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Compact Kähler 3-manifolds without

nontrivial subvarieties

Frédéric Campana, Jean-Pierre Demailly, Misha Verbitsky1

Abstract

We prove that any compact Kähler 3-dimensional manifold which has no
nontrivial complex subvarieties is a torus. This is a very special case of a
general conjecture on the structure of so-called simple manifolds, central
in the bimeromorphic classification of compact Kähler manifolds. The
proof follows from the Brunella pseudo-effectivity theorem, combined
with fundamental results of Siu and of the second author on the Lelong
numbers of closed positive (1, 1)-currents, and with a version of the hard
Lefschetz theorem for pseudo-effective line bundles, due to Takegoshi
and Demailly-Peternell-Schneider. In a similar vein, we show that a
normal compact and Kähler 3-dimensional analytic space with terminal
singularities and nef canonical bundle is a cyclic quotient of a simple
nonprojective torus if it carries no effective divisor. This is a crucial
step towards completing the bimeromorphic classification of compact
Kähler 3-folds.

1 Introduction

We consider here connected compact Kähler manifolds X of (complex) dimen-
sion n > 1. An irreducible compact analytic subset Z of X will be said to be a
subvariety of X . It is said to be nontrivial if its (complex) dimension is neither
0 nor n.

The bimeromorphic classification of compact Kähler manifolds can be re-
duced, by means of suitable functorial fibrations, to the following two extreme
particular cases: either X is projective or X is simple, which means that any
general point x of X is not contained in any nontrivial subvariety of X (a point
is general if it lies in the intersection of countably many dense Zariski open
subsets). If X is a nonprojective torus, this new notion of simpleness coin-
cides with the classical one, defined by the absence of nontrivial subtori. The
functorial fibrations needed for this reduction are relative algebraic reductions
and relative Albanese maps (see [Cam80], [Cam85], [Fuj83]) in the category of
connected compact Kähler manifolds, where the morphisms are the dominant
rational maps with connected fibre.
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The present text is concerned with the bimeromorphic classification of such
simple X . Its difficulty, in contrast to the projective case, is not due to the
abundance and complexity of the examples, but to their (expected) scarce-
ness and simple structure, which makes essentially all usual invariants of the
classification vanish.

For example, if X is simple, its algebraic dimension1 a(X) vanishes, which
implies, by [Uen75], Lemma 13.1 and Lemma 13.6, that its Albanese map
is surjective and has connected fibres. Because the fibres must then have
dimension either 0 or n, we get: either q = 0, or X is bimeromorphic to its
Albanese torus. Thus only the case where q = 0 needs to be considered.

The known2

examples of simple compact Kähler manifolds are (up to bimeromorphic
equivalence) general complex tori, K3 surfaces, or the general member of the
deformation families of hyperkähler manifolds3. ‘Simple’ surfaces are thus
classified: they are either tori (q > 0), or K3 (q = 0). But when n > 3, the
classification is open. The situation is however expected to be similar to the
surface case in higher dimensions (see Conjecture 1.1), where the only known
examples are constructed out of surfaces which are either K3, or tori.

The following converse was essentially formulated in [Cam06], as Ques-
tion 1.4.

Conjecture 1.1. Let X be a simple compact Kähler manifold. Then the
following hold.

1. either X has a finite étale cover bimeromorphic to a complex torus, or
H0(X,Ω2

X) is generated by some σ which is generically symplectic (that
is, n = 2m is even, and

∧m σ 6= 0).

We should thus have: κ(X) = 0. If dim(X) is odd, then X should be
bimeromorphic to a complex torus, possibly after some finite étale cover.
Such a cover will be needed, as shown by the Kummer quotient by the −1
involution.

2. When X does not contain any nontrivial subvarieties, X should be either
a complex torus, or an irreducible hyperkähler manifold4.

Thus KX should be trivial in this case, the two cases being distinguished
by q > 0, or q = 0.

1Recall that a(X) ∈ {0, ..., n} is the transcendence degree of the field of global meromor-
phic functions on X , a(X) = n if and only if X is projective.

2It is shown in [KV01] that a stable bundle which does not degenerate to a direct sum of
stable bundles on the generic deformation of a Hilbert scheme of K3 has a compact moduli
space; this may lead to new examples of hyperkähler manifolds. The rigidity of the category
of coherent sheaves on the general members of these families is established in [Ver02], [Ver03].

3Recall that X is hyperkähler it is Kähler and admits a holomorphic symplectic form. It
is said to be irreducible if, moreover, π1(X) is finite, and h2,0(X) = 1.

