),

where Ωq(O(q)) is the based q-loops space of the orthogonal group O(q). In 78

particular, using also 1.2.2,AQ2 we conclude that the space of all S1-immersions S2 → 79

R
2 that preserve orientation on S2

+ consists of two components homotopy equivalent 80

to S1. The standard projection represents the taut component, while an example of a 81

soft S1-immersion f : S2 →R
2 (as a pair of maps f1, f2 : D2 → R

2, f1|S1 = f2|S1 ) is 82

presented in Fig. 1. 83

Remarks. 1. Theorem 1.2.4 was formulated in [El72], but only the epimorphism 84

part of the statement was proven there. 85

2. Theorem 1.2.4 trivially holds for q = 1 and any W . 86

3. In the case q = 2 and W is a closed surface, we can prove only that the map d 87

induces an epimorphism on homotopy groups. 88
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2 Zigzags 89

2.1 Zigzags and Soft S-Immersions 90

A model zigzag is any smooth function Z : [a,b]→R such that 91

• Z is increasing near a and b; 92

• Z has exactly two interior nondegenerate critical points m,M ∈ (a,b), m < M; 93

• Z(b)>Z(a). 94

If, in addition, Z(b) > Z(M) and Z(a) < Z(m), then the model zigzag is called 95

long. 96

Example. The function Z(z) = z3 − 3z is a model zigzag on any interval [a,b] such 97

that a <−1 and b > 1 and Z(b)> Z(a). If a <−2 and b > 2, then Z is long. 98

An embedding h : [a,b] → V is called a zigzag (respectively long zigzag) of a 99

map f ∈M(V,W,S) if 100

• It is transversal to S, and 101

• The

AQ3

composition f ◦h can be presented as g◦Z , where Z : [a,b]→R is a model 102

zigzag (respectively long model zigzag) and g : [A,B] → W is an immersion 103

defined on an interval [A,B] such that (A,B)⊃Z([a,b]) (Fig. 2). 104

The image h([a,b]) of the embedding h will also be called a (long) zigzag. The 105

points h(a),h(b)∈V are called the endpoints of the zigzag h. Note the following on 106

extensions of long zigzags: 107

2.1.1. (Extension of Long Zigzags) Let h : [a,b] → V be a long zigzag. Then 108

any extension h′ : [a′,b′] → V of the embedding h that does not have additional 109

intersection points with S is a long zigzag. 110

The implicit function theorem implies the following: 111

2.1.2. (Local Flexibility of Zigzags) Let ft ∈M(V,W,S) defined for t ∈Op0 ⊂R. 112

Suppose that f0 admits a zigzag h0 : [a,b]→V such that the composition f0 ◦h0 can 113

be factored as g0 ◦Z for an immersion g0 : [A,B]→V. Suppose that g0 is included 114

in a family of immersions gt : [A,B] → W , t ∈ Op0. Then there exists a family of 115

zigzags ht : [a,b]→V defined for t ∈ Op0 such that ft ◦ ht = gt ◦Z . 116

Fig. 2 Zigzag and long
zigzag
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2.1.3. (Softness Criterion) A map f ∈M(V,W,S) is soft if and only if it admits a 117

zigzag. 118

Proof. Existence of any zigzag is incompatible with the existence of an involution,
and hence a map admitting a zigzag is soft. On the other hand, if f ∈ M(V,W,S)
does not admit a zigzag, we can define an involution α = α f : V →V , f ◦α = f , as
follows. Given v ∈ V , take any arc C ⊂ V connecting v in V \ S with a point s ∈ S.
Then the absence of zigzags guarantees that f−1(C) contains a unique candidate
v′ for α(v). Similarly, if for another path we had another candidate v′′, this would
create a zigzag. Hence, the involution α : V →V with f ◦α = f is correctly defined,
and therefore f is taut. 
�

2.2 Zigzags Adjacent to a Chamber 119

The components of V \ S are called chambers. We say that a zigzag h is adjacent to 120

a chamber C if this chamber contains one of the endpoints of the zigzag. 121

A family of maps fs ∈ Msoft(V,W,S), s ∈ K, parameterized by a connected 122

compact set K can be viewed as a fibered map ˜f : K ×V → K ×W . We will call 123

such maps fibered (over K) S-immersions. A fibered S-immersion is called soft if 124

it is fiberwise soft. According to 1.2.3, ˜f is soft if it is soft over a point s ∈ K. 125

We denote the space of soft S-immersions fibered over K by MK
soft(V,W,S). A 126

family Zs of zigzags for fs, s ∈ K, will be referred to as a fibered over K zigzag 127

Z. A fibered zigzag is called special if the projections fs(Zs) are independent of 128

s ∈ K. We say that a fibered soft map ˜f : K ×V → K ×W admits a set of fibered 129

(respectively special fibered) zigzags subordinated to a covering K =
⋃N

1 Uj if there 130

exist fibered (respectively special fibered) disjoint zigzags ˜Z1, . . . , ˜ZN for the fibered 131

maps ˜f j = ˜f |Uj×V : Uj ×V →Uj ×W, j = 1, . . . ,N. 132

2.2.1. (Set of Zigzags Subordinated to an Inscribed Covering) Let ˜Z1, . . . , ˜ZN be 133

a set of (special) fibered zigzags for a fibered map ˜f subordinated to a covering 134

