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• ������������� � ∀x, y, z ∈ R , x+ (y + z) = (x+ y) + z
• � ���  !� !  "�# � ∀x ∈ R , x+ 0 = 0 + x = x
• $%% �� � � ∀x ∈ R , x+ (−x) = x− x = 0
• &���"�������� � ∀x, y ∈ R , x+ y = y + x
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• �!� #�  � ∀x ∈ R∗ , x (1/x) = (1/x) x = 1
• &���"�������� � ∀x, y ∈ R , xy = yx
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• ∀x, y, z ∈ R , x ≤ y =⇒ x+ z ≤ y + z
• ∀x, y, z ∈ R , x < y =⇒ x+ z < y + z
• ∀x, y ∈ R , ∀z ∈ R+ , x ≤ y =⇒ x z ≤ y z
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• ∀x, y ∈ R , (x ≤ y) =⇒ (−x ≥ −y)
• ∀x, y ∈ R+∗ , (x ≤ y) =⇒ (1/x ≥ 1/y)
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!(* '� 6(2)* �5*.62(* � |xy| = |x||y| � ��) &.%+)( 3 .% / (2+ *(26( (%+ (%&�!)() 6� '�6(2)�5*.62( !( 6� *.  ( �
� 
�
�,-,
. � �� �� � �� !� x  � y  "
 #� �� �" ���!�" � � � "# ��� "# ��� ��"   �� � �� ��
#� %�# �� � ���   � ��� "#� ��� ��"  �  � � �! �#� %�# �� �� �# ! �  � ��� "#� ��� ��"  � �

∀x, y ∈ R ,
∣
∣ |x| − |y|

∣
∣ ≤ |x+ y| ≤ |x| + |y| . �7 �� �7�

� �� �!��#����! � �2&++( 4 ,&0�%1() x (+ y 3 %.2* / .2'.%* *2//.*() *�%* / ()+( !(1,%,)� 6&+, �2( |x| ≥ |y| � 2& 6 �2% !(* !(2� (*+ %26 3 �6.)* 6(* &%,1� 6&+,* *.%+ ',)&
,(* � &(*.%+ !(* ,1� 6&+,* � 2&%.% 3 &6 *2� + ! �(�� &%() 6(* � &�* /.**&56(* *(6.% 6( *&1%( !(
x
(+
y
�

7 �
x > 0

(+
y > 0 � |x+ y| = x+ y = |x| + |y| > |x| − |y|

� �
x > 0

(+
y < 0 � |x+ y| = x+ y = |x| − |y| < |x| + |y|� �

x < 0
(+
y > 0 � |x+ y| = −x− y = |x| − |y| < |x| + |y|� �

x < 0
(+
y < 0 � |x+ y| = −x− y = |x| + |y| > |x| − |y|

�

%% )( /6���%+
y
/�) −y 3 .% .5+&(%+ 6(  � ( (%&�!)( (%+ /.2) 6� '� 6(2) �5*.62( ! �2%(

! &�,)(%&( �
∣
∣ |x| − |y|

∣
∣ ≤ |x− y| ≤ |x| + |y|
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�% �//(66( ����! � (%+)( !(2� ),(6* x (+ y 6� '�6(2) �5*.62( !( 6(2) ! &�,)(%&( � 9�/)./.*&+&.% 7 �� �7 (%+)�:%( �
∀x, y, z ∈ R , |x− z| ≤ |x− y| + |y − z| .

�.2) � 66() ! �2% /.&%+ 4 2% �2+)( 3 .% %( /(2+ �2 �� 66.%1() 6( /�)&.2)* *& .% * �& /.*( !(
/�**() /�) 2% +).&*&	 ( � & �(*+ 6 ��! ������� �#��!�"���# �%+�%+ !.%%, 2% ),(6

x
3 %.2* ! &).%* �2(

a
(*+ 2%( �%% #�
 �� ����! �.2 2%( ��� "#

�%% #��� � � !( x 4
ε
/)	*  *& 6� ! &*+�%&( !(

a
4
x
(*+ &% $,)&(2)( 4

ε
3 &( �2& ,�2&'�2+ 4

! &)( �2(
x
�//�)+&(%+ 4 6 �&%+()'� 66(

]a− ε, a+ ε[
�

|x− a| < ε ⇐⇒ x ∈ ]a− ε, a+ ε[ ⇐⇒ a ∈ ]x− ε, x+ ε[ .

9(* �//).� & �+&.%* !,& & � 6(* *( &.%*+)2&*(%+ 4 6 �� &!( !( 6� /�)+&( (%+&	)( � 9� %�#�� 
 !���# ! �2% ),(6 x (*+ 6( /62* 1)�%! (%+&() &% $,)&(2) .2 ,1� 6 4 x � �% 6( %.+( bxc �

bxc ≤ x < bxc + 1 .

�% (% !,!2&+ �
x− 1 < bxc ≤ x .

9� /�)+&( (%+&	)( !(
π
(*+

3
� �++(%+&.% � 6� /�)+&( (%+&	)( !( −π (*+ −4

3 (+ %.% −3
�

�% �//(66( /�)+&( !,& & � 6(  !(
x
(+ .% %.+(

D(x)
3 6� ! &�,)(%&( !(

x
�'(& *� /�)+&(

(%+&	)( �
D(x) = x− bxc ∈ [0, 1[ .

2.&+
x
2% ),(6 3 (+

p
2% (%+&() � (.%*&!,).%* 6� /�)+&( (%+&	)( !(

x 10p �
bx 10pc ≤ x 10p < bx 10pc + 1 ,

!.%& 3
bx 10pc10−p ≤ x < bx 10pc10−p + 10−p ,

9( %. 5)( !,& & �6 bx 10pc10−p (*+ 2%( �//).� & �+&.% !( x /�) !,$�2+ 4 10−p /)	* � %%+0,.)&( 3 .% / (2+ !.%& �//). &0()
x
/�) 2% %. 5)( !,&& � 6 4 % �& /.)+( �2(66( /),&&*&.% �

%% /)�+&�2( 3 6� /),&&*&.% 0�5&+2(66( *2) !(* &� 6&26* ! �.)! &%�+(2)* (*+ !( 6 �.)!)( !(
10−15 �

��� �#�� 	� ����

�� ,���+� � �� 2.&+
A
2%( /�)+&( %.% '&!( !(

R
� ��) & 6(* �� ) �+&.%* *2&'�%+(*

6(*�2(66(* *.%+ ')�&(* 3 6(*�2(66(* *.%+ $�2**(* (+ /.2)�2.& �
7 �

� A
/.**	!( 2%( 5.)%( *2/,)&(2)( 3 
%&( .2 &%
%&( �

� �
�
2 &
A
(*+  &%.),( � 6.)*

A
/.**	!( 2%( 5 .)%( &% $,)&(2)( 
%&( �

� �
�
2 &
x ≤ sup(A)

�6.)*
x ∈ A

�
� �

�
2 &
A
&.%+&(%+ �2  .&%*

2
),(6* ! &*+&%&+* 3 � 6.)*

A
&.%+&(%+ 2% )�+&.%%(6 �

� �
�
2 &
A
(*+ &%
%&( 3 �6.)*

A
&.%+&(%+ 2%( &%
%&+, ! �&))�+&.%%(6* �
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" �
�
2 &
A
&.%+&(%+ 2% &%+()'�66( !(

R
3 &.%+(%�%+ 62&� � ( !(2� /.&%+* ! &*+&%&+* 3

� 6.)*
A
&.%+&(%+ 2%( &%
%&+, ! �&))�+&.%%(6* �

� �
�
2 &
A
&.%+&(%+ 2% &%+()'� 66( !(

R
3 � 6.)*

A
&.%+&(%+ 2%( &%
%&+, !( )�+&.%%(6* �

�� ,���+� � �) 2.&+
A
2%( /�)+&( %.% '&!( !(

R
� �% %.+( |A| = {|x| , x ∈ A} � ��) &6(* �� ) �+&.%* *2&'�%+(* 6(*�2(66(* *.%+ ')� &(* 3 6(*�2(66(* *.%+ $�2**(* (+ /.2)�2.& �

7 �
�
2 &
A
(*+  �� .),( � 6.)* |A| /.**	!( 2%( 5.)%( *2/,)&(2)( 
%&( �

� �
� 0

(*+ 2%  &%.)�%+ !( |A| �� �
� |A| /.**	!( +.2� .2)* 2%( 5 .)%( &% $,)&(2)( 
%&( �� �
� |A| /.**	!( +.2� .2)* 2%( 5 .)%( *2/ ,)&(2)( 
%&( �� �
�
2 &
A
(*+ 2% &%+()'� 66( � 6.)* |A| (*+ 2% &%+()'� 66( �" �

�
2 & |A| (*+ 2% &%+()'� 66( �6.)* A (*+ 2% &%+()'� 66( �� �

�
2 &
A
(*+ 2% &%+()'� 66( .2'()+ � 6.)* |A| (*+ 2% &%+()'� 66( .2'()+ �' �

�
2 &
A
(*+ 2% &%+()'� 66( $() , � 6.)* |A| (*+ 2% &%+()'� 66( $() , �

�� ,���+� � �0 2.&(%+
a
2% ),(6 �2(6&.%�2( � ��) & 6(* �� ) �+&.%* *2&'�%+(* 6(*�2(66(*

*.%+ ')� &(* 3 6(*�2(66(* *.%+ $�2**(* (+ / .2)�2.& �
7 �

�
2 & �∀ε > 0 , a < ε

� 3 �6.)*
a < 0

�
� �

�
2 & �∀ε > 0 , a > 1 − ε

� 3 � 6.)*
a ≥ 1

�
� �

�
2 & �∀ε > 0 , a > 1 − ε2� 3 �6.)* �∀ε > 0 , a > 1 − 2ε

� �
� �

�
2 &

(∀ε > 0 , a > 1 − ε
� 3 � 6.)* �∀ε ≥ 0 , a > 1 − ε2� �

� �
�
2 & �∀n ∈ N∗ , a > 1/

√
n
� 3 � 6.)*

a > 1
�

" �
�
2 & �∀n ∈ N∗ , a < 1/

√
n
� 3 � 6.)*

a < 0
�

� �
�
2 & �∀n ∈ N∗ , a > 1 − 1/

√
n
� 3 �6.)*

(∀ε > 0 , a > 1 − ε)
�

�� ,���+� � �� 2.&(%+
a
(+
b
!(2� ),(6* �2(6&.%�2(* � ��) & 6(* �� ) �+&.%* *2&'�%+(*

6(*�2(66(* *.%+ ')�&(* 3 6(*�2(66(* *.%+ $�2**(* (+ /.2)�2.& �
7 �

�
2 &
a+ b

(*+ )�+&.%%(6 � 6.)* 3 *.&+
a
(*+ )�+&.%%(6 *.&+

b
(*+ )�+&.%%(6 �

� �
�
2 &
a+ b

(*+ &))�+&.%%(6 � 6.)* 3 *.&+
a
(*+ &))�+&.%%(6 *.&+

b
(*+ &))�+&.%%(6 �

� �
�
2 &
a
(*+ )�+&.%%(6 3 � 6.)* *� /�)+&( !,&& � 6( (*+ )�+&.%%(66( �

� �
�
2 &
a
(*+ &))�+&.%%(6 � 6.)* 6� /�)+&( !,&& � 6( !(

a + b
(*+ &))�+&.%%(66( �

� �
�
2 & 6� /�)+&( !,&& � 6( !(

a
(*+ )�+&.%%(66( 3 � 6.)*

a
(*+ )�+&.%%(6 �

�� ,���+� � �� 2.&(%+
a
(+
b
!(2� ),(6* �2(6&.%�2(* � ��) & 6(* �� ) �+&.%* *2&'�%+(*

6(*�2(66(* *.%+ ')�&(* 3 6(*�2(66(* *.%+ $�2**(* (+ /.2)�2.& �
7 �

� |ab| = |a| |b|
� �

� |a| − |b| ≤ |a− b| �� �
� |a− b| ≤ max{|a|, |b|} �

7�



� �
� |a− b| = |a− (a+ b)/2| + |(a+ b)/2 − b| �� �
� |a− b| = |a− (a+ b)| + |(a+ b) − b| �" �
�
2 & |a− b| < |a| � 6.)* |ab| = ab

�
� �

� ba + bc = bac + bbc �' �
� ba + bc ≥ bac + bbc �5 �
� ba + bc ≤ bac + bbc + 1

�
7� �

� D(a+ b) = D(a) +D(b)
�

��� ��	#"�"	�
���7,7� � �� �.2) &0�&2% !(* (%*( 56(* !( ),(6* *2&'�%+* �

{(−1)n , n ∈ N} , {(−1)n/n , n ∈ N∗} , {(−1)nn , n ∈ N} ,
{
n + 1

n + 2
, n ∈ N

}

,

{
2n+ 1

n+ 2
, n ∈ N

}

,

{
2n+ (−1)n

n+ 2
, n ∈ N

}

,

{
m+ n

m+ 2n
, m, n ∈ N∗

}

,

{
2m+ n

m+ 2n
, m, n ∈ N∗

}

,

{
m− n

m+ 2n
, m, n ∈ N∗

}

7 � 9 �(%*( 56( (*+�&6  �� .), �  &%.), �
� � 9 �(%*( 56( �! (+� &6 2% /62* 1)�%! ,6, (%+ � 2% /62* / (+&+ ,6, (%+ �
� � � ,+() &%() 6� 5.)%( *2/,)&(2)( (+ 6� 5.)%( &% $,)&(2)( !( 6 �(%*( 56( �

���7,7� � �) �% &.%*&!	)( 6(* (%*( 56(* !( ),(6* *2&'�%+* �
{x ∈ R , |x| > 1}

{
x ∈ R , x2 ≤ 1

} {
x ∈ R , x3 < 1

}

{x ∈ R∗ , 1/x ≤ 1} {x ∈ R∗ , 1/x > 1}
{
x ∈ R∗ , 1/x2 < 1

}

{
x ∈ R+, sin x ≤ 0

}
{

x ∈ R+∗, sin
1

x
≤ 0

} {

x ∈ R+∗, | sin 1

x
| <

√
2

2

}

7 � %&)&)( 6 �(%*( 56( &.  ( 2% &%+()'� 66( .2 2%( ),2%&.% ! �&%+()'� 66(* ! &*� .&%+* �
� � 9 �(%*( 56( (*+�&6  �� .), �  &%.), �
� � 9 �(%*( 56( �! (+� &6 2% /62* 1)�%! ,6, (%+ � 2% /62* / (+&+ ,6, (%+ �
� � � ,+() &%() 6� 5.)%( *2/,)&(2)( (+ 6� 5.)%( &% $,)&(2)( !( 6 �(%*( 56( �

���7,7� � �0 2.&(%+
A
(+
B
!(2� /�)+&(* %.% '&!(* (+ 5 .)%,(* !(

R
�

7 � � .%+)() �2(
A ⊂ B

& /6&�2(
sup(A) ≤ sup(B)

(+
inf(A) ≥ inf(B)

� � � .%+)() �2(
A ∪ B

�! (+ 2%( 5 .)%( *2/,)&(2)( (+ 2%( 5 .)%( &% $,)&(2)( 
%&(* �
� .%+)() �2(

sup(A ∪B) = max{sup(A), sup(B)} (+
inf(A ∪ B) = min{inf(A), inf(B)}

7�



� � � .%+)() �2( *& 6 �&%+()*(&+&.%
A ∩ B

(*+ %.% ' &!( 3 � 6.)* (66( �! (+ 2%( 5.)%(
*2/,)&(2)( (+ 2%( 5.)%( &% $,)&(2)( 
%&(* � � .%+)() �2(

sup(A ∩B) ≤ min{sup(A), sup(B)} (+
inf(A ∩ B) ≥ max{inf(A), inf(B)}

� � �% %.+(
A + B = {a + b , a ∈ A, b ∈ B} � � .%+)() �2( A + B

�! (+ 2%( 5.)%(
*2/,)&(2)( (+ 2%( 5.)%( &% $,)&(2)( 
%&(* � � .%+)() �2(

sup(A+B) = sup(A) + sup(B)
(+

inf(A+B) = inf(A) + inf(B) .

� � �% %.+(
AB = {ab , a ∈ A , b ∈ B} � � .%+)() �2( AB �! (+ 2%( 5 .)%( *2�

/ ,)&(2)( (+ 2%( 5.)%( &%$,)&(2)( � � .%+)() �2( 3 *&
A
(+
B
*.%+ &%& 62* !�%*

R+ 3� 6.)*

sup(AB) = (sup(A)(sup(B))
(+

inf(AB) = (inf(A))(inf(B)) .

���7,7� � �� 2.&(%+
x
(+
y
!(2� )�+&.%%(6* ! &*+&%&+* +(6* �2( √

x
(+ √

y
*.&(%+ &))��

+&.%%(6* �
7 � �% &.%*&!	)( 6(* !(2� ),(6* √

x+
√
y
(+ √

x−√
y
� � .%+)() �2( 6(2) /).!2&+ (*+

)�+&.%%(6 3 6(2) *.  ( &))�+&.%%(66( � %% !,!2&)( �2 �&6* *.%+ &))�+&.%%(6* �
� � 2.&(%+

r
(+
s
!(2� )�+&.%%(6* � � .%+)() �2(

r
√
x+ s

√
y
(*+ &))�+&.%%(6 �

� � � .%+)() /�) !(* (�( /6(* �2( √
x
√
y
/(2+ �+)( )�+&.%%(6 .2 &))�+&.%%(6 �

� � � .%+)() �2( 6(* ),(6* *2&'�%+* *.%+ &))�+&.%%(6* �

1 +
√

2 ,
√

2 +
√

3 , (
√

2 +
√

3)2 ,

√
2 +

√
3 −

√
6 ,

√
2 −

√
3 +

√
6 , (

√
2 +

√
3 +

√
6)2 .

���7,7� � �� 2.&+
I
2% &%+()'� 66( !(

R
&.%+(%�%+ !(2� /.&%+* ! &*+&%&+* � � .%+)() �2(

I
&.%+&(%+ �7 � 2%( &%
%&+, !( )�+&.%%(6*
� � 2%( &%
%&+, ! �&))�+&.%%(6*
� � 2%( &%
%&+, !( %. 5)(* !,& & �2�
� � 2%( &%
%&+, !( %. 5)(*  26+&/ 6(* (%+&()* ! �2%( &()+�&%( /2&**�%&( %,1�+&'( !(

2�%. 5)(* !3�! &�2(*� �

��� �	�� ��� 	���
����� ��	 
 ���	 ��������� ��������	

�.2) &662*+)() 6 �2+&6&*�+&.% !( 6� %.+&.% !( 5.)%( *2/,)&(2)( 3 %.2* � 66.%* !, .%+)()
6� /)./ .*&+&.% *2&'�%+( �
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� 
�
�,-,
. � �� �� � ��� f "!  �%% �������! �#�����!�  � ��!� #��� � [0, 1] �!� �"��
� ��  �

∀x, y ∈ [0, 1] , x ≤ y =⇒ f(x) ≤ f(y) .

� ��#� f ��  � "! % ��!� � 
  �
∃a ∈ [0, 1] , f(a) = a .

� �� �!��#����! � 2.&+ A 6 �(%*( 56( !(* ),(6* x !�%* [0, 1]
+(6* �2( 6 �& �1( !(

x
!,/�**(

x �
A = {x ∈ [0, 1] , f(x) ≥ x} .

��) 03/.+0	*( 6 �(%*( 56(
A
(*+ %.% ' &!( /2&*�2 �&6 &.%+&(%+

0
3 (+ &6 (*+  �� .), /�)

1
�


.+.%*
a
*� 5.)%( *2/ ,)&(2)( � 
.2* � 66.%*  .%+)() ! ��5.)!

f(a) ≥ a
3 /2&*

f(a) ≤ a
�

��) 6� /)./ .*&+&.% 7 �� �� 3 / .2) +.2+
ε
3 &6 (� &*+(

x ∈ A
+(6 �2(

a− ε ≤ x ≤ a
� (.  (

x
(*+ !�%*

A
3
f(x) ≥ x

3 (+ /2&*�2(
f
(*+ &).&**�%+( 3

f(x) ≤ f(a)
� �.%& �

f(a) ≥ f(x) ≥ x ≥ a− ε .

�.2) +.2+
ε
3
f(a) ≥ a− ε

3 !.%&
f(a) ≥ a

/�) 6� /)./ .*&+&.% 7 �� �" �
� (

f(a) ≥ a
3 .% !,!2&+

f(f(a)) ≥ f(a)
&�)

f
(*+ &).&**�%+( � �.%&

f(a) ∈ A
3 /�)

!,
%&+&.% !(
A
� �.%&

f(a) ≤ a
3 &�)

a
(*+ 6� 5.)%( *2/,)&(2)( !(

A
�

�

#.2* /.2'(� )($� &)( &(++( !, .%*+)�+&.% (% )( /6���%+
A
/�)

B = {x ∈ [0, 1] , f(x) ≤ x} ,
(+ (% ,+2! &�%+ 6� 5.)%( &% $,)&(2)( !(

B
�

���	� ���� ����

9(* ! & (%*&.%* !(* $(2&66(* !( /�/&() �2( '.2* �'(� *.2* 6(* 3(2� *.%+ &))�+&.%%(66(* �
9(* %.) (* (2)./ ,(%%(* .%+ 
�, 6(* ! & (%*&.%* !2 /�/&() !( *.)+( �2( �2�%! .% ! &' &*(
(% !(2� 2%( $(2&66( 3 6� /62* 1)�%!( (+ 6� /62* / (+&+( ! & (%*&.% !(* !(2�  .&+&,* )(*+(%+
!�%* 6(  � ( )�//.)+ �2( &(66(* !( 6� $(2&66( (%+&	)( � ��) (�( /6( *.&(%+

L
(+
l
6� /62*

1)�%!( (+ 6� /62* / (+&+( ! & (%*&.% ! �2%( $(2&66( �� � �2�%! .% 6� ! &' &*( (% !(2� 3 .%.5+&(%+ !(2� $(2&66(* � 7 !.%+ 6� /62* 1)�%!( ! & (%*&.% (*+
l
(+ 6� /62* / (+&+(

L/2
� �%

!.&+ �'.&) �
L

l
=

l

L/2
,

*.&+
L2/2 = l2

� 9( )�//.)+
L/l

'�2+ !.%& √
2
� 9(* ! & (%*&.%* !( 6� $(2&66( �� *.%+

&0.&*&(* !( *.)+( �2( *� *2)$�&( *.&+ 7  	+)( &�)), � %�/)& ,( (%  	+)(* 3
L
!.&+ !.%&

',)&
()
L2/

√
2 = 1

3 *.&+
L = 21/4 � #.&& & 6(* ! & (%*&.%* �+0,.)&�2(*� !(* $(2&66(* !(

/�/&() !( �� 4 �� �
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��/&()
L l��

21/4 2−1/4� 7
2−1/4 2−3/4� �
2−3/4 2−5/4��
2−5/4 2−7/4��
2−7/4 2−9/4

9(* �//).� & �+&.%* !,& & � 6(* 4
10−3 /)	* !( 2−9/4 (+ 2−7/4 *.%+ 0.210

(+
0.297

� &( *.%+
5&(% 6(* ! & (%*&.%* !( '.* $(2&66(* !( /�/&() 3 (�/)& ,(* (%  	+)(* �
� �������	 
	 �� ��� �

9(  �+0, �+&& &(% &%! &(% 2 � �� �%2� �% �7''�� 75��� � !.%%, !�%* *� &.2)+( '&(
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n
3 6 �(%*( 56(

Un = {um , m ≥ n} (*+ 5.)%, (+ 6(* �2�%+&+,* un = inf Un
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3 &( �2( %.2* '.26&.%* !, .%+)() �
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1/2 � *& f(1/2) = 1/2

3 6( /.&%+ 
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[ak, bk]
3

!( 6.%12(2)
(M − m)/2k 3 (+ !(* '� 6(2)* (�+)� &+(* uφ(k) ∈ [ak, bk]
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x = π
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a1 = b1/d0c = 7 d1 = 1/d0 − a1

a2 = b1/d1c = 15 d2 = 1/d1 − a2

a3 = b1/d2c = 1 d3 = 1/d1 − a3
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,+� &+ !,� 4 &.%%2 ! �� )&0& 	!( &.  ( �//).� & �+&.% !(
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1 22
7
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F (x) = x− sin(πx)
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• &.%*+�%+( �� ∀x, y ∈ Df , f(x) = f(y)
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• !,&).&**�%+( �� ∀x, y ∈ Df , (x ≤ y) =⇒ (f(x) ≥ f(y))
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f + g
Df ∩ Dg −→ R

x 7−→ (f + g)(x) = f(x) + g(x)
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fg

Df ∩ Dg −→ R

x 7−→ (fg)(x) = f(x)g(x)

• �"���% �������! %�# "! #� � �
λf

Df −→ R

x 7−→ (λf)(x) = λ(f(x))
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f ≤ g ⇐⇒ ∀x ∈ Df ∩ Dg , f(x) ≤ g(x)
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∀ε > 0 , ∃η > 0 , (0 < |x− a| ≤ η) =⇒ (|f(x) − l| ≤ ε)
�� �� �7�

$! !�� #� �
lim
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f(x) = l �" �� ! f(x) −−→
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f
R∗ −→ R

x 7−→ f(x) = x sin(1/x)

�.2) +.2+
x ∈ R∗ 3 −1 ≤ sin(1/x) ≤ 1

� �.%& *& |x| ≤ ε
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∃ε > 0 , ∀η > 0 , ∃x ∈ Df , (0 < |x− a| ≤ η) ∧ (|f(x) − l| > ε)
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η = 1/n �

∃x ∈ Df , (0 < |x− a| ≤ 1/n) ∧ (|f(x) − l| > ε)
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�����!��   a ��"� %  "����#  ! a ��� � �

lim
x→a

f(x) = lim
x→a

g(x) = 0

���#�
lim
x→a

(f + g)(x) = 0

�� � � f  �� ��#! � �" �����!��   a  �
lim
x→a

g(x) = 0 ,

���#�
lim
x→a

(fg)(x) = 0

� �� �!��#����! �7 � 1&�.%*
ε > 0

� 2.&+
η1

+(6 �2( /.2)
0 < |x−a| ≤ η1

3 |f(x)| ≤ ε/2
� � (  � ( 3 *.&+

η2+(6 �2( /.2)
0 < |x−a| ≤ η2

3 |g(x)| < ε/2
� � 6.)* 3 / .2)

0 < |x−a| ≤ min{η1, η2}
3

|(f + g)(x)| = |f(x) + g(x)| ≤ |f(x)| + |g(x)| ≤ ε

2
+
ε

2
= ε ,

! �.� 6( ),*26+�+ �
� � 2.&+

η1

(+
M

!(2� ),(6* +(6* �2(

∀x ∈ [a− η1, a+ η1] , |f(x| ≤ M .

1&�.%*
ε > 0

� 2.&+
η2

+(6 �2( /.2)
0 < |x − a| ≤ η2

3 |g(x)| ≤ ε/M
� � 6.)* 3 / .2)

0 < |x− a| ≤ min{η1, η2}
3

|(fg)(x)| = |f(x)| |g(x)| ≤M
ε

M
= ε ,

! �.� 6( ),*26+�+ �
�
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�� � �
lim
x→a

f(x) = l  � lim
x→a

g(x) = l′

���#�
lim
x→a

(f + g)(x) = l + l′

�� � �
lim
x→a

f(x) = l  � lim
x→a

g(x) = l′

���#�
lim
x→a

(fg)(x) = ll′

� �� �!��#����! � �.2) %.2* )� (%() �2 6(  ( � �� �73 .5*()'.%* ! ��5.)! �2(
f(x)

+(%!
'()*

l
�2�%!

x
+(%! '()*

a
3 *& (+ *(26( (%+ *&

f(x) − l
+(%! '()*

0
�

7 � �2�%! x +(%! '()* a 3 f(x)
+(%! '()*

l
(+
g(x)

+(%! '()*
l′
3 !.%&

f(x)−l (+ g(x)−l′+(%!(%+ '()*
0
� �.%&

f(x) − l + g(x) − l′ = (f + g)(x) − (l + l′)

+(%! '()*
0
! ��/)	* 6( / .&%+ �� !2 6(  ( � �� �7 � � �.� 6( ),*26+�+ �

� � 
.2* '.26.%*  .%+)() �2(
f(x)g(x) − ll′

+(%! '()*
0
� %&)&'.%* �

f(x)g(x) − ll′ = f(x)(g(x) − l′) + (f(x) − l)l′ .

�6 *2� + !(  .%+)() *,/�), (%+ �2( 6(* !(2� $.%&+&.%*
f(g− l′) (+ (f− l)l′ +(%!(%+'()*

0
3 ! ��/)	* 6( /)( &() / .&%+ !2 6(  ( � �� �7 � � � &* &0�&2%( !( &(* !(2� $.%&�

+&.%* (*+ 6( /).!2&+ ! �2%( $.%&+&.% &.%'()1(�%+ '()*
0
/�) 2%( $.%&+&.% 5.)%,( �2

'.&*&%�1( !(
0

�
f
(*+ 5.)%,( �2 '.&*&%�1( !(

0
&�) (66( &.%'()1(� � � �.� 6( ),*26+�+ 3

/�) 6( /.&%+ �� !2 6(  ( � �� �7 �
�

2& 2%( �//6&&�+&.% (*+ &.%*+�%+( 3 *� 6& &+( (% +.2+ / .&%+ (*+ ,1� 6( 4 &(++( &.%*+�%+( �
(.  ( &�* /�)+&&26&() !2 +0,.)	 ( � �� �� 3 *&

f(x)
+(%! '()*

l
�2�%!

x
+(%! '()*

a
3 (+

λ
(*+ 2% ),(6 �2(6&.%�2( 3 � 6.)* 6� 6& &+( (%

a
!(

λf(x)
(*+

λl
�

9(* ),*26+�+* �++(%!2* *2) 6� &. /.*&+&.% !(* 6& &+(* *( ',)&
(%+ $�& &6( (%+ �
	
�
��� 0 �0 �0 � �� !� a  � b  "
 #� �� � � ��� f  � g  "
 � �! ����!� �� !� � # �%  ��
���  �  !� �" �����!��   a  � �" �����!��   b � $! �"%% ��  �

lim
x→a

f(x) = b  � lim
x→b

g(x) = l

� ��#�
lim
x→a

f ◦ g(x) = l
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� �� �!��#����! � 2.&+ ε 2% ),(6 *+)&&+( (%+ / .*&+&$ � �6 (� &*+( η1 > 0
+(6 �2(

0 < |y − b| ≤ η1 =⇒ |g(y)− l| ≤ ε

�6 (� &*+(
η2

+(6 �2(
0 < |x− a| ≤ η2 =⇒ |f(x) − b| ≤ η1

�.%& �
0 < |x− a| ≤ η2 =⇒ |g(f(x)) − l| ≤ ε

�
�% 2+&6&*( 6( +0,.)	 ( � �� �� /.2) (� (&+2() !(* &0�%1( (%+* !( '�)&�56(* 3 (+ *( )� (%()
4 !(* 6& &+(* &.%%2(* � ��) (� ( /6( 3 %.2* �'.%* '2 �2(

lim
x→0

x sin(1/x) = 0

2�&0�%+ �2(
lim
x→0

x2 = 0
(+

lim
x→1

(x− 1) = 0
.% (% !,!2&+ �

lim
x→0

x2 sin(1/x2) = 0
(+

lim
x→1

(x− 1) sin(1/(x− 1)) = 0

� �� � �� ��	� �������#��	�
$%( $.%&+&.%

f
/ (2+ &.%'()1() '()* 2%( 6& &+( 
%&( 3 &.  ( %.2* 6 ��'.%* '2 /),&,�

!(  (%+ 3 .2 5&(%
+∞ .2 −∞ � � ( /62* 6(* '� 6(2)* !( 6� '�)&�56( 3 �2& �//). &0� &(%+

a
!(*

!(2� &�+,* !�%* 6(* !,
%&+&.%* /),&,!(%+(* 3 / (2'(%+ %( 6 ��//). &0() �2( ! �2% *(26 &�+, �&( *.%+ 6(* %.+&.%* !( 6& &+( 4 1�2&0( 3 (+ !( 6& &+( 4 !).&+( � �% /(2+ �2**& &0()&0() 2%(
6& &+( �2�%!

x
+(%! '()*

+∞ (+ −∞ � �2 +.+� 6 3 &( %( *.%+ /�*  .&%* !(
15
!,
%&+&.%*

! &�,)(%+(* �2( %.2* !('.%* !.%%() � #.2* )(&.%%�:+)(� !�%* &(* !,
%&+&.%* 2% /)&%&&/ (
1,%,)� 6 � f(x)

+(%! '()*
l
�
%& .2 &%
%&� �2�%!

x
+(%! '()*

a
�
%& .2 &%
%&� 3 *& / .2) +.2+

'.&*&%�1(
Vl

!(
l
3 &6 (� &*+( 2% '.&*&%�1(

Va

!(
a
+(6 �2(

f(Va \ {a}) ⊂ Vl
� 9� !,
%&+&.%

/),&&*( !( 6� %.+&.% !( '.&*&%�1( )(6	'( !( 6� +./.6.1 &( 3 (+ !,/�**( 6( &�!)( !( &( &.2)* �
$% '.&*&%�1( !(

+∞ *()� &. /)&* &.  ( 2% &%+()'� 66( !( 6� $.) (
[A,+∞[

� � (  � ( 3
2% '.&*&%�1( !( −∞ *()� 2% &%+()'�66( !( 6� $.) (

] −∞, A]
� $% '.&*&%�1( 4 1�2&0( 

! �2% ),(6
a
*()� 2% &%+()'� 66( !2 +3/ (

[a− ε, a[
3 +�%! &* �2 �2% '.&*&%�1( 4 !).&+(  *()�

!( 6� $.) (
]a, a+ ε]

� 
.2* !.%%.%* 6(* ! &�,)(%+(* !,
%&+&.%* *.2* $.) ( !( +�56(�2� �
� 62+�+ �2( ! ��//)(%!)( 6(* � +�56(�2� /�) &�2) 3 &6 (*+ &.%*(&66, ! �(% &. /)(%!)( 6(
/)&%& &/ ( /.2) �+)( &�/�56( !( )(+).2'() &(* !,
%&+&.%* (% &�* !( 5 (*.&% �

9 & &+(* 5&6�+,)� 6(*

.+�+&.% � ,
%&+&.% %� ( /6(

lim
x→a

f(x) = l ∀ε ∃η , 0 < |x− a| ≤ η =⇒ |f(x) − l| ≤ ε lim
x→0

x = 0

lim
x→a

f(x) = +∞ ∀A ∃η , 0 < |x− a| ≤ η =⇒ f(x) ≥ A lim
x→0

1/|x| = +∞
lim
x→a

f(x) = −∞ ∀A ∃η , 0 < |x− a| ≤ η =⇒ f(x) ≤ A lim
x→0

−1/|x| = −∞
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9 & &+(* 4 1�2&0(

.+�+&.% � ,
%&+&.% %�( /6(

lim
x→a−

f(x) = l ∀ε ∃η , a− η ≤ x < a =⇒ |f(x) − l| ≤ ε lim
x→0−

x/|x| = −1

lim
x→a−

f(x) = +∞ ∀A ∃η , a− η ≤ x < a =⇒ f(x) ≥ A lim
x→0−

−1/x = +∞
lim

x→a−
f(x) = −∞ ∀A ∃η , a− η ≤ x < a =⇒ f(x) ≤ A lim

x→0−
1/x = −∞

9 & &+(* 4 !).&+(

.+�+&.% � ,
%&+&.% %�( /6(

lim
x→a+

f(x) = l ∀ε ∃η , a < x ≤ a + η =⇒ |f(x) − l| ≤ ε lim
x→0+

x/|x| = +1

lim
x→a+

f(x) = +∞ ∀A ∃η , a < x ≤ a+ η =⇒ f(x) ≥ A lim
x→0+

1/x = +∞
lim

x→a+
f(x) = −∞ ∀A ∃η , a < x ≤ a+ η =⇒ f(x) ≤ A lim

x→0+
−1/x = −∞

9� 6& &+( 5&6�+,)� 6( !(* *(&+&.%* /),&,!(%+(* / (2+ *( &�)�&+,)&*() (% +() (* !( 6& &+(*
4 1�2&0( (+ 4 !).&+( �
� 
�
�,-,
. 0 �� �� � ��� f "!  � �! ����!  R �!� R  � a "! #� �� �� � �! ����! f ��  �
l % �"# ��� ��  ! a ��  � �  "� �  !� ��  � � ��  � l % �"# ��� �� � ��"��   � � #���  ! a �
� �� �!��#����! � 
.2* 6( !, .%+).%* /.2) 2%( 6& &+( 
%&( � (( �2& *2&+ (*+ $�&&6( 4
�!�/+() 4 2%( 6& &+( &%
%&( � 9� &.%! &+&.% %,&(**�&)( (*+ ,' &!(%+( �2 '2 !(* !,
%&+&.%* �
�.2) 6� &.%! &+&.% *2� *�%+( 3 *2//.*.%*

lim
x→a−

f(x) = lim
x→a+

f(x) = l

1&�.%*
ε > 0

� �6 (� &*+(
η1

(+
η2

+(6* �2(

a− η1 ≤ x < a =⇒ |f(x) − l| ≤ ε
(+

a < x ≤ a + η2 =⇒ |f(x) − l| ≤ ε

� )(%.%*
η = min{η1, η2}

3 � 6.)*

0 < |x− a| ≤ η =⇒ |f(x) − l| ≤ ε .

