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APPROXIMATION OF WEAK GEODESICS AND
SUBHARMONICITY OF MABUCHI ENERGY

XIUXIONG CHEN, LONG LI, MIHAI PAUN

1. INTRODUCTION

In a recent paper [4], R. Berman and B. Berndtsson established the
convexity of the Mabuchi energy functional M along the so-called weak
geodesics, answering (affirmatively) to a conjecture proposed by the
first named author of this article. Given two Kéhler metrics in the same
cohomology class, it is well-known (cf. [I5], [9]) that in general one
cannot find a smooth geodesic connecting them: this is a major source
of difficulties while dealing e.g. with the aforementioned convexity
question.

In this article we explore in a systematic way two techniques of ap-
proximation of weak geodesics. The first and most natural one is given
by the e-geodesics, obtained in [6]. The second one consists in using a
fiberwise approximation of weak geodesics via a family of well-chosen
Monge-Ampere equations. A corollary of the second technique is an
alternative proof of the result in [4]. Roughly speaking, our proof can
be seen as a “global version” of the local Bergman kernel arguments,
so morally we follow the original ideas of [4]; nevertheless, we feel that
our approach might be useful in other contexts. For example, the
method we are using here allows us to establish the convexity of M
more directly than in the original article, where the first step is to show
convexity of M in the sense of distributions.

We equally infer that the Mabuchi functional is continuous up to
the boundary when evaluated on a weak geodesic. The proof of this
second statement is based on semi-continuity properties of the entropy
functional.

Another theorem we will establish here is the almost-convexity of
the regularized Mabuchi energy along the e-geodesics cf. [6]. Actually,
our hope is that this latter result could be also used in order to provide
a proof of the convexity of M along weak geodesics. We refer to the
comments at the end of this note for further support concerning this
belief.

This article is organized as follows. We start by recalling the impor-
tant result of Xiuxiong Chen in [6] concerning the existence of C1! so-
lutions of the MA equation describing the geodesic between two Kahler
metrics. After a preliminary discussion about the strategy of the proof,

the convexity and the continuity of M are obtained in section 4 via the
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approximation procedure mentioned above. Finally, the convexity of
M along e-geodesics and some other results/expectations are treated
in section 5.

2. GEODESICS

Let X be a compact Kéhler manifold; we denote by K its Kahler
cone. Let {w} € K be a Kéhler class of X; the notation above means
that the representative w is non-singular and definite positive. Let
wo,w1 € {w} be two positive definite representatives of the same co-
homology class. A weak geodesic between wg and w; is a semi-positive
definite (1,1)-current

(1) G :=w+ddyp
on the product X x ¥ of the manifold X with the annulus ¥ C C, such
that the following requirements are satisfied.

(a) The function ¢ is C' on X x ¥; in particular, the coefficients
of G are bounded.

(b) We have G"™ = 0.

(c) The current G is rotationally invariant, and it equals wy and w;
on the boundary of ¥, respectively.

The existence of G with the properties stated above was first estab-
lished in [6], together with important complements in [5].

3. WHAT IS TO BE PROVED

Let u be a smooth function on X, such that w, := w + ddu is a
Kahler metric. The energy functional is given by the expression

(2) E(u) := iofxuwz_j Aw.

Given a (1,1)-form «, one introduces the following version of the energy
functional

n—1
(3) E%u) = Z/ uw AW A a.
j=0 "X

For a smooth path w; := w + dd“u; of Kahler metrics depending on the
parameter ¢ € Y, one rapidly computes

(@) dd°E (t) = / QL ddeER(r) / Q" Aa,

be
where Q := w + ddu is a (1,1)-form on X x ¥, and the integration is
understood as the push-forward of an (n+ 1,n+ 1) form to ¥ (we use
the same notation for w and its inverse image on X x ). An important
observation (cf. [7], [4] and the references therein) is that the equalities
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(@) still holds true in the sense of distributions if the path (u;) is only
assumed to be continuous.
The Mabuchi functional M along G is defined as follows

S

(5) M(t) = n—Hg(%) _ gRie () + /Xlog %gf

where G; := w—+ddp; is the restriction of G to the slice X x {t} C X xX,
and S is the average of the scalar curvature of (X,w). Unlike the
original definition of M, the expression () first introduced in [7], has
a meaning even if the regularity of ¢ is only C'. We recall further
that the convexity of M along weak geodesics was conjectured in [7].

