
A CONVERSE TO THEANDREOTTI-GRAUERT THEOREMbyJean-Pierre Demailly
Abstra
t. � The goal of this paper is to show that there are strong re-lations between 
ertain Monge-Ampère integrals appearing in holomorphi
Morse inequalities, and asymptoti
 
ohomology estimates for tensor powers ofholomorphi
 line bundles. Espe
ially, we prove that these relations hold with-out restri
tion for proje
tive surfa
es, and in the spe
ial 
ase of the volume,i.e. of asymptoti
 0-
ohomology, for all proje
tive manifolds. These results 
anbe seen as a partial 
onverse to the Andreotti-Grauert vanishing theorem.Résumé. � Le but de 
e travail est de montrer qu'il y a des relations fortesentre 
ertaines intégrales de Monge-Ampère apparaissant dans les inégalités deMorse holomorphes, et les estimations asymptotiques de 
ohomologie pour les�brés holomorphes en droites. En parti
ulier, nous montrons que 
es relationssont satisfaites sans restri
tion pour toutes les surfa
es proje
tives, et dansle 
as parti
ulier du volume, 
'est-à-dire de la 0-
ohomologie asymptotique,pour toutes les variétés proje
tives. Ces résultats peuvent être vus 
omme uneré
iproque partielle au théorème d'annulation d'Andreotti-Grauert.Dedi
ated to Professor Nguyen Thanh Van1. Main resultsThroughout this paper, X denotes a 
ompa
t 
omplex manifold, n = dimCXits 
omplex dimension and L → X a holomorphi
 line bundle. In order toestimate the growth of 
ohomology groups, it is interesting to 
onsider ap-propriate �asymptoti
 
ohomology fun
tions�. Following partly notation and
on
epts introdu
ed by A. Küronya [Kür06, FKL07℄, we introdu
e2000 Mathemati
s Subje
t Classi�
ation. � 32F07, 14B05, 14C17.Key words and phrases. � Holomorphi
 Morse inequalities, Monge-Ampère integrals,asymptoti
 
ohomology groups, Riemann-Ro
h formula, hermitian metri
s, Chern 
urvaturetensor, approximate Zariski de
omposition.



2 JEAN-PIERRE DEMAILLY(1.1) De�nition.(i) The q-th asymptoti
 
ohomology fun
tional is de�ned as
ĥq(X,L) := lim sup

k→+∞

n!

kn
hq(X,L⊗k).(ii) The q-th asymptoti
 holomorphi
 Morse sum of L is

ĥ≤q(X,L) := lim sup
k→+∞

n!

kn

∑

0≤j≤q

(−1)q−jhj(X,L⊗k).When the lim sup's are limits, we have the obvious relation
ĥ≤q(X,L) =

∑

0≤j≤q

(−1)q−j ĥj(X,L).Clearly, De�nition 1.1 
an also be given for a Q-line bundle L or a Q-divisor D,and in the 
ase q = 0 one gets what is usually 
alled the volume of L, namely
(1.2) Vol(X,L) = ĥ0(X,L) = lim sup

k→+∞

n!

kn
h0(X,L⊗k).(see also [DEL00℄, [Bou02℄, [Laz04℄). It has been shown in [Kür06℄ for theproje
tive 
ase and in [Dem10℄ in general that the ĥq fun
tional indu
es a
ontinuous map

DNSR(X) ∋ α 7→ ĥq(X,α)de�ned on the �divisorial Neron-Severi spa
e� DNSR(X) ⊂ H1,1
BC(X,R), i.e.the ve
tor spa
e spanned by real linear 
ombinations of 
lasses of divisors inthe real Bott-Chern 
ohomology group of bidegree (1, 1). Here Hp,q

BC(X,C) isde�ned as the quotient of d-
losed (p, q)-forms by ∂∂-exa
t (p, q)-forms, andthere is a natural 
onjugation Hp,q
BC(X,C) → Hq,p