K =
⋃N

1 Uj. Let K =
⋃N′

1 U ′
j be another covering inscribed in the first one, i.e., for 135

every U ′
i , i = 1, . . . ,N′, there is Uj, j = 1, . . . ,N, such that U ′

i ⊂Uj. Then there exists 136

a set of fibered (special) zigzags ˜Z′
1, . . . ,

˜Z′
N′ subordinated to the covering K =

⋃N′
1 U ′

j 137

such that for each s ∈ U ′
j, the zigzag Z′s

j is C∞-close to the zigzag Zs
i for some 138

i = 1, . . . ,N. 139

Proof. Lemma 2.1.2 implies that a neighborhood of any (special) fibered zigzag is
foliated by (special) fibered zigzags, and hence near any (special) fibered zigzag ˜Z
one can always find arbitrarily many disjoint copies of ˜Z. 
�
We would like to prove that a fibered soft map admits a set of fibered zigzags 140

adjacent to any of its chambers C. Below, we explain two methods for proving this. 141

However, each of the methods requires some additional assumptions. The first one
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Fig. 3 Making zigzags long

works for any W , but only if q ≥ 3, while the second works for q ≥ 2, but only if the 142

target manifold is open. We do not know whether the statement still holds if W is a 143

closed surface.1 144

2.2.2. (Fibered Zigzags Adjacent to a Chamber) Let ˜f be a fibered over K soft 145

S-immersion. Suppose that q ≥ 3, or q = 2 but W is open. Then given any chamber 146

C ⊂ V \ S, there is a homotopy ˜ft ∈MK
soft(V,W,S), t ∈ [0,1], such that ˜f0 = ˜f and 147

˜f1 admits a set of special fibered zigzags adjacent to the chamber C. 148

CASE q ≥ 3. We begin with two lemmas. 149

2.2.3. (Making Zigzags Long) Let ˜f ∈ MK(V,W,S). Suppose that q ≥ 3. Then 150

there exist a homotopy ˜ft ∈MK(V,W,S), t ∈ [0,1], and a covering K =
⋃N

1 Uj such 151

that ˜f0 = ˜f and ˜f1 admits a set of special fibered long zigzags subordinated to a 152

covering inscribed in the covering K =
⋃N

1 Uj. 153

Proof. Choose a zigzag hs : [a,b] → V for each fs, s ∈ K, in the family ˜f . 154

Denote by gs the corresponding immersion [A,B] → W . According to Lemma 155

2.1.2, there is a neighborhood Us 
 s in K such that for each s′ ∈ Us there exists 156

a zigzag h′s′ : [a,b]→V such that it factors through the same immersion gs. Due 157

to compactness of K, we can choose a finite subcovering Uj = Us j , j = 1, . . . ,N. 158

Lemma 2.1.2 further implies that if we C∞-small perturb the immersions g j := gs j , 159

then there still exist for each j = 1, . . . ,N and s ∈ Uj zigzags Zs, j ⊂ V that factor 160

through them. Hence, if q ≥ 3, a general position argument allows us to assume 161

that the images of the immersions g j, and hence of the fibered zigzags ˜Zj, do 162

not intersect. Now for each j = 1, . . . ,N, there exists a deformation fs,t , s ∈ Uj, 163

t ∈ [0,1], of the family fs supported for each s in an arbitrarily small neighborhood 164

of Zs that makes the zigzags long; see Fig. 3. But the images of constructed 165

zigzags do not intersect, and hence if the neighborhoods of zigzags are chosen suf- 166

ficiently small, then the above deformation can be done simultaneously over all Uj, 167

j = 1, . . . ,N. 
� 168

1The second approach also works for q = 1 and any W . The case W = T 2 can also be treated by a
slight modification of this method.
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Fig. 4 Penetration through a
wall

zigzag

fold zigzag

Fig. 5 Homotopy ft on
h([a,c′])

2.2.4. (Penetration Through Walls) Let C be one of the chambers for f ∈ 169

M(V,W,S). Let h : [a,c]→V be an embedding such that 170

• There exists b ∈ (a,c) such that h|[a,b] is a long zigzag for f ; 171

• h is transversal to S and h(c) ∈C. 172

Then there exists a deformation ft ∈ M(V,W,S), t ∈ [0,1], with f0 = f that is 173

supported in a neighborhood of the image h([a,c]) and such that for some b′ ∈ (a,c), 174

the embedding h|[b′,c] is a zigzag for f1 adjacent to C. 175

Proof. Suppose that the embedding h|[b,c] intersects the wall S in a sequence of 176

points h(p1), . . . ,h(pk). We can consequently push the original zigzag through these 177

points. Let k = 1. By a small perturbation of f near h([a,c]) we can make h invariant 178

with respect to the local involution αloc on Op p. Then there exists c′ ∈ (p,c) such 179

that f ◦ h|[a,c′] can be factored as [a,c′]→ R→ W . Then the deformation shown in 180