Ideally, the convexity of M would follow provided that one is able
to produce the following objects.

Let (O.)es0 C {w} be a family of closed positive (1,1) currents on
X x ¥, such that for each positive ¢ we have.

(a) The potential ¢, of each O, is of class C1!, and it converges to
¢ locally uniformly on X x 3.

(b) The logarithm of the fiberwise determinant of ©, is of class C!.

(c) The determinant of O|x ) converges a.e. to G"|x -

As explained in [4], it is enough show that we can find (©.).~¢ as above,
such that moreover we have

(6) dd°log 2= A G > Ricei, AG"
wn

n

or
where the quantity log —= denotes (slightly abusively) a function on

X x 3. Indeed, given the relations (), the inequality (@) implies the
convexity in the sense of distributions of the following functional

_i __ ¢Ricy % n
1) M) = ) € () + [ log =gy

By the condition (b) the functional M(e,t) is continuous; therefore its
convexity in weak sense implies convexity in usual sense. The condition
(c) would imply the same property for M, by letting € — 0.

An excellent candidate for the family ©. would be the approximation of
G contained in the proof of X.X. Chen, i.e. the e-geodesics. Indeed, the
properties (a) and (b) are direct consequences of [6], and the inequality
(@) can be checked to hold true on the set Ay . where O, is uniformly
bounded from below by exp(—A)w via a direct computation (this would
be enough to conclude, by letting A — 00). However, it does not seem
to be so easy to establish the crucial property (c) (we refer the the paper
[8], section 6, in order to have a glimpse at the difficulties/consequences
of such a statement).
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In order to overcome this issue, we will consider in the next paragraph
a different approximation of G, obtained by solving a family of MA
equations.

A version of the convexity of M along the e-geodesics will be treated
in the last part of our note.

4. FIBER-WISE APPROXIMATION OF G

In order to construct the family of currents (O, ).~¢ with the properties
stated in the previous section we recall the following result.

Theorem 4.1. ([16]) Let p : X — Y be a holomorphic submersion. We
consider a semi-positive class {f} € H"'(X,R), such that the adjoint
class c1(Kx,) + {B}|x, is Kdhler for any y € Y. Then the relative
adjoint class

o (Kxyy) + {6}

contains a closed positive current =, whose restriction to each fiber X,
s a positive definite form.

We specialize here to the case of the trivial submersion X x 3 — ¥, so
the relative canonical bundle equals the inverse image of K.

As a consequence of the previous result we infer the next statement;
we recall that G denotes the (weak) geodesic between the two metrics
wo and wy.

Theorem 4.2. For each t € % and for each 0 < ¢ < 1, we consider
the equation

(8) (@w(KX) +e g+ ddc¢t75)n =c "exp(pp)w";

on X x {t}. It has a unique C* (X x {t})-solution ¢,.; the resulting
function ¢. on X X X is continuous on the interior points of X X X,
and moreover we have

(9) Ou(Kx) +e7'G +dd°¢. > 0
on the product manifold X x 3.

Proof. We proceed in a very standard manner, namely by an approx-
imation argument. Let (Gs) be a family of (1,1)-forms on the open
set

XxYCcXxX

obtained by considering the convolution of the potential ¢ with a con-
volution kernel Ky, cf. e.g. [10]. Here ¥’ stands for a compact subset of
the annulus . The resulting (1,1) forms are approximating our weak
geodesic G, as follows.
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(i) The forms Gs are non-singular, and we have
Gs > —Cd(w + v —1dt A dt)

on X x Y.

(ii) The coefficients of G5 are uniformly bounded, and they converge
in L? norm to the coefficients of G, so that if we write

Gs = w + ddp;
then we have
|ddcg05 — dd690|Lp(XX{t}) —0
as 0 — 0, uniformly with respect to ¢t € ¥’ and for any p.
(iii) We have
tsélgf s — @llerxxqyy — 0

as 0 — 0.

The properties (ii) and (iii) of the approximation family (Gs) hold true
thanks to the explicit construction of (Gs) by using the convolution of
the potential of G with a regularizing kernel ([10]), combined with the
fact that the potential of G is C'1.

For each 1 := (g,6) such that € and ¢ are positive and small enough
we define the semi-positive form

(10) By = é(95+05(w+\/—_1dt/\df)).