BC(X,C) whi
h allows us tospeak of real 
lasses when q = p. The ĥq fun
tional is in fa
t lo
ally Lips
hitz
ontinous on DNSR(X), and 
an be obtained as a limit (not just a limsup) onall those 
lasses. Noti
e that Hp,q
BC(X,C) 
oin
ides with the usual Dolbeault
ohomology group Hp,q(X,C) when X is Kähler, and that DNSR(X) 
oin
ideswith the usual Néron-Severi spa
e

NSR(X) = R⊗Q

(
H2(X,Q) ∩H1,1(X,C)

)when X is proje
tive. It follows from holomorphi
 Morse inequalities (
f.[Dem85℄, [Dem91℄) that asymptoti
 
ohomology 
an be 
ompared with 
ertainMonge-Ampère integrals.(1.3) Theorem ([Dem85℄). For every holomorphi
 line bundle L on a 
ompa
t
omplex manifold X, one has the �weak Morse inequality�
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u∈c1(L)

∫

X(u,q)
(−1)qunwhere u runs over all smooth d-
losed (1, 1)-forms whi
h belong to the 
oho-mology 
lass c1(L) ∈ H1,1

BC(X,R), and X(u, q) is the open set
X(u, q) :=

{
z ∈ X ; u(z) has signature (n− q, q)

}
.Moreover, if X(u,≤ q) :=

⋃
0≤j≤qX(u, j), one has the �strong Morse inequa-lity�(ii) ĥ≤q(X,L) ≤ inf
u∈c1(L)

∫

X(u,≤q)
(−1)qun.It is a natural problem to ask whether the inequalities (1.3) (i) and (1.3) (ii)might not always be equalities. These questions are strongly related tothe Andreotti-Grauert vanishing theorem [AG62℄. A well-known variantof this theorem says that if for some integer q and some u ∈ c1(L) theform u(z) has at least n − q + 1 positive eigenvalues everywhere (so that

X(u,≥ q) =
⋃
j≥qX(u, j) = ∅), then Hj(X,L⊗k) = 0 for j ≥ q and k ≫ 1.We are asking here whether 
onversely the knowledge that 
ohomology groupsare asymptoti
ally small in a 
ertain degree q implies the existen
e of ahermitian metri
 on L with suitable 
urvature, i.e. no q-index points or onlya very small amount of su
h.The �rst goal of this note is to prove that the answer is positive in the 
aseof the volume fun
tional (i.e. in the 
ase of degree q = 0), at least when X isproje
tive algebrai
.(1.4) Theorem. Let L be a holomorphi
 line bundle on a proje
tive algebrai
manifold. then

Vol(X,L) = inf
u∈c1(L)

∫

X(u,0)
un.The proof relies mainly on �ve ingredients: (a) approximate Zariski de
om-position for a Kähler 
urrent T ∈ c1(L) (when L is big), i.e. a de
omposition

µ∗T = [E] + β where µ : X̃ → X is a modi�
ation, E an ex
eptional divisorand β a Kähler metri
 on X̃ ; (b) the 
hara
terization of the pseudoe�e
tive
one ([BDPP04℄), and the orthogonality estimate
E · βn−1 ≤ C

(
Vol(X,L)− βn

)1/2proved as an intermediate step of that 
hara
terization; (
) properties of so-lutions of Lapla
e equations to get smooth approximations of [E] ; (d) log
on
avity of the Monge-Ampère operator ; and �nally (e) birational invarian
eof the Morse in�mums. In the 
ase of higher 
ohomology groups, we have beenable to treat only the 
ase of proje
tive surfa
es :



