
A CONVERSE TO THEANDREOTTI-GRAUERT THEOREMbyJean-Pierre Demailly
Abstrat. � The goal of this paper is to show that there are strong re-lations between ertain Monge-Ampère integrals appearing in holomorphiMorse inequalities, and asymptoti ohomology estimates for tensor powers ofholomorphi line bundles. Espeially, we prove that these relations hold with-out restrition for projetive surfaes, and in the speial ase of the volume,i.e. of asymptoti 0-ohomology, for all projetive manifolds. These results anbe seen as a partial onverse to the Andreotti-Grauert vanishing theorem.Résumé. � Le but de e travail est de montrer qu'il y a des relations fortesentre ertaines intégrales de Monge-Ampère apparaissant dans les inégalités deMorse holomorphes, et les estimations asymptotiques de ohomologie pour les�brés holomorphes en droites. En partiulier, nous montrons que es relationssont satisfaites sans restrition pour toutes les surfaes projetives, et dansle as partiulier du volume, 'est-à-dire de la 0-ohomologie asymptotique,pour toutes les variétés projetives. Ces résultats peuvent être vus omme uneréiproque partielle au théorème d'annulation d'Andreotti-Grauert.Dediated to Professor Nguyen Thanh Van1. Main resultsThroughout this paper, X denotes a ompat omplex manifold, n = dimCXits omplex dimension and L → X a holomorphi line bundle. In order toestimate the growth of ohomology groups, it is interesting to onsider ap-propriate �asymptoti ohomology funtions�. Following partly notation andonepts introdued by A. Küronya [Kür06, FKL07℄, we introdue2000 Mathematis Subjet Classi�ation. � 32F07, 14B05, 14C17.Key words and phrases. � Holomorphi Morse inequalities, Monge-Ampère integrals,asymptoti ohomology groups, Riemann-Roh formula, hermitian metris, Chern urvaturetensor, approximate Zariski deomposition.



2 JEAN-PIERRE DEMAILLY(1.1) De�nition.(i) The q-th asymptoti ohomology funtional is de�ned as
ĥq(X,L) := lim sup

k→+∞

n!

kn
hq(X,L⊗k).(ii) The q-th asymptoti holomorphi Morse sum of L is

ĥ≤q(X,L) := lim sup
k→+∞

n!

kn

∑

0≤j≤q

(−1)q−jhj(X,L⊗k).When the lim sup's are limits, we have the obvious relation
ĥ≤q(X,L) =

∑

0≤j≤q

(−1)q−j ĥj(X,L).Clearly, De�nition 1.1 an also be given for a Q-line bundle L or a Q-divisor D,and in the ase q = 0 one gets what is usually alled the volume of L, namely
(1.2) Vol(X,L) = ĥ0(X,L) = lim sup

k→+∞

n!

kn
h0(X,L⊗k).(see also [DEL00℄, [Bou02℄, [Laz04℄). It has been shown in [Kür06℄ for theprojetive ase and in [Dem10℄ in general that the ĥq funtional indues aontinuous map

DNSR(X) ∋ α 7→ ĥq(X,α)de�ned on the �divisorial Neron-Severi spae� DNSR(X) ⊂ H1,1
BC(X,R), i.e.the vetor spae spanned by real linear ombinations of lasses of divisors inthe real Bott-Chern ohomology group of bidegree (1, 1). Here Hp,q

BC(X,C) isde�ned as the quotient of d-losed (p, q)-forms by ∂∂-exat (p, q)-forms, andthere is a natural onjugation Hp,q
BC(X,C) → Hq,p

BC(X,C) whih allows us tospeak of real lasses when q = p. The ĥq funtional is in fat loally Lipshitzontinous on DNSR(X), and an be obtained as a limit (not just a limsup) onall those lasses. Notie that Hp,q
BC(X,C) oinides with the usual Dolbeaultohomology group Hp,q(X,C) when X is Kähler, and that DNSR(X) oinideswith the usual Néron-Severi spae

NSR(X) = R⊗Q

(
H2(X,Q) ∩H1,1(X,C)