The class ¢1(Kx) + {8y} | xxq is clearly Kéhler; by the classical result
of S.-T. Yau we infer that there exists a function ¢, , such that we have

(11) Ou,(Kx) + Bylxxpy + dd°br, > 0
together with
(12) (Ou(Kx) + By + dd¢ry)" = e " exp(ey )"

on the fiber X x {t}.
According to the proof of Theorem 4.1l we infer that
(13) Ey = 0u(Kx) + B, + dd°¢, > 0,

as a smooth positive (1,1) form on X x ¥'-actually, this is the only
reason why we need to consider the regularization of G with respect to
the parameter “t” as well.
We show next that the family ¢, is equicontinuous for each ¢ fived;
prior to this, we introduce the a few notations.

Let 7, := €y, + s; it is a smooth function defined on X x ¥’. Then
for each tg,t; € ¥’ we have

(14) (‘I’to,n + ddc(rn(tl) _ Tn<t0)))n — e%(Tn(tl)*Tn(to)*ipé(m)+<P6(t0))\Ij?om

where Uy, := €5, | x x4}
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The maximum principle, combined with the property (iii) above
(concerning the uniformity properties of the sequence ps on X x )
shows that we have

(15) sup |6n(to, x) — ¢y(tr, 2)] < Ce™lto — 1]
BAS

The same kind of arguments (i.e. the maximum principle applied on
fibers X x {t}) show that in fact we have

(16) |py(to, o) — by(t1, 21)] < Ce™ |ty — t1] + dist(xg, %))

where C' is a constant independent of n = (g,0). This proves the
claimed equicontinuity.

As a consequence, the limit ¢, := lims_, ¢ is continuous on the
interior of X x X, and we have

(17) Ou(Kx) + G + 9. > 0.

which finishes the proof of Theorem 2] except for the C1! (X x {t})-
regularity of the solution ¢, .; this will be treated in out next result. [

In our next statement we will use another type of regularization of the
geodesic G, borrowed from [3]. We define G5 := w+dd°ps on X x 3, such
that for each ¢ € 3, the function s is the regularization of ¢|x gy by
a global convolution kernel. The properties of the resulting form which
will be relevant for us are as follows.

(1) The forms Gj are non-singular when restricted to each fiber
X x {t}, and moreover there exists a constant C' > 0 such that
we have

ddps| < C
for any 6 > 0. We equally have
G, > —Cd(w + /—1dt A di)
on X X X.

(2) The coefficients of G5 are uniformly bounded, and they converge
in LP norm to the coefficients of G, so that if we write

G5 = w + dd°p;
then we have
|dd“ps — dd“p|rp(xxqey) — 0
as 0 — 0, uniformly with respect to t € ¥ and for any p.
(3) We have
lim [[s — pllcoxxx) =0
as 0 — 0.
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We consider the Monge-Ampere equation

(18) (Ou(Kx) + B+ dd¢y,)" = e ™ exp(dry)w”
on the fiber X x {t}, where
(19) 8, :— é(gg 1 O8(w + VTdt A dB)).

The regularity /uniformity properties of the functions (¢ ), are stated
in the following result.

Theorem 4.3. The following assertions hold true.

(a) For each fized €, the family ¢, obtained by piecing together the
fiber-wise solutions ¢y, is equicontinuous.

(b) There exists a constant C > 0, independent of n such that
sup @5 < €, —cinfoos < O, [edd®des] < C.
X

on the fiber X x {t}.

(c) Therefore for each fized € > 0, we can extract a limit
li =
5% ¢6,6 gb&)

strongly in C°, where the restriction of ¢. to X x {t} is the
unique C1t solution of the degenerate Monge-Ampére equation

(20) (@w(KX) +e71g + ddc¢t75)n =c "exp(¢p)w"
on the fiber X x {t}.
(d) The measures

exp(¢ye)w"
are converging to g@w} weakly in LP for any p, as € — 0.

Proof. Except maybe for the point (d), the arguments of the proof rely
on basic results in MA theory, so we will be very sketchy.

The point (a) was basically discussed during the proof of Theorem
42 In addition, we remark that by th esame procedure we obtain
the equicontinuity continuity of (¢,) on X x X up to the boundary of
X x X: this is a consequence of the property (2) of G5.

