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1. Introduction and goals
Let X be a complex projective manifold, dimCX = n. Our aim is to study the existence
and distribution of entire curves, namely, of non constant holomorphic curves f : C→ X.
The global geometry of X plays a fundamental role in this context, and especially the
positivity properties of the canonical bundleKX = ΛnT ∗X . One of the major open problems
of the domain is the following conjecture due to Green-Griffiths [GGr80] and Lang [Lan87].

1.1. GGL conjecture. Assume that X is of general type, namely that κ(X) = dimX
where κ(X) := lim supm→+∞ log h0(X,K⊗mX )/ logm. Then there exists an algebraic sub-
variety Y ( X containing all entire curves f : C→ X.

1.2. Definition. The smallest algebraic subvariety above will be denoted Y = Exc(X) and
called the exceptional locus of X.

When X is an arithmetic variety, the exceptional locus is expected to carry a strong
arithmetic significance. Especially, one can (very optimistically) hope for the following
result, which is a slight variation of a conjecture made by Lang [Lan86]: for a projective
variety X defined over a number field K0, the exceptional locus Y = Exc(X) in the GGL
conjecture coincides with the Mordell locus, where Mordell(X) is the smallest complex
subvariety Y such that X(K) r Y is finite for all number fields K ⊃ K0.
The GGL conjecture unfortunately seems out of reach at this point. In the present work, we
obtain a number of weaker results that still provide strong restrictions on the distribution
of entire curves in higher order jet bundles. Among these results, we prove for instance
the following statement.

∗ This work is supported by the ERC grant ALKAGE, grant no. 670846 from September 2015.
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1.3. Theorem. Let X be a nonsingular projective variety of general type. Assume that
Λ2T ∗X is strongly big on X, in the sense that for a given ample line bundle A ∈ Pic(X) the
symmetric powers Sm(Λ2T ∗X)⊗OX(−A) are generated by their global sections on a Zariski
open set X r Y , Y ( X, when m > 0 is large (if Λ2T ∗X is ample, we can take Y = ∅).
Then there exist finitely many rank 1 foliations Fα on subvarieties Zα ⊂ Xk of a suitable
k-jet Semple bundle of X, such that all entire curves f : C→ X are either contained in Y
or have a k-jet lifting f[k] that is contained in some Zα and tangent to Fα. In particular,
the latter curves are supported by the parabolic leaves of these foliations, which can be
parametrized as a subspace of a finite dimensional variety.

Theorem 1.3 generalizes a result that has been known for a long time for surfaces of general
type, which obviously satisfy the hypotheses (see [GGr80]). By the work of Etesse [Ete19],
another class of examples of projective manifolds possessing ample exterior powers ΛpT ∗X
are general complete intersections X = H1 ∩ . . . ∩Hc of sufficient high degree in complex
projective space PNC , when the codimension c is at least equal to N/(p+1) ([Ete19] provides
an explicit bound for the required degree of the Hj ’s).
The locus Y described in Theorem certainly includes all abelian and rationally connected
subvarieties Y ⊂ X, and in these cases, the space of entire curves is infinite dimensional as
soon as dimY ≥ 2, even modulo reparametrization. Our approach is based on existence
theorems for jet differentials, using holomorphic Morse inequalities ([Dem85], [Dem11]),
and involves a finer study of the geometry of jet bundles. Especially, the proof of Theo-
rem 1.3 relies on the use of certain new tautological morphisms related to induced directed
structures on subvarieties of the higher jet bundles.
A complete solution of the GGL conjecture still appears rather elusive. The techniques used
in sections 6 and 7 suggest that one should try to make a better use of the (semi-)stability
properties of the cotangent bundle, possibly in connection with Ahlfors currents and related
versions of the vanishing theorem, following for instance the ideas of McQuillan [McQ98].
We would like to celebrate here the pioneering work of Professor C.S. Seshadri in the
study of the positivity and stability properties of vector bundles, which underlie much of
our approach.

2. Category of directed varieties
We are interested in entire curves f : C→ X such that f ′(C) ⊂ V , where V is a (possibly
singular) linear subspace of X, i.e. a closed irreducible analytic subspace such that the
fiber Vx := V ∩ TX,x is a vector subspace of the tangent space TX,x for all x ∈ X. We
briefly recall below some of the relevant concepts, and refer to [Dem11], [Dem20] for further
details.

2.1. Definition of the category of directed varieties.
(a) Objects are pairs (X,V ) where X is a complex manifold and V ⊂ TX a linear subspace

of TX .
(b) Arrows ψ : (X,V )→ (Y,W ) are holomorphic maps X → Y such that dψ(V ) ⊂W
(c) The absolute case refers to the case V = TX , i.e. of pairs (X,TX).
(d) The relative case refers to pairs (X,TX/S) where X → S is a fibration.
(e) We say that we are in the Integrable case the sheaf of sections O(V ) is stable by Lie

brackets. This corresponds to holomorphic (and possibly singular) foliations.
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We now define the canonical sheaf of a directed manifold (X,V ). When V is nonsingular,
i.e. is a subbundle, we simply set KV = det(V ∗) (this is a line bundle, i.e. an invertible
sheaf). When V is singular, we first introduce the rank 1 sheaf bKV of sections of detV ∗

that are locally bounded with respect to a smooth ambient metric on TX . One can show
that bKV is equal to the integral closure of the image of the natural morphism

O(ΛrT ∗X)→ O(ΛrV ∗)→ LV := invertible sheaf O(ΛrV ∗)∗∗

that is, if the image is LV ⊗ JV , JV ⊂ OX ,

(2.2) bKV = LV ⊗ JV , JV = integral closure of JV .

However, one may have to first blow up X as follows to ensure that bKV provides the
appropriate geometric information.