4Notice that a general deformation of a Hilbert scheme of aK3 surface has no subvarieties
[Ver98], while a general deformation of a generalized Kummer variety has some subvarieties,
partially classified in [KV98].
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3. If X is generically symplectic, then π1(X) should be finite, of cardinality
at most 2m, where 2m = n.

Assertion 3 follows from [Cam85], if χ(OX) 6= 0 for X simple and generi-
cally symplectic. In what follows, we prove the second assertion of the conjec-
ture for n = 3.

This conjecture can be motivated by the conjectural existence of minimal
models in the bimeromorphic category of connected compact Kähler manifolds.
Indeed, if such a theory exists, and if X is simple, we have a(X) = 0, which
brings κ(X) 6 0. The possibility κ(X) = −∞ is excluded, since X should
then be uniruled. This implies that κ(X) = 0.

In this case, a Kähler minimal model is a map X 99K X ′ such that X ′

has terminal singularities and KX′ ≡ 0). A (conjectural) Bogomolov-type
decomposition ([Bog74], [Bea83]) for manifolds with terminal singularities and
KX′ ≡ 0 could be used to represent a finite cover of X ′ as a product. However
X is simple, hence either X ′ is covered by a simple torus (with finite locus of
ramification), or X ′ carries a symplectic holomorphic 2-form, establishing the
conjecture above.

The above conjecture can thus be reformulated in terms of conjectural
minimal models for compact Kähler manifolds, defined as normal compact
complex spaces bimeromorphic to compact Kähler manifolds, and having Q-
factorial terminal singularities. The simple ones should then have a torsion
canonical sheaf, and be either of the form T/G, quotients of simple nonprojec-
tive tori by a finite group of automorphisms, or carry a multiplicatively unique
holomorphic 2-form, symplectic on the regular locus.

Theorem 1.2. Let X be a compact Kähler 3-dimensional manifold. Assume
that X has no nontrivial subvariety. Then X is a torus.

The proof will be given as Corollary 4.4. Although it is an easy combination
of known results, it seems worthwile to present it, because it indicates that the
above conjecture might be accessible in dimension 3 with the actually existing
techniques. The proof also gives some information on the higher dimensional
case (see Corollary 4.5).

We also show the following result.

Theorem 1.3. Let X be a 3-dimensional Kähler normal connected compact
complex space with terminal singularities. Assume that KX is nef, and that X
does not contain any effective divisors5. Then X = T/G is isomorphic to the
quotient of a nonprojective simple torus by a finite cyclic group of automor-
phisms.

5The nonexistence of effective divisors linearly equivalent to a positive multiple of KX

actually suffices for the conclusion.
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We will use the following simple criterion:

Lemma 1.4. Let X be a simple compact Kähler threefold. If χ(OX) = 0, then
X is bimeromorphic to its Albanese torus.

Proof. By the above remarks, it is sufficient to show that q > 0. But

0 = χ(OX) = 1− q + h2,0 − h3,0.

By Kodaira’s theorem, h2,0 > 0 since X is not projective, and h3,0 6 1 since
a(X) = 0. Thus 0 = 1− q + h2,0 − h3,0 > 1− q + 1− 1 = 1− q, and q > 0.

The proof of Theorem 1.2 is thus reduced to showing that χ(OX) = 0,
which is the objective of the following sections.

Finally, let us mention that compact (connected) complex manifolds, not
necessarily Kähler, without nontrivial subvarieties are also quite important in
model theory, giving examples of so-called trivial Zariski geometries ([Moo05],
[MP08] [MMT08]). Our arguments below show that compact 3-dimensional
complex manifolds without nontrivial subvarieties are tori, provided their canon-
ical bundle are pseudo-effective. Brunella’s theorem and the hard Lefschetz
theorem appear to be the only steps of the proof requiring the Kähler hypo-
thesis in depth.

2 Pseudo-effective and nef line bundles

We refer to [Dem07] for the basic notions and properties of currents on complex
manifolds, and only recall briefly some of the facts needed here.

Let X be a compact, n-dimensional complex manifold and let L be a holo-
morphic line bundle on X . Assume that L is equipped with a singular hermi-
tian metric h with local weights e−ϕ which are locally integrable. Its curvature
current is then Θ(L, h) := i∂∂ϕ, and its first Chern class c1(L) is represented
by the cohomology class 1

2π
[Θ(L, h)] in the Bott-Chern cohomology group

H1,1
BC(X), where

Hp,q
BC(X) = {d-closed (p, q)-currents}/{∂∂-exact (p, q)-currents}.