4 JEAN-PIERRE DEMAILLY(1.5) Theorem. Let L→ X be a holomorphi
 line bundle on a 
omplex proje
-tive surfa
e. Then both weak and strong inequalities (1.3) (i) and (1.3) (ii) areequalities for q = 0, 1, 2, and the lim sup's involved in ĥq(X,L) and ĥ≤q(X,L)are limits.Thanks to the Serre duality and the Riemann-Ro
h formula, the (in)equalityfor a given q is equivalent to the (in)equality for n− q. Therefore, on surfa
es,the only substantial 
ase whi
h still has to be 
he
ked in addition to Theo-rem 1.4 is the 
ase q = 1 : this is done by using Grauert' 
riterion that theinterse
tion matrix (Ei · Ej) is negative de�nite for every ex
eptional divisor
E =

∑
cjEj . Our statements are of 
ourse trivial on 
urves sin
e the 
urvatureof any holomorphi
 line bundle 
an be taken to be 
onstant with respe
t toany given hermitian metri
.(1.6) Remark. It is interesting to put these results in perspe
tive with thealgebrai
 version of holomorphi
 Morse inequalities proved in [Dem94℄ (seealso [Siu93℄ and [Tra95℄ for related ideas, and [Ang94℄ for an algebrai
 proof).When X is proje
tive, the algebrai
 Morse inequalities used in 
ombinationwith the birational invarian
e of the Morse integrals (
f. se
tion 2) imply theinequalities(i) inf
u∈c1(L)

∫

X(u,q)
(−1)qun ≤ inf

µ∗(L)≃O(A−B)

(
n

q

)
An−qBq ,(ii) inf

u∈c1(L)

∫

X(u,≤q)
(−1)qun ≤ inf

µ∗(L)≃O(A−B)

∑

0≤j≤q

(−1)q−j
(
n

j

)
An−jBj ,where the in�mums on the right hand side are taken over all modi�
ations µ :

X̃ → X and all de
ompositions µ∗L = O(A−B) of µ∗L as a di�eren
e of twonef Q-divisors A, B on X̃. In 
ase A and B are ample, the proof simply 
onsistsof taking positive 
urvature forms ΘO(A),hA , ΘO(B),hB on O(A) and O(B), andevaluating the Morse integrals with u = ΘO(A),hA −ΘO(B),hB ; the general 
asefollows by approximating the nef divisors A and B by ample divisors A+ εHand B + εH with H ample and ε > 0, see [Dem94℄. Again, a natural questionis to know whether these in�mums derived from algebrai
 interse
tion numbersare equal to the asymptoti
 
ohomology fun
tionals ĥq(X,L) and ĥ≤q(X,L).A positive answer would of 
ourse automati
ally yield a positive answer tothe equality 
ases in 1.3 (i) and 1.3 (ii). However, the Zariski de
ompositionsinvolved in our proofs of the �analyti
 equality 
ase� produ
es 
ertain e�e
tiveex
eptional divisors whi
h are not nef. It is un
lear how to write those e�e
tivedivisors as a di�eren
e of nef divisors. This fa
t raises a lot of doubts upon thesu�
ien
y of taking merely di�eren
es of nef divisors in the in�mums 1.6 (i)and 1.6 (ii).



A CONVERSE TO THE ANDREOTTI-GRAUERT THEOREM 5I warmly thank Burt Totaro for stimulating dis
ussions in 
onne
tion withhis re
ent work [Tot10℄.2. Invarian
e by modi�
ationIt is easy to 
he
k that the asymptoti
 
ohomology fun
tion is invariant bymodi�
ation, namely that for every modi�
ation µ : X̃ → X and every linebundle L we have
(2.1) ĥq(X,L) = ĥq(X̃, µ∗L).In fa
t the Leray's spe
tral sequen
e provides an E2 term

Ep,q2 = Hp(X,Rqµ∗OX̃(µ
∗L⊗k)) = Hp(X,OX (L⊗k)⊗Rqµ∗OX̃).Sin
e Rqµ∗OX̃ is equal to OX for q = 0 and is supported on a proper analyti
subset of X for q ≥ 1, one infers that hp(X,OX(L