�

#.&& &  � &%+(%�%+ 6(* !,
%&+&.%* !(* 6& &+(* (%
+∞ (+ −∞ �

9 & &+(* (% −∞
.+�+&.% � ,
%&+&.% %�( /6(
lim

x→−∞
f(x) = l ∀ε ∃B , x ≤ B =⇒ |f(x) − l| ≤ ε lim

x→−∞
1/x = 0

lim
x→−∞

f(x) = +∞ ∀A ∃B , x ≤ B =⇒ f(x) ≥ A lim
x→−∞

−x = +∞
lim

x→−∞
f(x) = −∞ ∀A ∃B , x ≤ B =⇒ f(x) ≤ A lim

x→−∞
x = −∞
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9 & &+(* (%
+∞
.+�+&.% � ,
%&+&.% %�( /6(

lim
x→+∞

f(x) = l ∀ε ∃B , x ≥ B =⇒ |f(x) − l| ≤ ε lim
x→+∞

1/x = 0

lim
x→+∞

f(x) = +∞ ∀A ∃B , x ≥ B =⇒ f(x) ≥ A lim
x→+∞

x = +∞
lim

x→+∞
f(x) = −∞ ∀A ∃B , x ≥ B =⇒ f(x) ≤ A lim

x→+∞
−x = −∞

�.2) &0�&2%( !( &(* !,
%&+&.%* 3 &6 (� &*+( 2%( &�)�&+,)&*�+&.% (% +() (* !( *2&+(* 3 �%��
6.12( �2 +0,.)	 ( � �� �� � ��) (� ( /6( 3 6� 6& &+( 4 1�2&0( !(

f
(%

a
'�2+ −∞ *& (+

*(26( (%+ *& / .2) +.2+( *2&+(
(xn)

&.%'()1(�%+ '()*
a
(+ +(66( �2( /.2) +.2+

n
3
xn < a

3
6� *2&+(

(f(xn))
+(%! '()* −∞ � 
.2* 6� &**.%* �2 6(&+(2) 6( *.&% !( !, .%+)() 3 4 +&+)(

! �(� ()&&&( 3 &0�&2%( !( &(* &�)�&+,)&*�+&.%* 3 *2) 6(  .!	 6( !2 +0,.)	 ( � �� �� �
%% &( �2& &.%&()%( 6(* ./ ,)�+&.%* 3 6( +0,.)	 ( � �� �� * �,+(%! �2� 6& &+(* 4 1�2&0( 3 4
!).&+( 3 (% −∞ (+ (%

+∞ 3 *�%* �2&2%( ! &� &26+, � 9(* *(26* /).56	 (* '&(%%(%+ !(* 6&� &+(* ,'(%+2(66( (%+ &%
%&(* � � �%* 6( &�* .� 6(* 6& &+(* !(
f
(+
g
/(2'(%+ �+)( &%
%&(* 3

! &�,)(%+(* *&+2�+&.%* / (2'(%+ *( /).!2&)( /.2) 6� *.  ( (+ 6( /).!2&+ � 
.2* 6(* ),*2�
 .%* !�%* 6(* +�56(�2� � �7 (+ � �� � ��%* &(* !(2� +�56(�2� 3

lim
!,*&1%( &%! &�,)(  (%+

2%( 6& &+( 5&6�+,)�6( 3 4 1�2&0( 3 4 !).&+( 3 (% −∞ .2 (%
+∞ �!2  � ( +3/ ( /.2)

f
(+
g
� �

9(* /.&%+* ! �&%+()).1�+&.%* *.%+ !(* $.) (* &%!,+() &%,(* � +.2* 6(* &�* *.%+ /.**&5 6(* �
��) (�( /6( �

• f(x) = 1/|x| 3 g(x) = −1/|x| � f + g
+(%! '()*

0
�2�%!

x
+(%! '()*

0
�

• f(x) = 1/|x| 3 vn = −1/x2 � f + g
+(%! '()* −∞ �2�%!

x
+(%! '()*

0
�

• f(x) = 1/|x| 3 g(x) = sin(1/x) − 1/|x| � f + g
% �� /�* !( 6& &+( (%

0
�

lim f(x) \ lim g(x) l′ +∞ −∞
l l + l′ +∞ −∞

+∞ +∞ +∞ �
−∞ −∞ � −∞

��� � � �7 � 9 & &+(* /.**&56(* !(
f + g

(% $.%&+&.% !(* 6& &+(* !(
f
(+
g
�

lim f(x) \ lim g(x) l′ > 0 l′ < 0 l = 0 +∞ −∞
l > 0 ll′ ll′ 0 +∞ −∞
l < 0 ll′ ll′ 0 −∞ +∞
l = 0 0 0 0

� �
+∞ +∞ −∞ �

+∞ −∞
−∞ −∞ +∞ � −∞ +∞

��� � � �� � 9 & &+(* /.**&56(* !(
fg
(% $.%&+&.% !(* 6& &+(* !(

f
(+
g
�
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� � ��� �� �  f � #���  ! a  � � ��"��   ! b  
 ��� !�  � �

lim
x→a+

f(x) = inf(f(]a, b[)) ; lim
x→b−

f(x) = sup(f(]a, b[))

� �� �!��#����! � 22//.*.%* ! ��5.)! �2(
f
(*+  &%.),( � f(]a, b[)

(*+ 2%( /�)+&(  &%.),(
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R
3 (66( �! (+ !.%& 2%( 5.)%( &% $,)&(2)( 
%&( 3 %.+.%*� 6�

l
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ε
2% ),(6 / .*&+&$ 
� , �

��) !,
%&+&.% !( 6� 5.)%( &% $,)&(2)( 3 &6 (� &*+(
c ∈]a, b[

+(6 �2(
l ≤ f(c) ≤ l + ε

� � � &*
�6.)* 3 /2&*�2(

f
(*+ &).&**�%+( 3

a < x ≤ c =⇒ l ≤ f(x) ≤ l + ε

�.%&
f
�! (+

l
/.2) 6& &+( 4 !).&+( (%

a
� 2 &

f
% �(*+ /�*  &%.),( 3 / .2) +.2+

A
3 &6 (� &*+(

c ∈]a, b[
3 +(6 �2(

f(c) ≤ A
� �2&*�2(

f
(*+ &).&**�%+( �

a < x ≤ c =⇒ f(x) ≤ f(c) ≤ A
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f
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a
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sup
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inf
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lim
x→n−

bxc = n− 1
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lim
x→n+
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Ixi

� 2& & �(*+ 6( &�* 3
|f(x) − f(y)| ≤ |f(x) − f(xi)| + |f(xi) − f(y)| ≤ ε

2
+
ε

2
= ε ,

/�) !,
%&+&.% !(
Ixi

�
�
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� ��.,-,
. 0 ��) �0 � �� !� A "!  %�#��  R � $! �� �" A  �� !(%*( �!� R �� ��"�
#� �  �� ��� ��  �"!  �"��  �����  !��  A �
$%( /�)+&( !(%*( / (2+ �2**& �+)( '2( &.  ( 2% (%*( 56( !( ),(6* +(6 �2( +.2+ &%+()'�66(
.2'()+ !(

R
&.%+&(%+ �2  .&%* 2% ,6, (%+ !( &(+ (%*( 56( �

� 
�
�,-,
. 0 ��) �� �! %�#�� A  ��  !�  �!� R ��  � �  "� �  !� �� % �"# ��"� #� ��
a, b � �� �"  a < b A∩]a, b[6= ∅ �
9� !, .%*+)�+&.% (*+ $�& &6( (+ 6� &**,( �2 6(&+(2) �
9( +0,.)	 ( *2&'�%+ *( 56( +)./ *& /6( / .2) �+)( 2+&6( 3 (+ /.2)+�%+ � � �
	
�
��� 0 ��) �� � ��� A "!  %�#��  !�   R � � �  "
 � �! ����!� ��!��!"  � � �!�
���� � �"# A ���#�  � � � � �!� ���� � %�#��"��

(

∀a ∈ A , f(a) = g(a)
)

=⇒
(

∀x ∈ R , f(x) = g(x)
)

� �� �!��#����! � 2.&+ x 2% ),(6 (+ (an)
2%( *2&+( ! �,6, (%+* !(

A
3 &.%'()1(�%+ '()*

x
�

(.  (
f
(+
g
*.%+ &.%+&%2(* 3 6(* *2&+(*

(f(an))
(+

(g(an))
&.%'()1(%+ )(*/ (&+&'( (%+

'()*
f(x)

(+
g(x)

� � � &* &.  ( 6(* !(2� *2&+(* *.%+ ,1� 6(* 3 6(2)* 6& &+(* *.%+ ,1� 6(* �
�

�//6&�2() 6( +0,.)	 ( � �7� �� *( ! &+ 2+&6&*() 2% �)12 (%+ !( &.%+&%2&+, � 9( /62* *.2�
'(%+ 3 6� /�)+&( !(%*( (*+ 6 �(%*( 56( !(* )�+&.%%(6*

Q
� �% /(2+ �2**& )(%&.%+)() 6 �(%�

*( 56( !(* %. 5)(* !,&& �2� � 26+&/ 6(* (%+&()* ! �2%( /2&**�%&( %,1�+&'( !(
10

� 3 (+
6 �(%*( 56( !(* %. 5)(* !3�! &�2(* � 26+&/ 6(* (%+&()* ! �2%( /2&**�%&( %,1�+&'( !(

2
� �

9(* �2�+)( (�( /6(* !( 6� /)./.*&+&.% � �7� �" /).'&(%%(%+ !2 &.2)* ! ��%� 63 *( !(
(�2&033 &0�/&+)( # 3 /�)�1)�/0( 7 � � (&0()&0( ! �2%( $.%&+&.% &.%+&%2( $.) ,( !(
+(66(  �%&	)( �2( !(2� *( 56�56(* $.%&+&.%* !( �2�%+&+,* '�)&�56(* 3 ,+�%+ �� .2+,(* .2
 26+&/ 6&,(* (%+)( (66(* 3 !.%%(%+ /.2) *.  ( .2 /.2) /).!2&+ 2%( $.%&+&.% *( 56�56(
!( 6� *.  ( .2 !2 /).!2&+ !( &(* '�)&�56(*  �&.  (%+ �� /�* +)	* & 6� &) � $% /(2 !(
)(*/ (&+ / .2) (�2&03 +.2+ !(  � ( ��
� 
�
�,-,
. 0 ��) ��

�� � ��� f "!  � �! ����! ��!��!"  �"# R � � � �" 
∀x, y ∈ R , f(x+ y) = f(x) + f(y)

� ��#�  ! !���!� a = f(1)
∀x ∈ R , f(x) = ax

�� � ��� f "!  � �! ����! ��!��!"  �"# R � � � �" 
∀x, y ∈ R , f(x+ y) = f(x)f(y)

� ��#�  ! !���!� a = f(1) a ≥ 0  �
∀x ∈ R , f(x) = ax
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� � � ��� f "!  � �! ����! ��!��!"  �"# R+∗  � � � �" 
∀x, y ∈ R , f(xy) = f(x) + f(y)

� �  
 ��� a ∈ R+∗ � � �"  f(a) = 1  � �
∀x ∈ R+∗ , f(x) = ln(x)/ ln(a)

� � � ��� f "!  � �! ����! ��!��!"  �"# R+∗  � � � �" 
∀x, y ∈ R+∗ , f(xy) = f(x)f(y)

� ��#� � ��� f  �� ��!�����  !� !"� �  � ��� f(1) > 0  �  ! !���!� a = ln(f(1)) �
∀x ∈ R+∗ , f(x) = xa

� �� �!��#����! � 
.2* !,+�&66.%* 6� !, .%*+)�+&.% !2 /)( &() / .&%+ � ((66( !(* �2+)(*
/.&%+* *( $� &+ *2) 6(  � (  .!	 6( (+ *()� 6� &**,( �2 6(&+(2) �
22//.*.%* �2(

f
',)&
(

∀x, y ∈ R , f(x+ y) = f(x) + f(y)
2.&+

x
2% ),(6 �2(6&.%�2( � (.  (%�.%* /�)  .%+)() 3 /�) ),&2))(%&( *2)

n
3 �2( /.2)

+.2+
n ∈ N

3
f(nx) = nf(x)9� /)./)&,+, (*+ ')� &( / .2)

n = 1
� 22//.*.%* �2 �(66( *.&+ ')� &( / .2)

n
� � 6.)* �

f((n+ 1)x) = f(nx+ x) = f(nx) + f(x) = nf(x) + f(x) = (n+ 1)f(x)
9� /)./)&,+, (*+ ')� &( / .2)

n + 1
� % 66( (*+ !.%& ')� &( / .2) +.2+

n ∈ N
�

2.&(%+
p
(+
q
*.%+ !(2� (%+&()* � �//6&�2,( 4

x = 1/q
3 6� /)./)&,+, & &�!(**2* !.%%(

f(p/q) = pf(1/q)
3 (+ �2**&

f(1) = qf(1/q)
� �.%&

f(p/q) = f(1)(p/q)
%% /.*�%+

a = f(1)
3 6� $.%&+&.%

f
&.�%&&!( �'(&

x 7→ ax
*2) +.2* 6(* )�+&.%%(6* /.*&+&$* �

9� )(6�+&.%
f(x + 0) = f(x) + f(0)

 .%+)( �2(
f(0) = 0

� %% ,&)&'�%+
f(0) = f(x) +

f(−x) 3 .% .5+&(%+ �2( f(−x) = −f(x)
� 9� $.%&+&.%

f
&.�%& &!( !.%& �'(&

x 7→ ax
*2)

+.2* 6(* )�+&.%%(6* 3 !.%& *2) +.2* 6(* ),(6* 3 /�) 2% �)12 (%+ !( &.%+&%2&+, �
�

� ������������� 
	� ��������� � ������	�

9( +0,.)	 ( � �� �7  .%+)( �2( *& 2%( $.%&+&.% (*+  .%.+.%( �&).&**�%+( .2 !,&).&*�
*�%+(� *2) 2% &%+()'�66( 3 (66( �! (+ 2%( 6& &+( 4 1�2&0( (+ 2%( 6& &+( 4 !).&+( (% +.2+
/.&%+ � 2.&+

f
2%( $.%&+&.% &).&**�%+( *2) 6 �&%+()'�66(

I
� �.2) +.2+

a ∈ I
3 .% � �

lim
x→a−

f(x) ≤ f(a) ≤ lim
x→a+

f(x)

9� $.%&+&.%
f
(*+ &.%+&%2( (%

a
*& (+ *(26( (%+ *& 6(* +).&* '�6(2)* &.�%& &!(%+ � $%(

$.%&+&.% &).&**�%+( / (2+ +)	* 5&(% %( /�* �+)( &.%+&%2( /�)+.2+ � ��) (�( /6( 3 6� $.%&+&.%
/�)+&( (%+&	)( (*+ &).&**�%+( 3 (+ ! &*&.%+&%2( (% +.2+ /.&%+ (%+&() �
12)( � ��� � ((/ (%!�%+ 3
6 �(%*( 56( !(* / .&%+* !( ! &*&.%+&%2&+, (*+ �2 /62* !,%. 5)�56( �
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��� 0 ��) �8 � � "!  � �! ����!  �� � �!���!  �"# "! �!� #��� �  � � !�  � ��  �
% ��!�� ��  � � ! � �� %�� ��!��!"  �� � !� �" �!�� �#��� �
� �� �!��#����! � �2&++( 4 )( /6�&() f /�) −f 3 %.2* / .2'.%* *2//.*() �2(

f
(*+

&).&**�%+( � 2.&(%+
a
(+
b
!(2� ),(6* +(6* �2(

a < b
� 22//.*.%* �2(

f
%( *.&+ &.%+&%2( %&

(%
a
3 % & (%

b
� � 6.)* �

lim
x→a−

f(x) < lim
x→a+

f(x) ≤ lim
x→b−

f(x) < lim
x→b+

f(x)

9(* &%+()'� 66(* .2'()+*
]

lim
x→a−

f(x) , lim
x→a+

f(x)

[ (+ ]

lim
x→a−

f(x) , lim
x→a+

f(x)

[

*.%+ ! &*� .&%+* (+ %.% '&!(* � (0�&2% ! �(2� &.%+&(%+ �2  .&%* 2% )�+&.%%(6 � �% / (2+ !.%&
&.%*+)2&)( 2%( �//6&&�+&.% &%� (&+&'( 3 �**. &&�%+ 4 +.2+ / .&%+ !( ! &*&.%+&%2&+, !(

f
3 2%

)�+&.%%(6 � (.  ( 6 �(%*( 56( !(* )�+&.%%(6* (*+ !,%. 5)�56( 3 6( ),*26+�+ * �(%*2&+ �
�

�������� 
����� � ���������� �

9(* %.+&.%* !( 6& &+(* 3 !( &.%+&%2&+, 3 !( !).&+( ),(66(  � ( 3 % �.%+ (2 !( !,
%&+&.%
)&1.2)(2*( �2( 6.%1+( /* �/)	* �'.&) ,+, &%+).!2&+(* (+ �//6&�2,(* � � �%* 6� !(2� &	 (
 .&+&, !2 75	 ( *&	& 6( 3 6(*  �+0, �+&& &(%* .%+ &.  (%&, 4 )($2*() !( *( *�+&*$� &)( !(
&( �2& 3 �2*�2 �� 6.)* 3 �//�)�&**� &+ &.  ( !(* ,'&!(%&(* !( %�+2)( 1,. ,+)&�2( � #.&& & &(
�2 �(% ! &+ -26&2* � (!(� &%! �7'� 7� 7'��� !�%* 6� /),$�&( !( *.% .2')�1( &�!��!"���  �
! �� �# � #����!!  �� (% 7'�� �9(* &.%*&!,)�+&.%* �2& $.%+ 6 �.5� (+ !( &( &.2)+ (**� & !�+(%+ !( 6 ��2+. %( 7'�' � -(
 ( +).2'� & � 6.)* 3 (% +�%+ �2( /).$(**(2) 4 6 �%&.6( �.63+(&0%&�2( 1,!,)�6( !( �2)&&0 3
.56&1, / .2) 6� /)( &	)( $.&* ! �(�/.*() 6(* ,6, (%+* !2 &� 6&26 ! &�,)(%+&(6 (+ � ( )(**(%+&*
4 &(++( . &&�*&.% 3 /62* '&'( (%+ (%&.)( �2 ��2/�)�'�%+ 3 &. 5&(% 6 ��)&+0 ,+&�2(  �%�2(
! �2% $.%!( (%+ ',)&+�56( (%+ *& &(%+&
�2( � � /)./.* !2 &.%&(/+ ! �2%( 1)�%!(2) '��
)&�56( �2& +(%! '()* 2%( 6& &+( 
�( 3 (+ %.+�  (%+ /.2) /).2'() 6( +0,.)	 ( �2( +.2+(
1)�%!(2) �2& &). :+ &.%*+�  (%+ 3  �&* %.% �2�!(64 !( +.2+( 6& &+( 3 !.&+ %,&(**� &)( (%+
+(%!)( '()* 2%( '� 6(2) 6& &+( 3 � ( &0()&0�& )($21( !�%* 6(* ,'&!(%&(* 1,. ,+)&�2(* � � � &%�
+(%�%+ (%&.)( 3 �! (++)( � &%*& 6 �&%+2&+&.% 1,. ,+)&�2( !�%* 6( /)( &() (%*(&1%( (%+ !2
&� 6&26 ! &�,)(%+&(6  ( *( 56( 3 !2 /.&%+ !( '2( ! &!�&+&�2( 3 (� +)�.)! &%� &)( (%+ 2+&6( 3 &%�
! &*/ (%*�56(  � ( 3 *& 6 �.% %( '(2+ /�* / ()!)( +)./ !( +( /* � � � &* 3 / ()*.%%( %( 6( %&()� 3
&(++( $��.% ! �&%+).!2&)( �2 &� 6&26 ! &�,)(%+&(6 3 %( / (2+ �2&2%( (%+ /),+(%!)( �'.&) 2%
&�)�&+	)( *& &(%+&
�2( � � .% *(%+& (%+ ! �&%*�+&*$�&+&.% ,+� &+ � 6.)* *& /2&**�%+ �2( � ( /)&*
6� $() ( !,&&*&.% !( ),�,&0&) �2*�2 �4 &( �2( � ��&( +).2', 2% $.%!( (%+ /2)( (%+ �)&+0�
 ,+&�2( (+ /�)$� &+( (%+ )&1.2)(2� !(* /)&%& &/ (* !( 6 ��%� 63 *( &%
%&+,*& �6( �
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� ��� ���� �

��������� ������� ���

� �� ���� � ��""#	 ���	� 	�� 	� ��#���	
�% &.%*&!	)( 2%( $.%&+&.%

f
3 !(

R
!�%*

R
3 !,
%&( *2) 2% &%+()'� 66( .2'()+

I
� 2.&+

a
2% /.&%+ !(

I
�

� ��.,-,
. � �� �� $! �%%  � � +�2� ! ��&&).&**( (%+  f  ! a �� � �! ����! τa �"���!� �
τa

I \ {a} −→ R

x 7−→ τa(x) =
f(x) − f(a)

x− a2&
x ∈ I \ {a} 3 6� '� 6(2) !( τa(x) (*+ 6( )�//.)+ !( 6 ��&&).&**( (%+ !( 6� $.%&+&.% 3

f(x) − f(a)
3 4 6 ��&&).&**( (%+ !( 6� '�)&�56(

x− a
� 22) 6( 1)�/0( !( 6� $.%&+&.% 3 & �(*+

6� %  !� !( 6� !).&+( /�**�%+ /�) 6(* / .&%+* !2 1)�/0( (a, f(a)
(+

(x, f(x))
� ((++( !).&+(

* ��// (66( 2%( � ���!� � 2 & I (*+ 2% &%+()'� 66( !( +( /* (+ f(x)
!,*&1%( 6� /.*&+&.% ! �2%

/.&%+  .5&6( �2 +( /*
x
3
τa(x)

(*+ 6� ��� ��  � ��  !!  !2  .5&6( *2) 6 �&%+()'� 66( [a, x]�! &*+�%&( /�)&.2)2( ! &' &*,( /�) 6( +( /* !( /�)&.2)*� �
� ��.,-,
. � �� �) $! �� �"  f  �� !,)&'�56(  ! a �� � ��"
  ����#����  �  !� τa(x)
��!� #�   �"�! x � ! � #� a � � � � � �� � ��� �� ��� ��  �� �� !,)&',( !( f (% a  � �  
! �� f ′(a) �

f ′(a) = lim
x→a

f(x) − f(a)

x− a

�� !,)&',(  f  �� �� � �! ����! f ′  �"� � "! % ��!� ��� ��� �� �#�� �  f  ! � % ��!�
��  � �  
 ��� �
4,. ,+)&�2( (%+ 3 6� '�6(2) !( 6� !,)&',( (%

a
(*+ 6� %  !�  �� ��!�  !� (% a 4 6�&.2)5 ( ! �,�2�+&.%

y = f(x)
�
12)( � �7� � 2&

f(x)
(*+ 6� /.*&+&.% ! �2%  .5&6( 4 6 �&%*+�%+

x
3
f ′(a)

(*+ *� ��� ��  �!���!��! � 4 6 �&%*+�%+ a � #.&&& !(2� &�* /�)+&&26&()* �
• 2&

f
(*+ &.%*+�%+( 3 *(* +�2� ! ��&&).&**( (%+* *.%+ %26* 3 (+ !.%& *(* !,)&',(* (%

+.2* /.&%+* *.%+ %266(* �
∀x ∈ I , f(x) = λ =⇒ ∀x ∈ I , f ′(x) = 0
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f(a)

a

f(x)

x

��� � � �7 � 2,&�%+(* (+ +�%1(%+( (%
a
4 6� &.2)5 ( ! �,�2�+&.%

y = f(x)
�

• 2&
f
(*+ 6&%,� &)( 3 *(* +�2� ! ��&&).&**( (%+* *.%+ &.%*+�%+* 3 (+ !.%& *(* !,)&',(*

(% +.2+ /.&%+ *.%+ &.%*+�%+(* �

∀x ∈ I , f(x) = λx =⇒ ∀x ∈ I , f ′(x) = λ

�6 (*+ *.2'(%+ &.  .!( !( *( )� (%() 4 !(* 6& &+(* (%
0
3 (% ,&)&'�%+ �

f ′(a) = lim
h→0

f(a+ h) − f(a)

h
#.&& & 2%( ,&)&+2)( ,�2&'� 6(%+( �
� 
�
�,-,
. � �� �0 �� � �! ����! f ��  � f ′(a) ����  �#�� �  ! a ��  � �  "� �  !� ��
�" �����!��   0 % �"# h �

f(a+ h) = f(a) + hf ′(a) + o(h)

� �� �!��#����! � 9( +�2� ! ��&&).&**( (%+
τa(x)

�! (+
f ′(a)

/.2) 6& &+( (%
a
*& (+

*(26( (%+ *& �
lim
h→0

f(a+ h) − f(a)

h
− f ′(a) = lim

h→0

f(a+ h) − f(a) − hf ′(a)

h
= 0

��) !,
%&+&.% 3 &(&& ,�2&'�2+ 4 ! &)( �2(
f(a+ h)− f(a)− hf ′(a)

(*+ %,1 6&1(�56( !('�%+
h
3 �2 '.&*&%�1( !(

0 �
f(a+ h) − f(a) − hf ′(a) = o(h)

�

� ��.,-,
. � �� �� $! �� �"  �� � �! ����! f ��  � "! !,'(6.//( (%+ 6& &+, ! �.)!)( 7
 ! a �� �

f(a+ h) = f(a) + hf ′(a) + o(h)
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� &)( �2(
f
�! (+ 2% !,'(6.//( (%+ 6& &+, ! �.)!)(

1
�2 '.&*&%�1( !(

0
3 & �(*+ !.%%()

2%( �//).� & �+&.% � .% �� ) ( /�) 64 �2( 3 *&
h
(*+ / (+&+ 3

f(a + h)
/(2+ �+)( �//). &0,

/�) 6� '� 6(2) !(
f
(%
a
3
f(a)

3 / 62* 2% +() ( 6&%,� &)(
hf ′(a)

� 9� ! &�,)(%&( (%+)(
f(a+h)(+ &(++( �//).� & �+&.% (*+ %,1 6&1(�56( !('�%+

h
�

2&
f
(*+ !,)&'�56( (%

a
3 (66( (*+ %,&(**� &)( (%+ &.%+&%2( (% &( /.&%+ �

� 
�
�,-,
. � �� �� � � f  �� �#�����  ! a ���#� f  �� ��!��!"  ! a �
� �� �!��#����! � %&)&'.%* 6( !,'(6.//( (%+ 6& &+, ! �.)!)( 1 �

f(a+ h) = f(a) + hf ′(a) + o(h)

�% (% !,!2&+
lim
h→0

f(a+ h) = f(a) ,

&( �2& ,�2&'�2+ 4 �
lim
x→a

f(x) = f(a)

�

#.&& & 2% /)( &() (�( /6( �
� 
�
�,-,
. � �� �� � ��� n ∈ Z "!  !�� # � 
 �� �� � �! ����! f : x 7→ xn  �� �#����� 
 ! ��"� % ��!� a ��  � �  �� �� !�   � �

f ′(a) = nan−1

� �� �!��#����! � 2 & n = 0
6� $.%&+&.% (*+ &.%*+�%+( (+ *� !,)&',( (*+ %266( � 22//.*.%*

n > 0
� %&)&'.%* 6( +�2� ! ��&&).&**( (%+ !(

f
(%

a
� �.2)

x 6= a �
f(x) − f(a)

x− a
=
xn − an

x− a
=

n−1∑

i=0

xi an−1−i

9� *.  ( &.%+&(%+
n
+() (* 3 !.%+ &0�&2% +(%! '()*

an−1 �2�%!
x
+(%! '()*
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(+
g′(x) = 2(1 + x) , g′′(x) = 2 ,

(+ ∀k ≥ 3 , g(k)(x) = 0
��) �//6&&�+&.% !( �� �� �7� 3

(fg)(n) = n! (1 + x)2 + 2nn! x(1 + x) +
n(n− 1)

2
n! x2
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� �� ���	#��	 �	� �""#	 ���	� 	��� ����
%% 2% /.&%+ .� 6� !,)&',( ! �2%( $.%&+&.% * ��%%26( 3 6(* �&&).&**( (%+* !( 6� $.%&+&.%

*.%+ %,1 6&1(�56(* !('�%+ 6(* �&&).&**( (%+* !( 6� '�)&�56( � 2.2'(%+ 3 & �(*+ 2% /.&%+ .�
6(* '�)&�+&.%* !( 6� $.%&+&.% &0�%1(%+ !( *(%* 3 !.%& 2%  �� & 2 .2 2%  &%& 2 �
� ��.,-,
. � �� �� � ��� f "!  � �! ����!  R �!� R �� !� �"# "! �!� #��� � �"� #� I �� ��� a "! % ��!�  I � $! �� �"  a  �� "!

•  �� & 2 6. &� 6  f ��
∃η > 0 , |x− a| ≤ η =⇒ f(x) ≤ f(a)

•  &%& 2 6. &� 6  f ��
∃η > 0 , |x− a| ≤ η =⇒ f(x) ≥ f(a)

�%*&*+.%* *2) 6 ��!� (&+&$ ������ �6 *2� + �2( 6� '� 6(2) !( f (% a *.&+ 6� /62* 1)�%!( !(*'� 6(2)* /)&*(* /�)
f
*2) 2% /(+&+ &%+()'� 66( �2+.2) !(

a
/.2) �2(

f
*.&+ 2%  �� & 2 

6. &� 6 � ((++( '� 6(2) % �(*+ /�* %,&(**�&)( (%+ 6� /62* 1)�%!( /)&*( /�)
f
*2) +.2+ *.%

!. �&%( !( !,
%&+&.% �'.&) 6( 1)�/0( !( 6� 
12)( � ��� �
	
�
��� � �� �) � ��� f "!  � �! ����!  R �!� R �� !� �"# "! �!� #��� � �"� #� I �� � f % #��  !� "!  
 �# �"� ���
 ��"� �" � �!��"�� �����  ! "! % ��!� a  I   � �� f
 �� �#�����  ! a ���#� f ′(a) = 0 �
� �� �!��#����! � 2& a (*+ 2%  &% & 2 6. &� 6 !( f 3 � 6.)* & �(*+ 2%  �� & 2 6. &� 6 !( −f �
�2&++( 4 )( /6�&()

f
/�) −f 3 %.2* / .2'.%* *2//.*() �2( a (*+ 2%  �� & 2 6. &� 6 �

∃η > 0 , |x− a| ≤ η =⇒ f(x) ≤ f(a)

�.%& /.2) +.2+
x
!�%* 6 �&%+()'�66(

[a− η, a[
3

f(x) − f(a)

x− a
≥ 0

!.%&
lim

x→a−

f(x) − f(a)

x− a
= f ′(a) ≥ 0

�.2) +.2+
x
!�%* 6 �&%+()'� 66(

]a, a + η[
3

f(x) − f(a)

x− a
≤ 0

!.%&
lim

x→a+

f(x) − f(a)

x− a
= f ′(a) ≤ 0

� �.� 6( ),*26+�+ �
�$%( $.%&+&.% / (2+ /),*(%+() 2% (�+)( 2 (%

a
3 *�%* �+)( !,)&'�56( (% &( /.&%+ �/�)

(�( /6( 6� $.%&+&.% '� 6(2) �5*.62( (%
0
� � �6 *( / (2+ �2**& �2( 6� !,)&',( (% 2% /.&%+ *.&+

%266( *�%* �2( 6� $.%&+&.% �! (++( 2% (�+)( 2 (% &( /.&%+ � /�) (�( /6( 6� $.%&+&.%
x 7→ x3 (% 0

� #.&& & 2% �2+)( (� ( /6( �
12)( � ��� � 2.&+
f
6� $.%&+&.% !,
%&( /�) �

f
R∗ −→ R

x 7−→ f(x) =

{
x2 sin(1/x)

*&
x 6= 0

0
*&

x = 0
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f(x)=x^2 sin(1/x) 

��� � � �� � 4)�/0( !( 6� $.%&+&.%
x 7→ x2 sin(1/x)

�

9( +�2� ! ��&&).&**( (%+ !(
f
(%

0
(*+

x sin(1/x)
3 �2& +(%! '()*

0
� 9� !,)&',( !(

f(%
0
(*+ !.%& %266( � �.2)+�%+ 3 +.2+ &%+()'�66( &.%+(%�%+

0
3 &.%+&(%+ �2**& !(* '� 6(2)*

/.*&+&'(* 3 (+ !(* '�6(2)* %,1�+&'(* �(+ �2**& 2%( &%
%&+, ! �(�+)( � 6. &�2� � �

.2* � 66.%* �//6&�2() 6( +0,.)	 ( � �� �� 3 / .2) !, .%+)() 6( �� ��#��   ��� � �
	
�
��� � �� �0 � �� !� a  � b  "
 #� �� � �� �"  a < b � � ��� f "!  � �! ����!  [a, b]
�!� R ��!��!"  �"# [a, b] �#����� �"# ]a, b[ � � � f(a) = f(b) ���#� �� �#�� �  f
� ��!!"� �"# ]a, b[ �

∃c ∈]a, b[ , f ′(c) = 0

� �� �!��#����! � $%( �//6&&�+&.% &.%+&%2( *2) &%+()'�66( $() , 5 .)%, 3 �++(&%+ *� 5.)%(&% $,)&(2)(
m
(+ *� 5.)%( *2/,)&(2)(

M � &6 (� &*+( c1, c2 ∈ [a, b]
+(6* �2( /.2) +.2+

x ∈ [a, b]
3

m = f(c1) ≤ f(x) ≤ f(c2) = M

2&
m = M

3 6 ��//6&&�+&.%
f
(*+ &.%*+�%+( *2)

[a, b]
3 (+ *� !,)&',( (*+ &!(%+&�2( (%+ %266( �

2&
m < M

3 � 6.)* 6 �2%( �2  .&%* !( &(* !(2� '� 6(2)* (*+ ! &� ,)(%+( !(
f(a)

�(+ !.%&
!(

f(b)
� � 2&

m < f(a)
3 � 6.)*

c1 ∈]a, b[
(*+ 2%  &% & 2 /.2)

f
3 (+ !.%&

f ′(c1) = 0
3

! ��/)	* 6( +0,.)	 ( /),&,!(%+ � 2 &
M > f(a)

3 � 6.)*
c2
(*+ 2%  �� & 2 /.2)

f
3 (+ !.%&

f ′(c2) = 0
�

�

�% (% !,!2&+ 6( ),*26+�+ 6( /62* & /.)+�%+ !( &(++( *(&+&.% 3 6( �� ��#��   � ���#����  �
�  !�� � !�� �
	
�
��� � �� �� � �� !� a  � b  "
 #� �� � �� �"  a < b � � ��� f "!  � �! ����!  [a, b]
�!� R ��!��!"  �"# [a, b] �#����� �"# ]a, b[ �

∃c ∈]a, b[ ,
f(b) − f(a)

b− a
= f ′(c)
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M

m

f(a)=f(b)

a b

��� � � �� � �0,.)	 ( !( �.66( �

a b

f(a)

f(b)

��� � � �� � �0,.)	 ( !(* �&&).&**( (%+* 
%&* �

� �� �!��#����! � (.%*&!,).%* 6� $.%&+&.% g 3 �2& 4 x ∈ [a, b]
�**. & &(

g(x) = f(x) − f(b) − f(a)

b− a
x

9� $.%&+&.%
g
(*+ &.%+&%2( *2)

[a, b]
3 !,)&'�56( *2)

]a, b[
� � ( /62* 3 (66( /)(%! 6�  � (

'� 6(2) (%
a
(+
b �

g(a) = g(b) =
bf(a) − af(b)

b− a
� ��/)	* 6( +0,.)	 ( !( �.66( 3 6� !,)&',( !(

g
* ��%%26( (% 2% /.&%+

c
!(

]a, b[
�

g′(c) = f ′(c) − f(b) − f(a)

b− a
= 0

� �.� 6( ),*26+�+ �
�4)�/0&�2( (%+ 3 6( +0,.)	 ( !(* �&&).&**( (%+* 
%&* ! &+ �2( 6� &.2)5 ( )(/),*(%+�+&'( !(

f
*2)

[a, b]
/.**	!( �2  .&%* 2%( +�%1(%+( /�)� 66	6( 4 6� *,&�%+( /�**�%+ /�)

(a, f(a))(+
(b, f(b))

�
12)( � ��� � 2 &
f(x)

)(/),*(%+( 6� /.*&+&.% ! �2%  .5&6( 4 6 �&%*+�%+
x
3 6(

+0,.)	 ( !(* �&&).&**( (%+* 
%&* ! &+ �2( (% �2  .&%* 2% /.&%+ 3 6� '&+(**( &%*+�%+�%,(
!.&+ �+)( ,1� 6( 4 6� ' &+(**(  .3(%%( *2) 6 �&%+()'� 66( �
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9( /62* *.2'(%+ (% /)�+&�2( 3 .% %( *�&+ )&(% !( 6� '�6(2) !(
c
�2& (*+ +(66( �2( 6�

+�%1(%+( (%
c
(*+ /�)� 66	 6( 4 6� *,&�%+( � � � &* !( *.% (� &*+(%&( !,&.26(%+ !(* &%,1� 6&+,*

/ () (++�%+ ! �.5+(%&) !(* )(%*(&1%( (%+* /),& &* *2) 6(* �&&).&**( (%+* !( 6� $.%&+&.% �
9( +0,.)	 ( !(* �&&).&**( (%+* 
%&* / () (+ �2**& ! �,+�56&) 6( 6&(% (%+)( 6( *(%* !(
'�)&�+&.% !(

f
(+ 6( *&1%( !( *� !,)&',( �

� 
�
�,-,
. � �� �� � ��� I "! �!� #��� � �"� #� ! �! ��   � f "!  � �! ����! �#����� 
�"# I �

• f  �� �#�����!� �"# I ��  � �  " � �  !� �� f ′  �� % ������  �" !"� � �"# I 
• f  �� ��#�����!� �"# I ��  � �  "� �  !� �� f ′  �� ! ������  �" !"� � �"# I 

� �� �!��#����! � 9� $.%&+&.% f (*+ &).&**�%+( *& (+ *(26( (%+ *& −f (*+ !,&).&**�%+( � �6*2� + !.%& !( !, .%+)() 6( /)( &() /.&%+ � 2 &
f
(*+ &).&**�%+( 3 � 6.)* *(* +�2� ! ��&&).&*�

*( (%+ *.%+ +.2* / .*&+&$* .2 %26* �

∀x, y ∈ I ,
f(x) − f(y)

x− y
≥ 0

(.  ( 6� !,)&',( (% &0��2( /.&%+ (*+ 6& &+( !( +�2� ! ��&&).&**( (%+ 3 (66( (*+ �2**&
/.*&+&'( .2 %266( �

� ,&&/).�2( (%+ 3 *.&(%+
x
(+
y
!(2� /.&%+* !(

I
+(6* �2(

x < y
� �//6&�2.%* 6(

+0,.)	 ( !(* �&&).&**( (%+* 
%&* 4
f
*2) 6 �&%+()'� 66(

[x, y] � &6 (� &*+( c ∈]x, y[
+(6 �2( �

f(y) − f(x)

y − x
= f ′(c) ≥ 0

�.%&
f(x) ≤ f(y)

�
�

(( ),*26+�+ % �(*+ '�6�56( �2( *2) 2% �!� #��� � � 6� $.%&+&.% x 7→ 1/x
� 2%( !,)&',( %,�

1�+&'( *2)
R∗ 3 / .2)+�%+ (66( % �(*+ /�* !,&).&**�%+( � � ��2+)( /�)+ 3 *& 6� !,)&',( (*+ *+)&&�

+( (%+ /.*&+&'( 3 � 6.)* 6� $.%&+&.% (*+ *+)&&+( (%+ &).&**�%+( � 9� ),& &/).�2( (*+ $�2**( �
9� $.%&+&.% /(2+ �+)( *+)&&+( (%+ &).&**�%+(  � ( *& 6� !,)&',( * ��%%26( (% &()+� &%*
/.&%+* �/�) (�( /6(

x 7→ x3� �
(.  ( �2+)( �//6&&�+&.% !2 +0,.)	 ( !(* �&&).&**( (%+* 
%&* 3 &6 (*+ /.**&5 6( ! �.5+(%&)
6� !,)&',( (% 2% /.&%+ &.  ( /).6.%1( (%+ /�) &.%+&%2&+, !( 6� !,)&',( &� 6&26,( *2)
2% &%+()'�66( �
� 
�
�,-,
. � �� �� � �� !� a  � b  "
 #� �� � �� �"  a < b � � ��� f "!  � �! ����!  R

�!� R ��!��!"  �"# � ��!� #��� � [a, b] �#����� �"# ]a, b[ � � � f ′ ��  !� "!  ��� �� � !� 
 ! a ���#� f  �� �#����� � #���  ! a  � �

f ′(a) = lim
x→a+

f ′(x)

� �� �!��#����! � 2.&+
x ∈]a, b]

� �//6&�2.%* 6( +0,.)	 ( !(* �&&).&**( (%+* 
%&* *2)
6 �&%+()'� 66(

[a, x]
� �6 (� &*+(

c ∈]a, x[
+(6 �2(

f(x) − f(a)

x− a
= f ′(c)
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2.&+
l
6� 6& &+( 4 !).&+( !(

f ′ (% a �.2) +.2+
ε > 0

3 &6 (� &*+(
η > 0

+(6 �2(
a < x ≤ a+ η =⇒ |f ′(x) − l| ≤ ε

�.%& /.2)
a < x ≤ a + ε

3
∣
∣
∣
∣

f(x) − f(a)

x− a
− l

∣
∣
∣
∣
≤ ε

� �.� 6( ),*26+�+ �
�

(( ),*26+�+ % �(*+ �2 �2%( &.%! &+&.% *2� *�%+( � �6 / (2+ *( $� &)( �2( 6� !,)&',( (� &*+( *�%*
�2 �(66( *.&+ &.%+&%2( � ��) (�( /6( 6� $.%&+&.%

x 7→ x2 sin(1/x)
� 2%( !,)&',( %266( (%

0�
12)( � ��� � �.2)+�%+ *� !,)&',( (%
x
3
2x sin(1/x) − cos(1/x)

3 % �� /�* !( 6& &+( (%
0
�

� �� �	�"��	�� "	��	�	�
� ��.,-,
. � �� �� � ��� f "!  � �! ����!  R �!� R �� !� �"# "! �!� #��� � I ��!� �
!�!� �" � ��!�  "
 % ��!�� � $! �� �" f  �� &.%'(�( �"# I ��  � �  "� �  !� �� �

∀x, y ∈ I , ∀λ ∈ [0, 1] , f(λx+ (1 − λ)y) ≤ λf(x) + (1 − λf(y)
�� �� ���

2&
x < y

3 (+
λ ∈ [0, 1]

3 � 6.)*
λx+(1−λ)y

(*+ 2% /.&%+ !( 6 �&%+()'� 66(
[x, y]

� 9� &.%! &+&.%
�� �� ��� ! &+ �2( 6( / .&%+ !( 6� &.2)5 ( )(/),*(%+�+&'( ! ��5*&&**(

λx + (1 − λ)y
!.&+ �+)(

*&+2, �2�!(**.2* !2 *(1 (%+ !( *,&�%+( � .&1%�%+ 6(* / .&%+*
(x, f(x))

(+
(y, f(y))

�
12)(
� �"� � %% ! ��2+)(* +() (* 3 +.2+ �#� !( 6� &.2)5 ( )(/),*(%+�+&'( !.&+ �+)( *&+2, �2�!(**.2*!( *� &.)!( � � (  �%&	)( ,�2&'�6(%+( 3 6� /�)+&( !2 /6�% *&+2,( �2�!(**2* !( 6� &.2)5 (
)(/),*(%+�+&'( (*+ 2%( ),1 &.% ��!� 
  3 �2 *(%* .� +.2+ *(1 (%+ � .&1%�%+ !(2� !( *(*/.&%+* (*+ (%+&	)( (%+ &.%+(%2 !�%* 6� ),1 &.% �

f(  x+(1−  )y)λ λ

  f(x)+(1−  )f(y)λλ

x y

��� � � �" � (.2)5 ( )(/),*(%+�+&'( ! �2%( $.%&+&.% &.%'(�( �
$%( $.%&+&.% (*+ ! &+( ��! ��� *& *.% .//.*,( (*+ &.%'(� ( � 9(* /)./)&,+,* *.%+ &%�'()*,(* � +.2+ �)& (*+ �2�!(**2* !( *� &.)!( � 9� ),1 &.% !2 /6�% *&+2,( �"� �� �"� !( 6�&.2)5 ( )(/),*(%+�+&'( (*+ &.%'(�( �
9� $.%&+&.% (�/.%(%+&(66( (*+ &.%'(�( 3 6� $.%&+&.% 6.1�)&+0 ( (*+ &.%&�'( � 9� $.%&�

+&.%
x 7→ xa (*+ &.%'(�( *2) R+ /.2) a ≥ 1

3 (66( (*+ &.%&�'( /.2)
0 ≤ a ≤ 1

� 9� $.%&+&.%
x 7→ 1/x

(*+ &.%'(�( *2)
R+ 3 &.%&�'( *2) R− 3 !(  � ( �2( 6� $.%&+&.%

x 7→ x3 �

7�"



#.&& & 2%( �2+)( &�)�&+,)&*�+&.% !( 6� &.%'(� &+, �
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�
�,-,
. � �� �) � ��� f "!  � �! ����!  R �!� R �� !� �"# "! �!� #��� � I ��!� �
!�!� �" � ��!�  "
 % ��!�� � �� � �! ����! f  �� &.%'(�( �"# I ��  � �  "� �  !� �� % �"#
��"� a ∈ I � ��"
  ����#����  �  !� τa(x)  �� "!  � �! ����! �#�����!�  x �"# I \ {a} �

∀x, y ∈ I \ {a} , x ≤ y =⇒ f(x) − f(a)

x− a
≤ f(y) − f(a)

y − a

� �� �!��#����! � (.   (%�.%* /�) 6� &.%! &+&.% %,&(**� &)( � 2.&+ a ∈ I
(+
x, y ∈ I \ a+(6* �2(

x ≤ y
� �).&* &�* *.%+ /.**&56(* � x ≤ y < a

3
x < a < y

3
a < x ≤ y

� 
.2*
+)� &+.%* 6( /)( &() 3 6(* !(2� �2+)(* *.%+ �%� 6.12(* � 2.&+

λ = (a − y)/(a − x)
� � 6.)*

y = λx+ (1 − λ)a
� (.  (

f
(*+ &.%'(� ( 3

f(y) ≤ λf(x) + (1 − λ)f(a) =
a− y

a− x
f(x) +

(

1 − a− y

a− x

)

f(a)

�% (% !,!2&+ �
f(y)− f(a)

a− y
≤ f(x) − f(a)

a− x
,

*.&+ �
f(x) − f(a)

x− a
≤ f(y) − f(a)

y − a
.