)when X is projetive. It follows from holomorphi Morse inequalities (f.[Dem85℄, [Dem91℄) that asymptoti ohomology an be ompared with ertainMonge-Ampère integrals.(1.3) Theorem ([Dem85℄). For every holomorphi line bundle L on a ompatomplex manifold X, one has the �weak Morse inequality�



A CONVERSE TO THE ANDREOTTI-GRAUERT THEOREM 3(i) ĥq(X,L) ≤ inf
u∈c1(L)

∫

X(u,q)
(−1)qunwhere u runs over all smooth d-losed (1, 1)-forms whih belong to the oho-mology lass c1(L) ∈ H1,1

BC(X,R), and X(u, q) is the open set
X(u, q) :=

{
z ∈ X ; u(z) has signature (n− q, q)

}
.Moreover, if X(u,≤ q) :=

⋃
0≤j≤qX(u, j), one has the �strong Morse inequa-lity�(ii) ĥ≤q(X,L) ≤ inf
u∈c1(L)

∫

X(u,≤q)
(−1)qun.It is a natural problem to ask whether the inequalities (1.3) (i) and (1.3) (ii)might not always be equalities. These questions are strongly related tothe Andreotti-Grauert vanishing theorem [AG62℄. A well-known variantof this theorem says that if for some integer q and some u ∈ c1(L) theform u(z) has at least n − q + 1 positive eigenvalues everywhere (so that

X(u,≥ q) =
⋃
j≥qX(u, j) = ∅), then Hj(X,L⊗k) = 0 for j ≥ q and k ≫ 1.We are asking here whether onversely the knowledge that ohomology groupsare asymptotially small in a ertain degree q implies the existene of ahermitian metri on L with suitable urvature, i.e. no q-index points or onlya very small amount of suh.The �rst goal of this note is to prove that the answer is positive in the aseof the volume funtional (i.e. in the ase of degree q = 0), at least when X isprojetive algebrai.(1.4) Theorem. Let L be a holomorphi line bundle on a projetive algebraimanifold. then

Vol(X,L) = inf
u∈c1(L)

∫

X(u,0)
un.The proof relies mainly on �ve ingredients: (a) approximate Zariski deom-position for a Kähler urrent T ∈ c1(L) (when L is big), i.e. a deomposition

µ∗T = [E] + β where µ : X̃ → X is a modi�ation, E an exeptional divisorand β a Kähler metri on X̃ ; (b) the haraterization of the pseudoe�etiveone ([BDPP04℄), and the orthogonality estimate
E · βn−1 ≤ C

(
Vol(X,L)− βn

)1/2proved as an intermediate step of that haraterization; () properties of so-lutions of Laplae equations to get smooth approximations of [E] ; (d) logonavity of the Monge-Ampère operator ; and �nally (e) birational invarianeof the Morse in�mums. In the ase of higher ohomology groups, we have beenable to treat only the ase of projetive surfaes :



4 JEAN-PIERRE DEMAILLY(1.5) Theorem. Let L→ X be a holomorphi line bundle on a omplex proje-tive surfae. Then both weak and strong inequalities (1.3) (i) and (1.3) (ii) areequalities for q = 0, 1, 2, and the lim sup's involved in ĥq(X,L) and ĥ≤q(X,L)are limits.Thanks to Serre duality and the Riemann-Roh formula, the (in)equality fora given q is equivalent to the (in)equality for n− q. Therefore, on surfaes, theonly substantial ase whih still has to be heked in addition to Theorem 1.4is the ase q = 1 : this is done by using Grauert' riterion that the intersetionmatrix (Ei ·Ej) is negative de�nite for every exeptional divisor E =
∑
cjEj .Our statements are of ourse trivial on urves sine the urvature of any holo-morphi line bundle an be taken to be onstant with respet to any givenhermitian metri.(1.6) Remark. It is interesting to put these results in perspetive with thealgebrai version of holomorphi Morse inequalities proved in [Dem94℄ (seealso [Siu93℄ and [Tra95℄ for related ideas, and [Ang94℄ for an algebrai proof).When X is projetive, the algebrai Morse inequalities used in ombinationwith the birational invariane of the Morse integrals (f. setion 2) imply theinequalities(i) inf

u∈c1(L)