⊗k ⊗ Rqµ∗OX̃) = O(kn−1)for all q ≥ 1. The spe
tral sequen
e implies that
hq(X,L⊗k)− ĥq(X̃, µ∗L⊗k) = O(kn−1).We 
laim that the Morse integral in�mums are also invariant by modi�
ation.(2.2) Proposition. Let (X,ω) be a 
ompa
t Kähler manifold, α ∈ H1,1(X,R)a real 
ohomology 
lass and µ : X̃ → X a modi�
ation. Then
inf
u∈α

∫

X(u,q)
(−1)qun = inf

v∈µ∗α

∫

X(v,q)
(−1)qvn,(i)

inf
u∈α

∫

X(u,≤q)
(−1)qun = inf

v∈µ∗α

∫

X(v,≤q)
(−1)qvn.(ii)Proof. � . Given u ∈ α on X, we obtain Morse integrals with the same valuesby taking v = µ∗u on X̃, hen
e the in�mum on X̃ is smaller or equal towhat is on X. Conversely, we have to show that given a smooth representative

v ∈ µ∗α on X̃ , one 
an �nd a smooth representative u ∈ X su
h that the Morseintegrals do not di�er mu
h. We 
an always assume that X̃ itself is Kähler,sin
e by Hironaka [Hir64℄ any modi�
ation X̃ is dominated by a 
ompositionof blow-ups of X. Let us �x some u0 ∈ α and write
v = µ∗u0 + ddcϕwhere ϕ is a smooth fun
tion on X̃. We adjust ϕ by a 
onstant in su
ha way that ϕ ≥ 1 on X̃. There exists an analyti
 set S ⊂ X su
h that

µ : X̃ r µ−1(S) → X r S is a biholomorphism, and a quasi-psh fun
tion
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ψS whi
h is smooth on X r S and has −∞ logarithmi
 poles on S (see e.g.[Dem82℄). We de�ne
(2.3) ũ = µ∗u0 + ddcmaxε0(ϕ+ δ ψS ◦ µ , 0) = v+ ddcmaxε0(δ ψS ◦ µ , −ϕ)where maxε0 , 0 < ε0 < 1, is a regularized max fun
tion and δ > 0 is verysmall. By 
onstru
tion ũ 
oin
ides with µ∗u0 in a neighborhood of µ−1(S) andtherefore ũ des
ends to a smooth 
losed (1, 1)-form u on X whi
h 
oin
ideswith u0 near S, so that ũ = µ∗u. Clearly ũ 
onverges uniformly to v on every
ompa
t subset of X̃ r µ−1(S) as δ → 0, so we only have to show that theMorse integrals are small (uniformly in δ) when restri
ted to a suitable smallneighborhood of the ex
eptional set E = µ−1(S). Take a su�
iently largeKähler metri
 ω̃ on X̃ su
h that

−
1

2
ω̃ ≤ v ≤

1

2
ω̃, −

1

2
ω̃ ≤ ddcϕ ≤

1

2
ω̃, −ω̃ ≤ ddcψS ◦ µ.Then ũ ≥ −ω̃ and ũ ≤ ω̃ + δ ddcψS ◦ µ everywhere on X̃ . As a 
onsequen
e

|ũn| ≤
(
ω̃+δ(ω̃+ddcψS◦µ)

)n
≤ ω̃n+nδ(ω̃+ddcψS◦µ)∧

(
ω̃+δ(ω̃+ddcψS◦µ)

)n−1thanks to the inequality (a+ b)n ≤ an + nb(a+ b)n−1. For any neighborhood
V of µ−1(S) this implies

∫

V
|ũn| ≤

∫

V
ω̃n + nδ(1 + δ)n−1

∫

X̃
ω̃nby Stokes formula. We thus see that the integrals are small if V and δ aresmall. The reader may be 
on
erned that Monge-Ampère integrals were usedwith an unbounded potential ψS , but in fa
t, for any given δ, all the aboveformulas and estimates are still valid when we repla
e ψS by maxε0(ψS ,−(M+