� .%+).%*  � &%+(%�%+ 6� &.%! &+&.% *2� *�%+( � 2.&(%+
x
(+
y
!(2� /.&%+* !(

I
+(6* �2(

x < y
(+
λ
2% ),(6 !�%*

[0, 1]
� �.*.%*

a = λx+ (1 − λ)y
3 (+ !.%& �

λ =
y − a

y − x

(+
(1 − λ) =

a− x

y − x

2&
λ = 0

.2
1
3 6 �&%,1�6&+, (*+ ',)&
,( � 
.2* /.2'.%* !.%& *2//.*() �2(

a
(*+ ! &�,)(%+

!(
x
(+
y
� %&)&'.%* �2( 6( +�2� ! ��&&).&**( (%+ (%

a
(*+ &).&**�%+ �

f(x) − f(a)

x− a
≤ f(y) − f(a)

y − a
.

%%  26+&/ 6&�%+ 6(* !(2�  ( 5)(* /�) 6( /).!2&+
(a − x)(y − a)

3 �2& (*+ /.*&+&$ 3 .%
.5+&(%+ �

f(a)(y − x) ≤ f(x)(y − a) + f(y)(a− x)
%% ! &' &*�%+ /�)

(y − x)
&(& & !.%%( �

f(a) ≤ y − a

y − x
f(x) +

a− x

y − x
f(y) = λf(x) + (1 − λ)f(y) .
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a
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τa(x)
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7 � � .%+)() �2( 6( +0,.)	 ( !( �.66( * ��//6&�2( 4 6� $.%&+&.%
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2% (%+&() %�+2)(6 � � .%+)() �2( 6 �,�2�+&.%

xn+ax+b =
0
� �2 /62* +).&* *.62+&.%* ),(66(* �
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n∑

i=1

xp
i =

n∑

i=1

yp
i = 1

� .%+)() �2(
n∑

i=1

xiyi ≤ 1
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n∑

i=1

yp
i

)1/p

��% /.*()�
q = p/(p− 1)

(+
(xi + yi)

p = xi(xi + yi)
p−1 + yi(xi + yi)

p−1)
�

� �� �	�� ��� 	���
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#.&& & &.  (%+ 3 !�%* �� ���� �% � �� � ��"#���� � #�! ��% �� � ���  � ����� �7"'�� 3 
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*.%+ *�%* !,)&',(� �
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�2& * ��%%26( (%

1
3 (+ 6 �(�/.%(%+&(66( &.  ( *� $.%&+&.% ),&&/).�2( �

�% (% !,!2&+ � 6.)* 6(* /)./)&,+,* !( &(* !(2� $.%&+&.%* � 
.2* � 66.%* '.&) 2%( �2+)(
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9( 52+ !( &( �2& *2&+ (*+ !( &.%*+)2&)( 6(* $.%&+&.%* (�/.%(%+&(66( (+ 6.1�)&+0 ( 3
(+ ! �(% !, .%+)() 6(* /)&%& &/� 6(* /)./)&,+,* 3 4 /�)+&) !( 6� /)./)&,+, $.%!� (%+� 6( !(
6 �(�/.%(%+&(66( 3 �2& (*+ !( +)�%*$.) () 6(* *.  (* (% /).!2&+ �

∀x, y ∈ R , f(x+ y) = f(x)f(y) .
�� �' ���
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f
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�%+ �� �' ��� 3 / .2) (% !,!2&)( *(* /)./)&,+,* �
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�
�,-,
. � �� �� � ��� f "!  � �! ����!  R �!� R ��#�� �!� �� �' ��� � � ��#� ��� � � f � ��!!"�  ! "! % ��!� ���#� f  �� � !���"  �  !� !"� � �"# R �� � � � f ! � ��!!"� %�� ���#� f(0) = 1  � % �"# ��"� x ∈ R �

f(−x) =
1

f(x)

� � � �"# ��"� x ∈ R % �"# ��"� n ∈ N �
f(nx) = (f(x))n .

� �� �!��#����! � 2 & f(x) = 0
3 � 6.)* / .2) +.2+

y ∈ R
3

f(y) = f(y − x+ x) = f(y − x)f(x) = 0 .

�.%& 3 *.&+
f
(*+ &!(%+&�2( (%+ %266( 3 *.&+ (66( %( * ��%%26( � � � &* � (.  (
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f(x)f(0)

3 *&
f(x) 6= 0

3 � 6.)*
f(0) = 1

� %%*2&+( 3
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� � ��!� 
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� � �#����� �"# R  � �

∀x ∈ R , f ′(x) = f(x)f ′(0) .
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f
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f(0) = 1
� (.  (

f
(*+ &.%+&%2( (%

0
3 &6 (� &*+(

η > 0
+(6 �2( /.2) +.2+

x ∈] − η, η[
3
f(x) > 0

� 2.&+
y ∈ R

�2(6&.%�2( � &6 (� &*+(
n ∈ N

+(6 �2(
y/n ∈] − η, η[

� � ��/)	* 6( /.&%+ � !( 6� /)./.*&+&.%
� �' �73

f(y) = (f(y/n))n > 0
�

� .%+).%*  � &%+(%�%+ 6� &.%+&%2&+, (% 2% /.&%+
x
�2(6&.%�2( !(

R
�

lim
h→0

f(x+ h) = lim
h→0

f(x)f(h) = f(x) lim
h→0

f(h) = f(x) ,

&�)
f
(*+ &.%+&%2( (%

0
(+
f(0) = 1

�
9� !, .%*+)�+&.% !( 6� &.%'(� &+, (*+ /62* ! &� & &6( � 
.2* *.20� &+.%*  .%+)() �2(

/.2) +.2+
x < y

3 (+ / .2) +.2+
λ ∈ [0, 1]

3
f(λx+ (1 − λ)y) ≤ λf(x) + (1 − λ)f(y) .

�� �' ���

.2* � 66.%* ! ��5.)!  .%+)() �2( /.2) +.2+

n ∈ N∗ 3

∀(x1, . . . , xn) ∈ Rn , f

(
x1 + · · · + xn

n

)

≤ f(x1) + · · ·+ f(xn)

n
.

�� �' ���

� ��/)	* �� �' ��� (+ 6( /.&%+ � !( 6� /)./ .*&+&.% � �' �73

∀(x1, . . . , xn) ∈ Rn , f
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x1 + · · ·+ xn

n
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i=1

f(xi)

)1/n

�% /.2))� &+ (% !,!2&)( �� �' ��� 3 (% 2+&6&*�%+ � � � 6� &.%&�'&+, !2 6.1�)&+0 ( 3 �2( %.2*
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� �5*()'.%* ! ��5.)! �2( �� �' ���
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f
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2
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=
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2

3 ! �.� �� �' ���
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2
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x1 + · · · + xn

n
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+ f
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n
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≤ 1

2
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f(x1) + · · · + f(xn)

n
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n

)
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m
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.
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3 � � � 3
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q
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x < y
�

�//6&�2.%* �� �' ��� /.2)
n = q
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x1 = · · · = xp = x
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xp+1 = · · · = xq = y
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f

(
p

q
x+ (1 − p

q
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)

≤ p

q
f(x) + (1 − p

q
)f(y) ,

*.&+ �� �' �� � /.2)
λ = p

q
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f
,+�%+ &.%+&%2( 3 �� �' �� � (*+ �2**&
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h ∈ R∗�**. & &( 6 ��&&).&**( (%+ �
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h− 0
=
f(h) − 1
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.
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lim
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f(x+ h) − f(x)

h
= f(x) lim
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= f(x)f ′(0) .
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f
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a
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q
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ax = inf{ay , y ∈ Q

(+
y > x} .

�.2) &(6� 3 &.  (%�.%* /�)  .%+)() �2( *&
(xn)

(*+ 2%( *2&+( !( #����!!  �� % ������ � 3+(%!�%+ '()*
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ρ
(*+ 2% ),(6 / .*&+&$ 3 �6.)* �2�%!

m ∈ N
+(%! '()* 6 �&%
%& 3

ρm +(%! '()* 0*&
ρ < 1

3 '()*
+∞ *&

ρ > 1
� �% (% !,!2&+ �2(

((1 − ε)
1

xn )
&.%'()1( '()*

0
3 � 6.)* �2(

((1 + ε)
1

xn )
&.%'()1( '()*

+∞ � �.%& &6 (� &*+(
n0
+(6 �2( /.2) +.2+

n > n0
3

a ∈ [(1 − ε)
1

xn ) , (1 + ε)
1

xn ],

*.&+
axn ∈ [1− ε, 1+ ε]

� 2 & 6(*
xn

*.%+ !(* )�+&.%%(6* !������ � 3 6� &.%& 62*&.% (*+ 6�  � (
&�)

axn = (a−xn)−1 � �.%& 6� &.%& 62*&.% )(*+( ')� &( /.2) 2%( *2&+( !( )�+&.%%(6* xn

!(
*&1%( �2(6&.%�2( � �% (% !,!2&+ !.%& �2( 6� $.%&+&.% �2( %.2* �'.%* !,
%&( (*+ 5&(%
&.%+&%2( (%

0
�

7��



�.2)
a > 0

3 6� $.%&+&.% �2& 4
x
�**. & &(

ax (*+ !.%& &.%+&%2( (% 0
3 (66( (*+ %.% %266( 3

(+ (66( ',)&
( �� �' ��� /.2) +.2+
x, y

)�+&.%%(6* 3 !.%& /.2) +.2+
x, y

),(6* 3 (% /�**�%+ 4
6� 6& &+( � � ��/)	* 6( /.&%+ � !( 6� /)./ .*&+&.% � �' �� 3 (66( (*+ !.%& &.%+&%2( *2)

R
�

�.2) 6 �2%&&&+, 3 &6 *2� + ! �.5*()'() �2( *& 2%( $.%&+&.%
f
',)&
( �� �' ��� (+ (*+ +(66( �2(

f(1) = a > 0
3 � 6.)* /�) 6� /)./.*&+&.% � �' �73 (66( (*+ +(66( �2(

f(x) = ax 3 / .2) +.2+ x)�+&.%%(6 � � (2� $.%&+&.%* &.%+&%2(* �2& &.�%&&!(%+ *2) 6(* )�+&.%%(6* 3 *.%+ %,&(**�&)(�
 (%+ ,1� 6(* �+.2+ ),(6 (*+ 6& &+( ! �2%( *2&+( !( )�+&.%%(6*� � �.%&

f(x) = ax 3 / .2) +.2+
x #� �� �
�.2)

a > 0
3 %.+.%*

fa

6 �2%&�2( $.%&+&.% &.%+&%2( (%
0
3 ',)&
�%+ �� �' ��� 3 (+ +(66( �2(

fa(1) = a
3 4 *�'.&) 6� $.%&+&.% �2& 4

x ∈ R
�**. & &(

ax �

fa R −→ R+∗

x 7−→ ax .

�2&*�2(
f(1) = a > 0

3 6� $.%&+&.%
f
(*+ %.% %266( (+ .% /(2+ 62 & �//6&�2() 6� /)./.*&+&.%

� �' �� � fa

(*+ !,)&'�56( *2)
R
�

� ��.,-,
. � �� �� $! �%%  � � 6.1�)&+0 (   � �! !�� ln �� � �! ����! �� !� �"# R+∗  �"�
� a > 0 ��� ��� ln(a) = f ′

a(0) �
� 
�
�,-,
. � �� ��

�� � �"# ��"� a, b > 0 �! � �
ln(ab) = ln(a) + ln(b) .

�� � �"# ��"� a > 0  � x ∈ R �! � �
ln(ax) = x ln(a) .

� � �� � �! ����! ln  �� ��#��� �  !� �#�����!�   � �
lim

x→0+
ln(x) = −∞  � lim

x→+∞
ln(x) = +∞ .

� �� �!��#����! � �.2) 6( /)( &() /.&%+ 3 *.&(%+
a
(+
b
!(2� ),(6* *+)&&+( (%+ / .*&+&$* 3 (+

&.%*&!,).%* 6� $.%&+&.%
fab
� �% � �

fab(x) = (ab)x = axbx = fa(x)fb(x) .

�% &� 6&26( !.%& 6� !,)&',( !(
fab

(%
0
3 (% !,)&'�%+ 6( /).!2&+

fafb �
ln(ab) = f ′

ab(0) = f ′
a(0)fb(0) + fa(0)f ′

b(0) = ln(a) + ln(b) .

�.2) 6( /.&%+ � 3 *.&+
a > 0

(+
x, y

!(2� ),(6* �

fa(xy) = axy = (ax)y = fax(y) .
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1&�.%*
x
3 !,)&'.%* /�) )�//.)+ 4

y
(+ /)(%.%* 6� !,)&',( (%

0
� �% .5+&(%+ �

xf ′
a(0) = f ′

ax(0) ,

! �.� 6( ),*26+�+ �
��**.%* �2 /.&%+ � � 1&�.%*

a > 1
� 9� $.%&+&.%

fa
(*+ �6.)* *+)&&+( (%+ &).&**�%+( 3

(66( �! (+ !.%& 2%( 6& &+( (%
+∞ � � ) 6� *2&+(

(an)
+(%! '()*

+∞ 3 !.%& 6� 6& &+( !(
fa

(%
+∞ (*+

+∞ � 9� )(6�+&.%
a−x = 1/ax  .%+)( �2( 6� 6& &+( !( fa

(% −∞ (*+
0
� 9�

$.%&+&.%
fa

(*+ !.%& 5&� (&+&'( 3 !(
R
!�%*

R+∗ � 9� )(6�+&.% ln(ax) = x ln(a)
 .%+)( �2(

6� $.%&+&.% ),& &/).�2( !(
ax (*+ 6� $.%&+&.% �2& 4

y ∈ R+∗ �**. &&( ln(y)/ ln(a)
� ((++(

$.%&+&.% (*+ !.%& *+)&&+( (%+ &).&**�%+( (+ 5&� (&+&'( !(
R+∗ !�%* R

�
�

�6 %.2* )(*+( 4 !,
%&) 6� $.%&+&.% (�/.%(%+&(66( 3 �2& (*+ 6� ),& &/).�2( !2 6.1�)&+0 ( �
� ��/)	* 6( /.&%+ � !( 6� /)./ .*&+&.% � �' �� 3 &6 (� &*+( 2% ),(6 2%&�2( 3 *+)&&+( (%+ / .*&+&$ 3
!.%+ 6( 6.1�)&+0 ( '�2+

1
� �% 6( %.+(

e
�

� ��.,-,
. � �� �� $! �%%  � � (�/.%(%+&(66(   � �! !�� exp �� � �! ����! �"� � x ∈ R

��� ��� ex  �� e  �� � �"!��" #� � � � �"  ln(e) = 1 �
� 
�
�,-,
. � �� �8 � � 
% �!  !�� � �  �� �� #���% #��" " ����#����  � � �  "
 � �! ����!�
� �!� ��#��� �  !� �#�����!� �  � �#����� � �

∀x ∈ R , exp′(x) = exp(x)  � ∀y ∈ R+∗ , ln′(y) =
1

y
.

�2&*�2(
ln(1) = 1

3 .% �
ln(exp(x)) = x

3 /�) 6( / .&%+ � !( 6� /)./ .*&+&.% � �' �� � 9�
!,)&',( !( 6 �(�/.%(%+&(66( (*+ !.%%,( /�) 6( / .&%+ � !( 6� /)./.*&+&.% � �' �� � �% !,)&'(
6( 6.1�)&+0 ( &.  ( 2%( $.%&+&.% ),& &/).�2( �

ln′(y) =
1

exp′(ln(y))
=

1

exp(ln(y))
=

1

y
.
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� ��� ���� �

��������� ��������

#.2* &.%%� &**(� !(/2&* 6.%1+( /* 6(* $.%&+&.%* +)&1.%. ,+)&�2(* 3 6 �(�/.%(%+&(66( (+
6( 6.1�)&+0 ( � 
.+)( /)( &() .5� (&+&$ *()� !( !, .%+)() )&1.2)(2*( (%+ 6(2)* /)./)&,+,* �

.2* &%+).!2&).%* �2**& 6(* $.%&+&.%* 03/()5 .6&�2(* �&%*& �2( 6(* $.%&+&.%* ),&&/).�2(*
!(* $.%&+&.%* +)&1.%. ,+)&�2(* (+ 03/ ()5.6&�2(* � �.2) &. /)(%!)( 6(* !, .%*+)�+&.%* 3
'.2* �2)(� 5(*.&% !(* %.+&.%* !( 5�*( !( 6 ��%� 63 *( � 6& &+(* 3 &.%+&%2&+, 3 !,)&'�5&6&+, (+&.%'(� &+, �

� �� �	�"��	�� �� �����"	
2 &
n
(*+ 2% (%+&() %�+2)(6 3 '.2* *�'(� &( �2 �(*+ 6� /2&**�%&(

n
� &	 ( ! �2% %. 5)( �6( /).!2&+ !( &( %. 5)( /�) 62 &� � (

n
$.&* �

an = a a . . . a
︸ ︷︷ ︸

n
$�&+(2)* .

��//(6.%* �2( /.2) +.2+
a
3
a0 = 1

� #.2* &.%%� &**(� �2**& 6� %.+�+&.%
a−1 /.2) 6 �&%'()*(!(

a
3 (+ '.2* *�'(� !.%& &� 6&26() !(* /2&**�%&( (%+&	)(* %,1�+&'(* �

a−n =
1

an
.

� &�2*( !( 6� )	1 6( !(* *&1%(* 3 2%( /2&**�%&( /� &)( (*+ +.2� .2)* /.*&+&'( .2 %266( � ( �(*+
6� )� &*.% /.2) 6��2(66( .% %( !,
%&+ !( /2&**�%&(* $)�&+&.%%�&)(* �2( /.2) !(* ),(6*
/.*&+&$* .2 %26* � 9( &�*

a = 0
% �(*+ /�* /�**&.%%�%+ � /.2) +.2+ x 3 0x = 0

� � �%* &( �2&
*2&+ 3

a
!,*&1%( 2% ),(6 ��#��� �  !� % ������ �

� 
�
�,-,
. � �� �� � ��!� �!! � "! #� � ��#��� �  !� % ������ a  �  "
  !�� #� p ∈ Z  �
q ∈ N∗  ��  
 ��� "! "!��" #� � ��#��� �  !� % ������ y � � �" yq = ap � & #� �  �� ! ���
ap/q �
� &%*& �

a1/2 =
√
a , a3/2 = (

√
a)3 =

√
a3 , a2/3 = ( 3

√
a)2 =

3
√
a2 .
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� �� �!��#����! � & �(*+ 2%( �//6&&�+&.% !2 +0,.)	 ( !( 6� 5&� (&+&.% � 9 ��//6&&�+&.% �2&
4
y
�**. &&(

yq (*+ &.%+&%2( (+ *+)&&+( (%+ &).&**�%+( !( [0,+∞[
!�%* 62&� � ( � ( �(*+

!.%& 2%( 5&� (&+&.% �
�


.2* )�**( 56.%* !�%* 6� /)./ .*&+&.% *2&'�%+( 6(* /)./)&,+,* !(* /2&**�%&(* $)�&�
+&.%%� &)(* �
� 
�
�,-,
. � �� �) � ��� a "! #� � ��#��� �  !� % ������ ��� � �� !� (p, q), (p′, q′) ∈ Z×N∗   "
 ��"% � �  � !�� #� � �� �" p/q = p′/q′ � � ��#� �

ap/q = ap′/q′ .

�� � �� !� (p, q), (p′, q′) ∈ Z × N∗   "
 ��"% � �  � !�� #� � � ��#� �
ap/q+p′/q′ = ap/qap′/q′ .

� � � ��� (p, q) ∈ Z × N∗ "! ��"% �  � !�� #� � � ��#� �

a−p/q =
1

ap/q
=

(
1

a

)p/q

.

� � � �� !� (p, q), (p′, q′) ∈ Z×N∗   "
 ��"% � �  � !�� #� � �� �" p/q < p′/q′ � � ��#� �
�� a > 1 ���#� ap/q < ap′/q′ 
�� a < 1 ���#� ap/q > ap′/q′ �

� �� �!��#����! � (66( &.%*&*+( 4 *( )� (%() �2� /)./)&,+,* &.%%2(* !(* /2&**�%&(*(%+&	)(* �
7 �

p

q
=
p′

q′
⇐⇒ pq′ = p′q .

�.%& �
apq′ = ap′q =⇒ apq′/qq′ = ap′q/qq′ =⇒ ap/q = ap′/q′ .

� �
ap/q+p′/q′ = a(pq′+p′q)/qq′ = (apq′+qp′)1/qq′

� )
pq′
(+
p′q
*.%+ !(2� (%+&()* � �.%& �

(apq′+qp′)1/qq′ = (apq′ap′q)1/qq′ = apq′/qq′ap′q/qq′ = ap/qap′/q′ .

� � %% 2+&6&*�%+ 6� )(6�+&.% /),&,!(%+( �

ap/q−p/q = a0 = 1 =⇒ a−p/q =
1

ap/q
=

(
1

ap

)1/q

=

(
1

a

)p/q

.
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� � �.2)
a > 1 �

p

q
<
p′

q′
=⇒ pq′ < qp′ =⇒ apq′ < ap′q =⇒ ap/q < ap′/q′ .

�% /�**( !(
a > 1

4
a < 1

/�) 6� /)./)&,+, � �
�

�+�%+ !.%%, 2% )�+&.%%(6
r
3 &6 (� &*+( 2%( &%
%&+, !(  �%&	)(* !( 6 �,&)&)( &.  ( )�//.)+

!( !(2� (%+&()* � 9( / .&%+ � !( 6� /)./.*&+&.% � �7 ��  .%+)( �2( 6� /2&**�%&( $)�&+&.%%�&)(
%( !,/ (%! �2( !2 )�//.)+

p/q
� 
.2* �'.%* !.%& !,
%&

ar /.2) +.2+ r #����!!  �� 
.2*�66.%* ,+(%!)( 6� !,
%&+&.% 4 +.2* 6(*
x #� �� �

� ��.,-,
. � �� �0 � ��� a "! #� � ��#��� �  !� % ������ � $! �%%  � � $.%&+&.% /2&**�%&(  
���  a �� � �! ����!  R �!� R+ �� !� %�# �

∀x ∈ R , ax = sup{ ar , r ∈ Q∩ ] −∞, x[ } .
9� 
12)( � �7  .%+)( 6( 1)�/0( !(* $.%&+&.%* /2&**�%&( / .2) /62*&(2)* '� 6(2)* !(

a
�

a x

a= a=

a=

a=

a= a=

a=

a=

a=1/3

1/4

1/5

1/2

5

4

3

2

1

−3 −2 −1 0 1 2 3

1

2

3

4

5

6

7

8

9

10

x

fonctions puissance 

0 .

��� � � �7 � 1.%&+&.%* /2&**�%&(
x 7→ ax /.2) /62*&(2)* '� 6(2)* !( a �

#.&& & 6� 6&*+( !(* /)./)&,+,* !(* $.%&+&.%* /2&**�%&(* �
	
�
��� � �� �� � ��� a "! #� � ��#��� �  !� % ������ ��� �� � �! ����! % "����! �  ���  a  �� "! � �#% � ���  " � #�"%  ����� (R,+) � #�

� � #�"%  �"���% ������� (R∗,×) �
∀x, y ∈ R , ax+y = axay .

�� �7 �7�
�� ��� � � a = 1 ���#� % �"# ��"� x ∈ R ax = 1

��� �� a > 1 ���#� x 7→ ax  �� ��#��� �  !� �#�����!�   � �
lim

x→−∞
ax = 0  � lim

x→+∞
ax = +∞ ,

7�5



��� �� a < 1 ���#� x 7→ ax  �� ��#��� �  !� ��#�����!�   � �
lim

x→−∞
ax = +∞  � lim

x→+∞
ax = 0 .

� � �� � �! ����! x 7→ ax  �� ��!� 
  �
� � �� � �! ����! x 7→ ax  �� �#�����  � �� �#�� �  �� x 7→ Laa

x  �� La  �� "!  
��!���!� �

� � �� � �! ����! x 7→ ax  �� �!�� !��  !� �#����� �"# R �
� �� �!��#����! � (66( &.%*&*+( (**(%+&(66( (%+ 4 ',)&
() 6(* /)./)&,+,* *.20� &+,(* *2) 6(*)�+&.%%(6* 3 /2&* 4 6(* ,+(%!)( �2� ),(6* /�) /�**�1( 4 6� 6& &+( �
7 � 2.&(%+

x
(+
y
!(2� ),(6* � 2.&(%+

(un)
(+

(vn)
6(* *2&+(* !(* �//).� & �+&.%* !,& & �6(*

/�) !,$�2+ !(
x
(+
y
� (( *.%+ !(2� *2&+(* &).&**�%+(* !( )�+&.%%(6* 3 �2& &.%'()1(%+

)(*/ (&+&'( (%+ '()*
x
(+
y
� 9� *2&+(

(un + vn)
(*+ (66(��2**& 2%( *2&+( &).&**�%+(

!( )�+&.%%(6* 3 (+ (66( &.%'()1( '()*
x + y

� � ) %.2* &.%%�&**.%* !,� 4 6� /)./)&,+,
/ .2) 6(* )�+&.%%(6* �

∀n ∈ N , aun+vn = aun avn .
��) !,
%&+&.% !( 6� 5.)%( *2/,)&(2)( 3 (+ &.  ( 6� $.%&+&.% /2&**�%&( (*+ &).&*�
*�%+( /.2) 6(* )�+&.%%(6* 3 6(* *2&+(*

(aun)
3
(avn)

(+
(aun+vn)

&.%'()1(%+ )(*/ (&+&�
'( (%+ '()*

ax 3 ay (+ ax+y � � �.� 6( ),*26+�+ �
� � 2.&+

x
2% ),(6 3 (+

(un)
6� *2&+( !( *(* �//).� & �+&.%* !,& & �6(* � 1x (*+ 6� 6& &+(!( 6� *2&+(

(1un)
� � ) / .2) +.2+

n
3
1un = 1

� � �.� 6( ),*26+�+ �
��**.%* �2 &�*

a > 1
� 2.&(%+

x
(+
y
!(2� ),(6* +(6* �2(

x < y
� �6 (� &*+( 2%

)�+&.%%(6
r
+(6 �2(

x < r < y
� 2.&(%+

(un)
(+

(vn)
6(* *2&+(* !(* �//).� & �+&.%*

!,&& � 6(* /�) !,$�2+ !(
x
(+
y
� �6 (� &*+( 2% &()+� &% )�%1

n0
+(6 �2( /.2) +.2+

n > n0

3
un < r < vn

� �.2)
a > 1

3 6(* *2&+(*
(aun)

(+
(avn)

*.%+ &).&**�%+(* �
(+
aun < ar < avn

� ��) /�**�1( 4 6� 6& &+( 3
ax ≤ ar < ay � �.%& x 7→ ax (*+*+)&&+( (%+ &).&**�%+( /.2)

a > 1
� �.2+( $.%&+&.% &).&**�%+( �! (+ 2%( 6& &+( (%

−∞ (+ (%
+∞ � �.2) &!(%+&
() &(* 6& &+(* 3 &6 *2� + !( &.%*&!,)() 2%( *2&+( +(%!�%+

'()* −∞ (+ 2%( *2&+( +(%!�%+ '()*
+∞ 3 /�) (�( /6( 6(* *2&+(* ! �(%+&()* (−n)

(+
(n)

� � ) �
lim

n→∞
a−n = 0

(+
lim

n→∞
an = +∞ .

� �.� 6( ),*26+�+ �
�.2)

a < 1
3 &%2+&6( !( )($�&)( 6(* !, .%*+)�+&.%* � &6 *2� + ! �2+&6&*() 6� $.) 26(

a−x = 1/ax 3 &.%*,�2(%&( !( �� �7 �7� �
� � 
.2* *.20� &+.%*  .%+)() �2( /.2) +.2+

x < y
3 (+ /.2) +.2+

λ ∈ [0, 1]
3

aλx+(1−λ)y 6 λax + (1 − λ)ay .
�� �7 ���

�6 (� &*+( /62*&(2)* !, .%*+)�+&.%* 3  � &* 6 ��2+(2) (*+ +(66( (%+ $�% !( &(66( �2&
*2&+ 3 �2 �&6 %( ),*&*+( /�* �2 /6� &*&) !( '.2* 6� *()' &) �

7��




.2* � 66.%* ! ��5.)!  .%+)() �2( /.2) +.2+
n ∈ N∗ �

∀(x1, . . . , xn) ∈ Rn , a(x1+···+xn)/n 6
1

n

(
ax1 + · · ·+ axn

)
.

�� �7 ���
9� !, .%*+)�+&.% !( �� �7 ��� (*+ 2%( ),&2))(%&( &2)&(2*( � �5*()'.%* ! ��5.)! �2(
�� �7 ��� (*+ +)&' &� 6( (%+ ')� &( /.2)

n = 1
� � .%+).%* �2 �(66( (*+ ')� &( /.2)

n = 2
�

��) �//6&&�+&.% !( �� �7 �7� (+ /2&*�2(
ax > 0

3 .% � �
a(x1+x2)/2 =

√
ax1ax2 .

�6 (*+ $�& &6( !( ',)&
() �2( *&
α
(+
β
*.%+ !(2� ),(6* / .*&+&$* 3 � 6.)* √

αβ 6 (α+β)/2
3

! �.� �� �7 ��� /.2)
n = 2

� 
.2* (% !,!2&*.%* (%*2&+( �2( *& �� �7 ��� (*+ ')�&( / .2)
2% (%+&()

n
3 � 6.)* (66( (*+ ')� &( /.2)

2n
� �.2) $�&&6&+() 6� 6(&+2)( 3 %.2* %.+.%*

fa6 ��//6&&�+&.%
x 7→ ax �

fa

(
x1 + · · ·+ xn + xn+1 + · · ·+ x2n

2n

)

= fa

(
x1+···+xn

n
+ xn+1+···+x2n

n

2

)

6
1

2

(

fa

(
x1 + · · · + xn

n

)

+ fa

(
xn+1 + · · ·+ x2n

n

))

6
1

2

(
fa(x1) + · · · + f(xn)

n
+
fa(xn+1) + · · ·+ f(x2n)

n

)

=
fa(x1) + · · ·+ fa(xn) + fa(xn+1) + · · ·+ fa(x2n)

2n
.

� .%+).%*  � &%+(%�%+ �2( *& �� �7 ��� (*+ ')�&( /.2) 2% (%+&()
m > 2

3 � 6.)* (66( (*+
')� &( /.2)

m−1
�

fa

(
x1 + · · · + xm−1

m− 1

)

= fa

(

x1 + · · · + xm−1 + x1+···+xm−1

m−1

m

)

6
1

m

(

fa(x1) + · · ·+ fa(xm−1) + fa

(
x1 + · · ·+ xm−1

m− 1

))

.

2.&+ (% )(1).2/�%+ 6(* +() (* �
fa

(
x1 + · · · + xm−1

m− 1

)(
m− 1

m

)

6
1

m

(

fa(x1) + · · · + fa(xm−1)
)

,

! �.� 6( ),*26+�+ /.2)
m−1

� � �&%+(%�%+ 3 *& �� �7 ��� (*+ ')� &( / .2) 2% (%+&()
n
3 (66(

(*+ ')�&( /.2)
2n
3 (+ ! ��/)	* &( �2& /),&	!( 3 �2**& /.2)

2n−1
3
2n−2

3 � � � 3
n+ 1

�
% 66( (*+ !.%& ')�&( /.2) +.2+

n
�

2.&(%+
p
(+
q
!(2� (%+&()* /.*&+&$* +(6* �2(

p < q
3 (+

x, y
!(2� ),(6* +(6* �2(

x < y
�

�//6&�2.%* �� �7 ��� /.2)
n = q

3
x1 = · · · = xp = x

3 (+
xp+1 = · · · = xq = y

� �%
.5+&(%+ �

fa

(
p

q
x+

(

1 − p

q

)

y

)

6
p

q
fa(x) +

(

1 − p

q

)

fa(y) ,
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*.&+ �� �7 ��� /.2)
λ = p

q

� �.%& �� �7 ��� (*+ ')� &( /.2) +.2+
λ #����!!  �� �% (% !,!2&+6( ),*26+�+ /.2) +.2+

λ
),(6 3 (% 2+&6&*�%+ 6(* �//).� & �+&.%* )�+&.%%(66(* &.  (

%.2* 6 ��'.%* !,� 4 $� &+ /62*&(2)* $.&* �
� � 9� !,)&'�5&6&+, *( !,!2&+ !( 6� &.%'(� &+, 3 (% 2+&6&*�%+ 6� /)./)&,+, �� �7 �7� � (. �
 (%�.%* /�)  .%+)() �2(

fa
(*+ !,)&'�56( (%

0
� (.%*&!,).%* 6� $.%&+&.%

τ0
3 �2& 4

h ∈ R∗ �**. & &( 6( +�2� ! ��&&).&**( (%+ �

τ0(h) =
ah − a0

h− 0
=
ah − 1

h
.

9� $.%&+&.%
fa

,+�%+ &.%'(�( 3 (66( (*+ &.%+&%2( (+ *(* �&&).&**( (%+* *.%+ &).&*�
*�%+* � �.%& 6� $.%&+&.%

τ0
�! (+ 2%( 6& &+( 4 1�2&0( (+ 2%( 6& &+( 4 !).&+( (%

0
�

9� $.%&+&.%
fa

(*+ !.%& !,)&'�56( 4 1�2&0( (+ 4 !).&+( (%
0
� 
.2* !('.%*  .%+)()

�2( 6(* !(2� !,)&',(* *.%+ ,1� 6(* � �.2) &(6� 3 &� 6&26.%*
τ0(−h)

3 (% 2+&6&*�%+ �� �7 �7� �

τ0(−h) =
a−h − 1

−h =
1
ah − 1

−h =
1

ah

1 − ah

−h =
1

ah
τ0(h) .

� ) �2�%!
h
+(%! '()*

0
3
1/ah +(%! '()* 1

3 /�) &.%+&%2&+, (%
0
� �.%& 6� 6& &+( 4

1�2&0( !(
τ0
(%

0
(*+ ,1�6( 4 *� 6& &+( 4 !).&+( 3 &( �2& (%+)�:%( �2(

fa

(*+ !,)&'�56(
(%

0
� 
.+.%*

La

6� !,)&',( (%
0
�

�.2) (% !,!2&)( 6� !,)&'�5&6&+, (% 2% /.&%+
x
�2(6&.%�2( !(

R
3 &6 *2� + ! ��//6&�2()

2%( $.&* !( /62* 6� /)./)&,+, �� �7 �7� �

lim
h→0

ax+h − ax

h
= ax lim

h→0

ah − 1

h
= La a

x .

� � 9� !,)&',( ,+�%+ /)./ .)+&.%%(66( 4 6� $.%&+&.% 3 (66( (*+ (66(  � ( !,)&'�56( � �.%&
fa

(*+ &%!,
%& (%+ !,)&'�56( (+ *� !,)&',(
n
�&	 ( (*+

Ln
a fa

�
�

� �� �	
�#����	 	� 	��	�	���	��	
�6 *( +).2'( �2( 6( $�&+(2) /�) 6(�2(6 .%  26+&/ 6&( 6� $.%&+&.% /2&**�%&( !( 5�*(

a/.2) .5+(%&) *� !,)&',( 3 &(++( &.%*+�%+( �2( %.2* �'.%* *.2)%.&*( (%+ %.+,(
La

!�%*
6( +0,.)	 ( � �7 �� 3 (*+ 6( ����#����  !��"# �3 .2 ����#����  !�% �#� ! !( a �
� ��.,-,
. � �) �� � ��� a "! #� � ��#��� �  !� % ������ � $! �%%  � � 6.1�)&+0 ( %�+2)(6  
a  � �! !�� ln(a) �� �#�� �  ! 0  �� � �! ����! x 7→ ax �
	
�
��� � �) �)

�� � �"# ��"� a, b > 0 �! � �
ln(ab) = ln(a) + ln(b) .

7��



�� � �"# ��"� a > 0  � x ∈ R �! � �
ln(ax) = x ln(a) .

� � �� � �! ����! ln  �� ��#��� �  !� �#�����!�   � �
lim

x→0+
ln(x) = −∞ , lim

x→+∞
ln(x) = +∞ .

� �� �!��#����! � 
.2* )(/)(%.%* 6� %.+�+&.% !( 6� *(&+&.% /),&,!(%+( /.2) 6(* $.%&+&.%*
/2&**�%&(* � fa

!,*&1%( 6� $.%&+&.%
x 7→ ax �

7 � 2.&(%+
a
(+
b
!(2� ),(6* *+)&&+( (%+ /.*&+&$* � (.%*&!,).%* 6� $.%&+&.%

fab
� �% � �

fab(x) = (ab)x = axbx = fa(x)fb(x) .

�% &�6&26( 6� !,)&',( !(
fab

(%
0
3 (% !,)&'�%+ 6( /).!2&+

fafb �
ln(ab) = f ′

ab(0) = f ′
a(0)fb(0) + fa(0)f ′

b(0) = ln(a) + ln(b) .

� � 2.&+
a
2% ),(6 *+)&&+( (%+ /.*&+&$ (+ *.&(%+

x, y
!(2� ),(6* �2(6&.%�2(* �

fa(xy) = axy = (ax)y = fax(y) .

1&�.%*
x
3 !,)&'.%* /�) )�//.)+ 4

y
(+ /)(%.%* 6� !,)&',( (%

0
� �% .5+&(%+ �

xf ′
a(0) = f ′

ax(0) ,

*.&+
x ln(a) = ln(ax)

�
� � 1&�.%*

a > 1
� � ��/)	* 6( / .&%+ � ��� !2 +0,.)	 ( � �7 �� 3 6� $.%&+&.% fa

(*+ *+)&&+(�
 (%+ &).&**�%+( � �% (% !,!2&+ ! �2%( /�)+ �2(

ln(a)
(*+ *+)&&+( (%+ /.*&+&$ 3 ! ��2+)(

/�)+ �2(
fa

(*+ 2%( 5&� (&+&.% !(
R
!�%*

R+∗ � 9� )(6�+&.% ln(ax) = x ln(a)
 .%+)(

�2( 6� $.%&+&.% ),&&/).�2( !(
ax (*+ 6� $.%&+&.% �2& 4 y ∈ R+∗ �**. &&( ln(y)/ ln(a)

�
((++( $.%&+&.% (*+ !.%& *+)&&+( (%+ &).&**�%+( (+ 5&� (&+&'( !(

R+∗ !�%* R
� 9(*

6& &+(* (%
0+ (+ +∞ *( !,!2&*(%+ �2**& !2 /.&%+ � ��� !2 +0,.)	 ( � �7 �� �

�
�6 %.2* )(*+( 4 !,
%&) 6� $.%&+&.% (�/.%(%+&(66( 3 �2& (*+ 6� ),& &/).�2( !2 6.1�)&+0 ( �
� ��/)	* 6( / .&%+ � !2 +0,.)	 ( � �� �� 3 &6 (� &*+( 2% ),(6 2%&�2( 3 *+)&&+( (%+ *2/,)&(2) 4
73 !.%+ 6( 6.1�)&+0 ( '�2+

1
� �% 6( %.+(

e
�

� ��.,-,
. � �) �0 $! �%%  � � (�/.%(%+&(66(   � �! !�� exp �� � �! ����! �"� � x ∈ R

��� ��� ex  �� e  �� � �"!��" #� � � � �"  ln(e) = 1 �
� &%*& 3 .% /.2))� %.+() 6 �(�/.%(%+&(66( !(

x
&%! &�,)(  (%+

ex .2 exp(x)
�6� *(&.%!(

%.+�+&.% (*+ /),$,)�56( /.2) 6(* 1).**(* $.) 26(*� �
	
�
��� � �) �� � � 
% �!  !�� � �  �� �� #���% #��" " ����#����  � � �  "
 � �! ����!�
� �!� ��#��� �  !� �#�����!� �  � �#����� � �

∀x ∈ R , exp′(x) = exp(x)  � ∀y ∈ R+∗ , ln′(y) =
1

y
.
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� �� �!��#����! � �2&*�2(
ln(e) = 1

3 .% �
ln(exp(x)) = x

3 /�) 6( /.&%+ � !2 +0,.)	 (
� �� �� � 9� !,)&',( !( 6 �(�/.%(%+&(66( (*+ !.%%,( /�) 6( / .&%+ � !2 +0,.)	 ( � �7 �� � �%
!,)&'( 6( 6.1�)&+0 ( &.  ( 2%( $.%&+&.% ),&&/).�2( �

ln′(y) =
1

exp′(ln(y))
=

1

exp(ln(y))
=

1

y
.