2.3. Blow up process for a directed variety. If µ : X̃ → X is a modification, then X̃
is equipped with the pull-back directed structure Ṽ = µ̃−1(V|X′), where X ′ ⊂ X is a Zariski
open set over which µ is a biholomorphism.

2.4. Observation. One always has bKV ⊂ µ∗(
bK

Ṽ
) ⊂ LV = O(detV ∗)∗∗, and µ∗(bKṼ

)

“increases” with µ (taking successive blow-ups ˜̃X → X̃ → X).
By Noetherianity, one can define a sequence of rank 1 sheaves

(2.5) K
[m]
V = lim

µ
↑ µ∗(bKṼ

)⊗m, µ∗(
bKV )⊗m ⊂ K

[m]
V ⊂ L⊗mV

which we call the pluricanonical sheaf sequence of (X,V ). Remark that the blow-up µ for
which the limit is attained may depend onm. We do not know if there exists a modification
µ that works for all m. This generalizes the concept of reduced singularities of foliations
(which is known to work in that form only for surfaces).

2.6. Definition.We say that (X,V ) is of general type if the pluricanonical sheaf sequence
K

[•]
V is big, that is, if H0(X,K

[m]
V ) provides a generic embedding of X for sufficiently large

powers m� 1.

The Green-Griffiths-Lang conjecture can be generalized to directed varieties as follows.

2.7. Generalized GGL conjecture. If (X,V ) is a directed manifold of general type,
i.e. if K[•]

V is big, there exists an algebraic locus Y ( X such that for every entire curve
f : (C, TC)→ (X,V ), one has f(C) ⊂ Y .

When r = rankV = 1, the generalized GGL conjecture is an elementary consequence of
the Ahlfors-Schwarz lemma. In fact, the function t 7→ log ‖f ′(t)‖V,h is strictly subharmonic
whenever (V ∗, h∗) is assumed to be big.

2.8. Remark. The directed form of the GGL conjecture as stated above is possibly too
optimistic. It might be safer to add a suitable (semi-)stability condition on V . In the
absolute case V = TX , such a semistability property is automatically satisfied when KX

is ample, as a consequence of the existence of a Kähler-Einstein metric.
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3. Definition of algebraic differential operators.

The basic strategy to attack the Green-Griffiths-Lang conjecture is to show that all en-
tire curves f : (C, TC) → (X,V ) must satisfy nontrivial algebraic differential equations
P (f ; f ′, f ′′, . . . , f (k)) = 0, and actually, as we will see, many such equations. Following
[GGr80] and [Dem97], we now introduce the useful concept of jet differential operator. Let
(C, 0)→ (X,V ), t 7→ f(t) = (f1(t), . . . , fn(t)) be a germ of curve such that f(0) = x ∈ X.
Pick local holomorphic coordinates (z1, . . . , zn) centered at x on a coordinate open set
U ' U ′×U ′′ ⊂ Cr×Cn−r such that π′ : U → U ′ induces an isomorphism dπ′ : V → U×Cr.
Then f is determined by the Taylor expansion

(3.1) π′ ◦ f(t) = tξ1 + . . .+ tkξk +O(tk+1), ξs =
1

s!
∇sf(0),

where ∇ is the trivial connection on V ' U×Cr. One considers the Green-Griffiths bundle
EGG
k,mV

∗ of polynomials of weighted degree m, written locally in coordinate charts as

P (x ; ξ1, . . . , ξk) =
∑

aα1α2...αk(x)ξα1
1 . . . ξαkk , ξs ∈ V.

These can also be viewed as algebraic differential operators

(3.2) P (f[k]) = P (f ; f ′, f ′′, . . . , f (k)) =
∑

aα1α2...αk(f(t)) f ′(t)α1f ′′(t)α2 . . . f (k)(t)αk .

Here t 7→ z = f(t) is a curve, f[k] = (f ′, f ′′, . . . , f (k)) its k-jet, and aα1α2...αk(z) are
supposed to holomorphic functions on X. The reparametrization action: f 7→ f ◦ ϕλ,
ϕλ(t) = λt, λ ∈ C∗ yields (f ◦ ϕλ)(k)(t) = λkf (k)(λt), whence a C∗-action

(3.3) λ · (ξ1, ξ1, . . . , ξk) = (λξ1, λ
2ξ2, . . . , λ

kξk).

EGG
k,m is precisely the set of polynomials of weighted degree m, corresponding to coefficients

aα1...αk with m = |α1|+ 2|α2|+ . . .+ k|αk|. An important fact is the

3.4. Direct image formula. Let Jnc
k V ⊂ JkV be the set of non constant k-jets. One

defines the Green-Griffiths bundle to be XGG
k = Jnc

k V/C∗ and OXGG
k

(1) to be the associated
tautological rank 1 sheaf. Let πk : XGG

k → X be the natural projection. Then we have the
direct image formula

EGG
k,mV

∗ = (πk)∗OXGG
k

(m).

4. Consequences of the holomorphic Morse inequalities

Given a real (1, 1)-form θ on X, the q-index set of θ is defined to be

(4.1) X(θ, q) = {x ∈ X | θ(x) has signature (n− q, q)}

(exactly q negative eigenvalues and n− q positive ones). We also set

(4.2) X(θ,≤ q) =
⋃

0≤j≤q

X(θ, j).
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Then X(θ, q) and X(θ,≤ q) are open sets. and sign(θn) = (−1)q on X(θ, q). The general
statement of holomorphic Morse inequalities [Dem85] asserts that for any hermitian line
bundle (L, h) of curvature form θ = ΘL,h on X, and any coherent sheaf F of rank r =
rankF, one has

(4.3)

q∑
j=0

(−1)q−jhj(X,L⊗m ⊗ F) ≤ r m
n

n!

∫
X(θ,≤q)

(−1)qθn + o(mn) as m→ +∞.

An application of these inequalities yields the following fundamental estimates [Dem11].