∫

X(u,q)
(−1)qun ≤ inf

µ∗(L)≃O(A−B)

(
n

q

)
An−qBq ,(ii) inf

u∈c1(L)

∫

X(u,≤q)
(−1)qun ≤ inf

µ∗(L)≃O(A−B)

∑

0≤j≤q

(−1)q−j
(
n

j

)
An−jBj ,where the in�mums on the right hand side are taken over all modi�ations µ :

X̃ → X and all deompositions µ∗L = O(A−B) of µ∗L as a di�erene of twonef Q-divisors A, B on X̃. In ase A and B are ample, the proof simply onsistsof taking positive urvature forms ΘO(A),hA , ΘO(B),hB on O(A) and O(B), andevaluating the Morse integrals with u = ΘO(A),hA −ΘO(B),hB ; the general asefollows by approximating the nef divisors A and B by ample divisors A+ εHand B + εH with H ample and ε > 0, see [Dem94℄. Again, a natural questionis to know whether these in�mums derived from algebrai intersetion numbersare equal to the asymptoti ohomology funtionals ĥq(X,L) and ĥ≤q(X,L).A positive answer would of ourse automatially yield a positive answer tothe equality ases in 1.3 (i) and 1.3 (ii). However, the Zariski deompositionsinvolved in our proofs of the �analyti equality ase� produes ertain e�etiveexeptional divisors whih are not nef. It is unlear how to write those e�etivedivisors as a di�erene of nef divisors. This fat raises a lot of doubts upon thesu�ieny of taking merely di�erenes of nef divisors in the in�mums 1.6 (i)and 1.6 (ii).



A CONVERSE TO THE ANDREOTTI-GRAUERT THEOREM 5I warmly thank Burt Totaro for stimulating disussions in onnetion withhis reent work [Tot10℄.2. Invariane by modi�ationIt is easy to hek that the asymptoti ohomology funtion is invariant bymodi�ation, namely that for every modi�ation µ : X̃ → X and every linebundle L we have
(2.1) ĥq(X,L) = ĥq(X̃, µ∗L).In fat the Leray's spetral sequene provides an E2 term

Ep,q2 = Hp(X,Rqµ∗OX̃(µ
∗L⊗k)) = Hp(X,OX (L⊗k)⊗Rqµ∗OX̃).Sine Rqµ∗OX̃ is equal to OX for q = 0 and is supported on a proper analytisubset of X for q ≥ 1, one infers that hp(X,OX(L

⊗k ⊗ Rqµ∗OX̃) = O(kn−1)for all q ≥ 1. The spetral sequene implies that
hq(X,L⊗k)− ĥq(X̃, µ∗L⊗k) = O(kn−1).We laim that the Morse integral in�mums are also invariant by modi�ation.(2.2) Proposition. Let (X,ω) be a ompat Kähler manifold, α ∈ H1,1(X,R)a real ohomology lass and µ : X̃ → X a modi�ation. Then
inf
u∈α

∫

X(u,q)
(−1)qun = inf

v∈µ∗α

∫

X(v,q)
(−1)qvn,(i)

inf
u∈α

∫

X(u,≤q)
(−1)qun = inf

v∈µ∗α

∫

X(v,≤q)
(−1)qvn.(ii)Proof. � Given u ∈ α on X, we obtain Morse integrals with the same valuesby taking v = µ∗u on X̃, hene the in�mum on X̃ is smaller or equal towhat is on X. Conversely, we have to show that given a smooth representative

v ∈ µ∗α on X̃ , one an �nd a smooth representative u ∈ X suh that the Morseintegrals do not di�er muh. We an always assume that X̃ itself is Kähler,sine by Hironaka [Hir64℄ any modi�ation X̃ is dominated by a ompositionof blow-ups of X. Let us �x some u0 ∈ α and write
v = µ∗u0 + ddcϕwhere ϕ is a smooth funtion on X̃. We adjust ϕ by a onstant in suha way that ϕ ≥ 1 on X̃. There exists an analyti set S ⊂ X suh that