Figs. 4 and 5 allows us to move the zigzag from [a,b] to [b′,c′], where c > p1, and 181

thus the new long zigzag ends in the next chamber through which the embedding h 182

travels. For k > 1 we apply inductively the same procedure. 
� 183

Proof of Lemma 2.2.2 for q ≥ 3. We begin with a set of fibered long zigzags ˜Zj 184

subordinated to a covering K =
⋃N

1 Uj. Given a point s ∈ Uj, for each j = 1, . . . ,N 185

we denote by Zs
j the zigzag over s ∈Uj, and by hs

j : [a,b]→V its parameterization. 186

Fix j = 1, . . . ,N and denote by C0 one of the chambers to which the zigzag ˜Zj 187

is adjacent, say hs
j(b) ∈ C0 for s ∈ Uj. Passing, if necessary, to a set of zigzags 188

subordinated to a finer covering of K, we can extend the family of embeddings 189

hs
j, s ∈ Uj, to a family of embeddings [a,c] → V , c > b, still denoted by hs

j, 190

such that 191
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• For each s ∈Uj the embedding hs
j is transversal to S and Hs

j (c) ∈C; 192

• The image f s
j ([a,c]) ⊂ W is independent of s and disjoint from images of all 193

other zigzags. 194

Using Lemma 2.2.4, we can construct a deformation of the fibered map ˜f |Uj

supported in Op˜h j([a,c]) that creates a fibered zigzag adjacent to the chamber
C. Note that for different i = 1, . . . ,k, and j = 1, . . . ,N, all these deformations are
supported in nonintersecting neighborhoods, and hence can be done simultaneously.


�
CASE OF AN OPEN W AND q ≥ 2. Let us consider a function φ : W → R without 195

critical points. Let F be a 1-dimensional foliation by the gradient trajectories of φ 196

for some Riemannian metric. 197

2.2.5. (The Case of K a Point) Any f ∈M(V,W,S) admits a zigzag adjacent to any 198

of its chambers that projects to one of the leaves of the foliation F . 199

Proof. Let us call a leaf L of F regular for f if the map f |S : S → W is transversal
to it. Sard’s theorem implies that a generic leaf of F is regular. Let C be one of
the chambers. Given a leaf L that is regular for f , we denote by CL the union of
those connected components of the closed 1-dimensional manifold f−1(L) ⊂ V
that intersect C. We claim that for some regular leaf L, there exists a nonempty
component Σ of CL such that f |S : S → L has more than two critical points. Indeed,
otherwise we could reconstruct an involution α : V →V such that f ◦α = f , which
would imply that f is taut. The intersection of C with the circle Σ consists of one or
several arcs. Let A be one of these arcs. Its endpoints, p1 and p2, belong to the fold
S, and are critical points of f |Σ : Σ → L. Let us assume that p1 is a local minimum
and p2 is a local maximum. Recall that the leaf L is oriented by the gradient vector
field of the function φ . We orient the arc A from p1 to p2 and orient the circle Σ
accordingly. Let p3 be the next critical point of f |Σ. Choose a point q1 ∈ A close to
p1 and a point q2 close to p3 and after it in terms of the orientation. If f (p3)> f (p1),
then the arc Z = [q1,q2] is a zigzag adjacent to C beginning at q1 and ending at q2.
If f (p3) < f (p1), then the same arc Z = [q1,q2] is again is a zigzag adjacent to C,
but beginning at q2 and ending at q1. 
�
Proof of Lemma 2.2.2 for an open W and q ≥ 2. Lemma 2.2.5 implies that over any
point s ∈K, the map fs admits a zigzag adjacent to the chamber C. Moreover, we can
assume that all these zigzags lie over different leaves of F . These zigzags extend
to a neighborhood Ops ∈ K as fibered zigzags over this neighborhood that for each
s′ ∈ Ops project to the same leaves of F . Hence, we can choose a finite covering
K =

⋃N
1 Uj by neighborhoodsUj over which there exist ample sets of special fibered

zigzags. Clearly we can arrange that zigzags over different Uj project to different
leaves of F , and thus their images do not intersect. 
�
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3 Proof of the Main Theorem 200

3.1 Wrinkled S-Immersions 201

A map f : V →W is called a wrinkled S-immersion if it has S as its fold singularity 202

and in the complement of S it is a wrinkled map; see Sect. 4.2. Let C be one of the 203

chambers (i.e., a connected component of V \ S). We denote by Mw(V,W,S,C) the 204

space of wrinkled S-immersions that have all wrinkles in the chamber C. We will 205

call C the designated chamber. The regularized differential construction (see Sect. 206

4.2) provides a map dR : Mw(V,W,S,C)→m(V,W,S), and the wrinkling Theorem 207

4.4.2 implies the following result: 208

3.1.1. (From Formal to Wrinkled S-Immersions) The map dR is a (weak) 209

homotopy equivalence. 210

Proof. Let C1, . . . ,Cl be a sequence of all chambers in V \ S such that Cl = C and
each Ci, i < l, has a common wall with Cj, j > i. We apply Hirsch’s h-principle (see
[Hi]) for equidimensional immersions of open (i.e., nonclosed!) manifolds to C1 and
then make a fold on ∂C1. Next, we apply the relative version the same h-principle
to the pair (C2,∂C1) and so on. At the last step, we apply the wrinkling Theorem
4.2 to the pair (C,∂C). 
�
A slightly stronger statement can be formulated in the language of fibered maps. 211