�
9� 
12)( � ��  .%+)( 6(* 1)�/0(* !(* $.%&+&.%*

exp
(+

ln
� (.  ( (66(* *.%+ ),&&/).�2(*

6 �2%( !( 6 ��2+)( 3 6(2)* 1)�/0(* *.%+ *3 ,+)&�2(* /�) )�//.)+ 4 6� /)( &	)( 5&**(&+)&&( �

−2 −1 0 1 2 3 4

4

3

2

1

0

−1

−2

−3

−4

f(x) 

exponentielle et logarithme 

x 

ln

exp

−4 −3

.

��� � � �� � 1.%&+&.%*
exp
(+

ln
�

(.  ( %.2* 6 ��'.%* '2 !�%* 6� !, .%*+)�+&.% !2 +0,.)	 ( � �� �� 3 6( &.2/6( !(
$.%&+&.%* ),&&/).�2(*

(exp, ln)
% �(*+ �2 �2% &�* /�)+&&26&() � �.2) +.2+

a > 0
3 6� $.%&+&.%

/2&**�%&( !( 5�*(
a
�! (+ /.2) ),& &/).�2( 6� $.%&+&.%

x 7→ ln(x)/ ln(a)
3 �2( 6 �.%

�// (66( 6( ����#����   ! ���  a �
� ��.,-,
. � �) �� � ��� a "! #� � ��#��� �  !� % ������ � $! �%%  � � 6.1�)&+0 ( (% 5�*( a
�� � �! ����! #���% #��"   �� � �! ����! % "����! �  ���  a � & � �� �� � �! ����!  R+∗ �!�
R �"� � x > 0 ��� ��� �

loga(x) =
ln(x)

ln(a)
.

� /�)+ 6( 6.1�)&+0 ( (% 5�*(
e
3 �2& (*+ 6( 6.1�)&+0 ( %�+2)(6 3 6(* !(2� 5�*(* 6(* /62*

2+&6&*,(* *.%+
a = 10

�6.1�)&+0 ( !,& & �6� (+
a = 2

�6.1�)&+0 ( 5&%� &)(� � ��) !,
%&+&.% 3
6( 6.1�)&+0 ( (% 5�*(

a
!(

x
(*+ 6( %. 5)(

y
+(6 �2(

ay = x
� � &%*& �

log10(0.001) = −3 , log10(100) = 2 , log2 1/16 = −4 , log2(1024) = 10 .
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�6 (*+ $�& &6( !( /�**() !2 6.1�)&+0 ( (% 5�*(
a
�2 6.1�)&+0 ( %�+2)(6 3 !(  � ( �2 �&6 (*+

$�& &6( !( /�**() !( 6 �(�/.%(%+&(66( 4 2%( �2+)( $.%&+&.% /2&**�%&( 3 /�) 6� $.) 26( �
ax = exp(x ln(a)) .


.2* +() &%.%* &(++( *(&+&.% /�) !(2� ),*26+�+* ! ��//).� & �+&.% !( 6 �(�/.%(%+&(66( �
9( /)( &() *( )(!, .%+)( $�&&6( (%+ 3 6( *(&.%! (*+ �5*.62 (%+ $.%!� (%+�6 (+ !.&+ �+)(
&.%%2 /�) &�2) �
	
�
��� � �) �� � �"# ��"� #� � x

ex = lim
n→∞

(

1 +
x

n

)n

= lim
n→∞

1 + x+
x2

2!
+ · · ·+ xn

n!
.

� �� �!��#����! � �.2) 6� /)( &	)( 6& &+( 3 ,&)&'.%* �
(

1 +
x

n

)n

= exp(n ln(1 + x/n)) = exp

(

x
ln(1 + x/n)

x/n

)

.

� )
ln(1) = 0

(+
ln′(1) = 1

� �.%& �

lim
h→0

ln(1 + h)

h
= 1 =⇒ lim

n→∞

ln(1 + x/n)

x/n
= 1 .

(.  ( 6� $.%&+&.%
exp
(*+ &.%+&%2( 3 &(&& (%+)�:%( 5&(% �

lim
n→∞

(

1 +
x

n

)n

= lim
n→∞

exp

(

x
ln(1 + x/n)

x/n

)

= exp(x) .


.2* !, .%+).%* 6� *(&.%!( $.) 26( 4 /�)+&) !( 6� /)( &	)( 3 (% 2+&6&*�%+ 6� $.) 26(
!2 5&%� ( !( 
 (� +.% �
(

1 +
x

n

)n

=
n∑

k=0

(
n

k

)
xk

nk
= 1+

x

1!
x+

1(1 − 1
n
)x2

2!
+· · ·+1(1 − 1

n
) · · · (1 − k

n
)xk

k!
+· · ·+xn

nn
.

22//.*.%* ! ��5.)!
x > 0

� 1&�.%*
k ∈ N∗ � /.2) +.2+ n > k �

(

1 +
x

n

)n

> 1 +
x

1!
+

1(1 − 1
n
)x2

2!
+ · · ·+ 1(1 − 1

n
) · · · (1 − k

n
)xk

k!
.

� ) /.2)
k

�, �

lim
n→∞

1(1 − 1

n
) · · · (1 − k

n
) = 1 .

%% /�**�%+ 4 6� 6& &+( (%
n
3 .% (% !,!2&+ �2( /.2) +.2+

k �

ex > 1 +
x

1!
+
x2

2!
+ · · · + xk

k!
.
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��%* &(++( &%,1� 6&+, 3 6(  ( 5)( !( !).&+( (*+ 6( +() ( 1,%,)� 6 ! �2%( *2&+( &).&**�%+( (+
 �� .),( �/�)

ex� 3 !.%& &6 &.%'()1( 3 (+ �

ex > lim
k→∞

1 +
x

1!
+
x2

2!
+ · · · + xk

k!
.

� ��2+)( /�)+ 3 .5*()'.%* �2( /.2) +.2+
k = 0, . . . , n

3

1(1 − 1

n
) · · · (1 − k

n
) 6 1 .

�.%& �
(

1 +
x

n

)n

=

n∑

k=0

(
n

k

)
xk

nk
6 1 +

x

1!
+
x2

2!
+ · · · + xk

k!
+ · · ·+ xn

n!
.

�2&*�2( %.2* *�'.%* �2( 6(  ( 5)( !( !).&+( &.%'()1( 3 .% (% !,!2&+ /�) /�**�1( 4 6�
6& &+( �

ex 6 lim
n→∞

1 +
x

1!
+
x2

2!
+ · · · + xn

n!
.

� �.� 6( ),*26+�+ 3 / .2)
x
/.*&+&$ .2 %26 �

�.2)
x
%,1�+&$ 3 6 ��*+2&( &.%*&*+( 4 $� &)( ! &*/�)�:+)( 6(* +() (* & /�&)* (% /)(%�%+ 6�

!( &�*.  ( !(
ex (+ e−x �%.2* '()).%* /62* 6.&% �2( &(++( !( &�*.  ( (*+ 6( ����!"�

��%  #�����"  !( x� �

1

2

((

1 +
x

n

)n

+
(

1 +
x

n

)n)

=

bnc
∑

k=0

(
n

k

)
x2k

n2k
.

9(  � ( )� &*.%%( (%+ �2( /),&,!(  (%+  .%+)( �2( �
ex + e−x

2
= lim

n→∞
1 +

x2

2!
+ · · ·+ x2n

2n!
.

��) 6&%,�)&+, !( 6� 6& &+( 3 .% (% !,!2&+ � 6.)* �2( �

e−x = lim
n→∞

1 − x

1!
+
x2

2!
+ · · · + (−1)nx

n

n!
.

�
9(* ),*26+�+* ! ��//).� & �+&.% / () (++(%+ !( &� 6&26() 6(* (�/.%(%+&(66(* �'(& 2%( /),�
&&*&.% �)5&+)� &)( � #.&& & 6( %. 5)(

e
�)).%! & 4 6� &&%�2�%+&	 ( !,& & � 6( �

e = 2.71828182845904523536028747135266249775724709369996

� �� �	�"��	�� "�#"� ���#	�
9( � #�� �#�� �!�� ��#��"  �
12)( � ��� (*+ 6( &()&6( &(%+), 4 6 �.)&1 &%( (+ !( )�3.% 73

!�%* 6( /6�%  2%& ! �2% )(/ 	)( .)+0.%.) , � 9(* �%1 6(* *.%+  (*2),* (% )�! &�%* 3 4 /�)+&)
7�"



θ
x

y

cercle trigonométrique

sin(  )

cos(  )

J

T

IO

tan(  )

M

θ
θ

θ

��� � � �� � (()& 6( +)&1.%. ,+)&�2( 3 *&%2* 3 &.*&%2* (+ +�%1(%+( ! �2% �%1 6( �

!( 6 ��� ( !(* �5*& &**(* .)&(%+, '()* 6� !).&+( 3 (+ (% +.2)%�%+ !�%* 6( *(%* &%'()*( !(*
�&12&66(* ! �2%(  .%+)( �*(%* +)&1.%. ,+)&�2(� � 9� !( &�!).&+( /�)+�%+ !( 6 �.)&1 &%(

O
(+

! ��%1 6(
θ
&.2/( 6( &()& 6( (% 2% /.&%+

M
� �5*()'.%* �2( 6� 6.%12(2) !( 6 ��)& !( &()& 6(

�66�%+ !(
I
4
M
(*+ ,1�6( 4

θ
�

��) !,
%&+&.% �
• 6( ����!"� !( 6 ��%1 6( θ (*+ 6 ��5*& &**( !2 /.&%+ M �
• 6( ��!"� !( 6 ��%1 6( θ (*+ 6 �.)!.%%,( !2 /.&%+ M �
• 6� ��!�  !� !( 6 ��%1 6( θ (*+ 6( )�//.)+ !2 *&%2* *2) 6( &.*&%2* �

�.%& � −−→
OM = cos(θ)

−→
OI + sin(θ)

−→
OJ .

22) 6� 
12)( � �� 3 6� +�%1(%+( (*+ 6 �.)!.%%,( !2 /.&%+
T
� 9( +0,.)	 ( !( �3+0�1.)( *(

+)�!2&+ /�) �
cos2(θ) + sin2(θ) = 1 .

� .%+).%* +.2+ !( *2&+( !(2� &%,1�6&+,* �2& %.2* *()'&).%+ /62* +�)! 4 ,+2! &() 6� !,)&',(
!( &(* $.%&+&.%* �
6���� � �0 �� � ��� θ "! �!� � � � �" 0 6 θ 6 π/2 � � ��#� �

sin(θ) 6 θ 6 tan(θ) .

� �� �!��#����! � '.&) 6� 
12)( � �� /.2) 6(* %.+�+&.%* � 9 �� &)( !2 +)&�%1 6(
OIM

'�2+
sin(θ)/2

� 9 �� &)( !2 �  �� "# �!�"���# OIM '�2+
θ/2

�(66( (*+ /)./.)+&.%%(66( 4
θ
3 (+

6 ��&)( !2 &()& 6( (*+
π
� � 9 �� &)( !2 +)&�%1 6(

OIT
'�2+

tan(θ)/2
� � �.� 6( ),*26+�+ �

�
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� (2� �%1 6(* �2& ! &�,)(%+ ! �2%  26+&/ 6( !(
2π

&.))(*/.%!(%+ �2  � ( /.&%+ *2) 6(
&()& 6( 3 (+ !.%& �2�  � (* '� 6(2)* !(* $.%&+&.%* +)&1.%. ,+)&�2(* � 9( &.*&%2* (+ 6(
*&%2* *.%+ !.%& /,)&.! &�2(* !( / ,)&.!(

2π
�
12)( � �� � � 9� $.%&+&.% +�%1(%+( (*+ !,
%&(

/.2) +.2+ �%1 6( !.%+ 6( &.*&%2* (*+ %.% %26 3 4 *�'.&) +.2+ �%1 6( ! &� ,)(%+ !(
π/2

 .!26.
π
� % 66( (*+ / ,)&.! &�2( !( / ,)&.!(

π
� �6 (*+ 5.% !( &.%%�:+)( 6(* )(6�+&.%* *2&'�%+(* 3 .2

!( *�'.&) 6(* )(+).2'() )�/&!( (%+ (% !(**&%�%+ 6( &()& 6( �

sin(−x) = − sin(x) cos(−x) = cos(x) tan(−x) = − tan(x)
sin(π − x) = sin(x) cos(π − x) = − cos(x) tan(π − x) = − tan(x)
sin(π + x) = − sin(x) cos(π + x) = − cos(x) tan(π + x) = tan(x)
sin(π

2
− x) = cos(x) cos(π

2
− x) = sin(x) tan(π

2
− x) = 1/ tan(x)

sin(π
2

+ x) = cos(x) cos(π
2

+ x) = − sin(x) tan(π
2

+ x) = −1/ tan(x)

2 22
π

2
ππ π π π π π

cos

sin

tan

−−

−2

−1

0

1

2

.

0

x 

f(x) 

fonctions circulaires 

−2 −3 3 2

��� � � �� � 1.%&+&.%* *&%2* 3 &.*&%2* (+ +�%1(%+( �


.2* %( '.2* &.%*(&66.%* /�* ! ��//)(%!)( /�) &�2) !(* %2,(* !( $.) 26(* +)&1.%. ,�
+)&�2(* � '.2* !('(� 5&(% *�) )(+(%&)

cos2(θ) + sin2(θ) = 1
3 (+ '.2* !('(� ,1� 6( (%+

&.%%�:+)( 6(* $.) 26(* ! ��!! &+&.% �2& *2&'(%+ �
� 
�
�,-,
. � �0 �) � �� !� a  � b  "
 #� �� �

• cos(a+ b) = cos(a) cos(b) − sin(a) sin(b)
• sin(a+ b) = sin(a) cos(b) + cos(a) sin(b) .

� �� �!��#����! � )(/.)+(��'.2* 4 6� 
12)( � �� /.2) 6(* %.+�+&.%* � 
.+.%*
K
6( / .&%+

! �&%+()*(&+&.% �'(& 6( &()&6( !( 6� !( &�!).&+( ! ��%1 6(
a
3
L
6( /.&%+ ! �&%+()*(&+&.% !( 6�

!( &�!).&+( ! ��%1 6(
a+ π/2

3
M
6( /.&%+ ! �&%+()*(&+&.% !( 6� !( &�!).&+( ! ��%1 6(

a+ b
�

��) !,
%&+&.% � −−→
OM = cos(b)

−−→
OK + sin(b)

−→
OL .

� ) � −−→
OK = cos(a)

−→
OI + sin(a)

−→
OJ

(+ −→
OL = − sin(a)

−→
OI + cos(a)

−→
OJ .

7�'



x

y
somme de deux angles

K

L

J

IO

M

a

b

��� � � �� � 2.  ( !( !(2� �%1 6(* �

%% )(/ .)+�%+ &(* (�/)(**&.%* �
−−→
OM = cos(b)

(

cos(a)
−→
OI + sin(a)

−→
OJ
)

+ sin(b)
(

− sin(a)
−→
OI + cos(a)

−→
OJ
)

=
(

cos(a) cos(b) − sin(a) sin(b)
)−→
OI +

(

sin(a) cos(b) + cos(a) sin(b)
)−→
OJ .

� �.� 6( ),*26+�+ �
�

�6 %( %.2* )(*+( /62* �2 �4 !, .%+)() 6� !,)&'�5&6&+, �
� 
�
�,-,
. � �0 �0 � � � �! ����!� ��!"�  � ����!"� � �!� �!�� !��  !� �#����� � �"# R �

sin′(x) = cos(x)  � cos′(x) = − sin(x) .

�� � �! ����! ��!�  !�  �� �!�� !��  !� �#����� �"# ��"� �!� #��� � ��  � �  �� �� !� �
tan′(x) =

1

cos2(x)
= 1 + tan2(x) .

� �� �!��#����! � 
.2* &.  (%�.%* /�) 6� !,)&'�5&6&+, (%
0
!2 *&%2* 3 (% 2+&6&*�%+ 6(*

&%,1� 6&+,* !2 6(  ( � �� �7 � 9� $.%&+&.% *&%2* ,+�%+ & /� &)( 3 %.2* / .2'.%* %.2* &.%+(%+()
!( 6& &+(* 4 !).&+( (%

0
� � (

0 6 sin(h) 6 h
3 .% !,!2&+ �2(

sin
(*+ &.%+&%2( (%

0
3 (+

/2&*�2(
cos2(h) + sin2(h) = 1

3 &6 (% (*+ !(  � ( !(
cos �

lim
h→0

sin(h) = 0
(+

lim
h→0

cos(h) = 1 .

7�5



� ��2+)( /�)+ 3 / .2) +.2+
h > 0 �

sin(h) 6 h 6 tan(h) =⇒ sin(h)

h
6 1 6

1

cos(h)

sin(h)

h
=⇒ cos(h) 6

sin(h)

h
6 1 .

�.%& �
lim
h→0

sin(h)

h
= 1 .

9� $.%&+&.% *&%2* (*+ !,)&'�56( (%
0
(+

sin′(0) = 1
�

��**.%*  �&%+(%�%+ �2 &.*&%2* 3 +.2� .2)* (%
0
� �&)&'.%* �

lim
h→0

cos(h) − 1

h
= lim

h→0

1

cos(h) + 1

cos2(h) − 1

h
= lim

h→0

− sin(h)

cos(h) + 1

sin(h)

h
.

9(* ),*26+�+* /),&,!(%+* / () (++(%+ ! �(% !,!2&)( �2( �

lim
h→0

cos(h) − 1

h
= 0

9� $.%&+&.% &.*&%2* (*+ !,)&'�56( (%
0
(+

cos′(0) = 0
�

�6 %( )(*+( /62* �2 �4 2+&6&*() 6(* $.) 26(* !( *.  �+&.% / .2) &� 6&26() 6(* !,)&',(* (% 2%
/.&%+ �2(6&.%�2( � �&)&'.%* 6( +�2� ! ��&&).&**( (%+ !( 6� $.%&+&.% *&%2* (%

a
3 ,'� 62, (%

a+ h �
τa(a+ h) =

sin(a+ h) − sin(a)

h

=
1

h

(
sin(a) cos(h) + cos(a) sin(h) − sin(a)

)

= sin(a)
cos(h) − 1

h
+ cos(a)

sin(h)

h
.

�% *� &+ �2( �
lim
h→0

cos(h) − 1

h
= 0

(+
lim
h→0

sin(h)

h
= 1 .

�.%& �
lim
h→0

τa(a+ h) = cos(a) .

�&)&'.%*  � &%+(%�%+ 6( +�2� ! ��&&).&**( (%+ !( 6� $.%&+&.% &.*&%2* (%
a
3 ,'� 62, (%

a+ h �
τa(a+ h) =

cos(a+ h) − cos(a)

h

=
1

h

(
cos(a) cos(h) − sin(a) sin(h) − cos(a)

)

= cos(a)
cos(h) − 1

h
− sin(a)

sin(h)

h
.

7��



�% (% !,!2&+ �
lim
h→0

τa(a + h) = − sin(a) .

9(* !,)&',(* !( *&%2* (+ &.*&%2* *.%+ (66(*  � (* !,)&'�56(* 3 !.%& /�) ),&2))(%&( &(*
!(2� $.%&+&.%* *.%+ &%!,
%& (%+ !,)&'�56(* �
�% &� 6&26( 6� !,)&',( !( 6� $.%&+&.% +�%1(%+( &.  ( 2% �2.+&(%+ �

tan′(x) =

(
sin(x)

cos(x)

)′
=

cos2(x) + sin2(x)

cos2(x)
=

1

cos2(x)
= 1 + tan2(x) .

�

� �� �	�"��	�� "�#"� ���#	� #�"��#	��	�
9(* $.%&+&.%* & &)&26� &)(* %( *.%+ &()+(* /�* !(* 5&� (&+&.%* !(

R
!�%*

R
�
12)( � �� � �

�6 (*+ &(/ (%!�%+ &.  .!( 3 /)&%&&/�6( (%+ /.2) 6(* &� 6&26* !( /)& &+&'(* 3 !( !,
%&) !(*
),&&/).�2(* /�)+&(66(* 3 (% *( )(*+)(&1%�%+ 4 !(* &%+()'� 66(* *2) 6(*�2(66(*

sin
3
cos
(+

tan*.%+ 5&� (&+&'(* � 9( &0.&� !( &(* &%+()'� 66(* (*+ �)5&+)� &)( 3 (+ 
� , /�) 6 �2*�1( �
12)( � �"� �
� ��.,-,
. � �� �� $! �%%  � � �

• �)& *&%2* �� ���  ����!  [−1, 1] �!� [−π/2, π/2] �"� � x ��� ��� � ��!� � ���% #��
 !�# −π/2  � π/2 �!� � ��!"�  �� ���� � x �

arcsin
[−1, 1] −→ [−π/2, π/2]

x 7−→ arcsin(x)

• �)& &.*&%2* �� ���  ����!  [−1, 1] �!� [0, π] �"� � x ��� ��� � ��!� � ���% #��  !�# 
0  � π �!� � ����!"�  �� ���� � x �

arccos
[−1, 1] −→ [0, π]

x 7−→ arccos(x)

• �)& +�%1(%+( �� ���  ����!  ]−∞,+∞[ �!� ]−π/2, π/2[ �"� � x ��� ��� � ��!� � 
���% #��  !�# −π/2  � π/2 �!� �� ��!�  !�  �� ���� � x �

arctan
R −→ ] − π/2, π/2[
x 7−→ arctan(x)

9( /)&%&&/� 6 &%+,)�+ !(* $.%&+&.%* & &)&26� &)(* ),&&/).�2(* ),*&!( !�%* 6(2)* !,)&',(* �
� 
�
�,-,
. � �� �) � � � �! ����!� arcsin arccos  � arctan � �!� �#����� � �"# � "# ��
���!   �� !����! �

• ∀x ∈] − 1, 1[ , arcsin′(x) =
1√

1 − x2
,

7� 7



2
π

2
π

2
π

sin

1

1

−1

−1

_

0

0

arcsin

. x 

f(x) 

sin et arcsin 

0 π

π

cos

arccos

0 .

−1
−1

1

1

x 

f(x) 
cos et arccos 

2
π

2
π

2
π

2
π

tan

arctan

0

0

_

−

.

f(x) 

x 

tan et arctan 

��� � � �" � 1.%&+&.%* &&)&26� &)(* (+ 6(2)* ),& &/).�2(* �

• ∀x ∈] − 1, 1[ , arccos′(x) =
−1√
1 − x2

,

• ∀x ∈ R , arctan′(x) =
1

1 + x2
.

� �� �!��#����! � �6 *2� + ! ��//6&�2() 6� $.) 26( !.%%�%+ 6� !,)&',( ! �2%( $.%&+&.%
),&&/).�2( �

arcsin′(x) =
1

sin′(arcsin(x))
=

1

cos(arcsin(x))
=

1
√

1 − sin2(arcsin(x))
=

1√
1 − x2

.

9� !,)&',( !( 6 ��)& &.*&%2* * �.5+&(%+ !( 6�  � ( $��.% 3 .2 5&(% (% )( �)�2�%+ �2( �
∀x ∈] − 1, 1[ , arcsin(x) + arccos(x) =

π

2
.

�.2) 6 ��)& +�%1(%+( �

arctan′(x) =
1

tan′(arctan(x))
=

1

1 + tan2(arctan(x))
=

1

1 + x2
.

�

� �� �	�"��	�� ��� 	#�	 ����	�
� ��.,-,
. � �� �� $! �%%  � � �

• *&%2* 03/ ()5.6&�2( � ��%% �������!  R �!� R �� !� %�# �

∀x ∈ R , sinh(x) =
ex − e−x

2
.

• &.*&%2* 03/()5 .6&�2( � ��%% �������!  R �!� [1,+∞[ �� !� %�# �

∀x ∈ R , cosh(x) =
ex + e−x

2
.

7��



cosh

sinh

tanh

−2 −1 0 1 2
−4

−3

−2

−1

0

1

2

3

4

.

f(x) 

x 

fonctions hyperboliques 

��� � � �� � 1.%&+&.%* *&%2* 3 &.*&%2* (+ +�%1(%+( 03/()5 .6&�2(* �

• +�%1(%+( 03/()5 .6&�2( � ��%% �������!  R �!� ] − 1, 1[ �� !� %�# �

∀x ∈ R , tanh(x) =
sinh(x)

cosh(x)
=

ex − e−x

ex + e−x
.

� &(% ,'&!(  (%+ 6(* $.%&+&.%* 03/()5 .6&�2(* *.%+ &%!,
%& (%+ !,)&'�56(* � 9(* (�/)(*�
*&.%* !( 6(2)* !,)&',(* )�// (66(%+ &(66(* !(* $.%&+&.%* &&)&26�&)(* �

sinh′(x) = cosh(x) , cosh′(x) = sinh(x) , tanh′(x) =
1

cosh2(x)
= 1 − tanh2(x) .

�6 (*+ $�&&6( !( ',)&
() 6� $.) 26( *2&'�%+( �

∀x ∈ R , cosh2(x) − sinh2(x) = 1 .

2& .% /.*(
X = cosh(x)

(+
Y = sinh(x)

3 6 �,�2�+&.%
X2 − Y 2 = 1

!,
%&+ !�%* 6(
/6�% 2%( ��%  #��� ��"�����# �
12)( � �'� � 9( &.*&%2* (+ 6( *&%2* 03/ ()5.6&�2(* *.%+
2% /�)� ,+)�1( !( &(++( 03/ ()5.6( 3 +.2+ &.  ( 6( &.*&%2* (+ 6( *&%2* .)! &%� &)(* *.%+
2% /�)� ,+)�1( !2 &()& 6( 2%&+, �! �,�2�+&.%

X2 + Y 2 = 1
� � ! �.� 6� !,%. &%�+&.% !($.%&+&.%* ��%  #�����"  � (+ $.%&+&.%* ��#�"���# � �

9 ��%� 6.1 &( (%+)( $.%&+&.%* &&)&26�&)(* (+ $.%&+&.%* 03/()5 .6&�2(* %( * ��))�+( /�* 4 6(2)
&%+()/),+�+&.% 1,. ,+)&�2( � �.2+(* 6(* $.) 26(* !( +)&1.%. ,+)&( & &)&26� &)( .%+ 6(2)
/ (%!�%+ (% +)&1.%. ,+)&( 03/()5 .6&�2( � 9� )� &*.% (% (*+ 6� )(6�+&.% (%+)( 6(* $.%&+&.%*
&&)&26� &)(* 3 6(* $.%&+&.%* 03/ ()5.6&�2(* 3 (+ 6 �(�/.%(%+&(66( &. /6(�( 3 ' &� 6(* � �#�"� �

7��



−3 −2 −1 0 1 2 3
−3

−2

−1

0

1

2

3

cosh(  )

sinh(  ) M

Y 

X 

hyperbole équilatère

x

x

.

��� � � �' � 9( &.*&%2* (+ 6( *&%2* 03/()5.6&�2(* &.  ( /�)� ,+)�1( !( 6 �03/()5.6(
! �,�2�+&.%

X2 − Y 2 = 1
�

 ��"� #� $.%&+&.%* & &)&26� &)(* $.%&+&.%* 03/()5 .6&�2(*

sin(x) =
eix − e−ix

2i
cos(x) =

eix + e−ix

2
sinh(x) =

ex − e−x

2
cosh(x) =

ex + e−x

2

� �� �	�"��	�� ��� 	#�	 ����	� #�"��#	��	�
(.  ( 6(* $.%&+&.%* & &)&26� &)(* 3 6(* $.%&+&.%* 03/()5 .6&�2(* .%+ 6(2)* ),& &/).�2(* 3

�2& *()'(%+ (66(* �2**& �2� &�6&26* !( /)& &+&'(* �
12)( � �5� �

sinh

argsinh

−4 0 4
−4

0

4

.

sinh et argsinh 

f(x) 

x 

argcosh

cosh

1

10 2 4
0

2

4

.

cosh et argcosh 

x 

f(x) 

1

1

−1

−1

argtanh

tanh

−4 0 4
−4

0

4

. x 

f(x) 

tanh et argtanh 

��� � � �5 � 1.%&+&.%* 03/()5.6&�2(* (+ 6(2)* ),& &/).�2(* �
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� ��.,-,
. � �� �� $! �%%  � � �
• �)12 (%+ *&%2* 03/ ()5.6&�2( �� ���  ����!  R �!� R �"� � x ��� ��� � #� � �!�

� ��!"� ��%  #�����"   �� ���� � x �
argsinh

R −→ R

x 7−→ argsinh(x)

• �)12 (%+ &.*&%2* 03/ ()5.6&�2( �� ���  ����!  [1,+∞[ �!� [0,+∞[ �"� � x
��� ��� � #� � % ������ �!� � ����!"� ��%  #�����"  �� ���� � x �

argcosh
[1,+∞[ −→ [0,+∞[

x 7−→ argcosh(x)

• �)12 (%+ +�%1(%+( 03/ ()5.6&�2( �� ���  ����!  ]−1,+1[ �!� R �"� � x ��� ��� 
� #� � �!� �� ��!�  !� ��%  #�����"   �� ���� � x �

argtanh
] − 1, 1[ −→ R

x 7−→ argtanh(x)
% 66(* *.%+  .&%* & /.)+�%+(* �2( 6(2)* �%� 6.12(* & &)&26� &)(* 3 &�) (66(* * �(�/)& (%+ !(
$��.% )(6�+&'( (%+ *& /6( 4 6 �� &!( !2 6.1�)&+0 ( �
� 
�
�,-,
. � �� �)

• ∀x ∈ R , argsinh(x) = ln(x+
√
x2 + 1) ,

• ∀x ∈]1,+∞[ , argcosh(x) = ln(x+
√
x2 − 1) ,

• ∀x ∈] − 1, 1[ , argtanh(x) =
1

2
ln

(
1 + x

1 − x

)

.

� �� �!��#����! � � ,*.6'.%* 6 �,�2�+&.% sinh(x) = y
�

ex − e−x

2
= y ⇐⇒ e2x − 2yex − 1 = 0 .

9 �,�2�+&.%
X2−2yX−1 = 0

� !(2� )�& &%(* ),(66(* 3 !.%+ *(26(
y+
√

y2 + 1
(*+ /.*&+&'( �

�.%&
x = ln(y +

√

y2 + 1)
�

� ,*.6'.%* 6 �,�2�+&.%
cosh(x) = y

�

ex + e−x

2
= y ⇐⇒ e2x − 2yex + 1 = 0 .

�.2)
y > 1

3 6 �,�2�+&.%
X2−2yX−1 = 0

� !(2� )�& &%(* ),(66(* 3 !.%+ *(26(
y+
√

y2 − 1(*+ *2/ ,)&(2)( 4
1
� �.%&

x = ln(y +
√

y2 − 1)
�

� ,*.6'.%* 6 �,�2�+&.%
tanh(x) = y

�

ex − e−x

ex + e−x
= y =⇒ e2x − 1

e2x + 1
= y =⇒ e2x =

1 − y

1 + y
=⇒ x =

1

2
ln

(
1 − y

1 + y

)

,
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/2&*�2(
(1 + y)/(1 − y)

(*+ *+)&&+( (%+ /.*&+&$ /.2)
y ∈ ] − 1, 1[

�
�

�&& (%&.)( 3 6( /)&%&&/� 6 &%+,)�+ ),*&!( !�%* 6(* !,)&',(* �
� 
�
�,-,
. � �� �0 � � � �! ����!� argsinh argcosh  � argtanh � �!� �#����� � �"# � "#
�� ��!   �� !����! �

• ∀x ∈ R , argsinh′(x) =
1√

x2 + 1
,

• ∀x ∈]1,+∞[ , argcosh′(x) =
1√

x2 − 1
,

• ∀x ∈] − 1, 1[ , argtanh′(x) =
1

1 − x2
.

� �� �!��#����! � �% / (2+ !,)&'() ! &)(&+( (%+ 6 �(�/)(**&.% (% 6.1�)&+0 ( .2 5&(% �/�
/6&�2() 6� $.) 26( !.%%�%+ 6� !,)&',( ! �2%( $.%&+&.% ),& &/).�2( �

argsinh′(x) =
1

sinh′(argsinh(x))
=

1

cosh(argsinh(x))
=

1√
x2 + 1

.

argcosh′(x) =
1

cosh′(argcosh(x))
=

1

sinh(argcosh(x))
=

1√
x2 − 1

.

argtanh′(x) =
1

tanh′(argtanh(x))
=

1

1 − tanh2(argtanh(x))
=

1

1 − x2
.

�

� ,
%&) 2%( /)& &+&'( !(
1/(1 − x2)

2%&�2( (%+ *2)
] − 1, 1[

(*+ 2% +�%+&%(+ ),!2&+(2) 3
/2&*�2( 6� $.%&+&.% �

x 7−→ 1

2
ln

∣
∣
∣
∣

1 + x

1 − x

∣
∣
∣
∣
,

� /.2) !,)&',(
x 7→ 1/(1 − x2)

(% +.2+ /.&%+ !(
R \ {−1, 1} �

� (  � ( 3 !,
%&) 2%( /)& &+&'( !(
1/
√
x2 − 1

*(26( (%+ *2)
]1,+∞[

%( *2� + /�* 3
/2&*�2( 6� $.%&+&.%

x 7−→ ln
∣
∣
∣x+

√
x2 − 1

∣
∣
∣ ,

� /.2) !,)&',(
1/
√
x2 − 1

*2)
] −∞,−1[

(+ *2)
]1,+∞[

�
( �(*+ 2%( )� &*.% *2� *�%+( / .2) '.2* &.%*(&66() !( %( /�* +)./ *2)&0�)1() '.+)(  , .&)(
'&'( �'(& 6(* $.%&+&.%* 03/()5 .6&�2(* ),&&/).�2(* �

� �� �#�� 	� ����

�� ,���+� � �� 2.&+
a
2% ),(6 *+)&&+( (%+ / .*&+&$ 3

x
(+
y
!(2� ),(6* �2(6&.%�2(* � ��) &

6(* /)./ .*&+&.%* *2&'�%+(* 3 6(*�2(66(* *.%+ ')� &(* 3 6(*�2(66(* *.%+ $�2**(* (+ / .2)�2.& �
7 �

� ax−y = ax/ay �
� �

� a(xy) = axy �

7�"



� �
� a2xy = ax2

ay2 �
� �

� a(x+y)/2 =
√
ay ay

�
� �

� a−x+y/2 =
√
ay/ax �

" �
� a2x−y = (ax/ay)2 �

�� ,���+� � �) 2.&(%+
a
(+
b
!(2� ),(6* *+)&&+( (%+ /.*&+&$* � ��) & 6(* /)./ .*&+&.%*

*2&'�%+(* 3 6(*�2(66(* *.%+ ')�&(* 3 6(*�2(66(* *.%+ $�2**(* (+ /.2)�2.& �
7 �

� ln(
√

a/b) = (1/2)(ln(a) − ln(b))
�

� �
� ln((ab)/2) =

√

ln(a) ln(b)
�

� �
� ln(ab) = (ln(a))ln(b) �

� �
� ln((a2)b) = 2b ln(a)

�
� �

� ln(a2/b2) = −2 ln(ab)
�

" �
� ln(a2/b) = ln(a) − ln(b/a)

�
�� ,���+� � �0 2.&+

a
2% ),(6 *+)&&+( (%+ /.*&+&$ � ��) & 6(* /)./.*&+&.%* *2&'�%+(* 3

6(*�2(66(* *.%+ ')�&(* 3 6(*�2(66(* *.%+ $�2**(* (+ /.2)�2.& �
7 �

� ln(e
√

a) = a/2
�

� �
� ln(ae) = e ln(a)

�
� �

� eln2(a) = a2 �
� �

� eln(a/2) = a− 2
�

� �
� ln(ae+a) = (e + a) ln(a)

�
" �

� e2 ln(a)−ln(a)/2 = a3/2 �
�� ,���+� � �� 2.&+

x
2% ),(6 �2(6&.%�2( � ��) & 6(* /)./.*&+&.%* *2&'�%+(* 3 6(*�2(66(*

*.%+ ')� &(* 3 6(*�2(66(* *.%+ $�2**(* (+ / .2)�2.& �
7 �

� sin(x− 3π) = − sin(x)
�

� �
� sin(x+ 3π) = sin(x)

�
� �

� cos(3π − x) = − cos(x)
�

� �
� cos(−x− 3π) = − cos(x)

�
� �

� sin(x+ 3π) = sin(x)
�

" �
� sin(x+ 3π/2) = − cos(x)

�
� �

� cos(x− 3π/2) = sin(x)
�

' �
� cos(x+ 3π/2) = − sin(x)

�
�� ,���+� � �� ��) & 6(* /)./ .*&+&.%* *2&'�%+(* 3 6(*�2(66(* *.%+ ')� &(* 3 6(*�2(66(* *.%+
$�2**(* (+ / .2)�2.& �
7 �

� sin(−7π/2) = 1
�

� �
� sin(5π/4) =

√
2/2

�

7��



� �
� sin(8π/3) = −

√
3/2

�
� �

� cos(9π/2) = 0
�

� �
� cos(−7π/3) = 1/2

�
" �

� cos(−7π/4) =
√

2/2
�

� �
� tan(−7π/3) = −

√
3
�

' �
� tan(−7π/4) = 1

�
5 �

� tan(−7π/6) = −
√

3/3
�

�� ,���+� � �� ��) & 6(* /)./ .*&+&.%* *2&'�%+(* 3 6(*�2(66(* *.%+ ')� &(* 3 6(*�2(66(* *.%+
$�2**(* (+ / .2)�2.& �
7 �

� lim
x→−π/2−

tan(x) = −∞ �
� �

� lim
x→−π+

tan(x) = +∞ �
� �

� lim
x→5π/2+

tan(x) = −∞ �
� �

� lim
x→−5π/2+

tan(x) = +∞�
� �

� lim
x→7π/2−

tan(x) = −∞ �

�� ,���+� � �8 2.&+
x
2% ),(6 �2(6&.%�2( � ��) & 6(* /)./.*&+&.%* *2&'�%+(* 3 6(*�2(66(*

*.%+ ')� &(* 3 6(*�2(66(* *.%+ $�2**(* (+ / .2)�2.& �
7 �

� cos(2x) = 1 − 2 sin2(x)
�

� �
� cos(2x) − sin(2x) = (cos(x) + sin(x)2 + 2 sin2(x)

�
� �

� tan(2x) =
2 tan(x)

1 − tan2(x)

�
� �

� cos(x) + cos(3x) = 2 sin(x) sin(2x)
�

� �
� sin(x) + sin(3x) = 2 sin(x) cos(2x)

�
" �

� sin(3x) − sin(x) = 2 sin(x) cos(2x)
�

�� ,���+� � �� ��) & 6(* /)./ .*&+&.%* *2&'�%+(* 3 6(*�2(66(* *.%+ ')� &(* 3 6(*�2(66(* *.%+
$�2**(* (+ / .2)�2.& �
7 �

� arccos(−1/2) = −π/3 �
� �

� arccos(−
√

2/2) = 3π/4
�

� �
� arcsin(−1/2) = −π/6 �� �
� arcsin(

√
3/2) = 2π/3

�
� �

� arctan(−1) = −π/4 �" �
� arctan(−

√
3) = −π/6 �

�� ,���+� � �� ��) & 6(* /)./ .*&+&.%* *2&'�%+(* 3 6(*�2(66(* *.%+ ')� &(* 3 6(*�2(66(* *.%+
$�2**(* (+ / .2)�2.& �

7�'



7 �
� ∀x ∈ [−1, 1] , sin(arcsin(x)) = x

�
� �

� ∀x ∈ [−π, π] , arcsin(sin(x)) = x
�

� �
� ∀x ∈ [−1, 1] , cos(arcsin(x)) =

√
1 − x2

�
� �

� ∀x ∈ [−1, 1] , sin(arccos(x)) =
√

1 − x2
�

� �
� ∀x ∈ [−π/2, pi/2] , arcsin(cos(x)) = π/2 − x

�
" �

� ∀x ∈ [0, pi/2] , arccos(sin(x)) = π/2 − x
�

� �
� ∀x ∈ [−π/2, pi/2] , arctan(sin(x)) = x√

1−x2

�
' �

� ∀x ∈ [−1, 1] , tan(arccos(x)) = x√
1−x2

�
5 �

� ∀x ∈] − 1, 1[ , tan(arcsin(x)) = x√
1−x2

�
�� ,���+� � ��� 2.&+

x
2% ),(6 �2(6&.%�2( � ��) & 6(* /)./ .*&+&.%* *2&'�%+(* 3 6(*�2(66(*

*.%+ ')� &(* 3 6(*�2(66(* *.%+ $�2**(* (+ / .2)�2.& �
7 �

� sinh(x) < cosh(x)
�

� �
� −1 < tanh(x) < 1

�
� �

� cosh(2x) = 2 cosh(x) − 1
�

� �
� sinh(2x) = 2 sinh(x) cosh(x)

�
� �

� sinh(x) + cosh(−x) = e−x �
" �

� sinh(2x) + cosh(2x) = e2x �
� �

� tanh(2x) =
2 tanh(x)

1 + tanh2(x)

�
' �

� cosh(x) + cosh(3x) = 2 sinh(x) sinh(2x)5 �
� sinh(x) + sinh(3x) = 2 sinh(2x) cosh(2x)7� �
� sinh(3x) − sinh(x) = 2 cos(hx) sinh(2x)

�� ,���+� � ��� ��) & 6(* /)./.*&+&.%* *2&'�%+(* 3 6(*�2(66(* *.%+ ')� &(* 3 6(*�2(66(* *.%+
$�2**(* (+ / .2)�2.& �
7 �

� ∀x ∈ R , argcosh(cosh(x)) = x
�

� �
� ∀x ∈ R , argsinh(sinh(x)) = x

�
� �

� ∀x ∈ R , argtanh(tanh(x)) = x
�

� �
� ∀x ∈ R+ , cosh(argcosh(x)) = x

�
� �

� ∀x ∈ R , argcosh(sinh(x) = 1 − x
�

" �
� ∀x ∈ R , argtanh(sinh(x)) =

x√
x2 + 1

�
� �

� ∀x ∈ R+ , tanh(argcosh(x)) =
x√
x2 − 1

�
' �

� ∀x ∈ R , tanh(argsinh(x)) =
x√
x2 + 1

�

7�5



� �� ��	#"�"	�
���7,7� � �� 7 � � .%+)() �2( /.2) +.2+ (%+&()

n > 2 �
n

√

n + n
√
n +

n

√

n− n
√
n < 2 n

√
n .