µ : X̃ r µ−1(S) → X r S is a biholomorphism, and a quasi-psh funtion



6 JEAN-PIERRE DEMAILLY
ψS whih is smooth on X r S and has −∞ logarithmi poles on S (see e.g.[Dem82℄). We de�ne
(2.3) ũ = µ∗u0 + ddcmaxε0(ϕ+ δ ψS ◦ µ , 0) = v+ ddcmaxε0(δ ψS ◦ µ , −ϕ)where maxε0 , 0 < ε0 < 1, is a regularized max funtion and δ > 0 is verysmall. By onstrution ũ oinides with µ∗u0 in a neighborhood of µ−1(S) andtherefore ũ desends to a smooth losed (1, 1)-form u on X whih oinideswith u0 near S, so that ũ = µ∗u. Clearly ũ onverges uniformly to v on everyompat subset of X̃ r µ−1(S) as δ → 0, so we only have to show that theMorse integrals are small (uniformly in δ) when restrited to a suitable smallneighborhood of the exeptional set E = µ−1(S). Take a su�iently largeKähler metri ω̃ on X̃ suh that

−
1

2
ω̃ ≤ v ≤

1

2
ω̃, −

1

2
ω̃ ≤ ddcϕ ≤

1

2
ω̃, −ω̃ ≤ ddcψS ◦ µ.Then ũ ≥ −ω̃ and ũ ≤ ω̃ + δ ddcψS ◦ µ everywhere on X̃ . As a onsequene

|ũn| ≤
(
ω̃+δ(ω̃+ddcψS◦µ)

)n
≤ ω̃n+nδ(ω̃+ddcψS◦µ)∧

(
ω̃+δ(ω̃+ddcψS◦µ)

)n−1thanks to the inequality (a+ b)n ≤ an + nb(a+ b)n−1. For any neighborhood
V of µ−1(S) this implies

∫

V
|ũn| ≤

∫

V
ω̃n + nδ(1 + δ)n−1

∫

X̃
ω̃nby Stokes formula. We thus see that the integrals are small if V and δ aresmall. The reader may be onerned that Monge-Ampère integrals were usedwith an unbounded potential ψS , but in fat, for any given δ, all the aboveformulas and estimates are still valid when we replae ψS by maxε0(ψS ,−(M+

2)/δ) with M = max
X̃
ϕ, espeially formula (2.3) shows that the form ũ isunhanged. Therefore our alulations an be handled by using merely smoothpotentials. 3. Proof of the in�mum formula for the volumeWe have to show that

(3.1) inf
u∈c1(L)

∫

X(u,0)
un ≤ Vol(X,L)Let us �rst assume that L is a big line bundle, i.e. that Vol(X,L) > 0. Then it isknown by [Bou02℄ that Vol(X,L) is obtained as the supremum of ∫XrSing(T ) T

nfor Kähler urrents T = − i
2π∂∂h with analyti singularities in c1(L); thismeans that loally h = e−ϕ where ϕ is a stritly plurisubharmoni funtionwhih has the same singularities as c log∑ |gj |

2 where c > 0 and the gj areholomorphi funtions. By [Dem92℄, there exists a blow-up µ : X̃ → X suh



A CONVERSE TO THE ANDREOTTI-GRAUERT THEOREM 7that µ∗T = [E] + β where E is a normal rossing divisor on X̃ and β ≥ 0smooth. Moreover, by [BDPP04℄ we have the orthogonality estimate
(3.2) [E] · βn−1 =