A fibered over K map is called a fibered wrinkled S-immersion if it has S as its 212

fiberwise fold singularity, and in the complement of K × S ⊂ K ×V it is a fibered 213

wrinkled map. One can also talk about fibered over K formal S-immersions, i.e., 214

parameterized by K families Fs ∈ m(V,W,S). Then a regularized differential of a 215

fibered S-immersion is a fibered formal S-immersion. The following proposition is 216

a slight improvement of the above homotopy equivalence claim, and it also follows 217

from 4.4.2. 218

3.1.2. (From Formal to Wrinkled S-Immersions; A Fibered Version) Given 219

any fibered over K formal S-immersion ˜F ∈ mK(V,W,S), there exists a fibered 220

over K wrinkled map g̃ ∈ MK
w(V,W,S,C) whose regularized fibered differential is 221

homotopic to ˜F. Moreover, if over a closed L ⊂ K we have ˜F = d˜f , where ˜f is a 222

genuine fibered S-immersion, then the map g̃ can be chosen equal to ˜f over L, and 223

the homotopy can be made fixed over L. 224

Our next goal is to supply a wrinkled S-immersion with zigzags adjacent to the 225

designated chamber. 226

3.1.3. (Zigzags for Fibered Wrinkled S-Immersions) Let ˜f be a fibered over 227

K wrinkled map that has all wrinkles in the chamber C. Suppose that over a 228

closed subset L ⊂ K, the fibered map ˜f consists of genuine (i.e., nonwrinkled) 229

S-immersions. Let
⋃N

1 Uj ⊃ L be a covering of L by contractible and sets open in 230

K, and let ˜Z1, . . . , ˜ZN be a set of fibered zigzags adjacent to C subordinated to the 231

covering
⋃N

1 Uj. Then there is a homotopy ˜ft ∈ MK
w(V,W,S,C), t ∈ [0,1], ˜f0 = ˜f , 232

such that 233
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Dezignated chamber

newΣ

old

Fig. 6 Local birth of a zigzag

• ˜ft is fixed over L in a neighborhood of the zigzags ˜Z1, . . . , ˜ZN; 234

• There exists a zigzag ˜Z, fibered over a domain U, K \⋃N
1 Uj ⊂U ⊂ K \OpL, for 235

˜f1, adjacent to C and disjoint from ˜Z1, . . . , ˜ZN. 236

Let us define Σ := ∂C ⊂ S. The following two lemmas will be needed in the proof 237

of 3.1.3. 238

3.1.4. Let U1, . . . ,UN be as in 3.1.3 and σ j : Uj → Uj × Σ, j = 1, . . . ,N, disjoint 239

sections. Then there exists a section σ : K → K × Σ disjoint from the sections 240

σ1, . . . ,σN and homotopic to a constant section. 241

Proof. Arguing by induction over j = 1, . . . ,N, we construct a fiberwise isotopy
g̃t : K ×V → V , t ∈ [0,1], that makes sections σ j : Uj → Uj ×Σ constant, i.e., g̃1 ◦
σ j(s) = (s,c j), c j ∈ Σ, j = 1, . . . ,N. Take a point c ∈ Σ different from c1, . . . ,cN and
define σ ′(s) := (s,c) for any s ∈ K. Then the section σ = g̃−1

1 ◦σ ′ : K → K →V has
the required properties. 
�

3.1.5. (Local Birth of a Zigzag Near σ ) Let M ⊂ K be a closed subset and σ : 242

M → M×Σ ⊂ K×V a section. Then there exists a deformation ˜ft ∈MK
w(V,W,S,C) 243

of ˜f0 = ˜f that is supported in Opσ(M) ⊂ K ×V such that ˜f1 admits a fibered over 244

OpM zigzag adjacent to C and supported in Opσ(M)⊂ K ×V. 245

Proof. First we give a sketch of the construction. Take a fibered embedding ˜h : 246

M × I → M ×OpΣ such that for all s ∈ M, the image h(s× I) lies on a small αloc- 247

invariant circle near σ(s) ∈ Σ; see Fig. 6. There exists a homotopy g̃t of the map 248

g̃0 = ˜f |Oph(M×I) such that g̃1 has a fibered zigzag over M; see Fig. 6. This local 249

homotopy can be extended as a homotopy ˜ft ∈MK
w(V,W,S,C) of the whole fibered 250

map ˜f . 251

Let us give now a more detailed description. Let S1 ⊂ C be the unit circle, and
exp :R→ S1 a covering map u �→ eiu, u∈R. Choose a neighborhood Ω⊃σ(M). Let
˜h : M× S1 → Ω ⊂ M×V be a fibered embedding such that for all s ∈ M, the image
hs(S1) is a small αloc-invariant circle near σ(s) ∈ Σ; see Fig. 6. We can assume
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hs(expu) ∈C for u ∈ [π/2,3π/2] and hs(expu) /∈C for u ∈ (−π/2,π/2). Consider
also a fibered embedding