Concerning the point (c), the upper bound of the potentials is a con-
sequence of the maximum principle since we can rewrite the equation

(IX) as
(21) (eOu(Kx) + G5 + dd(¢r )" = exp(dry)w",

then take ¢, (p) = maxy ¢y, which implies dd°¢; ,(p) < 0. But notice
the form €0, (K x) + Gs is strictly positive at the point p thanks to the
inequality (II), hence

(€0u(Kx) +Gs)"

wn

Dty < Gry(p) < log (p) <C.
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On the other hand, the lower bound is obtained by considering
(22> (W + €@w<Kx) —+ ddcTt,n)n — e%(Tt,n*%S)wn

Wherg Tty = EQrn+ s, so by choosing 7, ,(¢) = minx 7;,,, the minimum
principle says

(w + E@w(Kx))n

wn

EQry + s > €log (@) +vs(q) = —eC + ¢5(q),

hence e¢;, > —C for some uniform constant C'. Now the bound of
dd°t, ,, follows from the usual Laplacian estimate for the Monge-Ampére
equations, cf. [5]. For fixed 7, let w. = w + €6,(Kx), and notice that
it is a smooth non-degenerate approximation of w, then we can write
AT = giF7;;, and set

a = log(n + At) — AT,

where A > 0 is some constant determined later. Consider the point p
where the maximum of « is obtained, and take u = G, + 7, where the
function G. is the local potential of w. in a normal coordinate ball of p,
then the standard maximum principle argument implies at the point p

1 1 1
(23) 0> A—u{—BAu;u—W+A¢m—S}+A;u—W—nA,

where B > 0 is the lower bound of bisectional curvature, and S is the
upper bound of scalar curvature of (X,w.). Now take A = B, then we
have

1
nBAu+ S > gA(T — ¥s),

hence
n+ Aps + Se > (1 —enB)Au,
and finally
Au(p) < _c <20
1—enB

for some uniform constant C, when ¢ < ﬁ. Then suppose there is

some uniform constant C’ such that osc(7) < C’, we infer
Au < 20e*P ¢

The statement (d) is a consequence of the elliptic regularity results,
cf. [I1]. Moreover, since the solution ¢;. belongs to the space C'! we
infer that the equality (20) holds almost everywhere on X x {t} (in the
sense of L functions).

In order to establish the point (e), we re-write the equation (20) as
follows

(24) (W+eO,(Kx)+ddr.)" = ec (= O)yn
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where we recall that G = w + dd°. In the relation (24]), we denote
T. = £¢. + ¢, so we will be done if we can prove that

ep. — 0.

In any case, thanks to the estimates (c), there exists some function
p € CY! such that we have

(25) Epe = p

strongly in C® for any o < 1 as ¢ — 0, so that the limit 7 extracted
from 7. verifies the inequality

(26) T < .

as it is clear from the second part of estimate (c).
In particular, the convergence statement in (25]) implies that we have

(27) (w+ 0, (Kx) + dd°r.)" — (w + dd°r)"

is weak sense in L? for any p (this is due to the fact all currents in the
concern have uniformly bounded L> coefficients ).

Let Qs := {7 < ¢ —d}; it is an open subset of X, and we claim that
G"|la; = 0, for each 0 > 0. Indeed, by the comparison principle [14],
[13] we have

(28) / e / (o dd

However, as we can see from equation (24]), we have / (wHdd°T)" =0,
Qs
Te — @

simply because on the set (s the inequality < —— as soon as

€
¢ is small enough —remark that this is a consequence of the uniform
convergence in (28)- so our claim is proved.

But then it follows that G"|g = 0, Yhere Q is the closure of the open
set {7 < ¢} C X. Indeed, the set Q\ Q has measure zero, and the
coeflicients of G are bounded. We infer that we have

(29) G" = (w+ddT)"

since the complement of Q is an open set where 7 coincides with ¢.
We invoke next the uniqueness result in [I4] concerning the solutions

of MA equations whose right hand side member has a density in LP,

for p > 1, so that p = 0 and the point (e) of our lemma follows. U

Remark 4.4. The fiber-wise convergence (e) was proved in [I] in a
slightly different setting; the main argument in that article relies on
the variational approach developed in [2]. However, we have chosen to
give a direct proof here, for the sake of variation.
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4.1. Convexity. Let tg,t1,ts € [0, 1] be three arbitrary points. By the
property (e) combined with a result due to Banach-Saks one can find
a sequence £, — 0 as k — oo such that

1t

7 Zexp(@p,q) — eXp(@\Xx{tp})

j=1
in LY(X x {t,}), for each p = 0,1,2. The sequence (g;) depends on
the triple (t,), but fortunately this does not matter for the rest of the
proof.
For each t € ¥, let wy;, € {w} be the Kéhler metric such that

k
1
(30) Wiy = . ; exp(¢y, )"

Let M. be the Mabuchi functional evaluated on the weak geodesic G,

with the entropy term modified by using logwy’; instead of log G, i.e.
S ; W'k

31 Mi(t) = ——=E(ps) — EM log —=G"

B Mult) = =) — 8 () + [ log g

Then we have the following statement.