∫

E
βn−1 ≤ C

(
Vol(X,L)− βn

)1/2
,while

(3.3) βn =

∫

X̃
βn =

∫

XrSing(T )
T n approahes Vol(X,L).In other words, E and β beome �more and more orthogonal� as βn approahesthe volume (these properties are summarized by saying that µ∗T = [E] + βde�nes an approximate Zariski deomposition of c1(L), f. also [Fuj94℄). Bysubtrating to β a small linear ombination of the exeptional divisors andinreasing aordingly the oe�ients ofE, we an ahieve that the ohomologylass {β} ontains a positive de�nite form β′ on X̃ (i.e. the fundamental formof a Kähler metri); we refer e.g. to ([DP04℄, proof of Lemma 3.5) for details.This means that we an replae T by a ohomologous urrent suh that theorresponding form β is atually a Kähler metri, and we will assume forsimpliity of notation that this situation ours right away for T . Under thisassumption, there exists a smooth losed (1, 1)-form v belonging to the Bott-Chern ohomology lass of [E], suh that we have identially (v−δβ)∧βn−1 = 0where

(3.4) δ =
[E] · βn−1

βn
≤ C ′(Vol(X,L)− βn

)1/2for some onstant C ′ > 0. In fat, given an arbitrary smooth representative
v0 ∈ {[E]}, the existene of v = v0 + i∂∂ψ amounts to solving a Laplaeequation ∆ψ = f with respet to the Kähler metri β, and the hoie of
δ ensures that we have ∫

X f β
n = 0 and hene that the equation is solvable.Then ũ := v+β is a smooth losed (1, 1)-form in the ohomology lass µ∗c1(L),and its eigenvalues with respet to β are of the form 1 + λj where λj are theeigenvalues of v. The Laplae equation is equivalent to the identity ∑

λj = nδ.Therefore
(3.5)

∑

1≤j≤n

λj ≤ C ′′(Vol(X,L)− βn
)1/2

.The inequality between arithmeti means and geometri means implies
∏

1≤j≤n

(1 + λj) ≤
(
1 +

1

n

∑

1≤j≤n

λj

)n
≤ 1 + C3(Vol(X,L) − βn

)1/2



8 JEAN-PIERRE DEMAILLYwhenever all fators (1 + λj) are nonnegative. By 2.2 (i) we get
inf

u∈c1(L)

∫

X(u,0)
un ≤

∫

X̃(ũ,0)
ũn

≤

∫

X̃
βn

(
1 + C3(Vol(X,L)− βn

)1/2)

≤ Vol(X,L) + C4(Vol(X,L) − βn
)1/2

.As βn approhes Vol(X,L), this implies inequality (3.1).We still have to treat the ase when L is not big, i.e. Vol(X,L) = 0. Let A bean ample line bundle and let t0 ≥ 0 be the in�mum of real numbers suh that
L+tA is a big Q-line bundle for t rational, t > t0. The ontinuity of the volumefuntion implies that 0 < Vol(X,L+ tA) ≤ ε for t > t0 su�iently lose to t0.By what we have just proved, there exists a smooth form ut ∈ c1(L+ tA) suhthat ∫X(ut,0)

unt ≤ 2ε. Take a Kähler metri ω ∈ c1(A) and de�ne u = ut − tω.Then learly ∫

X(u,0)
un ≤

∫

X(ut,0)
unt ≤ 2ε,hene

inf
u∈c1(L)

∫

X(u,0)
un = 0.Inequality (3.1) is now proved in all ases.4. Estimate of the �rst ohomology group on a projetive surfaeWe start with a projetive non singular variety X of arbitrary dimension n,and will later restrit ourselves to the ase when X is a surfae. The proofagain onsists of using (approximate) Zariski deomposition, but now we tryto ompute more expliitly the resulting urvature forms and Morse integrals;this will turn out to be muh easier on surfaes.Assume �rst that L is a big line bundle on X. As in setion 3, we an �nd anapproximate Zariski deomposition, i.e. a blow-up µ : X̃ → X and a urrent

T ∈ c1(L) suh µ∗T = [E] + β, where E an e�etive divisor and β a Kählermetri on X̃ suh that
(4.1) Vol(X,L)− η < βn < Vol(X,L), η ≪ 1.(On a projetive surfae, one ould even get exat Zariski deomposition, butwe want to remain general as long as possible). By blowing-up further, we mayassume that E is a normal rossing divisor. We selet a hermitian metri h on
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O(E) and take
(4.2) uε =

i

2π
∂∂ log(|σE |

2
h + ε2) + ΘO(E),h + β ∈ µ∗c1(L)where σE ∈ H0(X̃,O(E)) is the anonial setion and ΘO(E),h the Chernurvature form. Clearly, by the Lelong-Poinaré equation, uε onverges to