2)/δ) with M = max
X̃
ϕ, espe
ially formula (2.3) shows that the form ũ isun
hanged. Therefore our 
al
ulations 
an be handled by using merely smoothpotentials. 3. Proof of the in�mum formula for the volumeWe have to show that

(3.1) inf
u∈c1(L)

∫

X(u,0)
un ≤ Vol(X,L)Let us �rst assume that L is a big line bundle, i.e. that Vol(X,L) > 0. Then it isknown by [Bou02℄ that Vol(X,L) is obtained as the supremum of ∫XrSing(T ) T

nfor Kähler 
urrents T = − i
2π∂∂h with analyti
 singularities in c1(L); thismeans that lo
ally h = e−ϕ where ϕ is a stri
tly plurisubharmoni
 fun
tionwhi
h has the same singularities as c log∑ |gj |

2 where c > 0 and the gj areholomorphi
 fun
tions. By [Dem92℄, there exists a blow-up µ : X̃ → X su
h



A CONVERSE TO THE ANDREOTTI-GRAUERT THEOREM 7that µ∗T = [E] + β where E is a normal 
rossing divisor on X̃ and β ≥ 0smooth. Moreover, by [BDPP04℄ we have the orthogonality estimate
(3.2) [E] · βn−1 =

∫

E
βn−1 ≤ C

(
Vol(X,L)− βn

)1/2
,while

(3.3) βn =

∫

X̃
βn =

∫

XrSing(T )
T n approa
hes Vol(X,L).In other words, E and β be
ome �more and more orthogonal� as βn approa
hesthe volume (these properties are summarized by saying that µ∗T = [E] + βde�nes an approximate Zariski de
omposition of c1(L), 
f. also [Fuj94℄). Bysubtra
ting to β a small linear 
ombination of the ex
eptional divisors andin
reasing a

ordingly the 
oe�
ients ofE, we 
an a
hieve that the 
ohomology
lass {β} 
ontains a positive de�nite form β′ on X̃ (i.e. the fundamental formof a Kähler metri
); we refer e.g. to ([DP04℄, proof of Lemma 3.5) for details.This means that we 
an repla
e T by a 
ohomologous 
urrent su
h that the
orresponding form β is a
tually a Kähler metri
, and we will assume forsimpli
ity of notation that this situation o

urs right away for T . Under thisassumption, there exists a smooth 
losed (1, 1)-form v belonging to the Bott-Chern 
ohomology 
lass of [E], su
h that we have identi
ally (v−δβ)∧βn−1 = 0where

(3.4) δ =
[E] · βn−1

βn
≤ C ′(Vol(X,L)− βn

)1/2for some 
onstant C ′ > 0. In fa
t, given an arbitrary smooth representative
v0 ∈ {[E]}, the existen
e of v = v0 + i∂∂ψ amounts to solving a Lapla
eequation ∆ψ = f with respe
t to the Kähler metri
 β, and the 
hoi
e of
δ ensures that we have ∫

X f β
n = 0 and hen
e that the equation is solvable.Then ũ := v+β is a smooth 
losed (1, 1)-form in the 
ohomology 
lass µ∗c1(L),and its eigenvalues with respe
t to β are of the form 1 + λj where λj are theeigenvalues of v. The Lapla
e equation is equivalent to the identity ∑

λj = nδ.Therefore
(3.5)

∑

1≤j≤n

λj ≤ C ′′(Vol(X,L)− βn
)1/2

.The inequality between arithmeti
 means and geometry means implies
∏

1≤j≤n

(1 + λj) ≤
(
1 +

1

n

∑

1≤j≤n

λj

)n
≤ 1 + C3(Vol(X,L) − βn

)1/2



8 JEAN-PIERRE DEMAILLYwhenever all fa
tors (1 + λj) are nonnegative. By 2.2 (i) we get
inf

u∈c1(L)