˜ϕ : OpM ×B →OpM×C ⊂ Ω ,

where B is an open n-ball, such that ϕs(B) is a small ball centered at the point
hs(−1) ∈ C and such that ϕs(D)∩ hs(S1) = hs(exp((π − ε,π + ε)), s ∈ M. There
exists a compactly supported fibered regular homotopy (see Fig. 6)

˜ψt : Ω\ ˜ϕ(OpM×B)→ Ω, t ∈ [0,1],

such that

˜ψt(˜h(s,expu)) = ˜h(s,exp(1+ t/2)u), s ∈ M, u ∈ [−π + ε,π − ε].

Notice that ψs
1 maps an embedded arc hs([−π + ε,π − ε]) onto an overlapping

arc hs([− 3
2(−π + ε), 3

2(π − ε)). Using Theorem 4.4.2, we can extend the regular
homotopy ˜ψt to a compactly supported fibered wrinkled homotopy Ω → Ω, and
then further extend it to the rest of K ×V as the identity map. We will use the
same notation ˜ψt for this extension. Finally, the wrinkled homotopy ˜ft = ˜f0 ◦ ˜ψt :
K ×V → K ×V connects ˜f0 with a wrinkled map ˜f1 that has the embedding
˜ψ1 ◦˜h|M×[−π−ε,π+ε]) as its fibered over M zigzag. 
�
Proof of Proposition 3.1.3. Note that the zigzags ˜Zj over Uj ⊂ K, j = 1, . . . ,N,
intersect the closure C of the chamber C along intervals with one end on Σ and the
second inside C. Taking the endpoints in Σ, we get sections σ j : Uj → Uj ×Σ, j =
1, . . . ,N. Let us apply Lemma 3.1.4 and construct a section σ : K → K ×Σ, disjoint
from the sections σ1, . . . ,σN . Let M ⊂ K \L be a closed set such that K \M ⊂⋃N

1 Uj.
There exists a neighborhood Ω ⊃ σ(M) ⊂ K ×V that does not intersect the fibered
zigzags ˜Zj , j = 1, . . . ,N. Let U ⊃ M be an open neighborhood whose closure is
contained in K \ L and such that σ(U) ⊂ Ω. We conclude the proof of 3.1.3 by
applying Lemma 3.1.5. 
�

3.2 Engulfing Wrinkles by Zigzags 252

3.2.1. (Getting rid of Wrinkles) Suppose that ˜f ∈MK
w(V,W,S,C) admits a set of 253

fibered zigzags adjacent to the chamber C. Let ˜f be a genuine fibered S-immersion 254

over a closed L ⊂ K. Then ˜f is homotopic in MK
w(V,W,S,C) to a genuine fibered 255

S-immersion via a homotopy fixed over L. 256

Proof. Let ˜Z1, . . . , ˜ZN be fibered zigzags adjacent to C and subordinated to a 257

covering
⋃N

1 Uj = K. First of all, we can apply the enhanced wrinkling theorem 258

(see the remark after Theorem 4.4.2) to ˜f |K×C and get a modified ˜f such that 259
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each fibered wrinkle is supported over one of the elements of the covering. Using 260

Lemma 2.2.1, we can assume that wrinkles and zigzags are in 1-to-1 correspondence 261

with the elements of the covering. We will eliminate inductively all the wrinkles 262

by a procedure that we call engulfing of wrinkles by zigzags. We will discuss this 263

construction only in the nonparametric case, i.e., when K is a point. The case of a 264

general K differs only in the notation. 265

Let w =w(q) be the standard wrinkle with membrane Dq (see 4.2). Let us recall that 266

w is a fibered over Rq−1 map R
q →R

q defined by the formula 267

(y,z) �→ (

y,z3 + 3(|y|2 − 1)z
)

, 268

where y ∈R
q−1, z ∈R

1, and |y|2 = ∑q−1
1 y2

i . Note that for a sufficiently small ε > 0 269

we have w(Dq
1+ε)⊂ {|y| ≤ 1+ ε, |z| ∈ [−3,3]}= Dq−1

1+ε × [−3,3]. 270

We will need the following lemma. 271

3.2.2. (Standard Model for Engulfing) Let us consider a fibered over Dq−1
1+ε map 272