[E] + β in the weak topology as ε→ 0. Straightforward alulations yield
uε =

i

2π

ε2D1,0
h σE ∧D1,0

h σE
(ε2 + |σE |2)2

+
ε2

ε2 + |σE |2
ΘE,h + β.The �rst term onverges to [E] in the weak topology, while the seond, whihis lose to ΘE,h near E, onverges pointwise everywhere to 0 on X̃ r E. Asimple asymptoti analysis shows that

( i

2π

ε2D1,0
h σE ∧D1,0

h σE
(ε2 + |σE |2)2

+
ε2

ε2 + |σE |2
ΘE,h

)p
→ [E] ∧Θp−1

E,hin the weak topology for p ≥ 1, hene
(4.3) lim

ε→0
unε = βn +

n∑

p=1

(
n

p

)
[E] ∧Θp−1

E,h ∧ βn−p.In arbitrary dimension, the signature of uε is hard to evaluate, and it is alsonon trivial to deide the sign of the limiting measure lim unε . However, when
n = 2, we get the simpler formula

lim
ε→0

u2ε = β2 + 2[E] ∧ β + [E] ∧ΘE,h.In this ase, E an be assumed to be an exeptional divisor (otherwise somepart of it would be nef and ould be removed from the poles of T ). Henethe matrix (Ej · Ek) is negative de�nite and we an �nd a smooth hermitianmetri h on O(E) suh that (ΘE,h)|E < 0, i.e. ΘE,h has one negative eigenvalueeverywhere along E.(4.4) Lemma. One an adjust the metri h of O(E) in suh a way that ΘE,his negative de�nite on a neighborhood of the support |E| of the exeptionaldivisor, and ΘE,h + β has signature (1, 1) there. (We do not are about thesignature far away from |E|).Proof. � At a given point x0 ∈ X, let us �x oordinates and a positivequadrati form q on C2. If we put ψε(z) = εχ(z) log(1 + ε−1q(z)) with asuitable ut-o� funtion χ, then the Hessian form of ψε is equal to q at x0 anddeays rapidly to O(ε log ε)|dz|2 away from x0. In this way, after multiply-ing h with e±ψε(z), we an replae the urvature ΘE,h(x0) with ΘE,h(x0) ± qwithout substantially modifying the form away from x0. This allows to adjust
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ΘE,h to be equal to (say) −1

4β(x0) at any singular point x0 ∈ Ej ∩ Ek inthe support of |E|, while keeping ΘE,h negative de�nite along E. In order toadjust the urvature at smooth points x ∈ |E|, we replae the metri h with
h′(z) = h(z) exp(−c(z)|σE(z)|

2). Then the urvature form ΘE,h is replaedby ΘE,h′(x) = ΘEh
(x) + c(x)|dσE |

2 at x ∈ |E| (notie that dσE(x) = 0 if
x ∈ Sing|E|), and we an always selet a real funtion c so that ΘE,h′ is neg-ative de�nite with one negative eigenvalue between −1/2 and 0 at any pointof |E|. Then ΘE,h′ + β has signature (1, 1) near |E|.With this hoie of the metri, we see that for ε > 0 small, the sum

ε2

ε2 + |σE |2
ΘE,h + βis of signature (2, 0) or (1, 1) (or degenerate of signature (1, 0)), the non positivede�nite points being onentrated in a neighborhood of E. In partiular theindex set X(uε, 2) is empty, and also

uε ≤
i

2π

ε2D1,0
h σE ∧D1,0

h σE
(ε2 + |σE |2)2

+ βon a neighborhood V of |E|, while uε onverges uniformly to β on X̃rV . Thisimplies that
β2 ≤ lim inf