∫

X(u,0)
un ≤

∫

X̃(ũ,0)
ũn

≤

∫

X̃
βn

(
1 + C3(Vol(X,L)− βn

)1/2)

≤ Vol(X,L) + C4(Vol(X,L) − βn
)1/2

.As βn appro
hes Vol(X,L), this implies inequality (3.1).We still have to treat the 
ase when L is not big, i.e. Vol(X,L) = 0. Let A bean ample line bundle and let t0 ≥ 0 be the in�mum of real numbers su
h that
L+tA is a big Q-line bundle for t rational, t > t0. The 
ontinuity of the volumefun
tion implies that 0 < Vol(X,L+ tA) ≤ ε for t > t0 su�
iently 
lose to t0.By what we have just proved, there exists a smooth form ut ∈ c1(L+ tA) su
hthat ∫X(ut,0)

unt ≤ 2ε. Take a Kähler metri
 ω ∈ c1(A) and de�ne u = ut − tω.Then 
learly ∫

X(u,0)
un ≤

∫

X(ut,0)
unt ≤ 2ε,hen
e

inf
u∈c1(L)

∫

X(u,0)
un = 0.Inequality (3.1) is now proved in all 
ases.4. Estimate of the �rst 
ohomology group on a proje
tive surfa
eWe start with a proje
tive non singular variety X of arbitrary dimension n,and will later restri
t ourselves to the 
ase when X is a surfa
e. The proofagain 
onsists of using (approximate) Zariski de
omposition, but now we tryto 
ompute more expli
itly the resulting 
urvature forms and Morse integrals;this will turn out to be mu
h easier on surfa
es.Assume �rst that L is a big line bundle on X. As in se
tion 3, we 
an �nd anapproximate Zariski de
omposition, i.e. a blow-up µ : X̃ → X and a 
urrent

T ∈ c1(L) su
h µ∗T = [E] + β, where E an e�e
tive divisor and β a Kählermetri
 on X̃ su
h that
(4.1) Vol(X,L)− η < βn < Vol(X,L), η ≪ 1.(On a proje
tive surfa
e, one 
ould even get exa
t Zariski de
omposition, butwe want to remain general as long as possible). By blowing-up further, we mayassume that E is a normal 
rossing divisor. We sele
t a hermitian metri
 h on
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O(E) and take
(4.2) uε =

i

2π
∂∂ log(|σE |

2
h + ε2) + ΘO(E),h + β ∈ µ∗c1(L)where σE ∈ H0(X̃,O(E)) is the 
anoni
al se
tion and ΘO(E),h the Chern
urvature form. Clearly, by the Lelong-Poin
aré equation, uε 
onverges to

[E] + β in the weak topology as ε→ 0. Straightforward 
al
ulations yield
uε =

i

2π

ε2D1,0
h σE ∧D1,0

h σE
(ε2 + |σE |2)2

+
ε2

ε2 + |σE |2
ΘE,h + β.The �rst term 
onverges to [E] in the weak topology, while the se
ond, whi
his 
lose to ΘE,h near E, 
onverges pointwise everywhere to 0 on X̃ r E. Asimple asymptoti
 analysis shows that

( i

2π

ε2D1,0
h σE ∧D1,0

h σE
(ε2 + |σE |2)2

+
ε2

ε2 + |σE |2
ΘE,h

)p
→ [E] ∧Θp−1

E,hin the weak topology for p ≥ 1, hen
e
(4.3) lim

ε→0
unε = βn +

n∑

p=1

(
n

p

)
[E] ∧Θp−1

E,h ∧ βn−p.In arbitrary dimension, the signature of uε is hard to evaluate, and it is alsonon trivial to de
ide the sign of the limiting measure lim unε . However, when
n = 2, we get the simpler formula