Γ : Dq−1
1+ε × [a,c]→ Dq−1

1+ε × [a,c] such that 273

• for some b ∈ (a,c), the restriction 274

Γ|
Dq−1

1+ε×[a,b]
: Dq−1

1+ε × [a,b]→ Dq−1
1+ε × [a,c] 275

is a fibered over Dq−1
1+ε zigzag; 276

• the restriction 277

Γ|
Dq−1

1+ε×[b,c]
: Dq−1

1+ε × [b,c]→ Dq−1
1+ε × [a,c] 278

is a fibered over Dq−1
1+ε wrinkled map with a unique wrinkle whose cusp locus 279

projects to the sphere ∂Dq−1. In other words, there exist fibered over Dq−1
1+ε 280

embeddings α : Dq
1+ε → Dq−1

1+ε × [b,c] and β : Dq−1
1+ε × [−3,3] → Dq−1

1+ε × [a,c] 281

such that Γ◦α = β ◦w. 282

Then there exists a fibered over Dq−1
1+ε homotopy 283

Γt : Dq−1
1+ε × [a,c]→ Dq−1

1+ε × [a,c], t ∈ [0,1] , 284

that begins with Γ0 = Γ, is fixed near Dq−1
1+ε × [a,c], and satisfies the following 285

conditions: 286

• Γt |Dq−1
1+ε×[a,b]

is the homotopy in the space of fibered folded maps; 287

• Γt |Dq−1
1+ε×[b,c]

is a fibered wrinkled homotopy that eliminates the wrinkle of the 288

map Γ0 = Γ, i.e., the map Γ1|Dq−1
1+ε×[b,c]

is nonsingular. 289

We will call the homotopy Γt engulfing of the wrinkle w by a zigzag. 290
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Fig. 7 Homotopy Γt on y× [a,c], y ∈ IntDq

Fig. 8 Homotopy Γt, q = 2

Proof. For y ∈ IntDq−1, the homotopy Γt is shown in Fig. 7. This deformation can
be done smoothly depending on the parameter y ∈ Dq−1

1+ε and can be made to die out
on [1,1+ ε]. See also Fig. 8, where the deformation Γt is shown for q = 2. 
�

We continue now the proof of 3.2.1 by reducing it to the standard engulfing 291

model 3.2.2. Let us recall that there is 1-to-1 correspondence between the wrinkles 292

and zigzags. Let h : [a,b] → V be a zigzag of a map f adjacent to the designated 293
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Fig. 9 Embedding ̂H

chamber C. The embedding h extends to an embedding H : Dq−1
1+ε × [a,b]→V onto a 294

small neighborhood of the zigzag Z = h([a,b]) such that H|y×[a,b] is a zigzag for each 295

y∈ Dq−1. Take the corresponding wrinkle with membrane D⊂C. By definition, this 296

means that for a sufficiently small ε > 0, there exists an embedding α : Dq
1+ε →V 297

such that α(Dq) =D and f ◦α = g◦w(q) for an embedding g : Dq−1
1+ε × [−3,3]→W . 298

As is clear from Fig. 9, there exists an extension of the embedding H to an 299

embedding ̂H : Dq−1
1+ε × [a,c]→V , c > b, such that 300

• ̂H(Dq−1
1+ε × [b,c])⊃ D; 301

• The map f ◦ ̂H : Dq−1
1+ε × [a,c] can be written as g ◦ Γ, where Γ is a fibered 302

over Dq−1
1+ε map Dq−1

1+ε × [a,c] → Dq−1
1+ε × [a,c] and g : Dq−1

1+ε × [a,c] → W is an 303

immersion; 304

• The restriction of Γ to Dq−1
1+ε × [b,c] is a fibered over Dq−1

1+ε wrinkled map with the 305

unique wrinkle whose cusp locus projects to the sphere ∂Dq−1 ⊂ Dq−1
1+ε . 306

Thus we are in a position to apply Lemma 3.2.2. Let

Γt : [a,c]×Dq−1
1+ε → [a,c]×Dq−1

1+ε , t ∈ [0,1],

be the engulfing homotopy of Γ = Γ0 constructed in 3.2.2, which eliminates the

wrinkle. Note that the homotopy Γt is fixed near ∂
(

[a,c]×Dq−1
1+ε

)

. This enables us

to define the required wrinkled homotopy ft : V → W , t ∈ [0,1], which eliminates
the wrinkle w by setting it equal to f on V \ ̂H([a,c]×Dq−1

1+ε), and to g◦Γt ◦ ̂H−1 on
̂H([a,c]×Dq−1

1+ε). 
�
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3.3 Proof of Theorem 1.2.4 307

Let us prove that the map d induces an injective homomorphism on πk−1, i.e., that 308

πk(m(V,W,S),Msoft(V,W,S)) = 0. Define K := Dk, L := ∂Dk = Sk−1. We need 309

to show that if ˜F ∈ mK(V,W,S) is a fibered formal S-immersion that is equal 310

to d˜f over L for ˜f ∈ ML
soft(V,W,S), then there exists a homotopy ˜Ft of ˜F in 311

(mK(V,W,S),ML
soft(V,W,S) such that ˜F1 = d˜f1 for ˜f1 ∈MK

soft(V,W,S). 312

The construction of the required homotopy can be done in four steps: 313

• Using Lemma 2.2.2, we first deform ˜F in (mK(V,W,S),ML(V,W,S)) so that the 314

new ˜F admits over L a set of special fibered zigzags adjacent to a designated 315

chamber C. 316

• Using 3.1.1, we further deform ˜F into a differential of a fibered wrinkled S- 317

immersion ˜f such that all the wrinkles belong to the chamber C. 318

• Using 3.1.3, we can further deform ˜f in such a way that the new ˜f admits a set 319

of zigzags adjacent to the chamber C. Furthermore, we can choose this set of 320

zigzags in such a way that it includes the set of zigzags over L. 321

• Using 3.2.1, one can engulf all the fibered wrinkles. 322

The proof of the subjectivity claim is similar but does not use the first step. 323