ε→0

∫

X(uε,0)
u2ε ≤ lim sup

ε→0

∫

X(uε,0)
u2ε ≤ β2 + 2β ·E.Sine ∫

X̃
u2ε = L2 = β2+2β ·E+E2 we onlude by taking the di�erene that

−E2 − 2β ·E ≤ lim inf
ε→0

∫

X(uε,1)
−u2ε ≤ lim sup

ε→0

∫

X(uε,1)
−u2ε ≤ −E2.Let us reall that β · E ≤ C(Vol(X,L) − β2)1/2 = 0(η1/2) is small by (4.1)and the orthogonality estimate. The asymptoti ohomology is given here by

ĥ2(X,L) = 0 sine h2(X,L⊗k) = H0(X,KX ⊗ L⊗−k) = 0 for k ≥ k0, and wehave by Riemann-Roh
ĥ1(X,L) = ĥ0(X,L)− L2 = Vol(X,L) − L2 = −E2 − β ·E +O(η).Here we use the fat that n!

knh
0(X,L⊗k) onverges to the volume when L isbig. All this shows that equality ours in the Morse inequalities (1.3) whenwe pass to the in�mum. By taking limits in the Neron-Severi spae NSR(X) ⊂

H1,1(X,R), we further see that equality ours as soon as L is pseudo-e�etive,and the same is true if −L is pseudo-e�etive by Serre duality.It remains to treat the ase when neither L nor −L are pseudo-e�etive.Then ĥ0(X,L) = ĥ2(X,L) = 0, and asymptoti ohomology appears only indegree 1, with ĥ1(X,L) = −L2 by Riemann-Roh. Fix an ample line bundle
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A and let t0 > 0 be the in�mum of real numbers suh that L + tA is big for
t rational, t > t0, resp. let t′0 > 0 be the in�mum of real numbers t′ suhthat −L + t′A is big for t′ > t′0. Then for t > t0 and t′ > t′0, we an �nd amodi�ation µ : X̃ → X and urrents T ∈ c1(L+ tA), T ′ ∈ c1(−L+ t′A) suhthat

µ∗T = [E] + β, µ∗T ′ = [F ] + γwhere β, γ are Kähler forms and E, F normal rossing divisors. By takinga suitable linear ombination t′(L + tA) − t(−L + t′A) the ample divisor Adisappears, and we get
1

t+ t′

(
t′[E] + t′β − t[F ]− tγ

)
∈ µ∗c1(L).After replaing E, F , β, γ by suitable multiples, we obtain an equality

[E]− [F ] + β − γ ∈ µ∗c1(L).We may further assume by subtrating that the divisors E, F have no ommonomponents. The onstrution shows that β2 ≤ Vol(X,L + tA) an be takenarbitrarily small (as well of ourse as γ2), and the orthogonality estimate im-plies that we an assume β ·E and γ ·F to be arbitrarily small. Let us introduemetris hE on O(E) and hF on O(F ) as in Lemma 4.4, and onsider the forms
uε =+

i

2π

ε2D1,0
hE
σE ∧D1,0

hE
σE

(ε2 + |σE |2)2
+

ε2

ε2 + |σE |2
ΘE,hE + β

−
i

2π

ε2D1,0
hF
σF ∧D1,0

hF
σF

(ε2 + |σF |2)2
−

ε2

ε2 + |σF |2
ΘF,hF − γ ∈ µ∗c1(L).Observe that uε onverges uniformly to β − γ outside of every neighborhoodof |E| ∪ |F |. Assume that ΘE,hE < 0 on VE = {|σE | < ε0} and ΘF,hF < 0 on

VF = {|σF | < ε0}. On VE ∪ VF we have
uε ≤

i

2π

ε2D1,0
hE
σE ∧D1,0

hE
σE

(ε2 + |σE |2)2
−

ε2

ε2 + |σF |2
ΘF,hF + β +

ε2

ε20
Θ+
E,hEwhere Θ+

E,hE
is the positive part of ΘE,hE with respet to β. One sees imme-diately that this term is negligible. The �rst term is the only one whih is notuniformly bounded, and atually it onverges weakly to the urrent [E]. Bysquaring, we �nd
lim sup
ε→0