lim
ε→0

u2ε = β2 + 2[E] ∧ β + [E] ∧ΘE,h.In this 
ase, E 
an be assumed to be an ex
eptional divisor (otherwise somepart of it would be nef and 
ould be removed from the poles of T ). Hen
ethe matrix (Ej · Ek) is negative de�nite and we 
an �nd a smooth hermitianmetri
 h on O(E) su
h that (ΘE,h)|E < 0, i.e. ΘE,h has one negative eigenvalueeverywhere along E.(4.4) Lemma. One 
an adjust the metri
 h of O(E) in su
h a way that ΘE,his negative de�nite on a neighborhood of the support |E| of the ex
eptionaldivisor, and ΘE,h + β has signature (1, 1) there. (We do not 
are about thesignature far away from |E|).Proof. � . At a given point x0 ∈ X, let us �x 
oordinates and a positivequadrati
 form q on C2. If we put ψε(z) = εχ(z) log(1 + ε−1q(z)) with asuitable 
ut-o� fun
tion χ, then the Hessian form of ψε is equal to q at x0 andde
ays rapidly to O(ε log ε)|dz|2 away from x0. In this way, after multiplying hwith e±ψε(z), we 
an repla
e the 
urvature ΘE,h(x0) with ΘE,h(x0)± q withoutsubstantially modifying the form away from x0. This allows to adjust ΘE,h



10 JEAN-PIERRE DEMAILLYto be equal to (say) −1
4β(x0) at any singular point x0 ∈ Ej ∩ Ek in thesupport of |E|, while keeping ΘE,h negative de�nite along E. In order toadjust the 
urvature at smooth points x ∈ |E|, we repla
e the metri
 h with

h′(z) = h(z) exp(−c(z)|σE(z)|
2). Then the 
urvature form ΘE,h is repla
edby ΘE,h′(x) = ΘEh

(x) + c(x)|dσE |
2 at x ∈ |E| (noti
e that dσE(x) = 0 if

x ∈ Sing|E|), and we 
an always sele
t a real fun
tion c so that ΘE,h′ isnegative de�nite with one negative eigenvalue between −1/2 and 0 at anypoint of |E|. Then ΘE,h′ + β has signature (1, 1) near |E|.With this 
hoi
e of the metri
, we see that for ε > 0 small, the sum
ε2

ε2 + |σE |2
ΘE,h + βis of signature (2, 0) or (1, 1) (or degenerate of signature (1, 0)), the non positivede�nite points being 
on
entrated in a neighborhood of E. In parti
ular theindex set X(uε, 2) is empty, and also

uε ≤
i

2π

ε2D1,0
h σE ∧D1,0

h σE
(ε2 + |σE |2)2

+ βon a neighborhood V of |E|, while uε 
onverges uniformly to β on X̃rV . Thisimplies that
β2 ≤ lim inf

ε→0

∫

X(uε,0)
u2ε ≤ lim sup

ε→0

∫

X(uε,0)
u2ε ≤ β2 + 2β ·E.Sin
e ∫

X̃
u2ε = L2 = β2+2β ·E+E2 we 
on
lude by taking the di�eren
e that

−E2 − 2β ·E ≤ lim inf
ε→0

∫

X(uε,1)
−u2ε ≤ lim sup

ε→0

∫

X(uε,1)
−u2ε ≤ −E2.Let us re
all that β · E ≤ C(Vol(X,L) − β2)1/2 = 0(η1/2) is small by (4.1)and the orthogonality estimate. The asymptoti
 
ohomology is given here by

ĥ2(X,L) = 0 sin
e h2(X,L⊗k) = H0(X,KX ⊗ L⊗−k) = 0 for k ≥ k0, and wehave by Riemann-Ro
h
ĥ1(X,L) = ĥ0(X,L)− L2 = Vol(X,L) − L2 = −E2 − β ·E +O(η).Here we use the fa
t that n!

knh
0(X,L⊗k) 
onverges to the volume when L isbig. All this shows that equality o

urs in the Morse inequalities (1.3) whenwe pass to the in�mum. By taking limits in the Neron-Severi spa
e NSR(X) ⊂