4.4. Main cohomology estimates. Let (X,V ) be a directed manifold, A an ample line
bundle over X, (V, h) and (A, hA) hermitian structures such that ΘA,hA > 0. Define

Lk,ε = OXGG
k

(1)⊗ π∗kO
(
− 1

kr

(
1 +

1

2
+ . . .+

1

k

)
εA
)
,(a)

ηε = ΘdetV ∗,deth∗ − εΘA,hA .(b)

Then all m� k � 1 such that m is sufficiently divisible and for all q ≥ 0 we have upper
and lower bounds

hq(XGG
k ,O(L⊗mk,ε )) ≤ mn+kr−1

(n+kr−1)!

(log k)n

n! (k!)r

(∫
X(η,q)

(−1)qηnε +
C

log k

)
,(c)

hq(XGG
k ,O(L⊗mk,ε )) ≥ mn+kr−1

(n+kr−1)!

(log k)n

n! (k!)r

(∫
X(η,{q, q±1})

(−1)qηnε −
C

log k

)
.(d)

The case q = 0 is the most useful one, as it gives estimates for the number of holomorphic
sections. We now explain the essential ideas involved in the proof of the estimates.

1st step: construction of a Finsler metric on k-jet bundles
Let JkV be the bundle of k-jets of curves f : (C, TC) → (X,V ). Assuming that V is
equipped with a hermitian metric h, one defines a ”weighted Finsler metric” on JkV by
taking p = k! and

(4.5) Ψhk(f) :=
( ∑

1≤s≤k

(
εs‖∇sf(0)‖h(x)

)2p/s)1/p

, 1 = ε1 � ε2 � · · · � εk.

Letting ξs = ∇sf(0), this can actually be viewed as a metric hk on Lk := OXGG
k

(1). Some
error terms of the form O(εs/εt)t<s appear, but they are negligible in the limit, and the
leading term of the curvature form is (z, ξ1, . . . , ξk) 7→ Θ0

Lk,hk
(z, ξ) with

(4.6) Θ0
Lk,hk

(z, ξ) = ωFS,k(ξ) +
i

2π

∑
1≤s≤k

1

s

|ξs|2p/s∑
t |ξt|2p/t

∑
i,j,α,β

cijαβ(z)
ξsαξsβ
|ξs|2

dzi ∧ dzj ,

where (cijαβ(s)) are the coefficients of the curvature tensor ΘV ∗,h∗ at point z, and ωFS,k(ξ)
is the vertical Fubini-Study metric on the fibers of XGG

k → X. The expression gets simpler
by using polar coordinates

(4.7) xs =
|ξs|2p/sh∑
t |ξt|

2p/t
h

, us =
ξs
|ξs|h

=
∇sf(0)

|∇sf(0)|
, 1 ≤ s ≤ k.
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2nd step: probabilistic interpretation of the curvature
In such polar coordinates, one gets the formula

(4.8) ΘLk,hk(z, ξ) ' ωFS,p,k(ξ) +
i

2π

∑
1≤s≤k

1

s
xs

∑
i,j,α,β

cijαβ(z)usαusβ dzi ∧ dzj

where ωFS,k(ξ) is positive definite in ξ. The other terms are a weighted average of the
values of the curvature tensor ΘV,h on vectors us in the unit sphere bundle SV ⊂ V .
The weighted projective space can be viewed as a circle quotient of the pseudosphere∑
|ξs|2p/s = 1, so we can take here xs ≥ 0,

∑
xs = 1. This is essentially a sum of the form∑

1
sQ(us) where Q(u) = 〈ΘV ∗,h∗u, u〉 and us are random points of the sphere, and so as

k → +∞ this can be estimated by a “Monte-Carlo” integral

(4.9)
(

1 +
1

2
+ . . .+

1

k

)∫
u∈SV

Q(u) du.

As Q is quadratic, we have

(4.10)

∫
u∈SV

Q(u) du =
1

r
Tr(Q) =

1

r
Tr(ΘV ∗,h∗) =

1

r
ΘdetV ∗,deth∗ .

The above equality show that the Monte Carlo approximation only depends on detV ∗

and that for the unitary invariant probability measure taken on (SV )k 3 (us), we have an
expected value

(4.11) E(ΘLk,hk) = ωFS,p,k(ξ) +
∑

1≤s≤k

1

s

1

kr
ΘdetV ∗,deth∗(z)

(The factor 1
k comes from the fact that the expected value of xs on the (k − 1)-simplex∑

1≤s≤k xs = 1 is 1
k ). Formula (4.11) is the main reason why the leading term of the coho-

mology estimates only involves detV ∗. Of course, a complete proof requires an estimate
of the standard deviation occurring in the Monte Carlo process, as is done in [Dem11].

By passing to a “singular version” of holomorphic Morse inequalities to accommodate
singular metrics (Bonavero, [Bon93]) and subtracting the terms involving εΘA,hA , one gets

4.12. Corollary: existence of global jet differentials ([Dem11). Assume that (X,V )
is of general type, namely that bKV is a big rank 1 sheaf, and let

Lk,ε = OXGG
k

(1)⊗ π∗kO(−δkεA), δk =
1

kr

(
1 +

1

2
+ · · ·+ 1

k

)
with A ∈ Pic(X) ample. Then there exist many nontrivial global sections

P ∈ H0(XGG
k , L⊗mk,ε ) ' H0(X,EGG

k,mV
∗ ⊗ O(−mδkεA))

for m� k � 1 and ε ∈ Q>0 small.

The fact that entire curves satisfy differential equations is now a consequence of the fol-
lowing result.
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4.13. Fundamental vanishing theorem ([GGr80], [Dem97], [SYe97]). For all global
differential operators

P ∈ H0(X,EGG
k,mV

∗ ⊗ O(−qA)), q ∈ N∗,

and all f : (C, TC)→ (X,V ), one has P (f[k]) ≡ 0.