∫

X(uε,0)
u2ε ≤

∫

X(β−γ,0)
(β − γ)2 + 2β ·E.Notie that the term − ε2

ε2+|σF |2 ΘF,hF does not ontribute to the limit as it on-verges boundedly almost everywhere to 0, the exeptions being points of |F |,



12 JEAN-PIERRE DEMAILLYbut this set is of measure zero with respet to the urrent [E]. Clearly we have∫
X(β−γ,0)(β − γ)2 ≤ β2 and therefore

lim sup
ε→0

∫

X(uε,0)
u2ε ≤ β2 + 2β ·E.Similarly, by looking at −uε, we �nd

lim sup
ε→0

∫

X(uε,2)
u2ε ≤ γ2 + 2γ · F.These lim sup's are small and we onlude that the essential part of the massis onentrated on the 1-index set, as desired.Referenes[AG62℄ Andreotti, A., Grauert, H.: Théorèmes de �nitude pour la ohomologie des espaesomplexes; Bull. So. Math. Frane 90 (1962) 193�259.[Ang95℄ Angelini, F.: An algebrai version of Demailly's asymptoti Morse inequalities; arXiv:alg-geom/9503005, Pro. Amer. Math. So. 124 (1996) 3265�3269.[Bou02℄ Bouksom, S.: On the volume of a line bundle; Internat. J. Math. 13 (2002), 1043�1063.[BDPP04℄ Bouksom, S., Demailly, J.-P., P un, M., Peternell, Th.: The pseudo-e�etive oneof a ompat Kähler manifold and varieties of negative Kodaira dimension; arXiv:math.AG/0405285, see also Proeedings of the ICM 2006 in Madrid.[Dem82℄ Demailly, J.-P.: Estimations L2 pour l'opérateur ∂ d'un �bré vetoriel holomorphe semi-positif au dessus d'une variété kählérienne omplète; Ann. Si. Éole Norm. Sup. 15(1982) 457�511.[Dem85℄ Demailly, J.-P.: Champs magnétiques et inégalités de Morse pour la d′′-ohomologie;Ann. Inst. Fourier (Grenoble) 35 (1985), 189�229.[Dem91℄ Demailly, J.-P.: Holomorphi Morse inequalities; Letures given at the AMS SummerInstitute on Complex Analysis held in Santa Cruz, July 1989, Proeedings of Symposiain Pure Mathematis, Vol. 52, Part 2 (1991), 93�114.[Dem92℄ Demailly, J.-P.: Regularization of losed positive urrents and Intersetion Theory; J.Alg. Geom. 1 (1992), 361�409.[Dem94℄ Demailly, J.-P.: L2 vanishing theorems for positive line bundles and adjuntion theory;arXiv: alg-geom/9410022 ; Leture Notes of the CIME Session �Transendental methodsin Algebrai Geometry�, Cetraro, Italy, July 1994, Ed. F. Catanese, C. Ciliberto, LetureNotes in Math., Vol. 1646, 1�9.[Dem10℄ Demailly, J.-P.: Holomorphi Morse inequalities and asymptoti ohomology groups: atribute to Bernhard Riemann; Milan Journal of Mathematis 78 (2010) 265�277.[DEL00℄ Demailly, J.-P., Ein, L., and Lazarsfeld, R.: A subadditivity property of multiplier ideals;Mihigan Math. J. 48 (2000), 137-156.[DP04℄ Demailly, J.-P., P un, M: Numerial haraterization of the Kähler one of a ompatKähler manifold; arXiv: math.AG/0105176 ; Annals of Math. 159 (2004) 1247�1274.[FKL07℄ de Fernex, T., Küronya, A., Lazarsfeld, R.: Higher ohomology of divisors on a proje-tive variety; Math. Ann. 337 (2007) 443�455.[Fuj94℄ Fujita, T.: Approximating Zariski deomposition of big line bundles; Kodai Math. J.17 (1994) 1-3.
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