Lemma 4.5. For each k > 1 the functional My, is a continuous convex
function on [0, 1].

Proof. Our first observation is that the functional M, is continuous.
Indeed, this is the case given the regularity we have already established
in Theoren [4.3] for each ¢, combined with the stability theorem due
to S. Kolodziej, cf. [I4]; we do not give further details here.
It is therefore enough to show that My, is convex in weak sense; this
boils down to the inequality
k

(32) dd‘log <% Z exp(gbgj)) A G" > Ricci, NG".

7j=1
This is immediately seen to be true, as follows. We have

1< L exp(er,)
(33)  ddlog- () 2 ) v dd°¢,,
0g - ;exp ; Zle exp(¢.,)

by a direct computation, and moreover the point (b) of Theorem (4.3
shows that we have

(34) — Ricci, +e;'G 4 dd°¢., > 0.
By using this inequality in (33)), we obtain

k k
(35)  dd°log % ; exp(¢e,) NG" > Z __oxP0s) Ricci, AG"

j=1 Z?:l exp(¢e,)

which proves the lemma. O
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Corollary 4.6. The Mabuchi functional M is a convexr function on
the interval [0, 1].

Proof. Let t, € [0,1] be three arbitrary points; we can apply the con-
vexity inequality for each My corresponding to the points (¢,)p—0.1.2
and we let k — oo; the convexity of M follows.

4.2. Continuity at the boundary. Given that M is a convex func-
tion, it is automatically continuous on the open interval |0, 1[. In this
subsection we will show that the continuity property holds up to the
boundary.

To this end we recall that the entropy functional H is defined as

H(p) = /X folog fodu,

where

is an L° function provided that the potential ¢ € C*!, and the prob-
ability measure du equals w™. In order to study the semi-continuity
property of H, we will follow [§],

Lemma 4.7. Let ¢;, and f;, f be as above, and suppose f, f; are
uniformly bounded non-negative functions, such that f; — f weakly in
L', then

lign/X(fi log fi — flog f)du > 0

Proof. First assume f has positive lower bound, i.e. f > § for some
small § > 0, since we can replace f by f + d, and let § converges to
zero. Now put Fi(t) = F(tfi+ (1 —1t)f) = F(at +b), where a = f; — f
and b = f, then
Fi(t) = a(logu; + 1),
where u, = tf; + (1 —t)f, and
I
O

for some constant uniform constant C' such that f; and f are smaller
than C'. Hence

) [ itogsimnosan= [ ([ [ #pasirs [ o

1 !
> & [ = 1Pdu+ | FlOdn

However,

(37)  lim [ F{(@t)dp=1lim [ (f; — f){log(tfi + (1 —t)f) + L}dp

t—0 X t—0 X
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- /X (fi — £)(og f + 1)dp.

where we have used the fact f; — f weakly. Then obviously

limlim [ F/du =0,
X

i t—0

Finally, remember we are dealing with f + ¢ instead of f, then

(38) LLmemzf;ﬂ—f—abgf+®+d®,

and the limit will converge to zero when 6 — 0, since

iim [ PO = [ (£~ £~ 8)log(7 +)+ 000

b JX X

(39) = 0(9),

which completes the proof. O
We treat next a version of the previous lemma, which will be very
useful later on.

Let x be a continuous function; we define hy = exp(x — A), and we
consider the following truncated version of the entropy functional

Ha(p) ::/Xfilogmax(fi,hA)d,u.

Our claim is as follows.

Lemma 4.8. The truncated entropy functional has the following semi-
continuity type property

lim Ha(,) — Hal) > ~6(4)

for some uniform constant 6(A) > 0 such that 6(A) — 0 as A tends
to co. Here the sequence (f;) is assumed to verify the hypothesis of the
preceding lemma.