Geometrically, this can interpreted by stating that the image f[k](C) of the k-jet curve lies
in the base locus

(4.14) Z =
⋂

m∈N∗

⋂
σ∈H0(XGG

k
,L⊗m
k,ε

)

σ−1(0) ⊂ XGG
k .

To prove the GGL conjecture, we would need to check that πk(Z) ( X. This turns out to
be a hard problem.

5. Investigation of the base locus
We start by formulating the base locus problem in a very general context. Let (L, h) be a
hermitian line bundle over X. If we assume that θ = ΘL,h satisfies

∫
X(θ,≤1)

θn > 0, then
we know that L is big, i.e. that h0(X,L⊗m) ≥ cmn, for m ≥ m0 and c > 0, but this does
not tell us anything about the base locus Bs(L) =

⋂
σ∈H0(X,L⊗m) σ

−1(0).

5.1. Definition. The “iterated base locus” IBs(L) is obtained by picking inductively
Z0 = X and Zk = zero divisor of a section σk of L⊗mk over the normalization of Zk−1,
and taking

⋂
k,m1,...,mk,σ1,...,σk

Zk.

5.2. Unsolved problem. Find a condition, e.g. in the form of Morse integrals (or
analogous integrals) for θ = ΘL,h, ensuring that codim IBs(L) > p.

For instance, there might exist a way of deriving from such conditions the positivity of
Morse integrals

∫
Z(θ|Z ,≤1)

θn−p for arbitrary irreducible subvarieties, codimZ = p, that
are obtained themselves as iterated base loci. In the specific case of the Green-Griffiths
tautological line bundle Lk, one can get the following statement (without loss of generality,
we can exclude the case of directed structures of rank r = 1, since the GGL conjecture is
then trivial).

5.3. Theorem. Let (X,V ) be a directed variety of general type, with r = rankV ≥ 2.
Then there exist k0 ∈ N and δ > 0 with the following properties. Let Z ⊂ XGG

k be an
algebraic subvariety that is a complete intersection of irreducible hypersurfaces

Z =
⋂

1≤j≤`

{
k-jets f[k] ∈ XGG

k ; Pj(f) = 0
}
, Pj ∈ H0(X,EGG

sj ,mjV
∗ ⊗Gj),

with k ≥ k0, ord(Pj) = sj, 1 ≤ s1 < · · · < s` ≤ k,
∑

1≤j≤`

1
sj
≤ δ log k, and Gj ∈ Pic(X).

Then dimZ = n+ kr − 1− ` and the Morse integrals∫
Z(Lk,ε,≤1)

ΘdimZ
Lk,ε
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of Lk,ε = OXGG
k

(1)⊗ π∗kOX
(
− 1

kr

(
1 + 1

2 + · · ·+ 1
k

)
εA
)
are positive for ε > 0 small, hence

H0(Z,L⊗mk,ε ) ≥ cmdimZ for m� 1, with c > 0.

At the expense of a slightly more involved statement, it would be possible to allow some
repetitions in the degrees sj of the polynomials Pj . Unfortunately, none of the extended
versions we have been able to reach seems sufficient to prove the GGL conjecture, which
would follow if we could cut down Z to a subvariety of dimension dimZ < n, thus of very
high codimension in the jet bundle.

Proof. We come back to the calculations made in [Dem11], especially those detailed in § 2.
The main point is an integration on the fiber of XGG

k → X, which is reduced in polar coor-
dinates to an integration on a product of unit spheres (SV )k with the (k− 1)-dimensional
simplex. Here, we integrate on the fibers Zz of Z → X, namely on a rather complicated
subvariety of the weighted projective space P•(V k) = (V k r {0})/C∗ of the form

(5.4) Pj(z, ξ1, . . . , ξsj ) = 0, (z ∈ X fixed),

where the Pj ’s are weighted homogeneous polynomials in (ξ1, . . . , ξsj ) of positive degree
in ξsj . The choice of our Finsler metric can be combined with a rescaling of the form
ξs = ε−1

s ξ̃s (see [Dem11, Lemma 2.12]). Since εs � εt for t < s, the rescaled subvariety
(5.4) actually converges to the subvariety defined in the new coordinates ξ̃ = (ξ̃s) by the
equations

(5.5) Qj(z, ξ̃sj ) = Pj(z, 0, . . . , 0, ξ̃sj ) = 0,

at least, for all x in the full measure Zariski open set of X where the leading coefficients
of Qj(z, •) do not vanish. These polynomials depend on non overlapping variables ξsj ,
hence the limit subvariety can be seen as a product of cones over a product subvariety in
P (V )k, where some of the factors P (V ) are replaced by hypersurfaces. The calculation of
the Morse integrals on Z requires computing the integrals

∫
Zz

xαωFS,p,k(ξ)N , xs =
|ξs|2p/sh∑
t |ξt|

2p/t
h

, N = dimZz = kr − 1− `, |α| ≤ n,

and an evaluation of the standard deviation via the Cauchy-Schwarz inequality involves
the same type of integrals with |α| ≤ 2n−2 (see [Dem11]). By the Lelong-Poincaré formula
and the Fubini theorem, the above integrals are equal to∫

P•(V k)

xαωFS,p,k(ξ)N ∧
∧

1≤j≤`

i

2π
∂∂ log |Qj(z, ξsj )|2.