� � � .%+)() �2( /.2) +.2+ (%+&()
n > 7 �
√
n
√

n+1
>

√
n+ 1

√
n
.

���7,7� � �) � ,+() &%()
x ∈ R+∗ ',)&
�%+ 6 �,�2�+&.% (E)

�
7 �

(E) 5(3x) = 3(5x)
�

� �
(E) xx =

√
2/2

�
� �

(E) xx = 3
√

6/4
�

� �
(E) x

√
x =

√
x

x �

���7,7� � �0 � ,+() &%() 6( &.2/6(
(x, y) ∈ (R+∗)2 3 ',)&
�%+ 6( *3*+	 ( ! �,�2�+&.%*

(S)
�
7 �

(S)

{
8x = 10y

2x = 5y .

� �
(S)

{
23x+2y = 5
42x = 22y+3 .

� �
(S)

{
xy = 22

ln2(x) + ln2(y) = 5
2
ln2(2) .

� �
(S)

{
xx+y = y4

yx+y = x .

���7,7� � ��
7 � 2.&(%+

a
(+
b
!(2� ),(6* *+)&&+( (%+ /.*&+&$* � � .%+)() �2( �

ln

(
a+ b

4

)

=
1

2

(

ln(a) + ln(b)
)

⇐⇒ a2 + b2 = 14 ab .

� � 2.&+
a
2% ),(6 *+)&&+( (%+ / .*&+&$ 3 ! &� ,)(%+ !(

1
� � ,+() &%() 6 �(%*( 56( !(*

x ∈
R+∗ +(6* �2( �

loga(x) − loga2(x) + loga4(x) =
3

4
.

� � � ,+() &%() 6 �(%*( 56( !(* +)&/ 6(+* !( ),(6*
(a, b, c)

+(6* �2( �
logc+b(a) + logc−b(a) = 2 logc+b(a) logc−b(a) .

7��



���7,7� � �� � , .%+() 6(* $.) 26(* !( +)&1.%. ,+)&( *2&'�%+(* �

cos(2a) = cos2(a) − sin2(a) = 2 cos2(a) − 1 = 1 − 2 sin2(a) ;

cos2(a) =
1 + cos(2a)

2
; sin2(a) =

1 − cos(2a)

2
;

sin(2a) = 2 sin(a) cos(a) ; tan(2a) =
2 tan(a)

1 − tan2(a)
;

(% %.+�%+ � t = tan(x/2) , sin(x) =
2t

1 + t2
, cos(x) =

1 − t2

1 + t2
, tan(x) =

2t

1 − t2
;

tan(a+ b) =
tan(a) + tan(b)

1 − tan(a) tan(b)
; tan(a− b) =

tan(a) − tan(b)

1 + tan(a) tan(b)
;

sin(a) sin(b) =
1

2

(

cos(a− b) − cos(a + b)
)

;

sin(a) cos(b) =
1

2

(

sin(a+ b) + sin(a− b)
)

;

sin(a) + sin(b) = 2 sin

(
a+ b

2

)

cos

(
a− b

2

)

;

cos(a) + cos(b) = 2 cos

(
a+ b

2

)

cos

(
a− b

2

)

.

���7,7� � �� �% /.*( �
F =

{
arcsin , arccos , arctan

} (+
G =

{
sin , cos , tan

}
.

7 � �.2) +.2+
f ∈ F

(+ /.2) +.2+
g ∈ G

3 !.%%() 2%( (�/)(**&.% �61,5)&�2( /.2) 6�
&. /.*,(

g ◦ f �
� � �.2) +.2+

f ∈ F
(+ / .2) +.2+

g ∈ G
3 !,+() &%() 6( !. �&%( !( !,
%&+&.% !( 6�

&. /.*,(
f ◦ g (+ )(/),*(%+() *.% 1)�/0( �

���7,7� � �8 � ,+() &%()
x ∈ R

',)&
�%+ 6 �,�2�+&.%
(E)

�
7 �

(E) arccos(x) = arcsin(1/3) + arcsin(1/4)
�

� �
(E) arcsin(x) = arcsin(2/5) + arcsin(3/5)

�
� �

(E) arcsin(tan(x)) = x
�

� �
(E) arcsin(2x) + arcsin(x

√
3) = arcsin(x)

�
� �

(E) arccos(x) = 2 arccos(3/4)
�

" �
(E) 2 arccos(x) = arccos(|2x2 − 1|) �� �
(E) arccos(x) = arcsin(1 − x)

�
' �

(E) arctan(x) = 2 arctan(1/2)
�

5 �
(E) arctan(x) + 2 arctan(

√
1 + x2 − x) = π/2

�

7�7



7� �
(E) arctan(x− 1) + arctan(x) + arctan(x+ 1) = π/2

�
77 �

(E) arctan(x) + arctan(2x) = π/4
�

���7,7� � �� # ,)&
() �2( 6(* ,1� 6&+,* *2&'�%+(* *.%+ ')� &(* /.2) +.2+ ),(6
x
+(6 �2( 6(*

(�/)(**&.%* ,&)&+(* � &(%+ 2% *(%* �
7 �

arccos(x) + arcsin(x) =
π

2

�
� �

arctan(x) + arctan(1/x) =
π

2

x

|x|
�

� �
sin(2 arctan(x)) =

2x

1 + x2

�

� �
tan(3 arctan(x)) =

3x− x3

1 − 3x2

�

���7,7� � �� � , .%+() 6(* $.) 26(* !( +)&1.%. ,+)&( 03/ ()5.6&�2( *2&'�%+(* �

cosh(a+ b) = cosh(a) cosh(b) + sinh(a) sinh(b) ;

sinh(a+ b) = sinh(a) cosh(b) + cosh(a) sinh(b) ;

cosh(2a) = cosh2(a) + sin2(a) = 2 cosh2(a) − 1 = 1 + 2 sinh2(a) ;

cosh2(a) =
cosh(2a) + 1

2
; sinh2(a) =

cosh(2a) − 1

2
;

sinh(2a) = 2 sinh(a) cosh(a) ; tanh(2a) =
2 tanh(a)

1 − tanh2(a)
;

(% %.+�%+ � t = tanh(x/2) , sinh(x) =
2t

1 − t2
, cosh(x) =

1 + t2

1 − t2
, tanh(x) =

2t

1 + t2
;

tanh(a + b) =
tanh(a) + tanh(b)

1 + tanh(a) tanh(b)
; tanh(a− b) =

tanh(a) − tanh(b)

1 − tanh(a) tanh(b)
;

sinh(a) sinh(b) =
1

2

(

cos(a+ b) − cos(a− b)
)

;

sinh(a) cosh(b) =
1

2

(

sinh(a+ b) + sinh(a− b)
)

;

sinh(a) + sinh(b) = 2 sinh

(
a+ b

2

)

cosh

(
a− b

2

)

;

cosh(a) + cosh(b) = 2 cosh

(
a + b

2

)

cosh

(
a− b

2

)

.

���7,7� � ��� 2.&+
n
2% (%+&() � � , .%+)() �2( 6(* ,1� 6&+,* *2&'�%+(* *.%+ ')� &(* / .2)

+.2+ ),(6
x
+(6 �2( 6(* (�/)(**&.%* ,&)&+(* �&(%+ 2% *(%* �

7 � n∑

k=0

cosh(kx) =
sinh(n+1

2
x) + sinh(x/2)

2 sinh(x/2)
.

7��



� � n∑

k=0

sinh(kx) =
cosh(n+1

2
x) + cosh(x/2)

2 sinh(x/2)
.

� � n∑

k=0

cos(kx) =
sin(n+1

2
x) + sin(x/2)

2 sin(x/2)
.

� � n∑

k=0

sin(kx) =
− cos(n+1

2
x) + cos(x/2)

2 sin(x/2)
.

� � sin(x) + sin(nx) + sin((2n− 1)x)

cos(x) + cos(nx) + cos((2n− 1)x)
= tan(nx) .

" � sinh(x) + sinh(nx) + sinh((2n− 1)x)

cosh(x) + cosh(nx) + cosh((2n− 1)x)
= tanh(nx) .

���7,7� � ��� �% /.*( �
F =

{
argsinh , argcosh , argtanh

} (+
G =

{
sinh , cosh , tanh

}
.

7 � �.2) +.2+
f ∈ F

(+ /.2) +.2+
g ∈ G

3 !.%%() 2%( (�/)(**&.% �61,5)&�2( /.2) 6�
&. /.*,(

g ◦ f �
� � �.2) +.2+

f ∈ F
(+ / .2) +.2+

g ∈ G
3 !,+() &%() 6( !. �&%( !( !,
%&+&.% !( 6�

&. /.*,(
f ◦ g (+ )(/),*(%+() *.% 1)�/0( �

���7,7� � ��) # ,)&
() �2( 6(* ,1�6&+,* *2&'�%+(* *.%+ ')�&(* / .2) +.2+ ),(6
x
+(6 �2(

6(* (�/)(**&.%* ,&)&+(* � &(%+ 2% *(%* �
7 �

argtanh

(
x2 − 1

x2 + 1

)

= ln(x)
�

� �
argsinh(3x+ 4x3) = 3 argsinh(x)

�
� �

cosh(2 argtanh(x)) =
1 + x2

1 − x2

�

� �
sinh

(
1

2
argcosh(x)

)

=

√

x− 1

2

�

� �
argcosh

(√

1 + cosh(x)

2

)

=
x

2

�
" �

2 argtanh(tan(x)) = argtanh(sin(2x))
�

���7,7� � ��0 � ,+() &%()
x ∈ R

',)&
�%+ 6 �,�2�+&.%
(E)

�
7 �

(E) argsinh(x) = argsinh(2 − x)
�

� �
(E) argcosh(4x3 − 3x) − argcosh(2x2 − 1) = 1

�

7��
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� ��� ���� �

����� � ��� ���� ������

� �� � #	�#����� �	� ����
#��	�
9 �.5� (&+&$ !( &( &0�/&+)( (*+ /2)( (%+ +(&0%&�2( � 6� +0,.)&( !( 6 �&%+,1)�+&.% (*+*2//.*,( &.%%2( .2 �! &*( � 9( *(26 52+ (*+ ! �(�/.*() 6(* /)&%&&/�6(* +(&0%&�2(* !(

&� 6&26 !(* /)& &+&'(* (+ !(* &%+,1)�6(* � �.2+(* 6(* $.%&+&.%* &.%*&!,),(* *.%+ *2//.*,(*
&.%+&%2(* 3 .2 &.%+&%2(* /�)  .)&(�2� 3 *2) 6(2) &%+()'� 66( ! �&%+,1)�+&.% 3 (+ *.%+ !.%&
&%+,1)�56(* � 
.2* &.  (%�.%* /�) ),*2 () 6(* /)&%& &/� 6(* /)./)&,+,* !(* &%+,1)� 6(* �
	
�
��� � �� ��

�� �  �����!  &���� � �
∫ b

a

f(x) dx+

∫ c

b

f(x) dx =

∫ c

a

f(x) dx .

�� � �! ��#��� �
∫ b

a

(λf(x) + µg(x)) dx = λ

∫ b

a

f(x) dx+ µ

∫ b

a

g(x) dx .

� � � �!���!� �
� � ∀x ∈ [a, b] , f(x) ≤ g(x) ���#�

∫ b

a

f(x) dx ≤
∫ b

a

g(x) dx .

9� )(6�+&.% !( (0�*6(* / () (+ ! �,+(%!)( 6� !,
%&+&.% !( 6 �&%+,1)� 6( �2 &�* .� 6� $.%&+&.%
f
% �(*+ &.%+&%2( �2( /�)  .)&(�2� *2) 6 �&%+()'� 66( ! �&%+,1)�+&.% � �% &%+	1)( *,/�), (%+

&0�&2% !(*  .)&(�2� (+ .% �� .2+( (%*2&+( 6(* &%+,1)� 6(* .5+(%2(* � (.%*&!,).%* /�)
(�( /6( 6� $.%&+&.%

f
�2& '�2+

x
*&
x ∈ [0, 1]

(+ 1
2

*&
x ∈]1, 2]

�
2.% &%+,1)� 6( *2) 6 �&%+()'� 66(

[0, 2]
'�2+ �

∫ 2

0

f(x) dx =

∫ 1

0

x dx+

∫ 2

1

1

2
dx =

1

2
+

1

2
= 1 .

� /)./.* !( &(+ (�( /6( 3 &6 (*+ &.%*(&66, !( %( /�* / ()!)( !( '2( 6 �&%+()/),+�+&.% 1,. ,�
+)&�2( ! �2%( &%+,1)�6( � 6 �&%+,1)� 6( ! �2%( $.%&+&.% &.%*+�%+( (*+ 6� *2)$�&( ! �2% )(&+�%1 6( 3

7��



0 2

1/2

1

1 x

f(x)

��� � " �7 � %� ( /6( !( $.%&+&.% ! &*&.%+&%2( �
6 �&%+,1)� 6( ! �2%( $.%&+&.% �� %( �!2 +3/(

x 7→ αx+ β
� (*+ 6� *2)$�&( ! �2% +)&�%1 6( *& 6�

$.%&+&.% * ��%%26( *2) 6 �2%( !(* !(2� 5.)%(* 3 6� *2)$�&( ! �2% +)�/ 	�( !�%* 6( &�* 1,%,)� 6 �
9� )(6�+&.% !( (0�*6(* )(*+( ')� &(  � ( *& 6(* 5 .)%(* !(* &%+()'� 66(* ! �&%+,1)�+&.%

%( *.%+ /�* !�%* 6( 5.% .)!)( 3 &( �2& / (2+ �))&'() �/)	* 2% &0�%1( (%+ !( '�)&�56( �
�% &.%'&(%+ !( &0�%1() 6( *&1%( !( 6 �&%+,1)� 6( �2�%! .% ,&0�%1( 6(* 5.)%(* � ((++(
&.%'(%+&.% (*+ &.0,)(%+( �'(& 6( $� &+ �2( 6 �&%+,1)� 6( *2) 2% &%+()'� 66( !( 6.%12(2) %266(
'�2+ %,&(**� &)( (%+

0
�
∫ b

a

f(x) dx+

∫ a

b

f(x) dx =

∫ a

a

f(x) dx = 0 .

9� /)./)&,+, � !2 +0,.)	 ( �6&%,�)&+,� 3 ! &+ �2( 6 �&%+,1)� 6( (*+ 2%( �//6&&�+&.% 6&%,� &)( 3
!( 6 �(*/�&( '(&+.)&(6 !(* $.%&+&.%* &%+,1)�56(* 3 !�%*

R
� �% 6 �2+&6&*()� *.2'(%+ 3 *.&+ / .2)

 (++)( (% $�&+(2) 2%( &.%*+�%+( !('�%+ 6 �&%+,1)� 6( 3 *.&+ / .2) *,/�)() 6( &� 6&26 (% !(2�
&%+,1)� 6(* /62* *& /6(* � ��) (� ( /6( �

∫ π
4

0

cos2(x) dx =

∫ π
4

0

1 + cos(2x)

2
dx =

1

2

∫ π
4

0

dx+
1

2

∫ π
4

0

cos(2x) dx =
π

8
+

1

4
.

�% /(2+ 2+&6&*() 6�  .%.+.%&( /.2) ',)&
() &()+� &%* &� 6&26* � ��) (�( /6( *& 2%( $.%&+&.%
(*+ /.*&+&'( *2) 6 �&%+()'� 66( ! �&%+,1)�+&.% 3 *.% &%+,1)�6( !.&+ �+)( /.*&+&'( � 9 �&%+,1)� 6(
! �2%( $.%&+&.% / .*&+&'( (+ %.% &!(%+&�2( (%+ %266( (*+  � ( *+)&&+( (%+ /.*&+&'( � .%2+&6&*( *.2'(%+ &( ),*26+�+ *.2* 6� $.) ( *2&'�%+( �
� 
�
�,-,
. � �� �) � ��� f "!  � �! ����! ��!��!"  �"# [a, b] � � � � ��!��� #��  |f | �"#
[a, b]  �� !"� �  ���#� f  �� ��!�����  !� !"� � �

∫ b

a

|f(x)| dx = 0 =⇒ f(x) = 0 , ∀x ∈ [a, b] .

9 �&%+,1)�6( / (2+ �+)( (%&�!),( 4 6 �� &!( !2  &% & 2 (+ !2  �� & 2 !(
f
*2) 6 �&%+()'� 66(

[a, b] �
(b− a) inf

x∈[a,b]
f(x) ≤

∫ b

a

f(x) dx ≤ (b− a) sup
x∈[a,b]

f(x) .

7�"



2& .% ! &' &*( &(* &%,1�6&+,* /�) 6� 6.%12(2) !( 6 �&%+()'� 66( 3 .% .5+&(%+ �

inf
x∈[a,b]

f(x) ≤ 1

b− a

∫ b

a

f(x) dx ≤ sup
x∈[a,b]

f(x) .

�6 $�2+ &. /)(%!)( 1
b−a

∫ b

a
f(x) dx

&.  ( 6� ��� "# � �� !!  !( 6� $.%&+&.% *2) 6 �&%�+()'�66( � 9( �� ��#��   �� � ��  !!  ! &+ �2( &(++( '� 6(2)  .3(%%( (*+ �++(&%+( *2)
6 �&%+()'� 66( �
	
�
��� � �� �0 � � f  �� ��!��!" �"# [a, b] ��  
 ��� c ∈ [a, b] � � �"  �

1

b− a

∫ b

a

f(x) dx = f(c) .

a b x

f(x)

��� � " �� � �662*+)�+&.% !2 +0,.)	 ( !( 6�  .3(%%( �

� �� � #�� ����	� 	� ����
#��	�
��//(6.%* +.2+ ! ��5.)! 6� !,
%&+&.% �

� ��.,-,
. � �) �� $! �%%  � � /)& &+&'(  �"!  � �! ����! f  �� !� �"# "! �!� #��� � ]a, b[
��"� � �! ����! �#����� �"# ]a, b[ �!� �� �#�� � ���!�� �� � f �"# ]a, b[ �
%+�%+ !.%%,(* !(2� /)& &+&'(* !(

f
3 6(2) ! &�,)(%&( !.&+ �'.&) 2%( !,)&',( %266( 3 (+ !.%&

�+)( &.%*+�%+( � � (2� /)& &+&'(* !( 6�  � ( $.%&+&.% ! &�	)(%+ !.%& /�) 2%( &.%*+�%+( �
�.2) */ ,&&
() 2%( /)& &+&'( /�)+&&26&	)( 3 &6 *2� + !( 
�() *� '� 6(2) (% 2% /.&%+ � %%
1,%,)� 6 3 .% &.%*&!	)( 6� /)& &+&'( �2& * ��%%26( (% 2% &()+� &% /.&%+ � % 66( * �,&)&+ &.  (
2%( &%+,1)� 6( 3 1)�&( �2 +0,.)	 ( *2&'�%+ 3 �2( %.2* �! (++).%* �
	
�
��� � �) �) � ��� f "!  � �! ����! ��!��!" �"# [a, b]  � c "! % ��!�  � ��!� #��� � 
[a, b] � $! ��!���# �� � �! ����! Fc(x) �"� � x ∈ [a, b] ��� ��� �

Fc(x) =

∫ x

c

f(t) dt .

� ��#� Fc  �� � �"!��" % #�� ����   f �"� � ��!!"� �" % ��!� c �
7��



�5*()'.%* 6 �,&)&+2)( ∫ x

c
f(t) dt

3 !�%* 6��2(66( 6(* !(2� 6(++)(*
t
(+
x

� .2(%+ !(* )� 6(*
+.+�6( (%+ ! &� ,)(%+* � 9� 6(++)(

x
!,*&1%( 2%( 5 .)%( !( 6 �&%+()'� 66( ! �&%+,1)�+&.% � 2& .%

6� )( /6�&( /�) 2% ),(6 3 /�) (�( /6( √
2
3 .% .5+&(%!)� 2% ),*26+�+ ),(6 � 6� '� 6(2) !(6� $.%&+&.%

Fc

�2 /.&%+ √
2
� 9� '�)&�56( ! �&%+,1)�+&.%

t
(*+  2(++( � �% %( /(2+ /�* 6�

)( /6�&() /�) 2% ),(6 � ��) &.%+)( 3 % �& /.)+( �2(66( �2+)( 6(++)( �*�2 $
c
(+
x
� /.2))� &+

� .2() 6(  � ( )� 6( � � �%* 6 �,&)&+2)( !(* /)& &+&'(* 3 .% ,'&+()� +.2� .2)* !( %.+() �'(& 6�
 � ( 6(++)( 6� '�)&�56( ! �&%+,1)�+&.% (+ 2%( !(* 5 .)%(* !( 6 �&%+()'� 66( � �5*()'.%* �2(
% �& /.)+( �2(66( /)& &+&'( / (2+ �+)( 2+&6&*,( / .2) &� 6&26() 2%( &%+,1)� 6( �

∫ b

a

f(x) dx = Fa(b) = Fc(b) − Fc(a) ,

/�) 6� )(6�+&.% !( (0�*6(* � 9 �&%+,1)� 6( !(
f
(*+ !.%& 2% �&&).&**( (%+ !( /)& &+&'( 3 �2&

%( !,/ (%! /�* !( 6� /)& &+&'( &0.&*&( � �% %.+( �
∫ b

a

f(x) dx = Fc(b) − Fc(a) =
[

Fc(x)
]b

a
,

�6 (*+ &.  .!( 3 (% /�)+&&26&() /.2) 6(* &0�%1( (%+* !( '�)&�56( 3 !( &.%*()'() !(*
5.)%(* ! �&%+,1)�+&.% 3  � ( �2�%! .% %( &� 6&26( �2( !(* /)& &+&'(* � ( �(*+ /.2)�2.&
%.2* &.%+&%2().%* !( %.+() ∫ x

c

f(t) dt
6� /)& &+&'( !(

f
�2& * ��%%26( (%

c
3  � ( * �&6

(*+ *2/ ()�2 !( 
�()
c
� � ( %.+)( /.&%+ !( '2( 3 &6 % �3 � !.%& �2&2%( ! &�,)(%&( (%+)( 6(*

&� 6&26* !( /)& &+&'(* (+ 6(* &� 6&26* ! �&%+,1)� 6(* � �6 (*+ &.2)�%+ ! �(�/)& () 6(* /)& &+&'(*
!(* $.%&+&.%* 2*2(66(* 4 2%( &.%*+�%+( /)	* � ��) (�( /6( 3 6(* /)& &+&'(* !(

cos(x)*.%+ +.2+(* 6(* $.%&+&.%* !( 6� $.) (
sin(x) + C

3 .�
C
(*+ 2%( &.%*+�%+( ),(66( � 
.2*

,&)&).%* � ∫ x

c

cos(t) dt =
[

sin(t)
]x

c
= sin(x) − sin(c) = sin(x) + C .

� ) �2�%!
c
/�)&.2)+

R
3
sin(c)

%( /)(%! �2( 6(* '� 6(2)* &. /)&*(* (%+)( −1
(+

1
3 +�%! &*

�2(
C
!,*&1%( 2%( &.%*+�%+( ),(66( �2(6&.%�2( � %% /)�+&�2( 3 &6 *2� + !( +).2'() 2%(

/)& &+&'( /�)+&&26&	)( � 6� '�)&�56( c %( *()� �2 �2% �)+&
&( ! �,&)&+2)( � 
.2* *2//.*().%*+.2� .2)* �2(
c
(+
x
*.%+ +(66(* �2( 6� $.%&+&.% *.&+ !,
%&( (+ &.%+&%2( *2) 6 �&%+()'� 66(

[c, x]
� ��) (�( /6( �

∫ x

c

1

t
dt =

[

ln |t|
]x

c
= ln |x| + C ,

&( �2& *2//.*( �2( 6 �&%+()'�66(
[c, x]

%( &.%+&(%+ /�*
0
� � �%* &(++( ,&)&+2)( 3

C
!,*&1%(

(% $�&+ 2%( $.%&+&.% 3 �2& (*+ &.%*+�%+( *2) &0��2( &%+()'� 66( .� 6� $.%&+&.% 4 &%+,1)()
(*+ !,
%&( (+ &.%+&%2( � 9 �(%*( 56( !(* /)& &+&'(* !( 6� $.%&+&.%

x 7→ 1/x
(*+ 6 �(%*( 56(

!(* $.%&+&.%*
f
+(66(* �2( �

f(x) =

{
ln(x) + C1

*&
x > 0

ln(−x) + C2

*&
x < 0 ,

.�
C1

(+
C2

*.%+ !(2� ),(6* �2(6&.%�2(* �
7�'



%% /)�+&�2( 3 / .2) &�6&26() 2%( /)& &+&'( ! �2%( $.%&+&.% !.%%,( 3 .% 6� )� 	%( 4 2% &��
+� 6.12( !( /)& &+&'(* 2*2(66(* � ((* /)& &+&'(* 3 �2( 6 �.% !.&+ &.%%�:+)( 3 *.%+ )�**( 56,(*
!�%* 6( +�56(�2 &&�!(**.2* � �++(%+&.% � 6(* &%+()'� 66(* !( !,
%&+&.% %( *.%+ /�* /),& &*,* �

�
.7-,
. �.� �,� ,-,��

xa �
a ∈ R , a 6= −1

� xa+1

a+ 1
1

x− a
ln |x− a|

eλx �
λ 6= 0

� 1

λ
eλx

cos(ωx)
�
ω 6= 0

� 1

ω
sin(ω.x)

sin(ωx)
�
ω 6= 0

� − 1

ω
cos(ωx)

1

cos2 x
= 1 + tan2 x tanx

1

x2 + 1
arctanx

cosh(ωx)
�
ω 6= 0

� 1

ω
sinh(ωx)

sinh(ωx)
�
ω 6= 0

� 1

ω
cosh(ωx)

1√
x2 + 1

ln
(

x+
√
x2 + 1

)

1√
x2 − 1

ln
∣
∣
∣x+

√
x2 − 1

∣
∣
∣

1√
1 − x2

arcsin x


.2* )�//(6.%* !�%* 6� *(&+&.% *2&'�%+( 6(* +(&0%&�2(* !( 5�*( /.2) 6( &� 6&26 !(* /)&�
 &+&'(* 3 6.)*�2 �(66(* / (2'(%+ * �(�/)& () 4 6 ��&!( !(* $.%&+&.%* & 6�**&�2(* �

� �� �	"�����	� �	 "��"� � �	� �#�� ����	�
9� /)( &	)( +(&0%&�2( !( &�6&26 &.%*&*+( 4 2+&6&*() 6� 6&%,�)&+, / .2) *,/�)() 6 �&%+,�

1)� 6( ! �2%( *.  ( (% 2%( *.  ( ! �&%+,1)� 6(* � 9 �(� ( /6( 6( /62* *& /6( (*+ &(62 & !(*
/.63%� (* �

∫ x

c

(t3 + 2t2 + 4t+ 2) dt =
1

4
x4 +

2

3
x3 + 2x2 + 2x+ C .

�% /(2+ �2**& &%+,1)() !(* /.63%� (* (%
sin x

(+
cosx

3 .2 5&(%
sinh x

(+
cosh x

� �%
2+&6&*( /.2) &(6� 6(* $.) 26(* ! �%26() 3 (+ 6(* /)./)&,+,* !( 6 �(�/.%(%+&(66( �),(66( .2
&. /6(� (� �

7�5



sin x =
exp(ix) − exp(−ix)

2i
cosx =

exp(ix) + exp(−ix)

2

sinh x =
exp(x) − exp(−x)

2
cosh x =

exp(x) + exp(−x)
2

9( /)&%& &/ ( (*+ 6( *2&'�%+ � +.2+ /.63%� ( (% sin x
(+

cosx
(*+ 2%( &. 5&%� &*.% 6&%,� &)(

!( +() (* !( 6� $.) (
sinn x cosm x

3 �2 �&6 * ��1 &+ !( ��! ��#��  #3 (% 6(* (�/)& �%+ (2� � � (* &.  ( &. 5&%� &*.%* 6&%,� &)(* !( +() (* (%
sin(kx)

(+
cos(kx)

3 !.%+ .% &.%%�:+
2%( /)& &+&'( � #.&&& 2% (�( /6( �

sin4 x. cos6 x =
1

210
(eix − e−ix)4(eix + e−ix)6

=
1

1024
(e2ix − e−2ix)4(eix + e−ix)2

=
1

1024
(e8ix − 4e4ix + 6 − 4e−4ix + e−8ix)(e2ix + 2 + e−2ix)

=
1

1024
(e10ix − 4e6ix + 6e2ix − 4e−2ix + e−6ix

+2e8ix − 8e4ix + 12 − 8e−4ix + 2e−8ix

+e6ix − 4e2ix + 6e−2ix − 4e−6ix + e−10ix)

=
1

512
(6 + 2 cos 2x− 8 cos 4x− 3 cos 6x+ 2 cos 8x+ cos 10x)

� �.� 2%( /)& &+&'( !(
sin4 x. cos6 x �

3x

256
+

sin 2x

512
− sin 4x

256
− sin 6x

1024
+

sin 8x

2048
+

sin 10x

5120
.

�5*()'.%* �2( 6(* �2(*+&.%* !( /�)&+, / () (++(%+ !( /),'.&) � /)&.)& �2( 6� 6&%,�)&*�+&.%
%( &.%+&(%!)� �2( !(*

cos kx
� %% (� (+ 3

sin x
(*+ 2%( $.%&+&.% & /�&)( (+

cos x
2%(

$.%&+&.% /� &)( � �.%& *& .% )( /6�&(
x
/�) −x 3 sinn x cosm x

*()� &%&0�%1, *&
n
(*+ /�&) 3

&0�%1, (% *.% .//.*, *&
n
(*+ & /� &) � � �%* 6( /)( &() &�* 3 6� 6&%,�)&*�+&.% %( &.%+&(%!)�

�2( !(* &.*&%2* 3 !�%* 6( *(&.%! &�* 3 (66( %( &.%+&(%!)� �2( !(* *&%2* � 9�  � ( +(&0%&�2(
* �2+&6&*( �2**& / .2) 6(* &.*&%2* (+ *&%2* 03/()5.6&�2(* �

(.  ( �2+)( �//6&&�+&.% !( 6 �(�/.%(%+&(66( &. /6(�( 3 *&1%�6.%* 6� /.**&5 &6&+, ! �&%+,�
1)() !(* (�/)(**&.%* !2 +3/ (

eλx cos(ωx)
.2

eλx sin(ωx)
3 (% 6(* (�/)& �%+ &.  ( /�)+&(*

),(66(* .2 & �1 &%� &)(* ! �(�/.%(%+&(66(* &. /6(�(* 3 �2( 6 �.% /(2+ &%+,1)() $.) (66( (%+
&.  ( !(* (�/.%(%+&(66(* ),(66(* � #.&& & 2% (�( /6( �

e3x cos(2x) =
� (

(exp((3 + 2i)x)).

� ) 2%( /)& &+&'( �$.) (66(� !(
exp((3 + 2i)x)

(*+ �
1

3 + 2i
exp((3 + 2i)x) =

3 − 2i

13
e3x(cos(2x) + i sin(2x)) .

9� /�)+&( ),(66( !( &(++( (�/)(**&.% (*+ �
1

13
e3x(3 cos(2x) + 2 sin(2x)) ,

7"�



�2& (*+ !.%& 2%( /)& &+&'( !(
e3x cos(2x)

�
∫ x

c

e3t cos(2t) dt =
1

13
e3x(3 cos(2x) + 2 sin(2x)) + C .

9� *(&.%!( +(&0%&�2( !( &� 6&26 4 &.%%�:+)( (*+ 6 �&%+,1)�+&.% /�) /�)+&(* �
∫ b

a

u(x) v′(x) dx =
[

u(x) v(x)
]b

a
−
∫ b

a

u′(x) v(x) dx .

�6 $�2+ / (%*() 4 2%( &%+,1)�+&.% /�) /�)+&(* �2�%! 6 �2% !(* $�&+(2)* !( 6� $.%&+&.% 4
&%+,1)() � 2%( !,)&',( /62* *& /6( 3 (**(%+&(66( (%+ 2% /.63%� ( �!,)&'() ! & &%2( 6(
!(1),� 3

ln x
�!,)&',( 1

x

� 3
arcsin x

�!,)&',( 1√
1−x2

� .2
arctan x

�!,)&',( 1
1+x2

� � %%&.)(
$�2+�&6 &.%%�:+)( 2%( /)& &+&'( !( 6 ��2+)( $�&+(2) � ��) (� ( /6( �

∫ x

c

t eλt dt =
[

t · 1

λ
eλt
]x

c
−
∫ x

c

1

λ
eλt dt =

1

λ
xeλx − 1

λ2
eλx + C .

u(t) = t u′(t) = 1

v′(t) = eλt v(t) =
1

λ
eλt

9� +(&0%&�2( !( &� 6&26 ! �&%+,1)� 6(* �.2 !( /)& &+&'(*� 6� /62* & /.)+�%+( (*+ 6( &0�%1(�
 (%+ !( '�)&�56( �
	
�
��� � �0 �� � ��� f "!  � �! ����! ��!��!" �"# [a, b]  � φ "!  � �! ����! �#����� 
 �#�� � ��!��!" �"# ]a, b[  � � �!���!  ��� �#�� � φ′ ! � ��!!"� %��� � � ��#� �

∫ b

a

f(t) dt =

∫ φ(b)

φ(a)

f(φ−1(u)) (φ−1)′(u) du .

�6 (*+ $.)+( (%+ !,&.%*(&66, !( )(+(%&) 6� $.) 26( /�) &�2) � $% &0�%1( (%+ !( '�)&�56(
!.&+ *( / (%*() !( 6�  �%&	)( *2&'�%+( �
7 � -( *.20�&+( )( /6�&()

t
/�)

u = φ(t)
�

� � - �(�/)& (
t
(% $.%&+&.% !(

u � t = φ−1(u)
�� (  ��**2)( �2(

φ
(*+ 5&(% 2%( 5&� (&+&.% � �

� � - �(�/)& (
dt
(% $.%&+&.% !(

u
(+
du
(% !,)&'�%+ 6 �(�/)(**&.% !(

t
$.%&+&.% !(

u �
dt = (φ−1)′(u) du

�
� � - ���2*+( 6(* 5 .)%(* !( 6 �&%+()'�66( ! �&%+,1)�+&.% � *& t '�)&( !( a 4 b 3 �6.)* u = φ(t)'�)&( !(

φ(a)
4
φ(b)

� �((+ ��2*+( (%+ !(* 5 .)%(* (*+ 6� )� &*.% /.2) 6��2(66( &6 (*+
&.%*(&66, !( &� 6&26() 2%( /)& &+&'( &.  ( 2%( &%+,1)�6( !(

c
4
x
� �

� � -( )( /6�&(
t
(+
dt
/�) 6(2)* '�6(2)* (% $.%&+&.% !(

u
(+
du
�

(.  ( (�( /6( 3 %.2* � 66.%* +)� &+() +).&* /)& &+&'(* ! �2% +3/ ( $),�2(%+ 3 &. /.)+�%+ 6�
)�& &%( &�)),( ! �2% +)&%� ( � #.&& & 6� /)( &	)( �

∫ x

c

1√
t2 + 2t+ 5

dt .

7" 7




.+.%* �2( 6� $.%&+&.% 4 &%+,1)() (*+ !,
%&( *2)
R
+.2+ (%+&() � 9� /)( &	)( ,+�/(

&.%*&*+( 4  (++)( 6( +)&%� ( *.2* $.) ( &�%.%&�2( 3 !(  �%&	)( 4 $� &)( �//�)�:+)( 6 �2%(
!(* +).&* (�/)(**&.%* √

u2 + 1
3 √

u2 − 1
.2 √

1 − u2
� 
.2* *.  (* &&& !�%* 6( /)( &()

&�* �
∫ x

c

1√
t2 + 2t+ 5

dt =

∫ x

c

1
√

(t+ 1)2 + 4
dt =

∫ x

c

1

2

1
√

( t+1
2

)2 + 1
dt .


.2* !('.%* !.%& /.*() �

u =
t+ 1

2

*.&+
t = 2u− 1

(+
dt = 2du .

�% .5+&(%+ �
∫ x

c

1

2

1
√

( t+1
2

)2 + 1
dt =

∫ x+1
2

c+1
2

1

2

1√
u2 + 1

2du

=

∫ x+1
2

c+1
2

1√
u2 + 1

du

=
[

ln(u+
√
u2 + 1)

]x+1
2

c+1
2

= ln(x+1
2

+
√

(x+1
2

)2+1) + C

= ln(x+1+
√

x2+2x+5
2

) + C

= ln(x+ 1 +
√
x2 + 2x+ 5) + C ′ .

#.&& & 2%( *&+2�+&.% /). &0( 3  � &* �2& !2 $�&+ !(* *&1%(* )(%&.%+),* !�%* 6( +)&%� ( 3
&.%!2&+ 4 !(* ),*26+�+* ! &�,)(%+* �

∫ x

c

1√
t2 − 2t− 3

dt .

9� $.%&+&.% 4 &%+,1)() (*+ !,
%&( *2)
] −∞,−1[∪]3,+∞[

� 
.2* !('.%* !.%& *2//.*()
�2( 6 �&%+()'� 66(

[c, x]
(*+ *.&+ &%&62* !�%*

] − ∞,−1[
3 *.&+ !�%*

]3,+∞[
� 9�  &*( !2

+)&%� ( *.2* $.) ( &�%.%&�2( !.%%( �
∫ x

c

1√
t2 − 2t− 3

dt =

∫ x

c

1
√

(t− 1)2 − 4
dt =

∫ x

c

1

2

1
√

( t−1
2

)2 − 1
dt .


.2* !('.%* !.%& /.*() �

u =
t− 1

2

*.&+
t = 2u+ 1

(+
dt = 2du .
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�% .5+&(%+ �

∫ x

c

1

2

1
√

( t−1
2

)2 − 1
dt =

∫ x−1
2

c−1
2

1

2

1√
u2 − 1

2du

=

∫ x−1
2

c−1
2

1√
u2 − 1

du

=
[

ln |u+
√
u2 − 1|

]x−1
2

c−1
2

= ln |x−1
2

+
√

(x−1
2

)2−1| + C

= ln |x−1+
√

x2−2x−3
2

| + C

= ln |x− 1 +
√
x2 − 2x− 3| + C ′ .

(.  ( /),'2 3 6(* /)& &+&'(* %( *.%+ !,
%&(* �2( /.2)
x < −1

.2
x > 3

� � ( �)�2(�
�2( 6( *&1%( !(

x− 1 +
√
x2 − 2x− 3

!,/ (%! !( 6 �&%+()'� 66( *2) 6(�2(6 .% *( +).2'( � &6(*+ %,1�+&$ *2)
] −∞,−1[

3 / .*&+&$ *2)
]3,+∞[

�
#.&& & 6( !()%&() &�* �2( 6 �.% /(2+ )(%&.%+)() *(6.% 6( *&1%( !2 +)&%� ( �

∫ x

c

1√
−t2 + 2t+ 3

dt .

9� $.%&+&.% 4 &%+,1)() % �(*+ !,
%&( �2( *2) 6 �&%+()'� 66(
]−1, 3[

� 
.2* !('.%* !.%& *2//.*()
�2( 6 �&%+()'� 66(

[c, x]
(*+ &%&62* !�%*

]− 1, 3[
� 9�  &*( !2 +)&%� ( *.2* $.) ( &�%.%&�2(

!.%%( �

∫ x

c

1√
−t2 + 2t+ 3

dt =

∫ x

c

1
√

−(t− 1)2 + 4
dt =

∫ x

c

1

2

1
√

1 − ( t−1
2

)2
dt .


.2* !('.%* !.%& /.*() �

u =
t− 1

2

*.&+
t = 2u+ 1

(+
dt = 2du .
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�% .5+&(%+ �
∫ x

c

1

2

1
√

1 − ( t−1
2

)2
dt =

∫ x−1
2

c−1
2

1

2

1√
1 − u2

2du

=

∫ x−1
2

c−1
2

1√
1 − u2

du

=
[

arcsin(u)
]x−1

2

c−1
2

= arcsin

(
x− 1

2

)

+ C .