Proof. First define

ﬁIA(cp):/Xmax(f,hA)logmax(f,hA)d,u.

then set Q4 = {f < ha}, and Q; 4 = {f; < ha}

ffA<¢>——ffA<w>::l[;(f-—rnax(f,hA>)logrnax<f,hA>dM

3/0—mmwm%
Qa
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then notice that 0 > f — hyq > —hy on Q4 and loghs < 0 for A large
enough,

Hale) = Fiale)] < = [ (= ) —d = C1(4).

X

Now run the same argument as in lemma (£7]) with f replaced by
max(f, ha)(here we have positive lower bound automatically from this
truncation), then obtain

Hgy) — Hap) > /X FL(0)dp.

from equation (36)), then by equation (37) it’s enough to estimate

(40) /X (fi — max(f, ha))log (max(f,ha)+1)du

— [ = ol Nt [ (= ha)losha + i
X—-Qqy

Qg
the first term will converges to zero as ¢ — +o0o as before, and the
second term is bounded from below by

/ (fi = ha)log(ha +1)du > — / halog(l+ ha)du
QAN A

QAOQZ"A

> —/ halog(1+ ha)du
X

> —2/ XA = —Cy(A).
X

Finally observe that

Ha(gs) — H(gs) = /X f:(log max(f,, ha) — log f3) > 0,

hence we can decompose

Hu(pi) — Halp) = (Halpi) — H(p:)) + (H(gi) — Ha(p))
+(Halp) = Haly)),
then the limit of H4(y;) — Ha(y) is bounded below by
—0(A) == —C1(A) — Ca(4),

which converges to zero when A is large. U

The Mabuchi functional can be written as

(41) M(p) = E(p) + H(p)

where FE is the energy part of the Mabuchi functional, and H is the
entropy part. As a consequence of our previous results, we establish
here the following statement.
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Theorem 4.9. The Mabuchi functional M(p(t)) is a continuous con-
vez function on [0, 1].

Proof. The proof results immediately from our previous considerations.
Indeed, since M is a convex function, we automatically have

(42) M(0) > lim su}’d)./\/l(t)

On the other hand, the semi-continuity properties of the entropy func-
tional in Lemma [4.7] show that in fact we have

(43) M(0) < lim inf M(1)

and the proof of Theorem [4.9 is completed. Indeed, the energy part
of the Mabuchi functional is continuous, given the regularity of the
potential of G. O

5. ALMOST CONVEXITY ALONG &£-GEODESICS

In [6], the geodesic G is obtained by the continuity method, and as
a by-product of the proof, for each € > 0 one has a smooth, positive
(1,1)-form

(44) we = w + dd°p.
on X x X such that the next identity holds
(45) Wit = ey/—1dt Ndt AN w

Let M. 4 : ¥ — R be the regularization of the Mabuchi functional
evaluated on w,. By definition, this equals

S

(46) Mea(t) = ——E (@) =€ (pes)+ /X

where hy is a volume element on X whose associated curvature is
greater than —C'G for some positive constant C'. Then we can compute
the Hessian of M, 4 on the approximate geodesic as

v h
max (log w—e, log —A>w2
wn w

M adidiT = / 7(W! — Ric(w) Awl)
X xX XxX
)
+ / log max (w—g, Y A dydlT
Xx% W wn
)
(47) = eg— / Ric(w) ANw? + / Tdd log max (w—e, —A)w?.
Xx¥ Xx¥ wnwn

where 7(t) is any test function on X.

Now we have the following result.

Theorem 5.1. For each positive constant A, there is a uniform con-
stant C'4 > 0 such that the function M. 4 —eCat(1 — 1) is convex.
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Proof. It would be enough to prove that for any A > 0 there exists a
constant C'4 such that we have

wr h
/ Tdd® max <log —, log —i) ANwl > / 7 Ricciy,, Aw?
Xx% Wo Wo XX

(48) —y / ~VTdt A dl
by

for any positive test function 7 on . Indeed, once this is done we
infer that the second convexity of M. follows. The inequality (@8] is
established in the next paragraph by a direct computation.

We recall the following statement, which will be useful during the ar-
guments in the following section.

Lemma 5.2. Let u and v be two smooth functions on a complex man-
ifold Z, and let w be a Kdahler metric on Z. We assume that v is
subharmonic with respect to w, and that we equally have A,(u) > 0 on
the set w > v — 1. Then the w-Laplacian of the function max(u,v) is
positive.