In view of the unitary invariance of xαωFS,p,k(ξ)N in each ξs, the Crofton formula implies
that the previous integral is equal to

(5.6)

∫
P•(V k)

xαωFS,p,k(ξ)N ∧
∧

1≤j≤`

dj
i

2π
∂∂ log |ξsj |2h
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where dj = degξsj
Qj(z, ξsj ). Here the Fubini-Study metric is derived from the Finsler

metric (
∑
s |ξs|

2p/s
h )1/p. If we make a change of variable ξs,λ 7→ ξss,λ for each component of

ξs and apply the comparison principle of [Dem87], we see that (5.6) is equivalent, up to
factors controlled by constants C±1

n depending only on the dimension of X, to the integral

(5.7)
1

(k!)r

∏
1≤j≤`

djsj

∫
P (Ckr)

xαωFS(ξ)N ∧
∧

1≤j≤`

i

2π
∂∂ log |ξsj |2

where |ξ|2 =
∑
s |ξs|2, ωFS(ξ) = i

2π ∂∂ log |ξ|2 and xs = |ξs|2
|ξ|2 . Additionally, the cor-

recting factor is equal to 1 if α = 0, and in that case the precise value of our integrals
is 1

(k!)r

∏
1≤j≤` djsj , where the factor 1

(k!)r comes from the weighted Fubini-Study metric,
and

∏
1≤j≤` djsj is the relative degree of Zz in the weighted projective space. Again by the

Crofton formula, we can replace each factor i
2π ∂∂ log |ξsj |2 by the current of integration

on the hyperplane ξsj ,1 = 0. This shows that our integrals are equal to

(5.8)
1

(k!)r

∏
1≤j≤`

djsj

∫
P ((Cr)k−`×(Cr−1)`)

xαωFS(ξ)N ,

and these can be computed by means of the formulas given in [Dem11]. In particular, the
calculation of the expected value E(ΘLk,hk) depends on the integrals (5.7) with |α| = 1,
i.e. xα = xs. There are 2 possible values, one for s ∈ {s1, . . . , s`}, namely I ′ = r−1

kr−` and
another for s taken in the complement, equal to I ′′ = r

kr−` , so that `I ′ + (k − `)I ′′ = 1.
The ratio I ′/I ′′ belongs to [1 − 1/r, 1] ⊂ [1/2, 1]. Our assumption

∑
1≤j≤`

1
sj
≤ δ log k

implies log ` = δ log k + O(1), hence ` = O(kδ) � k. Therefore, if we are concerned with
estimates only up to universal constants, we may consider I ′, I ′′ to be of the same order of
magnitude 1

k . Then, most of the arguments employed in [Dem11] remain unchanged. The
integration is performed on a certain codimension ` subvariety of Ckr which is a ramified
cover over a product Ckr−` = (Cr)k−`× (Cr−1)`, and the equality (4.10) applies to each of
the (k − `) factors Cr, where the polar coordinate change yields an integral on the whole
unit sphere. The ` remaining factors possibly lead to terms of unknown signature, but
their sum has a relative size O(

∑
1
sj
/
∑

1
s ) = O(δ). Therefore the expected value of the

curvature E(ΘLk,ε,hk), which can be derived from (4.11) (see also [Dem11, 2.18]), has an
horizontal term equal to 1

kr log k (ηε ±O(δ)). Our estimate follows.

5.9. Remark. The above calculations even give an evaluation of the leading constant c,
namely

c =

∏
1≤j≤` djsj

(n+ kr − 1)!

(log k)n

n!(k!)r

(∫
X(ηε,≤1)

ηnε −O((log k)−1)−O(δ)
)

where ηε = ΘdetV ∗,deth∗ −εΘA,hA . If Z is taken to be just one irreducible component of a
complete intersection, the quantity

∏
1≤j≤` djsj has to be replaced by the relative degree

over X of that component.

6. Semple jet bundles and induced directed structures
Semple jet bundles provide further geometric information that appear very useful in the
investigation of the base locus. We briefly recall the relevant notation and concepts from
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[Dem97]. To begin with, we assume that X is non singular and connected, and that V is
non singular, i.e. that V is a subbundle of TX , and we set dimX = n, rankV = r.

6.1. 1-jet functor. This is the functor (X,V ) 7→ (X̃, Ṽ ) on the category of directed
varieties defined by
(a) X̃ = P (V ) = bundle of projective spaces of lines in V,
(b) π : X̃ = P (V )→ X, (x, [v]) 7→ x, v ∈ Vx ,
(c) Ṽ(x,[v]) =

{
ξ ∈ TX̃,(x,[v]) ; π∗ξ ∈ Cv ⊂ TX,x

}
.

By taking tangents in Ṽ = P (V ), every entire curve f : (C, TC) → (X,V ) lifts as a curve
f[1] : (C, TC)→ (X̃, Ṽ ) by putting f[1](t) := (f(t), [f ′(t)]) ∈ P (Vf(t)) ⊂ X̃.

6.2. Definition of Semple jet bundles.
(a) We define (Xk, Vk) to be the k-th iteration of the functor (X,V ) 7→ (X̃, Ṽ ).
(b) In this way, every curve f : (C, TC)→ (X,V ) gives rise to a projectivized k-jet lifting

f[k] : (C, TC)→ (Xk, Vk).

6.3. Basic exact sequences. By construction we have Xk = P (Vk−1) and a tautological
line bundle OXk(1) on Xk = P (Vk−1). One can also check that there are exact sequences

0→ TXk/Xk−1
→ Vk

dπk−→OXk(−1)→ 0,(a)

0→ OXk → π?kVk−1 ⊗ OXk(1)→ TXk/Xk−1
→ 0.(b)

The sequence (a) is equivalent to the definition of Vk, and (b) is just the Euler exact
sequence for Xk = P (Vk−1). These sequences imply that rankVk = rankV is constant.
Letting n = dimX and r = rankV , we obtain morphisms

πk,` = π`−1 ◦ · · · ◦ πk−1 ◦ πk : Xk → X`

and a tower of Pr−1-bundles

(6.4) πk,0 : Xk
πk−→Xk−1 → · · · → X1

π1−→X0 = X

with dimXk = n+k(r−1), rankVk = r. In the sequel, we introduce the weighted invertible
sheaves