H1,1(X,R), we further see that equality o

urs as soon as L is pseudo-e�e
tive,and the same is true if −L is pseudo-e�e
tive by Serre duality.It remains to treat the 
ase when neither L nor −L are pseudo-e�e
tive.Then ĥ0(X,L) = ĥ2(X,L) = 0, and asymptoti
 
ohomology appears only indegree 1, with ĥ1(X,L) = −L2 by Riemann-Ro
h. Fix an ample line bundle
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A and let t0 > 0 be the in�mum of real numbers su
h that L + tA is big for
t rational, t > t0, resp. let t′0 > 0 be the in�mum of real numbers t′ su
hthat −L + t′A is big for t′ > t′0. Then for t > t0 and t′ > t′0, we 
an �nd amodi�
ation µ : X̃ → X and 
urrents T ∈ c1(L+ tA), T ′ ∈ c1(−L+ t′A) su
hthat

µ∗T = [E] + β, µ∗T ′ = [F ] + γwhere β, γ are Kähler forms and E, F normal 
rossing divisors. By takinga suitable linear 
ombination t′(L + tA) − t(−L + t′A) the ample divisor Adisappears, and we get
1

t+ t′

(
t′[E] + t′β − t[F ]− tγ

)
∈ µ∗c1(L).After repla
ing E, F , β, γ by suitable multiples, we obtain an equality

[E]− [F ] + β − γ ∈ µ∗c1(L).We may further assume by subtra
ting that the divisors E, F have no 
ommon
omponents. The 
onstru
tion shows that β2 ≤ Vol(X,L + tA) 
an be takenarbitrarily small (as well of 
ourse as γ2), and the orthogonality estimate im-plies that we 
an assume β ·E and γ ·F to be arbitrarily small. Let us introdu
emetri
s hE on O(E) and hF on O(F ) as in Lemma 4.4, and 
onsider the forms
uε =+

i

2π

ε2D1,0
hE
σE ∧D1,0

hE
σE

(ε2 + |σE |2)2
+

ε2

ε2 + |σE |2
ΘE,hE + β

−
i

2π

ε2D1,0
hF
σF ∧D1,0

hF
σF

(ε2 + |σF |2)2
−

ε2

ε2 + |σF |2
ΘF,hF − γ ∈ µ∗c1(L).Observe that uε 
onverges uniformly to β − γ outside of every neighborhoodof |E| ∪ |F |. Assume that ΘE,hE < 0 on VE = {|σE | < ε0} and ΘF,hF < 0 on

VF = {|σF | < ε0}. On VE ∪ VF we have
uε ≤

i

2π

ε2D1,0
hE
σE ∧D1,0

hE
σE

(ε2 + |σE |2)2
−

ε2

ε2 + |σF |2
ΘF,hF + β +

ε2

ε20
Θ+
E,hEwhere Θ+

E,hE
is the positive part of ΘE,hE with respe
t to β. One sees imme-diately that this term is negligible. The �rst term is the only one whi
h is notuniformly bounded, and a
tually it 
onverges weakly to the 
urrent [E]. Bysquaring, we �nd
lim sup
ε→0

∫

X(uε,0)
u2ε ≤

∫

X(β−γ,0)
(β − γ)2 + 2β ·E.Noti
e that the term − ε2

ε2+|σF |2 ΘF,hF does not 
ontribute to the limit as it 
on-verges boundedly almost everywhere to 0, the ex
eptions being points of |F |,
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t to the 
urrent [E]. Clearly we have∫
X(β−γ,0)(β − γ)2 ≤ β2 and therefore

lim sup
ε→0

∫

X(uε,0)
u2ε ≤ β2 + 2β ·E.Similarly, by looking at −uε, we �nd

lim sup
ε→0

∫

X(uε,2)
u2ε ≤ γ2 + 2γ · F.These lim sup's are small and we 
on
lude that the essential part of the massis 
on
entrated on the 1-index set, as desired.Referen
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