Indeed this follows from the fact that a smooth function is subharmonic
if and only if it satisfies the mean value inequality (is this context,
the usual Lebesgue measure is replaced with the harmonic measure on
balls); we refer to [12] and the references therein for a complete account
of these facts. In the next section we will have to deal with functions
whose Laplacian is greater than —C'. Then we have a similar statement,
since locally we can construct functions with strictly positive Laplacian
(e.g. the potential of the metric w).

5.1. The computation. In order to simplify the notations, we define
the function f. : X x ¥ — R by the equality

wr
— fE(tv')
(49) wZL xx{tp ¢

We introduce the set

h
(50) Qo4 = {(z,t) € X x ¥ such that f.(t,z) > log —‘:(t,z)}
“o

so that we have

(51) max (log w—i,log h—ﬁ) = fe(t, 2)
“o “o

on 2. 4. This reveals the importance of considering the functional
M, 4: on the set €2, 4 the distortion function f; is bounded from below
by a quantity which is independent of €. This simple remark will play
a crucial role in the next considerations.
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We will proceed next to the evaluation of the integral
(52) / 7(dd* f. — Ricciy, ) Aw.
QE,A

Locally near a point (z,¢) € X x ¥ we write the metric w, as follows
w. = V—lggdt Ndt + /' —1giadt A dz® + /—1g,7dz* A dt
(53) + V—1g,adz" A d2"

where the coefficients g in the expression above depend on ¢ as well.
The equation (49)) satisfied by w. can be written in local coordinates
as

clee) = 9a— 9" 919=
(54) = ee ke,

Given this, we rewrite locally the metric w. as follows
(55) we = c(pe)V—1dt Adt + p.

where p. has the same expression as we, except that we replace g;; with
97" 9,19ta- We note that although p. may not be closed, it is positive
definite on each slice X x {t} and it satisfies

(56) prrt=o0.
We have the equality
(57) w = pl' + ne(pe)V—1dt AdE A p27!
which is the same as
(58) W = p + nclp)V/—1dt A df AW
by the definition of the form p..
The factor
(59) ne(e.) (dd® f. — Ricciy, ) AV—=1dt A dt Aw! ™"

is analyzed as follows.
We observe that we have

(60) nc(p.)ddfo ANV —=1dt ANdEAW! ™ = (@) Ay, (f)V—=1dt NdE AW
and by the equality (54]) we have
(61) nc(pe)dd fo AN/ —1dt ANdE Aw?™ = A, (f)V/—1dt A dt A wf

The other term in the equality (5J) is bounded in L' norm by eCljy,
given that on the set . 4 N X x {t} the eigenvalues of w. are bounded
from below (and above) by a constant independent of ¢, so that the
trace of Ricci,, with respect to w. is bounded by some constant Cy.
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Therefore, we have
(dd°f. — Riccl, ) Av/—=1dt Adt Aw?™!
V—1dt A dt A wp
This can be re-written in the following way
ne(p:)(dd°f. — Ricciy, ) AV=1dt AdE AW > Ay, (fo)wl ™

)

(63) — C ™!

(62) nc(@a) > EAwg(fa) —eCy

The evaluation of the main term
(64) (dd° f. — Ricciy, ) A pf

goes as follows. Let

0 - 0
(65) V= o g’ gta%

be the gradient of the ¢ derivative of .. Then one can check by a
direct computation that the vector field v generates the kernel of p.,
and then we have

(66) (dd°f. — Ricciy, ) A p2 = (dd°f- — Ricciy, ) (v, D)V =1dt AdEA pl.
Indeed, this is a matter of liner algebra: we have

B g = ]

on a vector space of dimension n + 1, where A, §; are (1,1)-forms, such
that v is in the kernel of (s, and such that A(v,7) # 0.

A straightforward calculation which we will detail in a moment shows
that we have

(67) (dd f. = Ricciy ) (v,7) > ey, (e7°)

Since we have A,_(e ™) > —e™/*A,_(f.), the inequality (67) combined
with (G3)) finishes the proof. Indeed, we first remark that we have

V—Ldt NdEA pt = v/—1dt A dE AW
by (€17) we obtain
(68) (dd°f. — Ricciy, ) (0,0) > —eAy, (fo)V/=1dt A dE A wy
and we observe that the right hand side of (6§]) is nothing but

A By

—A,. (fzs)w?—i_l'
Thus, we infer the inequality
n h
(69) dd‘ max (log w—;, log —ﬁ) Aw! > —Cawltt
wWo wWo

globally on X x 3.
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We prove next the inequality (67)); before that, we remark that the
following approach is quite standard in the theory of the homogeneous
Monge-Ampere equations, cf. [6], [7], [8]... Also, the inequality (G7) is
very similar to the positivity of the curvature along the leaves of the
foliation (which does not exists in our case...), cf. [§].