(.  ( /),'2 3 6(* /)& &+&'(* %( *().%+ !,
%&(* �2( /.2)
x ∈]−1, 3[

�

.2* '()).%* /62* 6.&% ! ��2+)(* �//6&&�+&.%* &6�**&�2(* !(* &0�%1( (%+* !( '�)&�56( �

�6 % �(*+ /�* +.2� .2)* $�&&6( !( !('&%() 6( 5.% &0�%1( (%+ !( '�)&�56( � �.2) &(6� 3 &6 $�2+ *(
6� &**() 12&!() /�) 6 �(�/)(**&.% !(

f � *& (66( &.%+&(%+ 2%( $.%&+&.% ψ(t)
(+ *� !,)&',(

ψ′(t)
3

&6 / .2))� �+)( �2! && &(2� !( / .*()
u = ψ(t)

� � �%* 6( &�* 6( /62* $�'.)�56( 3 6� $.%&+&.%
*(  (+ *.2* 6� $.) (

f(t) = g′(ψ(t))ψ′(t)
3 �2& (*+ 6� !,)&',( !(

g(ψ(t))
� �6 *2� )� !.%&

!( &.%%�:+)( 2%( /)& &+&'( !(
g
� ((& & %( )(6	'( /�* ! &)(&+( (%+ !2 +0,.)	 ( " �� �73 (+

* ��//6&�2( ! �� &66(2)*  � ( *&
ψ
% �(*+ /�*  .%.+.%( � #.&&& 2% (�( /6( 3 �'(&

ψ(t) = et2 3(+
ψ′(t) = 2tet2 �

∫ x

c

2t

1 + e−t2
dt =

∫ x

c

2tet2

et2 + 1
dt =

[

ln(1 + et2)
]x

c
= ln(1 + ex2

) + C .

� �� � #�� ����	� �	� �#�"��	�� #���	��	��	�
�% �//(66( � #�����! #����!!  � � 6( �2.+&(%+ !( !(2� /.63%� (* � 9� /62/�)+ !(* /)&� &+&'(* �2( 6 �.% *� &+ &� 6&26() $.) (66( (%+ *( )� 	%(%+ 4 !(* &� 6&26* !( /)& &+&'(* !(

$)�&+&.%* )�+&.%%(66(* 3 /�) !(* &0�%1( (%+* !( '�)&�56( *& /6(* � 
.2* &.  (%�.%* /�)
)(&(%*() 6(* $)�&+&.%* )�+&.%%(66(* /�)+&&26&	)(* !.%+ .% *� &+ &�6&26() 2%( /)& &+&'( � �%
6(* �//(66( 6(* ����  !�� ���% � � � �% %.+( n 2% (%+&() *+)&&+( (%+ / .*&+&$ 3 (+ a, b, c, α, β!(* ),(6* �2(6&.%�2(* �
7 �
xn � /)& &+&'( 1

n+ 1
xn+1 �

� � 1

(x+ a)n
� /)& &+&'( ln |x+ a| /.2) n = 1

.2 1

−n + 1

1

(x+ a)n−1

/.2)
n > 1

�

� � αx+ β

(ax2 + bx+ c)n

3 �'(&
∆ = b2 − 4ac < 0

�

7"�



9( !()%&() +3/ ( (*+ 6( /62* ! &� & &6( 4 &%+,1)() � 9� +(&0%&�2( &.%*(&66,( (*+ 6� *2&'�%+( �
�% &.  (%&( /�) $� &)( �//�)�:+)( �2 %2 ,)�+(2) 6� !,)&',(

2ax+ b
!2 +)&%� ( �

αx+ β

(ax2 + bx+ c)n
=

α
2a

(2ax+ b) + β − α
2a
b

(ax2 + bx+ c)n

=
α

2a

2ax+ b

(ax2 + bx+ c)n
+ (β − α

2a
b)

1

(ax2 + bx+ c)n
.

((++( !()%&	)( (�/)(**&.% (*+ &. 5&%�&*.% 6&%,� &)( !( !(2� +() (* � 9( /)( &() (*+ !(
6� $.) ( f ′(x)

f(x)n

� $%( /)& &+&'( (*+ !.%& �
∫ x

γ

2at+ b

(at2 + bt+ c)n
dt =

[ 1

−n+ 1

1

(at2 + bt+ c)n−1

]x

γ
=

1

−n+ 1

1

(ax2 + bx+ c)n−1
+C ,

*&
n > 1

3 .2 5&(% �
∫ x

γ

2at+ b

at2 + bt+ c
dt =

[

ln |at2 + bt+ c|
]x

γ
= ln |ax2 + bx+ c| + C ,

*&
n = 1

�
� (*+( 4 &%+,1)() 6( *(&.%! +() ( 3

∫ x

γ

1

(at2 + bt+ c)n
dt .

�6 $�2+ &.  (%&() /�)  (++)( 6( +)&%� ( *.2* $.) ( &�%.%&�2( �

at2 + bt+ c = a

(

(t+
b

2a
)2 − b2 − 4ac

4a2

)

.

�% (�(&+2( � 6.)* 2% &0�%1( (%+ !( '�)&�56( �� %( �

t+
b

2a
= v

√

b2 − 4ac

4a2
,

�2& )� 	%( 6( &� 6&26 4 &(62 & ! �2%( /)& &+&'( !2 +3/ ( �

In(u) =

∫ u

γ′

1

(v2 + 1)n
dv .

2&
n = 1

3 .% .5+&(%+
arctan u+C

� �.2)
n > 1

3 2%( �*+2&( / () (+ ! �(�(&+2() 2% &� 6&26
&+,)�+&$ (% $� &*�%+ 5� &**() 6( !(1), !2 !,%. &%�+(2) �

In(u) =

∫ u

γ′

(
v2 + 1

(v2 + 1)n
− v2

(v2 + 1)n

)

dv

=

∫ u

γ′

1

(v2 + 1)n−1
dv −

∫ u

γ′

2v.1
2
v

(v2 + 1)n
dv .

7"�



9( /)( &() +() ( (*+
In−1(u)

� 9( *(&.%! +() ( * �&%+	1)( /�) /�)+&(* 3 (% !,)&'�%+ 1
2
v
�

In(u) = In−1(u) −
[ 1

−n + 1

1

(v2 + 1)n−1
.
1

2
v
]u

γ′
+

∫ u

γ′

1

−n + 1

1

(v2 + 1)n−1
.
1

2
dv .

�% )� 	%( !.%& � &%*& 6( &� 6&26 !(
In(u)

4 &(62 & !(
In−1(u)

� %% &+,)�%+ 3 .% �))&'( 4
I1(u) = arctan(u) + C

�
�% /(2+ *( !( �%!() / .2)�2.& 6( +3/( � � ,+, )(*+)(&%+ �2� !,%. &%�+(2)* +(6* �2(

∆ = b2 − 4ac < 0
� 9� )�&*.% (*+ �2( !�%* 6( &�*

∆ ≥ 0
3 6( +3/( � *( )� 	%( �2 +3/ ( � �

%% (�(+ 3 *&
∆ = 0

3 6( +)&%� ( * �,&)&+ �
ax2 + bx+ c = a(x+

b

2a
)2 .

2&
∆ > 0

3 6( +)&%� ( � !(2� )�&&%(* ),(66(* � �6 * �,&)&+ �
ax2 + bx+ c = a(x− ρ1)(x− ρ2) ,.�

ρ1
(+
ρ2
!,*&1%(%+ 6(* !(2� )�& &%(* � � ) �

1

(x− ρ1)(x− ρ2)
=

1
ρ1−ρ2

x− ρ1
+

1
ρ2−ρ1

x− ρ2$%( /)& &+&'( !( 1
(x−ρ1)(x−ρ2)

(*+ !.%& �
∫ x

γ

1

(t− ρ1)(t− ρ2)
dt =

1

ρ1 − ρ2
(log(|x− ρ1| − log(|x− ρ2|) + C .


.2* &.  (%�.%* /�) 1,%,)� 6&*() &(& & 4 !(* $)�&+&.%* )�+&.%%(66(* !.%+ 6( !,%. &%�+(2)
� !(2� )�& &%(* ),(66(* ! &*+&%&+(* �
� 
�
�,-,
. � �� �� � �� !� n  � m  "
  !�� #� ρ1  � ρ2  "
 #� �� ����! ��� � � �  
 ��� 
 � #� �� α1, . . . , αn  � β1, . . . , βm � �� �" �

1

(x− ρ1)n(x− ρ2)m
=

α1

(x− ρ1)
+

α2

(x− ρ1)2
+ · · ·+ αn

(x− ρ1)n

+
β1

(x− ρ2)
+

β2

(x− ρ2)2
+ · · ·+ βm

(x− ρ2)m
.

� �� �!��#����! � 9� !, .%*+)�+&.% * �(� (&+2( /�) ),&2))(%&( *2) n+m
3 (% 2+&6&*�%+ 6(

&�*
n = m = 1

�2( %.2* �'.%* !,� 4 (�� &%, � 
.+.%* Hn,m

6� /)./)&,+, ,%.%&,( !�%*
6( +0,.)	 ( � 
.2* �'.%* !,� 4  .%+), �2( H1,1

(*+ ')� &( � �.2) +.2+
n,m

3 Hn,0
(+ H0,m*.%+ ,'&!(  (%+ ')�&(* � �.2)

n ≥ 1
(+
m ≥ 1

3 .% / (2+ ,&)&)( �
1

(x− ρ1)n(x− ρ2)m
=

(
1

ρ1−ρ2

x− ρ1

+

1
ρ2−ρ1

x− ρ2

)

1

(x− ρ1)n−1(x− ρ2)m−1

=
1

ρ1 − ρ2

(
1

(x− ρ1)n(x− ρ2)m−1
− 1

(x− ρ1)n−1(x− ρ2)m

)

.

7""



2& Hn,m−1
(+ Hn−1,m

*.%+ ')� &(* 3 .% (% !,!2&+ �2( Hn,m
(*+ ')�&( � �.%& Hn,m

(*+ ')� &(
/.2) +.2+

n,m ≥ 1
�

�
9� !,&. /.*&+&.% �2( %.2* '(%.%* ! �(�(&+2() 3 ! �2%( $)�&+&.% )�+&.%%(66( /�)+&&26&	)( (%
2%( &. 5&%�&*.% 6&%,�&)( ! �,6, (%+* *& /6(* 3 *( 1,%,)� 6&*( 4 !(* $)�&+&.%* )�+&.%%(66(*
�2(6&.%�2(* � 
.2* %( !.%%().%* /�* 6� !, .%*+)�+&.% !2 +0,.)	 ( *2&'�%+ 3 *( 56�56(
4 &(66( !( 6� /)./ .*&+&.% /),&,!(%+( 3  � &* 5 (�2&.2/ /62* $�*+&! &(2*( �
	
�
��� � �� �) &�!���#�!� "!  � #�����! #����!!  � � " ��%  P (x)/Q(x) �� P  � Q
� �!�  "
 % ���!��  � � �� � �� !�� #� �� �"%% �� �� % # � � #�  !�#  "
 �� #�����! �##�"��
���� � � &�!���#�!� "!  � ����#������! " �!�� �!�� "# Q(x) � �"� �� � �#�  �

Q(x) = (x− ρ1)
n1 · · · (x− ρk)

nk(a1x
2 + b1x+ c1)

m1 · · · (ahx
2 + bhx+ ch)

mh ,

�� ρ1, . . . , ρk � �!� � � #���!  � #� � � �  Q  �"���% ������� n1, . . . , nk   � � � �#�!��  �
ajx

2 + bjx + cj � �!� �  � � ��� "#�   � #� 2  �� �#�� �!�!� ��#��� �  !� ! ������  ��#�
# �% �!�!� �"
 #���!  � ���% � 
  �  Q �

�� � #�����! #����!!  � � Q � ���#�� ����  ��� ��!��� �! ��! ���#  � ����  !�� ���% � �
�"���!�� ��� xl  �� l = 0, . . . , deg(P )− deg(Q) �

� � 1

(x− ρi)l
 �� i = 1, . . . , k  � l = 1, . . . , ni �

� � αx+ β

(ajx2 + bjx+ cj)l
 �� j = 1, . . . , h  � l = 1, . . . , mj �

�.2) &. /)(%!)( &(++( !,&. /.*&+&.% 3 6(  &(2� (*+ ! �(�� &%() *� $.) ( *2) 2% &�*
/�)+&&26&() 3 )�**( 56�%+ 6(* ! &� ,)(%+(* *&+2�+&.%* �

x13

(x− 1)3(x− 2)2(x− 3)(x2 + 1)2(x2 + x+ 1)
= A+Bx

+
C

(x− 1)
+

D

(x− 1)2
+

E

(x− 1)3

+
F

(x− 2)
+

G

(x− 2)2
+

H

(x− 3)

+
Ix+ J

(x2 + 1)
+

Kx+ L

(x2 + 1)2

+
Mx+N

(x2 + x+ 1)
,

.� 6(* 6(++)(*
A,B, . . . ,M

!,*&1%(%+ !(* ),(6* 4 !,+() &%() � 9� +0,.)&( �**2)( �2( &(*
),(6* (� &*+(%+ (+ *.%+ 2%&�2(* � �6 *2� )� &+ !.%& !( ),!2&)( +.2* 6(* ,6, (%+* *& /6(* �2
 � ( !,%. &%�+(2) 3 (+ ! �&!(%+&
() 6(* %2 ,)�+(2)* /.2) .5+(%&) �2+�%+ ! �,�2�+&.%*
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�2( ! �&%&.%%2(* �7� !�%* %.+)( &�*� � (( % �(*+ /�* �&%*& �2 �.% /). &	!( (% /)�+&�2( � �%
2+&6&*( /62*&(2)* +(&0%&�2(* !(  �%&	)( 4 !,+() &%() 6( /62* !( &.(� &&(%+* /.**&5 6(* /�)
!(* ,�2�+&.%* *& /6(* � #.&& & &(* +(&0%&�2(* �
� �"# �� %�#�� % ���!�� ��� �((66(�&& (*+ %.% %266( *(26( (%+ !�%* 6( &�* .� 6( !(1), !2 %2 ,)�+(2) (*+ *2/ ,)&(2) .2
,1� 6 �2 !(1), !2 !,%. &%�+(2) � � �%* &( &�* 6( /.63%� ( &0()&0, 3 �2( 6 �.% �//(66( 6�
/�)+&( (%+&	)( 3 (*+ 6( �2.+&(%+

Ent(x)
!( 6� ! &' &*&.% (2& 6&! &(%%( !(

P (x)
/�)

Q(x) �
P (x) = Ent(x)Q(x) +R(x) ,

.� 6( )(*+(
R(x)

(*+ !( !(1), *+)&&+( (%+ &% $,)&(2) �2 !(1), !(
Q(x)

� � �%* %.+)( (�( /6( 3
Ent(x) = x+ 9

� �6 $�2+ * ��**2)() �2/�)�'�%+ �2( 6� $)�&+&.% (*+ 5&(% &)),!2&+&56( 3 (+ 6�
*& /6&
() ,'(%+2(66( (%+ *& (66( %( 6 �,+� &+ /�* �
� �"# � � � #�  �  ! (x− ρi)

ni
�

2& .%  26+&/ 6&( 6(* !(2�  ( 5)(* !( 6� !,&. /.*&+&.% /�)
(x−ρi)

ni
3 6� )�& &%(

ρi

! &*/��
)�:+ � �% / (2+ !.%& )( /6�&()

x
/�)

ρi

3 &( �2& �%%26( +.2* 6(* +() (* !( 6� !,&. /.*&+&.%
*�2 $ 2% � �6 )(*+( 4 1�2&0( 2%( &()+�&%( '� 6(2) 3 �2( 6 �.% &� 6&26( (% 1,%,)� 6 $�&&6( (%+ �
��%* %.+)( (�( /6( 3 *& .%  26+&/ 6&( 6(* !(2�  ( 5)(* /�)

(x− 1)3 3 (+ �2 �.% )( /6�&(
x
/�)

1
3 .% +).2'( �

113

(1 − 2)2(1 − 3)(12 + 1)2(12 + 1 + 1)
= E ,

*.&+
E = − 1

24

�
� �"# � � � #�  �  ! (ajx

2 + bjx+ cj)
mj
�

�% /). &	!( !(  � ( 3 (% )( /6���%+
x
/�) 2%( !(* )�& &%(* &. /6(� (* !2 +)&%� ( � � �%*

%.+)( &�* 3 .%  26+&/ 6&( 6(* !(2�  ( 5)(* /�)
(x2 +1)2 3 (+ .% )( /6�&( x /�) i =

√
−1
�

�% +).2'( �
i13

(i− 1)3(i− 2)2(i− 3)(i2 + i+ 1)
= Ki+ L .

�% &!(%+&
( � 6.)* 6� /�)+&( ),(66( (+ 6� /�)+&( & �1 &%� &)( � K = − 1
100

(+
L = − 1

50

�
� �"# � � �"�# � � #�  � ��6 $�2+ &0()&0() 6(* ,�2�+&.%* 6(* /62* *& /6(* / .**&5 6(* 3 (% /)(%�%+ !(* '� 6(2)* /�)+&&2�
6&	)(* /.2)

x
3 �2& %( *.&(%+ /�* !(* )�&&%(* !2 !,%. &%�+(2) �

x = 0
3
x = ±1

3 (+& � � � � �
�% /(2+ �2**& / (%*() 4 $� &)( +(%!)(

x
'()* 6 �&%
%& � �% % �� )(&.2)* 4 2%( ),!2&+&.% �2

 � ( !,%. &%�+(2) �'(& &!(%+&
&�+&.% !(* &. (� & &(%+* �2 �(% !()%&() )(**.)+ �
4)�&( 4 6� !,&. /.*&+&.% (% ,6, (%+* *& /6(* 3 %.2* *.  (*  � &%+(%�%+ (%  (*2)(

! �&%+,1)() % �& /.)+( �2(66( $)�&+&.% )�+&.%%(66( 3 /2&*�2( %.2* *�'.%* &%+,1)() &0�&2%
!(* ,6, (%+* *& /6(* � 
.2* � 66.%* !,+� &66() 6 �(�( /6( *2&'�%+ �

P (x)

Q(x)
=

x6 + 1

(x− 1)(x2 + x+ 1)2
.
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9( %2 ,)�+(2) (+ 6( !,%. &%�+(2) *.%+ /)( &()* (%+)( (2� 3 6� $)�&+&.% (*+ 5&(% &)),!2&�
+&5 6( � 2� !,&. /.*&+&.% (% ,6, (%+* *& /6(* � 6� $.) ( *2&'�%+( �

x6 + 1

(x− 1)(x2 + x+ 1)2
= A +Bx+

C

(x− 1)
+

Dx+ E

(x2 + x+ 1)
+

Fx+G

(x2 + x+ 1)2
.

9� ! &' &*&.% (2&6&! &(%%( !2 %2 ,)�+(2) /�) 6( !,%. &%�+(2) !.%%( �

x6 + 1 = (x− 1)
(

(x− 1)(x2 + x+ 1)2
)

+ 2x3 .

�.%&
A = −1

3
B = 1

3 (+ �
x6 + 1

(x− 1)(x2 + x+ 1)2
= −1 + x+

2x3

(x− 1)(x2 + x+ 1)2
.

�% / (2+ !,*.) � &* %( +)�'� &66() �2( *2) 6� /�)+&( )(*+�%+( 3 4 *�'.&) �
2x3

(x− 1)(x2 + x+ 1)2
=

C

(x− 1)
+

Dx+ E

(x2 + x+ 1)
+

Fx+G

(x2 + x+ 1)2
.

�%  26+&/ 6&( 6(* !(2�  ( 5)(* /�)
(x− 1)

3 (+ .% )( /6�&(
x
/�)

1
� �% +).2'(

C = 2
9

�
�%  26+&/ 6&( (%*2&+( 6(* !(2�  ( 5)(* /�)

(x2 + x + 1)2 3 (+ .% )( /6�&( x /�) j =

−1
2
+i

√
3

2

� �% +).2'(
Fj+G = −1−i

√
3

3

� %% &!(%+&
�%+ 6(* /�)+&(* ),(66(* (+ & �1 &%� &)(* 3
.% +).2'( −1

2
F +G = −1

(+ √
3

2
F = −

√
3

3

� 9� *.62+&.% !( &( *3 *+	 ( !( !(2� ,�2�+&.%*
4 !(2� &%&.%%2(* (*+

F = −2
3

(+
G = −4

3

�
�% /(2+ (%*2&+( )( /6�&()

x
/�)

i
3 (+ &!(%+&
() /�)+&( ),(66( (+ /�)+&( & �1 &%� &)( � �%

+).2'(
D = −2

9

(+
E = 14

9

�
�6 (*+ 5.% !( ',)&
() 6(* &� 6&26* 3 /�) 2%( .2 /62*&(2)* '� 6(2)* /�)+&&26&	)(* �
�.2)

x = 0 � 0 = −C + E +G
�

�.2)
x = −1 � −1 = A− B + C

−2
+ −D+E

1
+ −F+G

1

�
�/)	* �'.&) (%6(', 6� /�)+&( (%+&	)( 3 *& .%  26+&/ 6&( 6(* !(2�  ( 5)(* /�)

x
(+ �2 �.%

$�&+ +(%!)(
x
'()*

+∞ � 0 = C +D
�

�3�%+ 6� !,&. /.*&+&.% (% ,6, (%+* *& /6(* 3 %.2* *.  (*  � &%+(%�%+ (%  (*2)( !(
&� 6&26() 2%( /)& &+&'( �

I(x) =

∫ x

c

t6 + 1

(t− 1)(t2 + t+ 1)2
dt =

∫ x

c

−1+t+
2
9

(t− 1)
+

−2
9
t+ 14

9

(t2 + t+ 1)
+

−2
3
t− 4

3

(t2 + t+ 1)2
dt .

�% &� 6&26( *,/�), (%+
4
/)& &+&'(* �

I1(x) =

∫ x

c

(−1 + t) dt , I2(x) =

∫ x

c

2
9

t− 1
dt

I3(x) =

∫ x

c

−2
9
t+ 14

9

(t2 + t+ 1)
dt , I4(x) =

∫ x

c

−2
3
t− 4

3

(t2 + t+ 1)2
dt .
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9(* !(2� /)( &	)(* *.%+ $�& &6(* �

I1(x) =

∫ x

c

(−1 + t) dt = −x+
x2

2
+ C1 .

I2(x) =

∫ x

c

2
9

t− 1
dt =

[2

9
ln |t− 1|

]x

c
=

2

9
ln |x− 1| + C2 .

9(* !(2� *2&'�%+(* *.%+ /62* ! &� & &6(* �

I3(x) = −1

9

∫ x

c

2t+ 1

t2 + t+ 1
dt+

15

9

∫ x

c

1

t2 + t+ 1
dt

= −1

9
ln |x2 + x+ 1| + C3 +

5

3

∫ x

c

1

t2 + t+ 1
dt .

(�6&26.%* *,/�), (%+ 6� /)& &+&'( *2&'�%+( �

I5(x) =

∫ x

c

1

t2 + t+ 1
dt =

∫ x

c

1

(t+ 1
2
)2 + 3

4

dt .

%�(&+2.%* 6( &0�%1( (%+ !( '�)&�56( �
2√
3
(t+

1

2
) = u ,

*.&+
t =

u
√

3

2
− 1

2

(+
dt =

√
3

2
du .

I5(x) =
2√
3

∫ 2√
3
(x+ 1

2
)

2√
3
(c+ 1

2
)

1

u2 + 1
du =

2√
3

arctan(
2√
3
(x+

1

2
)) + C5 .

%% )(1).2/�%+ 6(* &� 6&26* �
I3(x) = −1

9
ln(x2 + x+ 1) +

10

3
√

3
arctan(

2√
3
(x+

1

2
)) + C3 .

��**.%*  �&%+(%�%+ 4
I4(x) �

I4(x) = −1

3

∫ x

c

2t+ 1

(t2 + t+ 1)2
dt−

∫ x

c

1

(t2 + t+ 1)2
dt

=
1

3

1

x2 + x+ 1
+ C4 −

∫ x

c

1

(t2 + t+ 1)2
dt .

(�6&26.%* *,/�), (%+ 6� /)& &+&'( *2&'�%+( �

I6(x) =

∫ x

c

1

(t2 + t+ 1)2
dt =

∫ x

c

1

((t+ 1
2
)2 + 3

4
)2
dt .

%�(&+2.%* 6( &0�%1( (%+ !( '�)&�56( �
2√
3
(t+

1

2
) = u ,

*.&+
t =

u
√

3

2
− 1

2

(+
dt =

√
3

2
du .

7��



I6(x) =
8

3
√

3

∫ 2√
3
(x+ 1

2
)

2√
3
(c+ 1

2
)

1

(u2 + 1)2
du

=
8

3
√

3

∫ 2√
3
(x+ 1

2
)

2√
3
(c+ 1

2
)

1 + u2

(u2 + 1)2
du− 8

3
√

3

∫ 2√
3
(x+ 1

2
)

2√
3
(c+ 1

2
)

u2

(u2 + 1)2
du

=
8

3
√

3
arctan(

2√
3
(x+

1

2
)) + C6 −

8

3
√

3
I7(x) .

(�6&26.%* (%
%
I7(x)

/�) /�)+&(* �

I7(x) =

∫ 2√
3
(x+ 1

2
)

2√
3
(c+ 1

2
)

2u · 1
2
u

(u2 + 1)2
du

=
[

− 1

u2 + 1
· (1

2
u)
] 2√

3
(x+ 1

2
)

2√
3
(c+ 1

2
)
+

∫ 2√
3
(x+ 1

2
)

2√
3
(c+ 1

2
)

1
2

u2 + 1
du

= −
1√
3
(x+ 1

2
)

4
3
(x+ 1

2
)2 + 1

+
1

2
arctan(

2√
3
(x+

1

2
)) + C7 .

%% )(1).2/�%+ 6 �(%*( 56( !(* ),*26+�+* 3 .% +).2'( �

I(x) = −x+
x2

2
+

2

9
ln |x− 1| − 1

9
ln(x2 + x+ 1)

+
2√
3

arctan(
2√
3
(x+

1

2
)) − 2

3

x

x2 + x+ 1
+ C .

� �� �� ��"���	�� �	� �#�"��	�� #���	��	��	�
� ( %. 5)(2� &�6&26* ! �&%+,1)� 6(* *( )� 	%(%+ 3 �/)	* 2% .2 /62*&(2)* &0�%1( (%+*

!( '�)&�56( 3 4 2% &� 6&26 !( /)& &+&'( !( $)�&+&.% )�+&.%%(66( � 
.2* �66.%* ! &*+&%12() �
+3/(* /)&%& &/�2� 3 (+ !.%%() /.2) &0�&2% 2% (�( /6( � 9� $.%&+&.% 4 &%+,1)() (*+ %.+,(
f
� 
.2* *2//.*.%* &.  ( ! �0�5&+2!( �2(

f
(*+ !,
%&( (+ &.%+&%2( *2) 6 �&%+()'� 66(

! �&%+,1)�+&.% 3 (+ �2( 6(* &0�%1( (%+* !( '�)&�56( /)./ .*,* / (2'(%+ (� (&+&'( (%+ �+)(
�//6&�2,* �
• 	�� � � �

f
��- +.� ��7-,
. �-,
..���� �.

et � cosh t� sinh t
�


�.����.- �� ��,����
u = et �

�
  �% � �
I =

∫ 2

1

1

sinh t
dt =

∫ 2

1

2

et − e−t
dt .

�.*.%* �
u = et *.&+

t = ln u
(+

dt =
1

u
du .

7�7



I =

∫ e2

e

2

u− 1
u

1

u
du =

∫ e2

e

2

u2 − 1
du

=

∫ e2

e

1

u− 1
− 1

u+ 1
du =

[

ln |u− 1| − ln |u+ 1|
]e2

e

= ln
e2 − 1

e2 + 1
− ln

e− 1

e+ 1
= ln

(e+ 1)2

e2 + 1
.

• 	�� � ) �

f
��- +.� ��7-,
. �-,
..���� �.

cos t� sin t� tan t
�


�.����.- �� ��,����
u = tan t

2

�
%% (�(+ 3 *&

u = tan t
2

3 � 6.)* �

cos t =
1 − u2

1 + u2
, sin t =

2u

1 + u2
, tan t =

2u

1 − u2
, dt =

2

1 + u2
du .

�
  �% � �

I =

∫ π
2

0

1

2 + cos t
dt =

∫ 1

0

1

2 + 1−u2

1+u2

2

1 + u2
du =

∫ 1

0

2

3 + u2
du .

�.2) &%+,1)() &(++( $)�&+&.% )�+&.%%(66( 3 &6 $�2+ (�(&+2() 2% %.2'(�2 &0�%1( (%+ !(
'�)&�56( �

v =
u√
3

*.&+
u =

√
3v

(+
du =

√
3dv .

I =
2
√

3

3

∫ 1√
3

0

1

1 + v2
dv =

2
√

3

3
arctan

1√
3

=
2
√

3

3

π

6
=

π

3
√

3
.

9( &0�%1( (%+ !( '�)&�56(
u = tan t

2

/),*(%+( 6 �&%&.%',%&(%+ !( &.%!2&)( 4 !(* $)�&+&.%*
/�)$.&* �**(� &. /6&�2,(* � �% /(2+ $� &)( /62* *& /6( !�%* &()+� &%* &�* �
• 2 & f (*+ 2% /.63%� ( (% cos t

(+
sin t � 6&%,�)&*() �

• 2 & f(t) dt
)(*+( &%&0�%1, �2�%! .% )( /6�&(

t
/�) −t � /.*() u = cos t

�
• 2 & f(t) dt

)(*+( &%&0�%1, �2�%! .% )( /6�&(
t
/�)

π − t � /.*() u = sin t
�

• 2 & f(t) dt
)(*+( &%&0�%1, �2�%! .% )( /6�&(

t
/�)

π + t � /.*() u = tan t
�

� +&+)( ! �(�( /6( 3 (�� &%.%* 6 �(� (+ !( � &0�%1( (%+* !( '�)&�56( / .**&5 6(* /.2) &� 6�
&26() �

I(x) =

∫ x

c

tan(t) dt = − ln | cos(x)| + C .

7��



u = tan
t

2
−→ I(x) =

∫ tan x
2

tan c
2

4u

1 − u4
du

u = cos t −→ I(x) =

∫ cos x

cos c

−1

u
du

u = sin t −→ I(x) =

∫ sin x

sin c

u

1 − u2
du

u = tan t −→ I(x) =

∫ tan x

tan c

u

1 + u2
du

%'&!(  (%+ 3 6(* � &0�%1( (%+* !( '�)&�56( &.%!2&*(%+ �2  � ( ),*26+�+ 
%� 6 3  � &*
&()+� &%* *.%+ /62* *& /6(* � � �
• 	�� � 0 �

f
��- +.� ��7-,
. �-,
..���� �.

t
�-

(at+b
ct+d

)
1
m

�


�.����.- �� ��,����
u = (at+b

ct+d
)

1
m

�
�
  �% � �

I =

∫ x

c

1√
1 + t+ 3

√
1 + t

dt .

%�(&+2.%* 6( &0�%1( (%+ !( '�)&�56( �
u = 6

√
1 + t

*.&+
t = u6 − 1

(+
dt = 6u5 du .

I =

∫ 6√1+x

6√1+c

6u5

u3 + u2
du =

∫ 6√1+x

6√1+c

6u3

u+ 1
du

= 6

∫ 6√1+x

6√1+c

u2 − u+ 1 − 1

u+ 1
du

= 6
[u3

3
− u2

2
+ u− ln |u+ 1|

] 6√1+x

6√1+c
.

• 	�� � � �

f
��- +.� ��7-,
. �-,
..���� �.

t
�- √

at2 + bt+ c
�


�.����.- �� ��,����
u =

√
4a2

|b2−4ac|(t+ b
2a

)
�

�6 (*+ !,&.%*(&66, !( )(+(%&) /�) &�2) &( &0�%1( (%+ !( '�)&�56( � 9 �&!,( (*+ !(  (++)(
! ��5.)! 6( +)&%� ( *.2* $.) ( &�%.%&�2( 3 /2&* ! �(� (&+2() 6( &0�%1( (%+ !( '�)&�56(
�!,�2�+ /.2) *( )� (%() 4 6 �2%( !(* +).&* $.) (* √

u2 + 1
3 √

u2 − 1
.2 √

1 − u2
� 
.2*

�'.%* !,� 4 '2 2% (� ( /6( / .2) &0�&2% !(* � &�* �
$%( $.&* &( &0�%1( (%+ !( '�)&�56( �� %( (� (&+2, 3 &6 )(*+( 2%( $)�&+&.% )�+&.%%(66( (%
u
(+ √

u2 + 1
.2 5&(% √

u2 − 1
.2 5&(% √

1 − u2
� �6 $�2+ (�(&+2() � 6.)* 2% %.2'(�2

&0�%1( (%+ !( '�)&�56( /.2) *( )� (%() 4 2%( &%+,1)� 6( !2 +3/( � .2 ) �
7 � $)�&+&.% )�+&.%%(66( (%

u
(+ √

u2 + 1 � &0�%1( (%+ !( '�)&�56( u = sinh v
�

7��



� � $)�&+&.% )�+&.%%(66( (%
u
(+ √

u2 − 1 � &0�%1( (%+ !( '�)&�56( u = cosh v
�

� � $)�&+&.% )�+&.%%(66( (%
u
(+ √

1 − u2 � &0�%1( (%+ !( '�)&�56( u = sin v
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√
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dt
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√
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√
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dt
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t
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√
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5t− 3√
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c

t
√
−2t2 + t dt

∫ x
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t√
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dt
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&%+,1)� 6 3 &.*&%2* &%+,1)� 6 (+ (�/.%(%+&(66( &%+,1)� 6( 3 &.%+(%�%+ !(* +�56(* !( '� 6(2)*
&%,! &+(* � �6 !('&(%!)� 2% */ ,&&� 6&*+( )(&.%%2 !2 &� 6&26 !( +�56(* %2 ,)&�2(* �

�2 &.2)* !2 +( /* 3 !( %. 5)(2*(* $.%&+&.%* *.%+ � &%*& �//�)2(* 3 (+ *.%+ !,*.) � &*
&%+,1),(* �2� 6.1 && &(6* !( &�6&26 � $%( !(* /62* &.%%2(* (*+ 6� $.%&+&.% ()$ �/.2) ()).)
$2%&+&.% � 3 +)	* 2+&6&*,( (% *+�+&*+&�2( 3 �2& (*+ !,
%&( &.  ( *2&+ �

()$
(x) =

2√
π

∫ x

0

e−t2 dt .

�.2+(* &(* $.%&+&.%* */ ,&&� 6(* 3 .%+ (��&+( (%+ 6(  � ( *+�+2+  �+0, �+&�2( �2( 6(*
$.%&+&.%* 2*2(66(* � .% /(2+ 6(* !,)&'() 3 6(* &%+,1)() 3 6(* �**. &&() 4 ! ��2+)(* $.%&+&.%*!�%* !(* $.) 26(* 3 (+& � �2  . (%+ !( &� 6&26() %2 ,)&�2( (%+ 2%( '� 6(2) /�)+&&26&	)( 3
2% 6.1 && &(6 !( &� 6&26 2+&6&*()� +.2� .2)* 2% � 61.)&+0 ( ! ��//).� & �+&.% �  � &* & �(*+ �2**&
6( &�* / .2) 6(* $.%&+&.%* 2*2(66(* � � � � 6.)* / .2)�2.& ! &*+&%12() 6(* $.%&+&.%* */ ,& &� 6(*
!(* �2+)(* $.%&+&.%* � �(2+��+)( /�)&( �2( 6(* $.%&+&.%* 2*2(66(* '.2* / .*(%+ !,� 4 *2��
*�  (%+ !( /).56	 (* 3 *�%* (% )�� .2+() �
�������	� 	��������	�

�6 3 � /62* !( !(2�  &66,%� &)(* 3 � )&0& 	!( *�'� &+ !,� 4 &� 6&26() 6 �� &)( !,6& &+,( /�)
2% �)& !( /�)�5.6( � �.2)+�%+ 3 �2*�2 ��2 7�	 ( *&	& 6( 3 &� 6&26() 6� 6.%12(2) ! �2% �)&
!( &.2)5 ( $2+ &.%*&!,), &.  ( & /.**&5 6( � 9 �&!,( �2 �2% �)& !( &.2)5 ( /2&**( �+)(
 (*2), �2  � ( +&+)( �2 �2% *(1 (%+ !( !).&+( *( 56� &+  � ( �5*2)!( 4 5 (�2&.2/ !(
 �+0, �+&& &(%* � 9( /).1)	* ' &%+ !( 6 �&!,( �2( 6� 6.%12(2) ! �2% �)& !( &.2)5 ( /2&**(
�+)( �//). &0,( /�) &(66( ! �2%( &0�:%( !( *(1 (%+* �3�%+ 6(2)* (� +), &+,* *2) 6� &.2)5 ( �
� &())( !( 1() �+ �7"� 7�7""�� $2+ 6( /)( &() 4 ),�6&*() �2( 6( &� 6&26 ! �2% �)& !( &.2)5 (
*( )� (%� &+ �2 &� 6&26 !( 6 �� &)( &%*&)&+( *.2* 2%( �2+)( &.2)5 ( 3 *.&+ (% +() (*  .!()%(* 3
2%( &%+,1)� 6( �

�.2)+�%+ 3  � ( �/)	* �2( 6�  ,+0.!( !( &�6&26 $2+ &. /)&*( 3 6(* +(%+�+&'(* / .2)
&� 6&26() 6� 6.%12(2) ! �2% �)& ! �(66&/*( ,&0.2	)(%+ � #.&&& 2%( !(* $��.%* ! �,&)&)( 6( /).�
56	 ( � 9(* ,�2�+&.%* /�)� ,+)&�2(* ! �2%( (66&/*( /�)� 66	 6( �2� ��(* *.%+ �

{
x(t) = a cos(t)
y(t) = b sin(t)

7'�



.�
a
(+
b
!,*&1%(%+ 6(* 6.%12(2)* !2 !( &���( 0.)&�.%+� 6 (+ !2 !( &���( '()+&&� 6 �
12)(

" ��� �

b

a

θ

��� � " �� � % 66&/*( ! �,�2�+&.%* /�)� ,+)&�2(*
x(t) = a cos(t)

3
y(t) = b sin(t)

�

9� $.) 26( /.2) &�6&26() 6� 6.%12(2) ! �2% �)& !( &.2)5 ( /�)� ,+)&�2( (%+)( !(2�
'� 6(2)*

t0
(+
t1
!2 /�)� 	+)( (*+ �

∫ t1

t0

√

(x′(t))2 + (y′(t))2 dt

�&& 6� 6.%12(2) !( 6 ��)& !( &.2)5 ( &. /)&* (%+)( 6 ���( 0.)&�.%+� 6 (+ 6( )�3.% ! ��%1 6(
θ(*+ �

L(θ) =

∫ θ

0

√

a2 sin2(t) + b2 cos2(t) dt

��%* 6( &�* .� 6 �(66&/*( (*+ 2% &()& 6( �
a = b

� 3 &6 % �3 � �2&2% /).56	 ( &�) 6� $.%&+&.%
4 &%+,1)() (*+ &.%*+�%+( � � � &* *&

a 6= b
� #.&& & &( �2( !.%%( 6( &0�%1( (%+ !( '�)&�56(

sin(t) = u
3 (% /.*�%+

x = sin(θ) �

L(θ) =

∫ x

0

√

a2u2 + b2(1 − u2)√
1 − u2

du = b

∫ x

0

√
1 − k2u2

√
1 − u2

du

�'(&
k2 = 1 − a2/b2

��2&++( 4 (� (&+2() 2%( ).+�+&.% !(
π/2
3 .% / (2+ *2//.*()

a < b
� �

%%  26+&/6&�%+ (% 0�2+ (+ (% 5�* /�) 6( %2 ,)�+(2) 3 &6 ' &(%+ �
L(θ)

b
=

∫ x

0

1 − k2u2

√
1 − k2u2

√
1 − u2

du

*.&+
L(θ)

b
=

∫ x

0

1√
1 − k2u2

√
1 − u2

du− k2

∫ x

0

u2

√
1 − k2u2

√
1 − u2

du

9� *(&.%!( !( &(* !(2� /)& &+&'(* *( &� 6&26( 1)�&( 4 2%( &%+,1)�+&.% /�) /�)+&(* � � � &*
6� /)( &	)( %( *( &� 6&26( /�* � & �(*+ &( �2 �.% �//(66( 2%( �!��� #��  � ��% ���"  �

I(x) =

∫ x

0

1√
1 − k2u2

√
1 − u2

du
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9( /)( &() 4 * ��+)( /.*, 6( /).56	 ( (*+ �� 66&* (% 7"�� � �6 �'� &+ (�/)& , 6( ),*26+�+
*.2* $.) ( ! �2%( *,)&( (%+&	)( 3 (+  .%+), �2( 6(* 6.%12(2)* ! ��2+)(* �)&* !( &.2)5 (*
&.%!2&*�&(%+ 4 !(* /).56	 (* !2  � ( +3/ ( � 9 &.2'&66( !('� &+ !, .%+)() /62* +�)! �2(
I(x)

%( * �(�/)& ( /�* 4 6 �� &!( !(* $.%&+&.%* 2*2(66(* 3  �&* !	* 6� 
% !2 7'	 ( *&	&6( 3
.% &.  (%&( 4 ,+2! &() 6(* /)./)&,+,* !(

I(x)
&.  ( 2%( %.2'(66( $.%&+&.% 3 4 6 �,1� 6

!( 6 �(�/.%(%+&(66( (+ !(* $.%&+&.%* +)&1.%. ,+)&�2(* 3 *�%* /62* &0()&0() 4 6� &� 6&26()
(�/6&& &+( (%+ �
$% /).1)	* &.%*&!,)�56( $2+ ),� 6&*, &%!,/ (%!�  (%+ /�) �5(6 (+ -�&.5& (% 7'�" �

�6* (2)(%+ 6 �&!,( 3 ! �2%( /�)+ !( /)(%!)( 6� ),& &/).�2( !( 6� $.%&+&.%
x 7→ I(x)

3 ! ��2+)(
/�)+ ! �,+(%!)( &(++( ),& &/).�2( (% 2%( $.%&+&.% 4 '� 6(2)* &. /6(� (* � ((++( %.2'(66(
$.%&+&.% 3 (+ *(* 1,%,)� 6&*�+&.%* 3 �66�&(%+ � .2() 2% )� 6( & /.)+�%+ (% �%� 63*( 3 (% 1,. ,+)&(
(+ (% +0,.)&( !(* %. 5)(* � 9(* 1,%,)�6&*�+&.%* /.)+(%+ !,*.) � &* 6( %. ! �&%+,1)� 6(*
�5 ,6&(%%(* 3 (% 0.  �1( 4 �5(6 �


 , (% 7'�� !�%* 2%( :6( /). &0( !( 2+�'�%1() (% 
.)'	1( 3 
 &(6* � (%)&� �5(6 3 *(&.%!