If X is Kähler, H1,1
BC(X) is isomorphic to the Dolbeault cohomology group

H1,1(X) and can be viewed as a subspace of H2(X,C).

Definition 2.1. A (1, 1) cohomology class {α} ∈ H1,1
BC(X) is said to be pseudo-

effective if it contains a closed positive (1, 1)-current Θ. The class {α} is said
to be nef if for a given smooth positive (1, 1)-form ω > 0 on X and every ε > 0,
it contains a smooth closed (1, 1)-form αε such that αε ≥ −εω [or alternatively,
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in the Kähler case, if {α} is a limit of Kähler classes {α + εω}, where ω is
Kähler]. A class {α} is said to be big if it contains a Kähler current, namely a
closed (1, 1)-current Θ such that Θ ≥ εω for some smooth positive (1, 1)-form ω
and some ε > 0. A line bundle L on X is said to be nef (resp. pseudo-effective,
resp. big) if its first Chern class c1(L) ∈ H1,1

BC(X) has the same property.

It follows from the Bochner-Kodaira technique that a big line bundle L → X
has maximal Kodaira dimension κ(L) = dimX . Therefore, a compact complex
manifold X carrying a big line bundle is Moishezon, that is, bimeromorphic to
a projective algebraic manifold; in particular, X is not simple. Now, we have
the following result.

Theorem 2.2. ([DPa04])Let X be a compact Kähler manifold. Let {α} ∈
H1,1(X) be a nef class. If

∫

X
αn > 0 then {α} is big. As a consequence, if X

carries a nef line bundle L such that c1(L)
n > 0, then L is big and X cannot

be simple.

This special case where {α} = c1(L) (the only one that we need here) can
also be obtained as a consequence of holomorphic Morse inequalities [Dem91].
It can be seen as a strengthening of the Grauert-Riemenschneider conjecture
proved by Siu [Siu84] (although the latter is also valid in the non-Kähler case).

Definition 2.3. The Lelong number νx(Θ(L, h)) = ν(ϕ, x) of the (1, 1)-current

Θ(L, h) at x ∈ X, is defined as lim infz→x
ϕ(z)
|z−x|

, for a local metric on X near x.

Definition 2.4. For a positive real number c > 0, the Lelong set Fc of a
(1,1)-current η is the set of points x ∈ M with ν(η, x) > c.

By a well-known theorem of Siu ([Siu74]) any Lelong set of a positive,
closed current is a complex analytic subvariety of M (the proof of this difficult
result has been considerably simplified, using regularization of currents and
the Ohsawa-Takegoshi extension theorem, see [Dem92].)

Theorem 2.5. ([Dem92]) Let X be a compact complex manifold. Let L be a
pseudo-effective holomorphic line bundle on X, with singular hermitian metric
h with positive curvature current Θ(L, h). Assume that the Lelong sets of
Θ(L, h) are all zero-dimensional. Then L is nef, and big as soon as there is at
least one nonzero Lelong number.

Proof. The first assertion is ([Dem92], Cor. 6.4). The second follows from
([Dem92], Cor. 7.6). See also [Ver09], Thm. 3.12.

Corollary 2.6. If X is a compact Kähler manifold without nontrivial subvari-
eties, and with pseudo-effective canonical bundle, then KX is nef, and for any
singular hermitian metric h on KX , m > 0 with positive curvature current,
the Lelong number vanish at any point. In particular, the associated multiplier
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ideal sheaves on K⊗m
X are all trivial for any m > 0 (that is, e−mϕ is integrable

for any m > 0).

3 Hard Lefschetz theorem for the cohomology

of pseudo-effective line bundles

We recall the version of the Hard Lefschetz theorem which is going to be used
here.

Theorem 3.1. ([Tak97], [DPS01])Let (X,ω) be a compact Kähler manifold,
of dimension n with Kähler form ω, let KX be its canonical bundle, and let L
be a pseudo-effective holomorphic line bundle on X equipped with a singular
Hermitian metric h. Assume that the curvature Θ of (L, h) is a positive current
on X and denote by I(h) the corresponding multiplier ideal sheaf. Then the
wedge multiplication operator η −→ ωi ∧ η induces a surjective map

H0(X,Ωn−i
X ⊗ L⊗ I(h))

ωi∧ •
−−−−→ H i(X,K ⊗ L⊗ I(h)).

Here ω is considered as an element in H1(X,Ω1
X) and multiplication by ω maps

Hk(X,Ωn−l
X ⊗ F ) to Hk+1(X,Ωn−l+1

X ⊗ F ).

This theorem was obtained under various hypotheses during the 1990s, see
[Eno93] and [Mou99]. The most general form given here is due to [DPS01],
Thm. 2.1.1. It was proved in [Tak97] when L is nef.

Corollary 3.2. Let X be a compact Kähler manifold of dimension n > 1
without any nontrivial subvarieties. Assume that KX is pseudo-effective. Then
hi(X,mKX) 6

(

n

i

)

, for any i > 0, and the polynomial P (m) := χ(X,mKX) is
constant, equal to χ(OX).

Proof. Since n > 1 and X has no nontrivial subvarieties, the algebraic di-
mension of X vanishes: a(X) = 0. Therefore h0(X,E) 6 rank(E), for any
holomorphic vector bundle E on X . Combining with the Hard Lefschetz the-
orem (Theorem 3.1), this gives the first claim of Corollary 3.2. The second
claim is clear because a polynomial function P (m) which remains bounded
when m → +∞ is necessarily constant.

Corollary 3.3. Let X be a compact Kähler manifold of dimension 3 without
any nontrivial subvariety. Assume thatKX is pseudo-effective. The polynomial
P (m) := χ(X,mKX) is constant, equal to χ(OX) = 0.

Proof. The intersection number K3
X vanishes (either by Theorem 2.5, or be-

cause it is the leading term of P (m), up to the factor 3!). The Riemann-Roch

formula therefore gives P (m) := (1−12m)
24

· c1(X) · c2(X). The boundedness of
P (m) then implies that 24 · χ(OX) = c1(X) · c2(X) = 0.
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Remark 3.4. Arguments close to some of the ones presented here have
already been used in the proof of [DPS01], theorem 2.7.3: if X is a compact
Kähler manifold with pseudo-effective canonical bundle admitting a metric
with weights ϕ having analytic singularities and positive curvature current,
then either H0(X,Ωi

X ⊗ O(mKX)) 6= 0 for infinitely many m > 0 and some
i > 0, or χ(X,OX) = 0.

4 Brunella’s pseudo-effectivity criterion.

The rest of our arguments is based on the following strong (and very difficult)
theorem by Brunella.

Theorem 4.1. ([Bru98])Let X be a compact Kähler manifold with a 1-dimen-
sional holomorphic foliation F given by a nonzero morphism of vector bundle
L → TX , where L is a line bundle on X, and TX is its holomorphic tangent
bundle. If L−1 is not pseudo-effective, then the closures of the leaves of F are
rational curves (and X is thus uniruled).

The following corollary had already been observed in [HPR11], Prop. 4.2.

Corollary 4.2. If X is an n-dimensional compact Kähler manifold with
H0(X,Ωn−1

X ) 6= 0, then KX is pseudo-effective if X is not uniruled.

Proof. The vector bundle Ωn−1
X is canonically isomorphic to KX ⊗ TX . Any

nonzero section thus provides a nonzero map K−1
X → TX and an associated

foliation.

Corollary 4.3. If X is a 3-dimensional nonprojective compact Kähler mani-
fold, then either KX is pseudo-effective or X is uniruled. If X is simple, then
KX is pseudo-effective.

Proof. Kodaira’s theorem implies that any compact Kähler manifold with
H2,0(X) = 0 is projective. Thus H2,0(X) 6= 0, and the preceding corollary
applies (since 2 = (n− 1), here) and gives the first claim. If X is uniruled, it
is not simple, hence the second assertion.

By combining Corollary 4.3, Corollary 3.3, and Lemma 1.4, we get our
main result:

Corollary 4.4. If X is a 3-dimensional compact Kähler manifold without
nontrivial subvarieties, then X is a complex torus.

In higher dimensions, we can replace the assumption from Corollary 3.2
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that KX was pseudo-effective with the existence of a holomorphic (n − 1)-
form, giving the following result.

Corollary 4.5. Let X be a compact Kähler manifold of dimension n > 1
without nontrivial subvarieties. Assume that H0(X,Ωn−1

X ) 6= 0. Then we have
hi(X,mKX) 6

(

n

i

)

for any i > 0 and the polynomial P (m) := χ(X,mKX) is

constant, equal to χ(OX) (The intersection numbers Kj
X ·Toddn−j(X) thus all

vanish when j > 0, as expected since KX should then be trivial.).

The following result (announced as Theorem 1.3) strengthens Theorem 1.2.

Theorem 4.6. Let X be a 3-dimensional Kähler normal connected compact
complex space with terminal1 singularities. Assume that KX is nef, and that
X does not contain any effective divisors2. Then X = T/G is isomorphic to
the quotient of a nonprojective simple torus by a finite cyclic group of auto-
morphisms.

Proof. By [DPe03], Thm. 7.1, κ(X) = 0. Thus mKX is a trivial line bundle for
some m > 0. Let X ′ → X be the cyclic cover of X defined by a nonzero section
of mKX so that mKX is Cartier. The singularities of X ′ are thus terminal as
well ([KM98], 5.20). They are also rational, since KX′ is Cartier (by [KM98],
5.24). We thus have χ(OX′) = χ(OX′′) for any smooth model X ′′ of X ′. But

χ(OX′) =
−KX′ .c2(X

′)

24
= 0,

since KX′ is locally free trivial (see for example [Fle87]). The conclusion now
follows from Lemma 1.4

Remark 4.7. In order to show the conjecture for simple Kähler threefolds, it
would be sufficient:

1. to show the following statement (which is a form of the abundance
conjecture in this context): If X is a simple (normal, terminal, Q-factorial,
Kähler) threefold, and D an effective divisor on X , then D is not nef. A
possible approach might consist in adapting the proof in the projective case.
A more direct approach is however desirable.

2. to show the existence of minimal models such as the ones appearing
in Theorem 1.3 for any compact Kähler threefold X . (This step has just
been achieved in [HP13], where a conjecture equivalent to the one above is
formulated in dimension 3.)

Remark 4.8. In [BGL99], it is shown that the only group G that can act
on a 3-dimensional torus without nontrivial analytic subvarieties is Z2 act-

1we refer to [KM98] for this notion, which makes sense without change in the analytic
category. In particular, the sheaf KX is then Q-Cartier.

2Divisors linearly equivalent to a positive multiple of KX actually suffice. This second
hypothesis should follow from the first if X is simple.
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ing by ± Id. In fact, from their classification (cf. the proof of Thm. 4.1
and Prop. 3.6 in [BGL99]), any other nontrivial action corresponds to a de-
composable torus or an abelian variety. Therefore G is trivial or G = Z2

in Theorem 4.6.
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[Cam06] F. Campana, Isotrivialité de certaines familles Kählériennes de variétés
non projectives, Math. Z. 252 (2006), 147–156 . Also arXiv.math/
0408148.

[Cam95] F. Campana, Fundamental group and positivity of cotangent bundles of
compact Kähler manifolds, J. Algebraic Geom., 4(3):487–502, 1995.

[Dem91] J.-P. Demailly, Holomorphic Morse inequalities, Several complex variables
and complex geometry, Part 2 (Santa Cruz, CA, 1989), 93–114, Proc.
Sympos. Pure Math., 52, Part 2, Amer. Math. Soc., Providence, RI, 1991.

[Dem92] J.-P. Demailly, Regularization of closed positive currents and Intersection
Theory, J. Alg. Geom. 1 (1992) 361–409

[Dem07] J.-P. Demailly, Analytic methods in algebraic geometry, Lecture Notes,
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[HPR11] A. Höring, T. Peternell, I. Radloff. Uniformisation in dimension four:
toward a conjecture of Iitaka. arXiv/math. 1103.5392.

[KV01] D. Kaledin, M. Verbitsky. Hyperholomorphic sheaves and new examples
of hyperkähler manifolds. alg-geom 9712012, a chapter in a book “Hy-
perkähler manifolds” International Press, Boston, 2001.

[KV98] D. Kaledin, M. Verbitsky. Partial resolutions of Hilbert type, Dynkin dia-
grams, and generalized Kummer varieties. 33 pages, arXiv:math/9812078

[KM98] J. Kollár, S. Mori. Birational Geometry of Algebraic Varieties Cambridge
Tracts in Mathematics 134. CUP (1998).

[Moo05] R. Moosa, The model theory of compact complex spaces, Logic Colloquium
2001, volume 20 of Lect. Notes Log., pages 317–349, Assoc. Symbol. Logic,
2005.

[MMT08] R. Moosa, R. Moraru, M. Toma, An essentially saturated surface not
of Kaehler-type, Bull. Lond. Math. Soc., volume 40 (2008), number 5,
845-854.

[MP08] R. Moosa, A. Pillay, Model theory and Kaehler geometry, in: Model
Theory with Applications to Algebra and Analysis Volume 1 (Eds. Z.
Chatzidakis, D. Macpherson, A. Pillay, A. Wilkie), London Mathemati-
cal Society Lecture Note Series Nr 349, Cambridge University Press 2008,
167-195.
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