The next computations are done with respect to a geodesic coordi-
nate system at (X, z); we have

(70) Jlog det(g,5) = 9°7 9,57 + 9°7 9,527

and thus

00logdet(g,5) = (93 9uzs+ 9" dama)dt N dl
(71) + 97905002 N dE+ 967G, dt N dZT
+ 9057027 NdZT

Since the metric w. is locally given by the Hessian of a function, the
following commutation relations

(72) 9uBit = 908
hold true on X. Given that

(73) 957 = —g°79% g5
the equality ({71]) become

9dlogdet(g,5) = (99,05 — 979" 9554945, dt N di
(74) 9°%9,5.:d2" Ndi + g°P g5 - dt N dZT
gaggagfdz'y N

7

We evaluate this in the v-direction, and we get

001og det(g,5)(v,7) = 90545 — 9779 9,55905,

(75) — 99,549 95 — 9°° 90597 9,
+ 99252977 9" Geui.

The equation satisfied by the metric w. reads as

(76) 9t — 971 G,i0m = g ¢
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so that we have
99,05 — Do (€)= 979" 0,194
(77) + 90", 590 + 9 9791915 05

+ 979" 909575 + 9°° 979,139 0

By combining (1) with (75) we obtain
(78) 901og det(g,5)(v,7) = |Ov]* + A, (e )
and the inequality (67]) follows. O

5.2. Further results and comments. It is very likely that the con-
vexity of M in the sense of distributions can be derived by the tech-
niques we have developed in the previous section, i.e. using e-geodesics.
One of the motivations to do so is that the resulting proof would be
more “self-contained”.

However, we encounter a rather severe difficulty: we ignore whether
the fiber-wise sequence of volume elements

n

We

corresponding to the e-geodesics is converging almost everywhere to
the volume element of the geodesic G.

Nevertheless, we strongly believe that this holds true, based on the
following considerations. On the set 2. 4 we have

(79) C(A)w < w. < Cw

where C'(A) is a constant depending on A, but uniform with respect to
g, and C'is a fixed constant, independent of €, A. Indeed this is a con-
sequence of the results in [6]. The relation (79) is a uniform Laplacian
estimate for the metrics we|o.. Hence, via Evans-Krilov theory one
might hope that it is possible to obtain a higher regularity estimate
for the family (¢c|q. ,)eso0. The problem is that as e — 0, the set €. 4
converges eventually towards a set which is only measurable, and it is
a-priori unclear how to implement Evans-Krilov theory in this setting.

However, we show here that the continuity of M at the endpoints 0
and 1 can be also obtained as a consequence of the results we have
established in the previous section (i.e. without knowing a-priori the
convexity of M).

Theorem 5.3. The Mabuchi functional M(t) is continuous at the
boundary points 0 and 1.

Proof. We identify in what follows 7 and its real part ¢ = Re(7), since
all the functionals involved in the proof only depends on the real part
of 7. Also, we will only prove the continuity at 0.
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A first observation is that we have
80 ity M(®) > M(0)

thanks to the entropy property recalled in (4.7
Next, we observe that the limsup of a sequence of convex functions
which are locally bounded above is still convex (unlike subharmonic
functions). Hence if we define
limsup M, 4 := My,
e—0
then M, is a convex function on [0,1] by theorem (5. And by
construction we have M 4(0) = M(0) for any value of the regularization
parameter A.
Now for every point 7 € (0,1), we have My(7) > M(7) — §(A),
since
lmH?pH%@%)>fidw)—5@®,
E—
by lemma ([4.§]).
We define a new functional

limsup M4 := M,

A—4o00

and then ¢ — M(t) is a convex function on [0, 1] which still verifies the
equality M(0) = M(0).
Then we have M(0) > lim;_,o M(t) by convexity, as well as the in-

equality M (1) > M(7) for each 7 € (0, 1), thanks to the considerations
above. We therefore infer that

(81) lim M(t) < M(0)

t—0

and Theorem [5.3] is proved.
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