 6* ! �2%( $� &66( !( � (% $�%+* 3 !2+ �**2 () 4 7' �%* 3 �/)	* 6( !,&	* !( *.% / 	)( 3 6�
)(*/ .%*�5&6&+, !( *� $� &66( � %% /62* !(* 6(�.%* /�)+&&26&	)(* �2 �&6 !('� &+ !.%%() / .2)
%.2))&) 6(* *&(%* 3 &6 &.%+&%2� 4 ,+2! &() 3 (+ 4 �� �%* 3 &6 ,&)&' &+ 2%  , .&)( !, .%+)�%+
6 �& /.**&5&6&+, !( 6� ),*.62+&.% ! �2%( ,�2�+&.% !2 &&%�2&	 ( !(1), /�) )�! &&�2� � �'(&
*.% +)�'� &6 *2) 6(* &%+,1)� 6(* (66&/+&�2(* 3 &6 ,+� &+ !,� 4 4 �� �%* 3 6 ��2+(2) !( /62*&(2)*
),*26+�+*  �� (2)* � �6 (%+)(/)&+ � 6.)* 2% +.2) ! �%2)./ ( /.2) )(%&.%+)() 6(* 1)�%!*  ��
+0, �+&& &(%* !2  . (%+ � � � 60(2)(2*( (%+ 3 �2/)	* !( 4 �2** &.  ( !( (�2&033 &6 *(
0(2)+� 4 6� %,1 6&1(%&( (+ 6 �&%&. /),0(%*&.% � (0�)1, !( /),*(%+() 6(* +)�'�2� ! ��5(6 4
6 ��&�!, &( !(* 2& &(%&(* 3 (�2&03 ,1�)� 6(  , .&)( � &6 %( 6( )(+).2'� �2 �(% 7'�� 3 �/)	*
6�  .)+ ! ��5(6 3 *2&+( 4 2%( !, �)&0( ! &/ 6. �+&�2( !( 6� 
.)'	1( � � ,&.2)�1, (+ +)	*
!, 2%& 3 �5(6  .2)2+ ! �2%( +25 ()&26.*( /26 .%� &)( �'�%+ ! ��'.&) �++(&%+ *(* �� �%* � �6
% �� � � � &* *2 �2( *.% %. *()� &+ 2% � .2) !.%%, 4 !(* $.%&+&.%* 3 / 62*&(2)* +0,.)	 (*
& /.)+�%+* � � � (+ 4 2% !(* /)&� 6(* /62* /)(*+&1 &(2� (%  �+0, �+&�2(* �

7'�



� ��� ���� �

� ������ � �� ���� ��� ����

9(* !,'(6.//( (%+* 6& &+,* *.%+ 6 �.2+&6 /)&%& &/� 6 ! ��//).� & �+&.% 6. &�6( !(* $.%&�
+&.%* � 9 �.5� (&+&$ !( &( &0�/&+)( (*+ !( '.2* �//)(%!)( 4 6(* &� 6&26() � #.2* �2)(� (*�
*(%+&(66( (%+ 5 (*.&% !( *�'.&)  �%&/26() !(* /.63%� (* 3 � &%*& �2( ! ��'.&) �**& &6, 6(*
6& &+(* 3 6� &. /�)�&*.% !(* $.%&+&.%* (+ 6� !,)&'�+&.% �

� �� �	 �����	� �	 ��� �	#
(.  (%�.%* /�) )�//(6() !(2� ),*26+�+* $.%!� (%+�2� �2( '.2* &.%%� &**(� !,� 4

/�) &�2) �*& &( % �(*+ /�* 6( &�* 3 !,/ �&0(��'.2* !( 6(* �//)(%!)(� �
	
�
��� 8 �� ��

• � �"# ��"� x ∈ ] − 1, 1[ �
1

1 − x
= lim

n→∞
1 + x+ x2 + · · ·+ xn .

�� �7 �7�

• � �"# ��"� x ∈ R �
ex = lim

n→∞
1 +

x

1!
+
x2

2!
+ · · ·+ xn

n!
.

�� �7 ���
9( /)( &() * �.5+&(%+ 4 /�)+&) !( 6 �&!(%+&+, �

1 − xn+1 = (1 − x)(1 + x+ x2 + · · ·+ xn) .

9( *(&.%! *( !,!2&+ !( 6� $.) 26( !2 5&%� ( !( 
 (� +.% (+ (*+ !, .%+), !�%* 6( &0�/&+)(
*2) 6(* $.%&+&.%* 2*2(66(* �

�6 $�2+ '.&) !�%* �� �7 �7� (+ �� �7 ��� !(* ),*26+�+* ! ��%% #�
 �� ����! � &6* / () (++(%+! �,'�62() !(  �%&	)( )(6�+&'( (%+ /),&&*( 6� '�6(2) /)&*( /�) 2%( $.%&+&.% 3 (% &� 6&26�%+
2% /.63%� ( �&( �2& (*+ %.% *(26( (%+ $�& &6( 4 6�  � &% 3  � &* *2)+.2+ / (2 &.�+(2� (%
+( /* !( &� 6&26� � � &( /)./.* 3 !�%* +.2+ 6( &0�/&+)( %.2* &.  (++.%* 6 ��52* !( 6�%1�1(
&.%*&*+�%+ 4 !,*&1%() /�) �/.63%� (� &( �2& (*+ (% $� &+ 2%( $.%&+&.% /.63%. &� 6( �
(.%*&!,).%* 6� $.) 26( �� �7 �7� � 
.+.%* �

f(x) =
1

1 − x

(+
Pn(x) = 1 + x+ x2 + · · ·+ xn .

7'�



9� 
12)( � �7  .%+)( 2%( )(/),*(%+�+&.% 1)�/0&�2( !( 6� $.%&+&.%
f
(+ !(* /.63%� (*

Pn
/.2)

n
� 66�%+ !(

0
4

5
� � 62*

n
(*+ 1)�%! 3  (&66(2)( (*+ 6 ��//).� & �+&.% / .2) 2%

x!.%%, � � �%* &( &�* /�)+&&26&() 3 &6 (*+ $�&&6( !( &� 6&26() 6 �())(2) &.  &*( *& .% )( /6�&(
f(x)

/�)
Pn(x)

�
f(x) − Pn(x) =

1

1 − x
− 1 − xn+1

1 − x
=

xn+1

1 − x
.

((++( ())(2) (*+ !.%& !( 6 �.)!)( !(
xn+1 � �.2) �+)( /62* &.%&)(+ 3 / (%*(� x = 0.1

� � 6.)*
xn = 10−n (+ Pn(0.1) = 1.11 . . . 1

� 9� ! &�,)(%&(
f(x) − Pn(x)

'�2+
10−n+1/0.9

� �.2)
n = 5

3 .% &.  (+ 2%( ())(2) !( 6 �.)!)( !2  &66&.%&	 ( (% )( /6���%+
1/0.9

/�)
1.11111

�

0n=

1n=

2n=

3n=

4n=

5n=

−0.8 0 0.8

1

5

��� � � �7 � 1.%&+&.%
x 7→ 1/(1 − x)

(+ *(* /.63%� (* !( ��3 6.) (%
0
�2*�2 �4 6 �.)!)(

n = 5
�

9 �&%+,)�+ (*+ /62* ��1)�%+ / .2) 6 �(�/.%(%+&(66( 3 / .2) 6��2(66( &6 % �(� &*+( /�* ! ��2+)(
 .3(% !( &� 6&26 �2( !( 6 ��//). &0() /�) !(* /.63%� (* � �.*.%* �

f(x) = ex (+
Pn(x) = 1 +

x

1!
+
x2

2!
+ · · ·+ xn

n!
.

9( +�56(�2 &&�!(**.2* !.%%( 6� ! &� ,)(%&( (%+)(
f(0.1)

(+
Pn(0.1)

3 / .2)
n
� 66�%+ !(

0
4

5
�'.&) 6� 
12)( � �� /.2) 6� )(/),*(%+�+&.% 1)�/0&�2( !(

f
(+
P0, . . . , P5

� �

n 0 1 2 3 4 5
e0.1 − Pn(0.1) 0.105 5.2 10−3 1.7 10−4 4.3 10−6 8.5 10−8 1.4 10−9

(.  (%+ .5+&(%+�.% 6(* / .63%� (*
Pn

4 /�)+&) !(
f
� ( �(*+ +)	* *& /6( � .% $� &+ (%*.)+( �2( 6(2)* !,)&',(* (%

0
&.�%& &!(%+ �'(& &(66(* !( 6� $.%&+&.% �2*�2 �4 6 �.)!)(

n �
∀k = 0, . . . , n , f (k)(0) = P (k)

n (0) .
9( / .63%� (

Pn
,+�%+ !( !(1),

n
3 &6 (*+ (%+&	)( (%+ !,+() &%, /�) 6� !.%%,( !( *(*

n+ 1
&. (� & &(%+* �

Pn(x) = f(0) +
f ′(0)

1!
x+

f ′′(0)

2!
x2 + · · · + f (n)(0)

n!
xn .
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0n=

1n=

2n=

3n=

5n=
4n=

−2
0

0 2

.

��� � � �� � 1.%&+&.%
x 7→ ex (+ *(* /.63%� (* !( ��3 6.) (% 0

�2*�2 �4 6 �.)!)(
n = 5

�

# ,)&
(� *2) 6(* !(2� (� ( /6(* & &�!(**2* � 6� !,)&',( n� &	 ( (% 0
!(

x 7→ 1/(1 − x)
(*+

n!
3 &(66( !(

x 7→ ex (*+ 1
�

(( �2( %.2* '(%.%* !( '.&) �2 '.&*&%�1( !(
0
3 * �,+(%! (% % �& /.)+( �2(6 /.&%+ !( 6�

$��.% *2&'�%+( �
� ��.,-,
. 8 �� �) � ��� n "!  !�� # � � ��� f "!  � �! ����!  R �!� R �� !� �"# "!
�!� #��� � �"� #� I ��!� !�!� "! % ��!� a �#����� n− 1

� ��� �"# I   � �!� �� �#�� � 
n����   ! a  
 ��� � $! �%%  � � /.63%� ( !( ��3 6.)  ��## n  ! a  f  � % ���!��  �

Pn(x) = f(a) +
f ′(a)

1!
(x− a) +

f ′′(a)

2!
(x− a)2 + · · ·+ f (n)(a)

n!
(x− a)n .

$! �%%  � � )(*+( !( ��3 6.)  ��## n  ! a  f  �� � �! ����! Rn �"� � x ∈ I ��� ��� �
Rn(x) = f(x) − Pn(x) .

9 �&!,( (*+ !( )( /6�&() 2%( $.%&+&.%
f
�2( 6 �.% %( *�&+ /�* &� 6&26() �.2 ! &� & &6( (%+� /�)

2% /.63%� ( 3 �2& (*+ $�& &6( (%+ &� 6&26�56( � � � &* *&
f(x)

% �(*+ /�* &�6&26�56( 3 � 6.)* 5&(%
*�) 6( )(*+(

Rn(x)
%( 6 �(*+ /�* %.% /62* � �% !.&+ !.%& &0()&0() !(*  .3(%* ! �(*+& ()

.2 !(  �� .)() &( )(*+( � 
.2* 6(* ,+2! &().%* 4 6� *(&+&.% *2&'�%+( � 9(  .&%* �2( 6 �.%
/2&**( !( �%!() �2�%! .% �//). &0( 2%( $.%&+&.% /�) 2% /.63%� ( !( !(1),

n
3 (*+ �2(

6( )(*+( *.&+ %,1 6&1(�56( !('�%+
(x− a)n � ( �(*+ 6( *(%* !( 6� !,
%&+&.% *2&'�%+( �

� ��.,-,
. 8 �� �0 � �� !� I "! �!� #��� � �"� #� a "! % ��!�  I  � n "!  !�� # � $! ��
�" f �! (+ 2% !,'(6.//( (%+ 6& &+, ! �.)!)( n (% a ��#��" ���  
 ��� "! % ���!��  Pn

� � �" � # �� f(x) − Pn(x) � ��� ! �� ���  ���  ��!� (x− a)n �
Rn(x) = f(x) − Pn(x) = o((x− a)n) .


.2* '()).%* �2( +.2+(* 6(* $.%&+&.%* 2*2(66(* �! (++(%+ 2% !,'(6.//( (%+ 6& &+, / .2)
6(�2(6

Pn

(*+ 6( / .63%� ( !( ��3 6.) � � � ( *& .% %( 6(* 2+&6&*( � � � &* 3 &6 (� &*+( !(*
7'�



$.%&+&.%* �2& %( ',)&
(%+ /�* 6(* 03/.+0	*(* !( 6� !,
%&+&.% � �7 �� (+ �2& / .2)+�%+
�! (++(%+ !(* !,'(6.//( (%+* 6& &+,* � ��) (�( /6( 6� $.%&+&.%

f
!,
%&( /�) �

f(x) =

{
x4 *&

x ∈ Q

0
*&

x ∈ R \ Q .
% 66( ',)&
( ,'&!(  (%+

f(x) = o(x3)
3 (66( �! (+ !.%& !(* !,'(6.//( (%+* 6& &+,* (%

0
! �.)!)(

1
3
2
(+

3
� �.2)+�%+ (66( % �(*+ &.%+&%2( *2) �2&2% &%+()'� 66( &.%+(%�%+

0
�


.2* %.2* )� 	%().%* +.2� .2)* 4 !(* !,'(6.// ( (%+* 6& &+,* �2 '.&*&%�1( !(
0
3

1)�&( 4 6 �.5*()'�+&.% *2&'�%+( �
� 
�
�,-,
. 8 �� �� � ��� I "! �!� #��� � �"� #�  R a "! % ��!�  I  � n "!  !�� # �� ��� f "!  � �! ����! �� !� �"# I � � ��� g �� � �! ����! �"� � h ��� ��� g(h) = f(a+h) � ��� �! ����! f ��  � "! �� ��%%  �  !� ��� ���  ��## n  ! a ��  � �  " � �  !� �� g ��  �
"! �� ��%%  �  !� ��� ���  ��## n  ! 0 �

f(x) = Pn(x) + o((x− a)n) ⇐⇒ g(h) = f(a+ h) = Pn(a+ h) + o(hn) .
� ,*.) � &* 3 %.2* *& /6&
().%* 6(* ,&)&+2)(* (% % �,&)&'�%+ /62* �2( !(* !,'(6.// ( (%+*
6& &+,* (%

0
�

$% !,'(6.// ( (%+ 6& &+, 3 * �&6 (� &*+( 3 (*+ 2%&�2( �2 *(%* *2&'�%+ �
� 
�
�,-,
. 8 �� �� � �� !� I "! �!� #��� � �"� #� ��!� !�!� 0  � n "!  !�� # � � ��� f
"!  � �! ����! �� !� �"# I � �"%% ���!� �" ���  
 ���  "
 % ���!��  � Pn  � Qn   � #� n
� �� �" �" �����!��   0 �

f(x) = Pn(x) + o(xn)  � f(x) = Qn(x) + o(xn) .

� ��#� Pn = Qn �
� �� �!��#����! � 9( / .63%� (

Pn − Qn

(*+ !( !(1), �2 /62*
n
3 (+ &6 (*+ %,1 6&1(�56(

!('�%+
xn �2 '.&*&%�1( !( 0

� (( % �(*+ /.**&5 6( �2( * �&6 (*+ %26 �
�

� �� �	#�� �	� �	 ��� �	#
9( ),*26+�+ !( 5�*( 3 6( *(26 �2( '.2* �3(� ')�& (%+ 5 (*.&% !( )(+(%&) 3 ! &+ �2( *.2*

6(* 03/.+0	*(* !( 6� !,
%&+&.% � �7 �� 3 6( )(*+( !( ��3 6.)
Rn
(*+ %,1 6&1(�56( !('�%+

xn�2 '.&*&%�1( !(
0
3 !.%& 6� $.%&+&.% �! (+ 2% !,'(6.// ( (%+ 6& &+, 3 !.%+ 6� /�)+&(

/.63%. &� 6( (*+ *.% /.63%� ( !( ��3 6.) ! �.)!)(
n
� ( �(*+ 6( �� ��#��   ��� ��#���"!� �	
�
��� 8 �) �� � �� !� I "! �!� #��� � �"� #� ��!� !�!� 0  � n "!  !�� # � � ��� f "!  � �! ����! �#����� n− 1

� ��� �"# I   � �!� �� �#�� � n����   ! 0  
 ��� � � ��� Rn � �!)(*+( !( ��3 6.)  ��## n  ! 0 �
Rn(x) = f(x) −

(

f(0) +
f ′(0)

1!
x+

f ′′(0)

2!
x2 + · · · + f (n)(0)

n!
xn

)

.

�" �����!��   0 Rn  �� ! �� ���  ���  ��!� xn �
Rn(x) = o(xn) .

7'"



� �� �!��#����! � & �(*+ 2%( ),&2))(%&( �**(� *& /6( �
�.2)

n = 1
3 6( ),*26+�+ (*+ 2%( �2+)(  �%&	)( ! �(�/)& () 6� !,)&'�5&6&+, !(

f
(%

0
� %%

(� (+ 3
lim
x→0

f(x) − f(0)

x
= f ′(0) ,

,�2&'�2+ 4 �
lim
x→0

f(x) − f(0)

x
− f ′(0) = lim

x→0

f(x) − f(0) − xf ′(0)

x
= 0 .

��) !,
%&+&.% 3 &(&& *&1%&
( �2(
f(x) − f(0) − (x− 0)f ′(0)

(*+ %,1 6&1(�56( !('�%+
x
�2

'.&*&%�1( !(
0 �

f(x) − f(0) − xf ′(0) = R1(x) = o(x) .22//.*.%*  �&%+(%�%+ �2( 6( ),*26+�+ *.&+ ')� & 4 6 �.)!)(
n−1

� 2 &
f
',)&
( 6(* 03/.+0	*(*

4 6 �.)!)(
n
3 �6.)*

f ′ 6(* ',)&
( 4 6 �.)!)( n− 1
� � ) 3 6( / .63%� ( !( ��3 6.) ! �.)!)(

n− 1!(
f ′ (*+ (��&+( (%+ P ′

n(x)
�

f ′(0)+
f ′′(0)x

1!
+· · ·+ f

′(n−1)(0)xn−1

(n− 1)!
=

(

f(0) +
f ′(0)x

1!
+
f ′′(0)x2

2!
+ · · · + f (n)(0)xn

n!

)′

.

9 �03/.+0	*( !( ),&2))(%&( (%+)�:%( �2( �
R′

n(x) = f ′(x) − P ′
n(x) = o(xn−1) .

%% )('(%�%+ �2� !,
%&+&.%* 3 &(& & *&1%&
( �2( /.2) +.2+
ε > 0

3 &6 (� &*+(
η > 0

+(6 �2( �
|x| 6 η =⇒

∣
∣
∣
∣

R′
n(x)

xn−1

∣
∣
∣
∣
6 ε .

1&�.%*
x
!�%* 6 �&%+()'� 66(

]0, η]
(+ �//6&�2.%* 6( +0,.)	 ( !(* �&&).&**( (%+ 
%&* 4

Rn(x)
3 *2) 6 �&%+()'� 66(

[0, x] �
∃c ∈ ]0, x[ ,

Rn(x)

x
= R′

n(c) .

� 6.)* � ∣
∣
∣
∣

Rn(x)

xn

∣
∣
∣
∣
=

∣
∣
∣
∣

R′
n(c)

xn−1

∣
∣
∣
∣
6

∣
∣
∣
∣

R′
n(c)

cn−1

∣
∣
∣
∣
6 ε .

9( )� &*.%%( (%+ (*+ 6(  � ( / .2)
x ∈ [−η, 0[

� 
.2* �'.%* !.%&  .%+), �2(
Rn(x)

(*+
%,1 6&1(�56( !('�%+

xn � � �.� 6( ),*26+�+ 3 /�) ),&2))(%&( �
�

9� /62/�)+ !(* $.%&+&.%* �2( '.2* �2)(� 4  �%&/26() *.%+ &%!,
%& (%+ !,)&'�56(* *2)
6(2) !. � &%( !( !,
%&+&.% � % 66(* �! (++(%+ !.%& !(* !,'(6.// ( (%+* 6& &+,* 4 +.2+
.)!)( �


��� ,� 8 �) �) � ��� f "!  � �! ����!  R �!� R �!�� !��  !� �#����� �"# "!
�!� #��� � �"� #� I ��!� !�!� 0 � � �"# ��"�  !�� # n f ��  � "! �� ��%%  �  !� ��� ���
 ��## n  ! 0 � � ��� Rn � �! # ��  ��� ��#  ��## n � �" �����!��   0

Rn(x) ∼ f (n+1)(0)

(n + 1)!
xn+1 .

7'�



� �� �!��#����! � � ��/)	* 6( +0,.)	 ( � �� �73
f
�! (+ 2% !,'(6.//( (%+ 6& &+, �2�

.)!)(*
n
(+
n+ 1

3 / .2) +.2+
n
� � ) �

Rn(x) =
f (n+1)(0)

(n + 1)!
xn+1 +Rn+1(x) .

(.  (
Rn+1(x)

(*+ %,1 6&1(�56( !('�%+
xn+1 3 6( )�//.)+ !( Rn(x)

4 f(n+1)(0)
(n+1)!

xn+1 +(%!'()*
1
� � �.� 6( ),*26+�+ �

�

� .3(%%�%+ 2%( 03/.+0	*( 4 / (&%( /62* $.)+( �2( &(66( !2 +0,.)	 ( � �� �73 .% / (2+
!.%%() 2% ),*26+�+ /62* /),&&* *2) 6( )(*+( !( ��3 6.)

Rn � 6� � �#�"�  ��� ��# �� �
# �� �!��� #���
	
�
��� 8 �) �0 � ��� n "!  !�� #  � I "! �!� #��� � �"� #� ��!� !�!� 0 � � ��� f "!  � �! ����!  �����  Cn+1 �"# I �� � ������# n+ 1

� ��� �#�����   �#�� � (n+ 1)����  
��!��!" � � � ��� Rn � �! # ��  ��� ��#  ��## n  ! 0 �

Rn(x) =

∫ x

0

(x− t)n

n!
f (n+1)(t) dt .

�� �� ���

� �� �!��#����! � & �(*+ (%&.)( 2%( ),&2))(%&( �
�.2)

n = 0
3 6� $.) 26( (*+ 6( +0,.)	 ( $.%!� (%+� 6 !( 6 ��%� 63*( �

f(x) = f(0) +

∫ x

0

f ′(t) dt .

�.2)
n
�2(6&.%�2( 3 / .*.%* �

In =

∫ x

0

(x− t)n

n!
f (n+1)(t) dt ,

(+ &%+,1).%* /�) /�)+&(* �

In =

[
(x− t)n

n!
f (n)(t)

]x

0

+

∫ x

0

(x− t)n−1

(n− 1)!
f (n)(t) dt

= −f
(n)(0)

n!
xn + In−1 .

2& .% *2//.*( 6� $.) 26( ')� &( 4 6 �.)!)(
n−1

3 � 6.)*
In−1 = Rn−1(x)

3 .) �

Rn−1(x) =
f (n)(0)

n!
xn +Rn(x) ,

!.%&
Rn(x) = In � 6( ),*26+�+ (*+ ')� & 4 6 �.)!)( n � �6 (*+ !.%& ')�& / .2) +.2+ n 3 /�)),&2))(%&( �

�

7''



� �� �� �#���	�� ��# �	� ���	�	�� 	�	��� ��� ����

.2* � 66.%* +)�!2&)( *2) 6(* !,'(6.//( (%+* 6& &+,* 6(* ./ ,)�+&.%* 0�5&+2(66(* *2)

6(* $.%&+&.%* �*.  ( 3 /).!2&+ 3 &. /.*&+&.% 3 !,)&'�+&.% 3 &%+,1)�+&.% � � ((* ),*26+�+* / ()�
 (++(%+ !( &�6&26() 6(* !,'(6.//( (%+* 6& &+,* !( +.2+(* 6(* $.%&+&.%* �2( '.2* )(%&.%�
+)()(� 3 4 &.%! &+&.% !( &.%%�:+)( 2% /(+&+ %. 5)( !( !,'(6.//( (%+* 3 &(2� !(* $.%&+&.%*
6(* /62* &.2)�%+(* �
	
�
��� 8 �0 �� � �� !� n "!  !�� #  � I "! �!� #��� � �"� #� ��!� !�!� 0 � � �� !� f
 � g  "
 � �! ����!� �� !� � �"# I  ��  ���!� ����"!  "! �� ��%%  �  !� ��� ���  ��## 
n  ! 0 �

f(x) = Pn(x) + o(xn)  � g(x) = Qn(x) + o(xn) .�� *.  ( � f + g ��  � "! �� ��%%  �  !� ��� ���  ! 0 �!� � % ���!��   ��� ��#
 �� �� � ���   � "
  f  � g �� � /).!2&+ � fg ��  � "! �� ��%%  �  !� ��� ���  ! a �!� � % ���!��   ��� ��#  ��
��!����" �  � � #�  �   � #�� �!� �#� "#� �" ���"
 � n �!� � % #�"�� PnQn �

� � &. /.*&+&.% � � � g(0) = 0 ���#� f ◦ g ��  � "! �� ��%%  �  !� ��� ���  ! a �!�
� % ���!��   ��� ��#  �� ��!����" �  � � #�  �   � #�� �!� �#� "#� �" ���"
 � n
�!� � % ���!��  ���%�� � Pn ◦Qn �

� �� �!��#����! � ��// (6.%* �2( *&
r
(+
s
*.%+ !(2� $.%&+&.%* %,1 6&1(�56(* !('�%+

xn 3 � 6.)* 6(2) *.  ( 3 � &%*& �2( 6(2)* /).!2&+* /�) !(* $.%&+&.%* 5.)%,(* *.%+ (%&.)(%,1 6&1(�56(* !('�%+
xn � %% /�)+&&26&() �

f(x) + g(x) =
(

Pn(x) + o(xn)
)

+
(

Qn(x) + o(xn)
)

= Pn(x) +Qn(x) + o(xn) .

�.2) 6( /).!2&+ 3 &6 *2� + ! �,&)&)( �
f(x)g(x) =

(

Pn(x) + o(xn)
)(

Qn(x) + o(xn)
)

= Pn(x)Qn(x) + o(xn) .

2& .% %.+(
An

6( /.63%� ( $.) , !(* +() (* !( !(1), �2 /62*
n
!�%*

PnQn

3 � 6.)*
Pn(x)Qn(x) − An(x) = o(xn)

� �% � 5&(% �
f(x)g(x) = An(x) + o(xn) .

9( )�&*.%%( (%+ (*+ �%� 6.12( /.2) 6� &. /.*&+&.% �
�

��) (�( /6( 3 �'(&
f(x) = 1 − x− x2 + o(x2)

(+
g(x) = 2x+ x2 + o(x2) ,

.% .5+&(%+ �
f(x)+g(x) = 1+x+o(x2) , f(x)g(x) = 2x−x2+o(x2) , f◦g(x) = 1−2x−3x2+o(x2).
%% )	1 6( 1,%,)� 6( 3 &6 $�2+ +.2� .2)* &.  (%&() 2% &� 6&26 �'(& !(* !,'(6.//( (%+ 6& &+,*
�2& *.&(%+ +.2* �2  .&%* !( 6 �.)!)( 
%�6 *.20�&+, 3 �2&++( 4 %( /�* &� 6&26() (% &.2)* !(
).2+( 6(* +() (* %,1 6&1(�56(* � �6 / (2+ �+)( %,&(**� &)( !( /�)+&) ! �2% .)!)( *2/ ,)&(2) 4
6 �.)!)( *.20� &+, 3 %.2* (% '()).%* !(* (�( /6(* �
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�
��� 8 �0 �) � �� !� n "!  !�� #  � I "! �!� #��� � �"� #� ��!� !�!� 0 � � ��� f "!  � �! ����! n − 1
� ��� �#����� �"# I  �!� �� �#�� � n����   ! 0  
 ��� � � ��� Pn � �!

% ���!��   ��� ��#  ��## n  � Rn � # �� �
f(x) = Pn(x) +Rn(x) , Rn(x) = o(xn) .

�� !,)&'�+&.% � �� �#�� � f ′ ��  � "! �� ��%%  �  !� ��� ���  ��## n− 1  ! 0 �!�
� % ���!��   ��� ��#  �� �� �#�� �  � �"�  f �

f ′(x) = P ′
n(x) + o(xn−1) .

�� &%+,1)�+&.% � ��"� % #�� ����   f ��  � "! �� ��%%  �  !� ��� ���  ��## n + 1
 ! 0 �!� � % ���!��   ��� ��#  �� "!  % #�� ����   � �"�  f �

��) (�( /6( 3 *&
f(x) = 1 − x+ x2 + o(x2)

3 (+
F
(*+ 2%( /)& &+&'( !(

f
3 � 6.)* �

f ′(x) = −1 + 2x+ o(x)
(+

F (x) = F (0) + x− x2

2
+
x3

3
+ o(x3) .

� �� �!��#����! � �.2) 6� !,)&'�+&.% 3 & �(*+ 2%( .5*()'�+&.% �2( %.2* �'.%* !,� 4 2+&6&*,(
!�%* 6� !, .%*+)�+&.% !2 +0,.)	 ( !( ��3 6.)��.2%1 �+0,.)	 ( � �� �7� � 9 �&%+,1)�+&.%
(*+ 6�  � ( .5*()'�+&.% 3 �//6&�2,( 4 6� /)& &+&'( �

�
� �%* 6� *(&+&.% *2&'�%+( 3 %.2*  (++).%* (% /)�+&�2( &(* ),*26+�+* /.2) &� 6&26() 6(*

!,'(6.// ( (%+* 6& &+,* !(* $.%&+&.%* 2*2(66(* �

� �� ���	�	�� 	�	�� �	� �	�"��	�� ���	��	�
�.2* 6(* !,'(6.//( (%+ 6& &+,* !( &(++( *(&+&.% *.%+ �" �����!��   0

� �.2) 6(*
.5+(%&) 3 6( /)( &()  .3(% (*+ !( &� 6&26() 6(* !,)&',(* *2&&(**&'(* (+ ! �(% !,!2&)( 6(
/.63%� ( !( ��3 6.) � �% .5+&(%+ � &%*& 6(* !,'(6.// ( (%+* *2&'�%+* 3 �2( '.2* !(')(�
&.%%�:+)( /�) &�2) �
	
�
��� 8 �� �� � ��� n "!  !�� # α "! #� ��

�� exp(x) = 1 +
x

1!
+
x2

2!
+ · · · + xn

n!
+ o(xn) .

�� sin(x) = x− x3

3!
+
x5

5!
+ · · · + (−1)nx2n+1

(2n+ 1)!
+ o(x2n+1) .

� � cos(x) = 1 − x2

2!
+
x4

4!
+ · · ·+ (−1)nx2n

(2n)!
+ o(x2n) .

� � 1

1 − x
= 1 + x+ x2 + · · ·+ xn + o(xn) .

� � (1 + x)α = αx+
α(α− 1)

2!
x2 + · · · + α(α− 1) · · · (α− n+ 1)

n!
xn + o(xn) .

75�



� �� �!��#����! � 
.2* �'.%* !,� 4 '2 6( !,'(6.// ( (%+ 6& &+, !( 6 �(�/.%(%+&(66( � 6(* !,�)&',(* *2&&(**&'(* (%
0
*.%+ +.2+(* ,1� 6(* 4

1
� 
.2* �'&.%* �2**& +)� &+, 6( !,'(6.//( (%+

!(
1/(1 − x)

3 !.%+ 6� !,)&',(
n
�&	 ( (%

0
'�2+

n!
� �.2) 6( *&%2* (+ 6( &.*&%2* 3

sin′(x) = cos(x) , sin′′(x) = − sin(x) , sin(3)(x) = − cos(x) , sin(4)(x) = sin(x) .
9(* !,)&',(* *2&&(**&'(* (%

0
!(

sin
(+

cos
'� 6(%+ � 6+()%�+&'( (%+ 3

0
(+ ±1

� � ),& &*, (%+ �

sin(k)(0) =







0
*&

n ≡ 0 [4]
1
*&

n ≡ 1 [4]
0
*&

n ≡ 2 [4]
−1

*&
n ≡ 3 [4] ,

(+
cos(k)(0) =







1
*&

n ≡ 0 [4]
0
*&

n ≡ 1 [4]
−1

*&
n ≡ 2 [4]

0
*&

n ≡ 3 [4] .9� 
12)( � �� )(/),*(%+( 6(* $.%&+&.%* *&%2* (+ &.*&%2* �'(& 6(2)* /)( &()* /.63%� (* !(
��3 6.) (%

0
�

9( /.&%+ � / (2+ �+)( '2 &.  ( 2%( 1,%,)� 6&*�+&.% !( 6� $.) 26( !2 5&%� ( !(

 (� +.% � *&

α
(*+ 2% (%+&() / .*&+&$ 3

(1 + x)α (*+ 2% /.63%� ( 3 (+ +.2* 6(* +() (* !2!,'(6.// ( (%+ *.%+ %26* 4 /�)+&) !(
n = α + 1

� ��%* 6( &�* 1,%,)� 6 3 6� !,)&',(
n
� &	 (

!(
x 7→ (1 + x)α (*+ �

x 7−→ α(α− 1) · · · (α− n+ 1)(1 + x)α−n .
9� !, .%+)�+&.% /�) ),&2))(%&( (*+ $�& &6( � �% (% !,!2&+ &  ,! &�+( (%+ 6� $.) 26(
�%%.%&,( �

�

1n= 3n=

5n=

7n=

−1
−π π

1

0

0

.

−1

0

1

−π 0 π

.

��� � � �� � 1.%&+&.%* *&%2* (+ &.*&%2* �'(& 6(2)* /)( &()* / .63%� (* !( ��3 6.) (%
0
�

(.%*+�+(� �2( 6( !,'(6.// ( (%+ !2 *&%2* %( &.%+&(%+ �2( !(* +() (* & /� &)* 3 &(62& !2
&.*&%2* �2( !(* +() (* /� &)* � ( �(*+ 2%( /)./)&,+, 1,%,)�6( �2& *( !, .%+)( $�&&6( (%+ �*& 2%( $.%&+&.% (*+ /� &)( 3 *(* !,)&',(* ! �.)!)( & /� &) (%

0
*.%+ %266(* 3 !.%& *.% /.63%� (

!( ��3 6.) %( &.%+&(%+ �2( !(* +() (* /�&)* � *& 6� $.%&+&.% (*+ & /� &)( 3 &( *.%+ *(* !,)&',(*
! �.)!)( /� &) �2& * ��%%26(%+ (+ 6( /.63%� ( !( ��3 6.) %( &.%+&(%+ �2( !(* +() (* & /� &)* �
� /�)+&) !(* &&%� !,'(6.// ( (%+* !2 +0,.)	 ( � �� �73 .% /(2+ (% &� 6&26() 5 (�2&.2/
! ��2+)(* � ��) (�( /6( /�) 6&%,�)&+, 4 /�)+&) !2 !,'(6.//( (%+ !( 6 �(�/.%(%+&(66( �

sinh(x) =
ex − e−x

2
= x+

x3

3!
+
x5

5!
+ · · ·+ x2n+1

(2n+ 1)!
+ o(x2n+1) .
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cosh(x) =
ex + e−x

2
= 1 +

x2

2!
+
x4

4!
+ · · · + x2n

(2n)!
+ o(x2n) .

�6 (*+ 4 %.+() �2( 6(* !,'(6.//( (%+* !2 *&%2* (+ &.*&%2* .)! &%� &)(* / (2'(%+ *( )(+).2'()
!( 6�  � ( $��.% (% 2+&6&*�%+ 6(* $.) 26(* ! �%26() � 9� 
12)( � �� )(/),*(%+( 6(* $.%&+&.%*
sinh

(+
cosh

�'(& 6(2)* /)( &()* /.63%� (* !( ��3 6.) (%
0
� �5*()'(� �2( !�%* 6(*

!(2� &�* 3 6( �2�+)&	 ( / .63%� ( %( *( ! &*+&%12( /�* !( 6� $.%&+&.% *2) 6 �&%+()'� 66( !(
)(/),*(%+�+&.% �

1n=

3n=

7n=

5n=

−3 0 3

0

−10

10

.

0n=

2n=

4n=

6n=

0

1

10

−3 0 3

.

��� � � �� � 1.%&+&.%* *&%2* (+ &.*&%2* 03/()5 .6&�2(* �'(& 6(2)* /)( &()* /.63%� (* !(
��3 6.) (%

0
�

$+&6&*.%*  � &%+(%�%+ 6( !,'(6.//( (%+ !(
1/(1 − x)

� ��) &. /.*&+&.% �'(&
x 7→ −x 3.% .5+&(%+ �

1

1 + x
= 1 − x+ x2 + · · · + (−1)nxn + o(xn) .

9� /)& &+&'( %266( (%
0
(*+

ln(1 + x) �

ln(1 + x) = x− x2

2
+
x3

3
+ · · ·+ (−1)nxn+1

n + 1
+ o(xn+1) .

9� 
12)( � �� )(/),*(%+( 6� $.%&+&.%
ln
(+ *(* *&� /)( &()* /.63%� (* !( ��3 6.) �

��) &. /.*&+&.% �'(&
x 7→ x2 3 .% .5+&(%+ �2**& �
1

1 + x2
= 1 − x2 + x4 + · · · + (−1)nx2n + o(x2n) .

9� /)& &+&'( %266( (%
0
(*+

arctan(x) �

arctan(x) = x− x3

3
+
x5

5
+ · · ·+ (−1)nx2n+1

2n+ 1
+ o(x2n+1) .

$+&6&*.%* (%
% 6( !,'(6.// ( (%+ !(
(1 + x)α � �.2) α = −1

3 .% )(+).2'( 6( !,'(6.// (�
 (%+ !(

1/(1 + x)
�2( %.2* �'.%* !,� 4 ,&)&+ � 9(* &�* 6(* /62* $),�2(%+* *.%+

α = 1/2
3
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1n=

2n=

3n=

4n=

5n=

0n=

−1.1

0

1.1

1/3 1 3

��� � � �� � 1.%&+&.%
ln
(+ *(* / .63%� (* !( ��3 6.) (%

0
�2*�2 �4 6 �.)!)(

n = 5
�

α = −1/2
(+ &(2� .�

α
(*+ 2% (%+&() %,1�+&$ �

√
1 + x = 1 +

1

2
x− 1

8
x2 + · · · + (−1)n−11.3.5 . . . (2n− 3)

2n(n!)
xn + o(xn) .

1√
1 + x

= 1 − 1

2
z +

3

8
x2 + · · ·+ (−1)n1.3.5 . . . (2n− 1)

2n(n!)
xn + o(xn) .

1

(1 + x)k
= 1 − k x+

k(k + 1)

2
x2 + · · ·+ (−1)nk(k + 1) · · · (k + n− 1)

n!
xn + o(xn) .

�2 !,'(6.// ( (%+ !(
1/
√

1 + x
3 .% !,!2&+ &(62& !(

1/
√

1 − x2
3 /�) &. /.*&+&.% �'(&

x 7→ −x2 � 9� /)& &+&'( !( 1/
√

1 − x2
%266( (%

0
(*+

arcsin(x)
�

1√
1 − x2

= 1 +
1

2
z2 +

3

8
z4 + · · · + (2n)!

22n(n!)2
x2n + o(x2n) .

arcsin(x) = x+
1

6
x3 +

3

40
x5 + · · ·+ (2n)!

22n(n!)2(2n+ 1)
x2n+1 + o(x2n+1) .