4 Appendix: Folds, Cusps, and Wrinkles 324

We recall here, for the reader’s convenience, some definitions and results from 325

[EM97]. We consider here only the equidimensional case n = q, and this allows 326

us to simplify definitions, notation, and the like from what appears in [EM97]. 327

4.1 Folds and Cusps 328

Let V and W be smooth manifolds of the same dimension q. For a smooth map 329

f : V →W we will denote by Σ( f ) the set of its singular points, i.e., 330

Σ( f ) =
{

p ∈V, rank dp f < q
}

. 331

A point p ∈ Σ( f ) is called a fold-type singularity or a fold of index s if near the point 332

p, the map f is equivalent to the map R
q−1×R

1 →R
q−1×R

1 given by the formula 333

(y,x)→ (y, x2), where y = (y1, . . . ,yq−1) ∈R
q−1. 334

Let q > 1. A point p ∈ Σ( f ) is called a cusp of index s+ 1
2 if near the point p, 335

the map f is equivalent to the map R
q−1 ×R

1 → R
q−1 ×R

1 given by the formula 336

(y,z)→ (y,z3 + 3y1z), where z ∈ R
1, y = (y1, . . . ,yq−1) ∈ R

q−1. 337
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For q ≥ 1, a point p ∈ Σ( f ) is called an embryo of index s+ 1
2 if f is equivalent near 338

p to the map R
q−1 ×R

1 →R
q−1 ×R

1 given by the formula (y,z)→ (y,z3 +3|y|2z), 339

where y ∈ R
q−1, z ∈ R

1, |y|2 = ∑q−1
1 y2

i . The set of all folds of f is denoted by 340

Σ10( f ), the set of cusps by Σ11( f ), and the closure Σ10( f ) by Σ1( f ). 341

Observe that folds and cusps are stable singularities for individual maps, while 342

embryos are stable singularities only for 1-parametric families of mappings. For a 343

generic perturbation of an individual map, embryos either disappear or give birth to 344

wrinkles, which we consider in the next section. 345

4.2 Wrinkles and Wrinkled Maps 346

Consider the map w(q) : Rq−1 ×R
1 →R

q−1 ×R
1 given by the formula

(y,z) �→ (

y,z3 + 3(|y|2 − 1)z
)

,

where y ∈R
q−1, z ∈ R

1 and |y|2 = ∑q−1
1 y2

i . 347

The singularity Σ1(w(q)) is the (q − 1)-dimensional sphere Sq−1 ⊂ R
q. Its 348

equator {z = 0, |y| = 1} ⊂ Σ1(w(q)) consists of cusp points, while the upper 349

and lower hemispheres consist of folds points (see Fig. 10). We will call the q- 350

dimensional bounded by Σ1(w) disk Dq = {z2 + |y|2 ≤ 1} the membrane of the 351

wrinkle. 352

A map f : U → W defined on an open subset U ⊂ V is called a wrinkle if it is 353

equivalent to the restriction of w(q) to an open neighborhoodU of the disk Dq ⊂R
q. 354

Sometimes, the term “wrinkle” can be also used also for the singularity Σ( f ) of the 355

wrinkle f . 356

Observe that for q = 1, the wrinkle is a function with two nondegenerate critical 357

points of indices 0 and 1 given in a neighborhood of a gradient trajectory that 358

connects the two points. 359

Restrictions of the map w(q) to subspaces y1 = t, viewed as maps Rq−1 → R
q−1

360

are nonsingular maps for |t| > 1, equivalent to w(q− 1) for |t| < 1 and to embryos 361

for t =±1. 362

Although the differential dw(q) : T (Rq) → T (Rq) degenerates at points of 363

Σ(w), it can be canonically regularized. Namely, we can change the element 364

3(z2 + |y|2 − 1) in the Jacobi matrix of w(q) to a function γ that coincides with 365

3(z2 + |y|2 − 1) outside an arbitrarily small neighborhood U of the disk Dq and 366

does not vanish on U . The new bundle map R(dw) : T (Rq) → T (Rq) provides 367

a homotopically canonical extension of the map dw : T (Rq \U) → T (Rq) to an 368

epimorphism (fiberwise surjective bundle map) T (Rq) → T (Rq). We call R(dw) 369

the regularized differential of the map w(q). 370

A map f : V → W is called wrinkled if there exist disjoint open subsets 371

U1, . . . ,Ul ⊂V such that f |V\U , U =
⋃ l

1 Ui, is an immersion (i.e., has rank q) and for 372

each i= 1, . . . , l, the restriction f |Ui is a wrinkle. Observe that the sets Ui, i= 1, . . . , l, 373

are included in the structure of a wrinkled map. 374
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z

y2

y1

n = q = 2

n = q = 3

z

y

Fig. 10 Wrinkles. Pictures in the source and in the image

The singular locus Σ( f ) of a wrinkled map f is a union of (q− 1)-dimensional 375

wrinkles Si = Σ1( f |Ui ) ⊂ Ui. Each Si has a (q − 2)-dimensional equator Ti ⊂ Si 376

of cusps that divides Si into two hemispheres of folds of two neighboring indices. 377

The differential d f : T (V ) → T (W ) can be regularized to obtain an epimorphism 378

R(d f ) : T (V )→ T (W ). To get R(d f ), we regularize d f |Ui for each wrinkle f |Ui . 379

4.3 Fibered Wrinkles 380

All the notions from 4.2 can be extended to the parametric case. 381

A fibered (over B) map is a commutative diagram 382

X

p ���
��

��
��

�

f
�� Y

q����
��
��
��

B

383
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where p and q are submersions. A fibered map can be also denoted simply by f : 384

X → Y if B, p, and q are implied from the context. 385

For a fibered map

X

p ���
��

��
��

�

f
�� Y

q����
��
��
��

B

we denote by TBX and TBY the subbundles Ker p ⊂ T X and Kerq ⊂ TY . They are
tangent to foliations of X and Y formed by preimages

p−1(b)⊂ X , q−1(b)⊂ Y , b ∈ B .

The fibered homotopies, fibered differentials, fibered submersions, and so on are
naturally defined in the category of fibered maps (see [EM97]). For example, the
fibered differential of f : X → Y is the restriction

dB f = d f |TBX : TBX → TBY .

Notice that dB f itself is a map fibered over B. 386

Two fibered maps f : X →Y over B and f : X ′ →Y ′ over B′ are called equivalent
if there exist open subsets A ⊂ B, A′ ⊂ B′, Z ⊂ Y, Z′ ⊂ Y ′ with f (X) ⊂ Z, p(X)⊂
A, f ′(X ′)⊂ Z′, p′(X ′)⊂A′ and diffeomorphisms ϕ : X →X ′, ψ : Z → Z′, s : A→A′
such that they form the following commutative diagram:

X

p

���
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

�� ϕ

����
���

���
���

���
�

f
�� Z

q

����
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
�ψ

�����
���

���
���

���

X ′

p′ 		�
��

��
��

f ′
�� Z′

q′

		
		
		
	

A′

A

s

��

For any integer k > 0, the map w(k+ q) can be considered a fibered map wk(k+ q)
over Rk × 0 ⊂ R

k+q. A fibered map equivalent to the restriction of wk(k + q) to
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an open neighborhood Uk+q ⊃ Dk+q is called a fibered wrinkle. The regularized
differential R(dwk(k+ q)) is a fibered (over Rk) epimorphism

R
k ×T(Rq−1 ×R

1)
R(dwk(q))

�� Rk ×T (Rq−1 ×R
1)

A fibered map f : V →W is called a fibered wrinkled map if there exist disjoint open 387

sets U1,U2, . . . ,Ul ⊂ V such that f |V\U , U =
⋃ l

1 Ui, is a fibered submersion and for 388

each i = 1, . . . , l, the restriction f |Ui is a fibered wrinkle. The restrictions of a fibered 389

wrinkled map to a fiber may have, in addition to wrinkles, embryo singularities. 390

Similarly to the nonparametric case, one can define the regularized differential of 391

a fibered over B wrinkled map F : V →W , which is a fibered epimorphismR(dB f ) : 392

TBV → TBW . 393

4.4 The Wrinkling Theorem 394

The following theorem 4.4.1 and its parametric version 4.4.2 are adaptations of the 395

results of our paper [EM97] to the simplest case n= q. In fact, in this case the results 396

below can also be deduced from a theorem of V. Poénaru; see [Po]. 397

4.4.1. (Wrinkled Mappings) Let F : T (V )→ T (W ) be an epimorphism that covers 398

a map f : V → W. Suppose that f is an immersion on a neighborhood of a closed 399

subset K ⊂ V, and F coincides with d f over that neighborhood. Then there exists 400

a wrinkled map g : V → W that coincides with f near K and such that R(dg) and 401

F are homotopic relations. T (V )|K. Moreover, the map g can be chosen arbitrarily 402

C0-close to f and with arbitrarily small wrinkles. 403

4.4.2. (Fibered Wrinkled Mappings) Let f : V → W be a fibered over B map 404

covered by a fibered epimorphism F : TB(V )→ TB(W ). Suppose that f is a fibered 405

immersion on a neighborhood of a closed subset K ⊂ V, and F coincides with d f 406

near a closed subset K ⊂V . Then there exists a fibered wrinkled map g : V →W that 407

extends f from a neighborhood of K and such that the fibered epimorphisms R(dg) 408

and F are homotopic rel. TB(V )|K. Moreover, the map g can be chosen arbitrarily 409

C0-close to f and with arbitrarily small fibered wrinkles. 410

Remark. The proof (see [EM97]) also gives the following useful enhancement for 411

4.4.2: given an open covering {Ui}i=1,...,N of B, one can always choose g such that 412

for each fibered wrinkle there exists Ui such that p(Dk+q) ⊂ Ui, where Dk+q is the 413

membrane of the wrinkle. 414
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