(6.5) OXk(a) = π∗k,1OX1
(a1)⊗ ··· ⊗ π∗k,k−1OXk−1

(ak−1)⊗ OXk(ak)

for every k-tuple a = (a1, ..., ak) ∈ Zk, and let 1 = (1, ..., 1) ∈ Zk. Then

(6.6) detVk = detTXk/Xk−1
⊗ OXk(−1), detTXk/Xk−1

= π∗k detVk−1 ⊗ OXk(r),

and we infer inductively

detVk = π∗k detVk−1 ⊗ OXk(r − 1),(6.6′)

= π?k,0 detV ⊗ OXk((r − 1)1).(6.6′′)
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6.7. Proposition ([Dem97]). When (X,V ) is non singular, the Semple bundle Xk is a
smooth compactification of the quotient XGG,reg

k /Gk = JGG,reg
k /Gk, where Gk is the group

of k-jets of germs of biholomorphisms of (C, 0), acting on the right by reparametrization:
(f, ϕ) 7→ f ◦ ϕ, and where J reg

k is the space of k-jets of regular curves.

In the absolute case V = TX , we obtain what we call the “absolute Semple tower” (Xa
k , V

a
k )

associated with (Xa
0 , V

a
0 ) = (X,TX). When X is nonsingular, all stages (Xa

k , V
a
k ) of the

Semple bundles are nonsingular. This allows to extend the definition of (Xk, Vk) in case
V is singular (but X non singular). Indeed, let X ′ ⊂ X be the Zariski open set on which
V ′ = V|X′ is a subbundle of TX . By functoriality, we get a Semple tower (X ′k, V

′
k) and

injections (X ′k, V
′
k) ↪→ (Xa

k , V
a
k ). We then simply define (Xk, Vk) to be the pair obtained

by taking the closure of X ′k and V ′k in Xa
k and V ak respectively.

6.8. Proposition (Direct image formula for invariant differential operators, [Dem97]).
Let Ek,mV ∗ be the sheaf of algebraic differential operators f 7→ P (f[k]) acting on germs of
curves f : (C, TC)→ (X,V ) such that P ((f ◦ ϕ)[k]) = ϕ′mP (f[k]) ◦ ϕ. Then

(πk,0)∗OXk(m) ' Ek,mV ∗.

6.9. Some tautological morphisms. Let (X,V ) be a directed structure on a nonsingular
projective variety X. For every p = 1, . . . , r, there is a tautological morphism

ΦX,Vk,p : π∗k,0ΛpV ∗ ⊗ OXk(−(p− 1)1)→ ΛpV ∗k .

Proof. First assume that (X,V ) is nonsingular. For every integer p ≥ 1, the exact sequence
(6.3 b) gives rise to a surjective contraction morphism by the Euler vector field

(6.10) Λp
(
π∗kVk−1 ⊗ OXk(1)

)∗ → Λp−1T ∗Xk/Xk−1
,

while (6.3 a) and the dual sequence 0 → OXk(1) → V ∗k → T ∗Xk/Xk−1
→ 0 induce an

injective wedge multiplication morphism

(6.11) Λp−1T ∗Xk/Xk−1
⊗ OXk(1)→ ΛpV ∗k .

A composition of these two arrows yields a tautological morphism

(6.12) π∗kΛpV ∗k−1 ⊗ OXk(−(p− 1))→ ΛpV ∗k ,

which turns out to be dual to the isomorphism (6.6) in case p = r = rankV . There also
exists a (more naive) composed morphism

π∗kΛpVk−1 ⊗ OXk(p)→ ΛpTXk/Xk−1
→ ΛpVk

of dual

(6.12′) ΛpV ∗k → π∗kΛpV ∗k−1 ⊗ OXk(−p),

but it is less interesting for us (the composition of (6.12) and (6.12′) is equal to 0, and
(6.12′) vanishes for p = r ; these morphisms can be seen to be dual modulo exchange of p
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and r − p and contraction with the determinants). We can iterate (6.12) for all stages of
the tower, and get in this way the desired tautological morphism

ΦX,Vk,p : π∗k,0ΛpV ∗ ⊗ OXk(−(p− 1)1)→ ΛpV ∗k ,

By what we have seen, there is in particular an absolute tautological morphism ΦX
a,V a

k,p

defined at the level of the absolute Semple tower (Xa
k , V

a
k ), and it is clear that ΦX,Vk,p is

obtained by restricting ΦX
a,V a

k,p to (Xk, Vk). Therefore, our morphisms are also well defined
in case V is singular, by taking the Zariski closure of the regular part in (Xa

k , V
a
k ).

Now, let Z be an irreducible algebraic subset of some Semple k-jet bundle Xk over X
(k being arbitrary). We define an induced directed structure (Z,W ) ↪→ (Xk, Vk) by taking
the linear subspace W ⊂ TZ ⊂ TXk|Z to be the closure of TZ′ ∩ Vk taken on a suitable
Zariski open set Z ′ ⊂ Zreg where the intersection has constant rank and is a subbundle
of TZ′ . Alternatively, one could also take W to be the closure of TZ′ ∩ Vk in the absolute
k-th bundle V ak . This produces an induced directed subvariety

(6.13) (Z,W ) ⊂ (Xk, Vk) ⊂ (Xa
k , V

a
k ).

6.14. Observation. One can see that the hypotheses Z ( Xk and πk,k−1(Z) = Xk−1

imply rankW < rankVk. Otherwise, we would have W = (Vk)|Z′ ⊃ TXk/Xk−1|Z′ over a
Zariski open, hence Z would contain a dense open subset of Xk, contradiction.

6.15. Induced tautological morphisms. Let Z be an irreducible subvariety of Xk such
that πk,0(Z) = X, and (Z,Wk) the induced directed structure. Consider the vertical part
W v
k ⊂Wk which is defined to beW v

k = (Wk ∩ TXk/Xk−1
)|Z′ where Z ′ is the Zariski open set

where the intersection has minimal rank (since πk,0(Z) = X, we can assume Z ′ ⊂ π−1
k,0(X ′),

where X ′ is a Zariski open set where V|X′ is a subbundle of TX). Then W v
k has corank at

most 1 in Wk (since TXk/Xk−1
has corank 1 in Vk). We define Wk−1 ⊂ π∗k,k−1Vk−1|Z to be

the closure of the preimage of (W v
k ⊗OXk(−1))|Z′ by the restriction to Z ′ of the morphism

π∗k,k−1Vk−1 → TXk/Xk−1
⊗ OXk(−1)

induced by (6.3 b). Notice that rankWk−1 = rankW v
k + 1 is equal to rankWk or

rankWk + 1. We then take

W v
k−1 = (Wk−1 ∩ π∗k,k−1TXk−1/Xk−2

)|Z′′

for a suitable Zariski open set Z ′′ ⊂ Z, and obtain in this way a preimage Wk−2 ⊂
π∗k,k−2Vk−2 ofW v

k−1⊗π∗k,k−1OXk−1
(−1). Inductively, we get a linear subspaceW` ⊂ π∗k,`V`,

and finally W0 ⊂ π∗k,0V0 = π∗k,0V , with

(6.15 a) rankW0 ≥ rankW1 ≥ . . . ≥ rankWk−1 ≥ rankWk.

Set r` = rankW`. The contraction by the Euler vector field (6.10) induces by restriction
a generically surjective morphism

ΛpW ∗k−1 ⊗ OXk(−p)|Z → Λp−1(W v
k )∗.
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Now, we also have a sequence OXk(1)→W ∗k → (W v
k )∗, which either gives an isomorphism

Λp−1W ∗k = Λp−1(W v
k )∗ when W v

k = Wk (in that case, the arrow OXk(1) → W ∗k is equal
to 0), or a generically surjective morphism

Λp−1(W v
k )∗ ⊗ OXk(1)→ ΛpW ∗k

induced by (6.11) when rankW v
k = rankWk − 1. Therefore we obtain by composition

generically surjective morphisms

ΛpW ∗k−1 ⊗ OXk(−p)|Z → Λp−1W ∗k when rk−1 = rk + 1,

ΛpW ∗k−1 ⊗ OXk(1− p)|Z → ΛpW ∗k when rk−1 = rk.

Replacing p by rk−1 − p, we obtain in both cases a generically surjective morphism

Λrk−1−pW ∗k−1 → Λrk−pW ∗k ⊗ OXk(2rk−1 − rk − p− 1)|Z ,

and inductively, we obtain for every p ≥ 0 a generically surjective morphism

(6.15 b) Λr0−pW ∗0 → Λrk−pW ∗k ⊗ OXk(a− p 1)|Z , a = (a`), a` = 2r`−1 − r` − 1.

For p = 0, we get in particular a generically surjective morphism

(6.15 c) Λr0W ∗0 → ΛrkW ∗k ⊗ OXk(a)|Z ,

which is especially interesting since we are in rank 1. Since W0 ⊂ (π∗k,0V )|Z ⊂ (π∗k,0TX)|Z ,
we also have generically surjective morphisms

(π∗k,0Λr0T ∗X)|Z → (π∗k,0Λr0V ∗)|Z → Λr0W ∗0 .

Also, all of these morphisms are obtained by taking either restrictions of forms or contrac-
tions by the Euler vector fields of the various stages. With respect to smooth hermitian
metrics on the (nonsingular) absolute Semple tower (Xa

k , V
a
k ), bounded forms are certainly

mapped to bounded forms. From this we conclude :

6.16. Corollary. Let X be a nonsingular variety, (X,V ) a directed structure, and
Z ⊂ Xk an irreducible subvariety in the k-th stage of the Semple tower (Xk, Vk) such that
πk,0(Z) = X. Then the induced directed variety (Z,W ) has the following property: there
exists r0 ≥ rk := rankW , a weight a ∈ Nk and a generically surjective sheaf morphism

(π∗k,0Λr0T ∗X)|Z → (π∗k,0
bΛr0V ∗)|Z → bKW ⊗ OXk(a)|Z .

7. Tautological morphisms and differential equations
The tautological morphisms give a potential technique for controlling inductively the pos-
itivity of the canonical sheaf bKW for all induced directed structures (Z,W ). We rely on
the following statement that was already observed in [Dem14].

7.1. Proposition. Let X be a nonsingular variety, (X,V ) a directed structure, and
(Z,W ) the induced directed structure on an irreducible subvariety Z ⊂ Xk. Assume that
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there exists a weight a ∈ Qk+ such that bKW⊗OXk(a)|Z is big. Then there exists Y ( Z and
finitely many irreducible directed subvarieties (Z ′`,α,W

′
`,α) ⊂ (Xk+`, Vk+`) contained in the

Semple tower (Z`,W`) of (Z,W ), with rankW ′`,α < rankW , such that every entire curve
f : (C, TC)→ (Z,W ) is either contained in Y , or has a lifting f[`] : (C, TC)→ (Z ′`,α,W

′
`,α)

for some α.

Idea of the proof. One can take Y ⊂ Z to be a subvariety such that Z r Y ⊂ Zreg,
W|ZrY is non singular, and for some ample divisor A′ on Z and m0 � 1, the sheaf
(bKW ⊗ OXk(a)|Z)⊗m0 ⊗ OZ(−A′) is generated by sections over Z r Y . The assumption
on bKW ⊗ OXk(a)|Z allows to use again holomorphic Morse inequalities to construct a
nontrivial section

σ ∈ H0
(
(Z̃`,OZ̃`(b)⊗ π̃

∗
`,0(µ∗OXk(p a)|Z ⊗ OZ̃(−A))

)
on some nonsingular modification µ : Z̃ → Z. This method produces a new differential
equation σ = 0 that yields the desired subvariety Z ′` =

⋃
Z ′`,α ( Z`.

We will also make use of the following observation due to Laytimi and Nahm [LNa99],
valid for any holomorphic vector bundle E → X on a projective manifold (one can more
generally consider torsion free coherent sheaves).

7.2. Definition. We say that E → X is strongly big if for any A ∈ Pic(X) ample, the
symmetric powers SmE ⊗ O(−A) are generated by their sections over a Zariski open set
of X, for a sufficiently large integer m� 1.

7.3. Lemma. For every p ≥ 0, if ΛpE is big, then Λp+1E is also big.

Sketch of proof. This is a consequence of the fact, observed by [LNa99, Lemma 2.4], that
for k � 1, the Schur irreducible components of (Λk+1E)⊗kp all appear in (ΛkE)(k+1)p.
We thank L. Manivel for pointing out this simple argument.

From this, one can now derive the following statement.

7.4. Theorem. Let (X,V ) be a directed variety. Assume that bΛpV ∗ is a strongly big
sheaf for some p ∈ N∗, p ≤ r = rankV .
(a) If p = 1, (X,V ) satisfies the generalized GGL conjecture, i.e., there exists a subvariety

Y ( X containing all entire curves f : (C, TC)→ (X,V ).
(b) If p ≥ 2, there exists a subvariety Y ( X, an integer k ∈ N and a finite collection of in-

duced directed subvarieties (Zα,Wα) ⊂ (Xk, Vk) with Zα irreducible, rankWα ≤ p− 1,
such that all entire curves f : (C, TC) → (X,V ) satisfy either f(C) ⊂ Y or have a
k-jet lifting f[k] : (C, TC)→ (Zα,Wα) for some α.

(c) In particular, if p = 2, all entire curves f : (C, TC) → (X,V ) are either contained in
Y ( X, or they are tangent to a rank 1 foliation on a subvariety Z =

⋃
Zα ⊂ Xk.

This implies that the latter curves are supported by the parabolic leaves of the above
foliations, which can be parametrized as a subspace of a finite dimensional variety.

(d) The subvariety Y described in (a), (b) or (c) can be taken to be any subvariety such that
Sm0(bΛpV ∗)⊗OX(−A) is generated by sections over XrY , for a suitable A ∈ Pic(X)
ample and m0 � 1. In particular, if bΛpV ∗ is ample, one can take Y = ∅.
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Proof. (a) As we already observed, the rank 1 case is an easy consequence of the Ahlfors-
Schwarz lemma. Also, (c) is a particular case of (b), so we only have to check (b) and (d).
(b) For p = r, the statement is a consequence of Corollary 4.12. In general, we decompose
all occurring subvarieties into irreductible components (Zα,Wα) and apply descending
induction on rα = rankWα for each of them. As long as rα ≥ p, The assumption on
V combined with Corollary 6.16 implies that there exists a weight a ∈ Qk+ such that
bKWα⊗OXk(a)|Zα is big (for this we use the fact that OXk(1) is relatively big with respect
to Xk → X). Then Proposition 7.1 either produces a subvariety Y ′ ( Zα (in which case
we consider the irreducible components Y ′β and apply descending induction on dimY ′β , if
the rank of the induced structure does not decrease right away), or we get irreducible
directed subvarieties (Z ′`,β ,W

′
`,β) in the `-th stage of the Semple tower of (Zα,Wα), with

r′`,β = rankW ′`,β < rα. The induction hypothesis applies as long as p ≤ r′`,β < rα.
Therefore we end up with r′`,β < p after finitely many iterations.
(d) is a consequence of the technique of proof of [Dem11] and [Dem14]. In fact we use
singular hermitian metrics on V satisfying suitable positivity properties, and Y can be
taken to be their set of poles.

7.5. Remark. It would be interesting to know if the rather restrictive bigness hypothesis
for bΛpV ∗ can be relaxed, assuming instead suitable semistability conditions. In fact, if
none of the algebraic hypersurfaces contains all of the entire curves, one can show that
there exists an Ahlfors current that defines a mobile bidegree (n− 1, n− 1) class, and one
could try to use the Harder-Narasimhan filtration of V with respect to such mobile classes.

7.6. Logarithmic and orbifold directed versions. More generally, let ∆ =
∑

∆j be a
reduced normal crossing divisor inX. We want to study entire curves f : C→ Xr∆ drawn
in the complement of ∆. At a point where ∆ = {z1 . . . zp = 0} one defines the logarithmic
cotangent sheaf T ∗X〈∆〉 to be generated by dz1

z1
, ...,

dzp
zp
, dzp+1, ..., dzn. The results stated

above can easily be extended to the logarithmic case. In particular, we obtain the following
statement.

7.7. Theorem. If Λ2T ∗X〈∆〉 is strongly big on X, there exists a subvariety Y ( X and
rank 1 foliations Fα on some subvarieties Zα ⊂ Xk of the k-jet bundle, such that all entire
curves f : C→ Xr∆ are either contained in Y or have a k-jet lifting f[k] that is contained
in some Zα and tangent to Fα. When Λ2T ∗X〈∆〉 is ample, we can take Y = ∅.

One can obtain even more general versions dealing with entire curves f : (C, TC)→ (X,V )
that are tangent to V and avoid a normal crossing divisor ∆ transverse to V (logarith-
mic case), or meet ∆ =

∑
(1 − 1

ρj
)∆j with multiplicities ≥ ρj along ∆j (orbifold case).

Such statements are the subject of a work in progress with F. Campana, L. Darondeau
and E. Rousseau. In this setting, the positivity conditions have to be expressed not just
for the orbifold cotangent bundle, but also for the “derived orbifold cotangent bundles” of
higher order V ∗〈∆(s)〉, associated with the divisors ∆(s) =

∑
j

(
1− s

ρj

)
+

∆j , 1 ≤ s ≤ k.
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