�.2) &662*+)() 6(* ! &�,)(%+(* +(&0%&�2(* 3 %.2* /)./ .*.%* !( &� 6&26() 6( !,'(6.//( (%+
!( 6� $.%&+&.% +�%1(%+( ! �.)!)(

5
/�) *(/+  ,+0.!(* ! &� ,)(%+(* � 
.2* %( !,+� &66.%* /�*

+.2* 6(* &� 6&26* � &6 '.2* (*+ ' &'( (%+ &.%*(&66, !( 6(* )(/)(%!)( /�) '.2*� � (* �
� �-

�� � �

tan(x) =
sin(x)

cos(x)
.

��)+(� �'(& 6(* !,'(6.//( (%+* 6& &+,* !(
sin
(+

cos
4 6 �.)!)(

5 �

sin(x) = x− x3

6
+

x5

120
+ o(x5)

(+
cos(x) = 1 − x2

2
+
x4

24
+ o(x5) .

75�



(�6&26(� (%*2&+( 6( !,'(6.//( (%+ !(
1/ cos(x)

� �&6 (*+ &%2+&6( ! �,&)&)( 6(* +() (* !(
!(1),* *2/ ,)&(2)* 4

5
� �

1

cos(x)
=

1

1 −
(
x2 − x4

24
+ o(x5)

)

= 1 +

(

x2 − x4

24
+ o(x5)

)

+

(

x2 − x4

24
+ o(x5)

)2

+ o(x5)

= 1 +
x2

2
+

5x4

24
+ o(x5) .

�6 )(*+( 4 (� (&+2() 6( /).!2&+ /�) 6( !,'(6.//( (%+ !(
sin(x)

�
(

x− x3

6
+

x5

120
+ o(x5)

)(

1 +
x2

2
+

5x4

24
+ o(x5)

)

= x+
x3

3
+

2x5

15
+ o(x5) .

� �-

�� ) �

tan(x) =
1 − cos(2x)

sin(2x)
.

�++(%+&.% 3 &6 3 � 2% /&	1( � *& '.2* /). &,!(� &.  ( /.2) 6�  ,+0.!( /),&,!(%+( 3 '.&&&&( �2( '.2* +).2'(� �

1 − cos(2x) = 2x2 − 2x4

3
+ o(x5)

(+
sin(2x) = 2x− 4x3

3
+

4x5

15
+ o(x5) .

�.%& �
1 − cos(2x)

sin(2x)
=

2x− 4x3

3
+ o(x4)

2 − 4x2

3
+ 4x4

15
+ o(x4)

.

�.2+ &( �2( '.2* /.2))(� (% !,!2&)( 3 & �(*+ 2% !,'(6.//( (%+ 4 6 �.)!)(
4
3 (+ %.%

5
�

�.2) ,'&+() &(6� 3 &6 $�2+ �21 (%+() 6 �.)!)( �2 !,/�)+ �

1 − cos(2x) = 2x2 − 2x4

3
+

4x6

45
+ o(x6)

(+
sin(2x) = 2x− 4x3

3
+

4x5

15
+ o(x6) .

�.%& �
1 − cos(2x)

sin(2x)
=

x− x3

3
+ 2x5

45
+ o(x5)

1 − 2x2

3
+ 2x4

15
+ o(x5)

.

#.2* &� 6&26(� *,/�), (%+ �
1

1 −
(

2x2

3
− 2x4

15
+ o(x5)

) = 1 +

(
2x2

3
− 2x4

15

)

+

(
2x2

3

)2

+ o(x5)

= 1 +
2x2

3
+

14x4

45
+ o(x5) ,

/2&* '.2* (�(&+2(� 6( /).!2&+ �
(

x− x3

3
+

2x5

45
+ o(x5)

)(

1 +
2x2

3
+

14x4

45
+ o(x5)

)

= x+
x3

3
+

2x5

15
+ o(x5) .
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� �-

�� 0 �

tan2(x) = −1 +
1

cos2(x)
.

� � ( /&	1( �2( /),&,!(  (%+ � *& '.2* /�)+(� !( !,'(6.//( (%+* ! �.)!)( 5
3 '.2*

% �.5+&(%!)(� 
%� 6( (%+ �2( 6 �.)!)(
4
� 9(* &� 6&26* *2&&(**&$* *.%+ 6(* *2&'�%+* �

cos(x) = 1 − x2

2
+
x4

24
− x6

720
+ o(x6) ,

cos2(x) = 1 − x2 +
x4

3
− 2x6

45
+ o(x6) ,

1

cos2(x)
= 1 + x2 +

2x4

3
+

17x6

45
+ o(x6) ,

−1 +
1

cos2(x)
= x2 +

2x4

3
+

17x6

45
+ o(x6) ,

√

−1 +
1

cos2(x)
=

√

x2 +
2x4

3
+

17x6

45
+ o(x6)

= x

√

1 +

(
2x2

3
+

17x4

45
+ o(x4)

)

= x+
x3

3
+

2x5

15
+ o(x5) .

�6 / (2+ '.2* /�)�:+)( .*, ! ��'.&) )( /6�&, √
x2
/�)

x
*�%* *( /),. &&2/() !2 *&1%( � &6*( +).2'( �2( 6 �(�/)(**&.% .5+(%2( (*+ �2**& '� 6�56( /.2)
x < 0

�/(%*(� �2( 6� $.%&+&.%
(*+ & /� &)(� �
� �-

�� � �

tan′(x) =
1

cos2(x)
.

(.  ( %.2* /)(%!).%* 2%( /)& &+&'( 4 6� 
% 3 &6 *2� + ! �2% !,'(6.//( (%+ ! �.)!)(
4/.2) 6� !,)&',( �&( �2& (% 6 �. &&2))(%&( %( &0�%1( /�* 1)�%!�&0.*(� �

cos2(x) =

(

1 − x2

2
+
x4

24
+ o(x4)

)2

= 1 − x2 +
x4

3
+ o(x4) .

1

cos2(x)
= 1+

(

x2 − x4

3
+ o(x4)

)

+

(

x2 − x4

3
+ o(x4)

)2

+o(x4) = 1+x2+
2x4

3
+o(x4) .

�6 )(*+( 4 /)(%!)( 6� /)& &+&'( 3 (% 2+&6&*�%+ 6( $�&+ �2( 6( +() ( &.%*+�%+ (*+ %26 �

tan(x) = x+
x3

3
+

2x5

15
+ o(x5) .

� �-

�� � �

tan′(x) = 1 + tan2(x)
�


.2* �'.%* && & 2%( ,�2�+&.% !.%+ 6 �&%&.%%2( (*+ 6( !,'(6.// ( (%+ &0()&0, � (.  ( 6�
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$.%&+&.% +�%1(%+( (*+ & /� &)( 3 %.2* *�'.%* �2( *.% !,'(6.//( (%+ ! �.)!)(
5
(*+ !( 6�

$.) (
a x+ b x3 + c x5 + o(x5)

3 .�
a
3
b
(+
c
*.%+ !(* ),(6* 4 !,+() &%() � � 6.)* �

1 + tan2(x) = 1 +
(
a x+ b x3 + c x5 + o(x5)

)2
= 1 + a x2 + 2ab x4 + o(x4) .

9� /)& &+&'( %266( (%
0
� /.2) !,'(6.//( (%+ �

x+
a x3

3
+

2ab x5

5
+ o(x5) .

��) 2%&& &+, !2 !,'(6.// ( (%+ 6& &+, 3 .% !.&+ �'.&) �






a = 1
b = a/3
2ab/5 = c .

�% .5+&(%+ !.%& � a = 1
3
b = 1/3

(+
c = 2/15

�
� �-

�� � �

tan(x) = −
(
ln(cos)

)′
(x)

�
(.  ( %.2* !,)&'().%* 4 6� 
% 3 %.2* !('.%* &.  (%&() �'(& !(* !,'(6.// ( (%+*
! �.)!)(

6
�

ln(cos(x)) = ln

(

1 +

(

−x
2

2
+
x4

24
− x6

720
+ o(x6)

))

=

(

−x
2

2
+
x4

24
− x6

720

)

− 1

2

(

−x
2

2
+
x4

24

)2

+
1

3

(

−x
2

2

)3

+ o(x6)

= −x
2

2
− x4

12
− x6

45
+ o(x6) .

9 �.//.*, !( 6� !,)&',( !.%%( 5&(% �
tan(x) = x+

x3

3
+

2x5

15
+ o(x5) .

� �-

�� 8 �

tan(arctan(x)) = x
�


.2* &.%%� &**.%* 6( !,'(6.//( (%+ !(
arctan

! �.)!)(
5 �

arctan(x) = x− x3

3
+
x5

5
+ o(x5) .

2.&+
tan(x) = a x+ b x3 + c x5 + o(x5)

6( !,'(6.//( (%+ &0()&0, � � 6.)* �

tan(arctan(x)) = a

(

x− x3

3
+
x5

5

)

+ b

(

x− x3

3

)3

+ c
(
x
)5

+ o(x5)

= a x+ (−a/3 + b) x3 + (a/5 − b+ c) x5 + o(x5) .
��) 2%&& &+, !2 !,'(6.// ( (%+ 6& &+, 3 .% !.&+ �'.&) �







a = 1
−a/3 + b = 0
a/5 − b+ c = 0 .

�% .5+&(%+ (%&.)( � a = 1
3
b = 1/3

(+
c = 2/15

�

75"



� �� ���	�	�� 	�	��� ������	����	�
�% +).2'( !�%* 6(* !,'(6.//( (%+* 6& &+,* 2%( &!,( *& /6( 3 �2& (*+ 6 �&!,( !( 5�*( !(

+.2+( �//).� & �+&.% � /.2) �//). &0() 2%( $.%&+&.% �2 '.&*&%�1( ! �2% /.&%+ 3 &6 $�2+ &0.&�*&) 2%( ,&0(66( �! �&%
%& (%+ / (+&+*� �6(*
xn !�%* 6( &�* !(* !,'(6.//( (%+* .)! &%� &)(*� ��% ,&)&+ � 6.)* 6 ��//).� & �+&.% *.20�&+,( &.  ( 2%( &. 5&%� &*.% 6&%,� &)( !(* &%
%&�

 (%+ / (+&+* !( 6 �,&0(66( � � &(% ! ��2+)(* ,&0(66(* �2( 6(*
xn *.%+ /.**&56(* � �% /(2+ �2**&+)�%*/.*() 6�  � ( &!,( /.2) !(* !,'(6.//( (%+* �2 '.&*&%�1( !(

+∞ 3 .2 (%&.)( / .2)!(* ,&0(66(* ! �&%
%& (%+ 1)�%!* � 
.2* %( $().%* /�* !( +0,.)&( 1,%,)� 6( !(* !,'(6.// (�
 (%+ �*3 /+.+&�2(* !�%* &(++( *(&+&.% � 
.2* %.2* &.%+(%+().%* ! �2%( 6&*+( ! �(�( /6(* 3
�2& *( !,!2&*(%+ +.2* /�) &. /.*&+&.% !(* !,'(6.//( (%+ 6& &+,* .)! &%� &)(* � ((++( 6&*+(
(*+ 6.&% ! ��+)( (�0�2*+&'( 3  � &* '.2* !.%%()� 2%( &!,( !2 +3/( !( 1,%,)�6&*�+&.%* �2(
6 �.% / (2+ !.%%() �2� /.63%� (* !( ��3 6.) � � (/)(%!)( '.2*� � (* 6(* &�6&26* (*+ 2%
(�()&&&( &.%*(&66, � � �
�7
���� ���

xα �+ �
,�,.��� ��
0+

√
x+ x2 =

√
x
√

1 + x =
√
x

(

1 +
x

2
− x2

8
+ o(x2)

)

= x1/2 +
x3/2

2
− x5/2

8
+ o(x5/2) .

sin(x2/3) = x2/3 − x2

6
+
x10/3

120
+ o(x10/3) .

�7
���� ���
xn lnm(x)

�+ �
,�,.��� ��
0+

ln(x) sin(x) = x ln(x) − x3 ln(x)

6
+
x5 ln(x)

120
+ o(x5 ln(x))

xx2+x = exp
(
(x2 + x) ln(x)

)

= 1 + x ln(x) + x2 ln(x) +
1

2
x2 ln2(x) + 2x3 ln2(x) +

1

3
x3 ln3(x) + o(x3) .

�7
���� ���
x−n �+ �
,�,.��� ��

+∞
x+ 2

x2 − 1
=

1

x

1 + 2
x

1 − 1
x2

=
1

x

(

1 +
2

x

)(

1 +
1

x2
+

1

x4
+ o

(
1

x4

))

=
1

x
+

2

x2
+

1

x3
+

2

x4
+ o

(
1

x5

)

.

arctan(x) =
π

2
− arctan

(
1

x

)

=
π

2
− 1

x
+

1

3x3
+ o

(
1

x3

)

.
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�7
���� ���
e−αx �+ �
,�,.��� ��

+∞

ln(1 + e−x) = e−x − e−2x

2
+

e−3x

3
+ o(e−3x) .

1 + ex/3

1 + ex/2
= e−x/61 + e−x/3

1 + e−x/2

= e−x/6
(
1 + e−x/3

)(
1 − e−x/2 + e−x + o(e−x)

)

= e−x/6 + e−x/2 − e−2x/3 − e−x + e−7x/6 + o(e−7x/6) .

�7
���� ���
x−n �+ �
,�,.��� ��

0+

tan(π/2 − x) =
1

tan(x)
=

1

x+ x3/3 + o(x3)

=
1

x

1

1 + x2/3 + o(x2)

=
1

x

(

1 − x2

3
+ o(x2)

)

=
1

x
− x

3
+ o(x) .

sin(x)

(1 − cos(x))2
=

=
x− x3/6 + x5/120 + o(x5)

(x2/2 − x4/24 + x6/720 + o(x6))2

=
x− x3/6 + x5/120 + o(x5)

x4(1/2 − x2/24 + x6/720 + o(x2))2

=
4

x3

1 − x2/6 + x4/120 + o(x4)

1 − x2/6 + x4/80 + o(x4)

=
1

4x3

(

1 − x2

6
+

x4

120
+ o(x4)

)(

1 +
x2

6
+

11x4

720
+ o(x4)

)

=
4

x3
− x

60
+ o(x) .

�7
���� ���
x−α �+ �
,�,.��� ��

0+

1
√

ln(1 + x)
=

(

x− x2

2
+
x3

3
+ o(x3)

)−1/2

= x−1/2

(

1 − x

2
+
x2

3
+ o(x2)

)−1/2

= x−1/2

(

1 +
x

4
− 7x2

96
+ o(x2)

)

= x−1/2 +
x1/2

4
− 7x3/2

96
+ o(x3/2) .
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3
√

ln(1 + x)
√

sin3(x)
=

(
x− x2/2 + x3/3 + o(x3)

)1/3

(
x− x3/6 + o(x3)

)3/2

= x−7/6

(
1 − x/2 + x2/3 + o(x3)

)1/3

(
1 − x2/6 + o(x2)

)3/2

= x−7/6

(

1 − x

6
+
x2

12
+ o(x2)

)(

1 +
x2

4
+ o(x2)

)

= x−7/6

(

1 − x

6
+
x2

3
+ o(x2)

)

= x−7/6 − x−1/6

6
+
x5/6

3
+ o(x5/6) .
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f(x) = x+ x2 + o(x4)
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�
9� $.%&+&.%

f
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x 7→ f(x)/x
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x 7→ x2f(x)
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� f 2(x) = x2 + x4 + o(x6)

�
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� f(x2) = x2 + x4 + o(x6)
�
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� f(2x) = 2x+ 2x2 + o(x4)

�
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� f(x4) = o(x4)
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� f(2x2) ∼ 2x2 �
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2
(%

0
�

� �
�
9� $.%&+&.%

f/g
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f(x) = x+ x3 + o(x3)
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g(x) = −x+ x3 + o(x3) .

�% / (2+ (% !,!2&)( �2( �')� & .2 $�2� (+ /.2)�2.& �� �7 �
� f(x) + g(x) = o(x2)

�
� �

� f(x) − g(x) = o(x)
�

� �
� f(x) + 2g(x) = o(f(x))
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� 2f(x) + g(x) ∼ f(x)
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� �
� f(x)g(x) = −x2 + x6 + o(x6)
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1

1 − 2x
= 1 + 2x+ · · · + 2nxn + o(xn)

�
� �

�
1

2 − x
= 1 + (1 − x) + · · · + (1 − x)n + o(xn)

�
� �

�
1

2 − x
=

1

2
+
x

4
+ · · ·+ xn

2n+1
+ o(xn)

�

� �
�

1

2 + 3x
=

1

2
− 3x

4
+ · · · + (−1)n3nxn

2n+1
+ o(xn)

�

� �
�

1 + x

1 − x
= 1 + 2x− 2x2 + · · ·+ (−1)n2xn

2n + 1
+ o(xn)

�

" �
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1 − x

1 + x
= 1 + 2x− 2x2 + · · ·+ (−1)n2xn

2n + 1
+ o(xn)

�
� �

�
1

(1 + x)2
= 1 − 2x+ 3x2 + · · ·+ (−1)n(n+ 1)xn + o(xn)

�
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1

(1 − x)3
= 1 + 3x+ 6x2 + · · ·+ 3nxn + o(xn)
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� ex−1 = x+ o(x)
�
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� ex−1 = 1/e + o(1)
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� �

� ex2
= 1 + x2 + o(x3)

�
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� ex2−1 = e + ex2 + o(x2)
�
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� e(x−1)2 = e − 2e x+ 3ex2 + o(x2)

�
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� (ex − 1)2 = x2 + 2x3 + o(x3)
�
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� (ex)2 − 1 = o(x)
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� sin(2x) = 2x− x3/3 + o(x3)
�
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� sin(π/2 − x) = 1 − x2/2 + o(x2)

�
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� sin(tan(x)) = x+ o(x2)
�

� �
� sin(sin(x)) = x− x3/6 + o(x3)

�
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� cos(sin(x)) = 1 − x2/2 + o(x2)
�
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� sin(cos(x)) = o(x)

�
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� tan(sin(x)) = x+ x3/3 + o(x3)
�
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� tan(sin(x)) − sin(tan(x)) = o(x6)
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√
2 + x = 1 + (1 + x)/2 + o(1 + x)

�
� �

�
√

4 + x = 2 + x/2 + o(x)
�

� �
� 1/

√
4 + x = 1/2 − x/16 + o(x)

�
� �

� 3
√

3 + x = 1 + x/3 + o(x)
�

� �
� 1/ 3

√
1 − 3x = 1 + x+ o(x)

�
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3
√

1 + 3x3 = 1 + x3 + o(x5)
�

� �
� (8 + 3x)2/3 = 4 + x+ o(x)

�
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� (8 + 3x)−2/3 = 1/4 + x+ o(x)
�
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� ln(1 − x) = −x+ x2/2 + o(x2)
�

� �
� ln(1 − x2) = −x2 − x4/2 − x6/3 + o(x6)

�
� �

� ln(1 + ex) = 1 + x+ o(x)
�

� �
� ln(cos(x)) = −x2/2 + o(x3)

�
� �

� ln(1 + cos(x)) = ln(2) − x2/4 + o(x3)
�

" �
� ln(1 + sin(x)) = x+ o(x2)

�
� �

� ln(1 + sin(x)) − ln(1 + tan(x)) = o(x2)
�

' �
� ln(1 + x2) − ln((1 + x)2) = o(x)
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� sin

(
1

x

)

=
1

x
− 1

6x3
+ o

(
1

x3

)

.

� �
� arctan

(
x

x+ 1

)

= 1 − 1

x
+ o

(
1

x

)

.

� �
� cos

(
1

1 + x

)

= 1 − 1

2x2
+

1

24x4
+ o

(
1

x4

)

.
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x

x2 − 1
=

1

x
+

1

x3
+ o

(
1

x3

)
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� ln

(
1

1 + x

)

= − ln(x) − 1
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+ o

(
1

x
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x
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(
1

x

)

� �
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1
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√
x+ x2 =

√
x+ x/2 + o(x)

�
� �

�
√

x+
√
x = x1/4 + x3/4/2 + o(x3/4)

�
� �

� cos(x2/5) = 1 + o(x)
�

� �
� sin( 3

√
x3 + x5) = x+ o(x2)

�
� �

�
ln(x)

sin(x)
=

ln(x)

x
+ o(x ln(x))
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ln(
√
x)

sin(x)
=

ln(x)

2x
+ o(x ln(x))
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� �
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ln(
√
x)

sin(
√
x)

=
ln(x)

2x
+ o(x ln(x))
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sin(
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f : x 7→ sin(x) , f : x 7→ cos(x) , f : x 7→ ex ,

f : x 7→ ln(1 + x) , f : x 7→ arctan(x) , f : x 7→ arcsin(x) ,

f : x 7→ sinh(x2) , f : x 7→ cosh(x2) , f : x 7→ ln(1 + x2) .7 � (� 6&26() 6(* !,)&',(* *2&&(**&'(* !(
f
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n = 5
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x = 0.01
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f : x 7→ sin(x) , f : x 7→ cos(x) , f : x 7→ ex ,

f : x 7→ ln(1 + x) , f : x 7→ arctan(x) , f : x 7→ arcsin(x) ,7 � %&)&)( 6( !,'(6.// ( (%+ 6& &+, ! �.)!)(
5
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x 7→ f(2x)
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x 7→ f(x/3)
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x 7→ f(x2)
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x 7→ f(x+ x2)
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cos(x) ln(1 + x) = x− x2

2
− x3

6
+ o(x4)

�

� � 1

cos(x)
= 1 +

x2

2
+

5x4

24
+ o(x4)
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� � 1

1 − sin(x)
= 1 + x+ x2 +

5x3

6
+

2x4

3
+ o(x4)

�

� � 1

1 − arctan(x)
= 1 + x+ x2 +

2x3

3
+
x4

3
+ o(x4)

�

� � arcsin(x)√
1 − x2

= x+
2x3

3
+ o(x4)

�
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ln(cos(x)) = −x

2

2
− x4

12
+ o(x4)

�

� �
ln(1 + x2 sin(x)) = x3 − x5

6
− x6

2
+ o(x6)
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cos(sin(x)) = 1 − x2

2
+

5x4

24
+ o(x4)

�
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sin(2x− 4x2) − 2 sin(x− x2) = −2x2 − x3 + 7x4 + o(x4)
�
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cosh(1 − cos(x)) = 1 +

x4

8
+ o(x4)

�
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cos(1 − cosh(x)) = 1 − x4

8
+ o(x4)

�
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sin(x− arctan(x)) =

x3

3
− x5

5
+
x7

7
+ o(x8)
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sin(x− arctan(x)) − x+ arctan(x) = o(x8)
�

7� �
cosh(1 − cos(x)) + cos(cosh(x) − 1) = 2 − x6

24
+ o(x6)

�
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(cosh(x) − cos(x))(sinh(x) − sin(x)) =

x5

3
+ o(x8)
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(cosh(x) − cos(x))(sinh(x) − sin(x))2 =

x8

9
+ o(x11)
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arcsin(ln(1 + x2)) = x2 − x4

2
+ o(x4)
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7' � arcsin(x) − x

sin(x) − x
= −1 − x2

2
− 7x4

24
+ o(x4)

�

75 � arctan(x) − x

tan(x) − x
= −1 + x2 − 2x4

3
+ o(x4)
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1 +
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1 + x+
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1 − x
=

1
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+
x2

36
+ o(x3)
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+
x4
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+ o(x4)
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ln
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ln(1 + x)
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= −x
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5x2
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− x3

8
+ o(x3)
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1+x = e +
ex

2
+

ex3
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+ o(x3)
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x

)3/x2

=
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e
− x2
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√

e
+ o(x3)
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ln(2 + x+

√
1 + x) = ln(3) +

x
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− x2

6
+
x3

12
+ o(x3)
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ln(2 cos(x) + sin(x)) = ln(2) +

x

2
− 5x2

8
+

5x3

24
+ o(x3)
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arctan(ex) =

π
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+ o(x4)
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x 7→ 1/(1 − x)
3 /2&* !,)&'() �

� � � &)&)( 6( !,'(6.// ( (%+ ! �.)!)(
n
!(

x 7→ 1/(1 − x)
3 /2&* ,6('() �2 &�)), �

� � � &)&)( 6( !,'(6.//( (%+ ! �.)!)(
n
!(

x 7→ 1/(1 − x)
3 /2&* &. /.*() �'(&

x 7→
2x− x2 �

���7,7� 8 �� 2.&+
n
2% (%+&() � � , .%+)() 6(* ),*26+�+* *2&'�%+* �2+&6&*() 2%( !,&. �

/.*&+&.% (% ,6, (%+* *& /6(* *& %,&(**�&)(� �
7 � 1

2 + x2
=

1

2
− x2

4
+
x4

8
+ · · · + (−1)nx2n

2n+1
+ o(xn) .

� � 1

(x− 4)2
=

1

16
+

x

32
+

3x2

44
+ · · · + (n+ 1)xn

4n+2
+ o(xn) .

� � x2

x− 4
= −x

2

4
− x3

16
− · · · − xn

4n−1
− · · ·+ o(xn) .

� � x2

x2 − 4
= −x

2

4
− x4

16
− · · · − x2n

4n
− · · · + o(xn) .

���



� � x2

x2 + 4
=
x2

4
− x4

16
+ · · ·+ (−1)n+1x2n

4n
+ · · ·+ o(x2n) .

" � x

(1 − 2x)(1 − 4x)
= 1 + 6x+ 28x2 + · · · + 2n(2n+1 − 1)xn + o(xn) .

� � x

2x2 − 3x+ 1
= x+ 3 x2 + · · ·+ (−1 + 2n) xn + · · · + o(xn) .

' � x3

x2 + x− 2
=

1

2
x3 + · · ·+

(

−1

3
+

(−2)2−n

3

)

xn + o(xn) .

5 � x3 + 1

x2 + x− 2
= −1

2
− x

4
− 3x2

8
+ · · ·+

(

−2

3
− 7

3
(−2)−n−1

)

xn + · · ·+ o(xn) .

7� � x− 6x3

(1 − x)(1 − 2x)(1 − 3x)(1 − 6x)
= x+ 12x2 + · · ·+ (2n − 1)(3n − 1)xn

2
+ o(xn)

�
���7,7� 8 �8
7 � � &)&)( 6(* !,'(6.// ( (%+* 6& &+,* ! �.)!)(

6
(%

0
!(* $.%&+&.%* *&%2* (+ &.*&%2* �

� � (� 6&26() 3 (% (�(&+2�%+ 6( /).!2&+ 3 6(* !,'(6.//( (%+* 6& &+,* ! �.)!)(
6
(%

0
!(*

$.%&+&.%* �
x 7→ sin2(x) , x 7→ cos2(x) , x 7→ sin(x) cos(x) .

� � � (+).2'() 6(* ),*26+�+* !( 6� �2(*+&.% /),&,!(%+( 3 (% 2+&6&*�%+ 6(* $.) 26(* �
sin2(x) =

1 − cos(2x)

2
, cos2(x) =

1 + cos(2x)

2
, sin(x) cos(x) =

sin(2x)

2
.

���7,7� 8 ��
7 � � &)&)( 6(* !,'(6.// ( (%+* 6& &+,* ! �.)!)(

6
(%

0
!(* $.%&+&.%* *&%2* (+ &.*&%2*

03/()5 .6&�2(* �
� � (� 6&26() 3 (% (�(&+2�%+ 6( /).!2&+ 3 6(* !,'(6.//( (%+* 6& &+,* ! �.)!)(

6
(%

0
!(*

$.%&+&.%* �
x 7→ sinh2(x) , x 7→ cosh2(x) , x 7→ sinh(x) cosh(x) .

� � � (+).2'() 6(* ),*26+�+* !( 6� �2(*+&.% /),&,!(%+( 3 (% 2+&6&*�%+ 6(* $.) 26(* �
sinh2(x) =

cosh(2x) − 1

2
, cosh2(x) =

cosh(2x) + 1

2
,

sinh(x) cosh(x) =
sinh(2x)

2
.

���7,7� 8 �� 9( 52+ !( 6 �(�()&&&( (*+ !( )(+).2'() 3 /�) ! &�,)(%+(*  ,+0.!(* 3 6( !,'(�
6.// ( (%+ 6& &+, ! �.)!)(

5
(%

0
!( 6� $.%&+&.% �)& *&%2* �

arcsin(x) = x+
x3

6
+

3x5

40
+ o(x5) .

�% %.+()�
a, b, c

6(* +).&* ),(6* �*2//.*,* &%&.%%2*� +(6* �2(
arcsin(x) = ax + bx3 +

cx5 + o(x5)
�

��"



7 � � &)&)( 6( !,'(6.//( (%+ 6& &+, ! �.)!)(
4
!(

x 7→ 1/
√

1 − x2
� %% !,!2&)( 6(*

'�6(2)* !(
a, b, c

�
� � � &)&)( 6(* !,'(6.//( (%+* 6& &+,* ! �.)!)(

4
!(

sin
/2&* !(

sin ◦ arcsin
� � (+).2'()

6(* '� 6(2)* !(
a, b, c

�
� � � &)&)( 6(* !,'(6.// ( (%+* 6& &+,* ! �.)!)(

5
!(

cos
3 /2&* !(

cos ◦ arcsin
3 /2&* !(

x 7→
√

1 − x2
� %% 2+&6&*�%+ 6� $.) 26(

cos(arcsin(x)) =
√

1 − x2
3 )(+).2'() 6(*

'�6(2)* !(
a, b, c

�
� � � &)&)( 3 (% $.%&+&.% !(

a, b, c
3 6(* !,'(6.// ( (%+ 6& &+,* ! �.)!)(

6
!( 6� /)& &+&'(

!(
arcsin

%266( (%
0
3 � &%*& �2( !( 6� $.%&+&.%

x 7→ x arcsin(x) −
√

1 − x2 + 1
� %%

2+&6&*�%+ 6( $� &+ �2( &(* !(2� $.%&+&.%* *.%+ ,1� 6(* 3 )(+).2'() 6(* '� 6(2)* !(
a, b, c

�
���7,7� 8 ��� 9( 52+ !( 6 �(� ()&&&( (*+ !( )(+).2'() 3 /�) ! &�,)(%+(*  ,+0.!(* 3 6( !,�
'(6.//( (%+ 6& &+, ! �.)!)(

5
(%

0
!( 6� $.%&+&.% �)12 (%+ *&%2* 03/ ()5.6&�2( �

argsinh(x) = x− x3

6
+

3x5

40
+ o(x5) .

�% %.+()�
a, b, c

6(* +).&* ),(6* �*2//.*,* &%&.%%2*� +(6* �2(
argsinh(x) = ax + bx3 +

cx5 + o(x5)
�

7 � �% )�//(66( 6� $.) 26(
argsinh(x) = ln(x+

√
1 + x2)

� (� 6&26() 6( !,'(6.//( (%+
6& &+, ! �.)!)(

5
!( 6� $.%&+&.%

x 7→ x+
√

1 + x2
� (�6&26() 6(* '� 6(2)* !(

a, b, c
�

� � �% )�// (66( �2( 6� !,)&',( !(
argsinh

(*+ 6� $.%&+&.%
x 7→ (1+x2)−1/2 � (� 6&26() 6(!,'(6.// ( (%+ 6& &+, ! �.)!)(

4
!( &(++( $.%&+&.% � � (+).2'() 6(* '� 6(2)* !(

a, b, c
�

� � � &)&)( 6(* !,'(6.//( (%+* 6& &+,* ! �.)!)(
4
!(

sinh
/2&* !(

sinh ◦ argsinh
� � (�

+).2'() 6(* '� 6(2)* !(
a, b, c

�
� � � &)&)( 6(* !,'(6.// ( (%+* 6& &+,* ! �.)!)(

5
!(

cosh
3 /2&* !(

cosh ◦ argsinh
� %%

2+&6&*�%+ 6� $.) 26(
cosh(argsinh(x)) =

√
1 + x2

3 )(+).2'() 6(* '� 6(2)* !(
a, b, c

�
� � � &)&)( 3 (% $.%&+&.% !(

a, b, c
3 6(* !,'(6.// ( (%+ 6& &+,* ! �.)!)(

6
!( 6� /)& &+&'(

!(
argsinh

%266( (%
0
3 � &%*& �2( !( 6� $.%&+&.%

x 7→ x argsinh(x)−
√

1 + x2 +1
� %%

2+&6&*�%+ 6( $� &+ �2( &(* !(2� $.%&+&.%* *.%+ ,1� 6(* 3 )(+).2'() 6(* '� 6(2)* !(
a, b, c

�
���7,7� 8 ��� 2.&+

n
2% (%+&() � 9( 52+ !( 6 �(�()& &&( (*+ !( )(+).2'() 3 /�) !(2�  ,�

+0.!(* ! &�,)(%+(* 3 6( !,'(6.//( (%+ 6& &+, ! �.)!)(
n
(%

0
!( 6� $.%&+&.% �)12 (%+

+�%1(%+( 03/()5 .6&�2( �

argtanh(x) = x+
x3

3
+
x5

5
+ · · · + xn

n
+ o(xn) .

7 � �% )�// (66( �2(
argtanh(x)

(*+ 6� /)& &+&'( 3 %266( (%
0
3 !( 6� $.%&+&.%

x 7→
1/(1 − x2)

� �&)&)( 6( !,'(6.//( (%+ 6& &+, ! �.)!)(
n
!(

argtanh′ 3 (+ (% !,!2&)(&(62 & !(
argtanh

�
� � �% )�// (66( 6� $.) 26( �

argtanh(x) =
1

2

(
ln(1 + x) − ln(1 − x)

)
.

%&)&)( 6(* !,'(6.// ( (%+* 6& &+,* ! �.)!)(
n
!(

x 7→ ln(1 + x)
(+
x 7→ ln(1 − x)

3
(% !,!2&)( &(62& !(

argtanh
�

���



���7,7� 8 ��)
7 � � &)&)( 6(* !,'(6.// ( (%+* 6& &+,* ! �.)!)(

5
(%

0
3 !(* $.%&+&.%*

sin
3
arcsin

3
sinh
3

argsinh
3
tan
3
arctan tanh

3
argtanh

�
� � %% !,!2&)( �2 �&6 (� &*+(

ε > 0
+(6 �2( /.2) +.2+

x ∈ [−ε, ε] �
tanh(x) 6 arctan(x) 6 sin(x) 6 argsinh(x) 6 x

6 sinh(x) 6 arcsin(x) 6 tan(x) 6 argtanh(x) .

���7,7� 8 ��0 � , .%+)() 6(* ),*26+�+* *2&'�%+* �
7 �

lim
x→0

ex2 − cos(x)

x2
=

3

2
.

� �
lim
x→0

x(ex + 1) − 2(ex − 1)

x3
=

1

6
.

� �
lim
x→0

ex − cos(x) − x

x2
= 1 .

� �
lim
x→0

ln(1 + x) − sin(x)

x2
= −1

2
.

� �
lim
x→0

cos(x) −
√

1 − x2

x4
=

1

6
.

" �
lim
x→0

1

sin2(x)
− 1

x2
=

1

3
.

� �
lim
x→0

1 − cos(x)

tan2(x)
=

1

2
.

' �
lim
x→0

sin(x− sin(x))√
1 + x3 − 1

=
1

3
.

5 �
lim
x→0

sin(3x) + 4 sin3(x) − 3 ln(1 + x)

(ex − 1) sin(x)
=

3

2
.

7� �
lim
x→0

x arctan(x) − x2

cos(x2) − 1
=

2

3
.

77 �
lim
x→0

arctan(x) − sin(x)

tan(x) − arcsin(x)
= −1 .

7� �
lim
x→0

ln(1 + x) − ln(1 − x)

arctan(1 + x) − arctan(1 − x)
= 2 .

7� �
lim
x→0

2 tan(x) − sinh(2x)

(1 − cos(3x)) arctan(x)
= − 4

27
.

7� �
lim
x→0

(1 + 3x)1/3 − 1 − sin(x) − x

1 − cos(x)
= −2 .

7� �
lim
x→0

sinh(x) − 2 sinh(2x) + sinh(3x)

ln(1 + x+ 2x2) +
√

1 − 2x− 1 − x2
= −12

13
.

��'



7" �
lim
x→0

sin(tan(x)) − tan(sin(x))

sinh(tanh(x)) − tanh(sinh(x))
= −1 .

7� �
lim
x→0

sin(tan(x)) − tan(sin(x))

arcsin(arctan(x)) − arctan(arcsin(x))
= 1 .

���7,7� 8 ��� �.2) &0�&2%( !(* $.%&+&.%*
f
*2&'�%+(* �

f : x 7→ sin(x) , f : x 7→ cos(x) , f : x 7→ ex ,

f : x 7→ ln(1 + x) , f : x 7→ arctan(x) , f : x 7→ arcsin(x) ,

f : x 7→ 1/(1 − x) , f : x 7→
√

1 + x , f : x 7→ 1/
√

1 + x .7 � � &)&)( 6( !,'(6.//( (%+ 6& &+, ! �.)!)(
5
!(
f
(%

0
� (( !,'(6.// ( (%+ *()� 2+&6&*,

/ .2) +.2+(* 6(* �2(*+&.%* *2&'�%+(* �
� � � &)&)( 2% !,'(6.//( (%+ �*3 /+.+&�2( �2 '.&*&%�1( !(

0+ /.2) f(
√
x)
�

� � � &)&)( 2% !,'(6.//( (%+ �*3 /+.+&�2( �2 '.&*&%�1( !(
0+ /.2) f(xx − 1)

�
� � � &)&)( 2% !,'(6.//( (%+ �*3 /+.+&�2( �2 '.&*&%�1( !(

+∞ /.2)
f(1/x)

�
� � � &)&)( 2% !,'(6.//( (%+ �*3 /+.+&�2( �2 '.&*&%�1( !(

+∞ /.2)
f(e−x)

�
���7,7� 8 ��� � , .%+)() 6(* ),*26+�+* *2&'�%+* 3 �2& (�/)& (%+ !(* !,'(6.// ( (%+*
�*3 /+.+&�2(* �2 '.&*&%�1( !(

0+ �
7 � 1

ln2(1 + x)
=

1

x2
+

1

x
+

1

12
+ o (x) .

� � 1

sin3(x2)
=

1

x6
+

1

2x2
+ o (x) .

� � √
x+ 2x3 = x1/2 + x5/2 − x7/2

2
o
(
x7/2

)
.

� � √
x+ x3

3
√
x+ x2

= x1/6 − x7/6

3
+

13x13/6

18
+ o

(
x13/6

)
.

� �
xx = 1 + x ln(x) +

x2 ln2(x)

2
+ o(x2 ln(x)) .

" � (1 + ln(x)

ln(x)

)x

= 1 +
x

ln(x)
− x

2 ln2(x)
+ o

(
x

ln2(x)

)

.

���7,7� 8 ��� � , .%+)() 6(* ),*26+�+* *2&'�%+* 3 �2& (�/)& (%+ !(* !,'(6.// ( (%+*
�*3 /+.+&�2(* �2 '.&*&%�1( !(

+∞ �
7 � 1

2 + x
=

1

x
− 2

x2
+

4

x3
+ o

(
1

x3

)

.

� � 1 + x2

(1 + x)(2 − x)
= −1 − 1

x
− 4

x2
− 6

x3
+ o

(
1

x3

)

.

� � 1

x sin(1/x)
= 1 +

1

6x2
+

7

360x4
+ o

(
1

x4

)

.

��5



� � 1

x arctan(1/x)
= 1 +

1

3x2
− 4

45x4
+ o

(
1

x4

)

.

� � √
x3 + 1

3
√
x2 + 1

= x5/6 − 1

3x7/6
+

1

2x13/6
+ o

(
1

x13/6

)

.

" � √
e−x + e−3x

3
√

e−x + e−2x
= e−x/6 − e−7x/6

3
+

13e−13x/6

18
+ o

(
e−13x/6

)
.

���7,7� 8 ��8 � , .%+)() 6(* ),*26+�+* *2&'�%+* �
7 �

lim
x→+∞

sinh(
√
x2 + x) − sinh(

√
x2 − x) = +∞ .

� �
lim

x→+∞
sinh(cosh(x)) − cosh(sinh(x)) = +∞ .

� �
lim

x→+∞

(
cosh(

√
x+ 1) − cosh(

√
x)
)1/x

= e .

� �
lim

x→+∞
(ex + x)ex−x2 − (ex + x2)ex−x = −∞ .

� �
lim

x→+∞
(x+ 1)((x+1)1/(x+1)) − x(x1/x) = 1 .

���7,7� 8 ��� �.2) &0�&2%( !(* �//6&&�+&.%*
f
*2&'�%+(* 3 !,+() &%() 6(* �*3 /+.+(*

!(
f
(%

+∞ (+ −∞ � &%*& �2( 6� /.*&+&.% !( 6� &.2)5 ( )(/),*(%+�+&'( /�) )�//.)+ 4 &(*
�*3 /+.+(* �
7 �
f : x 7−→ x

√

x− 1

3x+ 1
.

� �
f : x 7−→ x3 + 2

x2 − 1
.

� �
f : x 7−→ (x+ 1) arctan(x) .� �
f : x 7−→ (x+ 1)e1/(x+1) .

� �
f : x 7−→

√
1 + x2

x+ 1 +
√

1 + x2
.

" �
f : x 7−→

√

x− 2

x+ 1
ex/(x+1) .

� �
f : x 7−→ x2 arctan

(
1

1 + x2

)

.

' �
f : x 7−→ x3 arctan

(
1

1 + x2

)

.

5 �
f : x 7−→ x arctan

(
1√

1 + x2

)

.

7� �
f : x 7−→ 3

√
x3 − 2x2 + 1 −

√
x2 + x+ 1 .

�7�


