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THE MEAN FIELD ISING MODEL

Consider the complete graph with N vertices, denoted K. Let o; € {—1,+1},7=1... N be the spin
variables, with the notation : o = (o).

We consider the following probability measure on Qp := {—1, +1}5~

Py gn(o) : exp (—Hnpgn(o)) where Zygp= Z exp(—Hnpn(0)).
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QUESTION 1. Calculate the distribution of the magnetization my = % Z,fil 0.

Hint : Express the Hamiltonien in terms of my : observe that Hy g n(0) = Hn gn(my(o)).

QUESTION 2.

1. Let zp := —1 + % with £ = 0,1,..., N. Using the Stirling formula |'}, show that there exists
c1,c2 € (0,00) uniform in z such that
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with
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2. Conclude that

et N71/2eNF(zk) < Z e Mnpn(mn) < o) N1/2eNf (k) (1)
omy(o)=zy
with )
f(z) =s(z)+ % + ha.
QUESTION 3.

1. Study the function f in terms of 8 and h.

2. Show that

N - < const.
‘xé?f‘ffl] f(z) omax f (zx)| < cons

3. Using (), show that there exists c3 € (0,00) such that

ey N~/ 2eNmaxse—11) f(@) < Znpn < (N + 1)C2N1/26Nmaxze[f1,1] f(@)

QUESTION 4. Let —1 <a < b < 1. Show that

1 B log N
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QUESTION 5.

1. Let M(B,h) be the set of global maxima of f.
Let Mc(B,h) = {z € [-1,1] : minge pq(g,n) [z — y| < €}
Show that for all € > 0,

. 1
dim —log Py s (may & Mc(8,h)) < 0

2. Conclude that the law of large numbers for the magnetization is verified when h # 0 as well as
when h =0 and 8 < 1, but it is violated when h =0 and § > 1.

3. Draw the graph of the magnetization as a function of h when 5 < 1 and when § > 1.



